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Vortex configurations in a superconducting film with a square array of small antidots are studied within the
Ginzburg-Landau �GL� theory. We find that in addition to the conventional vortex structures at the matching
fields, a variety of vortex states can be stabilized by decreasing the pinning strength of the antidots, including
�i� the triangular vortex lattice where some vortices are pinned by the antidots and others are located between
them, �ii� vortex line structures, and �iii� a lattice of vortex cluster structures around the empty pinning centers.
Although these partially pinned vortex structures are obtained more frequently in field cooled experiments than
the square pinned vortex lattice, they are not the lowest energy states, i.e., the ground state, contrary to the
results from a London approach. This result can be understood as due to the presence of a broad local
minimum in the GL free energy which keeps the vortices away from the pinning centers. Our results can also
be related to recent experiments on macroscopic metallic particles that move in a plane in the presence of a
weak electrostatic pinning potential.
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I. INTRODUCTION

It is well known that the regular triangular vortex lattice
has the lowest energy in defect-free superconductors,1 which
is due to the isotropic repulsive interaction between the vor-
tices. If a square lattice of pinning centers is present, it will
impose its own symmetry on the vortex structure. Direct im-
aging experiments2 and theoretical calculations3,4 have
shown that in superconductors with a square pinning array,
the vortices form highly ordered configurations when the
number of vortices is a multiple or rational multiple of the
number of pinning sites. These commensurability effects be-
tween the pinning centers and the vortex lattice are reflected
in an enhancement of the critical current, resulting from the
collective locking of vortices to the pinning sites.5–8

If the vortex-pinning strength in a periodic square array is
reduced, the vortex-vortex repulsion starts to dominate over
the pinning force and the triangular lattice is recovered. Cal-
culations within the London theory,9 where vortices are con-
sidered as pointlike particles, show that depending on the
strength and length scale of the pinning potential, the trian-
gular vortex lattice where some vortices are pinned by the
pinning sites and others are located between them can be-
come the ground state. A phase diagram for the transition
between these two vortex states was given in Ref. 9, which
strongly depends on the periodic pinning potential param-
eters. These kinds of partially pinned �PP� phases have re-
cently been demonstrated experimentally for macroscopic
Wigner crystals in square pinning arrays.10 In this experi-
ment, the transition between the square pinned and the PP
states occurs sharply with decreasing pinning strength. We
would like to mention that the effect of weak pinning is very
important for the vortex matter in superconductors, espe-
cially in high-Tc superconductors. In the latter case, the vor-
tex system is strongly affected by the finite pinning force
�from, e.g., crystal structure anisotropy, thermal fluctuations�,
leading to the distortion of the triangular vortex lattice, i.e.,
the Bragg glass phase �see as an example Ref. 11 and refer-
ences therein�.

In this work, we study different vortex configurations in a
superconducting film with a square array of antidots within

the Ginzburg-Landau theory. With lowering the pinning
force �i.e., small radius of antidots�, deformed triangular vor-
tex structures are obtained, which results from the competi-
tion between the symmetry imposed by the pinning array and
the symmetry of the unpinned vortex lattice. However, these
partially pinned vortex states do not appear as a ground state,
contrary to the calculations within the London limit and ex-
periments on macroscopic charged particles. We find that the
reason for the observation of the PP states in the experiment
is the presence of a broad energy minimum in configuration
space where the system becomes favorably trapped in a
metastable state. In this state, vortices are depinned and lo-
cated at the interstitial sites.

II. THEORETICAL FORMALISM

We consider a superconducting film �of thickness d� with
a square array of circular holes �of radius R and period W� in
the presence of a perpendicular uniform magnetic field H
�see Fig. 1�. For the given system, we solved two nonlinear
Ginzburg-Landau �GL� equations, which can be written in
dimensionless units in the following form:

�− i � − A�2� = ��1 − ���2� , �1�

− �A =
d�

�2 ��z�j , �2�

where

FIG. 1. Schematic view of the sample: a superconducting film
�thickness d� with a square array �period W� of circular antidots
�radius R�.
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j =
1

2i
��* � � − � � �*� − ���2A �3�

is the density of the superconducting current in the plane
��= �x ,y��. Here, all distances are expressed in units of �, the
vector potential in �0 /2��, and the order parameter in �0
=�−	 /
 with 	 and 
 the GL coefficients. Equations �1� and
�2� are solved using the iterative procedure from Ref. 12 in
combination with the link-variable approach13 �see Ref. 4 for
more details�. The magnitude of the applied magnetic field
H=n�0 /S=Hn is determined by the number n of quantum
fluxes �0=hc /2e=2.07�10−7 G cm2 piercing through the
simulation region area S. In this work, we focus on the case
of H /H1�3, where H1 is the field at which there is one
vortex per antidot, i.e., the first matching field. Simulations
are done for a 2�2 unit cell. We have also conducted simu-
lations for larger unit cells and have found the same features
as found for the 2�2 system. The following periodic bound-
ary conditions are used for A and � around the square simu-
lation region:14

A�r + bi� = A�r� + �i�r� , �4�

��r + bi� = � exp�2�ii�r�/�0� , �5�

where bi �i=x ,y� is the lattice vector and i is the gauge
potential. At the same time, the condition j�=0 was used at
the boundaries of the antidots. The dimensionless Gibbs free
energy �in units of F0=Hc

2 /4�� is calculated as

F = V−1� �− ���4 + 2�A − A0�j�dV , �6�

where integration is performed over the primitive cell vol-
ume V, and A0 is the vector potential of the external applied
uniform magnetic field. Temperature is included in the cal-
culations through the temperature dependence of the coher-
ence length ��T�=��0� /��1−T /Tc0� and the penetration depth
��T�=��0� /��1−T /Tc0�, where Tc0 is the critical temperature
at zero applied field.

III. STABLE VORTEX CONFIGURATIONS

Figures 2�a�–2�c� show the three different vortex configu-
rations at the first matching field found from a numerical
solution of the coupled GL equations. The first state is the
one with all vortices pinned by the holes �totally pinned �TP�
state� �Fig. 2�a��, i.e., the vortex lattice has the same highly
symmetric structure as the pinning lattice. In Fig. 2�b�, half
of the vortices are pinned by the holes and the others are
depinned and located between the antidots �i.e., the PP state�.
The alternating rows of pinned and unpinned vortices restore
the triangular symmetry of the vortex lattice and correspond
to the vortex state found in the experiment10 on metallic
particles and predicted by the London theory.9 A third pos-
sible vortex state is the one where all the vortices are de-
pinned which form again a triangular lattice �Fig. 2�c��.

At the second matching field in the TP state, all pinning
centers are occupied and the remaining vortices are located
at the interstitial region. The overall vortex lattice is a square
but rotated over 45° with respect to the pinning array �Fig.
2�d��. The PP state �Fig. 2�e�� is the one with one hole occu-
pied by the vortices and the next one is empty. Three un-
pinned vortices form clusters around the empty holes and all

FIG. 2. �Color online� Contour plots of the Cooper-pair density in the superconducting film of thickness d=0.1� with antidots of radius
��a�–�e�� R=0.8� and �f� R=0.4� and period W=8� at the ��a�–�c�� first H=H1 and ��d�–�f�� second H=H2 matching fields for ��a� and �d��
the totally pinned and ��b�, �c�, �d�, and �f�� the partially pinned states. Pink �dark gray� regions correspond to high density and cyan �light
gray� denotes low density. Dashed black lines show the antidot lattice, white lines show the vortex lattice, and white dots are antidots without
a vortex.
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the clusters are oriented in the same direction. The orienta-
tion of the vortex clusters is different from the one obtained
in the experiment,10 where the clusters are oriented along the
axis of the pinning array. However, vortex cluster orientation
changes gradually to the experimentally obtained one with
further increasing the distance between the antidots. These
clusters, or trimers, shown here are not perfect equilateral
triangles because of the influence of the pinned vortices. For
small radius of antidots, all the vortices are depinned and
arrange themselves into a deformed triangular lattice �Fig.
2�f��.

Four possible vortex states at H=H3 are shown in Fig. 3.
For small radius of the antidots, we obtain a slightly distorted
triangular lattice with all the vortices located at the intersti-
tial sites �Fig. 3�d��. In the PP state �Fig. 3�c��, half of the
antidots are occupied by vortices and the interstitial vortices
tend to cluster around the empty antidots as in the case of the
second matching field �see Fig. 2�e��. However, large vortex
clusters are not present, which could be expected from the
results for the second matching field. Another PP state at H
=H3 is shown in Fig. 3�b�, which consists of alternating rows
of occupied and unoccupied holes with a zigzag structure of
interstitial vortices. The TP state consists of one pinned and
two interstitial vortices which alternate in position from one
interstitial site to another �Fig. 3�a��. We have also conducted
simulations for H�H3 and observed the same general fea-
tures of the vortex states as outlined above, but with a larger
number of possible vortex configurations.

IV. STABILITY ANALYSIS OF THE VORTEX STATES

The existence of several vortex configurations for a given
magnetic field is an indication of the occurrence of possible

stable and metastable states. Although the PP states are ob-
served more frequently than the TP states in the experiments
with charged particles,10 it was concluded that these states
are degenerate, whereas in calculations within the London
theory, the PP states were found to be a ground state. In what
follows, we perform a detailed analysis of these vortex states
including material properties �through the GL parameter ��
and temperature.

Usually, in experiments on vortex structures �or structures
of any interacting particles�, so called “field cooled” mea-
surements are carried out and the most frequently observed
patterns are referred to as stable configurations and less fre-
quent states are considered as metastable configurations. Re-
cent Bitter decoration experiments15 on the vortex structure
in mesoscopic superconducting samples have shown that for
the same magnetic field and the same sample parameters,
different vortex configurations could be found with the same
number of vortices. After a statistical analysis, the most often
found vortex configuration was assumed to be the ground
state, while the others were considered to be metastable
states. Furthermore, a small number of the theoretically pre-
dicted vortex states16 were never seen in the experiment and
some of them were found in few cases and, therefore, were
considered as metastable states. A recent theoretical
analysis17 showed that the vortex configurations are not uni-
versal and depend on the size and thickness of the supercon-
ducting disk.

We conducted a field cooled experiment, which gives us
the possibility to study the statistics of the TP and the PP
states. We started from a random initial vortex distribution
for a given field and sample parameters and followed the
evolution of the system into one of the �meta�stable states.
The results are shown in Fig. 4�a� for H=H1. It is seen from

FIG. 3. �Color online� �a� Totally pinned and
��b�–�d�� partially pinned states at the third
matching field H=H3. The period is W=10�, the
radius is R=0.5�, and the thickness is d=0.1�.
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this figure that the PP state is obtained more frequently than
the TP state for small pinning force �i.e., small hole radius
R�. However, there is no sharp transition to the 100% PP
state. Increasing the hole radius leads to a decrease of the
probability to obtain the PP state. Larger period W requires
larger radius R in order to have 100% TP state. In spite of the
fact that the probability to obtain the PP state from a random
distribution of vortices is much higher than the probability to
obtain the TP state, the PP state turns out to have always a
higher energy than the TP state for the given field. This is
shown in the inset of Fig. 4�a� by the free energy difference
between the PP and TP states, �F=FPP−FTP. It is seen from
this figure that �F becomes smaller with decreasing the ra-
dius R, as well as with increasing interhole distance W for a
fixed R, but vortices always prefer to form a square symmet-
ric state for very small radius. The same behavior of the PP
and TP states is found for the second matching field �see Fig.
4�b��. A small difference is that the probability of the PP state
is smaller for small period of the pinning lattice W and larger
for larger W, compared to the results for H=H1. The latter is
related to different density of the flux lines.

Let us now see how the vortex-vortex interaction force
affects our results. It is well known that the effective inter-
action between the vortices is determined by the GL param-
eter �=� /� �in thin superconductors, �*=�2� /d�. We per-
formed the same statistical analysis as shown in Fig. 4 for

smaller � values. As an example, we plot in Fig. 5, for the
GL parameter �*=1, the probability to find the PP �dashed
curves� and TP �solid curves� states as a function of the ra-
dius of the antidots for different values of the interhole dis-
tance for �a� H=H1 and �b� H=H2. It is seen from this figure
that the probability to find the PP state decreases consider-
ably with decreasing �* to �*=1 compared to larger �* case
�Fig. 4� for both applied field values. This is due to the domi-
nance of the vortex-pinning site interaction over the de-
creased vortex-vortex interaction.

So far, we presented results at fixed temperature. In what
follows, we include temperature in our numerical analysis
through the temperature dependence of the coherence length
� �see Sec. II�. We now consider a superconducting film with
thickness d=20 nm, interhole distance W=1 �m, and antidot
radii R=20 nm and R=50 nm. We choose the coherence
length ��0�=40 nm and the penetration depth ��0�=42 nm
�the effective GL parameter is �*=�2 /�d=2.21�, which are
typical values for Pb films. Figure 6 shows the temperature
dependence of the probability to realize the TP �solid curves�
and PP �dashed curves� states at the second matching field
when starting from a random distribution of vortices. It is
seen from this figure that the evolution of the states weakly
depends on temperature, in spite of the fact that temperature
effectively changes the pinning force of the antidots. This
result indicates that a larger energy barrier is separating dif-
ferent vortex states. The effect of temperature becomes im-
portant close to Tc, where the vortex lattice undergoes a tran-
sition from the PP state to 100% TP state for both radii of the
antidots. Note that for R=25 nm, the PP state dominates over
the TP state, while for R=50 nm, the opposite is found.

FIG. 4. �Color online� Probability to find the totally pinned �TP�
�solid curves, open symbols� and partially pinned �PP� �dashed
curves, filled symbols� vortex states as a function of the hole radius
R for two different periods W at �a� H=H1 and �b� H=H2. The film
thickness is d=0.1� and the effective GL parameter is equal to �*

=�2� /d=�. The insets show the energy difference �F between the
TP and the PP vortex states as a function of the radius R.

FIG. 5. �Color online� The same as in Fig. 4 but now for the
effective GL parameter �*=1.
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V. DISCUSSION

The unexpected result that the most probable vortex state
is not necessarily the ground state can be elucidated by the
following simple consideration. From the fact that the PP
vortex configurations are observed more frequently than the
TP vortex state for small pinning strengths, one can conclude
that the PP state has a larger interval of stability. This can be
checked by calculating the free energy of a superconducting
disk with a hole �we considered a large disk in order to
reduce the effect of the boundary� as a function of the
position of the vortices inside the disk. We followed the
approach given in Ref. 18 to calculate the free energy of the
system for the applied magnetic field H=2n�0 /S, where n is
the number of vortices and S is the surface area of the
sample.

When there is only one vortex in the disk, it interacts
attractively with the hole �Fig. 7�a�� and the system has the
lowest energy when the vortex is inside the hole. The pres-
ence of two or more vortices in the sample changes this
attractive interaction �see Fig. 7�b�, where we fixed one vor-
tex and the other two were free to move in order to minimize
the energy�. The pinning force to the hole is now compen-
sated by the repulsive interaction between the vortices and
the free energy exhibits a very broad minimum for a nonzero
separation distance, depending on the size of the hole. Be-
cause of this broad minimum in the energy, vortices are eas-
ily pinned in the interstitials, increasing the probability to
obtain the PP state. However, if one of the vortices comes
close to the hole and occupies it �or the vortex is initially in
the hole�, the free energy of the system becomes even lower.
However, this minimum in the free energy is very narrow
�see the black curve in the figure�. Therefore, in order to find
the ground state vortex configuration, we have to put one
vortex exactly in the hole, otherwise the system will most
probably move to the broader energy minimum, forming a
trimer around the hole. In the latter case, vortices are located

equidistantly from the hole �see also Fig. 2�e��. If we now
increase the radius of the hole, the minimum in the free
energy corresponding to all vortices sitting in the supercon-
ducting region moves up in energy. At the same time, this
minimum becomes less pronounced, decreasing the probabil-
ity to realize the PP states.

VI. CONCLUSIONS

We studied the vortex lattice structures in a superconduct-
ing thin film with a square array of weak pinning antidots
within the GL theory. When the pinning force of the antidots
is small, i.e., small radius of the antidots, the triangular vor-
tex lattice becomes energetically favorable. Depending on
the applied field, all the vortices can be located between the
antidots, or some of them are pinned by the antidots and
some of them are located between the pinning centers. In
some cases, vortices do not form a simple lattice but arrange
themselves in clusters around the empty pinning centers hav-
ing a specific orientation.

Although these partially pinned vortex structures are ob-
tained more frequently in field cooled experiments than the
square pinned vortex lattice, they are not the ground state
vortex configuration, contrary to the results from a London
approach.9 The reason for the larger probability to realize the
partially pinned states is the broader energy minimum origi-
nating from the repulsive interaction between the vortices.

FIG. 6. �Color online� The statistics of the TP �solid curves,
open symbols� and PP �dashed curves, filled symbols� states as a
function of temperature. Parameters of the sample are given in the
figure.

FIG. 7. �Color online� The free energy of an individual disk of
radius Ro=20� and thickness d=0.1� as a function of the radial
position of the vortex r from the disk center for different values of
the hole radius R and for different number of vortices n in the
sample: �a� n=1 and �b� n=3. The insets show the Cooper-pair
density plots corresponding to the circles on the free energy curve.
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The statistics to obtain the PP and TP states weakly depend
on the temperature, whereas the GL parameter �, which de-
termines the efficiency of the vortex-vortex interaction,
strongly influences the obtained results. Our theoretical re-
sults imply that experimentally the most probably found vor-
tex configuration is not necessarily the lowest energy vortex
state.
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