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ABSTRACT: The local density approximation (LDA) to the exchange potential Vx(r),
namely the �1/3 electron gas form, was already transcended in Slater’s 1951 paper.
Here, using Dirac’s 1930 form for the exchange energy density �x(r), the Slater (Sl)
nonlocal exchange potential Vx

Sl(r) is defined by 2�x(r)/�(r). In spherical atomic ions, say
the Be or Ne-like series, this form Vx

Sl(r) already has the correct behavior in both r 3 0
and r 3 � limits when known properties of the exchange energy density �x(r) and the
ground-state electron density �(r) are invoked. As examples, some emphasis will first be
given to the use of the so-called 1/Z expansion in such spherical atomic ions, for which
analytic results can be obtained for both �x(r) and �(r) as the atomic number Z becomes
large. The usefulness of the 1/Z expansion is directly demonstrated for the U atomic
ion with 18 electrons by comparison with the optimized effective potential prediction. A
rather general integral equation for the exchange potential is then proposed. Finally,
without appeal to large Z, two-level systems are considered, with specific reference to
the Be atom and to the LiH molecule. In all cases treated, the Slater potential Vx

Sl(r) is a
valuable starting point, even though it needs appreciable quantitative corrections
reflecting directly atomic shell structure. © 2004 Wiley Periodicals, Inc. Int J Quantum
Chem 102: 64–71, 2005
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1. Background and Outline

C urrent methods of calculation in density func-
tional theory (DFT) solve one-electron Schrö-

dinger equations (the so-called Slater–Kohn–Sham
equations [1, 2]) into which an effective potential
energy V(r) is introduced. This potential, since it is
designed to obtain the exact ground-state electron
density �(r) as

��r� � 2 �
occupied states

�*i�r��i�r�, (1.1)

must contain a contribution from quantum me-
chanical exchange (x) and correlation (c) interac-
tions. Then V(r) can be written

V�r� � Vn�r� � Ves�r� � Vxc�r�, (1.2)

where Vn(r) is the potential from the nuclei in the
atom, molecule or cluster under consideration,
Ves(r) is the electrostatic potential created by the
electron distribution �(r), while Vxc(r) subsumes the
exchange and correlation contributions. It is known
(see, e.g., Levy and March [3]) that Vxc(r) can be
rigorously separated into two parts: the exchange
potential Vx(r) and the correlation contribution
Vc(r). It is now generally accepted that in many
systems of current interest for quantum chemical
studies, the exchange effects are an order of mag-
nitude larger than those from correlation. Thus, to
obtain good approximations to the orthonormal or-
bitals �i(r) in Eq. (1.1), written for spin-compen-
sated electronic assemblies to which we confine
ourselves throughout the present study, it is essen-
tial to calculate the exchange potential Vx(r) in a
fully quantitative form, and to make the (presently
unavoidable) approximations in the “small” corre-
lation contribution Vc(r) to the potential V(r) in Eq.
(1.2).

1.1. DIRAC DENSITY MATRIX AND
EXCHANGE ENERGY DENSITY

In the present investigation, it is important to
make an off-diagonal generalization of Eq. (1.1),
namely to define the Dirac [4] density matrix �(r, r�)
by

��r, r�� � 2 �
occupied states

�*i�r��i�r��. (1.3)

Then, as already known to Dirac [4], the total ex-
change energy, denoted by Ex below, is given ex-
plicitly by

Ex � �
e2

4 � �2�r, r��
�r � r�� drdr�. (1.4)

In principle (see, e.g., Ref. [2]), the exchange poten-
tial Vx(r) is given by the functional derivative of Ex

with respect to the ground-state density �(r). But
this route is not yet practicable in quantum chemi-
cal problems, as it requires explicitly the Dirac den-
sity matrix �(r, r�) as a functional of its diagonal
element �(r). Presently, such knowledge is only
available for a small number of analytically solv-
able models [5, 6].

Therefore, in recent work, the present authors
have focused on calculating the exchange energy
density �x(r) [5] using the leading term in the so-
called 1/Z expansion in atomic theory [7, 8], where
Z is the atomic number. Specifically, for atomic ions
with closed K � L shells and large Z, the nonrela-
tivistic Dirac density matrix needed to calculate
�x(r), defined in a natural (but not unique) way from
the Dirac result (1.4) as

�x�r� � �
e2

4 � �2�r, r��
�r � r�� dr�, (1.5)

was constructed from hydrogenic wave functions
(leading term in 1/Z expansion). The asymptotic
form at large r obtained from the analytic form of
�x(r) given in Ref. [5] was shown numerically to
approach quickly the asymptotic form given earlier
by one of us [9]:

�x�r� � �
1
2

e2

r ��r�: r 3 �. (1.6)

This asymptotic form (1.6) already demonstrates
the limitations of the local density approximation
(LDA), i.e., electron gas results. For example, as
Dirac [4] first proved (see also Ref. [10]),

�x
LDA�r� � �cx�

4/3�r�: cx �
3
4 e2�3

��
1/3

. (1.7)

Comparison of Eqs. (1.6) and (1.7) far from the
nucleus of a spherically symmetrical atomic ion
(e.g., the Ne-like series) shows that while the LDA
result (1.7) contains only one characteristic
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“length,” namely �(r)�1/3, the correct Eq. (1.6) con-
tains two: �(r)�1/3 as with LDA, but also the elec-
tron–nucleus separation r. Put another way, �x(r)/
�(r) falls off in this example as �(1/2)e2/r at large r,
this slow falloff to be contrasted with the LDA
rapid exponential decay as �(r)1/3.

1.2. SLATER’S NONLOCAL EXCHANGE
POTENTIAL

Slater [1] had already anticipated this difficulty
(see also the later study of Kleinman [11, 12]) and
proposed to define a nonlocal exchange potential,
denoted by Vx

Sl(r) below, by writing, in conformity
with the classical electrostatic energy Ues given by

Ues �
e2

2 � ��r���r��
�r � r�� drdr� �

e2

2 � ��r�Ves�r�dr, (1.8)

Ex �
e2

2 � ��r�Vx
Sl�r�dr. (1.9)

Comparing Eq. (1.9) with the Dirac result (1.4)
leads, naturally enough, to Slater’s nonlocal ex-
change potential as

Vx
Sl�r� � �

1
2��r� � �2�r, r��

�r � r�� dr�. (1.10)

In view of our own study of the exchange energy
density �x(r) in Eq. (1.5), we find it convenient to
rewrite Eq. (1.10) in the form

Vx
Sl�r� �

2�x�r�
��r�

, (1.11)

which we can adopt as an alternative “definition”
of the Slater nonlocal exchange potential. The non-
locality referred to, in order to distinguish it from
the �1/3 LDA result obtained by differentiating Eq.
(1.7) with respect to the density �(r), is immediately
apparent from the definition (1.10) due to Slater [1],
but also follows, as it must, from the equivalent
definition (1.11) when the nonlocal (Dirac) form
(1.5) of �x(r) is invoked.

One favorable property of the Slater potential
(1.11) follows from the asymptotic form (1.6) for
spherical atomic ions, namely that Vx(r)3 �e2/r at
large r in such electronic assemblies. This treats
exactly the asymptotic property of correcting the

self-interaction included in Ves(r) in Eq. (1.2), since
the electrostatic interaction is calculated from �(r),
which includes all N electrons in the system. In-
deed, Vxc(r)3 �e2/r in such spherical atomic ions,
so Vx

Sl(r) already takes care of that exact limiting
property in these admittedly simple spherical elec-
tron density ions.

Following this survey, the outline of the remain-
der of this article is as follows. In Section 2, the
Dirac density matrix entering Eq. (1.5) is approxi-
mated by the leading term in the 1/Z expansion.
The exchange energy density can then be calculated
for atomic ions for 4, 10, and 18 electrons, and these
results are used to obtain the Slater exchange po-
tential. This is then compared with the optimized
effective potential, stemming from the early studies
of Sharp and Horton [13] and of Talman and Shad-
wick [14]. Section 3 then focuses on a formally exact
integral equation for Vx(r), which, at least in prin-
ciple, allows “corrections” to the Slater exchange
potential Vx

Sl(r) in Eq. (1.11) to be exhibited. How-
ever, a function entering this integral equation [cf.
Eqs. (3.1) and (3.2) below] has to be approximated.
After referring to one, relatively simple, approxi-
mation worked out for Be (see Fig. 3), a more gen-
eral proposal is made that establishes contact with
the optimized effective potential [13, 14] already
referred to. Returning to two-level systems such as
Be in Section 4, a further potential proposed by
Harbola and Sahni [15] is discussed in relation to
the Slater exchange potential Vx

Sl(r). It should be
noted at this point that the original Harbola–Sahni
proposal [15] was criticized as involving a path
integral which depended on the path chosen [16].
However, using low-order density matrices, Holas
and March [17] derived an exact expression for the
force �	Vxc(r)/	r associated with the exchange-cor-
relation potential Vxc(r) introduced in Eq. (1.2). Us-
ing their study, but now for Vx(r), Levy and March
[3] exhibited “kinetic corrections” to the approxi-
mation Vx

HS(r), which restored the path indepen-
dence. Finally, Section 5 constitutes a summary as
well as some suggestions for future work that may
prove fruitful.

2. Limiting Results for 4, 10, and 18
Electron Atomic Ions for Large
Atomic Number Z in Nonrelativistic
Theory

One can obtain analytically the total exchange
energy Ex in Eq. (1.4) when the Dirac density matrix
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is replaced by its large-Z limit, built from hydro-
gen-like wave functions. We first summarize the
results for electron number N equal to 4 and 10.

2.1. LIMITING LARGE-Z RESULTS FOR
CONFIGURATION (1s)2(2s)2

For N � 4, we have the limiting form

Ex � �0.81929Z, (2.1)

with the corresponding exchange energy density
�x(r)

�x�r� �
Z3

8�
exp��Zr���

1
r � Z �

Z2r
4 �

�
Z3

8�
exp��2Zr���

7
r �

Z
4 �

Z2r
4 �

Z3r2

32 �
Z4r3

32

�
Z5r4

64 � �
Z4

9�
exp��3Zr���

4
3 �

4Zr
3 � Z2r2�

�
Z3

�
exp��4Zr��1

r � Z�.

(2.2)

The electron density for the (1s)2(2s)2 configuration
is

��r� �
Z3

16�
exp��Zr�


 �32 exp��Zr� � 4 � 4Zr � Z2r2�. (2.3)

Hence, the Slater exchange potential Vx
Sl(r) � 2�x(r)/

�(r) is known in the large-Z limit. One simple ana-
lytical consequence of Eqs. (2.2) and (2.3) for Vx

Sl(r)
is that the r 3 0 limit has the form

lim
r30

Vx
Sl�r� � �

1019
972 Z, (2.4)

the corresponding limit for the exchange density
being readily obtained from Eq. (2.2) as

lim
r30

�x�r� � �
1019
864

Z4

�
. (2.5)

On the basis of numerical results for 10 electrons
and Z � 92, we expect Vx

Sl(r) calculated from Eqs.
(1.11), (2.2), and (2.3) to be a good approximation to

the true exchange potential for the uranium atom
stripped of all but four of its electrons.

2.2. LIMITING LARGE-Z FORMS FOR Ne-
LIKE CONFIGURATION (1s)2(2s)2(2p)6

Since, near the nucleus at r � 0, �(r) and �x(r) are
determined by the same s-states, in the large-Z limit
the results (2.4) and (2.5) immediately apply to the
configuration (1s)2(2s)2(2p)6. The analytical form of
�x(r) for this 10-electron case is recorded in Ref. [5].
The radial form 4�r2�x(r) is plotted in Figure 1,
where it is compared with the corresponding quan-
tity from the LDA form (1.7), using exactly the same
density �(r). In spite of the remarkable point-to-
point agreement, the total exchange energy Ex us-
ing LDA is in error by 	8% and this is an unac-
ceptably large energy for chemical applications.
The correct limiting large-Z form of Ex for configu-
ration (1s)2(2s)2(2p)6 is given by [5]

Ex � �1.74788Z, (2.6)

in atomic units (e2/a0 � 1; a0 � �2/me2). It is also
straightforward to verify the cusp-like condition
[18]:

	�x�r�

	r �
r�0

� �
2Z
a0

�x�r��
r�0

: a0 � �2/me2 (2.7)

FIGURE 1. Plot of radial form 4�r2�x(r) of exchange
energy density defined by Eq. (1.5) for Z � 92 and for
10 electrons in the hydrogenic (nonrelativistic) limit of
large Z. For comparison, the LDA in Eq. (1.7) is shown.
Although the point–point agreement seems quite good,
the total exchange energy of LDA is some 8% in error.
Redrawn from Ref. [5].
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and that for the Slater potential

lim
r30

	Vx
Sl�r�

	r � 0. (2.8)

2.3. SIMILAR LIMITING FORMS FOR
Ar-LIKE CONFIGURATION

Very recently, Howard et al. [19] have consid-
ered 18-electron Ar-like atomic ions. For this case,
we have in the large-Z limit

Ex � �2.33387Z. (2.9)

Forms (2.7) and (2.8) are again satisfied. For the
specific case of uranium, with Z � 92, the atomic
ion with 18 electrons has a Slater exchange potential
Vx

Sl(r) shown in Figure 2. This is compared with the
optimized effective potential of Refs. [13] and [14]
in this figure. In the region near r � 0, where the
deviations from the Slater exchange potential are
largest, the nuclear potential Vn(r) � �Ze2/r with
Z � 92 in the present example of course dominates
V(r) defined in Eq. (1.2). However, the atomic shell
structure is clearly reflected in the corrections
shown to the Slater exchange potential in Figure 2.

3. Exact Integral Equation for
Exchange-Only Potential Vx(R)

In recent work, Howard and March [20] have
given a formally exact generalization of the integral
equation of Della Sala and Görling [21] for the exact

exchange-only potential vx(r) of DFT. This generalized
equation [see Eq. (3.1) below] relates Vx(r) to the Slater
exchange potential Vx

Sl(r), which is directly related to
the Dirac exchange energy density [4] �x(r) defined by
Eq. (1.5) above. Here �/2 is an idempotent single-
particle density matrix with half the ground-state
electron density �(r) as its diagonal element. The
Slater potential is then given by Eq. (1.11). The inte-
gral equation of Howard and March [20] then reads

Vx�r� � Vx
Sl�r� �

1
4��r� � �2�r, r��Vx�r��dr�

�
1

8��r� � ��r, r����r�, r����r�, r�
�r� � r�� dr�dr� �

P�r�
��r�

, (3.1)

where

� P�r�dr � 0. (3.2)

In Ref. [20], an ansatz was made for P(r) for the
Be-like atomic ion sequence. Exploiting the orthog-
onality of the 1s wave function, �1(r), and the 2s
function �2(r) led to the assumption that P(r) was
proportional to the product �1(r)�2(r), which evi-
dently satisfies the integral condition (3.2). This led
to the results for the exchange potential of Be
shown in Figure 3.

Here we propose a much more general ansatz for
P(r), which appeals directly to the integral equation
given by Talman [22] for the optimized effective
exchange potential (OEP), which has recently been
used by Howard et al. [19] to calculate approximate
exchange potentials for the 10-electron Ne-like se-
ries of atomic ions as well as Figure 2 for 18 elec-
trons. This integral equation for vx(r) reads (see Eqs.
(10) and (11) of Ref. [22]):

� K�r, r��Vx�r��dr� � Q�r�, (3.3)

where both K(r, r�) and Q(r) involve a single-parti-
cle Green function. Using again orthogonality prop-
erties, discussed already by Talman [22], it is
straightforward to show that 
 Q(r)dr � 0. It is this
result that prompts the new ansatz we propose
here, namely that P(r) in the formally exact integral
Eq. (3) of Howard and March [20] is a constant, �

FIGURE 2. Compares hydrogenic limit for Z � 92 and
18 electrons of the Slater exchange potential with the op-
timized effective potential. Redrawn from Ref. [19].
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say, times Q(r). One then finds almost immediately
the “hybrid” integral equation

Vx�r� � Vx
Sl�r�

�
1

4��r� � ��2�r, r�� � 4��K�r, r���Vx�r��dr�

�
1

8��r� � ��r, r����r�, r����r�, r�
�r� � r�� dr�dr�. (3.4)

The final step needed is to determine the r-indepen-
dent quantity �, measuring the “hybrid” character
of Eq. (6). This we now fix by insisting that the
Levy–Perdew virial-like relation [23]

Ex � �� r �
	Vx�r�

	r
��r�dr (3.5)

is exactly satisfied, where Ex is the total exchange
energy obtained from Eq. (1.4) as

Ex � � �x�r�dr. (3.6)

As the simplest example of the use of Eq. (2.14), let us
use it for spherically symmetric atomic ions, such as
the Be or Ne-like series already referred to. Then,
integrating by parts, one finds from Eq. (3.5) that

Ex � 3 � Vx�r���r�dr � 4� �
0

�

r3Vx�r�
d��r�

dr dr. (3.7)

Inserting the ansatz (3.4) into Eq. (3.7), one obtains
a further equation from which � can be determined
iteratively as the solution of the integral Eq. (3.4)
proceeds.

4. Relation Between Harbola–Sahni
and Slater Exchange Potentials for
the Be Atom, Based on the
Hartree–Fock Ground-State Density
for Two-Level Systems

So far we have dealt with exchange-only DFT.
However, since for atoms and molecules the Har-
tree–Fock (HF) density is normally of high quality,
as known from comparison with x-ray and electron
diffraction measurements, we shall summarize in this
penultimate section the way the difference between
the Slater exchange potential, based now on the HF
electron density, and the Harbola–Sahni potential dis-
cussed above, can be estimated for the two-level sys-
tems such as the Be atom or the LiH molecule.

The central result used below (see also Ref. [24])
is that

	

	r �Vx
HS�r� � Vx

Sl�r�� � ���r�F�r�, (4.1)

where F(r) denotes the “Fock operator” term, while
(r) is the phase defined in terms of the HF wave
functions �1(r) and �2(r) for the two-level system
under investigation by [25]:

�1�r� � �1/ 2�r�cos  �r� (4.2)

and

�2�r� � �1/ 2�r�sin  �r�, (4.3)

with �(r) now the HF density as discussed above.
Hence, from the HF wave functions �1(r) and �2(r),
we have

tan  �r� � �2�r�/�1�r�, (4.4)

and hence �(r) needed in Eq. (4.1) can be obtained.

FIGURE 3. Illustrates results for Vx(r) � Vx
Sl(r) for the

Be atom using the integral equation (3.1) with the
choice of P(r) � const. 
 �1(r)�2(r), with 1 	 1s and
2 	 2s, for the configuration (1s)2(2s)2. The difference
between the Harbola–Sahni exchange potential Vx

HS(r)
and the nonlocal Slater potential Vx

Sl(r) is shown for
comparison (see also Section 4). The two choices of
“weighting parameters” a and b in Ref. [20] are de-
signed to satisfy the virial relation of Levy and Perdew
[23]. Redrawn from Ref. [20].
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Turning to the “Fock operator” term F(r), this is
determined by �(r) and the phase (r) by [24]:

F�r� � 1/2 � dr�
��r��sin�2 �r� � 2 �r���

�r � r�� . (4.5)

We have not carried out numerical evaluation of
Vx

HS(r) � Vx
Sl(r) for the Be atom, since we anticipate

that the result derivable from Eqs. (4.1), (4.4), and
(4.5) will be very close to that recorded in Figure 3.

To close this section, we note that the above
procedure could, in principle, be applied to the
“two-level” molecule LiH. However, the “kinetic”
corrections of Ref. [3] would then have to be added
to the Harbola–Sahni exchange potential.

5. Summary and Proposed Future
Directions

We have stressed here both the considerable
merits, and some quantitative limitations, of the
Slater exchange potential Vx

Sl(r) defined in Eq.
(1.11). Thus, in Figure 2, analytic knowledge of the
density �(r) and the exchange density �x(r) appear-
ing in this equation in the large-Z limit is used to
compare Vx

Sl(r) with the optimized effective poten-
tial prediction for Z � 92 and 18 electrons. The
general features of Vx

Sl(r) are seen to be correct,
although some modifications are called for to make
the Slater potential fully quantitative.

In Section 3, we have made a proposal for an
integral equation for the exchange-only potential
Vx(r). Equation (3.1) is a formally exact equation,
but the function P(r) on the right-hand side is not
yet fully specified, although any correct choice
must satisfy the “sum rule” given in Eq. (3.2). For
Be, the choice that P(r) is proportional to the prod-
uct of the 1s and 2s wave functions satisfies Eq. (3.2)
because of wave function orthogonality, and conse-
quences of this assumption for P(r) are shown in
Figure 3. We note here that Eq. (3.1) is a formally
exact generalization of the study of Della Sala and
Görling [21]; their work showing that P(r) � 0 if one
makes the (oversimplistic) assumption that the
Hartree–Fock and Slater–Kohn–Sham determinants
are equal.

A more general proposal is then made for P(r),
which directly invokes the integral Eq. (3.3) of the
optimized effective potential method, as written,
for example, by Talman [22], but now involving a
free parameter �. We believe it will be interesting in

the future to study the results obtained for the
correction Vx(r) � Vx

Sl(r) to the Slater exchange po-
tential, when � is chosen to satisfy the Levy–Per-
dew virial-like relation (3.5).

Appendix: Ground-State Density �Sl(r)
Generated for Spherical Atomic Ions
by the Slater Nonlocal Exchange
Potential

We are here interested in studying �Sl(r), the
spherical atomic ion ground-state electron density,
generated by the total potential VSl(r) given by

VSl�r� � �
Ze2

r � Ves
Sl�r� � Vx

Sl�r�. (A.1)

Thus, applying the Laplacian operator to VSl(r) we
find, excluding the nucleus at r � 0,

�2VSl�r� � �2Ves
Sl�r� � �2Vx

Sl�r�. (A.2)

But Poisson’s equation yields

�2VSl�r� � 4��Sl�r� � �2Vx
Sl�r�. (A.3)

Next we insert Eq. (1.11) into the right-hand side of
Eq. (A.3) to find

�2VSl�r� � 4��Sl�r� � 2
d2

dr2 ��x

� � �
4
r

d
dr ��x

� � .

(A.4)

Next we have

d
dr ��x

� � � �
��

�2 �x �
��x
�

, (A.5)

and therefore

d2

dr2 ��x

� � �
2��2

�3 �x �
2��

�2 ��x �
� x
�

� �x

�

�2 . (A.6)

Hence, using Eqs. (A.5) and (A.6) in Eq. (A.4), we
find
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4��Sl�r� � �2VSl�r� �
4��2

�3 �x �
4��

�2 ��x �
2� x
�

�
2�x�

�2 �
4��

r�2 �x �
4��x
r�

. (A.7)

To proceed further, we invoke the concept of the
Pauli potential VP(r) to write

�2��Sl�r��1/ 2 � 2�� � VSl�r� � VP
Sl�r����Sl�r��1/ 2 � 0.

(A.8)

Dividing Eq. (A.8) throughout by [�Sl(r)]1/2, we can
use the result to eliminate VSl(r) from Eq. (A.7) to
obtain

4��Sl�r� �
1
2

�2��Sl�r��1/ 2

��Sl�r��1/ 2 � �2VP
Sl�r�

� �4
��Sl�r���2�x�r�

��Sl�r��3 �
4�Sl�r����x�r�

��Sl�r��2 �
2�x�r�
�Sl�r� �

2�x�
Sl�r�

��Sl�r��2

�
4�Sl�r���x�r�

r��Sl�r��2 �
4��x�r�
r�Sl�r� . (A.9)

The VP
Sl(r) definition can be given as

VP
Sl�r� �

�Ts

���r�
�

���Sl

�
�TW

���r�
�

���Sl

. (A.10)

This affords an explicit, although approximate, ex-
ample of the intimate relationship between single-
particle kinetic energy density and exchange en-
ergy density, discussed earlier by March and
Santamaria [26] and by Parr et al. [27].
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