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ABSTRACT

In this thesis we investigate the emergence of new phenomena in
multigap superconductors and multicomponent Ginzburg-Landau
theories in the presence of intraband and cross-band pairing. The first
part contains a review of emergent phenomena in superconductors
with only intraband pairing, in particular the mechanism behind gap
resonances which are accompanied by Higgs and Leggett modes. Then
we study the gap resonances induced by two-dimensional quantum
confinement and describe its spatial profile using the Bogoliubov-de
Gennes equations. In the second part we describe the conditions where
the cross-band pair formation is feasible. Using the formalism of Green
functions we obtain the equations governing the interplay between
intraband and cross-band pairing. Also, we derived the Ginzburg-
Landau equations considering both intraband and cross-band pairing.
Finally, we describe the crossover between the intraband-dominated
and crossband-dominated regimes. These two are delimited by a ten-
dency towards a gapless state. When a magnetic field is applied close
to the gapless state, we found new arrangements of vortices like square
lattices, stripes, labyrinths or of vortex clusters. The experimental sig-
natures and consequences of crosspairing are discussed for MgB, and
Ba0.6K0_4Fe2Asz.

ABSTRACT

In deze thesis onderzoeken we het ontstaan van nieuwe fenomenen in
multigap supergeleiders en multicomponent Ginzburg-Landau theo-
rieén in de nabijheid van intraband en cross-band koppelingen. Het
eerste deel bevat een samenvatting van opkomende fenomenen in
supergeleiders met enkel intraband koppeling. Meer specifiek heb-
ben we het over het mechanisme achter gapresonanties die vergezeld
zijn van Higgs en Leggett modes. Daarna bestuderen we de gap re-
sonanties die opgewekt worden door quantum confinement in twee
dimensies. Dan beschrijven we het profiel in een tweedimensionale
ruimte met behulp van de Bogoliubov-de Gennes vergelijkingen. In
het tweede deel worden de voorwaarden waaronder cross-band paar-
vorming mogelijk is beschreven. Gebruikmakend van het Gor’kov
Green functieformalisme verkrijgen we de vergelijkingen die de wis-
selwerking tussen intraband koppeling en crosspairing beheersen.
Ook leiden we de Ginzburg-Landau vergelijkingen af wanneer cross-
pairing aanwezig is. Uiteindelijk beschrijven we de overgang tussen
intraband-gedomineerde en cross-band gedomineerde regimes. Deze
regimes zijn afgebakend door een gaploze toestand in het homogene



geval of door de nabijheid van langwerpige kettingen van vortices
wanneer een magnetisch veld wordt toegepast. De experimentele teke-
nen en gevolgen van crosspairing worden besproken voor MgB, en
Bao.éKQAFezASz.
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INTRODUCTION

The study of superconductivity together with competitive orders is
crucial to determine the best conditions in which we can obtain high
temperature superconductors. In this context, the possible competitive
orders can be external or internal to the superconducting phase. As
external competitive orders we can mention the magnetic order, charge
density waves or spin density waves. On the other hand the internal
competitive orders are given within the superconducting phase with
itself. In this thesis, we describe one particular competition which
has been neglected in most works to date: Cooper pair formation
between two electrons belonging to the same band versus Cooper pair
formation between two electrons belonging to different bands. In this
thesis these two types of pairing will be named as intraband pairing
(1BP) for the former and cross-band pairing (CBP) for the latter. The
competition between IBP and CBP arises in two-band superconductors
when the bands are close or hybridized in the vicinity of the Fermi
level. Physically, this competition is caused by the finite density of
electrons around the Fermi level and the induced attraction between
two electrons which now can form exclusively an intraband or a
cross-band Cooper pair.

Systems with band hybridization or partially overlapped bands
close to the Fermi level are present in several multigap and multicom-
ponent superconducting materials. These materials are characterized
by gap openings in different Fermi surfaces that can be tuned by
quantum confinenment, layering stacking, surface effects and electri-
cal gating which allow to find the best configuration with minimal
decoherence of the order parameter and therefore with the highest
critical temperature T;. Interestingly, as we will see in this thesis the
presence of CBP together with IBP will introduce naturally a phase
dependence in the energy spectra of the electronic excitations, the gap
opening in the density of states and in the London penetration depth,
fact that was never reported and that we will exploit to look again
the problem of phase decoherence of the superconducting state. By
decoherence of the superconducting phase we mean the vanishing of
the superconductivity order parameter together with its phase spread.

Probably, the biggest and common challenge of all quantum ap-
plications it is to overcome the problem of quantum decoherence.
Thermodinamically, this challenge arises because the system interacts
with its surroundings in a non reversible way as dictated by the sec-
ond law of thermodynamics. Decoherence is present in the energy
dissipation of nuclear fusion processes, disentanglement of quantum
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qubits in quantum computers and in the phase spread of the super-
conducting order parameter (OP). In particular the phase decoherence
of the superconducting OP can be caused by competition with differ-
ent orders like magnetism, spin density waves, charge density waves
or Coulomb repulsion. Generally this competition is detrimental for
superconductivity. Nonetheless, these competitive orders can promote
new symmetries in the superconducting OP, allowing superconduc-
tivity to endure at the expense of losing some phase coherence. For
example, within the iron-based superconductors (FeSCs) the s™~ sym-
metry of the order parameter can have its origin as 7-phase difference
between electron-like and hole-like pair amplitudes [84] or an orbital
anti-phase with a 7-phase difference between bands of the same type
(electron-like or hole-like) [77, 138, 141].

The purpose of this thesis is to study the signatures and conse-
quences of the inclusion cross-band Cooper pairs in superconductors
which were mostly described with only intraband Cooper pairs with
and without an applied magnetic field. This thesis contains six Chap-
ters and is organized as follows:

e Chapter 1 is the general introduction and overview of the present
thesis.

e Chapter 2 gives a general introduction to superconductivity in
a non historical or chronological order but rather pedagogical.
Therefore, we present first its microscopic formulation given
the Bardeen-Cooper-Schrieffer (BCS) theory and its remaining
problems that would be later elegantly solved with the Gorkov
Green function formalism. Then we introduce the phenomeno-
logical theory of superconductivity, starting with the London
model, the Ginzburg-Landau theory, its microscopic derivation
by Gor’kov and the vortex state when a magnetic field is applied.
The Gor’kov Green function formalism and the microscopic
derivation of the Ginzburg-Landau theory constitute the theoret-
ical framework of the present thesis.

e Chapter 3 considers systems with no crosspairing and describes
the emergent phenomena characteristic of the interplay of multi-
ple gaps in a superconductor. In particular we present the gap
resonances which are accompanied by Higgs and Legget modes
in the vicinity of the weak interband coupling (scattering of elec-
trons between different bands). Then we review the microscopic
derivation of a multicomponent Ginzburg-Landau (GL) theory
from a general multigap superconductor and discuss its regime
of validity consistent with the Gor’kov expansion. At the end,
we review the reconstructive procedure of the order parame-
ter in multicomponent GL theories with only IBP which can be
described by a single-component Ginzburg-Landau equation.
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e Chapter 4 starts by establishing the general conditions for cross-
band pair formation. Then using the Gor’kov formalism we
formulate the minimal extension of the BCS Hamiltonian that
includes crosspairing. Consecutively, we present analytical solu-
tions for the degenerated case at zero temperature and numerical
solutions for more general cases at zero and finite temperature.
Furthermore we study the gapless state as the most pronounced
feature that signals the presence of crosspairing which catego-
rize our system in two pairing regimes: intraband-dominated
regime (IDR) and cross-band-dominated regime (CDR). We dis-
cuss the signatures and consequences of our findings in MgB,
and Ba0.6K0.4Fe2Asz.

e Chapter 5 presents the microscopic derivation of the Ginzburg-
Landau theory in the presence of crosspairing with and without
reconstruction of the OP. Furthermore, we analyze the normal-
superconductive interface in presence of crosspairing and the
vortex configuration when the applied magnetic field is constant.
We discuss the failure of the reconstructive procedure of the
order parameter in presence of crosspairing and emphasize its
multicomponent nature within the original microscopic Gorkov
derivation which is only possible due to the presence of both IBP
and CBP.

e Chapter 6 finally summarizes the conclusions of this thesis and
propose several perspectives like the role of crosspairing in
presence of a spin-flip scattering in Mg;_,Mn, By, the competitive
signatures of crosspairing with the Majorana states near the
gapless state which presents quasi zero-energy bound states and
the classification of the vortex configuration at the intermediate
state between the IDR and CDR.
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INTRABAND PAIRING
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INTRODUCTION TO SUPERCONDUCTIVITY

"...And when one works in superconductivity, I warn you before you start,
one comes up finally to a terrible shock; one discovers that he is too stupid to
solve the problem.” (Richard Feynman at the Low Temperature Physics

Conference in Seattle, 1956.)

The understanding of man over the laws of nature can be estimated
by how the applications of those laws have transformed society. Al-
though several progress has been made towards the understanding
of the basic principles needed for superconductivity to developed,
we can state that high temperature superconductivity has remain
elusive due to its long-promised but limited applicability . The main
difficulty to obtain a superconductor is the need to reach tempera-
tures below —200 degrees Celsius which is ten times colder than the
freezer inside our homes. This makes the use of superconductivity
expensive and technologically difficult to obtain. Nonetheless, sev-
eral applications are already directly or indirectly in our lives: For
example, magnetic levitated transport can be achieved thanks to the
quantum locking and magnetic repulsion of superconductors; efficient
electrical power transmission due to the zero electrical resistance of
superconductors;' production of large magnetic fields which are used
in particle accelerators; magnetic resonance imaging in hospitals as
non-invasive technique for diagnosis; superconducting quantum inter-
ference devices (SQUIDs) that can measure 10> Tesla which is 10
times weaker than a refrigerator magnet; and more recently in the
design and construction of lighter and more compact windmills. Any
breakthrough in the quest for room temperature superconductivity
will lead naturally to further applications which will have a strong
impact in our society.

2.1 DISCOVERY OF SUPERCONDUCTIVITY

From the theoretical and experimental point of view, the discovery
of superconductivity was fortuitous because no one expected this
new phase of matter to emerge. At the end of the nineteenth century,
a dutch physicist with very skillful technicians created a laboratory
under his name: The Kamerlingh Onnes’s laboratory. Later at the
beginning of the twentieth century, Kamerlingh Onnes’s was on a
race to liquify helium with Sir James Dewar from the University

The first long superconducting cable was built in the German city of Essen. There, a
one kilometer long cable connects two transformer stations inside the city center. The
superconducting cable supports up to 10% volts instead of the regular 10° volts cable.

We can state that the
understanding of
high-temperature
superconductivity
has remain elusive
due to its
long-promised but
limited applicability



Superconductivity
was experimentally
discovered by Gilles

Holst.
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of Cambridge. At that time, liquid helium was long discovered in
the spectra analysis of the sun but was recently obtained in Earth
through monazite sand. It was in 1908 that the Kamerlingh Onnes’
laboratory successfully manufactured liquid helium and thanks to
it its physicists would get every day a cryostat with helium to play
with. Theoretically, there was in particular an important question
to be solved. Classical thermodynamics predicts that by lowering
the temperature any motion should ultimately stop and therefore
also the electrical current. However, preliminary measurements to
the liquefaction of helium were showing a steady decrease in the
resistance until in 1911 Gilles Holst discovered superconductivity
[80] by observing a sharp drop in the resistivity of mercury, see Fig.
2.1. The credit of this discovery was not given to Gilles Holst but to
Kamerlingh Onnes because he was the founder of the laboratory and
the person who won the race of liquifying helium, which later made
technologically possible the discovery of superconductivity.
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Figure 2.1: Resistance of mercury versus temperature reported by Kamer-
lingh Onnes. Below the transition temperature of 4.2 K, the resis-
tance was no larger than 10~° Ohms. Data extracted from [28].

2.2 MICROSCOPIC THEORY OF SUPERCONDUCTIVITY

It took almost 40 years after the discovery of superconductivity to
understand the microscopic mechanism behind this phenomenon.
There are two reasons for this. First, the beginning of World War I in
1914, limited the supply of monazite sand coming from North Carolina
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to the Dutch port impacting the further experimental research. Second,
quantum mechanics was at its infancy an many of its today well
established postulates at that time were heatedly debated. This means
that even the state of normal conductor was not well understood.

2.2.1 Bardeen-Cooper-Schrieffer theory

A normal conductor is a material that posses inside an itinerant move-
ment of electrical carriers which under the application of an electrical
field will present an electrical current parallel to it. This electrical
current is composed of electrons whose wave function follows Fermi-
Dirac statistics. How was then possible that those electrons condensate
to form a coherent macroscopic state? We should remember that such
a mechanism was only possible through the ideas of the Bose-Einstein
condensation (BEC) whose order parameter follows Bose statistics
and therefore cannot be directly applied. The first attempt to apply
those ideas to solve the problem of superconductivity was made by
Schrafroth, Butler and Blatt. They formulate a theory of supercon-
ductivity as a Bose-Einstein condensate (BEC) [17, 109]. However, the
pairing mechanism was different from the superconducting state. The
main problem was that superconductivity is a bound state between
electrons whose distance between them is large and they interact only
weakly while in the BEC the distance between electrons is small and
they interact strongly>. Parallel to this, there was the work of Frolich,
Bardeen and Pines [9] that demonstrated that two electrons close to
the Fermi surface can have an effective attractive interaction due to
phonon exchange. Then, Leon N. Cooper, working as postdoc of John
Bardeen, studied in more detail how this effective attraction could
take place.

Cooper first considered a state described by the creation of two
electrons |¥ > above the Fermi Surface:

_ pt t_ Lt _ tot
¥ >=P'|S>, P'= ZE:QDkaTCky |S > kl;{[ Cchfk¢|O >, (2.1)
F

where |0 > is the vacuum and |S > represents the Fermi sea of
electrons filled up to the Fermi level with associated momentum kr
and the operator P* creates a pair of electrons above the Fermi level.
The momentum dependent function ¢; is the Fourier transform of the
spatial pair wave function. The properties of the pair wave function
will be contained in ¢; which for conventional pairing will have an
isotropic s-wave function ¢ « f(k).

Today, we know that for some cases, through the Feschbach resonance, we can tune
the interaction between electrons and study the BCS-BEC crossover.
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Qualitatively, the Hamiltonian of a pair of electrons above the Fermi
surface have the following form:

H=Y et ez +V. (2.2)
[

where the potential V contains the effective electron-electron interac-
tion. Now, the energy of a pair of electrons above the Fermi level will
be given by

HY >= ) 2>+ Y ¥ ><V¥Y|V|Y>, (2.3)
k| >ke k| >k, K

where the factor of two comes due to summation with respect to the
spin degrees of freedom. In the interaction part, we have used the
completeness relation ) i [¥' >< ¥’|. Based on the previous work
by Frolich, Bardeen and Pines, this scattering matrix < ¥’ W|‘Y >
should correspond to the electron-phonon propagator. Which in terms
of Feynman diagrams is given by figure 2.2.

A

< T/‘V‘T >= Vfilrﬁs = g%17ﬁ3D<ﬁl — ﬁ3,€ﬁ1 — €ﬁ3) (24)

Figure 2.2: Phonon exchange between two electrons.

Explicitly, the electron-phonon propagator is given by the phonon
D-function:

2072 _ = \2
u*(p1 — ps) o (2.5)

2 = = _ 2
8h-p D1~ P €5~ ) = 8 (€5, — €5,)* — 12 (Pr — P

Cooper realized that the typical phonon exchange of electrons above
the Fermi surface has a momentum difference much larger than the
energy difference u|p; — p3| >> |ej, — €5,|, where u is constant factor
with dimensions of velocity. Consequently the effective interaction
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is reduced to — g%l_ 5, Which is attractive. This is the argument to
substitute the exchange interaction of two electrons close to the Fermi
level by a negative contact potential which is constant in a small region

defined by the Debye frequency Q:

—80/V, lezl, lep| < Q,  V is the volume,

Vir =

0, otherwise.

Under this condition the effective attraction will become energeti-
cally more favorable than the bare repulsion between electrons regard-
less of how weak the interaction is. This would imply in the emergence
of a bosonic mode (Cooper pair) which reconstructs the ground state
and introduces a gap opening in the excitation spectra of the electrons.
This gap is then equal to the energy necessary to bound a pair of
electrons.

After the insight of Cooper, Schrieffer came into play to describe
the ground state of a superconductor. He described the wave function
of a superconductor as a coherent state of Cooper pairs:

|¥pes >= exp Z(I)EC%C-‘;H‘O >= Hexp 4’}’C%Tctm|0 >, (2.6)
k k

where |¥pcs > is the ground state of the superconductor. Applying
the Pauli exclusion principle then we get

|¥pcs >= H(l + ‘PECiETCim”O > . (2.7)
k

Having the wave function and considering the Cooper pair operator
we construct the BCS Hamiltonian

HBCS - Ze C" k[7 + Z k/CkT E’iCE’T' (28)

All those ideas were directed by John Bardeen who together with
Cooper and Schrieffer received in 1972 the Nobel prize in physics for
the theory of superconductivity or BCS theory [8].

2.2.2  Gor’kov Green function formalism of superconductors

During the development of the theory of superconductivity the former
Soviet Union was very active and made many important contributions.
The BCS theory was well received by the scientific community in the
U.S.S.R where many of its remaining problems were immediately
addressed. These problems were:

11
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1. There was no clear definition of the superconducting order pa-
rameter and its symmetry.

2. The BCS theory only accounts for clean superconductors.

3. There was no relation between the BCS theory and its phenomeno-
logical counterpart heuristically derived by Ginzburg and Lan-
dau.

4. The theory needed to be generalized to materials with spatial
non-homogeneous electronic structures.

Many of the above mentioned problems were solved with the Green
function formalism and adapted Quantum Field Theory (QFT). These
adaptations are required when one uses the QFT tools and machinery
which are inherently Lorentz invariant to non-relativistic systems like
in condensed matter physics. The adjustments include the identifica-
tion of the Fermi sea at T = 0 K as a new QFT vacuum and the Wick
rotation which introduces temperature as an imaginary time and with
it the definition of Matsubara’s frequencies for fermions and bosons.

In 1957, Bogoliubov gave a talk in the Kapitza Institute to Landau
and his group were Gor’kov was a junior scientist. In that talk not only
the canonical Bogoliubov transformations but also the Cooper insta-
bility and the nature of the new ground state were debated. Gor kov
noticed the emergence of bosonic mode and using the powerful Green
function formalism solve some of the remaining problems of the BCS
theory [52],

H = Hn + Hint, (2.9)
Hyo = ¥ [ @293 e (), (2.10)
1 — 13 =/ — —/ = =/ bvid bvd
Hu = 5 [@5FVE -2 R)9] @) (F)9(F)
+ g [@IPTVE - D@ (), @1

where Ty is the kinetic energy operator. Using the result of the Fermi
surface instability by Cooper and assuming that the scattering between
electrons has the form of a contact potential V(¥ — ¥') = —gd(X¥ — X'),
we get

H=Y [ @40 Tee@) +5 [ @08 ED0E08 ). @12)

To deal with the interaction term, we use the Bogoliubov or mean-
field approximation (¢, (X) = ¢ ):

IPWI%% ~< IPWI > PPy + ng{tpi < Py > +eonst.  (2.13)
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The brilliance of Gor’kov was to choose precisely the form of the
interaction term such as after the Bogoliubov approximation will give
us the correlation < 1/7?(56’)1/)1(56) > which is non zero only in the
superconducting state. This motivates the definition of the anomalous
Green function F(X7, ¥'1") together with the normal Green function

G(Xt,X't") with T as the imaginary time, then:

G(er,¥7) = — (T (FOpl(F7)), (214)
F(#r, #7) = —% (Tl (ElET)), (2.15)
G(zr, ¥7) = —% (Tg} O, ()), (2.16)
F(Xt,¥7) = ——<T¢T XT)yp (F'T)), (2.17)

where T represent the temporal ordering operator and 7 is the Planck
constant divided by 27.

From the definition of the anomalous Green function we can now
define the superconducting OP,

AX)=—g lim F(¥t, 7). (2.18)
(/%)= (1,%)

We notice the convenience of the formalism of Green functions,
which allowed to introduce the OP elegantly in the Hamiltonian (2.12).
Moreover, based on the definition of the superconducting Or, we
underline the advantage of the Gor’kov formalism when one deals
with a system in the presence of non-magnetic impurities. To see this
consider the anomalous Green function averaged over the impurities:

F(tX, %) « F(t — 7, = ¥)exp [-(¥ = X') /1], (2.19)

where [ is the mean free path. Although the anomalous Green function
decays exponentially, qualitatively the superconducting OP remains
the same when the system is isotropic [2], see Egs. (2.18) and (2.19).
This result is also known as the Anderson theorem [4].

Putting together Egs. (2.12), (2.13) and (2.18), we obtain the mean-
field Hamiltonian

H= Z/d3x1pg ) Tz o ( )—I—/d?’f [w%(f)lplh(f)A(f) —l—c.c] . (2.20)

In the Heisenberg representation our fermionic fields can be repre-
sented as

Yo (XT) = e P (X)e 7, (2.21)

Po(F1) = €T pl(R)e T, (2.22)

13



14 INTRODUCTION TO SUPERCONDUCTIVITY
where its corresponding equations of motion in matrix form are

_n, (%(’@) :< e A(f)) (t@(r@), (o23)
pur)  \at@ -Te) \gi(e)

We have everything in our disposal to calculate the temporal evolu-
tion of the two point correlation functions. Using (2.23) we obtain

—1h0:G(x,x") = 8(x—x")+ TzG(x,x') + AX)F(x,x'), (2.24)
—ho-F(x,x") = —TiF(x,x')+ A (X)G(x,x'), (2.25)
—ho:G(x,x") = 6(x,x") —TiG(x,x') + A" (X)F(x,x"), (2.26)
—hd.F(x,x') = TgF(x,x") 4+ AX)G(x,x), (2.27)

where x = (7, X).

We proceed by applying the Fourier transforms. From the imaginary
time we go to the frequency domain (7 — 7') — w. Then, from the
coordinate space we go to momentum space ¥ — (k— k'), (¥ —¥') — k.
Therefore, Egs. (2.24)-(2.27) become

S(k—K)(ihw — &.)G, 0 = K)+a(K—F)F, 7 (229
S(k—K)(ihw + )P = *(E K)G,, (2.29)
S(k—K)(ihw + )G = 6(k—K)+ A" (k—K)F, 3, (230)
S(k—K)(ihw —&)F,p = AK—K)G,z, (2.31)

where w is the fermionic Matsubara frequency and ¢; is the kinetic
operator in momentum representation. Now, we assume that our OP
is homogeneous:

A(k—K) =6k — k') Ao. (2.32)

Finally we obtain the Nambu-Gor’kov equations in the momentum
representation (f; — f(k), Ag — A) :

(ihw — &)Gu(k) = 1+ AF,(k), (2.33)
(ihw + &) Fu(k) = A*Gu(K), (2.34)
(ihw + &)Gu(k) = 1+ A*E,(k), (2.35)
(ihw — &) Fo (k) = AGu(k). (2.36)

Combining the last two equations (2.35) and (2.36), we obtain Fw(E):

- 1 1 1 1
Folk) = =5 (zhw+e> * o (ihw —e> ’ (237)
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where &2 = ¢2 + |A|*. To obtain the equation for the OP we need to sum

over the Matsubara’s frequencies and integrate over the k momentum
(the inverse Fourier transform):

Z 1w0+/ 3 w E (2.38)

The sum over the Matsubara frequencies for simple poles is

einJr ‘3 1
~ihw —x  ePY 1 5_IQTT' (2:39)

where kp is the Boltzmann constant. Finally, we obtain the equation
for the OP,

Be
o g/ d3k A tanh ( 5 ) . (2.40)

The above Eq.(2.40) can be solved self consistently and there are two
particular cases for which we can get analytic solutions, those are:

e At T = T, therefore A — 0
e At T = 0K, therefore tanh(%) —1

Before we proceed, we make the following substitution k — i
where & = k2 /2m — i, then

/ Bk 0 dk —/Qd m\/Zm(Cﬁu))’

2n)3 ~ Jo 22 ) 7k 272

(2.41)

now using the fact that close to the Fermi level ,/2m (& +p) ~

\/2my = kr, we have

[ G dak ~NO) [ deg (242

where N (0) = ’;kF is the density of states at the Fermi level.
Hence, the above approximation Eq. (2.42), give us the solution for

both cases:

e For T = T,, we have

Belx
1 B /Q dé tanh (Tk> ~1n <23'YQ> (2 )
gN(0) S 2z T\ AT ) »
where 7 is the Euler’s constant. The expression for Tc is

kgTe = 705 gN (2.44)

15



16 INTRODUCTION TO SUPERCONDUCTIVITY

e For T = 0 K, we have

10 1 ./0
M_/_ngﬁm_smh <A>, (2.45)

the expression for A is

o) a1
Ae 2 20 @, (2.46)

: 1
sinh (gN(O))
where we have used the weak coupling limit, meaning gN(0)«1.

The above solutions help us to calculate the ratio of the OP at zero
temperature with the critical temperature T

A(0)
kT

=1.764. (2.47)

If the gap opening in the normal conductance is given by 2A, then we
obtain the famous BCS ratio of 2A(0) /kgT, = 3.53.

2.3 PHENOMENOLOGICAL THEORY OF SUPERCONDUCTIVITY

In the previous section we have reviewed the principles of the BCS
theory and its remaining problems where two of them were addressed
using the Gor’kov Green function formalism. One of the problems
was solved by the definition of the order parameter given by the
contraction of the anomalous Green function Eq. (2.18) which together
with Eq. (2.19) validates the BCS theory also in the dirty limit. Now, in
this section we will focus on the relation of the microscopic theory of
superconductivity with its phenomenological counterpart.

2.3.1  London model

In superconductors when an external magnetic field is applied, the
vanishing of resistance at T, is accompanied by the expulsion of
the magnetic field in its interior . This property, which is used for
magnetic levitated transportation, originates from the perfect diamag-
netism present in superconductivity. Indicators of this property were
observed soon after the discovery of superconductivity in the Kamer-
lingh Onnes laboratory, where superconductivity disappeared if an
applied magnetic field surpasses the value of 0.04 Teslas (upper critical
field for Hg). However, the discovery of the magnetic repulsion in
superconductors was reported only in 1933 by two German physicists,
Walther Meissner and Robert Ochsenfeld (the Meissner-Ochsenfeld
effect). They studied the magnetic flux configuration around a super-
conducting sample when an external magnetic field is applied [85],
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see fig. 2.3. Based on the magnetic repulsion and infinite conductivity,
we can characterize a superconductor as a material which presents no
resistance and perfect diamagnetism.

-
H : external magnetic field

Figure 2.3: The Meissner effect in superconductors. The repulsion of the mag-
netic field depends on the geometry of the superconductor (a) and
the way how the magnetic field penetrates the superconductor
defines type I (b) and type II (c) superconductors.

The definition of the type of the superconductor in Fig. 2.3 will be
introduced in the next Section. when we present the GL theory.

The Meissner-Ochsenfeld effect gave physicists more clues to eluci-
date the superconducting phase when no microscopic theories were
available. Then, it is not surprising that historically the first progress
towards a theory of superconductivity was done by the London broth-
ers in 1935 [76]. They were inspired by the diamagnetic part of a
quantum mechanical current and gave the first explanation to the
perfect diamagnetism of superconductors. To see this, consider the
wave function ¢(X)3 that couples minimally with electromagnetism,
then the Ampere current is given by

. e oo N L -
o (VY=g - e, (2.48)

where A is the vector potential. The London brothers observed that if
the wave function is rigid, meaning 1 (¥) = ¢, then the current is

F= % |yPa (2.49)
] = mclp . 49

3 Here the wave function (¥) does no longer describe a single electron but, as we will
see later, the pair correlation between two electrons.
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The solution of the
London equation
describes a massive
mediator of the
magnetic interaction
and therefore it is
short ranged.

INTRODUCTION TO SUPERCONDUCTIVITY

Replacing the London current (2.49) in the Ampere law we get

2

Taking the rotational of the above equation and using V.= 0, we
have

<§2 — 1> h=0, (2.51)

where A% is defined as

) mc?

/\L — W. (2.52)

A is the London penetration depth which determines the length that
the magnetic field reaches inside the superconductor.
For a planar superconductor, the solution of (2.51) is given by

fl(}?) = ﬁoe_x3/)‘L, (2-53)

where x3 is the direction perpendicular to the surface of the supercon-
ductor and Hy is the magnetic field parallel to its surface.

Equation (2.51) is the non-relativistic version of the Proca equation
which correspond to a field with mass and spin 1. To see this, we use
the Coulomb or London gauge V.A = 0 and we obtain:

(V2 - )é) A=0. (2.54)
L
The above Eq. (2.54) describes a massive mediator of the magnetic in-
teraction. Usually the Meissner effect in a superconductors is depicted
by the presence of spontaneous currents in its surface. Nonetheless, it
was the interpretation of mass generation that later inspired particle
physicists for the formulation of the Higgs mechanism.

2.3.2  Ginzburg-Landau theory

There were a few problems with the London model. First, it gave
no explanation why superconductivity vanishes in thin films after
the apphed magnetic field or current exceed their particular critical
values: H., j.. Second, if we were to calculate the surface energy at the
boundary separating the superconducting and normal phases, using
Eq. (2.53) we would obtain a negative surface energy. The surface
energy is equal to the bulk free energy per unit volume times a length
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of the order of atomic dimensions, which following the London model
will be equal to —ALh2 /874

To solve the London model problems, Ginzburg and Landau real-
ized that they need to substantially change the current set of equations,
which they did brilliantly based on two physical principles [46, 47]:

1. Introduction of a complex order parameter, 1(X). From the specific
heat measurements of superconductors it was known that the
phase transition was of the second kind. All second order phase
transitions are accompanied by the emergence of a phenomeno-
logical OP which changes from zero to non-zero when the system
goes from the disordered to the ordered phase. In this context,
this new field i (X) will describe the wave function of the super-
conducting electrons which needs to be complex to minimally
couple to the electromagnetic interaction and to properly de-
scribe charged particles.

2. Preservation of gauge symmetry. To accommodate a second order
phase transition in the free energy, you are constrained by gauge
symmetry. In terms of 1(X), this implies that its phase is not
present in the free energy and its derivatives are covariant under
a gauge transformation:

h

i

V() - (59 - 54) yis) (255

Following the above two principles and assuming ¢ is small, which
is reasonable when we are close to T, then the Gibbs free energy of a
superconductor is given by

el B, ese
¥ 2 ¥ 8’ 5

f:an‘*’ﬁ (?v—iA)lP

where f,0 = fu|(T = T.) is the free energy of the normal phase
without any applied field and m and e are the bare mass and charge
of the electron’ and 11 = V x A.

Now we calculate the surface energy which is the free energy differ-
ence between its surface and the bulk.

In the bulk we assume that the superconductor OP is constant
(¢p = const). Then, if there is no applied magnetic field, the free
energy becomes

When the GL was first formulated, no superconductors with negative surface energy
were reported (type II superconductors).

Ginzburg and Landau had no reason to assume otherwise even when they found that
there was a discrepancy with the experiment by a factor of ~ 2. Landau assumed
that those effects came from the dressing of e — e* and m — m* which are always
present in a Fermi liquid theory. Later, was Gorkov who made a correction of this
factor after the BCS theory was formulated.
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20 INTRODUCTION TO SUPERCONDUCTIVITY

fo= fuotalgP +Bllt, £ = fuo (257)
fo = alpl + Byl (258)

In this case, Eq. (2.58) is in equilibrium when 9f/d[|> = 0 and
02f /9| (¥]?)? > 0, therefore

a+BlpP =0, B>0, —>|%F=—§ (2.59)

which implies that when T < T, « < 0 and when T = T, a, = 0. If
we substitute (2.59) into (2.58) we get

2

T
Now we proceed to calculate the free energy of the surface which

is equivalent to the bulk free energy if the magnetic field reaches its
critical value (h = H,), then

fs _fn = (2.60)

ﬁz

fS:fWUI fn:an‘i’g (2.61)
ﬁz

fs—fn= T (2.62)

From (2.60) and (2.62), we obtain H,

_, 47T
%= "8n H? = Faz' (2.63)

To calculate « we make its Taylor expansion around T — T

ou
a(T) =wac+ (T — Tc)a—T - + ... (2.64)

The condition of equilibrium requires a. = 0, which gives us

o (T-TP (o) P2
i} =4 o ’T:n' (2.65)

Eq. (2.65) is in agreement with experiment and solves one of the
issues of the London model regarding the existence of an upper critical
field, H..

An interesting fact coming from the expression « is that qualitatively
changes the shape of the potential V (y) = a|y|*> + Bly|*/2 for T > T,
and T < T, see Fig 2.4.
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Figure 2.4: V(1) for: (a) « > 0 and (b) & < 0.

Experimentally we can obtain values of a and by measuring H,
and Ar. Using Egs. (2.52), (2.59) and (2.63) we get

2
n = mcz — H?A2, (2.66)

B = 47'( Hz/\4 (2.67)

Taking the variational principle from (2.56) we get the Ginzburg-
Landau equations

1 (he e\ 2|
!2’” (V c ) +a+[5|¢|]¢_0, (2.68)

1

- - 4 2 5
vxh:”[zml (99 —pVy*) - CWA]. (2.69)

c
To have an idea of the solution of Eq. (2.68), we take A =0and

solve it in one dimension ¢ = ¢(x),

n 9 3
2m\a!ax2‘/’ p+lvl=0, (2.70)

where we have normalized the function with its bulk value, ¢ —
\/—»51/1. Eq. (2.70) has an analytic solution:

X
P(x) = tanh <> , (2.71)
Yoren
where g1 = me is the GL coherence length which characterize the

OP profile from the surface to the bulk of the superconductor.
Therefore, the GL theory contains two characteristic lengths: the
London penetration depth A and the coherence length ;. Their
physical significance is better depicted if we consider the interface
between the normal (N) and superconducting phases (S), see fig. 2.5.
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22 INTRODUCTION TO SUPERCONDUCTIVITY

Figure 2.5: Characteristic lengths of GL: (left) the London penetration depth
and (right) coherence length.

Once we have defined A and ¢y, an important classification of
superconductors comes with the introduction of the GL paremeter:

_ M
Sor’

To see better the importance of x, we write the expression for the
surface energy, but this time for position dependent (x). The Gibbs
free energy at the surface is given by

K (2.72)

h.H
8surface = fsurface - Tnc (2.73)

On the other hand, deep in the bulk of the superconductor the Gibbs
free energy is
B2
Sbulk = &n0 — ﬁ, (2.74)
where g, is the Gibbs energy of the normal phase. Now, the surface
energy Eg is simply the difference (2.73) - (2.74)

h.H H?
ES = gsurfuce — Sbulk = fsurface - TT[C — 8n0 + é (2'75)

Simplifying further we get
N 5 \2
(e ex\ P i B, U )
Es= > <iv CA> ¢] +alpP 4 St + g (276)

If we subtract Eq. (2.68) from Eq. (2.76) and then integrate over the
coordinate perpendicular to the interface, we get

(i)

= (2.77)

y= [ dxs [Blgpt
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The integrated surface energy <y(2.77) shows a clear competition
between the condensation energy which is negative (takes energy
to form Cooper pairs) —g [¢|* and the diamagnetic energy which is
positive (ﬁ — H.)?/8m. Comparing (2.53) with (2.71) we see that if
kK << 1 (AL << ¢cr), then the diamagnetic energy is dominant over
the condensation energy and the surface energy is positive. On the
other hand, if x >> 1 (A, >> ¢g1), then the condensation energy
is dominant and the surface energy is then negative. This division
introduces a classification in the superconductors in two types, type I
with ¥ << 1 and type II with ¥ >> 1. Numerical calculations of the
GL equations showed that the transition point occurs for x =

5

2.3.3 Gor’kov derivation of the Ginzburg-Landau theory

Gor’kov showed that the GL theory can formally be derived microscop-
ically by the expansion of the order parameter close to the transition
T = T, [53], [54] for an arbitrary magnetic field below H,. where
AL > Ccr (type II superconductors). To see Gor’kov’s derivation, we
start by taking the time Fourier transform of equations (2.26) and (2.27)
and minimally couple them with electromagnetism (2.55):

<—ihw + ﬁD*Z - y) Go = 6(F—%)+A(X)F,, (2.78)
. 1 .
(lhw + %Dz + ]/[> Fw = A(X)Gwl (279)

where D = 1/iV —e/cA and G, = Gw(%,¥), E, = Fo(%,¥). Note
that we cannot take directly the Fourier transform of the coordinates
due to the presence of the magnetic potential A. Now, equations (2.78)
and (2.79) can be writen in an integral form as follows

Fol®7) = [ @YGEDAGCLT,F), (280
Col® ) = CUET) + [ YCUZ DA DEFF), @81

where G (%,7) is the normal Green function for metals in absence of
a magnetic field:

43k ei%.(;‘c'fy)
0 (72 7\
G, (%, 7) = / ) o — 2% (2.82)

We can solve (2.80) and (2.81) by iteration, but first we need to
establish a criteria for truncation of the iterative process. Close to T,
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our OP vanishes as any other phase transition®, therefore relations
(2.59) and (2.64) hold and we have

Y= \/ETl/z, T=1- ;:C (2.83)

Now, let’s assume that the microscopic and macroscopic OP are
related, ¢ o< A and use T as a control parameter of the iterative process.
Furthermore, because of the coherence length {cr. = V/ —h?/2ma, the
coordinates will also be scaled.

A—TtV2A Fo T V?%% Vo TV/2Y, (2.84)

The above scaling of the coordinates was not introduced by Gor kov.
Formally it is not needed if one deals only with the canonical GL
derivation which goes to the order T3/2 of the iterative process. How-
ever, there are two situations where this scaling is needed to keep
control of the iterative process:

1. When we take the next order iteration of the GL expansion, then
we must introduce a transformation also in the coordinates to
control the truncation of higher order derivatives [130, 131].

2. If we deal with multicomponent GL models where the coupling
between them introduce higher orders terms beyond the GL
domain (truncation up to 3/2) [67, 114].

Solving by iteration (2.80) and (2.81) up to T3/2, we get an expression
for the anomalous Green function F,,(¥,X"),

Fw<f, f/) =L+ I, (2.85)
h= [Py EDADELGT),  (@86)

b= [ @y yadysGl (% 5)AG)CL (7, A" (72)
X Gy (72, 73) A(73) GO, (73, 7). (2.87)

Although the anomalous Green function (2.85) depends on two un-
known functions: G, (%,7) and G, (¥, ), the normal green functions
can be related through the charge, parity and time (CPT) transforma-
tion7. This means that

Gw(f/y) = _G—w<gl f) (2.88)

6 Even first order transitions can be described by an OP. For example, in the transition
gas/liquid of water we can define the order parameter as the density difference of
the two phases.

7 The CPT transformation is used because we have symmetry under the simultane-
ous transformation of charge conjugation G, (%) = Gu (%, ), parity inversion
Gw (X, Y) = =Gy (¥, X) and time reversion G, (¥, ) = G_ (X, ).
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Before we calculate the integrals I} and I, from (2.85) we need to
take into account three considerations:

1. The normal Green function in presence of a magnetic field will
be related by a phase factor to the normal Green function with
B=0as

—

" Ad Gw(f, f/)

Rl

Go(®¥)|. =eiih
B0

YL
=i

(2.89)

B=0
Eq. (2.89) assures that G, (¥,X’) transform covariantly under
a local gauge transformation and therefore satisfies (2.78) and
(2.79). Furthermore, the phase |, ;f A.dl in terms of the path inte-

gral formalism can be expanded around the classical trajectory
which is the straight line ¥ — ¥/,

=1

i

Qi

[EAdl LA (7).

~ eh

=
=L

e (2.90)

The above approximation is enough in terms of the expansion
up to 73/2. Nonetheless if we need to extend the GL equation
then we should go beyond the classical trajectory [130]. Due to
the minimal coupling with electromagnetism (2.55), the vector
potential is rescaled by

A— 1?4, — H — 1H. (2.91)

2. The Taylor expansions A(y) around X inside the integrals I; and
I, can be performed as follows:

AG) = AF+D) =Y %(zﬁ)w?’), (2.92)
n=0 """

where Z = i — 7. The above expression will allow us to put all
the A(i/) out of the integrals (2.86, 2.87).

3. The anomalous Green function in Eq. (2.85) contains the full
solution for all n-orders of /2. Therefore, when we calculate
the order parameter from it we need to expand it again in terms
of T:

lim Y F,(X— %) = A(X) = Ao+ T + ...y (2.93)
=X T

the lowest order in the expansion will give us two equations by
collecting the the factors proportional to T'/2 and 73/2
tively.

respec-
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Finally, we can proceed to calculate the integrals I; and I, for the OP.
Summing over Matsubara’s frequencies and taking the corresponding
limit, limg 5 ¢T ), 1 is equal to

3 ik1.(F—7)
Z 3y | eht72A@- —w/ i 12 (57
qT /d (er erfio—t )" A(7) %

e*ri”mg(f).(faﬂg’)/ a3k, e—iﬁz.(f_g) on
273 —iw — &, |’ 94

where we have used the CPT transformation for G, and the Fourier
representation of all normal Green functions. The expansion for A(y)
up to /2 is then given by

)2
A(X),  (2.95)

where Z = i — X. The expansion of the exponentials in (2.94) are taken
up to 7'/? because next order would introduce terms beyond the
original GL equation derivation. Substituting Eq. (2.95) into (2.94) we
get

d3k1 ezk1 (X—7) d3k2 efil?z,(a?fy)
T / Py / S / , x
8 Z ( 3iw — &, (2m)3 —iw — Gy,

<Tl/ZA(f) + T3/2(Z'2D)2A(5c’)> , (2.96)

A2 () = TV2AEF) + TET)AE) + 22 EY)

I\Jql

where we have neglected terms odd in Z because the limits of integra-
tion are symmetric. Note that in the above expression the covariant
derivative, D = h/ iV — 2¢/cA contains now an electric charge of 2e,
different from the single e as was originally proposed by Ginzburg
and Landau. This does not invalidate the original proposed GL theory
which remains formally correct, however many of the observables
that depend on the electric charge will have mismatch by 2 with the
experiment.
The term proportional to T'/2 in Eq.(2.96) becomes

Tl/ng<0) In (278_:;)> A(X), (2.97)
/24N/(0) [m (fTQ) +1n <TT>} A(R), (2.98)
V/2gN(0) In <2f:TQ> A(F) + T/2gN(0)A(E), (2.99)

where we have used the Taylor expansion of In(T./T) = T+ 1/272 +...
and kept terms whose contribution introduces orders not higher than
the 73/2 of the canonical GL equation.
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To calculate the term proportional to 73/2 in Eq.(2.96), we first
integrate over k; and k; as follows:

, (2.100)

/ ki D m (i)
(27)? iw — G, 27| — |

where pr, vr are the Fermi momentum and velocity. Using Eq. (2.100),

3/2

the term proportional to 7°/~ of Eq.(2.96) becomes

2|w|

2
8T o [ o B 2
3/2 /d3y2(27c|x |) Y [(x y).D} A(X), (2.101)

) 2
3281 (m\? ‘LNLF d % D?*A(%
T2 <2n) 3 27T Jo Y\ (2nT)2sinhy (¥), (2103)
2
3/2, VE 7¢(3) 524 (=
T gZN( )8 2T2D (x)’(2'104)
where again we expand the temperature dependence of Eq.(2.104)
around T, and obtain
TZ
ﬁ =1+4+27-37%+.. (2.105)
with only the first term contributing to the canonical derivation of the
GL equation. Then, term proportional to 73/2 in Eq.(2.96) is

2
/2" N(0) 87 g_E_T)Z B2A(F). (2.106)

Putting together Egs. (2.99) and (2.106) we get that the integral given
by Eq.(2.86) is equal to

2e7() vE 7 .
¢N(0) [Tl/Zln( T >+ T3/2 4 13/2 6F 87§§T)2D A(X), (2.107)

where ((x) is the Riemann zeta function.
We proceed by taking the limit and summing over Matsubara’s
frequencies the second integral I, see Eq.(2.87). limy . gT Y, I

T3/23TZ/ds}/ldSyzdSyaGS}(fzﬁl)A(%)wa(E?zrﬁl) X

N*(12) G, (72, 73) A(73) G2 (%, 73),  (2.108)

where we have used the CPT symmetry given by Eq.(2.88). The Taylor
expansion for A(j;) is equal to A(X) if we are constrained to terms up
to the order 73/2. Therefore, the expression (2.108) becomes
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l

/2Ty / Py dyod®y3 G (X, 1) G—-w (2, 1) ¥
GO, (12, 73) G2 (2, 73) | A(X) P A (). (2.109)

Using the Fourier representation of all normal Green functions of
the above expression and integrating all variables we get:

7¢(3)

32
t gN(O)STCZTCZ

IA(X)[>A(X). (2.110)

Putting together Eq(2.107) and Eq.(2.110) and collecting the terms
proportional to T'/2 and 73/ we get

2e7Q)
T,

TV2A(X) = 1/2¢N(0) In < ) A(X) +

2
+7/2gN(0) Vg 877_{5;)2 B y1- 875(5?2 \A(f)yZ] AE).  (2111)

Now using the T expansion for the OP given by Eq.(2.93), we obtain

Tl/on(f) + T3/2A1 (f) = Tl/ZgAAo(f) + T3/2g¢4A1(f) +
+13/2¢ {K[_jz +a— b\AO(J_c')F] Ao(X). (2.112)

where 2 = N(0) is the density of states at the Fermi energy and

2
_ vr 74(3) B 2e7() . 7C(3)
K=a 6 82TZ" A=aln T )’ b= S22 (2.113)
Terms proportional to T'/? give us the equation for T.:
T2 (1 — g A) Ao(X) = 0, (2.114)
287 1
T. = 706 N, (2.115)

The terms proportional to 73/2 will give us two equations, one for
A¢ and another for Aq. The latter does not contribute when we deal
with the canonical derivation of the GL equation, this can be seen as
the kernel of the equation is proportional to 1 — g.A which is identical
zero because is constraint by the T, equation (2.114). Therefore, the
equation for Ag becomes:

_KD? —at + b|A0(5e)|2} Ao(%) =0, (2.116)

where we have multiplied Eq.(2.116) by 73/ and scaled back using
Eq.(2.84).

To obtain Ampere’s law is more elegant to build the free energy
knowing the microscopically derived Ginzburg-Landau equation and
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later take the variational procedure with respect to the vector potential
A. The overall result will give us the two Ginzburg-Landau equa-
tions, (2.68) and (2.69) which are now microscopically well founded.
This derivation will be repeated in the next two Chapters for a multi-
band system with only intraband pairing and for the case where one
includes crosspairing in a two-band system.

2.3.4 The vortex state

To finalize this Chapter we will present a solution for the GL equation
for extreme type-II superconductors or x >> 1/+/2. Historically, the
original proposed GL theory assumed only positive surface energy
x < 1/4/2 as it was suggested by the Meissner effect. Nevertheless ex-
periments performed by Nikolay Zavaritskii and Alexander Shalnikov
showed that the ratio of the thickness to the London penetration depth
did not follow the prediction of the original GL theory. In this context,
A. A. Abrikosov who was a friend of Nikolay tried to make sense of the
experimental results within the GL framework. He was convinced that
the GL theory cannot be wrong due to its beauty and because correctly
fitted previous experimental data. Therefore, Abrikosov motivated by
this tried successfully to relax the condition that the surface energy
has to be positive [1] and investigated solutions with x > 1/ V2.

To obtain the solution with Abrikosov vortices we will follow the
method indicated in Ref. [87]. We start by writing the dimensionless
Gibbs energy which contains the GL equation:

— 1 - —
= A)pI* = [9* + Sl|* +x*(h = Ho)* |,

1

(2.117)

where x = A/&, Hy is the applied magnetic field. All distances are
normalized with respect to the coherence length ¢ and the magnetic
field in units of H, = ch/ 2¢¢?. The order parameter is normalized
with respect to is homogeneous bulk value ¢, = /—a/B. Using the
variational principle we obtain the dimensionless GL equation from
the Gibbs free energy (2.117),

APy (R -1p =22 (2.118)

= oot’

P

where we have introduced by hand on the r.h.s a time derivative®.
Because we will solve Eq. (2.118) self-consistently, the introduction
of the time dependence can be seen as the iterative equation scaled

This time derivative could also be included from the very beginning in the dimen-
sionless Gibbs energy.
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by the time-step dt. This artificial introduction dt allow us to control
the convergence of the solution when more fine iterations are needed
(smaller time-step). In a two dimensional (2D) numerical grid the
gauge invariance is naturally broken due to the lattice discretization.
To restore this symmetry one could represent the phase of the order
parameter in terms of the link variables:

[ F —
U™ = exp {—iﬂ ’ A(?).d?] , (2.119)
1

where 7 is the position vector with 2D Cartesian coordinates. Now
we proceed to solve Eq. (2.118) self-consistently by imposing periodic
boundary conditions. The periodicity of the system is always granted
in homogeneous superconductors whose dimensions are larger than
the coherence length ¢. Now, given all the above considerations we
can address the question of what could emerge when two competitive
orders are force to coexist? Well for the case of magnetism and super-
conductivity, we have two answers: (a) They either total annihilate like
the Meissner effect in type-I superconductors or (b) they coexist by
allowing some magnetic flux to penetrate the superconductor which
reduces the competition between the two orders (type-II superconduc-
tors). The latter is characterized by an ordered penetration of magnetic
flux, which is called the Abrikosov lattice of vortices.

Figure 2.6: (a) Cooper-pair density and (b) phase of the order parameter,
¢ = |ip|e’?. The dimensions of the superconducting square is
20¢ x 20¢ which is under the influence of constant perpendicular
magnetic field of 0.31H,.

Fig. 2.6a shows the most distinctive feature of type-II supercon-
ductors which consists in the nucleation of vortices which arrange
themselves in a triangular lattice. Other arrangements like the square
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lattice are higher energy configurations. This can be seen by the ten-
dency of vortex nucleation along the diagonals of the square which are
/2 more times separated than the side of the square. The nucleation
of vortices in the middle of the square will deform the whole lattice
until it reaches its triangular configuration. Fig. 2.6b displays the phase
discontinuity which characterize the winding number of vortices.

The Ginzburg-Landau theory has applications beyond the scope
of superconductivity, quantum electrodynamics (QED) and quantum
cromodynamics (QCD) qualitatively have the same set of equations
when coupled to any charged boson and present different phases with
multiple orders and different topological defects. Also systems with
diffusion dynamics and pattern formation, e.g. tissue of animals, can
also be described with the Ginzburg-Landau equation.

In this Chapter we have reviewed the theoretical framework of
this thesis which include the microscopic BCS theory using the Green
function formalism and the Gor’kov derivation of the GL theory. The
interplay between the magnetic order and the superconducting order
in type II superconductors promotes the formation of the Abrikosov
vortices. Those vortices arrange themselves in a triangular lattice as
is the configuration that minimizes the free energy. In the following
Chapter we will revisit the main ideas here presented when one
has non-homogeneous electronic structures which induce multigap
and/or multicomponent superconductivity.
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MULTIGAP AND MULTICOMPONENT
SUPERCONDUCTIVITY

"The whole is greater than the sum of its parts” (Aristoteles)

In the previous Chapter we introduced the Gor’kov Green function
formalism of superconductors and listed four remaining problems af-
ter the BCS formulation. The fourth problem was the need to generalize
the BCS theory to materials with spatial non-homogeneous electronic
structures. These inhomogeneities can have several origins: different
band dimensionality as in bulk MgB, [119], 2D quantum confinement
which promotes a multiband scenario [10, 18, 116], electron-phonon
anisotropy at the FS as in Pb [37] or the presence of multiple Fermi-
surface pockets dictated by crystal symmetry as in FeSe,Te;_, [78].
All these examples require new variables which need to be prop-
erly formulated beyond the single-gap BCS and single-component GL
theories.

3.1 MULTIGAP SUPERCONDUCTORS

Within Gor’kov Green function formalism the implementation of
inhomogeneities of the OP with only IBP is straightforward:

Ai(X) = — ,l1m Zgl] Fi(xt, @) (3.1)

Fj(fT, f’T’) = —% <T¢j¢(f’f)l[)ﬂ(f”f/)> , (32)

where the Latin indices 7,j,..., N = 1,2, ... represent the band index,
gij is the N x N matrix of interaction elements and N is the total
number of bands.

Eq.(3.1) is the generalization of the order parameter in presence of
multiple bands. Taking into account the band index, the BCS Hamilto-
nian is usually extended as follows:

Z/d3x¢w lf¢i0(f) +
+ L@@ @a® ted . 63)
The above Hamiltonian Eq.(3.3) can describe a two-gap supercon-

ductors when the band index assumes two values i, j = 1,2. This
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band index can represent electrons with different orbital character as
initially proposed by Suhl, Matthias and Walker [122].

For clarity and to understand better the multigap effects, we will
study a two-gap superconductor whose interaction matrix g;; has the
following form:

(o ).
821 822

In the above matrix the diagonal elements represent the effective
attraction between electrons belonging to the same band and the
off-diagonal elements will describe the scattering between electrons
belonging to different bands. In our case, g11 > 0 and g2> > 0 based on
the assumption that the Cooper pair instability holds for both bands.
However, this assumption does not longer hold for the off-diagonal
elements g1» and g»; which can acquire both positive and negative
values.

From the Hamiltonian (3.3) with two bands (i,j = 1,2.), we obtain
the two gap equations (see Appx. A.1 for details)

A3k Axtanh (%

g [ SO )
1= 8n (27)3 2¢q 812 (27)3 2¢) 7 133

Bk Airtanh (’%) —|—g22/<d3E A, tanh (%2)’ 56

N> =
2 gzl/(Zn)?’ 2¢4 2m)3 2¢ep

where ¢; = /7 + |A;|? is the electron excitation spectra with gap

opening A; associated to each band and Q’i(f) = K2/2m; — u is the
kinetic energy of the electron with chemical potential y.

We underline that the system of Egs. (3.5) and (3.6 ) is phase-
dependent as given by the following equation:

Ai = O(Q —|Zi])|Aile?, (3.7)

here the wave-vector structure of the interaction matrix elements is
approximated by a separable potential, in which the interaction among
the electrons is active only for an energy window () around the Fermi
surface. This permits to model the cutoff with a step-like function,
which induces a step-like behavior in the pair amplitudes.

Interestingly, the value of the scattering between the bands can
acquire positive or negative values: g;o > 0 or g2 < 0 which will
induce a phase shift of 7t between A; and A;. This can be seen as the
system of equations (3.5) and (3.6) is symmetric under the change of
sign of g1» and the phase change of one of the gaps to 7t with respect
to the other gap, i.e. 1 — ¢ = 7.



3.1 MULTIGAP SUPERCONDUCTORS

Now we define the st and s*~ states. When one has attractive
scattering between the bands, i.e. g10 > 0, then sgn(A;) = sgn(Ay)
which we will call the s™* state. On the other hand for repulsive scat-
tering between the bands, i.e. g1 < 0, we have sgn (A1) = —sgn(Az)
which we will denote as the st~ state.

Similarly to the BCS-gap equation we can substitute the integral
variable of the gap equations from momentum to energy:

2¢7

All/dC
A1 tanh (ﬁ ) A, tanh (ﬁéz)
Az )\21/d§1+/\22/d§/ (39)

€2

Altanh 581) AZtanh<ﬁ2>

A / dg—, (3-8)

where A;; = ¢;;N;(0) are the dimensionless effective couplings which
depend on the density of states N;(0) of each band respectively.

At T = T,, the system of equations (3.8) and (3.9 ) simplifies and
give us a second order equation. Mathematically the roots of this
equation will give an expression for the two band-dependent critical
temperatures

1
kpTE = 1.13Qe %, (3.10)
where A% is given by

A+ A £ /(A — An)? +4AnAn
2(AM1A22 — ApAn) '

and A;; = g;iN;(0) are the dimensionless effective couplings which
depend on the density of states N;(0) of each band respectively.

Physically, the critical temperature of the system will be given by
T, which corresponds to the highest T, given in Eq.(3.10). This will be
seen more clearly when we present the finite temperature numerical
solutions. If the system becomes decoupled, A1» = A2 = 0, we recover
two critical temperatures from each condensate respectively:

AL = (3.11)

kgT., = 1_139[%, kgT., = 1.1306_% (3.12)

However, real systems with different bands crossing the Fermi level
become connected due to electronic interband scattering. Therefore,
the critical temperature of the system will be dictated by the both
bands and its respective couplings A1, A2y, A2 and Ay;.

To illustrate better the role of the interband couplings lets consider
with no specific material in mind the following parameters 1 = 500
meV, () = 50 meV and the following matrix of effective couplings:

03 A (3.13)
Ay 02
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The critical
temperature in a
two-gap system is
not sensitive to
whether the
scattering of
electrons between
band 1 and band 2 is
attractive or
repulsive.

MULTIGAP AND MULTICOMPONENT SUPERCONDUCTIVITY

The off-diagonal elements of the interaction matrix (3.13) are also
called Josephson-like coupling due to its similarity with Josephson
effect and its coupling between two superconductors. In what follows
we assume Ajp = App as a sole parameter for the discussion of the
solutions at zero and finite temperature. Therefore for here on we refer
to this coupling between different bands as Josephson-like coupling
which in our case is given only by A1,.

3.1.1  Two-gaps at zero temperature

|Aa]

s+ = s+ ar IAII

1 \ y . I
<

S0z ~0.01 0.00 0.01 0.02 S0 ~0.05 0.00 0.05 0.10
AlZ AIZ

|Ajl(meV)
|Ail(meV)

(@) sT~ «» s transition with degen-  (b) st~ <> st transition. Degenerate

erate solutions. The colored blue solutions were removed for illustra-

and pink regions denote the st tive purposes to show that the gaps

and s states respectively. are an even function with respect
to Aqp.

Figure 3.1: Gaps as function of Aj;. The sT~ region corresponds to ¢ —
¢2 = 7, while the s region corresponds to ¢; — ¢, = 0.
The transition s™~ > s™T is always not smooth and can be
discontinuous (a) or continuous (b).

In the solutions shown in Fig.(3.1), we have adopted the interaction
matrix defined previously in Eq. (3.13). The shadow pink and blue
regions denote the s*~ -state and s* " -state, respectively. The purple
area in Fig.(3.1a) describes degeneracy of solutions with two possible
values for |A;|, two values for |A;| and two distinct phases given by the
sT" and s*~ states. Fig.(3.1b) presents the same solutions but where
the degenerated solutions were removed to illustrate that the gap
modulus are an even function with respect to Aj». Interestingly for both
figures, the values of the gaps |A1| and |Az| remain symmetric under
the change of sign of Aj. This means that the critical temperature
of the system is non-sensitive to whether the scattering of electrons
between band 1 and band 2 is attractive or repulsive. This can be
clearly seen from Eq.(3.10) where T, in a two-gap system is an even
function of Aqs.

In Fig.(3.1a) at weak coupling |A12| < 0.005, we have two sets of
solutions. The first one is given by the increment of both |A1], |Az| as
|A12| increases. The second set of solutions is given by reduction of
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both |A1|, |Az| as |A12] increases. We will assume that the former is the
stable solution and the latter is unstable. However, the second solution
can be reached as steady state if we excite the system with light pulses.
Experimentally those light pulses will induce an oscillation of the
measured gaps in the modulus and in the phases. In the literature
those oscillations in the gap modulus and phases are denoted as gap
resonances [48, 69]. Specifically the gap resonances in the modulus are
identified as the Higgs modes and the gap resonances in the phase
with @1 — ¢, changing between 0 and 7t are identified as Leggett
modes. Therefore we expect that the s*~ <+ s* transition will be ac-
companied by Higgs [66] and Leggett [71] modes. We emphasize that
this gap resonance is only present due to nonzero interband coupling
and is an emergent phenomenon non present in single-gap supercon-
ductors. Interestingly, the Higgs oscillation is more pronounced for
the smaller gap A, than for the larger gap A; and both modes Leggett
and Higgs disappear as the interband coupling A1, increases, see Fig.
(3.1a). The Higgs and Legget modes in two-gap superconductors have
been proposed and detected experimentally in [69] and [48], see Fig.

3.2.

w20 o Oy, 4oy 20 20, oy

X6 —

=P, (7)

1Al (meV)

1Al (meV)

JL ..
8 10

2 14

t(ps) he (meV)

Figure 3.2: (a) Effective free-energy landscape F for a two gap superconduc-
tor, with green and red representing the Mexican-hat potentials of
the smaller and larger gaps, respectively. (b, ¢, d) Phase difference
O — P, between the two gaps and magnitude of the gaps as a
function of time t for various interband couplings strengths v. (e,
f, g) Fourier spectrum of the oscillations in b, ¢, d. From Ref. [69].
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3.1.2  Two-gaps at finite temperature

In this Section we will adopt the parameters defined for a two-band
system given by Eq.(3.13) and obtain numerical solution by changing
both the temperature and the interband coupling A,. Particularly we
will focus on positive values of interband coupling which means we
will describe only the s™*-state.

4 4
[Aa] |Aq]
3t T.=23.7K 3 T.=24K
> >
(] ()
E>2 E2
=) =
182]
1
[A2]
00 5 10 15 20 25 30 00 5 10 15 20 25 30
T(K) T(K)
(a) Weak coupling, A1 = 0.001. (b) Medium coupling , A1, = 0.01.
5
[As] Tc=29.2K
4
3
£
= A
4, |A2]
1
00 é 1‘0 1‘5 2‘0 2‘5 30 00 .;: 1‘0 1‘5 2‘0 2‘5 30
T(K) T(K)
(c) Strong coupling , A1, = 0.03. (d) Very strong coupling , A1, = 0.05.

Figure 3.3: Gaps versus temperature from weak (a) to strong coupling (d).

For an interband coupling equal to zero (A1 = 0) the system is
decoupled and we have two critical temperatures. On the other hand
any interband coupling different from zero (A1, # 0) yields to a single
T.. From Fig. (3.3)a, A;2 = 0.001, we can see that we have a single
T. due to a small but non vanishing interband coupling A1, # 0
[122]. When the interband coupling goes to zero, A1, — 0 the systems
becomes decoupled and we obtained two critical temperatures, around
T ~ 23 K for Ay and around T, ~ 5 K for A;. In Fig. (3.3)(b), we
increase the value of the interband coupling, A1» = 0.01, the change
on T, is small and of the order of ~ 1 K. Nonetheless the smaller gap
A, presents a substantial different profile as a function of temperature.
For strong coupling, Figs. (3.3)(c,d), A12 > 0.03, the gaps profile start
deviating from the conventional BCS. This deviation can be estimated
by calculating the BCS-ratio between the gap and T, see Table 3.1.

The role of the interband coupling A1, in two-gap superconductors
is to enhance T. as Ajp increases. For example, when A1, < 0.01, T¢ is
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20 20, 2050

A1z \ BCS RATIO ksT. kgl ksl

0.001 3.50 0.76 2.13
0.01 3.60 1.13 2.37
0.03 3.0 1.70 2.58
0.05 3.95 2.13 3.04

Table 3.1: BCS-ratio from weak to strong coupling. A, is given by the average
ratio between the two gaps. The single-gap BCS-ratio is 3.53.

dictated by the larger gap which will have a BCS-ratio. For intermediate
couplings (0.01 < Ay, < 0.03), the second band with the smaller gap
becomes relevant and begins to change significantly the value of T.. In

this regime neither the larger nor the gap average will have a BCS-ratio.

Finally at strong coupling (A1, > 0.03) is the gap average that controls
the value of T, and follows a BCS-ratio. See Table 3.1 and Fig. 3.4.
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Presents a quadratic behavior ap- Aqp. As the interband coupling in-
proximately up to Ajp = 0.05 and creases it approaches its single-gap
then becomes linear. value of 3.53.

Figure 3.4: T, and BCS-ratio versus Ay from weak to strong coupling.

3.1.3 Shape-Resonant Superconductivity in Nanofilms

This Section contains my contribution to the study of shape resonances
in superconducting nanofilms published in Ref. [22].

Films are becoming powerful platforms to find mechanisms for the
enhancement of superconductivity. Furthermore superconductivity in
strongly confined systems at the nano or atomic scale is attracting a
growing interest after the recent observation of a sizable enhancement
of the critical temperature in superconducting FeSe systems when
reduced to monolayers [43] and the observation of superconductivity
above 5 K in graphene doped with Potassium [136]. The multiband
nature of the superconductivity in doped FeSe can also lead to am-
plifications of the superconducting parameters when the chemical
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potential crosses a Lifshitz transition [118] as well as to BCS-BEC
crossover phenomena [98, 99] in a multigap configuration [57, 65, 78,
94]. In this context, superconducting properties are evaluated at mean
field level as a function of the thickness of the nanofilm, in order to
characterize the shape resonances in the superconducting gap.

The objective of this Section is to identify the parameter regime in
which future experiments should directly detect multiple gaps from
weak to strong coupling. Strong enhancement of superconductivity has
been also predicted and observed when all the lateral dimensions of a
bulk superconductor are reduced to the nanoscale, as in nanoparticles,
nanoclusters, and nanocubes [19, 42, 82, 83]. Predictions of large
amplifications of the superconducting critical temperature and of
multigap BCS-BEC crossover phenomena point toward superstripes,
i.e., a system of periodic stripes organized in a superlattice, as an
ideal candidate system to control and enhance superconductivity at
the nanoscale [13-15]. Motivated by the fact that many different bulk
superconducting materials can be used as a starting system to realize
nanostructures, for instance by nanosculpting lithography [38], we
can investigate theoretically the nature of the superconducting shape
resonances in metallic nanofilms, tuning the parameters of the pairing
interaction from weak to strong coupling, and considering different
values of the energy scale of the pairing. For a review on theory
and experiments discussing the multiband and multigap physics of
superconducting nanofilms, see Refs. [86, 116]. The shape resonances
in the superconducting gaps at zero temperature are characterized in
terms of the amplification with respect to the bulk value of the gap
and the width of the resonance, where formation of a multicondensate
with multiple gaps can be observed. We find that the most pronounced
shape resonances are generated for weakly coupled superconductors,
while approaching the strong coupling regime the shape resonances
are rounded by a mixing of the subbands due to the large energy
gaps extending over large energy scales. Finally, we find that the
spatial profile, transverse to the nanofilm, of the superconducting gap
acquires a flat behavior in the shape resonance region, indicating that
a robust and uniform multigap superconducting state can arise at
resonance.

In 2004 shape resonances were observed in superconducting metallic
nanofilms of Pb [36, 59, 105] and first evidences of shape resonances in
the superconducting critical temperature in metallic nanowires of Sn
and Al [3, 113, 117] clearly established the importance of the interplay
between quantum size effects and superconductivity when the lateral
dimensions of the system are reduced to the order of the interparticle
distance or the pair correlation length [18, 86, 100, 116, 125]. It is
important to note that current experiments on nanofilms reporting
shape resonances in the gap and in the critical temperature [36, 59,
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105] do not find evidences for multigap superconductivity close to the
shape resonances.

It is known that the amplification of the resonances is controlled
by the pairing strength, while the width of the resonance depends
on the energy cutoff of the pairing interaction. Note that recently a
heterostructure of superconductors and insulating barriers has been
proposed to generate multigap superconductivity also outside the
shape resonance region [33]. The chemical potential renormalization
at fixed density is also explored, which is important when the system
is close to a shape resonance and the gap becomes a large energy
scale with respect to the distance of the chemical potential to the Lif-
shitz transitions [63, 102]. In this situation, a mixture of BCS-like and
crossover BCS-BEC pairs is realized [23, 58, 115], providing the best
condition to stabilize the detrimental superconducting fluctuations
[101] which can be strong in reduced dimensionality [79]. We also
investigate the spatial profile of the superconducting gap parameter
and of the density of electrons. We find that the shape resonant super-
conductivity is characterized by a flat behavior of the gap profile, to
be contrasted with a many-peak gap outside resonance. Resonant su-
perconductivity is therefore the most robust phase of superconducting
nanofilms in the strong quantum confinement regime.

Our system will consist of electrons confined in a thin metallic slab
with infinite potential walls. In the direction parallel to the film, the
electrons have a parabolic dispersion with an effective mass equal
to the bare mass of the electrons. In the direction perpendicular to
the film the motion of the electrons is quantized, with formation of
discrete single-particle energy levels, as given by the solution of the
uni-dimensional Schrodinger equation [3, 18]. Hence, the electronic
subbands have the following form:

. |2 2
Cn(k) = |2kn’1 +Ey—w;, E.= ﬁ (%) , (3.14)
where & is the wave-vector of the electrons parallel to the film, m is
the effective mass, y is the chemical potential, and E, are the discrete
energies of the subband bottoms. The index n = 1,2,... labels the
electronic subbands. For a given chemical potential, the Fermi surface
exhibits a number of concentric circular 2D Fermi sheets. The reduced
Planck constant (2/27) is taken equal to unity throughout this Section.
The electrons interact via an effective attraction characterized by an
interaction strength V° and an energy cutoff wy. The effective pairing
attraction of the bulk system is taken in a separable form, as in [18].
Moreover, because in the case of nanofilms, the motion along the z-axis
is tightly bound, the bare strengths of the potential that control the
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CBPs, and the interband exchange (Josephson-like) pairing between
the two subbands are related by

VO =vo1+ %5,1,%). (3.15)
This expression is due to the overlap integral of the single-particle
wave-functions, as arising from the Anderson approximation to the
full Bogoliubov - de Gennes (BdG) equations (a detailed derivation of
the above expression and other equations of this Section can be found
in Ref. [34]). A comparison between the Anderson approximation and
the exact BAG solution is available in [124]. Therefore, the quantum
confinement in superconducting nanofilms is able to generate different
intraband and pair exchange interactions, but the partial condensates
of each subband are strongly coupled by the pair exchange terms,
being the intraband term only 50 % larger than the pair exchange. As
we will see below, this behavior is at the origin of a not too evident
multigap structure in single superconducting nanofilms. We note also
that this large pair-exchange interaction will prevent the resonant
condensate to enter the BEC regime at strong coupling [57]. The
pairing potential can be written as

Vn (B F) = <2 (1422 ) 00~ 6 DO (wo  [E(F) ), 19

where VY is the (positive) strength of the attractive potential. The
k-dependence of the (isotropic s-wave) gaps is a consequence of the
separable form of the interaction of Eq. (3.16) and its given by

D (k) = 8,0 (wp — |E(K)]). (3.17)

The coupled mean-field equations for the gaps take the form origi-
nally introduced for two-band superconductors [122]:

1

/
BalF) =~ & X Vi (B F) AnlE)
e 20/, (F) + 82,(F)
() being the surface area of the nanofilm.

The total density of the conduction electrons n, is fixed at values
typical for metals, n, = 10?2/ cm?, corresponding to a non interacting
Fermi energy in the bulk Er = 1.7 eV, which will be our reference
value for the chemical potential in the nanofilms in the limit of large
thicknesses. At a mean field level at T = 0 K the density equation is
given by

, (3-18)

5L

e = é |:1 - _(:;n(k) = ] : (3-19)
nk & (k) + Ay (k)
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The sums over k are replaced by two-dimensional integrals over
momenta and then by integrals over the energy variable, after intro-
ducing the 2D density of states Nop = m/(27). The integrals of (3.18)
and (3.19) can be expressed in a closed form, as shown in Ref. [3].

Now we will evaluate also the spatial profile of the total supercon-
ducting gap A(z) and the total density of conduction electrons #,(z)
along the direction transverse to the nanofilm. Within the Anderson
approximation we have,

dEN.
Az) = VO ‘FnZZAn/ 2D ,

no(z) =2 [¥,(2)2 / dENop2(E),  (3.21)

(3-20)

where ¥,,(z) = /2/Lsin(nmz/L) is the single particle wave-function
along the z direction corresponding to the energy level E,, solution of
the Schrodinger equation in the transverse direction with infinite wall
potential. The extremes of the integral are the same of the coupled self-
consistent gap and density equations, determined by the entering and
exiting of each subband bottom E,; from the Debye energy window.
In the density profile of (3.21), the contribution of the free electron
density outside the Debye energy window (hence, with zero gaps) is
also included.

In Fig. 3.5, we report the superconducting gap in the first subband
as a function of the nanofilm thickness for different 3D couplings,
from weak (A = 0.3) to very strong coupling (A = 2.0), at fixed energy
cutoff of the pairing interaction (wp = 300 K). The gaps are normalized
to their bulk value, obtained in the limit of large thickness (kpL >> 1).

In Table 3.2 , we report the bulk values of the gap for different
couplings, from the weak (A < 0.6) to the strong (A > 1.0) coupling
regime. In the third column of Table 3.2, we show the amplification
factor A = Ayax/ Apyix of the gap at the shape resonance, taken in the
ultrathin regime at L = 0.8 nm. For weak coupling, the gap amplifi-
cation is large, while it approaches values of order unity for stronger
couplings. Therefore, weakly coupled superconductors are the best
candidate to observe quantum size effects and shape resonances in
the superconducting gaps (and in the critical temperature).

Note that increasing the thickness L the amplification A becomes
less dependent on the coupling. Interestingly for experimental detec-
tion, even for the large thickness L = 5 nm, the amplification of the
gap is approximately 1.25, which is a measurable effect in all practical
cases.

In Fig. 3.6, we show the superconducting gaps in the first subband
and in the last subband contributing to the pairing as a function of
the nanofilm thickness tuned around a shape resonance (N;,; = 10)
for different values of the energy cutoff wy, at fixed coupling strength
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25 F

Figure 3.5: Superconducting gap in the first subband A; as a function of
the film thickness L for different couplings. A; is normalized to
the corresponding bulk values of the gap Ap,;x determined for
different couplings.

A Aﬁ}fz;)lk A

0.3 0.073 2.98
0.6 0.394 1.85
1.0 0.855 1.61
1.5 1.399 1.54
2.0 1.926 1.50

Table 3.2: Bulk values of the gap normalized to wp and the amplification
factors A = Ayjax /Ay at L = 0.8 nm for the different couplings
A here considered

chosen in the intermediate coupling regime (A = 0.6). As in Fig. 3.5,
the gaps are normalized to their bulk value, obtained in the limit of
large thickness (kpL >> 1), see Table 3.2. As one can see, the multigap
regime of the superconducting condensate is present only in the shape
resonant region, and for the here-considered cases we have all the
gaps equal (A1 = Ay = ... = Ag), except the gap of the last subband
(A1p). For wp = 300 K, the largest difference between these gaps is
found at the anti-resonance, with a factor 1.05 of difference for the
resonance N,,; = 10 at L = 4.56 nm, and the width of the resonance
having multigap character is found over width-span 6L = 0.07 nm.
Increasing the energy cutoff to wy = 1500 K, the width-span of the
resonance showing multiple gaps increases to 6L = 0.37 nm, which is
now a range of thicknesses realizable in current nanofilm deposition
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processes. It is therefore crucial to consider systems with large energy
cutoffs and in the weak coupling regime to amplify in size and in width
the multigap resonant character of the confined superconductors, in
order to be able to access experimentally the interesting multigap
regime, never observed in the single superconducting nanofilms.

1.2

0y=300K; A; —m—

Ajg —@—-
0p=1500 K; Ay --a---
Ag —v—

S§ 0.95 Tvvﬂ" ‘/
T oot | f
0.85 | : E 7=0.6
NN T

44 445 45 455 46 465 47 475 438
L(nm)

Figure 3.6: A1 and Ajg as function of thickness, close to a shape resonance,
and normalized to Ay, . The aim is to study the width of the
shape resonance as a function of the cutoff energy and multigap
structure of the condensate.

In Fig. 3.7, the chemical potential as a function of thickness for
different couplings and two different cutoff energies is reported. The
chemical potential y is normalized with respect to the Fermi energy
of the three dimensional (3D) bulk non interacting system Er , value
that is approached in the limit (kpL >> 1). Since we work at fixed con-
duction electron density, the chemical potential is renormalized by the
discrete structure of the electronic levels and by the superconducting
gap opening. The main effect is the discreteness of the levels, while the
gap opening, both in value and in energy extension (2wy), determines
differences only around the shape resonant region, differences which
become sizable when wy and the gaps increases in the strong coupling
regime. We find that in the ultrathin limit L < 3 nm, the solution of
the coupled gaps and density equations is important and it is not
possible to work at fixed chemical potential to get the precise locations
in L of the shape resonances.

Figure 3.8 shows the total gap profile A(z) along the direction trans-
verse to the film (z), evaluated according to (3.20). For the case A = 0.6
and wy = 300 K, we consider three cases: the thickness L = 2.210 nm
at the N = 4 antiresonance, L = 2.222 nm very close to the shape
resonance, and L = 2.270 nm outside and above the shape resonance.
The results shown in Fig. 3.8 indicate an interesting behavior of the su-
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Figure 3.7: Chemical potential as a function of thickness for different cou-
plings and different wy at fixed density.

perconducting gap profile: A(z) outside resonance displays the Friedel
oscillations, as already discussed in Ref. [3], together with the vanish-
ing of the gap profile at the boundaries due to infinite-wall boundary
conditions. The new interesting property reported here is a quite flat
behavior of A(z) when the nanofilm thickness L is tuned very close to
the shape resonance, see the case L = 2.222 nm in Fig. 3.8. We have
also analyzed other shape resonances for larger L, finding an even
flatter behavior at resonance, owing to the larger number of harmonics
entering in the calculation of A(z). Regarding the electron density
profile n.(z) of (3.21), we have found a very flat dependence of n,(z)
at the center of the nanofilm, with tiny oscillations as a function of
z (less than 10 % of the maximal density). Therefore, close to shape
resonances the superconducting ground state of the nanofilms in the
quantum-size regime appears to be quite uniform, with the exception
of the boundaries (for more realistic boundary conditions, see [133],
together with sizable amplifications of the gaps, and hence it points
toward an optimized shape-resonant superconductivity.

In this Section we have shown that near the shape resonances the
ground state strongly depend on the microscopic details of the pairing
interaction. The amplification of the superconducting gap is the largest
in the ultrathin limit and in the weak-coupling regime of pairing. The
same amplification is progressively reduced when the coupling is
increased toward strong coupling. The width of the shape resonance
is instead governed by the energy cutoff of the pairing interaction: the
range of thicknesses of the nanofilms in which superconductivity is
shape-resonant increases for increasing energy cutoff, allowing the
formation of a multicondensate and multigap superconducting phase
in the shape-resonant region. Interestingly, the gap profile along the
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Figure 3.8: Superconducting gap profile along the transverse direction z for
A = 0.6 and wp = 300 K. A(z) is normalized by Ary, the integral
over z of the gap profile itself. Three different thicknesses are
considered, before, at, and after the Ng,,;, = (4,5) shape resonance.

transverse direction of the nanofilm indicates a uniform and robust
superconducting state at resonances. The multigap properties at reso-
nance may be detected by next generation nano-ARPES [12, 106] or
nano-STM measurements [21], which are in construction to investi-
gate structural and electronic complexity in high-Tc superconductors.
Therefore, we conclude that the optimal shape resonant supercon-
ductors can be realized starting from intermediate to weak-coupling
bulk superconductors having large energy cutoffs, as in FeSe mono-
layers or doped graphene systems, reducing one or more dimensions
to the nano or atomic scale. The self-consistent system of equations
governing the shape resonances for the multiple gaps and the chem-
ical potential in superconducting nanofilms have been investigated
recently both at an analytical and numerical level in Refs. [132, 133],
with their focus on the role of different boundary conditions of the

nanofilms and the continuity of the shape resonances as a function of
thickness.

3.2 MULTICOMPONENT GINZBURG-LANDAU THEORIES

As we saw in Section 3.1, superconductors with different bands can
present multiple gap openings in the density of states. These different
bands can be incorporated within the Gor’kov Green function for-
malism as presented in Eq.(3.3). In this context, a question naturally
arises: What is the Ginzburg-Landau equation coming from a multigap
superconductor? To answer this question we must review the micro-
scopic derivation of the GL equation from the BCS-Hamiltonian using
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the Green function formalism introduced in Section 2.3.2. This micro-
scopic derivation not only reproduces qualitatively the GL equations
(2.68) and (2.69) but also introduces some factors that are material
dependent, e.g. the density of states and the electrical charge 2e. It
is the purpose of the present Section to derive the Ginzburg-Landau
equation for a N-band system which contains only intraband pairing
and show how in such a system we have only a single order parameter.

3.2.1  Multicomponent Ginzburg-Landau equation

Following the seminal derivation of the GL equations by Gor’kov [53,
54], Tilley extended the derivation for the case of two-band super-
conductors [126]. Later the same has been done for three, four and
more components. A review of the Gor’kov derivation for multiband
superconductor can be found in [96]. In presence of IBP only, the
Hamiltonian (3.3) is diagonal over the band index". This means that
derivation for each component is obtained independently for each
band and therefore we need to repeat the steps presented in Section
2.3.3 for each band separately. Once the calculation is done, the gaps
equations for a N-band system become:

TS| g11 812 --- 8IN Rq[A]
A .. Ry |A

'2 _ 8'21 3.22 g%N 2[' 2] (3'22)
An gN1 §N2 ... &NN Rn[AN]

The above Eq.(3.22) is equivalent to Eq.(2.111) of the derivation for
the single component case where now the band index is denoted by
the Latin letters i, j, .... The full expressions for R;[A;] is given by

Ri[A;] = AiA; + a;TA; — bi| A A + K DA, (3-23)
2e7Q)
A; = N;(0) In <T. ) a; = N;(0), (3.24)

2
v 7¢(3)
6 8272’ (3-25)

b; = Ny(0) 8755‘?2 K; = Ni(0)

where D = h/ iV —2e / CA is the covariant derivative and
N;(0) band dependent density of states,

0% Euler constant,
Q) average energy scale of the effective interaction,
v band-dependent Fermi velocity,

{(x)  Riemann zeta function.

1 This is not longer true in presence of CBP as we will see in the next Chapter.
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It is important to note that in Eq. (3.22) we have omitted the T
expansion for clarity. Nonetheless, the T expansion can be restore by
adopting the same procedure described in the previous Chapter in Eq.
(2.84), which for the multiband case now reads as follows:

1/2

A — V2N, ¥ = T2, VvV — 1/2V7, (3.26)

Now, to elucidate better the interplay between the different GL-
components, lets consider the two-component case. From Eq. (3.22)
when N = 2 we obtain:

<A1> _ (gn gu) (Rl[A1]>. (3.27)
AY) 21 822 Ra[As]

The above Eq. (3.27) is the version derived by Tilley [126]. Multiply-
ing its first row by g2; and using the second row, we obtain:

(11822 — 812821 )R1A1 — §20A1 + g1282 = 0. (3.28)

In the above equation we identify the determinant of the 2 x 2 in-
teraction matrix g;; as detg = g11¢22 — £12821- An analogous equation
can be obtained for A;, thus the system of equations (3.27) can be
written as

—Kll_jzAl e AA Y b1|A1|2A1 + 71282 =0, (3-29)
—KyD?Ag — aaAg + ba| Ay |2 Ag + 1A = 0, (3-30)

where the new coefficients are:

g,.
Tij = _deic]g' =M —S32 Lo, ap= Ay

811
detg +arT.

detg
(3-31)

The set of Egs. (3.29) and (3.30) corresponds to the two-component
Ginzburg-Landau equation whose free energy is given by:

). [Ki|DAi|2 — | A + bi!Aiﬂ +r2(8182+ Mdg) + o, (332)
i=1,2

where i = V x A. From Eq.(3.32), we can take the variational principle
with respect to the vector potential A and obtain Ampere’s law for a
two band superconductor.
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After the formulation of the two-component Ginzburg-Landau
equation in 1964, hundreds if not thousands of articles were pub-
lished related to this topic. Even an intermediate state, so called 1.5-
superconductivity was proposed [6, 7]. This state is originated by the
mismatch of GL characteristic lengths between the two GL components.
This means that one component behaves as type I and the other as
type II2.

In 2011 the community of researchers working with multicomponent
GL theories went through a huge step back regarding the validity of the
multicomponent GL equations [67]. The problem was the introduction
of higher order terms beyond the Gor’kov domain. As we mentioned
in Section 2.3.2, the coupling between the different GL components is
the cause of this flaw.

To understand what went wrong, lets consider the equation for T.
Expanding each gap according to Eq. (3.26) in Eq. (3.22) and collecting

the terms proportional to T'/2, we get:
g -1 gnA ... ganAN Aq
A nAr—1 ... An Y}
521. 1 8 . gZN‘ | —0. (333)
gn1A gnoAr oo gnnAN -1 An

From the determinant of the matrix (3.33) and using Eq. (3.24), we
obtain a polynomial whose largest root will give us the expression
for critical temperature, Tc. Considering that the multicomponent GL
equation is an expansion around T = T,, we can substitute Eq.(3.33)
into Eq.(3.22). Therefore the multicomponent GL equation becomes:

gn 8§12 --- SIN a1 TA; — by|A|2Aq + K1 DAy
g1 82 ... N a3 TA; — by | Ay |2 + Ko D?Ay _
gN1 N2 --- §NN anTAN — by|An[*An + KyD2Ay

(3-34)

If the coupling matrix g;; is not singular, then Josephson couplings
given by Eq. (3.31) do not appear in the GL domain or canonical
Gor’kov derivation. Then system of Egs. (3.34) remains coupled only
via the vector potential A. However, in zero field we have:

NG S
Np=—"1 — 5= .
Bi Ay aipi

The name 1.5-superconductivity states that the densities of states describing each
component are exactly equal, which is too restrictive. Therefore, it is better to refer to
it in general terms as an intermediate state.

(3-35)
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Eq. (3.35) shows that the ratio between two different components
of the GL equation is temperature independent within the canoni-
cal Gor’kov derivation. Therefore the different GL components must
vary on the same length scale and cannot present different coherence
lengths. This breaks the foundation not only of 1.5-superconductivity
but also any multicomponent GL theory.

3.2.2  Reconstruction of the order parameter

We know from the above Section 3.2.1 that there should be only one
length scale ¢ in the multicomponent GL equation, so which one of
the N length scales is the correct one? ¢y, G, ... or {n? To identify the
correct GL length we need to reconstruct the OP taking into account
the contribution of the different components of the GL equations [96,
131].

The reconstructive procedure begins by expanding the gaps as
a function of temperature using Eq. (2.93) and then systematically
solving the different equations given by the factors proportional to
71/2 and 73/? respectively. The terms proportional to T'/2 will give us
Eq.(3.33) whose largest eigenvalue will correspond to the determinant
of the matrix in Eq.(3.33),

guAi =1 gpA ... SINAN
-1 ...
L= &Vh gn& 3”AN s det£ = 0. (5.36)
gn1AL gnoAr oo gnnAn -1

The solution of det £ = 0 with the largest eigenvalue will give us T..
Furthermore, from the each eigenvalue we can construct an orthogonal
basis 7j;, where i = 1, ..., N. The eigenvector associated to T, can be
written as

NG 1

0) /-
8(%) = §(7) o (3.37)
A(A?) (7) CN1

where Afo) corresponds to the leading order of the gap expansion in
terms of T and the coefficients cp; are constants which are obtained
by solving Eq.(3.33). We note that Eq. (3.37) corroborates the assertion
by Kogan and Schmalian that within the GL domain all components
are strictly proportional to one another A; o A; [67], see Eq. (3.35).
Therefore the position dependence of all components is given by (7).
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Now, the terms proportional to /2 will give us the following

equation
Wi
— —_ = — W
LA L W[A(O)] =0, W= '2 (3.38)
Wy

where A1) corresponds to the next to the leading order of the gap
expansion in terms of 7. The expressions for A and W; are

AT — Agl),Agl), . .,AS)), (3-39)
Wi = a0 — b, A 2A0 1 kDA, (3.40)

We note that Eq. (3.38) mixes contributions from different orders in
the T-expansion of the OP. Fortunately this new contribution is linear
and can be disregarded by a properly chosen basis. Therefore, we
proceed as follows:

1. We obtain the mutually orthogonal basis {#;}, which includes the
eigenvector with zero eigenvalue, i.e. the eigenvector of T, given

by Eq. (3.37).
2. Expand the next to the leading order OP in the new basis {7j;}:
AV(F) = ¢1(P)ijs + ¢2(F)ifa + - - + o (P (3-41)
3. Substitute Egs.(3.37) and (3.41) into Eq.(3.38), note that ¢, (¥) will
not appear:
P2LiI + §3L7f3 + -+ N Liln + Wlpm] =0. (G.42)

4. Project Eq.(3.42) onto 73, which will give us the standard form
of the GL equation

(KD~ a+bly(1) p(7) =0, G4

where the coefficients are given by

K =Ky + 3 Ko + 3 K3 + -+ + R Kn, (3-44)
a = a1+ 5 + a3+ -+ CRan, (3-45)
b=>b+ Cglbz + C§1b3 +--+ C%\Ile' (3.46)

The above steps describe the reconstruction of the order parameter
of a multicomponent GL theory, whose equation is given by (3.43). The
coherence length of this OP is then given by

K

SoL = ot (3-47)
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where K and a contain the contributions of all bands and are given by
Egs. (3.44) and (3.45) respectively.

It is important to underline that the microscopic order parameters
given by the gap openings A; are not longer equal to the GL order
parameter (7). However they are related by Eq. (3.37).

In this Chapter we have reviewed the standard properties and emer-
gent phenomena in multigap superconductors. In particular Higgs and
Leggett modes which accompany the s~ «» s™* transitions, are the
most distinctive features of these systems. On the other hand we have
underline the problems regarding the foundation of multi-component
superconductors within the Gor’kov domain. In the next two Chap-
ters we will introduce from first principles the possibility of Cooper
pairs belonging to different bands. Then we will study its emergent
phenomena in multigap systems with both IBP and CBP and discuss its
implications in MgB, and (BaK)Fe;As;. Consecutively we will review
the foundation of multi-component GL theories when crosspairing is
included.
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SUPERCONDUCTIVITY WITH INTRABAND
AND CROSS-BAND PAIRING






MICROSCOPIC THEORY OF CROSSPAIRING

Multiband superconductivity is known to promote novel quantum
phenomena of great fundamental importance and versatility [86]. Re-
cent examples are optically excited collective modes in multiband
MgB, [48] and the emergent phenomena at the BCS-BEC crossover
in FeSe [60]. Further scientific appeal of multiband superconductivity
stems from its pronounced tunability. External pressure, lattice strain
effects, gating, chemical doping, photo-induction, quantum confine-
ment and surface effects are all able to move and change the band
dispersions and the position of the chemical potential with respect
to Lifshitz transitions [25, 26, 73, 74, 104], where superconducting
properties can radically change.

To date, multiband electronic structure is proven to be of crucial
importance in rather versatile superconducting systems, such as MgB,
[92], iron-based compounds [16, 31, 61, 139], superconducting nanos-
tructures [116], 2D electron gases at interfaces [88, 129, 134], metal-
organic superconductors [142], etc. In such multiband superconduc-
tors, the pairing interaction can promote a Cooper pair formation
within a single band or between electrons in different bands. The
former is called intraband pairing an the latter is termed “cross-band
pairing" or simply “crosspairing". This pairing is to be distinguished
from the Josephson-like pair transfer between the intraband conden-
sates, which is usually taken as their sole coupling in multiband
superconductors. CBP and IBP are intuitively competitive, therefore it
is necessary to understand their interplay qualitatively and quanti-
tatively, together with associated changes in physical properties and
observables. Such understanding is far from established, as cross-
pairing and its competition with IBP were mostly neglected in the
studies to date. In superfluid systems with at least two fermionic
species, the partially overlapping bands at the Fermi level are prone
to crosspairing, as discussed in Refs. [56, 75]. In superconductors, the
hybridization of multiple bands close to the Fermi level is favorable
for cross-band pair formation. This occurs in the iron-based supercon-
ductors (FeSCs) which present strongly hybridized orbitals [89, 91],
cuprates with the hybridization of d,>_» and d_» orbitals [81, 123], and
also in the heavy-fermion compounds, where crosspairing between
electrons with f and d orbital character has been considered [32].
Even without hybridization, the plain proximity of multiple bands
can facilitate crosspairing, as is constraint to bound states whose total
momentum is zero. For example is two bands are close to each other
crosspairing becomes energetically favorable, see Fig. 4.1.

57



58 MICROSCOPIC THEORY OF CROSSPAIRING

4.1 CONDITIONS FOR CROSS-BAND PAIRING FORMATION

There are two situations that can facilitate crosspairing:

1. Band Proximity. Cooper pairs with zero momentum forbids CBP
of electrons if the interband distance c; — c; is larger than 20},
where () is the average energy scale of the effective interaction,
e.g. the Debye frequency for phonon mediated superconductors
and ¢y, c; are the initial gap energies of band 1 and band 2, see
Fig. 4.1.
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Figure 4.1: Two parabolic bands ¢; (blue) and ¢, (red) with the same cur-
vature and separated by a distance ¢, — ¢; < 2Q). The (purple)
shadow is projected on the momentum states where CBP is feasible
and is given by (A1 N Ap) U (B1 N By).

2. Band hybridization. One naturally introduces crosspairing in
a multiorbital Hamiltonian with hybridization. For example,
consider the mean field Hamiltonian of the effective two-orbital
tight-binding model [90],

gxx 'gxy Aq 0

Hmr = Sy Gy O 82 , (4.1)

A1 0 _gxx _gxy
0 AZ _gxy _gyy

. . . . 1- -1- . N
where its orbital basis is (dﬁ,x, v dE,y, v dﬁk’x’ v d iy, i)'



4.2 N-BAND HAMILTONIAN WITH CROSSPAIRING 59

The mixed kinetic terms from the Hamiltonian (4.1) come from
the hybridization between the d,, and d,, orbitals of Fe. Those
terms can become diagonal by an appropriate unitary transfor-
mation Hy,r = U~ 'HpeU,

€1 0 V1 2 V1

Hir = 0oe e , (4.2)
Vo Vo —e2 0

Vi Vo 0 —¢

. . . . . . -I- -l- . R
the above Hamiltonian is written in the band basis, (CE, L s v C ka1 €k, i)
where V; and V; are the intraband pair amplitudes and Vj, is
the cross-band pair amplitude.

4.2 N-BAND HAMILTONIAN WITH CROSSPAIRING

The simplest inclusion of cross-band pairs will make the mean-field
Hamiltonian non diagonal with respect to the band index:

H=Y / R, Tipio + ) / % gyl g+, (4.3)
1% 1]

where i,j = 1,2,...,N, represents the band index of the N-band
system and ¢ =T, | the spin. The kinetic energy of the electrons is
T, = —1*V?/2m; — i + c;, with chemical potential # and initial band
energy c;. The pair amplitudes are given by

A (%) = — kZlgij,kz (e (X) g1 (X)), (4-4)

the above expression for A;; is usually referred as the gap for systems
with only intraband pairing or systems with only cross-band pairing,
however in the following Chapters of this thesis we should refer to it
as pair amplitudes or order parameters to avoid confusion with the
gap opening in the density of states. As we will see later these two
concepts do not longer coincide when one includes intraband pairing
and cross-band pairing simultaneously.

The number of pair amplitudes is 2N for N even and 2N — 1 for
N odd and the number of matrix element g;; ; is (3N )2/4 for N even
and (3N — 1)?/4 for N odd, see App. A.1. However, we will assume
that the Hamiltonian Eq. (4.3) presents crosspairing only every two
bands (A12, Asa,. .. ). For example, for the 4—band system we have that
813,13 = 814,14 = 82323 = 82424 = 0.

The spectra of electrons in presence of only IBP are BCS-like:

EZ
&= +|Mil% &= oy, Mt (4.5)
1




60 MICROSCOPIC THEORY OF CROSSPAIRING

The wave-vector structure of the interaction matrix elements is
approximated by a separable potential, in which the interaction among
the electrons is active only for an energy window around the Fermi
surface, modeled with step-like functions, which induces a step-like
behavior in the pair amplitudes:

Aii(k) = ©(Q — [&i(k))O(Q — [5;(K)|)[ A le. (4.6)

Now we use Gor’kov Green function formalism to obtain the pair
amplitude equations for a two-band system. Details of this calculation
The energy spectra can be found in the Appx. A.1.

and the pair
amplitude equations A3k B
are phase sensitive in Zgz] ki / 3 Ay {Xkl [E+(9)] + Xkl(g)f[Ef (9)] } , (4.7)
presence of both IBP
and CBP. tanh (ﬁ;) .

fIE = —p—" xa(6) = 1% o xu(®), (48)

Where 0 = 2@12 — §011 — (P22-
The expressions for xx () and b(6) are

Aol
X1 =¢€] — & +2|Ax| <1 + |22|619> , (4-9)
| A1
X2 =€ — &1 +2|Ax| <1 + IAHI 19> , (4.10)
x12 = (&1 — &)*+ |An > + | Al +2|A1 || Axle ™™, (4.11)

b(6) = \/(8% —&3)% + 4| A’ Ry1a(6). (4-12)

The system of equations given by (4.7) generalize the gap equations
of system with only IBP to systems with both IBP and CBP. Those
equations were originally derived by Korchorbe and Palistrant in [68]
and later by Arkady in [116]. However in none of those publications
were reported the phase dependence of the pair amplitude equations
which is a new result of the present thesis.

The crosspairing pair amplitude A, hybridizes the energy spectra
of the two BCS-like excitation branches:

E+(0) = J % (3 + e +2 (B0 £6(9)), (4.13)

from the above equation if one takes the limit A1, = 0, we recover the
spectra of the electrons given by (4.5) which are the BCS-like spectra
in presence of only intraband pairing.

We emphasize here that angle 6 will introduce new degrees of
freedom not present in systems with only IBP or CBP. Now, in presence
of both IBP and CBP the relative phase between condensates can change
from 0 to 7t depending if the scattering between electrons between



4.3 ANALYTIC SOLUTIONS

different bands is attractive or repulsive. This phase dependence is
different from the Josephson-like coupling which is given by the

interband coupling, e.g. in a two band system is proportional to Aj».

However in presence of crosspairing this new phase dependence will

not only affect the pair amplitude equations but also the energy spectra

of the electrons and the gap openings in the density of states (DOS).
The gap openings can be obtained from the spectra (4.13) as follows:

A+(0) = E+(0)]¢,,~0- (4.14)

These are the two gaps A4 (6) present in the DOS, however these
gaps no longer correspond to the energy needed to break intraband
Cooper pairs, (as is with purely 1BP). Instead, they describe the energy
needed to break both IBP and CBP. Therefore, the pairing amplitudes
(i.e. the order parameters A1, Ay and Ajp) do not correspond to the
measurable gaps openings in the density of states.

4.3 ANALYTIC SOLUTIONS

We are able to obtain analytical solutions at T = 0 K, for a two-band
system with overlapping bands and zero Josephson-like couplings.
This means that {; = ¢ and A1 = Agp. Therefore, at T = 0 K and
overlapping bands the system given by Eq (4.7) is reduced to only two
equations:

— |A12] |A12]
Bk 1+ o(0) 1-— 5(0)
A1 :gllll/ A1 ( A + A1 , (4.15)

(27'[)3 4E+ 4F_
- |A11] Ay
A12 _ g1212/ d3 k A12 1+ ‘A12|5(9) + 1 |A12|5(0) (4 16)
(271)3 4E 4E ’ '

where the coupling matrix g;; is defined after Eq.(4.4). In this case,
the energy spectra and excitation gaps are,

E+(0) =4/ +43(0),  (417)
Ai(é)) = \/’A11|2 + ’A12|2 + ’A11HA12|\/2(1 + COSG). (418)

We note, that the energy spectra E+ and effective gaps A are phase
dependent. Now, for 6 = 0, the presence of crosspairing makes A
larger while A_ gets smaller, i.e. induces a gap splitting. Interestingly,
a gapless state is obtained when the intraband pair formation and
cross-band pair formation are energetically equally favorable, thus
A1z = Aq1. On the other hand, for 6 = 7, we have total degeneracy
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because Ar = A_ = /|A11|> + | A12]%
Before solving Egs. (4.15) and (4.16), we introduce the effective
coupling as follows:

Aijxt = ij Nk (0), (4.19)

where the density of states Ni2(0) = Nj1(0) 4+ N2(0). This definition
comes naturally from the sum over the band indices, e.g. A1112 =
§11,12N22(0) + g11,21N11(0), using the symmetry relations for g;; i =
gji,lk which implies that 811,12 = &11,21, then we have that )\11/12 =
£11,12(N11(0) + N22(0)) = g11,12N12(0).

Using the step-like behavior for the pair amplitudes, Eq. (4.6) and
the effective couplings, Eq. (4.19), then Egs. (4.15) and (4.16) become

|An] |A12]
1 o 14325 (6) 0 1— 15216 (6)
= de 1 —|—/ de | ——H " |, .20
A Joa [ 4E. a 4E_ (420)

| A1 | A1
1+ 3,19 (9) +/“ ge | Lm0 O
AF, a AF W

where € = %2/2171.

4.3.1  Analytic solution for 6 = 0

Integrating Eqgs.(4.20) and (4.21),

N———

|A11] |A12] 2
(foul 4 foul O+ (I801] + 180’ + O
" =10 , (3.22)

([A1n] + |A12]) (|A11] + [A12])
(\A11| _ |A12\)
M1t M2,12
)

(1811 = [A12]

\/02 + (’A11| — |A12‘)2 +Q
= log 5 . (4.23)
V(1An] — [Ar))

We can simplify the above equations further if 0 >> \/ (|A11] £ |Ar2))?,
then

_ 1 ( |A11] + |21 )

Ay = |App| + |Arp| = 2Qe (Pnltlael) Vi S A /) (4.24)
_%<M_ |12 )

A_ = ||A1r] — |Dra]| = 2Qe  (Bnl=lael) 212 /o (4.25)

Egs. (4.24) and (4.25) correspond to the opening gaps A and A_
expected to be observed in the DOS. As mentioned earlier a gapless
state emerges when |A11| = |A12|. The single-gap solution is recover
whenever |Al11 = |Axn| =0or Ajp =0.
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4.3.2  Analytic solution for 0 = 7

In this case there is only one analytic solution which corresponds to
the total degenerated case:

1 1 { \/Qz+|A11|2—|—|A12|2—|—Q
_ —lo

= &
M1 M2z A+ A

Again if QO >> /|A11]? 4 |A12]?, then

o1 1
A1) + |A12)> =2Qexp 't =2Q0exp 212, (4-27)

From (4.27), we recover the single-gap solution if either A = 0
or Aj; = 0. Although the solution for 6 = 7 seems very restrictive,
it becomes robust when one allows scattering among the different
pair amplitudes by introducing non-zero Josephson-like couplings

(Aiiij # 0).

(4.26)

4.4 NUMERICAL SOLUTIONS

For clarity we will focus on solutions for the two-band system. In
this situation, we expect the intraband pair amplitudes {A11, A} and
cross-band pair amplitudes {A12, Ay} to be competitive due to the
constant density of states N11(0) and N»»(0). For example, if 77 and
ny is the number of electrons that can form Cooper pairs belonging
to band 1 and 2 respectively, then the number of intraband and cross-
band Cooper pairs is constraint to the finite values of n; and n,. In
other words, for any intraband Cooper pair we expect to have one less
cross-band Cooper pair and vice versa.

The effective couplings for a two-band system in presence of cross-
pairing is given by 3 x 3 matrix:

Mt Anz Ao
Mg = | Apa1 Anz Aoy |- (4.28)
Aoy Aazyze Mgy a2y

where the upper left 2 X 2 inner matrix corresponds to the well es-
tablished SMW case [122], and the third row and column include
the crosspairing (where {12} indicates symmetrization under given
indices, so that e.g. A (12,4123 = Mza2 + A2121). In the effective cou-
pling matrix, the attraction between electrons is given by its diagonal
elements, i.e. A1111 is the effective attraction of electrons belonging
to band 1, Ay 2 is the effective attraction of electrons belonging to
band 2 and A7 is the effective attraction of electrons one which
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belongs to band 1 and the other to band 2. The off-diagonal elements
in (4.28) describe the Josephson-like coupling among the intraband
and cross-band Cooper pairs. For example A1 2, describes the Cooper
pair transfer between band 1 and 2. The elements of the form A;; ;;
describe not the rigid Cooper pair transfer but the quasiparticle scatter-
ing between band i and band j. All Josephson-like couplings connect
the different order parameters {A11, Ay, A12} which induces a single
T in our system.

The conventional method to solve the pair amplitude equation or
gap equation for the one-band case is the iterative-self-consistent
method. Even when we have multiple bands with only IBP, modifica-
tion of the iterative-self-consistent method can be applied which in
general converge to a unique solution. However, when we have both
IBP and CBP, then the intrinsic competition between these two types
of pairing promotes three non trivial solutions: (a) only intraband
pairing solution (IPS), (b) only cross-band pairing solution (CPS) and
(c) coexistent solution with both IBP and CBP. Therefore, with three
latent solutions the long used iterative-self-consistent method fails
on obtaining a single solution which is dictated by the initial condi-
tion. To avoid this issue and respect the initial condition we adopt the
Newton-Raphson method to solve the matrix system of equations (4.7),
which keeps track on the same solution by following its derivative.
To perform the integrals we use the Gaussian quadrature method. In
this thesis we developed a new numerical procedure whose details
are given in App. C.

For the rest of the Chapter we will show the numerical results
obtained by this numerical procedure.

4.4.1  Zero Josephson-like coupling

First we recall that the off-diagonal elements of the interaction ma-
trix A;; 1 given by Eq. (4.28) are referred as Josephson-like couplings.
However, to understand better the role of crosspairing in a two-band
system we make equal to zero all Josephson-like couplings in the
matrix (4.28). This limit with only IBP describes two decoupled bands
and therefore presents two critical temperatures. However in presence
of both IBP and CBP the system of equations given by (4.7) remains cou-
pled due to the induced hybridization between bands by crosspairing,
Az # 0.

Without any particular superconductor in mind, we consider the fol-
lowing parameters () = 45 meV, y = 300 meV and effective couplings,

05 0 0
Aij=1 0 04 0 . (4.29)
0 0 Ay
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The solution for coincident bands at zero temperature is given in
Fig. 4.2.

15.0
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12.5F
S 100¢F Ay
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15.0
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% 100f  |Aul
E 75t
= 5ot |Az2]
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)\12,12

Figure 4.2: Coexistence of IBP and CBP at zero temperature. (a) Excitation gaps
A+. (b) Magnitude of the pair amplitudes for § = 0. The black
dotted line indicates the transition where crosspairing begins to
coexist with intraband pairing (A1212 ~ 0.24).

First, we emphasize that the gap openings in the DOS is not longer
given by order parameters A1, Ay and Aqp but rather by the excitation
gaps A4 given in Eq. (4.14) and shown in Fig. 4.2a. Furthermore,
the onset of coexistence between IBP and CBP is accompanied by a
gapless state, A_ = 0 when Ay 12 ~ 0.24. Coexistent solutions for
weak coupling, A1p12 < 0.24, are not possible in this range because
all electrons have formed intraband Cooper pairs and no one is left
for crosspairing. This means that to initiate crosspairing we need to
break some intraband Cooper pairs. This is shown by the decrease
of A1 and Ay, see Fig. 4.2b. As we increase Ajp 12, the cross-band
pair amplitude fails to overcome the intraband pair amplitudes due to
the yet dominant value of Aq;. The abrupt transition to the coexistent
solution with IBP and CBP indicates that the system is unstable at the
gapless state.

The coexistence of IBP and CBP begins when A1312 ~ 0.24 which
gives a value of Ay 11y = 0.48 which is approximately the average
of the intraband couplings A1111 and Ay 2 given by the matrix 4.29.

The gapless state obtained in Fig. 4.2a (A_ = 0 for Ajp120 = 0.24),
resembles the new class of interior gap superfluids, see Fig. 4.3b. There
are two conditions for the formation of an interior gap: (a) First, we
need at least two fermionic species, like the quarks up, down and
strange in QCD or ultracold atoms with different atoms. (b) Second,
their Fermi surfaces should slightly differ, like the two electronic spin
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states 1 and | or the hyperfine states of cold *°K and °Li. Under this
conditions the kinetic energy can promote particles of one fermionic
species to the exterior of the Fermi sphere. This migration of particles
in the momentum states will create a “breach” of particle of one
fermionic species, which is where its name came from. The ground
state of a interior gap superfluid will present both superfluid and
normal Fermi components.

o5, r . 5

(@) , (b)
4,=20 MeV , 45= 20 MeV /
. 20 20
light fermion Light )
a - Fermion ,
z pairing heavy a S1sp BCS 154BCS E
fermion Pairing Pe 2 ’ Breached
occurs < |az=tomev 2,=10Mev  \Pairing
0 o <pB <110 ]
FF Unstable
B 5F
—Pg
H % 50 700 150 %0 50 100
eavy
Fermion 3 p. (MeV) 3p. (Mev)

(a) Prototype situation for a inte- (b) Solutions of the gap equation as

rior gap superfluid at weak cou-
pling. The pairing between differ-
ent species can be favorable by pro-
moting some particles of the heav-
ier species to the exterior Fermi
sphere. Thus carving an interior
“breach” of the species B near mo-
mentum p = p# From Ref. [75]

function of the Fermi momentum
mismatch dpr for different cou-
pling constants parameterized by
Ap. (a) Fixed chemical potential
and (b) fixed total density. The
dashed line marks the transition be-
tween the BCS and breached pair-
ing phases. From Ref. [56]

Figure 4.3: Gapless state as predicted in superfluidity.

Now we will present the temperature dependence of the pair ampli-
tudes A;; and gaps A for the same set of effective couplings given by
Eq. (4.29) with A1 12 = 0.3. We choose A3 12 = 0.3 to show the effect
of increasing temperature on the three pair amplitudes (A1, A2 and
A1p) and their derived gaps, (A and A_).

Fig. 4.4b shows three critical temperatures, T = T} ~ 80 K (Ay; =
0, T=T?~50K Ay =0)and T = T}? = 42 K (A1 = 0). The
presence of crosspairing (Ajx # 0) induces a non BCS behavior of the
gaps versus temperature, because A_ increases with temperature until
T!2. This means that increment of A_ with temperature cannot be
explained by the conventional BCS theory. Above T}? the crosspairing
amplitude becomes zero (A = 0) and the gaps dependence with
temperature recovers its conventional BCS behavior as function of
temperature. In this regime the gaps A and A_ coincide with the
non zero pair amplitudes Ajq and Ay respectively.

Up to now multiband superconductors with no electron scattering
among the different bands have not been found, although a supercon-
ductor with two superconducting transition has been hypothesized for
U;_,Th,Bej3. Therefore one can assume that most superconductors
have non-zero values for the off-diagonal elements of the interaction

The presence of
crosspairing induces
a non-BCS profile of
the gaps as function
of temperature.
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Figure 4.4: Coexistence of IBP and CBP at finite temperature for A1y 17 = 0.3.
(a) Excitation gaps A+. (b) Magnitude of the pair amplitudes for
f = 0. The black dotted line indicates the critical temperature for
the crosspairing order parameter Aq.

matrix g;j k1 # 0. Therefore in the next Section we will present solutions
where the Josephson-like couplings are non zero.

4.4.2  Finite Josephson-like coupling

The novelty in this Section is the presence of couplings between
the intraband pair amplitudes (A1, Ay») and the cross-band pair
amplitude (A2). The effective coupling in this situation is given by
terms of the form A;; ;j (A11,12, AM2,11, M2,22, A22,12)- Here, we will present
solutions at finite Josephson-like when A;; ;; is weak (0.005), medium
(0.01) and strong (0.1).

As we mentioned in the previous Section, the different pair ampli-
tudes open a gap in different parts of the Fermi surface which are
inevitably coupled by the electron-electron scattering. In multiband
superconductors with only IBP this coupling is guaranteed by the
presence of the pair exchange interactions, A;; j; # 0, which can be
interpreted as the transfer of Cooper pairs from band i to band j.
Furthermore, this interband coupling will establish the presence of a
unique T, which is a reasonable assumption for most superconducting
compounds [stewart2019]. Therefore, motivated by the uniqueness of
T., we will introduce Josephson-like couplings between the intraband
pair amplitudes {A;;, Ajj, ...} with the cross-band pair amplitudes
{Aij, Ak, .. }. This would imply in the presence of effective couplings
of the form A;; ;;, which cannot longer be interpreted as the Cooper
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pair transfer between two bands but should rather be interpreted in
terms of electron-electron scattering. This type of scattering can be
promoted by any pair breaking scenario which would allow the intra-
band pairs once broken to cross-band pair and vice-versa. Therefore,
in presence of a pair breaking scenario we expect the solutions with
both IBP and CBP to coexist even at weak coupling.

To elucidate the role of crosspairing for finite Josephson-like cou-
pling (Aii;; # 0, Ajijj # 0), we use the following parameters: () = 45
meV, y = 300 meV and effective couplings

05 0.1 0.01
Aijgg=101 04 0.01 : (4.30)
0.01 0.01 Ay 412}
The above matrix, Eq. (4.30) describes a system whose intraband

pair amplitudes are strongly coupled, A1122 = 0.1 while the coupling
with the crosspairing pair amplitude is weak, A1112 = A2z120 = 0.01.

S 20 AL L @] 20f AL (c)
v .
£ 10 A / 10F  A_
+
< |
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% 20F  |Aqn] ®) | 20F  |A11] (d)
£ :/
—10r  [A2] |A12||  10F  [Ag]
= |A12]
9.0 0.1 0.2 03 % 50 100
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Figure 4.5: Coexistence of 1BP and CBP for finite Josephson-like couplings,
M2 = 0.1 and Aqq12 = Ap 12 = 0.01. Solutions at zero temper-
ature (a,b) and finite temperature (c,d). The excitation gaps are
shown in (a,c) with their respective pair amplitudes (b,d). For the
solution at finite temperature we fix A1p,12 = 0.2 (A{12 {12) = 0.4).
The dotted lines in (a,c) indicates the transition from intraband
pairing dominated regime to a cross-band pairing dominated
regime.

From Fig. 4.5, we observe that the role of the Josephson-like cou-
plings do not only induce a single T, in our system but extend the
coexistence between the IPS and CPS to a new domain where the at-
traction between two electrons belonging to different bands can be
infinitesimally small, A1p12 — 0. Interestingly, we observe a clear
competition between IBP and CBP which presents a discontinuity at
A212 = Ae = 0.21, Figs. 4.5(a,b). This characteristic value marks the



4.4 NUMERICAL SOLUTIONS

maximal competition between the intraband and the crossband pair-
ing channels and separates our solution in two regimes: the IDR for
M212 < A, and a CDR for Ajp 12 > Ac. In the CDR, both gaps, A+, in-
crease at the same rate, similarly to the one-band scenario. Therefore,
the CDR describes a two-gap system which is characterized by a sole
order parameter A1y, while the intraband pair amplitudes Aj; and A
participate only passively, due to proximity effect [49, 50].

Now we analyze the situation where all Josephson-like couplings
are equal A;jiy = 0.1. This particular value implies that the Cooper
pair transfer is strongly equal to the coupling between intraband pair
amplitudes and cross-band pair amplitudes, e.g. (Aj;12 = A11,22). The
coupling matrix becomes,

05 0.1 0.1
Aijgr =101 04 0.1 : (4.31)
01 01 /\{]2}/{12}

In Fig. 4.6, we observe that the role of the Josephson-like couplings
A1112 and Ay 17 has a different effect than A1q 2p. The former, makes the
crosspairing pair amplitude stronger which increases the larger gap
A and decreases the smaller gap A_. This behavior is in opposition
of A1120 which has the effect of increasing both gaps Ay and A_.
Interestingly, the transition to the CDR starts at A1212 ~ 0.17 which is
accompanied by a gapless state.
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Figure 4.6: Coexistence of 1BP and CBP for finite Josephson-like couplings,
Mig2 = 0.1 = Aq112 = A 12. Solutions are presented at zero
temperature (a,b) and finite temperature (c,d). The excitation
gaps are shown in (a,c) with their respective pair amplitudes
(b,d). For the solution at finite temperature we fix Ajp 1, = 0.2
(Af12},412) = 0.4). This value is taken just before crosspairing is
dominant. The dotted lines in (a,c) indicates the transition from
IDR to a CDR.
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Figs. 4.5, 4.6 describe the effect of the Josephson like coupling from
weak to strong coupling. The effect of changing A;; 1, from 0.01 to 0.1
has a net effect of changing the critical temperature from 100 K to 165
K. Furthermore, both figures 4.5 and 4.6, present a discontinuity at
the transition from the IDR to the CDR which is more pronounced at
weak coupling. Now, it would be interesting to find some values of the
Josephson-like couplings where this discontinuity disappears. In order
to do so, lets consider the following matrix of effective couplings:

0.5 001  0.005
Aijg =1 001 04 0005 |- (4.32)
0.005 0.005 Ay 12

The above matrix (4.32), describes a system which is weakly cou-
pled and where cross-band Cooper pairs are present mostly due to
proximity for A1p12 < 0.2, see Fig. 4.7. This solution is obtained when
one takes as a initial condition A1; = Ay = 0.5 meV, A;; = 17 meV,
# = 0 and sweeps the parameter A1, from 0.3 to 0.01. Remarkably
we observe that 0 changes phase from 0 to 7t at the transition from
the CDR to the IDR. This indicates that the solution given in Fig. 4.7
is meta-stable because when one approaches the limit A — 0, the
solution with only IBP and 6 = 0 should be recovered.

The above solution can become stable when one introduces repul-
sive scattering among the electrons. As we know from the previous
Chapter, negative values of Josephson-like couplings describe repul-
sive scattering and promote phase changes in the pair amplitudes.
In this sense we can state that repulsive scattering between different
superconducting condensates induces a continuous transition from
the IDR to the CDR and vice-versa. This repulsive scattering between
electrons belonging to different condensates have been reported in
many superconductors. For example, in the family of FeSCs one can
have two cases where a 7r-phase difference between two pair ampli-
tudes is present (s™~ symmetry). The first is the conventional s*~
case, which contemplates a 7r-phase difference between electron-like
and hole-like pair amplitudes [84]. The second case is the orbital an-
tiphase s, where one has a 71-phase difference between bands of
the same type (electron-like or hole-like), as reported in the optimally
doped (BaK)FeyAs;, (T, = 36 K) [77, 138, 141]. Other phase changing
mechanisms are driven by impurity scatterings which are particularly
important across the Lifshitz transitions [127, 128].
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Figure 4.7: Coexistence of IBP and CBP at zero temperature. (a) Excitation gaps
A+. (b) Magnitude of the pair amplitudes and their respective
phases (c). The black dotted line indicates the transition from the
CDR to the DR at Aqp 12 ~ 0.225. The brown line in (c) represents
6.

To end this Section, we will present a case where a phase change is
induced by temperature. Let us consider y = 500 meV, () = 75 meV
and

028 —0.005 0.01
Aij = | —0.005 027 0.01 |- (4.33)
001 001 013

The solution of the system described by the matrix (4.33) is shown
in Fig. 4.8. There we can observe a non-BCS behavior of the excitation
gaps At as a function of temperature. Fig. 4.8b presents only the
imaginary part of the pair amplitudes because the real parts are negli-
gible. The dotted lines in Figs. 4.8(a,b) mark the s~ «» s* transition
at T = 19.8 K. This transition is an indicator of a phase frustrated
state among the pair amplitudes which in this case is induced by the
condition Aq122A11,12 < 0. Phase frustrations are known in three-band
systems [20, 97, 120] and can lead to skyrmionic vortex states [40, 41,
95], but are not possible in a two-band systems without crosspairing.

We conclude this Section by underlying the competitive nature
between IBP and CBP which is general characteristic in superconductors
with both IBP and CBP. This type of competition has been reported
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Figure 4.8: Coexistence of IBP and CBP at finite temperature. (a) Excitation
gaps A+. (b) Imaginary part of the pair amplitudes and their
respective phases (c). The black dotted line indicates when we
have an st~ <> st transition. The brown line in (c) represents 6.

also in one-dimensional superconducting nanowires [107] and electron
doped BiS; [55].

4.4.3 The Gapless state

As we mentioned in the previous Section, the most pronounced fea-
ture of the presence of crosspairing in two-band superconductors is
the tendency towards a gapless state for the smaller gap. This state
marks the maximum level of competition between the IBP and CBP
and delimits the IDR and CDR. Interestingly the transition between
these two regimes (IDR and CDR) is either continuous or discontinuous
depending if the scattering between electrons belonging to different
condensates is attractive or repulsive.

In this Section we will study the conditions for the formation of the
gapless state by calculating the spectral wave function and its related
density of states. A zero of the spectral wave function for a particular
combination of parameters A;; x; signals the presence of a gapless state.

To help our search for a numerical solution of the gapless state we
analyze it analytically. We begin by writing down the normal Green
function in presence of both IBP and CBP for a two-band system (its
full derivation can be found in Appx. A.2).
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Interestingly the normal Green function (4.34) presents off-diagonal
elements only due to crosspairing. This will introduce new terms for
the spectral wave function, however as we will see later these terms
do not contribute to the total particle density.

Before we calculate the spectral wave function, we note that the
elements of the normal Green function are symmetric under the ex-
change of the band indices, 1 <+ 2. Therefore in what follows we will
present the relevant quantities regarding Gi1,, and Gy, only.

The spectral wave function is defined by

1

Sij (k) = = —SGij (k) (iw = w +i€), € =07 (4-35)

Substituting (4.34) into (4.35), we obtain

Si10(K) = (03, A — 02,C)8(E4 + w) + (43, A — u2,C)6(Ex — w) +

—|—(vk21B + kaZC)é(E_ +w)+ (u%ﬂB — ukZZC)(S(E_ —w) (4.36)

S120(k) = (0},P + 03, R)O(E+ + @) + (uy,P + ufyy R)S(Ey — w) +

—(v%ZZP + v%ZlR)é(E_ +w) — (u%ZzP — u%ZlR)é(E_ —w), (437)

where A = (EZ+ — s%)/b, B = (E2 — e%)/b, C = |Ap|*/b, P =
|A11|A12] cos(@12 — @11)/b, R = |Ax||A12| cos(@12 — ¢@22) /b and the
spectral weight for holes and electrons are given by the 2 x 2 matrices
u%ij and v%i]. respectively

l_i_L l_|_§72 1_ & 1_ &
W2 — | 2T 2ES 27T 2ES 2. — |27 2EF 27 2E; (4.38)
SN \F SRR S < Y A P E - 1 A
2 2E_. 2 2E_ 2 2E_ 2 2E_

where the sub-index kij of uZ,, j and v?.. j represent the momentum k and
its respective matrix element ij.

At this point it is instructive to check the correctness of our result
by taking the limit A1 = 0. We verify that one obtains the standard
result for the spectral weight for holes and electrons in presence of
only IBP. Taking the limit A1, = 0 into Egs. (4.36) and (4.37), we get

S1100(k) = 02,6(e1 + w) + U 6(e1 — w), (4.39)
SlZw(%) =0, (4.40)

73



74

MICROSCOPIC THEORY OF CROSSPAIRING

where &1 = /&% + |A11]? and the spectral weights for hole and elec-
trons have BCS-like form: u?, = 1/2(1+ &1/¢1), v3; = 1/2(1 — &1/¢1).

As it is well known the integration of the spectral wave function
(4.35) with respect to the energy w constitute the sum rule for a two-
band system in presence of crosspairing. Indeed our formalism is
checked to be correct since:

—+00 N
Lm dwSije, (k) = <(1) 2) : (4-41)

From the above expression (4.41) we conclude that the off-diagonal
terms of the spectral function do not contribute to the total particle
density.

The DOs is defined by

a3k
Nij(‘”) = /Wsi]’w- (4-42)

To calculate the DOS, we first solve the pair amplitude equations (4.7)
and then we introduce the obtained solutions A;; into Eq. (4.42) which
finally we integrate numerically with respect to k. For example, in
case of a presence of gapless state for E_, then its associated spectral
weight function Sjy, is equal to zero. Nonetheless S11, and Sqp, are
not zero. Furthermore, according to Eq. (4.42) at the gapless state
sz(éd) =0 and N11 ((A)) 75 0, le(a)) 7’é 0.

Now, we have everything to our disposal to verify the presence of
the gapless state, but first we will illustrate the shape of the DOs for
the crossover from the IDR to the CDR when y = 200 meV, (2 = 30 meV
and

04 0.05 0.05
Aij =005 03 005 |- (4-43)
0.05 0.05 App1n

In Figs. 4.9a and 4.9b, we show the excitation gaps and all three
pairing amplitudes at 4.2 K (an experimental standard). As the cross-
pairing coupling Aqy 12 is increased, the two excitation gaps A, and
A_ split further as discussed before. The value of A1512 = A, was ob-
tained numerically (roughly half the average of Aq,11 and A2y27) and
marks the maximal competition between the intraband and the cross-
band pairing channels and separates the two regimes: the intraband-
dominated regime (IDR) for A2 12 < A, and a crosspairing-dominated
regime (CDR) for A1p12 > Ac. Fig. 4.9c shows that superconducting
critical temperature T, increases with A1y 1, faster than expected con-
sidering the range of values of A1, alone. In the miniplots above
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Figure 4.9: Effect of crosspairing for the same phase. Excitation gaps (a) with
their corresponding pair amplitudes (b) as function of A1 at
T = 4.2 K. The three miniplots above (a) show the density of
states for A1y 12 = 0.1, 0.15, and 0.2, illustrating the behavior in
the intraband-dominated regime, gapless state, and the cross-
pairing dominated regime, respectively. (c) Mean-field critical
temperature versus A1 1.

Fig. 4.9a, we show the density of states obtained from Eq. (4.42) (as
a measurable quantity in STM/STS) for the IDR, CDR as well as for
the crossover point A3 12 = A.. At this point our analytical approach
is helpful to confirm that we have a gapless state for the case of total
degeneracy (A1; = Ay = Aj2), where Sy, vanishes. Note that in
the latter situation the A_ (inner coherence peak) approaches zero,
and become exactly zero for a favorable combination of parameters.
Now, we analyze the spectral wave functions (4.36, 4.37) and confirm
that at least we have a gapless state for the case of total degeneracy
as we have already have seen from the analytical solutions, see Egs.
(4.24) and (4.25). We have not been able to find other combination of
parameters that could make zero the weaker gap A_. Nonetheless we
cannot discard its possibility.

The three miniplots shown above Fig. 4.9a, present four coherence
peaks. The energy separation between the outer coherence peaks
(the two more distant to each other) is equal to 2A and the energy
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separation between the inner coherence peaks (the more close to each
other) is equal to 2A_. As indicated by the red arrows, across the IDR
the inner coherence peaks move closer to each other while the outer
coherence peaks split further apart. At the critical value of A2 10 = A,
we do not have gapless state because A_ # 0. Interestingly the inner
coherence peaks due to its proximity look like a single coherence peak.
At the CDR the inner and outer coherence peaks move both outwards.
The DOS for A1p12 = A (closest point to the gapless state) resembles
the scanning tunneling microscopy (STM) measurements in supercon-
ductors doped with magnetic impurities [51] or the Majorana zero-
energy bound states [135, 137]. In the next Section, we will illustrate the
effects of the inclusion of crosspairing in MgB, and Bag (Ko 4Fe>As,.

4.5 SIGNATURES OF CROSSPAIRING IN MAGNESIUM DIBORIDE
AND IRON ARSENIDE

One of the most well established two-gap superconductors is MgBy.
The fermiology of this compound presents two 2D ¢ bands localized
within the boron layers and two 7t bands which are delocalized and
manifest 3D properties, see Fig. 4.10.

Ank(0) [meV]

T M r

Figure 4.10: The superconducting energy gaps of MgB, (expressed in meV)
on the Fermi surface for T = 10 K. Dark orange and light orange
come from the bonding p., bands, the top and bottom tubular
networks (hole-like) from the bonding p, bands, and the middle
tubular network (electron-like) from the antibonding p, band.
From Ref [103].

Although MgB, has four gaps, its mean-field description contem-
plates only two gaps. One gap comes from the merging of two o
bands and the other by the the electron-like 7t band, this simplifica-
tion permits to treat MgB, effectively as a two-gap superconductor.
Nonetheless, in this Section we will relax this assumption and consider
the two ¢ bands independent. Moreover, based on the feasibility of
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crosspairing due to band proximity, we will explore the implications
of cross-band pairing in MgB, between the two ¢-bands.

Our starting point is to observe the band structure and determine
how close are the two ¢ bands in the vicinity of the Fermi level.
Unfortunately, angle-resolved photoemission spectroscopy (ARPES)
measurements do not have enough resolution to determine the inter-
band distance between the two ¢ bands at the I" point of the Brillouine
zone [119]. Therefore we will use the bands structure obtained from
density functional theory (DFT) calculations to observe specifically the
o bands at the I point. Interestingly the band structure of MgB, in the
ultrathin limit presents several bands with small interband distance
among them close to the Fermi level. This motivates the presence of
cross-band pairing in the atomically-thin limit or even when one has
6-monolayers of MgB, [11], see Fig. 4.11.

500 meV - (a)
=== g, —
\\\\ 02 -
g
-Q :

500 meV 1

0o

Figure 4.11: The relevance of crosspairing is illustrated based on the band
structure of (a) bulk MgB, [103] and (b) 6-monolayer MgB,
[11]. Only sigma bands close to the I' point of the Brillouine
zone are shown, with chemical potential ¢ = 500 meV and
energy scale of the pairing (2 = 75 meV. In (b), each interior
monolayer contributes a pair of hole-like bands ¢y and 07, and
the surface band is denoted by S’. The (purple) overlapping
shadows project the momentum states where cross-band pairing
between opposite momenta states among the o bands is feasible.

To describe this system we will consider MgB, as three gap super-
conductor, two ¢ bands and one 77 band. When we have crosspairing
only between the two ¢ bands the pair amplitude equations are ob-
tained from Appx. A.1,



78

MICROSCOPIC THEORY OF CROSSPAIRING

43k
A = ikt | =00 X fIE+] + X f[E-]} +
j kl_zl,zg]/kl/ 2n)? ki {szf[ ]+ xafl ]}

4k
+ gij,33/(27_[)3A33f(E3)/ (4.44)

where Aj; = {A11, A2, A1z, Ass}, with 1,2 denoting the two o bands
and 3 the 7t band. The expression for f(E+) is obtained from Eq.

(4.7) and E3 = /3 + |As3]? is the BCS-like spectra of the 7t band.
The distance of two c-bands in the vicinity of the Fermi level is
approximately 75 meV (see Fig. 4.11a). Taking the parameters y =
500 meV and (2 = 75 meV from Refs. [70, 103], we consider the
crosspairing between the o-bands, with the coupling matrix

0.275 0.032 Ajj12 0.032

0.032 0.274 Ajj12 0.032
)\12,1']' )\12,1']' 0.1 0.01
001 001 0.01 022

Aijj = (4-45)

Here A;j33 is the coupling to the 7r band, and the third column
and row correspond to the coupling to the crosspairing channel, with
Aij12 as a free (small) parameter. Other coupling constants are taken
from literature, and yield the experimentally measured gaps of MgB,
(= 7 and 3 meV) in absence of crosspairing (112 = 0, see Fig. 4.12).
Even a small A;;15 = 0.01 yields a 2 meV split of the two ¢ gaps and
a 1 K increase in T,. This gives confidence that crosspairing effects,
even if seemingly small, can lead to significant modifications of the
gap spectrum without changing significantly T.. That in turn calls
for revisiting of theoretical approaches, e.g. to include crosspairing
in anisotropic Eliashberg calculations even for materials that seemed
previously well described [5, 24], as well as revisiting the available
experimental data (bearing in mind the non-equivalence between A
and the pairing amplitudes in presence of crosspairing). Conducting
more refined ARPES measurements (e.g. in case of crystalline MgB,,
on two o-bands separately) can provide the required resolution to
observe the gap splitting predicted by crosspairing.

Last but not least, we discuss the phase-frustrated solutions of Eq.
(4.7), with non-zero angle 6. As we mentioned before, see Fig. 4.7,
superconductors with non trivial phase symmetry include the FeSCs
where one can have two types of sT~ symmetry. The case of interest is
the orbital antiphase s*~, with a 7r-phase difference between bands of
the same type (electron-like or hole-like), as reported in the optimally
doped (BaK)Fe,As;, (T; = 36 K) [77, 138, 141]. This compound presents
two hole-like bands («, f) stemming from two nested Fermi sheets
at I'-point, and two electron-like bands (7, §) stemming from two
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Figure 4.12: Superconducting gaps of bulk MgB, as a function of temperature,
for intraband pairing only (solid lines), and in the presence of
weak crosspairing (dashed lines).

nested Fermi sheets at the M-point, see Fig. 4.13. The proximity of
both pairs of bands to the Fermi level and the smallness of their
interband distance justifies the assumption of crosspairing between
bands « and B or 7 and 4. To identify the emergent effects, we will
consider the effect of crosspairing only between a and B (assume
similar consequences for crosspairing between 7 and 6).

We take the interband distance between a and B as 10 meV and
the Fermi level at 1 = 50 meV, see Fig. 4.13. To obtain the gaps (A+)
as measured in low-temperature experiments (~ 12.4 and 6.2 meV
extrapolated to T = 0, [31]), we take for the coupling matrix:

0.51 Mi M2
Aij,kl: 0.5/\11,22 0.39 /\11,12 . (4.46)
0.5/\11,12 0.5/\11,12 0.25

Here Aq1 27 is taken negative, which is the standard way to obtain the
sign change in the band-dependent order parameters (as reported in
Bag sKo.4FeAs; [108]). We introduce a small repulsion Aq120 = —0.005,
which induces a phase shift between the two intraband pair amplitudes
A1 and Ay, therefore 11 — ¢ = 7.

In such a case, the coupling of the crosspairing pair amplitude with
the intraband pair amplitudes (for A;j12 > 0) will introduce frustration
on the phase of the crosspairing order parameter ¢1,. Phase frustration
of similar sort is known in three-band systems [20, 97, 120] and can
lead to skyrmionic vortex states [40, 41, 95], but is not possible in a
two-band system unless crosspairing is present. In the present case,
we reveal additional new physics, as crosspairing induces st~ — st
transition as a function of temperature, as shown in Fig. 4.14(a,b) for
exemplified parameters of (BaK)Fe,As,.
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Figure 4.13: (a) Fermi surfaces in the 2D Brillouine zone. (b) Measured band
dispersion (circles) along I' — M and I' — X, compared with the
local density approximated bands normalized by a factor of
2 (solid lines), and tight-binding fits (dashed lines). The inset
table lists parameter of tight-binding bands. (c) Measured Fermi
surface (circles) and fitted tight-binding curves (solid lines). (d)
Table of measured and calculated Fermi velocities along I' — M.
From Ref. [30].

In the example shown in Fig. 4.14(a,b), after the transition, the
pair amplitudes recover the same phase (6 = 0) until the expected
BCS critical temperature of ~ 80 K. In experiment however [31], the
measured gaps abruptly cease at T, ~ 40 K, for reasons that are
not understood to date. Without claiming to rigorously describe the
non BCS behavior of the gaps versus temperature, we notice that
our calculation of the gaps vs. temperature can closely reproduce the
experimentally measured data (as shown in Fig. 4.14c), assuming that
the s™~ orbital antiphase is protected by symmetry or the transition
to s state is disallowed.

In this Chapter we have introduced crosspairing from first principles
in the BCS-mean-field Hamiltonian. Furthermore, we assume that the
Cooper pair instability holds for a small attraction among electrons
with opposite spin and momentum. This restricts the formation of
cross-band Cooper pairs to hybridized bands or close bands in the
vicinity of the Fermi level. The pair amplitude solutions showed an
increment of the gap splitting between the the initial gaps with only IBP
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Figure 4.14: (a) Excitation gaps A, and (b) real part of the pair amplitudes
A{} as a function of temperature, for parameters of («, ) bands
in (BaK)FepAs,, with nominal s™~ antiphase and in presence of
crosspairing. For parameters given in the text, s*— — s* transi-
tion is found at 36 K, corresponding to the critical temperature of
the measured gaps at the I'-point of Bag (Ko 4FexAsy [31]. Panel
(c) superimposes the theoretical data of (a) on experimental data
of Ref. [31], highlighting their agreement in case s™~ antiphase
is protected.

with a tendency to decrease the weaker gap A_ to zero (gapless state).
The competition between IBP and CBP induces phase frustration where
one has two possible solutions: (a) one with 6 = 0 and another (b)
with 0 = 7. In the next Chapter, we will address this issue by studying
the free-energy of the mean-field Hamiltonian (4.3). To obtain the free
energy we will derive first the GL equations when one has intraband
and cross-band pair amplitudes. Once we have the GL equations,
we will use the variational principle to obtain its correspondent free
energy. The minimum of the free energy will determine unequivocally
which of the above mentioned solutions (6 = 0 or 6 = ) is more
stable.






GINZBURG LANDAU THEORY WITH
CROSSPAIRING

Superconductors with multiple gaps are a common scenario in the
current most studied compounds. The origin of the different gaps is
usually linked to the presence of different bands and can present non
homogeneous electronic structures. For example, MgB; is a well char-
acterized two-gap superconductor which presents 2D and 3D bands
[119]; the four-gap Ba;_, K FexAs; superconductor which presents
two hole-like and two electron-like nested pockets [31]; Pb which was
first described as a single-gap superconductor presents two gaps due
to the disjoint nature of the electron-phonon energy [37]; UPts which
presents different phonon modes that promote the formation of singlet
and triplet Cooper pairs [64]; or the whole class of p—wave super-
conductors whose symmetry can only be described in a multi-gap
scenario. All these examples motivated the inclusion of two [126] or
multiple [97] components within the GL formalism. A multicompo-
nent GL theory with only IBP has each component associated with a
different gap opening in the DOS.

The derivation of the GL equations is done by expanding the order
parameter in powers of T'/2. In the expansion the terms proportional
to T!/2 give us an expression for the critical temperature, while the
terms proportional to T3/2 give us the GL equation. Here we will refer
this particular expansion in 7'/2 and 73/2 as the Gor’kov domain. We
showed in Sec. 3.2.2 that a multicomponent GL theory with only IBP is
reduced to a single-component GL theory with a sole coherence length,
see Eq. (3.47). Immediately after the presentation of this issue [67],
several publications managed to restore the multicomponent nature of
the GL theory (extended GL theory) [114, 130, 131]. However, all those
efforts require the inclusion of a higher order (7°/2) in the expansion
of the OP around T,.. This means that within the Gor’kov domain and
in presence of only IBP the multi-component nature of the GL theory
is lost.

The purpose of the present Chapter is to study a multicomponent
GL theory in presence of both IBP and CBP. In order to do this we will
derive microscopically the GL equations within the Gor’kov domain
and proceed with the conventional reconstruction of the OP. Then we
will study the normal-superconducting interface and the vortex lattice.
At the end we will discuss its experimental signatures in MgB, and
FeSCs.
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5.1 DERIVATION OF THE GINZBURG-LANDAU EQUATIONS

We will derive the GL equations in presence of crosspairing for a
two-band system using the method developed by Vagov, Shanenko,
et al. [131]. The Hamiltonian in consideration and the pair amplitude
definition are given by Egs. (4.3) and (4.4) respectively. From this
system one can write the Gor’kov equations in the form of the Dyson
equation for the matrix propagator Gij,,,

Gijw = g,-(]?j + gi(;glAklgljwr (5.1)
with
(0)
G . F. G 0
gijw — < _l]w _1](0> , gl(](()g — jw _(0) , (52)
Fiw  Gijw 0 Gjj,
- 0 A M M
Aij = ( . ”) , M= ( ! u) : (5.3)
Ai]- 0 My My

© &0

i Gijwr Bij and Aj; are matrices 2 x 2

where Gjjw, Fijw, Gijw, Fjw, G
whose general form is given by M;;. Therefore QW and Qi]. . are 4 x 4
matrices. One can write Eq.(5.1) in an integral form as follows:

Fiul7,7) = [ Y66 D8 @)CiuGT)  6a)
G_ijw (?’ ?/) = G_l(](i); 1’, 1’ + / dByGikw (?' g) Ag (g)Fljw (]7, ?/)' (5.5)

The systematic expansion in small deviation from the critical tem-
perature is controlled by the parameter T = 1 — T/T.. This parameter
allows us to introduce the following scaling for the order parameter
and the coordinates,

Aj=1"?D;, F=1 1% (5.6)

We recall that the Gor’kov domain is defined by solving the system
of equations (5.4) and (5.5) by an iterative method and consider only
terms up to 73/2 as done without crosspairing. Substituting Eq. (5.4)
into Eq. (5.5) and its result back into Eq. (5.4) we obtain

Fu@?) = [ EyGRLEDM@CELGT) + [ Eyndys x
X dysGl) (7, 1) A ()
)G

Gl (7, 13)Aop (i3

X
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The order parameter can be obtained from the above equation as
follows:

Ajj = lim - Y Sk Y Fuw(@ )| = Tl/zAl@ + 73/251(-1), (5.8)
=7 ,3 T o J J

where B = 1/(kgT) with kg = 1 and we have further expanded the

order parameter to be consistent with the Gor’kov derivation®. Using

the expression to obtain the order parameter (5.8) in the expansion of

the anomalous Green function (5.7), we obtain

. 1 1
Nii(7) = B Y Sijk ZI,EZA) "B Y Sijk ZIIE,B), (5.9)

ki ki
1 = [ 4G5, D am@CRLG7, (510

1P = [ dpdyadys G, 7, 50) B (71) G (71, 72)
X A%, (72) oo (72 73) By (73) G (73, 7). (5.11)

We note that our system is symmetric under the exchange of the
band index 1 < 2. Therefore it is sufficient to write down the GL
equations for Ajq(7) and Aqp(7). The details of the sum over Matsubara

frequencies and the integration in Eq. (5.9) are given in the Appx. (B).

Aij = Zgij,kl (Akl +anT + KkZBZ) Ay +
Kkl

— gijn1 (b1n] D11 [P D11 + 2012 | A [P A1 + biaAA%,) +
— gij22 (b22| A2 Aoy + 2015 | A [P Az + bio AL AL +
— 2gij12 (b12| A1z 212 + b12| A1 [*A1a + b | AP Arp +

4+ biA1AnA}), (5.12)
with
2e7
Aij = Nij(0) In o) i N;j(0),  (5.13)
2
UF; 72(3) 70(3)

N i N
Kl] NZ](O) 6 8(7TTC)2/ bl] Nl](o)s(nTc)zr (514)

1 1
N12(0) = 5 [N11(0) + N2 (0)],  vf, = 5(0%11 +9g,),  (5.15)

where {(x) is the Riemann zeta function, -y is the Euler constant, N;;(0)
is the density of states relative to band i and vp;; is the Fermi velocity
relative to band i. At this point, it is important to remark that the above

1 In principle the above expression should contain all orders in the T-expansion,
however the Gor’kov domain only contains two terms /2 and 13/2. Extended GL
formulations include terms up to 5/2,
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coefficients given by Egs. (5.13) and (5.14) are obtained when the two
bands in consideration overlap, see Appx. (B). In general, the presence
of a finite interband distance will affect the GL coefficients. Nonetheless,
we will proceed with the two-band system with overlapping bands
and later heuristically assume that the variation in the coefficients
can be represented by variation of the normalization factors in the GL
equations.

The number of components of a two-band system in presence of IBP
and CBP is three, because A1, = Ajy. Therefore we can write the GL
equations using 3—component order parameter (A1, Ax, A12).

Now we introduce Eq. (5.8) into (5.12) and group all terms propor-

tional to 71/2,

g1111A11 — 1 g11,22A2 g11,12412 A&?)
g1t A gonAn -1  gninAn Aé‘? =0. (5.16)

<0
g12,11 A1 g122A2 g An —1 A§2

As usual from the determinant of the above matrix one can obtain
the expression for the critical temperature, T..

The GL equation is obtained by collecting the terms proportional to
/2 in Eq. (5.12),

5511) 811,11 811,22 811,12 O [Ag‘i)]
Mij | AY | + | g1 g2 gon | | n[AD] | =0, (5.17)
A%) 12,11 1222 81212 O [Ag) ]

where M;; is the same matrix given by Lh.s in Eq. (5.16), Qij[ﬁf]p)] is
given by the terms proportional to 73/2 in the r.h.s of Eq. (5.12). Now,

we assume that the term proportional to Afjl) of Eq. (5.17) when multi-

plied by the inverse of g;; i vanishes or that it satisfies the equation
for T, given by (5.16). Then Eq. (5.17) becomes

O [AY]
oo [Agg)] =0, (518)
Q1 [A)]
where we assumed that g;; is non singular. In what follows we

will drop the bar notation and upper index (0), AE]Q) — Ajj. The full
expressions for ();;[A;] are given by



5.1 DERIVATION OF THE GINZBURG-LANDAU EQUATIONS

[ - AZ AX
Qll[All] = a1 T+ KHDZ — b11|A11|2 — 2b12‘A12|2 — b12121122:| All

- 2 2 2 AL AL
On[An] = |anT+ KnD” — bn|Axn|” — 2b1z|A1p|” — bjp—— Ay Aoy
OplAn] = |2a127 + 2K1pD? — 2b13|Apa|* — 2b1 | A [* — 2012 | Ao +

JASEPAY YA
- 2b1211A2212} Ay
12

From the above equations, we can identify the GL operators in
presence of only IBP, L11, Ly and in presence of only crosspairing Lis:

A2 A
L11 — 2b1p|Ara|* — bra 1A2 22} A =0, (5.19)
1
I A2 A%
Lyy — 2bip|Ara|* — bya 1A2 11} Axp =0, (5.20)
L 2
A1 A0 A¥
L1z — bip| A > — b1a|An|* — b12nAiu} A1 =0, (5.21)

where L;; = Kijﬁz/ 2+ a;T — bl-j|Aij\2 are the conventional GL opera-
tors.

Remarkably the system of equations (5.19-5.21) remains coupled
only due to the presence of cross-band pairing (Ajx # 0). Furthermore
the coupling between the condensates contains a non-trivial phase
dependence which is different from the Josephson coupling due to the
presence of the crosspairing phase ¢1;.

At this point is useful to test the validity of our system of equations
by taking the limit with only IBP, Aj; = 0, and the limit with only
CBP, A11 = Ay = 0. Interestingly for both cases we recover the single-
component GL equation.

Now using the variational principle we write the free energy density
that contains the system of equations (5.19-5.21),

b1y

f = Ku|DAp* —ant|An* + = \A11|4+2b12|A12\ |An|* +

Koo |DAp|? — apt|Ax|* + 7\A22!4 + 2b12 | App|? | Aga|* +

+  2K1p| DA |* — 2a157|Arp)? + bia| Ara|* + b1oAZ, A5, AT,
+ b12A11A22A1§ + 3 (5.22)

—,

We note that although the GL equations (5.19-5.21) are phase de-
pendent, the reality of the free energy is preserved. This can be seen
from the sum of the phase-dependent terms of Eq. (5.22). Interest-
ingly, we observe the emergence of the angle 0 = 2¢12 — ¢11 — ¢
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which was also present in the microscopic pair amplitude equations
(4.7). This angle introduces new degrees of freedom similarly to the
Josephson coupling. However, we recall that Josephson couplings in
the conventional GL theories cannot be incorporated when one has
only intraband pairing. Remarkably, when one has both IBP and CBP
we have phase interaction between the different components which
are well defined within the Gor’kov domain (see introduction of the
present Chapter). This surprising result constitutes one of the main
contributions of the present thesis.

The free energy (5.22) reaches a minimum for § = 7 as a conse-
quence of the positive coefficient by, see Eq. (5.14). We show in the
previous Chapter that the mere competition between IBP and CBP can
induce a phase shift of 7 between condensates, see Fig. 4.7. Now
from the GL equations (5.19-5.21) and its related free energy (5.22), we
conclude that the origin of the 7-phase shift in 6 is a requirement to
reach the minimum of the free energy.

In the next Section we will attempt to reconstruct the order pa-
rameter to elucidate if our system of equations can be reduced to a
single-component GL equation with only one coherence length.

5.2 RECONSTRUCTION OF THE GINZBURG-LANDAU ORDER PA-
RAMETER

We will perform the reconstruction of the order parameter following
the same method from Ref. [130, 131]. For our case, the reconstruction
of the order parameter consist in the reduction of the three GL Egs.
(5.19-5.21) to a single GL equation with only one component. First we
introduce the 1;; as the inverse of the coupling matrix g;; x:

-1

81111 §1122 L1112 Y11 Y12 Y13
Yii = | 2211 82222 82212 =721 722 3 |- (5-23)
81211 812,22 f12,12 Y31 Y32 Y33

Using the above matrix (5.23), we can write Eq. (5.16) as follows:

Y11 — An Y12 Y13 A
Y21 Y22 — Ax Y23 Aég) =0. (5.24)
Y31 732 v33 — An2 Aﬁg)

Now we begin the reconstruction of the order parameter by obtain-
ing the eigenvector whose eigenvalue is zero from equation (5.16),

1

A7) = g ellenon) $(),  (5.25)

S117237Y32+522713Y31 —2712Y23Y31 el(Pr2—gn1)
S33(712723—522713)
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where S11 = 711 — A11, S22 = 722 — A and S33 = 733 — An.

The proportionality of the multiple components given by Eq. (5.25)
is a physical constraint because all pair amplitudes become simultane-
ously zero at T.. This proportionality holds also for the GL equations
in presence of only IBP which ultimately makes our system to present
a single coherence length. However, we observe that our eigenvec-
tor (5.25) presents a relative phase which can induce a negative sign
whenever ¢y — @11 = 7T Or P12 — P11 = TT.

The eigenvector with zero eigenvalue is obtained from the expres-
sion #1y(7) in Eq. (5.25). To form an orthogonal basis we obtain the
second eigenvector by taking the scalar product, 7.7, = 0 and the
third one by taking the vectorial product, 773 = #f; x 7.

We proceed with the reconstruction of the OP in the GL equation as
follows:

Y11 — An 712 713 Aﬁ) R11[A§(i)]
Y21 Y22 — An 723 Ag) = | Rp [Aég)] , (5.26)
31 732 33 — Az Aﬁ) Rip [A§3 ]

where we have dropped the bar notation, Ag() — Ag{).
The term 73/ of the Gor ’kov expansion mixes the different orders of

the order parameter, A(] ) and A( ) . Interestingly the relation between
different orders is linear and can be decouple if we chose an appropiate

basis for Agjl),
1
Ay
Ay | = x1()ii + x2(7)ij2 + x3(7) 7. (5.27)
AL
12

Substituting (5.27) into (5.26) and projecting its result to 7],

g 0 0) (Al
_ * * * = (0) 8
0= (771(1) T(2) ’71(3)) 0 H 0 A%z) ’ (5.28)
- 0
0 0 &Ej A},
with
A(O) 2 A(O) )
81 =Ln-— 21912|A£)|2 - b127‘ 12 | 1Az |619 (5.29)
A7 |
(0)12 A (0)
- 0 A [P1AY ]
Hp = Ly — 2b12|A52) |2 - blZMelG (5-30)
s A1 AL AL
7 =Ly _b12‘A11 ‘ b12!A§g)\2 — by ‘ 11 H 22 H 12 | 719 (5 31)

N
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where 6 = 2§012 — P11 — P22.
We finish the reconstructive procedure by substituting (5.25) into

(5.28),

KD +at — BO)[p(P)F] $(7) =0, (532)

with

K = Ki1 +77Kn +272K12,  (5:33)

& = ayy +1pan + 202a1,  (5.34)

(1+ 77% + 11, cos 0)
2

B(6) = b1y + 1ybyn + 217712 |1+ 2 , (535)

c

where (14,15, 1c) = 7j{ are given by Eq. (5.25).

It is important to remember that the reconstructed GL equation (5.32)
is equivalent to the multicomponent system of equations (5.19-5.20)
only when the phases of the different components ¢11, @2 and @12
are constant. This can be seen from Eq. (5.35), where normalization
of B(0) is ill-defined due to the phase dependence from the other
components. Nonetheless, we will proceed the analysis assuming 6 as
an auxiliary variable (non-dynamical variable). The minimization of
the free energy will constraint the values of 6 to two cases: § = 7 for
1(2) > 0 or 6 =0 for 17;(3) <O0.

Now the GL equation is reduced to a single component where p
is now phase-dependent. From the GL equation in presence of IBP
and CBP, Eq. (5.32) and using Egs. (2.52) and (2.59), we obtain the
superfluid density and London penetration depth:

« m*c2p(6
m(@) x5 M0 =B,
where m* and e* are the effective mass and electric charge when one
solves the London equation together with Eq. (5.32).

To end this Section, we will speculate the connection of our results
with the experimental data. The phase dependence of the London
penetration depth (5.36) implies that the phase transition st~ <>
st should be accompanied by a change in Ay, or in the superfluid
density. Particularly, the phase transition st~ — s** can be induced
by disorder in superconductors with a pristine st~ state [93]. In a two-
band superconductor, the physical origin of this transition is caused
by the strong scattering between the two bands induced by disorder.
This means that the mean lifetime that an electron stays in a single
band approaches zero until one obtains effectively a dirty-one-band
superconductor. Suitable candidates that present this transition are

(5-36)
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Figure 5.1: (a) Density of states Niot(w)/N vs. the scattering rate I'; / Top and
w/ Ty. (b) Total superdluidity density 1/ (cup/\L)z vs. 'y /Tyo and
T /T where w) is the total plasma frequency and A;. From Ref.
[35]

the FeSCs were disordered can be induced by proton irradiation [35],
see Fig. 5.1.

The reported results shown in Fig. 5.1 from Ref. [35] were obtained
using the linearized Eliashberg equations and the T-matrix approxi-
mation for the the average impurity self-energy. Furthermore the GL
formulation of a dirty two-band s™~ superconductors although agree
with the conclusion that disorder disfavors the s™~ state [93], is not
able to predict the phase dependence of the London penetration depth
and superfluid density. Here we point out that if one includes IBP
and CBP within the Abrikosov-Gor’kov framework, then one has the
necessary degrees of freedom to describe the phase change in the
London penetration depth and superfluid density induced by disorder.
Experimentally the signatures of st~ — s™1 were found in single
crystals Ba(Fe;_yRhy)As; [45, 112], Fig. 5.2.

Strikingly in Fig. 5.2a we observe a small enhancement of T, with
increasing disorder. This effect is similar to the transition from IDR to
the CDR see Fig. 4.7. Therefore, it is possible that as disorder increases,
the mean lifetime that the electrons stays in one band gets smaller
favoring cross-band pairing. If disorder can trigger the transition from
the IDR to the CDR then we know from the previous Chapter (see
Fig. 4.5) that it is also possible in absence of the s~ — st phase
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Figure 5.2: (a) Critical temperature of the irradiated crystal normalized to its
value for the pristine crystal vs. disorder. (b) Low-temperature val-
ues of the London penetration depth. Here disorder is represented
by the average displacement per atom dpa and the different back-
ground color are used to qualitatively distinguish between the
sT~ and s phases. From Ref. [45]

transition. This would imply in a continuous decrease of the London
penetration depth according to (5.36). Experiments in the thin film
Ba(Fep9Cop1)As; [112], reported a tendency towards a gapless state
for the weaker gap (in-gap) without discontinuity in the London
penetration depth.

5.3 INTERFACE ENERGY

In this section we will calculate the surface energy Eg for the normal-
superconductive interface at the thermodynamic critical field H.. The
interplay between the diamagnetic energy which is positive and the
condensation energy which is negative will determine whether the
superconductor is of type-I (Es > 0) or type-II (Es < 0).

Now, close to T, and far from the normal-superconducting interface,
we can neglect the variations of the order parameters as they become
homogeneous in the bulk. The homogeneous order parameters are
obtained from (5.25),

MY =t Ay =2, AR =g (537)



5.3 INTERFACE ENERGY

From Fig. 2.4, we can see that the critical field equals the free energy
when the order parameters are homogeneous. If we substitute (5.37)
into (5.22) we can write the critical field as

2
== bu i 2len |14 S o). (539)

When one considers the normal-superconductive interface in two-
band superconductors without CBP, then it is possible to define the
single-band penetration depth as )\Elz = 47rez|Al(l.0 ) 2/ (m;c?) [44]). Fur-
thermore due to the additive property of the superfluid density relative
to each band (ny = 11 + na, n;j « 1//\5,12), then one can write the
effective London penetration depth as A;% = /\Z% + /\E% However,
we should have in mind that when one considers IBP and CBP in a
two-band system, then the additive property of the band-dependent
superfluid density is not longer valid. The presence of crosspairing,
(A12 # 0), introduces a new term in the total superfluid density which
now must account not only for the density of Cooper pairs relative
to band 1 and 2 but also for the density of cross-band Cooper pairs.
This implies that we cannot extract the effective London penetration
depth directly from Eq. (5.38). Nonetheless, in what follows we will
analyze the normal-superconducting interface of the reconstructed GL
equation where the London penetration depth will be given by Eq.
(5-36).

We proceed by considering the interface between a normal state and
a superconducting state defined by the plane z = 0, see Fig. 5.3,

Figure 5.3: Schematic representation of the interface between the normal and
the superconducting states. Figure extracted from Ref. [44]

In the above figure, Fig. 5.3, the external magnetic field is chosen
to be the critical one along x-axis Hy = Hy(z) with vector potential
A, = —A(z),s0 V x A = H. For systems with an external magnetic
field is more convenient to work with the Gibbs free energy, then using
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Eq. (2.76) we write the Gibbs energy G relative to the reconstructed
GL equation (5.32),

78 .

p (5:39)

G = KIDy(@)? - atlyp(7) + %5(9)|¢(7)|4 +

We make the Gibbs energy (5.39) dimensionless by performing the
following scaling in the variables,

—

R L z
G= 27 ’ll)’2 — “at h = ;o S= 5 (540)
e B V2H, AL

where the coordinates where scaled in units of the London penetration
depth A;.

We are interested in the spatial profile of the surface energy in the
z-axis, then using Eq.(2.63), the above scaling (5.40) and integrating
along the z-axis then the surface energy becomes

y=1[as [; (s ids — &) g — 1912+ 31l + (ﬁ - \2)1 ,
(5.41)

where we used the expression of the critical field as function of the
coherence length, H, = c/(2¢¢?) and we have defined the coherence
length and GL parameter as follows

CGL = \/E/ K(H) = )%LG@ (542)

The angle dependence of the penetration depth A(#) and the GL
parameter k¥ = x(6), implies that the classification of superconductors
in type-I and type-II depends on the position 7. This means that
depending on the value of 6 = 6(7), then one can can have type-I
superconductivity, type-II superconductivity or both. See Fig 5.4.

One could be eager to conclude that even in presence of IBP and
CBP the three-component Ginzburg-Landau equations are reduced
to a single-component with only one GL parameter «, see Eq. (5.42).
However as we mentioned before, the reconstruction of the order
parameter and the classification of superconductors in type I or type
IT is valid only when the phases are global. The assumption of 6 =
f (@12, 911, ¢22) as an auxiliary variable is valid only for non dynamic
variables which is the case for @1, and @2, but not for ¢q;. This limits
the validity of the reconstruction of the order parameter and the
analysis of the surface energy to the homogeneous case, i.e. when all
phases are constant.
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Figure 5.4: Hypothetical situation where the type-I/type-II classification di-
chotomy is present. The figure presents a transverse section along
the xz-plane from the schematic representation 5.3. The spatial
profile of the coherence length ¢ is given by the solid blue line
and the possible spatial profiles for the London penetration depth
A(0) are given by the solid red line (¢ = 0) an the red dotted line
6 = ).

It would be interesting to study the formation of Abrikosov vortices
in presence of IBP and CBP using the three component GL equations
(5.19-5.21). In the next Section, we will described the most pronounced
features that signal the competition between intraband and cross-band
Cooper pairs. Although not develop in this thesis would be interesting
to study the inclusion of CBP in presence of other competitive orders
such as the presence of charge-density waves or spin-density waves,
which modify the periodic electronic structures of the solid [39], the
presence of disorder in a two-gap superconductors which promotes
the s~ — st transition [35, 45].

5.4 VORTEX LATTICE
We start by writing the Gibbs free energy from Eq. (5.22) in dimen-
sionless form,

H? Ta B2 2 2, Ta 4 2 2
F = ﬁ /dV I:ZH‘DA11| — Ta|A11| + Eﬂ|A11| +21’aTC|A12| |A11| +

2 2
r2 r
+ Eb!DA22|2 — 12| Ap|* + Eb!A22|4 + 21| Ao |* | Aga|* +
+ 12 DAp | — r22| A + 12| Av|t + \Tarpre A A5 AT +
+  Tarpre D3 DAy + k2 (h — Hp)?, (543)
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here H?/(47) = (a117)?/ b1y, is the nominal critical field energy given
by only Ay1, see Egs. (5.13-5.14). Each component A;; is normalized
with respect to \/a;;T/bjj where r3 = H%,/H?, rj = H%,/H? and
r2 = H?,/H? are the relative ratios of the component-dependent
critical field energies with respect to H2. Furthermore D = V /i — A,
V x A =h,His the applied magnetic field, « is the GL parameter
given by k = A /g1 where A; and ¢y, are the London penetration
depth and coherence length given by the presence of only Aq;. Thus
)\L = (c/e) \V bll /87T’C111111T and ‘:GL =V ]Cll /1111. All distances are
normalized by ¢¢; and the vector potential A by cfi/(2e¢cr). From
the Gibbs free energy (5.43), we obtain the dimensionless GL equations

_ A2 N
[TgLn — 2rare|Ara|* — \/TaTyre 1A21122] A1 =0, (5.44)

_ A A¥
[T’%Lzz — 2rpre| Anp|* — /Tatpre 1A22211] Axp =0, (5.45)

_ A11A» AY
[Vngz —1e(ral D11 )* + 10| A |*) — \/VaVchHAiu] Ap =0, (5.46)

where Ljj = D?>+1— |A;|? is the dimensionless GL operator. The
coefficients r,, 1, and r. will be the tuning parameters that control the
crossover between the IDR and the CDR.

At this point we introduce the method of link variables to solve the
system (5.44-5.46) in 2D. We apply the method as described in Ref. [87]
and employ periodic boundary conditions. This method is based on
the lattice gauge theory where the broken U(1) symmetry is restored
by the introduction of link variables. In addition we will insert a time
relaxation term that will help us to determine the most adequate
iteration step. The details of this method and its implementation for
our system are given in the Appx. C.2. We note that Eq.s (5.44-5.46)
are similar to equations (4.7) in the sense that we expect competition
between the intraband components (A11, Ayp) and the cross-band
component (Aq2). Therefore we expect three non-trivial solutions: (a)
only intraband components different than zero (A3 # 0, An # 0,
A1y = 0), (b) only crosspairing component different than zero ( Aj; =
Ay = 0, Ap # 0) and (c) all three components different than zero
(A11 # 0, Ay # 0, Aqp # 0). For any case, we will assume that we have
obtained a solution if after two consecutive iterations the maximum
deviation of each component is lower than 107 ( oA < 1077).

The figure on the right presents
the scaled colorbars of the
Cooper-pair density (a) and the
phase of the GL component (b).
All solutions presented in this
thesis will follow the same scale.
Therefore, blue and red will rep-
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resent 0 and 1 for the minimum
and maximum Cooper-pair den-
sity. It will also represent the phase change from —7 to 7.

To elucidate better the interplay between the intraband and cross-
band GL components we first calculate the solution for two identical
overlapping bands. This means that the intraband and cross-band
Cooper pairs are energetically equally favorable so in the free energy
(5.43) the coefficients are r, = r, = r. = 1. For this case, our system
of three equation is reduced to only two, (5.44) and (5.46), which we
solve by taking as initial condition, Aj; = Ay = 1.

Figure 5.5: Superconducting square of lateral side 20¢ in a homogeneous
magnetic field equal to 0.31H,. (a), (b) are the Cooper-pair density
for the intraband |A11]? and cross-band |A1;|? components respec-
tively. Below each Cooper pair density we have their respective

phases ¢11(c) and @15 (d).

The competitive behavior between the intraband and cross-band GL
components for a superconductor is depicted in Fig. 5.5. Interestingly
we observe a tendency that whenever Aq; is maximum, Aj, is min-
imum and vice versa. This indicates a strong competitive interplay
between the intraband and cross-band GL components. Note that in
Fig. 5.5a we have the formation of a vortex cluster given by the big
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blue region. In Fig. 5.5b we observe the formation of string of vortices
that surround two vortices in the bottom right region. The vortex
arrangements on Figs. 5.5(a,b) which are different from the Abrikosov
lattice (triangular lattice), signal the presence of crosspairing. In case a
similar simulation is done for r;, > r. and for r. > r, we recover the
Abrikosov lattice for the IDR and CDR respectively.

Although the above solution, Fig. 5.5 was obtained only for the case
that IBP and CBP are both energetically equally favorable (r, = r.), the
domain of coexistent with non trivial solutions can be enlarged. This
can be achieved by considering a more realistic scenario where the
two bands in consideration do not longer overlap, see Fig. 5.6.

Figure 5.6: All solutions correspond to a superconducting square of lateral
side 20& in a homogeneous magnetic field equal to 0.31H,. For
each row we fixed the normalization coefficients {r,4,rp,7c} :
(a-c) {1,0.43,0.75}; (d-f) {1,0.42,0.75}; (g-i) {1,0.3,0.75}; (j-1)
{1,0.2,0.75}; (m-o0) {0.9,0.1,0.75}.

In Fig. 5.6, we present solutions for five different set of parameters
{ra, 1y, rc} with initial condition A1y = Ay = A = 1. Those solutions
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(intermediate states), describe a transition from the IDR to the CDR
and were obtained by reducing the parameter r, or r,. Across the
simulations we assumed that the following condition, r, < r. < 7,
holds. The intermediate states are characterized by the deformation
of the Abrikosov lattice, in the form of a square lattice (Fig. 5.6(f,j,1)),
elongated vortices (Fig. 5.6(e,f,1)), stripes (Fig. 5.6(g,i k)) or clusters
of vortices (Fig. 5.6(g/h,i)). The reestablishment of the Abrikosov lat-
tice for the IDR or CDR is accompanied by the vanishment of A, or
{A11, Ay } respectively.

Usually the melting of the Abrikosov lattice is an indicative of a first
order transition [62, 110, 111, 140]. In our case the free energy presents
clear discontinuities when one approaches the crossover region as
shown in Fig. 5.7.
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Figure 5.7: Normalized free energy vs ratio r,/r. where ra = 1. A first
order transition is clearly observed at the the boundaries of the
intermediate state with the CDR for /7, = 0.178 and with the
IDR for 1y /7. = 0.418.

Fig. 5.7 describes a first order transition which is accompanied by
the melting of the Abrikosov lattice as follows from Fig. 5.6. Interest-
ingly at the intermediate state we have other consecutive first order
transitions which reveals a multi-phase nature of the superconducting
state in presence of IBP and CBP.

Vortex configurations different from the triangular lattice has been
reported in MgB, single crystals [27], superconducting/ferromagnetic
hybrids [29], BaFe;_,Ni,As; at low field [72], the order-disorder transi-

tion in NbSe; and the Turing like patterns as reported in EuFe>(Asg 79P021)2

[121]. In these materials, the origin of different vortex patterns is at-
tributed to the competition between short-range repulsive and long-
range attractive vortex-vortex interactions. Typically systems with
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nonmonotonic repulsive-attractive interaction leads to the vortex core
deformation which induce frustration and consequently the deforma-
tion of the Abriksov lattice [143]. For all practical cases the simulations
and descriptions of unusual vortex configurations are only possible in
presence of different lengths scales which is a fundamental premise of
any multicomponent GL theory.

Figure 5.8: Scanning Hall probe images (=~ 50 x 50 um?) of the vortex distri-
bution in a 160 nm thick superconducting MgB, film at T= 1.7
K and fields of (a) 1.25 G, (b) 1.7 G, (c) 28 Gand (d) 5 G, and a
77 nm film at (e) 1.25 G and (f) 2.8 G. Typical examples of dimers
and voids are indicated in (a), short chains in (b) while vortex
locations in (d) are highlighted with white dots. From Ref. [27].

In this Chapter we have microscopically derived the GL equations us-
ing the Gor’kov approach for a two-band superconductor in presence
of both IBP and CBP. In systems without crosspairing the reconstruc-
tion of the GL order parameter prohibits the definition of different
length scales besides one London penetration depth and one coher-
ence length. Remarkably the situation changes when one includes
crosspairing due to mixing of the different components and its phase-
dependent interaction. The reconstructive procedure for this case fails
to globally lock all the phases of the different GL components. As a
consequence one has a phase-dependent penetration depth A(0) which
challenges the conventional classification of superconductors in type I
or type II. This means that the long range order of the superconducting
state cannot be described by the phase of a single component and one
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needs to introduce other components. Moreover, we showed that a
two-band system in presence of IBP and CBP is minimally described by
a three-component GL theory. In this case, the smoking gun signatures
of the interplay between superconductivity and magnetism are the
intermediate states characterized by the deformation of the Abrikosov
lattice in form of new patterns like, square lattices, stripes, labyrinths
and vortex clusters.
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CONCLUSIONS AND PERSPECTIVES

Emergent phenomena in multigap superconductors or multicompo-
nent Ginzburg-Landau theories are defined as the new phenomena
which cannot be attainable by a superconductor with a single gap
or a single component. In this thesis we have studied the emergent
phenomena in superconductors with multiple gaps and multicompo-
nent Ginzburg-Landau theories in presence of intraband pairing and
cross-band pairing. By cross-band pairing or simply crosspairing we
refer to a Cooper pair formed by two electrons where each electron
belongs to a different band. To distinguish the novel signatures and
consequences of superconductors in presence of these two types of
pairing, we have divided the conclusions in two parts:

Without crosspairing

A multigap superconductor or a multicomponent Ginzburg-Landau
theory with zero interband coupling and without crosspairing presents
no new phenomena besides the ones described by the conventionals
BCS and Ginzburg-Landau theories. This is a natural conclusion be-
cause when different regions of a physical system do not interact with
its surroundings, then each region becomes and independent system
by itself. However, multigap superconductors with small interband
coupling (scattering of electrons between different bands) present os-
cillations in the relative phase (Legget modes) and amplitude (Higgs
modes) of the order parameters. Interestingly, in this thesis we have
found that this effect is more pronounced at weak interband coupling.
For example, in a two-band system when the interband coupling is
positive the phase of both order parameters has the same sign. This
defines an s™" phase, however when the interband coupling is neg-
ative, then we have a change of sign in one of the order parameters
which defines an s7~ phase. As a consequence we have that the gap
resonances accompanied by Legget and Higgs modes are more pro-
nounced at the st~ <> st transition. On the other hand we have
found that the Gor’kov derivation of the Ginzburg-Landau equations
for multigap superconductors do not incorporate the Josephson cou-
plings between the different components. Therefore effectively we
have only one coherence length whose value is just renormalized by
taking into account the contribution of all different bands. Hence, a
multi-component Ginzburg-Landau theory with only intraband pair-
ing can always be described by the conventional single-component
Ginzburg-Landau equation.
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With crosspairing

When one introduces crosspairing, even systems with zero inter-
band coupling can present gap resonances accompanied with Leggett
and Higgs modes. This occurs because cross-band pairing introduces
phase interaction between the intraband pair amplitudes and the cross-
band pair amplitude. In this thesis we have shown that in presence
of crosspairing the energy spectra of the electrons, the gap openings
in the density of states and the London penetration depth are phase-
dependent. At the microscopic level, the interplay between intraband
pairing and cross-band pairing have several unique effects. For one,
cross-band pairing increases the splitting between intraband gaps,
with a tendency to decrease the weaker gap towards an entirely novel
“gapless” state. The signatures of this state will still be observable
in measured quantities as the order parameters of the superconduct-
ing state, no longer directly correspond to the observable gaps. The
crosspairing also introduces the possibility of a phase frustration be-
tween the pairing channels, leading to novel transitions as a function
of temperature (such as st~ — s™), and nontrivial response of the
superconductor to an external magnetic field.

In this thesis we found that multicomponent Ginzburg-Landau the-
ories within the Gor’kov domain (expansion of the order parameter
up to (1 — T/T.)%?) are only present when one considers intraband
pairing and cross-band pairing simultaneously. The equation for T,
in this case also restricts the introduction of Josephson couplings be-
tween the different Ginzburg-Landau components, nonetheless the
different order parameters remain coupled due to the induced hy-
bridization by crosspairing. In this scenario, we have shown that a
two-band system with intraband pairing and cross-band pairing is
minimally described by a three-component Ginzburg-Landau theory.
Interestingly the interplay of those components present an intrinsic
competition similarly to the one found between intraband and cross-
band Cooper-pair amplitudes. Moreover, we have obtained in this
thesis new effects in presence of a constant magnetic field, where the
competition between the different components drives effectively a
nonmonotonic repulsive-attractive interaction among vortices which
leads to the deformation of the Abrikosov lattice. This deformation
presents itself as a first order transition at the boundaries of the inter-
mediate state with the intraband dominated regime and cross-band
dominated regime. The intermediate state presents multiple phases
where the vortices arrange in different configurations like the square
lattice, higher-flux vortices, elongated vortices, stripes, labyrinths and
clusters. Therefore the new derivation of the Ginzburg-Landau theory
with the inclusion of crosspairing introduces an exciting new venue
where its signatures can experimentally be tested.

Perspectives
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Our results call for revisiting the existing theories and experimental
data for multiband superconductors with close bands or hybridized
orbitals, bearing also in mind that the band dispersions and chemical
potential can be tuned towards a parameter regime where the above
mentioned signatures of crosspairing with and without an applied
magnetic field can be detected. Remarkably, the signatures of cros-
spairing resemble the effects of magnetic impurity doping, applied
magnetic field and disorder induced transitions which suggests that
the presence of crosspairing in superconductors is more general that
we initially thought. For example, the presence of magnetic impurities
in MgB; induced by Mn substitution present a pronounced coherence
peak in the density of states similarly to the gapless state tendency
of the weaker gap. This signature in the density of states can also
overlap with the long searched Majorana zero-energy bound states.
Furthermore would be interesting to examine the competition between
intraband pairing and crosspairing competition in the presence of spin-
flip scattering, oddness in parity, and photo-induced phenomena. Also,
the theoretical formulation of the two-gap GL theory in the dirty limit
with nematicity looks very similar to the GL theory in presence of both
intraband pairing and crosspairing and present the same vortex con-
figuration (elongated vortices). Therefore, further investigation should
be directed towards the origin of the elongated vortex formation in the
FeSCs which can be an indicative of a nematic order, crosspairing or
both. Even beyond superconductivity, crosspairing and its competition
with intraband pairing remains insufficiently explored in molecular
optics, multicomponent superfluidity, and quantum chromodynamics.
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ANOMALOUS AND NORMAL GREEN FUNCTIONS

This Appendix is divided in two Sections. The first one presents
the derivation of the pair amplitude equations from the anomalous
Green function. The second Section contains a detailed derivation
of the spectral wave function and density of states from the normal
Green function. For both Sections we use the Gor’kov Green function
formalism.

A1l NAMBU-GORKOV APPROACH FOR N-MULTIBAND HAMILTO-
NIAN WITH CROSSPAIRING

In the Heisenberg picture of quantum mechanics the equations of
motion of the Hamiltonian (4.3) are given by

—haTlI]zT (f’[) = TllIJzT (fT) + le}l (.’)?T) Al] (J?) ’ (Al)
]
—haflpa (f’f) = _Ti*lpil (fT) + ZAZ (J_C') lP]T (f’() . (AZ)

Now we introduce the normal and anomalous Green functions:

Gy (¥r,27) = — (Tyn (F0) 9}y (7)), (A3)
Fy (¥, %) = —= (Tyf, (2 g (27)), (Ag)
Gy (70, 77) = 3 (Tl (7 gy (¥7)), (A5)

Fy (¥r,27) = — (T (¥1) gy, (V7)) (A6)

using the Fourier transform of the periodic time :

O (¥1,¥7') = ﬁlh Y e 0, (3,7, (A7)

with the equations of motion (A.1) and (A.2), then we can write the
evolution of the Green functions as follows:
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ihwGij = 6ij + TiGijw + ;Aikfkj,w (A.8)
ihwFij = —=T;Fij e + ; A Gy, (A.9)
ihwGijw = 6ij — T} Gijw + ; AjFi, (A.10)
ihwF;j e = T;Fjjw + ;Aikék],w. (A.11)

Assuming spatial isotropy, we introduce the Fourier transform of
the spatial coordinates:

Onmew (6,%) = Opmye (¥ —X'), (A.12)
O (F) = / P 0, (R—F) . (A.13)

Now, for a N-band superconductor we introduce the kinetic and
pair amplitude matrices:

¢ik O 0 A1 A O
T= 0 Czk 0 ’ A= Azl Azz 0 ’ (A~14)
0 0o ... 0 0

and the matrices for the normal and anomalous Green functions

Giiw Grw --- Fiw Fo2w O
Gw = GQL(U G22,w A ’ Fw = FZLW P22,w 0 . (A15)
0 0

Using the above matrices and assuming crossband pair formation
every two bands (i.e. between band 1 and 2, between band 3 and
4, and so on), we obtain the Nambu-Gorkov equations for N-band
system:

(ihw — &) Gw = InxN + AFy, (A.16)
(ihw + ¢x) Fow = A* Gy (A.17)
(ihw + &) Gw = Inxn + A*Fy (A.18)
(ihw — &) Fy = AG,,. (A.19)

From Egs. (A.18) and (A.19), we obtain the anomalous Green func-
tion F,,

F, = [(ihw + &) A (ihw — &) — A*} o (A.20)
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after tedious but straightforward algebraic calculations we obtain
F.:

Fy = _ijw ®Fw®..® quw; (A.21)

where the number of times we make the tensorial product is the
greatest integer of N /2. Fj, is given by

i (P +83)+DA, [ (iheo+&) (ihw—E;) + DA
5 (W0 +ER) (RPw+E2) (WPw?+E2) (FPw?+E2)
Fijw = [Aji(ihw—§;) (ihw-+§; ) + DA% _[8(rPw?+87)+DA}] » (A.22)
(Pw?2+E2) (HPw?+E2) (Pw+E2) (WPw?+E2)
where the excitation spectra E+ is given by
E. = 1(82+s2+2|A~\zib) (A.23)
+ 7 \5i j ij 7 23
2 2\? 2
b = (Si —e].> +4|Aii| "¢, (A.24)
2 2 2
c = (é’l — g]) + ‘Aii’ —+ ‘A]]‘ +2 ’Aii| ‘A]]| cos0, (A25)
where
Ci = % —u+tc spectra of a free electron
e =2+ |Ayl? BCS spectra without crosspairing

0 = 2¢;; — ¢ii — ¢j; phase dependence of the excitation gaps.
The pair amplitude definition is obtained as follows,
I

. 43
A = _ng..,klzeleJr/
1] = 1 ~ (271_)3

Finally summing (A.26) over Matsubara’s frequencies we obtain the
pair amplitude equations:

Fue (?) . (A.26)

Aij =Y Sijala, (A.27)
]

B tanh <%) tanh (%)
Ikl = / 3Akl fljl_ +fk_l (A28)
(27-[) 4E+ 4F

where
fii =1+ %  with k as the index of any band
f”jE =1+ % with [ as the index consecutive to k
fkilr =144  with kl as the index of the crosspairing
p =i —e +2|Aul (1 + %ge)
q=¢e — & +2|Agy|" (1 + ‘@%\leif))

r= (G — )7+ |Awl* + [An]* + 2| A |An| e



112 ANOMALOUS AND NORMAL GREEN FUNCTIONS

If the number of bands is two, the scattering elements g;; ,, is given
by the following matrix:

811,11 81122 &11,12
Sijnm = | 8011 8§22 §212 |- (A.29)
812,11 812,22 &12,12

where the pair amplitudes are given by

Ajj = ( A bAn >, (A.30)
Ay Ap

Now under the assumption that we have crosspairing every two
bands, the Gor’kov couplings scale with the tensor product g;;,s =
Zijki © &pqrs- For example, for N = 4:

811,11 81122 L1112 811,33 S11,44 11,34
82211 822,22 82212 82233 82244 822,34
81211 81222 812,12 812,33 81244 812,34
gij,nm = ’ (A31)
833,11 83322 833,12 &3333 &3344 33,34

84411 L4422 L4412 4433 S4444 84434

83411 83422 83412 83433 83444 834,34

where we neglected the couplings 1313 = 14,14 = §2323 = 2424 = 0.
This implies that the pair amplitude matrix for N = 4 is given by
diagonal blocks:

Ay A 0 0
Aij = far B2 00 (A.32)
0 0 Ay Ay

0 0 Ay Ay
which consistently have Aj3 = A4 = Az = Axg = 0 which is the our
assumption of crosspairing every two bands.
For the case of N odd, we proceed similarly to the case with N even

and add one column and one row to the Gor’kov couplings and pair
amplitudes matrices.

A.2 DERIVATION OF THE NORMAL GREEN FUNCTION

Similarly to the derivation of the pair amplitude equations, we can
obtained from Egs. (A.16) and (A.17) an expression for G,:

Gew = [(ihw — &) — A(ihw + &) A1 (A33)
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after tedious but straightforward algebraic calculations we obtain
Gy:

Go = Gijw & lew .0 quw/ (A-34)

where the number of times we make the tensorial product is the
greatest integer of N /2 times. Gy, is given by

- ihw + o) (thw + &1
Gijw = g T I 7 5 )2 X (A.35)
(h"w? 4+ E7 ) (h*w? + EZ)
. |Ap)? |A2|? A1 A A
ihw — & — ihw]icl - ih‘wzigz ih£+}§21 ih(ljfgzz
Apdy | Andj, ihw — & — SR V-7 i

ot T hotis ho+E ot

We observe that the elements the above matrix (A.36) are symmetric
under the exchange of the band index 1 <+ 2.
Now we calculate the spectral function S;;,, (k),

1

Sijw(E) =

S3Gijw (k) (iw — w +ie), €=0". (A.36)

The denominator of the normal Green function (A.36) can be ex-
panded as follows (7 = 1),

1 i1 o111,
(w2+E+)<w2+E_) o b 2E+ 1(,()+E+ 2E+ 1(4)+E+
1 1 1 1
A.
T iw B T 2E Ciw B >( 37)

taking the limit i — w + i€, € = 0" and using the relation

1 .
T —P(xi€)$zm5(x), (A.38)
we obtain
o r EZ 2 2
suof) =[5 (1-70) - (10 2) e s
L + +
1 E2 —¢2 1 App)?
+ 2(1+§i> +b82_2<1+§>| Zz| S(E4 — w) +
1 2-E> 1 App]?
+ 2<1—§1>82b +2<1—§2>| f' S(E- +w)+
L - +
1 1 E%—EZ, 1 Cz ’A12|2
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where we have neglected all the principle values because they do not
contribute to the imaginary part.

Analogously we can obtain the spectral wave function for S1200(K)

- 1 A1]|A
S12w(k) = [2 (1 - gi) |11|b’12| cos(¢11 — ¢12) +
1 A | |A
+§ <1 — lgl) |22|b|12| COS((plz — quz)] 5(60 + E+) +
+

A
15+ b

1 A
E < E+> |22L|12|COS((P12—(P22):|(5(_(U+E+)+

1 A1 ||A
1 A ||A
2 E_ b
! 1+ [81]|Ara] 12|cos( —@12) +
> E, b P11 — P12

A l||A
2 ( + E_> ’n‘lj‘u’cos(go12— ¢22)]5(—w+E_)

Now we introduce the spectral wave function coefficients for holes,

+

i) ed).

1 @)
Uiy = 5 <1 T ) Uy = 2 1+ == T (A.39)

and for electrons,

1 1 1 o
ho= (15 dems (105
1 1 1 &
2 1 61 2 62
Vi1 = 5 < E) r Ui =5 <1 E) (A.40)
Using the above expression for the electron and hole coefficients of

the spectral wave function (A.39) and (A.40) we write the elements of
the spectral wave function in a more compact form:
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S110(K) = <v%11 B} b % f12 |A22|2) S(Er +w) +
+ <u%11 Eib_eg — Uy, ’A22‘2> Ey —w) +
+ ( %2185 _bEZ_ + %22| ;72|2> S(E- +w)+

+ <”i21 % _bEz_ i |A22‘2 6(E- —w),  (A41)

A1

S12w (k) = b [0%12|A11!COS(<P12 —¢n) +

+ Z’%11|A22| cos(@12 — qozz)} S(Ef +w)+

+ Ug1a| A1 ] cos(@r2 — @11) + Uy | A22|| Az cos (@12 — (PZZ)] S(Ey —w) +

- V| An| cos(@12 — @11) + vy [A22| cos(prz — (PZZ)] S(E- +w)+

- Uiy |A11| cos(pr2 — @11) + Uy | Anz| cos(grz — €022)] S(Ey —w). (Ag2)

The sum rule of the spectral wave function requires that

+oo .
/ deijw (k) = 12><2, (A.43)
where the right hand side of Eq. (A.43) is the 2 x 2 identity.

We can perform the sum rule for the spectral wave function by
writing the delta of Dirac in a Lorentzian form

5(E; + w) = lim ~ €

5 A.
e—0 7T (E; £ w)? + €2 (A-44)

—

If we perform the sum rule for Sq1,,(k), we have

Yoo L1
/OO dwS11, (k) = 3 [(01%11 + uiyy) (EL — €5) + (0fyy + tipy) (65 — E2) +

Upa] D12 |* — gy | Ar2)? + V| A1 |* + “%22|A12‘2} . (A.45)

. . . I 2 2 _ 2 2 .
NZow if \;ve use 2’che fol%owmg identities, ujy; + Uiy = 1, Uiy + Uiy =
1, Uiyy + Uiy — Uiy — Ujqp = 0, we get

(E2 — E2), (A.46)

S| =

+00 o
/ da)Snw (k) =

—00
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furthermore using Ei — E2 =,
400 .
/_ dwSpe(F) = 1. (Aa7)

—

Complementary we calculate the sum rule for Sy, (k),

+o0 5 1
| dewSuau(®) = ;[ + oh) B |Ava] +
+ (g + 050 [ A2 Arz| — (4350 + Vi) | A1 || A1 | +

(ko1 + 0F12) B2l 812 . (A.48)
Similarly we use the following identities, ”%12 + U%lz =1, ”%11 +
2 _q .2 2 _q .2 2 _
Vin = 1, Uiy + Uiy = 1, Uiy + 03y = 0, we get

/+Oo dwS12, (k) = 0. (A.49)

—00

Therefore using (A.47) and (A.49) we verify the sum rule,

e > 10
dwSiji, (k) = . A.
| dwsi® (01) (A50)

Last but not least we calculate the density of states which can be
obtained from the spectral wave function as follows

A3k -
Ny = / S () (A51)

If we substitute Egs. (A.41) and (A.42) into (A.51) we obtain the
expressions for the density of states to be integrated numerically.



GINZBURG-LANDAU IN PRESENCE OF
CROSSPAIRING

To obtained the GL equation in presence of IBP and CBP we need to
sum over the matrix elements g;;x; and Matsubara frequencies the
following integrals:

1) = [ @960, G0 b @ELGH B
Iy = / 2 yndyad®ys Gy, (7, 51) B (51) Gl (11, 72)
X3y (72) G (72, 72 8qr (73) Gy (75, 7). (B.2)
First based on the CPT symmetry we use the following identity:
Gio) (%) = =G, (5,%), (B.3)

using the above identity (B.3) in (B.1) and (B.2), we get

A o e * s
1) == [ @960, DAmEY,77)  Ba)

10 = [ @yt ys Gl (5, 70) S (71) G (72 ) %
X A% (72) oo (72, 73) Bgr (73) G (7, 73). - (B.5)

Now the expression for the normal Green functions as usual trans-
form covariantly under a local gauge transformations:

(B.6)

Furthermore, the exponential in Eq. (B.6) using the path integral
formalism can be expanded around the classical trajectory which is
the straight line:

=1L

i

ehn

aln
S~
ol

J7

Adl b SA(FT) (B.7)

The above approximation (B.7) is consistent with the Gor’kov deriva-
tion.
Before we proceed we use the Fourier representation of the normal

Green functions
f B k-7 0
_ (27)3 ihw—C1k
0 Bk ekET) | (B.8)

0 f (271)3 ihw —Cox

117



118

GINZBURG-LANDAU IN PRESENCE OF CROSSPAIRING

The sum over the matrix elements g;; ) and Matsubara frequencies
of (B.4) is given by:

1 A 1 A 1 A
—ngij,kzZI,&’ = —Bgij,nzfl(l) —Bgif,zzzlz(z“r
ki w w w

1 a1 A
- =8ij12 211(2) — —8ijn 212(1 ). (B.9)
S A
Using (B.8), we get that the sum over Matsubara frequencies of I,EIA)
can be written as

Z / ( i (7) %(1)) w Gi(l)l)A12(y)G§(2))w> (B.10)
22wA21 (?)G£1) w G%lLAZZ@') Géz)fw
Now we Taylor expand A, (i) around 7,

(@) = o + EN )+ EV M), B

where Z = i — 7 and we have only taken the terms relevant for the
Gor’kov derivation. Substituting (B.11) into (B.10)

0) A 0)* —
_2/ ( 11wOG§1) wB11(7 (7) Gg(l))OG%)—wAIZ(r)> . (B.12)
G, OGI A (7)  GIYOGY An(7)

where O = 1+ (2.D)2/2, D = h/iV — 2¢/cA, and we have neglected
terms odd in Z because its limits of integration are symmetric.
It is important to note that our system is symmetric under the

exchange of indices 1 <+ 2. Therefore it is sufficient to calculate ), Il(f),

Yo Iy Yo Iy and ¥, 133

3 oik1-(F=) 3 —iky.(F—7)
Y-y /d3 [/ A e /dk23 ‘ +
@ Sihw — Gy, J (27m)3 —ihw — &g,
&’k e’kl'( 7 (ZV)? d3k2 e ik2(7-) .
A B.
/ @n)? ihw — . 2 / (27)3 —ihw—glkj n(@) - (B13)

The above expression can be calculated following the same steps as
given in Section (2.3.3) for the one band system. Then,

B 2¢70) £ 7C(3) =,
52111 = N11(0 [ln<nTC)+T+ 687TTD 11(7). (B.14)
Analytic expressions for ), Il(? ) are only attainable when ¢ = ¢&».

Therefore:

A (7),

2670) vt 77(3) =
I 1 —2 D?
212 = Niz(0 [n<7TTC>+T+ 6 82T
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(B.15)

where one formally define Nj,(0) and vp,, as:

1 1
Ni2(0) = 5 [Nu(0) + N2 ()], 0F, = 5 (oF, + %) (B16)

5 (
Now we proceed by taking the sum over Matsubara frequencies of
Eq. (B.5):

_;gf,g,m :; / APy dPy,dPy; (gz ii) (B.17)

with

B = Gy, (7,51)Giy (B2, 1) Gosy (52, 73) G1 ', (7, 73) | A [PAn +
+ G 1)GY (72, 1) GL, (72, 73) Gi " (7, ) | Ao A1 +
+ G, (751G (72, 51) Gl (72, F3) Gy (7, ) | Az P Aa +
+ GO (7, 51) G (2, 71) Gl (72, 73) GV (7, 73) Al %

and

By = GSLW)GSE;@Z,y’nc%?l,@z,y’s)czz " (753 An P +
+ GGG, (72, 1) GiY, (72, 73) G : Y (7 73) | Ara Az +
+ G, (7 51)G " (72, 51) G (72, 73) G (7, Fa) Ar1 ATy Ao +
+ G, (7 51)GY (72, 51) G (72, 13) G (7, ) | Ao o

The sum over the matrix elements g;j;; and Matsubara frequencies
of (B.5) is given by:

1 B 1 B 1 B
5 LSik Y = —p8in Y- Bgij,zzzfz(z) +
kl w w w
oy 1 ) B.18
Sij2 ) Iy Sijo1 ) by - (B.18)
w ﬁ w
Again here, complete analytic expressions for ), I (B) are only at-
g p y p w ij y
tainable when ¢ = ¢,. Therefore:
1 *
B le(f) = byy|A11[PAn + 2612 | Ao A1 + b1aAL, A, (Ba19)
w
1
B 211(5) = bia|A2|*Ar2 + b12|A11 [PA1p + b | AP Arn +
w
+  bipA1AnAY, (B.20)
where
7C(3
b2 = Ni2(0) £®) (B.21)

8(mT,)?

119






NUMERICAL METHODS

In this appendix we will present the numerical methods to solve the
pair amplitude equations and the multicomponent GL equations in
presence of both intraband pairing and crosspairing.

C.1 NUMERICAL METHOD TO SOLVE THE PAIR AMPLITUDE EQUA-
TIONS

To solve the pair amplitude equations (4.7) we first change the integra-
tion variable from the momentum to band representation,

/de’EAl]() = N1]<0)/d€Al](), (Cl)

where N;;(0) is the band dependent density of states. In a two-band
system with overlapping bands the limits of integration for all cases is
given by the interval (y — Q, u+ Q).

To integrate we use the Legendre-Gaussian quadrature method. This
method approximates a definite integral as discrete sum of a weighted
integrands as follows:

/abf(x)dx = iwif(xi) ~ if(xi), (CZ)

where 7 is the number of roots x; that will approximate the above
integral as a sum. This approximation which is only defined for the
interval [—1,1] can always be taken in consideration if we perform
change of variables as follows:

b b— 1 b— b
/af(x)dx - 2a/1f< 2axf+ ?)dx
b—a & b—a b—a
> Ewlf( > X + > > (C.3)

Assuming that f;; are our integrands, then we have

Q

ptQ i
/‘l 0 defl](Al]) ~ Q) Z wif (Qxi + Q) , (C.g)
1= i=1

once we have this expression we perform the integration by taking
from any subroutine or table the weights w; and roots x;. Usually four

121



122

NUMERICAL METHODS

hundred roots and weights (n = 400) is good enough for getting a
smooth solution.

Once we have implemented the integration method we proceed to
solve the system of equations (4.7) using the Newton-Raphson method.
Newton-Raphson is an iterative method where the wanted root is
approximated by using the derivative of the function in consideration.
For example, if we want to solve the equation g(x) = 0, then we can
approximate the root of this equation by

Xnt1 = Xn —

glxn)  ,,\_ 98(x)
¢ (xn) g'(xn) = o x:xn. (C5)

One can write formally the pair amplitude equations as g;;(A;;) = 0,
then we approximate the solutions as follows

i (Aif)
] 7

where ] is the Jacobian given by

AT = A~ (C.6)

9¢11 98¢ 91

= sm |, €
9812 9%z 981
0A11  dAxpn  JdApp
The Newthon-Raphson method is computationally expensive due
to the Jacobian calculation and its inversion. Nonetheless has second
order of convergence which implies that one will approach the solution
after few interations (three or four depending on the desired accuracy
of the solution). Finally to calculate the derivatives for each matrix
element of the Jacobian we use the central difference of the finite

difference method:

9gii  &ij(Aij +9) — gij(Aij — 0)
e = - . (C8)

C.2 NUMERICAL METHOD TO SOLVE THE GINZBURG-LANDAU
EQUATIONS

We solve the GL equations (5.44-5.46) in a two-dimensional grid with
periodic boundary conditions. Therefore each point of the grid has
four neighbors as shown in Fig. C.1. Furthermore, the 2D discretization
breaks the gauge symmetry of the system. To restore this symmetry
we introduce the link variables for the phase of the GL components as
follows:

X;,X;+0 . *i+0 -
U7 = exp —z/ Ai(7).dx;|, (C.9)
X

i
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with i = x, y are the index of the lattice and J is the distance between
two grid points, see Fig. C.1. To observe the variation of the GL com-
ponents on the grid one has to take 6 < 0.3¢ with ¢ being the average
coherence length of the system.

(i-0/) (i5) (i+d,j)

Figure C.1: Representation of the 2D discretization. When one has periodic
boundary condition each point of the grid has four neighbors.
Each point of the grid is spaced by a distance J.

The kinetic term on the lattice point (7, ) can be rewritten using the
link variables as follows

Y 2 :
<. - A,-) 0y = VAU, (C.10)

1
i

Now analogously to the single-component GL equation we introduce
a time-derivative term to each equation of our system (5.44-5.46). Then
we get

_ A2 A oA
[VgLn — 2rate|Ara|? — \/Tarpre—2 22] Ay = =2

2
A1

ot ’

I A A
[r%Lzz — 2ryre|Arp|? — /ratpre—2 11] Ny = 722,

7 ANEVAYYAY oA
[@L“ = re(ral Al + 1] Aa?) mrc“Aiu] D=2

The introduction of the time derivative can be seen as artificial,
however can just simply interpret it as an iterative equation where the
consecutive approximation of the solution is scaled by a time-step dt.
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_ AOZAO*
dt [7214(1)1 - 27»17c|A(1)2|2 — VTarpre 1A20 22} A(1)1 + A(l)l = A1,
11
_ AOZAO*
dt [W%ng - 27177c|A(1]2|2 — VTalplc 1A20 11} Ny + D83 = A,
22
d ZiO o AO 2 AO AN A(l)lASZA(l); AO AO — A
tlreLin — re(ral A1 |7+ 16| A% %) — /Tarpre A0 12 + A = A1,
12

When one runs the code we usually start with a larger time-step
(dt ~ 1) and then whenever the solutions for the components A;;
diverges we restart the values of A;; and reduce in 20% the value of
the time-step until we obtain a convergent solution. In this thesis we
assumed that one has reached a stable or steady solution if after two
consecutive iterations max(||A;;| — |A?j] |) <e withe=10"".
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