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Abstract

In this paper, we investigate the transition probabilities for diffusion processes. In a first
part, we show how transition probabilities for rather general diffusion processes can always
be expressed by means of a path integral. For several classical models, an exact calculation
is possible, leading to analytical expressions for the transition probabilities and for the
maximum probability paths. A second part consists of the derivation of an analytical
approximation for the transition probability, which is useful in case the path integral is too
complex to be calculated. The approximation we present, is based on a convex combination
of a new analytical upper and lower bound for the transition probabilities. The fact that
the approximation is analytical has some important advantages, e.g. for the investigation
of Asian options. Finally, we demonstrate the accuracy of the approximation by means of
a few graphical illustrations.
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1 Introduction

Dynamic models, and more specifically continuous-time models, are widely used and
studied nowadays in pricing and investment theories. Most of the existing one-factor
models refer to the general diffusion equations, which are stochastic differential
equations in the form

dY (1) = (Y (£), 1) dt + o (Y (£),) dW (t) . (1)
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This equation defines a stochastic process Y = {Y(s),s € [0,t]}, reflecting e.g.
the price process in time. In this equation, W = {W (s),s € [0,#]} is a standard
Brownian motion, p(y,t) is the drift of the process Y, and o2(y,t) is the diffusion
of Y. Both 4 and ¢ can contain one or more parameters.

In this contribution, we will assume that the drift 4 and the diffusion 0 do not
depend explicitly on time ¢. Thus, we consider stochastic differential equations of
the form

dY (t) = A(Y (t)) dt + B(Y (t)) dW (t) , (2)

where as in the general diffusion model, the functions A(y) and B(y) can contain
parameters. Fortunately, this time-independence is only a minor restriction, since
most of the classical models e.g. for interest rates are members of this class of
processes (see also section 8).

One of the questions in this context is to find a closed-form expression for the
probability of the process Y reaching the value 1 at time ¢ given the value y; at a
former point in time s < ¢. We will use the notation

d
D(to, Yos te, Ye) = @PTOZ’ [Y(te) < yelY (to) = Yol
e

for the transition density of the process Y. The knowledge of this density is im-
portant for instance in the framework of derivative pricing, where the stochastic
process Y then reflects the price process.

Contrary to the rather simple form of the diffusion equation (2), such a closed-form
is only known for a few cases, e.g. the Wiener model, the geometric Wiener model,
the Vasicek model and the Cox-Ingersol-Ross model.

In a paper of 1999 (see [1]), Ait-Sahalia presented a method leading to a closed-
form approximation for the exact transition density. In this case the advantages
for derivative pricing remain, be it that the accuracy diminishes. The method
Ait-Sahalia proposes, converges for At = t, — t, going to zero, but may lead to
bad approximations when the time horizon increases. For financial applications,
the author says that At is never bigger than three or six months, so this will not
cause any problems. However, in actuarial applications, we may need a much larger
horizon.

In the present paper, we want to give an answer towards the solution of the problems
sketched above. We show how for general types of diffusion processes, whether the
time interval is small or big, the transition density p(¢,, Yo; te, Ye) can be expressed
by means of a Feynman path integral. This is a powerful concept borrowed from
quantum mechanics used to describe the amplitude to move between two points if
each possible path is given a certain probability.

Making use of specific properties and calculation techniques on path integrals, we
show that an exact calculation is possible for the four models mentioned earlier, but
also for some more types of processes.



Starting from the path integral expression for the transition density, we also show
how it is possible to find in any case a closed-form approximation for the transition
density, with very high accuracy.

The paper is organized as follows. We start with a brief description of the concepts
and notations about stochastic differential equations and Feynman path integrals
in section 2. Section 3 contains the first important result, expressing the transition
densities for general diffusion processes by means of a path integral. In section 4,
we show how the modal path or maximum probability path can be determined.
Section 5 is meant to prove how the famous It6 lemma can be translated into the
path integral formalism. Afterwards in section 6, we mention the limiting case of
long term probabilities. Section 7 —together with section 3 of course— constitutes
the “body” of this paper. Here we show, based on the path integral expression,
how the transition density for general diffusion processes can be approximated with
a closed-form formula. In section 8 we present examples of the methodology, for
common models in the financial theory. We give an expression for the transition
probability in each case, together with an explicit calculation if possible. Section 9
demonstrates the accuracy of our new approximation by means of a few graphical
illustrations.

The proofs of the theorems and some explicit computational results about path
integrals are brought together in the appendix.

2 Definitions

2.1 Stochastic differential equations

In order to explain the similarities and dissimilarities between It6 integrals and
path integrals, we briefly introduce the concept of a general stochastic differential
equation.

A 0O-stochastic differential equation is defined as
dY (t) = a(Y(t),t)dt + b(Y (t),t)g dW (1) (3)

with solution
Y(t) = Y(0) —i—/ota(Y(s),s)ds n /Ot B(Y (5), 8)g AW (s) | (4)

where W (t) is a standard Brownian motion.
The first integral in (4) is a Riemann-integral, the second one is a #-stochastic
integral.



If X ={X(s),s €[0,¢t]} is a process adapted to the natural Brownian filtration, the
O-stochastic integral

t
1(X) = [ X(s) aw(s) 9
is defined by
n—1
0 .
17(x) = Tim S X(H) (W(tign) — W () (6)
i=0
for any partition
O=tg<t1 < ..<th 1 <tp=t (7)
and with t/ equal to
t] = ti+ 0(tir1 — t). (8)

We want to draw attention to three special choices of 6.

e When 6 is equal to zero, the values of X are chosen at the left points, and the
f-stochastic integral coincides with an It6 stochastic integral. We will use the
notation

100 = [ 707(s)) aw ) o)

when we use this type of integration. The most important advantage of this
choice is the fact that 1t6 stochastic integrals satisfy the martingale property.
A disadvantage however is that the chain rule of classical calculus is not valid.

e When 0 is equal to 1/2, the values of X are chosen at the mid points, and the
f-stochastic integral reduces to a Stratonovich stochastic integral. We will use
the notation

12wy = [ 5w (s)) aw s (10

(without index) when we use this type of integration. The stochastic integral
no longer satisfies the martingale property, but now the classical chain rule is
formally satisfied, or

/Ot F'W(5))g=1/2 AW (s) = f(W(2)) — (W (0)). (11)

Since stochastic integrals with 6 = 1/2 behave like Riemann integrals (to a
certain extent), the omittance of an index seems acceptable.

e The situation with 6 equal to 1 corresponds to a choice for the right points.
We will denote this kind of integration as

G = [ 060 avs) (12)



The following relation between general §-stochastic integrals and Stratonovich stochas-
tic integrals will be very helpful in the development of our methodology :

[ s awis) = [ v awi) +@-5) [ Fove) s )

A proof can be found in an easy way using Taylor expansions.

2.2 Path Integrals

Feynman path integrals originate from quantum mechanics, where they are used to
describe the amplitude to go from one point to another point, where each possible
trajectory is given a certain probability. When using imaginary times, a Feynman
path integral provides a very efficient tool in the derivation of transition probabili-
ties.

A Feynman path integral

(te,ze) _ [te ©(s),z(s),s) ds
K(tt)amo;teawe) :/ D:E(S) e ‘o L) (s).) d (14)
(tmxo)

where L(z(s),x(s), s) is called the Lagrangian, is defined by

. 1
K(to, Tojte, Te) = lzmnﬁwm/dml/dmg.../dmnl

n—1
Tiy1 — T T +Tjy1 B+ ti+1>
—€ L
Z < € ’ 2 2

e =0 (15)
for a partition
to=1t) <t1 <..<t,=t1 (16)

where € = (t. — t,)/n and t;11 = t; + € and where we used the notation z; = z(t;).

It is important to note that in fact this definition makes use of a midpoint choice
as it was the case for the partition in a Stratonovich stochastic integral. As a
consequence, one has to be very careful when comparing or mixing Ité calculus and
Feynman path integrals.

As an example, we consider a Brownian motion, for which the Lagrangian is equal
to L(¢,z,s) = %. In that case the multiple integration can be worked out in a

straightforward way, resulting in

te
(te,ze) —1/ i(s)? ds
/ Dzx(s) e 2 )i,
(

to 7-71‘0)



[y

n—

€ <$i+1 - sz)
. 1 2 “ €
= limp—seo \/%n /dwl.../dxn,l e i=0

(ze — 350)2

1 _
- 2te—to) (17)
V27 (te — to)
This well known result can be read as the transition probability to go from the
starting point z, at time ¢, to the final point z. at time ¢, when the underlying
process is a standard Brownian motion.

A handsome result about Feynman path integrals can be found in the so called
Kolmogorov property. It shows how to write a path integral as a combination of
successive events :

+oc
K(tmmo;teafve) = / dx, K(tmmo;tmms) : K(tSafEs;teaxe)a (18)

—00

where %, is any time between t, and t..

Proofs, applications and more details about this powerful concept can be found e.g.
in [3, 6, 5]. Important computational results are summarized in appendix A.

3 Transition Probabilities

In this section, we show how the transition probability for stochastic processes
defined by means of a stochastic differential equation, can be expressed by means
of a Feynman path integral. We start with a diffusion equation with unit diffusion,
and we generalize the result for equations where the diffusion is a function of the
stochastic process. Proofs are provided in appendix B.

Theorem 3.1 Consider a 0-stochastic differential equation
dY (t) = A(Y (t)) dt + dW () (19)

where W (t) is a standard Brownian motion.
The transition probability for the stochastic process Y = {Y (s),s € [0,t]} can be
written by means of a path integral as

d
p(0,y0;t,y1) = d—ythb [Y(t) < 9:|Y (0) = wo] (20)
1t 1 gt A t
(b —5 [ a5 | (A(y)2+—) as+ [ Aty
:/ Dy(s) e 2 Jo 2 Jo dy 0 .
(O,QO)

This result is independent of the choice of 0 in the definition of the stochastic inte-
gral.



Remark 1. If the domain of the stochastic process Y is (0,400) instead of
(—o0, +00), the differential part Dy(s) has to be replaced by D, y(s).

Remark 2. The last integral in the exponent of (20) behaves as a Stratonovich
integral. A transformation into an It6 integral as mentioned in (13), enables us to
write the short time transition probability as

(0, y0; At,ya)

_(yA_yU)Q_g 2 _
R v v 2A(yo)+A(yo)(yA 0)

2w AL

 (ya —yo — AtA(y))?

- 2At , 21
V2T At ¢ 1)

which coincides with the classical expression for measures associated with diffusion

- 4

processes with unit volatility.

Remark 3. The constitution of the path integral (20) nicely illustrates Girsanov’s
theorem (see e.g. [12]).

Indeed, the process

M(t) = exp {/OtA(W(s)L)dW(s) _ %/Ot AQ(W(S))ds} (22)

is the Radon-Nikodym derivative of the measure in (20) to the Wiener measure.
As a consequence, the diffusion process defined by (19) is a Brownian motion with
respect to the measure defined by the transition probability in (20).

Note that in case the stochastic process Y has domain (0, +00) instead of (—oc, +00),
the process M (t) of (22) is the Radon-Nikodym like derivative with respect to an
absorbed Brownian motion. In the latter case, it could be a problem that both
measures are not equivalent, since the probability of staying in 0 is different from
z€ro.

Proposition 3.1 The transition probability in (20) also satisfies the forward Fokker
Planck equation

8p_182p 0

TR 58—y? - (9—yt (A(yt) - p), (23)

where p is used as a short hand notation for the probability p(0,yo:t,y:).



Theorem 3.2 Consider a 0-stochastic differential equation
dY (t) = A(Y (t)) dt + B(Y (t))g dW (1) (24)

where W (t) is a standard Brownian motion.
A change of variables

0= [ gt = v () (25)

))o=1/2
results in the new stochastic differential equation

—1
dX (t) = <%+(9 1)‘?;(1/) 1(X(t)))> dt +dW(t).  (26)

This result is dependent on the choice of 0 in the definition of the stochastic integral.

Theorem 3.3 Consider an Ité stochastic differential equation
dy (t) = A(Y () dt + B(Y (t)) dW (2) (27)

where W (t) is a standard Brownian motion, and where

Y dz

Y(y) = B

(28)

defines a non-decreasing function.
The transition probability for the stochastic process Y = {Y(s),s € [0,t]} can be
written by means of a path integral as

(0,905, y) = diytPTOb [Y(t) < y|Y(0) = yo (29)

1 t

1 /(tﬂﬁ(yt)) y 2ds
= . Dy(s) e 2
Bly:) J0.6(0)) )

1 rt oT t
L 2+—)d +/T d
_620(@) 5y ) ds+ [ Ty

where the function T is defined by

_A@W'(2)) 10B,
T(z) = B () §a—y(1/) '(2)). (30)



Remark 1. If the domain of the stochastic process ¥(Y) = {¢(Y (s)), s € [0,¢]}
is (0,4o00) instead of (—oo,+00), the differential part Dy(s) as before has to be
replaced by Dyy(s).

Remark 2. For the stochastic process of theorem 3.3, the short time transition
probability is equal to

p(0,y0; At,ya)
(Y(ya) — P (yo) — At T(h(y0)))?

1 1 —
_ A1 . 31
Blyn) Vorai (31)

Since we are dealing with infinitesimal time periods, we can write

P(ya) — (o) = (ya — o) - ¥’ (o) = (ya — yo) - : (32)
B(yo)
and with an explicitation of T', we obtain the classical expression
X  (ya —yo — AtA(y))?
P(0,90; At,ya) = ———=—=¢ 2AtB2(yo) _ (33)

2 AtB?(yq)

Proposition 3.2 The transition probability in (29) now satisfies the forward Fokker
Planck equation

2
& %% (B) ) = - (Al D). (34)

where p is used as a short hand notation for the probability p(0,yo;t, y:).

For 6 = 0, the previous results were already derived by the same authors earlier
(see [4]) ; however, in that contribution the path integrals were found in a completely
different way, without making use of It6 calculus. The result of theorem 3.2 for 8 = 0
is also mentioned in [1].

4 Maximal probability path

As mentioned before, a Feynman path integral K(,, z,;te, ) as in (14) describes
the amplitude to go from the point z, at time ¢, to the point z. at time t,, where
each trajectory is given a certain probability according to the stochastic process



related to the Lagrangian. In fact, in the whole set of trajectories connecting the
two points, only paths in the vicinity of the classical or modal path provide im-
portant contributions to K (., Zo; te, Ze). Indeed, for other paths, there are always
neighbouring trajectories that cancel out their contribution.

This modal path, or maximum probability path, can be determined (see e.g. [6]) as
the solution of the ordinary second order differential equation
d oL 0L
dt 9 ~ o
subject to the boundary conditions

{m(to) = (36)

z(te) = xe.

(35)

As an example, if we consider the Brownian motion, the maximum probability path
is given by
te — S s —t,

mmod(8|t0’xo; teame) = t:ftoxo + te - tO

Te. (37)

Looking for the modal path for stochastic processes defined by stochastic differential
equations in a form as in section 3, the following nice result appears.

Theorem 4.1 Consider a stochastic process Y = {Y(s),s € [0,t]} defined by a
diffusion equation with unit diffusion (19). The mazimal probability path Ymeq(s)
for this process when starting at point yo at time 0 and arriving at yy at time t, can
be determined implicitly by

ymod(s) dy
/ o s, (38)
Yo \/A(y)2 + By + C(yo,yt)

where C(yo,y:) 18 fized by the condition Ymoeq(t) = yi.- The sign in the right hand
side is equal to the sign of the difference ymoq(s) — yo.

Theorem 4.2 Consider a stochastic process Y = {Y(s),s € [0,t]} defined by a
diffusion equation with unit diffusion (27). The mazimal probability path Ymed(s)
for this process when starting at point yo at time 0 and arriving at y; at time t, can
be determined implicitly by

w(ymod(s)) dzx
/ = +s, (39)
¥(yo) VT(@)? + 2 + Clyo, )

where 1 is defined in (28), T is defined in (30), and where C(yo,y;) is fized by the
condition Ymea(t) = yi. The sign in the right hand side is equal to the sign of the

difference (Ymoa(s)) — ¥ (yo)-

10



5 The Ito lemma in the path integral formalism

Consider again a stochastic process Y = {Y (s), s € [0, t]} determined by the stochas-
tic differential equation

dY (t) = A(Y (t)) dt + dW (2), (40)

where W (t) is a standard Brownian motion. From theorem 3.1, we know that the
transition probability can be written by means of the path integral

Py (0,90t Y1)
1/t 1 t( ) 6A> t
, L as— 2 [ (a2 + ) a +/ Aly)d
_/yt 20ys 5/, (y) oy ) © ), (y)y. )
ayO

Following It6’s lemma, the stochastic differential equation for the process X =
{X(s),s €]0,t]} when

Y(t) = (X (D) 42)
is given by
2
X = Gl YO+ S O] ar
1) !
= v T rven Y )

or in the other direction

1 /"X ()1
X (), )2

W =3 X0,

dt + f' (X (t)1) dX (2). (44)

The question that arises is : how can this transformation be extended into the path
integral (41) 7 Note that we have to take into account the difficulty that, contrary
to the It6 lemma, the integrations in the path integral are of the Stratonovich type.

Making use of a stochastic time change in the path integral (41), one can prove the
following result (see appendix B) :

Theorem 5.1 Consider the stochastic differential equation
dY (t) = A(Y (t)) dt + dW () (45)

where W (t) is a standard Brownian motion, and a transformation

for which the inverse function is well-defined.

11



Starting from the path integral expression for the transition probability for the process
Y = {Y(s),s € [0,t]}, the transition probability for the process X = {X(s),s €
[0,%]} can be found as

pX(O,IE(] = fﬁl(yﬂ);tamt = fﬁl(yt))

. 1 ‘ +o0 e’iﬁt +o00 .
VP o)) - U (we) /wo w /0 a

t* t*

(. f " (ye)) 1 i2do —if f'(z)%do

/ Dz(o)e 2Jo 0
(0,£=(y0))

5 [ (A + Sisa) 1wt

e 2Jo
v ' 1t @) " ()
+ [ Ar@is (m)dm—g/ [3f,(m)2 —2f,(x)]do

. 6 0

(47)

As an example, consider the transformation

Y(t) = f(X(1)) =g~ (X(1)) (48)

where the function g is chosen in such a way that

-2 ! A(z) dz
gy)=e v : (49)

Following It6’s lemma, for this choice we know that

dX(t) = ¢/ (Y (1)) dW () = m aw(t) | (50)
W (t) = f(X(t)1) dX(2) . (51)

If we apply theorem 5.1, due to (49) which enables us to simplify and eliminate the
integrations over derivatives of f, a straightforward calculation leads to the result

pX(Oa*/EO;tamt) = /0+Oo dt* 6 (t - Ut* f’(.’L‘)de) (52)

3

1t
(t* 1) - / i’do
/ Dz(o)e 2Jo
(

0,20)

which nicely fits with (51).

12



6 Long term probabilities

An interesting limiting case is the long term probability or stationary probability
for a stochastic process defined by means of a stochastic differential equation (19)
or (27).

For the transition probability

d
p(0,y03t, yt) = d—ythb [Y' () < 4:]Y(0) = yo] (53)
we will denote the long term probability as
p(y) = lim p(0,y0; ¢, 7), (54)

which is independent of the starting point.

Theorem 6.1 Consider a stochastic process Y = {Y(s),s € [0,t]} defined by a
diffusion equation with unit diffusion (19). The long term probability for the process
Y can be calculated as

Y
2| A(z)dz
p(H) = Clyo) e “wo : (55)
where the constant C(yg) is determined by the condition of a total mass equal to
one.

Theorem 6.2 Consider a stochastic process Y = {Y(s),s € [0,t]} defined by a
general Ito diffusion equation (27). The long term probability for the process Y can
be calculated as

P = 5 ; (56)

where 1) is defined in (28), T is defined in (30), and where the constant C(yo) is
determined by the condition of a total mass equal to one.

(@)
% 62 /1/}(y0) T(z)dz
B(y)

Both results immediately follow from the forward Fokker Planck equations when

choosing % =

13



7 Calculation of the Transition Probabilities

7.1 Exact results for path integrals

In the previous sections, we showed how to find analytical expressions for the transi-
tion probability of diffusion processes by means of path integrals. For the computa-
tion of these functional integrations, we can rely on some methods and calculations
from quantum mechanics. In appendix A we summarize a few important and useful
exact computational results for common classes of path integrals, some of which
were derived in the framework of earlier research on annuities with stochastic inter-
est rates.

However, when the Lagrangian appearing in the path integral becomes too compli-
cated, we will have to use approximations instead of exact results. In the following
subsections, we will show how to find an approximation based on properties that
hold for general path integrals.

In order to make things clear, we will use the notation K (t,,x,;te, ze) for Wiener
integrals

te
(te,me) —1 i‘(s)Q ds
K(tos Toste, me) = / Dz(s) e 2 Jt, (57)

(tmxo)

(e — 20)°

1 _\re o)

= — ¢ 2(te - tO)

27 (te — to)

and the notation I(t,, x,; te, z.) for path integrals which are related but more general
than Wiener integrals :

1 te te
(teyze) —= i(s)? ds — Viz(s)] ds
I(to, Tojte, xe) :/ Dxz(s)e 27t to . (58)
(

to 7370)

As a consequence, the transition probabilities for stochastic processes as derived in
section 3 can be expressed as

p(th Zoj e, -736) = C(tm Zoj te, me) : I(tm Zoji te, me)a (59)

for adequate choices of the function V.

Furthermore, we will make use of the expected value over Wiener paths with known
starting point and known final point, which can be written as

to — o foite el (60)

_fte V[X(S)] d5:|:| I(tOﬂZEo;teame)
K(tm Zo; te, me) '

EW |[€

14



If we are dealing with the absorbed Wiener process due to the restriction of the
diffusion process to the domain (0, 400), in each of the equations (57) and (58), the
differential part Dz(s) has to be replaced by D, x(s). More specifically, equation
(57) has to be changed into (see [17])

1 [t

(te,we) —= i(s)? ds
K(to, Toite, Te) = / Dyz(s) e 2 /i (61)
(t07x0)
(e — 20)° (e + 20)°
1 e o) _\e T 7o)
_o b 2ty L 20t —t)
27 (te — to) 27 (te — to)

Note that the expectation in (60) can also easily be extended for path integrals
different from Wiener path integrals.

Finally, with the same notations, we will write the distribution for Wiener paths
with fixed starting and final points as
Fs(z) = Prob[X (s) <z | X(t;) = zo, X (te) = ¢ (62)

and
d K(tmmo;sam) 'K(Sax;teame)

= —F =
fS(x) dx S(x) K(tmmo;teame)
A straightforward calculation leads to

. (te - tO) (te - 3)370 + (3 - to)me
Fs(m)_q)(\/(s—to)(te—s) (m_ te —to )) (04

where ®(z) denotes the standard normal cumulative probability, or

(63)

d(z 2, (65)

==/

7.2 Approximation of path integrals

In case the path integral can not be calculated in an exact way with as closed form,
as mentioned before the only alternative consists of an approximation. Making use
of techniques from quantum mechanics on the one hand and of the properties of
convex ordered risks on the other hand, we can find a lower and upper bound for the
path integrals. A combination of both expressions together with a correct scaling
will enable us to find an approximation that seems to be very accurate.

The most important advantage of our methodology has to be found in the fact that
it results in an analytical expression for the approximation, whereas most techniques
that are presented in the literature lead to exclusively numerical approximations.
Consequently, this new methodology is very interesting in the framework of the
pricing of Asian options.

15



7.2.1 Upperbound

The method we propose to find accurate upperbounds for the transition probabili-
ties, makes use of convex order. We briefly recall the most important concepts and
necessary results ; we refer to [9, 10] for proofs and more details.

A variable A is said to be smaller than B in convex ordering,
A <. B, (66)

if for each convex function u : ® — R : z — wu(x) the expected values (provided
they exist) are ordered as
Blu(A)] < E[u(B)) (67)
As a consequence, E[A] = E[B] and
E[(A—Fk);]) < E[(B—k)4] for all &, (68)
with (z)4 = max(0, z).

If an expression is known for the stop-loss premium E[(B — k)], the distribution
of the variable B can be found as

ProblB < k| =1+ %E[(B — k)., (69)

The notion of convex ordering can be extended from two single variables to two sums
of variables, discrete or continuous. The results are summarized in the following
two propositions (for a proof see [9, 10]). For the distributions, we make use of the
notation

Fx(z) = Prob|X < z]; (70)

the inverse distributions are defined in the classical way as

Fil(p) = inf{x € R: Fx(z) > p}. (71)

Proposition 7.1 Consider a sum of functions of random variables
A:gl(Xl) +92(X2)+...+gn(Xn) (72)

and for U an arbitrary random variable that is uniformly distributed on [0, 1], define
the related stochastic quantity

_ 1 -1 -1
B = Fgl(Xl)(U) + Fg2(X2)(U) + o+ an(xn)(U) ) (73)
Then
A <ex B. (74)

16



Remark. The corresponding terms in the sums A and B are all mutually identically
distributed, e.g.

9;(X;) & F, i, (U). (75)

Proposition 7.2 Consider a functional integration

te
A= [ g(X(s))ds, (76)
to
and for U an arbitrary random variable that is uniformly distributed on [0, 1], define
the related stochastic quantity

te
B = 5 Fg*(}((s))(U))ds. (77)
Then
A <. B. (78)

An application of the method of convex upperbounds to the transition probabilities
of diffusion processes, brings us to the following result :

Theorem 7.1 For a path integral with a structure as mentioned in equation (58),
an upperbound can be found as

I(tmxo;teafve) < Ium)(to»xo;teaxe) (79)

where

fe gl (U)dr

TP (ty, i to, 20) = K (bos Tos tey20) - B [f vixe (80)

with U uniformly distributed on [0, 1].
The expectation can also be written as

+o0 o2
Iupp(thon;teaxe) = K(tmxo;teaxe) : / e_km (k|toafvo3teaxe)dk (81)
with
te
G(k|t07 Lo t8; xe) = EU [(/ F‘;(I)((T))(U) dr — k) ] : (82)
to +
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7.2.2 Lowerbound

In order to improve the upperbound, we also need to derive a lowerbound for the
transition probability of diffusion processes. The present result mainly originates
from an application of the well-known inequality of Jensen.

Theorem 7.2 For a path integral with a structure as mentioned in equation (58),
a lower bound can be found as

I(tmmo;teaxe) > Ilow(tmxo;teaxe) (83)
where

Ilow(to, Tojte, Te) (84)

ts te
= K(toa Zoj Le, xe) : EX(tS) e fto Ew[V(X(7))ldr e fts Ew[V(X(7))ldr

)

with ts any point in time between t, and t. .

Remark. The notation Eyy [...] means an expectation over Wiener paths (or ab-
sorbed Wiener paths if the domain of the stochastic process is (0,+00)) between
the two boundary time points.

7.2.3 Approximation

Consider a stochastic process Y = {Y(s),s € [0,¢]} for which the transition proba-
bility can be expressed as in (59).

From theorems 7.1 and 7.2, we know that
P(to, Toj te, Te) < Clto, Tojte, Te) - I'"PP(to, o te, Te), (85)

and
P(to; Toite, Te) > Clto, Tojte, Te) - Ilow(tml'o;teaxe)a (86)
for specific choices of the function V.

The problem with both bounds is the fact that we are no longer dealing with density
functions. Therefore, we suggest to use of a convex combination

ﬁ(to,xmteaxe) = C(tmmo;teaxe) : {z(tmxo;te)ﬂow(tmxo;teaxe)
+ (1 = 2(to, Tos te)) I"PP (to, Tos te, Te) } (87)

resulting in an analytical approximation (which is a density) for the transition prob-
ability.
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The factor z(t,, Z,;te) can be determined by the condition of a total mass equal to
one, or

2(to, To; te) (88)
fj;oo C(th«TOQ teafve) : IuPp(thon;teafEe)dwe - 1

B fj—oo;) C(tmfvo; teame) : [IuPp(thon§teame) - Ilow(tmfvo; teame)] dme‘

There is an extra advantage when working with this convex combination, due to
the factor z(t,,zo;te). Indeed, in the situation where one of the bounds turns out
to be not that accurate, the contribution of that bound will have a less important
impact on the approximation. Either of the bounds has an influence on the final
approximation, but the closer the bound to the exact transition density, the larger
the impact of that bound.

8 Examples

In the following examples, we show how the transition probability for some common
classes of diffusion processes can be expressed by means of a Feynman path integral,
as explained in the previous section. If possible, we give the exact computational re-
sult for the path integral. We also mention expressions for the long term probability
and for the maximal probability path between two fixed points.

8.1 Wiener Model

a. Model :
The Wiener model is defined by the SDE

dY (t) = pdt + odW (t) ; (89)
Y is distributed on (—o0, +00).
b. Transformation to unit diffusion :

For X(t) = 1Y (t), the SDE transforms into

dX () = gdt +dW (2) ; (90)

X is distributed on (—o0, +00).
c. Maximal probability path :

The classical trajectory is given by

(= s)yo+ sy

" (91)

Ymod (8]0, Y03 t,yt) =
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d. Long term probability :

When ¢ tends to infinity, we get the instable probability density

20
P =C-eo”’.

e. Transition probability :

(92)

In a first step, the transition probability can be expressed by means of a path

integral as

2
prto 1
1 BBy, — (t,Lyr)

p(0,y0st,y) = —e 20° o7 (2 = 30) /
g (0:%?}0)

Dzx(s) e 2Jo

(93)

This path integral can be calculated exactly, making use of the result for the

Wiener integral in (149). This results in

L iy —pt)?
e 202t

p(0, 905t yt) =
( ) 2wo?t

8.2 Geometric Wiener Model

a. Model :
The Geometric Wiener model is defined by the SDE

2
dY (1) = (M + %) Y (8)dt + oY (£)dW (2) ;
Y is distributed on (0, +00).
b. Transformation to unit diffusion :
For X(t) = 1InY(t), the SDE transforms into

dx(t) = Lat + aw () ;
g

X is distributed on (—o0, +00).
c. Maximal probability path :

The classical trajectory is given by

t—s)/t s/t
ymod(swayﬂ;tayt) = y(g )/ yt/ .

20
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d. Long term probability :
When ¢ tends to infinity, we get the instable probability density

2
L -1
py)=C-yo= . (98)
e. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as

/.LQt 1 t .

1 0% 7 (t,%lnyt) —— #2ds
(0,905t 1) = —— <&> e 207 / Dz(s) e 2Jo - (99)
o Y (0,2 Inyo)

This path integral can be calculated exactly, when making use of the result
for the Wiener integral in (149). This results in

1 Yt 2
0, yo; t, =—e¢ o .
p( Yo yt) \/m i
8.3 Vasicek Model
a. Model :
The Vasicek model is defined by the SDE
dY (t) = k(a =Y (t))dt + cdW (1) ; (101)

Y is distributed on (—oo, +00).

b. Transformation to unit diffusion :
For X(t) = 1Y (t), the SDE transforms into

dX(t) = x (3 - X(t)) dt + dW () ; (102)

o
X is distributed on (—o0, +00).

c. Maximal probability path :

The classical trajectory is given by

(y¢ — a) sinh(ks) + (yo — a) sinh(k(t — s))
sinh(kt) '

Ymod (8]0, yo; t,yt) = a + (103)
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d. Long term probability :
When ¢ tends to infinity, we get the probability density

ko 2
p—cc 20 (104)
with C = /.
o
e. Transition probability :
In a first step, the transition probability can be expressed by means of a path

integral as

(0,90, 1) (105)
22
K ot Kt Ko K 9 9
L1, Ty o W)~ g (900
o
1 1t 2 ot 2 t
(t:Lye) ——/ #2ds — H—/ 22ds + m/ zds
/ Dz(s)e 2Jo 2 Jo o Jo .
(0’§y0)

This path integral can be calculated exactly, making use of the result for the
Gaussian integral in (150). This results in

p(0.yo:t,yt) = \/m (106)
© exp {—m ((yt —a) = (Yo — Oé)em)z} :
8.4 Cox-Ingersoll-Ross Model

a. Model :
The Cox-Ingersoll-Ross model is defined by the SDE

dY (t) = k(a =Y (t))dt + o/ Y (t)dW (1) . (107)
where it is assumed that 2ka/0? > 1 ;
Y is distributed on (0, +00).

b. Transformation to unit diffusion :
For X(t) = 2,/Y (%), the SDE transforms into

AX (1) = <(2:—20‘ _ %) ﬁ _ gX(t)) dt + AW (1) ; (108)

X is distributed on (0, +00).
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c. Maximal probability path :

The classical trajectory is given by

Ymod (5[0, yo; t, yt)

= (yo + C) cosh(ks) — C (109)
4 2k 1\ [(2ka 3
2 _co2g 9 (R 1) (2R 0N g
+\/(y0 +C)2-C?+ 12 < 2 2) < = 2) sinh(ks) |
with
o o 1 (o + 1) + sinh(kt) (110)
~ cosh(kt) — 1 v cosh(kt) — 1

" ot <2H0¢ 1) <2H0¢ 3) N 2
4k?2 \ 02 2 o? 2 yoytcosh(ﬁt) -1
d. Long term probability :
When ¢ tends to infinity, we get the probability density

pH) =C-5 o’ ce o, (111)

with C' = (2f$/(72)2m/02 /T (2ka/a?).
e. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as

. ka _1 K2at K ( )
Yt 2 4 B ——5 WUt — Yo
0. 0: toyy) = <_>o ed? ¢ o 112
POwitun) =5 7 o (12
1 rt ) K2 ot 9 t 1
2/ —— | & ds——/ x2ds—< NALZ —l>/ —ds
./( = yt)D+$(S)e 2 Jo s Jo ( o2 \/5) ) Jo a2 .
(075\/:’!0)

This path integral can be calculated exactly, making use of the result for the
Calogero integral in (151). This results in

1
(0, y0: £, 1) 2ee P2 2at)o? (yt> . (113)
,Yo; b —— - e =

D Yo Yt 0_2(1 _ G_Kt) Yo
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2K —kt
. e){p{—UQ(1 —e_’{t) (yoe —l—yt)}

4KZ€_K’t/2

okajo? 1 (mvyo%) :

8.5 Adapted Geometric Wiener Model

a.

Model :
The Adapted Geometric Wiener model (see [14]) is defined by the SDE

dY (t) = <(5 + U;)Y(t) - 1> dt + oY (t)dW (1) ; (114)
Y is distributed on (0, +00).

Transformation to unit diffusion :
For X(t) = 2 InY (t), the SDE transforms into

dX(t) = % (5 - e—f’X(t)> dt 4+ dW (t) ; (115)

X is distributed on (—o0, +00).
Maximal probability path :

The classical trajectory is given by

—As

(&
Ymod(510, yoi t, yr) = 1428 ((25 —0%)? —44% + 2B(26 — 0%)e™* + 3262’43) ;
(116)

where the constants A and B have to be determined numerically by the con-
straints ¥0a(00, Y03, y¢) = yo and Ymod(t]0, yos £, y1) = ys-
Long term probability :
When ¢ tends to infinity, we get the instable probability density
20 2

P =C 7o 7Y, (117)
Transition probability :
In a first step, the transition probability can be expressed by means of a path
integral as
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J 52t 1 (1 1)
1 — _ = -
p(0.yost,y) = — <ﬂ> 0% ¢ 202 . 0 \Ut Yo (118)

0 Yt \Yo
1t
(t, L Iny) —= | #%ds
/ Dz(s)e 2Jo
(0,§lnyo)

1 20 t 1 t
(1= —O'.CCd __/ —QUCEd
.e 2< 0—2>/06 T fy ¢

This path integral can be calculated exactly, making use of the result for the
exponential path integral in (154). This results in

(0,903, yt)
221 1 1 [ &%t o2 o\? = 2x?
= =gy &P oS -~ —
T oS tyd \ v 20 2 o o?t

4 <1 (5>
PR R R (5 W S
0 sinh? (%) o tanh(%) Yt Yo

222
o0 —— 4 2 1 h
/ dz e 0%t sinh(z)sin (%) expq —— cosh(z) . (119)
0 ot 0 /YoYUt sinh (%)

8.6 Bessel Model with Drift

a. Model :
The Bessel model is defined by the SDE

1
dY (1) = (s —2) dt + dW (1) ; 12
) = (37 —2) e+ W0 (120)
Y is distributed on (0, +00).

b. Maximal probability path :
The classical trajectory ¥moq(t|0, yo; ¢, y;) is the solution y of the implicit equa-

tion
2 C+.C?—-4
—5 In + 1y —1—%\/02—4/3123, (121)
C—/C?—4/y C
where the constant C follows from the boundary condition y,q(t|0, yo; ¢, y:) =
Y-
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¢. Long term probability :
When ¢ tends to infinity, we get the probability density

) =C -7 e Y, (122)
with C = 32.

d. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as

(0, y0; t, 1) = (g) e~ 2t . =2yt — o) (123)
o]
1 [t tq
(t:ye) _E/ Pds+2 | —ds
/ D.y(s)e 0 0oy .
(anO)

If in this path integral we perform a substitution y = f(z) = z? in the same
way as was developped in the proof of theorem 5.1, the path integral in (123)
can be rewritten as a path integral of the Calogero type. Making use of the
result of (151), the transition probability can be found as

(0,905, 1)

(U 2t 20— o) [T g B [T g o8Y
<yo> e e /m dp /0 dd ¢ (124)
VAR (2B ) (2B + )
sinh(2v/2i8 9) ' \ sinh(21/2iB 0) P\ " tann2v2i89) |-

8.7 Inverse of Feller’s Square Root Model

a. Model :
The Inverse of Feller’s Square Root model is defined by the SDE

dY (t) = Y (¢) (/-e — (o2 — m)Y(t)) dt + oY (£)3/2dW (1) , (125)

where it is assumed that 2ka/0? > 1 ;
Y is distributed on (0, +00).

b. Transformation to unit diffusion :

For X(t) = —%\/m, the SDE transforms into
X (1) = <—5X(t) + (Z - 2”—0‘) L) db+dw();  (126)
S\ 2 2 0?2 ) X(t) ’
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X is distributed on (—o0,0).
¢. Maximal probability path :
The classical trajectory is given by

1
Ymod (5[0, yo; t, yt)

= cosh(ks) <i + C) -C (127)

1 2 ot [T 2ka)\ (Db 2k«
inh 2 _2, 9 (L aRX) (O okt
+ sin (ns)\/<y0 +C’) C? + 12 (2 2 ) (2 2 ) ,

with

1 1 1 sinh(kt)
_ Loy smhist) 12
¢ cosh(kt) — 1 <y0 + yt> + cosh(kt) — 1 (128)

" ot <7 2I$‘0£> <5 2/<;oz> N 1 2
4k2 \2 o2 2 o2 Yoy cosh(kt) — 1~

d. Long term probability :

When ¢ tends to infinity, we get the probability density

2Ka 2k 1
-\ —= T 527
py)=C-7y o e 9°Y, (129)
4 2Kka
wine=(5) 7 fr(i-23).
o o
e. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as

(0,903, y¢)
1 /7 2ka K 2K k (1 1
1 o\ T 2 S\d——)t T\, .
— <%>2 2 g . 62 g .e O Yt Yo
ny/Q Yt
1 t l<&2 t
(t22) - a'vzds——/ »2ds
/ v D xz(s)e 2Jo 8 Jo (130)
(0770-2:,/0)

(7 (3 1,
e 2\2 o2 2 0% ) o 1?
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This path integral can be calculated exactly, making use of the result for the
Calogero integral in (151). This results in

p(0,y0;t, yt)
1 2K K 2Kk
2% 1 (@)E <3_?> ) (3_7>t (131)

N o?y? (1 —e=Kt) \y,
/<;<1 1) 4n<1+1>(1+e—”t)
. eX —_— _—— — _— _— _— —_—
PU P\ w0/ 2\ ) - nh)

- I

Ap e Kt/2 1
3 _ 2”'_20‘ o? oyt (1 —e_”t) ’

g

8.8 Linear Drift, CEV Diffusion Model
a. Model :

The CEV Diffusion model is defined by the SDE
dY (t) = k(o — Y (8))dt + oY (£)3/2dW (1) ; (132)

Y is distributed on (0, +00).

b. Transformation to unit diffusion :

For X(t) = _a\/QYW’ the SDE transforms into
K 3 1 kao? 3
dX(t) = 2 (t) + SX@) 8 X(t)° | dt +dW (t) ; (133)

X is distributed on (—o0,0).
c. Maximal probability path :
The classical trajectory ymoeq(t|0,yo; %, y¢) can be determined implicitly by

/ymod(t|07y0§tayt) dZ
= S ,
0 \/%ﬁ + 00223 + K2 (1 _ _30;02) 2% — 2Kz + K202
(134)
where the constant C follows from the boundary condition y,,q (%[0, yo;t, y:) =
Yt-

d. Long term probability :
When ¢ tends to infinity, we get the probability density
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1 21 ko'l
5(7) = (. — . oM 1
p(y)=C = eXp{(ﬂy 3 gQ}, (135)

K
T ey 4))],
g g

e. Transition probability :

2

with ¢ = 2
2Kk

In a first step, the transition probability can be expressed by means of a path
integral as

p(0,90: t, y1)
. 3 K <1 1> Ko <1 1>
K o s _ 2 I
_¢ Y4 o\ wo) e 207 \Y7 W (136)
32 \ iy
Yi
(t-52) L[ a2
=2 —— | i*ds
/ Ve D_xz(s)e 2Jo
(07_%)
1 /3 9 3ac?\ o, K)ao? , K20t |
_Z il 1— — d
X680m2+“< P 5“1 U™

This path integral can not be calculated exactly, but we get an approximate re-
sult when applying the convex combination of upper and lower bound as men-

tioned in (87) with V[z] = & [Z% + K2 (1 - %) 2% — "‘262“’2 24+ “2?2”4 26].

8.9 Nonlinear Mean Reversion Model

a. Model :
The Nonlinear Mean Reversion model is defined by the SDE

dY (t) = (a_lm)*l —ag+ Y (1) + agY(t)Q) dt + oY (1)3/2dW () ; (137)

Y is distributed on (0, +00).

b. Transformation to unit diffusion :

For X (t) = ———2—, the SDE transforms into
a4/ Y (1)

« [0 [0 02 o _ 04
iX(f) = ((g - 20—22) ﬁ - TLX () + T x 0y - 2 X(t)5> dt
AW (1) ; (138)

X is distributed on (—o0,0).



c. Maximal probability path :
The classical trajectory ¥m,0q(t]0,yo0; ¢, y:) can be determined implicitly by

s, (139)

/'ymod(tm’yo;tvyt) z dZ
o VAL G+ BA+CA+ D2+ Ez+F

where the constant G follows from the boundary condition yy,,q (%[0, yo; ¢, y:) =
Yt
For the respective coeflicients, we have

4
4= 5(3-2)G-%) D = o+
B = o —ayo? (3—2[%’) E = 20p0_ (140)
C = 20100 —a_10° (4—2[%2) F = oz%l.

d. Long term probability :
When ¢ tends to infinity, we get the probability density

(=) 2
_ _ T2 201 1 ap 1 2001 1
Py =C-y o/ exp{— 7 RF 302 ?} ;o (141)

the constant C' depends on the coefficients «_1, ap, a1, as and o, and is
determined by the condition of a total mass equal to one.

e. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as

(0,905, 1)
1 <3 20(2) aq <2 2@2) .
. 2 (2222 _ 2
=35 <@> 2\2 o2 i (142)
oYy Yt
o (1) e (i 1y eyl 1)
e P \y w/ . e 202 \y? y% . e 302 \y} yS’
1 rt 9
(t,*0_2 ) S :E dS
/ ;/ﬁ D_z(s)e 2Jo
- )

0=

X e

O\“

[A$72 + Bz? + Cx* + D2 + Ea® + me] ds
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For the respective coeflicients, we have

_ 1(3_ 20\ (1 _ 20 Y
A = 3 (2 o2 (2 o2 ) D {75 (g + 20n01)
1].,2 2 209 _ "
B 3 [al — Qo0 (3 ) )] E = ﬁaga_l
_ o 2 2 200 _ a® 2
c = 39 2&1&00’ — Q_10 4 — o2 F = mail .

(143)
This path integral can not be calculated exactly, but we get an approximate

result when applying the convex combination of upper and lower bound as
mentioned in (87) with V[z] = Az=2 + B2? + C2* + D2% + E2® + Fz'°.

8.10 Double Well Potential Model

a. Model :
The Double Well Potential model is defined by the SDE

dY@)z(Y@)—Y@P)d#+dW%ﬂ; (144)

Y is distributed on (—oo, +00).

b. Maximal probability path :
The classical trajectory ymoeq(t|0,yo; %, y¢) can be determined implicitly by

s, (145)

Ymod (t|0,y05t,y¢) dz
/o \/26—224—222—1-0:
where the constant C follows from the boundary condition y,q(t|0, yo; ¢, y¢) =
Y-
c. Long term probability :
When ¢ tends to infinity, we get the probability density

m=c-¢ 2, (146)
—1/4
with =2 ¢ —.
71y ya(3) + 121/a(3)

d. Transition probability :

In a first step, the transition probability can be expressed by means of a path
integral as
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1 5 2 1y 4 1
Sy Sy Y 7 R ——
(0,90 t,y;) = 62(% vo) = 3l ~%0) = 3 (147)
L[, L[t 4 2
(t,yt) — | gds— = | (y° —2y" —2y”)ds
/ Dy(s)e 2Jo 2 Jo ‘
(OzyO)

This path integral can not be calculated exactly, but we get an approximate
result when applying the convex combination of upper and lower bound as
mentioned in (87) with V[z] = 1 (20 — 224 — 22?).

9 Numerical illustration

In this last section, we want to show the high accuracy of our approximations. We
present graphs for the CEV Diffusion Model (figure 1), for the double well potential
(figures 2 and 3) and for the non-linear mean reversion model (figure 4), three
models for which the exact transition probability is not known in a closed form. For
the parameters appearing in the models, use has been made of the same values as
mentioned in the paper of Ait-Sahalia (see [1]) :

CEV a = 0.0808
Diffusion k = 0.0972
model o = 0.7224
Non a_; = 0.00107
linear oy = —0.0517
mean a; = 0.877
reversion ay = —4.604
model o = 0.8047 .

Each figure contains our upper and lower bound, and the final new approximation
which is based on a convex combination of the two bounds.

For the CEV diffusion model, upper and lower bounds are almost equal, such that
the convex combination provides a very efficient approximation of the exact transi-
tion probability density. As can be seen in the graphs for the double well potential,
the accuracy of both bounds is still very high, be it that the lower bound performs
slightly better. For the non linear mean reversion model, the upper bound is less
accurate, but fortunately the lower bound does better. Thanks to the fact that the
total mass of the lower bound is only little lower than 1, it seems that also in this
case, the final approximation performs very well.
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8k —— Upper and lower bounds -

— — Convex combination

L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 1: Approximation of the density function for the CEV diffusion model, with ¢t =1
and starting point gy, = 0.2.

0.6 —— Upper and lower bounds

— — Convex combination

0.5 —

0.2 i

0.1 -

Figure 2: Approximation of the density function for the double well potential model, with
t =1 and starting point y, = 0.5.
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0.35- -

—— Upper and lower bounds

0.25 — — Convex combination

0.2 -

p(y)

0.15- -

0.1 -

0.05- -

Figure 3: Approximation of the density function for the double well potential model, with
t = 1 and starting point y, = 0.

18

—— Upper and lower bounds

— — Convex combination

10

p(y)

Figure 4: Approximation of the density function for the non linear mean reversion model,
with ¢ = 1 and starting point y, = 1.
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Appendix A : Computational results for path
integrals

In this first appendix we mention some useful results about path integrals for which
an explicit expression is known. For the calculation of the Wiener and Gaussian
integrals, use has been made of the methods of Feynman and Hibbs (see [6]). The
results for the Calogero integrals are based on a result of Goovaerts (see [8]) and
Vanneste et al. (see [17]). For the calculation of the exponential integral, we used
a special coordinate transformation as was done in a similar proof in De Schepper
& Goovaerts (see [4]) ; this enables us to rewrite the result of the Calogero integral
into a result for the exponential path integral.

A.1 Wiener integrals

Ordinary Wiener process

b 2Ate—t) (148)
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Absorbed Wiener process

A.2 Gaussian integrals

1 [te o2 [t te
(te,ze) ——/ i(s)? ds — —/ z(s)?ds+0b [ x(s)ds
/ 2 J1, 2 Ji,
(

to

- - —Lite—t )+ﬁ(t —t,) (150)
(1 — e2alte—to)) AP Tl T T g gt T o

—2a(te—to)
- exp { (1+e ) ( 26% — 2a*b(zo + x.) + a’ (23 + mg))}

a3(1 — e~2a(te—to))

—a(te—to)
+ €Xp {_ a3(12i e_za(te—to)) (b - azxo) (b — GQ-Te) } .

A.3 Calogero integrals

1 a’ [te 9 te ds
/(te,me —E/ 2ds — _/to z(s)” ds — b/to 25)?
(

to,mo) S e
_ /T 7 1 [ . a T, Te }
smh( ( \/2b+Z sinh (a(t. —1,))
a (z3 + z7)
OxP {_tanh(a(te — ) } ! (151)

where I4[z] denotes a modified Bessel function, which can be expressed in a series
as
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00 1 2\ 942k
W= X e (a) (1)

and arises as a solution of the differential equation

2

' (2) + %z//(z) _ (1 n Z—2> b(z) = 0. (153)

A.4 Exponential path integrals

2 a® [t _, te
z(s)* ds — — e % ds—b e 7" ds
2 Ji,

to

1 fle
(t57fve) .
/ Dxz(s)e 27t
(

to,mo)

) 272 O'( n )
— — —(z T
B 2V2 a 1 02(te —to) 2 0 e

= - e
/T 02 \/te — o

4b
_ 1 1 B B
: Uoodse UQS@GXP{—SM (6 U$0+6 O-:Ee)}

2

(154)

2y

e o2 4
, 02(te — to) & ; Y )
/0 dy e e — to) ginh(y) sin <02(te )

o
Cex _2_a cosh(y) 6—5(% + xe)
"1 o sinn (2&) '

g

Appendix B : Proofs of the theorems

PROOF OF THEOREM 3.1

From probability theory, we know that the solution of the stochastic differential
equation (19) is unique. Hence, a solution that is found in another way, automati-
cally leads to the same transition probability.

We start with a discretisation of equation (19),

Vi1 — Yi = (A(ys) + 0(A(yir1) — A(yi))) e + wip1 — w; (155)
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for e = t/n, t; = ie and y; = Y (¢;). This can be rewritten as

O0A(y;
Yir1 — Yi = A(yi)e +6 a(yy ) (Yit1 — yi)e + wip1 — w;. (156)

In order to find a path integral expression for the transition probability of the process
Y = {Y(s),s € [0,t]}, we will perform a change of variables from w tot y in the
Brownian path integral

taw; —1 thQ s
/((’ )Dw(s)e 2/0 (=)"d (157)

0,w0)

when written as the limit of an (n — 1)—fold integration. Due to the nature of
a(wla W2,y -y wn—l)

8(y17 Y2y .eey ynfl)

the variables, the Jacobian matrix J = is an uppertriangular

matrix, and therefore

= 9A(yi1)

n—1 _052
171 =11 <1 O 9AWi—1) 1)> ~e =1 %y

5 (158)

=1

This brings us for the path integral to

1 t
(tun) - / (s)? ds
/ Duw(s)e 2Jo
(0,11)0)
n—1

_E Yi+1 — Yi

= lim #/d /d e2zz%< c )
n—)oo\/%n Yt... Yn—1

"1 9A e A
‘ 6_95 12::1 a_y(?/i—l) | 6—5 2 <A2(3/z‘) + 2914(%)@(%)(%“ — yi))
= ) % Noro o Yi+1 — Yi
e+e ; <A(yz) + an (yi) (Yit1 yz)> (75 ) )

Now, we can return to a Feynman path integral expression by eliminating the limit
of the (n — 1)—fold integration. This results in

t

(t,we) —1 w(s)2 ds
/ Duw(s)e 2Jo

(0,w0)

t taA
(t:ye) —1/ (s)? ds —0/ —ds
=/ Dy(s) e 2Jo

71’/0

——/ A2 (y(s))g ds +/ A(y(s))g dy( ) (160)
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Since the first integral in the last line of equation (160) is a Riemann integral, the 6
has no influence. The second integral in the last line of (160) behaves as a general
stochastic integral in the sence of (5) ; 6 can be eliminated when making use of (13)
— which completes the proof. Note that this last step is necessary due to the fact
that Feynman integrations make use of a midpoint definition.

PROOF OF PROPOSITION 3.1

A simple proof can be constructed when the transition probability p(0, yo;t + €, y¢)
is expanded.
First, we expand the probability in € up to order one, giving

0
(0,905t +£,941) = p(0, 03t ye) + 68_];(0’ Yot Yt)- (161)

Next, due to the Kolmogorov property and with (21) one has

—+ 00
p(0,yo;t+e,41) = / dy p(0,yo0;t,y) p(t,y;t + €, yr) (162)
2
—I—ood 1 _(yt—ygeA(y)) .
e [ € ) ?tﬂ N
/_oo Vor (0, 5031, )

Changing the integration variable as y = y; + ¢ and expanding in ¢ up to order two
(which is equivalent with order one for ¢), the last expression can be written as

p(0,90:t + €, 1)
+oo 1 —2—2
:/_oo A 2 (163)
0A
: (1 —¢ <A(yt) + fa—yt(yt)) - %AQ(%))

0 2 92
(0, yoi t.y1) + E=2-(0, yos t, yr) + 5——g((),yo;lt,yt)
0yi 2 ayt

Performing the integration over ¢ and comparing the result with expression (161),
the partial differential equation arises.

PROOF OF THEOREM 3.2

In a first step, we rewrite the -stochastic differential equation into a Stratonovich
equation. This is necessary in order to justify the use of the classical chain rule.
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Assume that the process Y = {Y(s),s € [0,¢]} satisfies equation (24) and define
the notations € = t/n, t; = ic, y; = Y (t;) and y? = Y (t; + 0(t;x1 — t;)). We then
have

/ Ly (s)

_/ (A(Y (s))ds + B(Y (s))g dW (5)}

i Y {eA (49) + B (wiss = w)}
1=0
n—1
= lim Ay j/2+elaB i1 — i) | (wip1 — w;
tin 3= {eatn [ )+ 0= )50 s —30)] (wisa = i)}
n—1
=t 3 {eA) + B (i — ) + 0 - e T B |

i—0

! 1, OB
:/0 {[A(Y(s))+(e 2 % (Y(S))B(Y(s))} ds + B(Y (s)) dW(s)}. (164)

Now, if we use a change of variables as suggested in (25), the previous reasoning
brings us to

/0 "X (s)

t dY(s)

0

S
= nll)r{:o . {B 1/2 [y’t+1 y]}

A@ys) + By!") (wigs —wi) + (0 — e B(y:) B(yy)
= hm 7
(Y(s 1, 0B
= + (0 — s }ds—l—dWs}, 165
/{[B(Y(S)) 0-3) 5 () (5 (165)
which completes the proof.
O
PROOF OF THEOREM 3.3
This immediately follows from the change of variables mentioned in (25). Indeed,
d
PO.goitye) = Z-Prob[Y () < ulY(0) = yol
1 d
S e Prob X (0 < Bl X(0) = ). (166)
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Applying theorem 3.1, the desired result follows.

PROOF OF PROPOSITION 3.2

The forward Fokker Planck equation can be derived in the same way as it was
done for the result of proposition 3.1, when starting from the transition probability
p(0,50;t + &,y;) as given in (33).

The expansions now need to be performed up to order 4 for ¢, and up to order 8 for
¢ (see e.g. [15]).

([l
PROOF OF THEOREM 4.1
The Lagrangian for the proces Y (t) equals
. 1, 1 10A(y) .
L =P+ ZA(y)* + = — A(y) - 9. 1
(4:9,8) = 59" + 5 AW + 5 By (y) -y (167)
Therefore, applying (35), the maximal probability path is determined by
) 0A(y) | 19%A(y)
=A = . 168
i= A5+ 5 (168)
After multiplying both sides by ¢, two integrations lead to the desired result.
|

PROOF OF THEOREM 5.1

In order to prove (47), we start from the path integral expression for the transition
probability for the process Y, as stated in theorem 3.1 :

t 1t ,  0A t
w5 [as—5 [ (AwP+ G ) ds+ [ Ay
(0,03, yt) =/ Dy(s)e 20 2 Y 0 :
(O’yO)
(169)
As suggested by the stochastic differential equation (44), we will make use of a

coordinate transformation, in discretised version

1)
Yi+1 —Yi = 2 F(2:)?2

(tiv1 — ti) + f' (@) (Tip1 — 2i) (170)
where e =t/n, t;y=1-¢, yi =Y (t;), z; = X(t;), for i = 0,...,n.
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The transformation is obvious for the second and third integral in the exponent.
For the first integral, the kinetic term, we have

n s 2
s = (5 5508 4 (6 ) ds am)
and thus

1 t
_= y-Qd (172)

d 2 1 t N 1 t 1 2
L ot () - L [ L) gy L SO
ds 2Jo f'(z(s)L) 8Jo f'(x(s)L)
Due to the conditions of the path integral formalism, the first and second integra-
tions in this expression have to be transformed into mid point integrations (the last

integral does not cause any difficulty being a Riemann integral). Making use of the
expansion

pla)de = e)dr — ¢/ (o) (dr)
= ple)ds — 5407 (173)

which holds for arbitrary functions ¢, and where we relied upon (13), (43) and (45),
we obtain

/t Mdm(s) (174)
0 )

t M (x(s 1/t " (x(s 1t " (z(s))?
ECWRIY L P A

S

as well as

/1t F(@(s)1)2 <d—$>2ds (175)
= [l reor () a g [ e [ e

As a consequence, the kinetic term can be expressed as

/ y*d (176)

= 2/ f'(x(s))? (%)2(13—%/; ff’l((;v((j) dm+4/ G Sgds.
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The transformation can be completed by rewriting the path differential measure as

Dy(s) = limpseo H \/? H dy;

Summarizing, this brings us to the interim result

1 dz\?
(t,yt) — | flz(s — | ds
(0,905 t,y)) = /( ’ [f'(z(s)r)Dz(s)] e 2/0 (we) <d‘9> (178)

O,yo)
Cpra(s)) 7 (2(s)
. 5/ ) d3+4/ Fla(s)

(AP + 1 () s

VA

[
/\

E / f(a(s)) dals)

Examining this path integral expression, it is clear that we still need a stochastic
time change from ¢ and ds to t* and do in order to get both a kinetic term and a
differential measure that are independent of the transformation function. This can
be done when choosing

tiv1 — ti = f(zi) f'(zig1) (0i41 — 03) (179)

or

ds = f'(z(0)1) f'(z(0)r) do . (180)

As before, the transformation is obvious for all integrations except the kinetic term
in the exponent of (178). For the kinetic term, we use the fact that (see e.g. (173))

, 1)
Pl = fni+ 3 L8 (181)
— Fe(s)R) —%%d& (182)

As a result, the kinetic term can be rewritten as
1/, o [dz\? 1t fdz\? 1 [t f"(z(0))?
—= — ) ds=—= — ] d = ———do . 183
2/0 fla() <ds> T2 <do> U+8/0 Flanr® - (183)
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For the path differential measure, the stochastic time change leads to

[f(z(s) ) Dz (s)]
. n 1 n—1 o "
= llmnﬁooizl_[l \/27T f’(fll'i—l)fl(flfi) (Ui _Ui—l) Z:r[l f( 1)d 2
1
= —f’(xo)f'(wt) Dz(o) . (184)

Altogether, this results in the final path integral

pX(Oa:EO = f_l(yo); t,xe = f_l(yt))

1t
1 /(t*,f—l(yt)) De(o)e 2o *do
= . z(o) e
VI o) - ) o510
1t ), 94 .
—3 Alf @) + 5 -[f(@)] ) f(2) do
P 0 Y (185)
a e )
+ Alf ()] f (z)dz — = 3 -2 do
. 0 [f( )]f ( ) 8 Jo l f’(:v)2 f’(.’lﬁ)
where we still have to impose the condition
t*
t= [ fl(z)*do. (186)
0
This can be done by adding an integration with a Dirac function,
400 t*
/ dat* s (t— [ f'(z)%do |, (187)
0 0
or
t*
to e P (t - f’(w)2d0>
/ g / dt* e 0 , (188)
—00 0
which completes the proof.
O
PROOF OF THEOREM 7.1
The path integral can be written as
te
I(to, Toites ze) = K(to, Tojte, Te) - Ew |[e_ ft" VX ds]] . (189)

44



Applying proposition 7.2, we know that the variable A = [ V[X(s)] ds is smaller
than B = [* F‘;(IX(S))(U) ds in convex ordering. Since the exponential function is
convex, it follows immediately from the definition of convex ordering (see (67)) that

I(t07$o§tea$e) < IUpp(toamo;teaxe) (190)

with \
ep;! ds

[P (ty, i te, 7e) = K (bo, Toi ter ) - By | & Jra TVixen) (191)
If we rewrite the expectation in (191) as an expectation over B = ftie F‘;(IX(S)) (U) ds

instead of over U, an application of (69) leads to the second result, which completes
the proof.

|
PROOF OF THEOREM 7.2
We start by writing the path integral as
Htaroites20) = Kt tere) - B [B [ ha POT ] 10 gy
for an arbitrary stochastic variable A.
Applying the inequality of Jensen, it follows that
I(to, Toi te, Te) > ' (to, To; te, 7o) (193)
with
190 (1, 03 b, ) = K (tgy 05t ) - B | o PV IXONNTa ] (194)

If we choose A = X(t), with ¢5 such that ¢, < t; < t., the final result immediately
follows.
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