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Abstract 

We compare cost efficient alternatives for the full factorial 24 design, the regular 25-1 fractional 

factorial design and the regular 26-1 fractional factorial design that can fit the model consisting of all 

the main effects as well as all the two-factor interactions.  For 4 and 5 factors we examine 

orthogonal arrays with 12 and 20 runs, respectively. For 6 factors we consider orthogonal arrays 

with 24 as well as 28 runs. We consult complete catalogs of two-level orthogonal arrays to find the 

ones that provide the most efficient estimation of all the effects in the model. We compare these 

arrays with D-optimal designs found using a coordinate exchange algorithm. The D-optimal designs 

are always preferable to the most efficient orthogonal arrays for fitting the full model in all the 

factors. 
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1. Introduction 

This paper considers the design of experiments for four to six two-level factors to fit a model 

consisting of the main effects and all the two-factor interactions (2FIs).  We call this model the 

interactions model. Well-known candidate designs are the full factorial 24 design in 16 runs, the 

regular 25-1 fractional factorial design in 16 runs and the regular 26-1 fractional factorial design in 32 

runs. The design for five factors can be constructed by writing down a full factorial design in four 

factors coded with -1 and 1, or – and +, and calculating the settings of the fifth factor by 

multiplication of the settings of the first four factors. For example, if the settings of the first four 



factors are (+ - + +), the setting of the last factors is 1*-1*1*1 = -1. The fractional design for six 

factors can be constructed similarly. 

There are several reasons to like the above candidate designs. It is easy to calculate the effect of 

changing any factor: all the responses for trials run at the –- level of the factor are averaged and 

subtracted from the average of the responses for trials run at the + level of the factor. The 

interaction effects are also easy to calculate: the settings of the two factors involved in an 

interaction are multiplied to obtain a new column with + and – levels, and the calculation of 

interaction effects is analogous to the calculation of main effects. Most importantly, the effects of 

any factor or interaction can be estimated with the smallest possible variance of all designs having 

the same number of runs (i.e. σ2/n where n is the number of runs and σ2 is the variance of the error 

term in the model). These effects achieve this lower bound because they are mutually orthogonal 

making these designs both D- and A-optimal. The column for each effect is also balanced having an 

equal number of plusses and minuses. If two effect columns are correlated, the variance of each 

effect must be greater than σ2/n. In addition, correlated effect columns require a regression analysis 

to calculate the estimates of the main effects and 2FIs. 

In the four- factor case, there are 11 unknown quantities that we want to estimate (I.e. the 

intercept, four main effects, and six two-factor interactions). Mee (2004) calls the ratio of the 

number of unknowns to the number of runs the degree of freedom efficiency. For the full -factorial 

design this efficiency is 11/16. However, any 4 four-column subset of the Plackett-Burman design 

having 11 factors and 12 runs (Plackett and Burman, 1946) can also fit the interactions model though 

not with minimum possible variance for each parameter. Such a design, which we call the PB4 

design, has a degree of freedom efficiency of 11/12. 

The PB4 design is an example of an orthogonal array of strength 2. A strength-2 orthogonal array 

(OA) is composed of a matrix of symbols, in our case + and –, such that any group of two columns 



has an equal number of all possible combinations of the symbols. Specifically, any pair of columns in 

the PB4 design has 3 replications of the four possible pairs of symbols: + +, + –, – +, and – –.   

Hedayat et. al. (1999) provide a comprehensive treatment of OAs and their properties. In our 

context the most important property is that an OA of strength 2 allows for fitting all the main effects 

with minimum variance. However, wWhile the PB4 design also allows for fitting the interactions 

model, this is not generally true for all strength 2 OAs. Moreover, even if a strength 2 OA can fit a 

model containing all these interactions, the resulting effects will may be correlated and therefore, 

their variances will may no longer be minimal (i.e. σ2/n where n is the run budget).  

In the five factor case there are 16 unknown quantities that we want to estimate (the intercept, five 

main effects and ten 2FIs) . So the degree of freedom efficiency for the 25-1 design is 100%. However, 

there are no degrees of freedom left to estimate the error variance. Therefore, it might makes sense 

to consider designs with additional runs to provide the extra degrees of freedom needed for 

statistical inference. The most obvious candidates would be designs based on orthogonal arrays of 

20 runs. Such designs have a degrees of freedom efficiency of 16/20 or 0.8, but it is necessary to 

check whether they can fit the interactions model. 

For the six factor case, the degree of freedom efficiency for the 26-1 design is only 22/32. When runs 

are costly, it makes sense to investigate the properties of alternative designs having fewer than 32 

runs. There are surprisingly many strength-2 OAs for six two-level factors having either 24 or 28 runs, 

and we are interested in those that best fit the interactions model. 

In this article, we consult a catalog of all the different strength-2 OAs for four factors in 12 runs, five 

factors in 20 runs, and six factors in 24 and 28 runs (Schoen, Eendebak, and Nguyen, 2010) to find 

the best ones to use as a design for fitting the interactions model.  Recall that these OAs minimize 

the variances and correlations among the main effects only. However, our concern is with their 

performance for estimating the two-factor interactions.  



Since we are interested in finding a design that minimizes the variances of all the model coefficients, 

we also employ a D-optimal design generation algorithm that aims for generally to lower the 

variances of the effects in a global sense. We then compare the resulting designs with the best OAs. 

When comparing designs, it is important to be clear about the design features that are desirable. 

Orthogonal arrays were first introduced and were desirable because in the absence of computers, it 

is possible to calculate all the effects using differences of averages of the responses. Additional 

desirable features of OAs are their orthogonal main effects and balanced columns. Balanced and 

orthogonal columns are useful design properties allowing each effect to be evaluated separately 

without consideration of any other effect. Because of this there is a commonly held belief that 

orthogonality provides model robustness. This is true but only for the set of effects that are 

orthogonal. For strength-2 OAs, the 2FIs are not all orthogonal, so it may not be possible to estimate 

the interactions model. Even when the interactions model is estimable the variances of the 

estimates of the 2FIs may be large.  

In this work we contrast OAs with computer-generated designs constructed to fit the interactions 

model. For many of these computer-generated designs the main effects may not be orthogonal and 

the columns of the design may not be balanced. In such cases these designs do not estimate the 

main effects with full efficiency. However, in exchange for the loss of precision for estimating main 

effects, these designs can often provide more precise estimates of the 2FIs. When there is concern 

that there may be many active 2FIs, then it may be worthwhile to trade the loss of precision in the 

estimates of the main effects for more precise estimates of the 2FIs.  

The organization of the article is as follows. In Section 2, we review D-optimality and A-optimality to 

quantify the capacity of a design to give precise estimates of the model parameters. In Section 3, we 

discuss the results of our search for optimal designs. We judge the optimality of the design 

alternatives with respect to the interactions model. In Section 4, we compare the variousthe 

efficiency and model robustness of six-factor designs when the number of active factors varies from 



two to five. considering two model spaces from the literature. We conclude with a brief discussion 

and some recommendations.  

2. Criteria to Measure Design Efficiency 

We make use of two well-known design optimality criteria.  A design is said to be optimum with 

respect to the D-optimality criterion if |X’X| is maximized, where X is the model matrix for the 

design.  That is, X is the design matrix whose columns have been expanded to model form.  For 

example, the interactions model for a four-factor design requires an X matrix with a column of ones 

for the intercept, the four main effect columns and six columns for 2FIs. The D-efficiency of a design 

is  
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where the maximization in the denominator is taken over all designs and p is the number of 

parameters in the model. In cases where the globally D-optimal design is not known, as in all our 

examples, we replace the expression in the denominator above with np. An X matrix with p 

orthogonal columns of plus and minus ones would have a determinant of np. This makes the result of 

our replacement a lower bound on the D-efficiency – see Goos and Jones (2011). Generally this 

lower bound is not tight and the true D-efficiency may be substantially higher than the reported 

lower bound. 

To compare the relative D-efficiency of design 1 to design 2 with respect to a common model, one 

computes (|X1’X1| /|X2’X2|)(1/p) . It is possible for design 2 to be less efficient than design 1 even if 

design 1 has fewer runs.  

Fractional-factorial designs and Plackett-Burman designs are known to be both D-optimal and A-

optimal (i.e. efficiencies of 100%) for the main effects model. For an arbitrary number of runs, 

however, the D-optimal design is generally unknown and finding a highly D-efficient design requires 



the use of a computer. Exchange algorithms such as the coordinate exchange algorithm of Meyer 

and Nachtsheim (1995) are widely used to construct D-optimal designs quickly and efficiently.   

A design is A-optimal if it minimizes the sum of all of the diagonal elements of (X’X)-1.  The diagonal 

elements of (X’X)-1 are proportional to the variances of the model regression coefficients where the 

constant of proportionality is σ2.  Therefore, the A-optimal design minimizes the average variance of 

the estimates of the parameters. The A-efficiency of a design is 

1( )
eff

p
A
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where the Tr(Z), read trace of Z, is the sum of the diagonal elements of Z, and p is again the number 

of parameters in the model.  

D-optimal designs and D-efficiency as a measure are more familiar terms. However,tThe A-efficiency 

is a more direct measure than the D-efficiency of the variances of the model coefficients. For a more 

in-depth treatment see Atkinson et. al. (2007). The previously mentioned coordinate exchange 

algorithm is easily adapted to compute designs with high A-efficiency. 

 

  



 

 

3. Efficient Designs for Four, Five and Six Factors 

In this section we consider efficient designs for four factors in 12 runs, five factors in 20 runs, and six 

factors in 24 or 28 runs. We identify designs from a complete catalog of OAs that are best in terms of 

their D- and A-efficiencies for the interactions model.  Then we compare these designs to a D-

optimal design constructed for efficient estimation of the interactions model. 

3.1. Construction and comparison of 12 run designs for four factors 

A natural construction method for a four-factor OA with 12 runs is to choose four factors of the 

Plackett-Burman design for 11 factors and 12 runs. All choices of 4 out of the 11 factors result in 

isomorphic designs. We say that two designs are isomorphic if it is possible to convert one to the 

other using a combination of three operations: 

1) Switching two rows 

2) Switching two columns 

3) Permuting the symbols in a column – i.e. changing the +s to –s and vice versa. 

So, two arrays are distinct if no combination of the above actions can change one array to the other. 

Note that none of these operations has any effect on the statistical properties of a design. However, 

any two nonisomorphic OAs may have substantially different statistical properties, which makes 

comparing them worthwhile. 

It turns out there is only one OA for four factors and 12 runs (Schoen et al., 2010). This design 

appears in the right panel of Table 1.  

A well-known alternative to this 12 run design is the design constructed as a ¾ fraction of a full 

factorial proposed by John (1962). This is not an orthogonal design, because the four level 



combinations of the third and fourth factor do not occur equally often. The middle panel of Table 1 

shows John’s design.  

  



 

Table 1. Three designs  for 4 factors and 12 runs 

Run D-optimal John OA 

1 + - - + + + - - - - - - 

2 + + - - + - - + + + + - 

3 - + + + + + + - - + - + 

4 + + + - - - + - - + + + 

5 - + - - + + - + + + + - 

6 + + + + - - - - + - - - 

7 + - + + - + - + + - + + 

8 + + - + - + + + - + - - 

9 + - - - - - - + - - + + 

10 - - + - - + + - + - - + 

11 - - - + + - + + + + - + 

12 - + - + + - + - - - + - 

 

We created a third option by using the coordinate exchange algorithm of Meyer and Nachtsheim 

(1995) as implemented in JMP 11 (2013). This option, which we label ‘D-optimal’ appears in the left 

panel of Table 1. Like the John design, the D-optimal design is not orthogonal. Moreover, the 

columns of this design do not have the same number of plusses and minuses. Each of the factors has 

7 settings of one kind against 5 settings of the other kind. Interestingly, this option has the same D- 

and A-efficienciesy (85.8% and 69.8% respectively) as the ¾ fraction. The D-efficiency for the OA is 

81.4 %. This example illustrates the fact that there may be multiple designs that are D-optimal for a 

given model and specified number of runs. Incidentally, The D-efficiency for the OA is 81.4 % and its 

A-efficiency is 63.8%. 

In Table 2, we compare the standard error of model coefficient estimators for the three design 

options, assuming that the error standard deviation is 1. It is obvious that the OA is inferior to the 

other two designs for the estimation of the factorial effects. Only the intercept is better estimated 

by the OA than by the other two designs. We note that for the purpose of screening, the precision of 

the intercept is of less importance than the precision of the other effects. 

 



Table 2: Relative standard errors for three 12-run 4-factor designs 
 

Parameter standard error 

 D-optimal John OA 

Intercept 0.31 0.31 0.29 
A 0.34 0.35 0.37 
B 0.34 0.35 0.37 
C 0.34 0.35 0.37 
D 0.34 0.35 0.37 
AB 0.35 0.35 0.37 
AC 0.35 0.35 0.37 
AD 0.35 0.35 0.37 
BC 0.35 0.35 0.37 
BD 0.35 0.35 0.37 
CD 0.35 0.31 0.37 

    
In Table 2, we compare the standard error of model coefficient estimators for the three design 

options, assuming that the error standard deviation is 1. It is obvious that the OA is inferior to the 

other two designs for the estimation of the factorial effects. Only the intercept is better estimated 

by the OA than by the other two designs. We note that for the purpose of screening, the precision of 

the intercept is of less importance than the precision of the other effects. 

For the OA the absolute value of the correlation between each main effect and three 2FIs is one-

third. The other 3 possible correlations in each case are zero. So, 12 of the 24 possible absolute 

correlations are one-third. For the design proposed by John, only 7 of the 24 possible absolute 

correlations between main effects and 2FIs are one-third. The rest are zero. For the D-optimal design 

all the main effects are have absolute correlations of 0.169 with all the 2FIs. 

Adding the 2FIs to the model means that multiple regression is required to fit the parameters of any 

of these designs. The length of the confidence intervals on the parameters is directly proportional to 

the standard errors of the coefficients.  

The design proposed by John has equal standard errors (0.35) for all factorial effects except for the 

CD interaction effect (0.31). This feature is useful only if this effect is known to be of special interest. 

We slightly prefer the other D-optimal design because all the main effects in this design have lower 



standard errors than the John design (0.34 versus 0.35). The interactions have standard errors that 

are the same as for the John design except for the aforementioned CD interaction effect. 

3.2.  Construction and comparison of 20 run designs for five factors 

A 20-run design in five factors (with 16 effects to estimate) has the benefit of providing four degrees 

of freedom to estimate the variance of the random error. Schoen et al. (2010) show that there are 

11 nonisomorphic five-factor OAs having 20 runs.  

It is desirable for a strength-2 OA with an adequate number of runs to fit the interactions model. 

Investigators employing an OA that cannot fit the interactions model run the risk of biased main 

effects caused by interactions that cannot be estimated. As a result confirmation runs could fail to 

validate the fitted model. It turns out that Oonly four of the 11 five-factor arrays can fit the 

interactions model. We show the best one in terms of D-efficiency  in the right panel of Table 3. Its 

D- and A-efficienciesy for the interactions model areis 87% and 73% respectively. 

For the OA each main effect has absolute correlations of 0.2 with six of the ten 2FIs. The other four 

correlations are zero for an average absolute correlation of 0.12. 

Using the coordinate exchange algorithm in JMP 11, we created the D-optimal design for 20 runs 

and five factors shown in the left panel of Table 3. Its D-efficiency for the interactions model is 

95.1%. Note that the first and last columns of the D-optimal design are not balanced. This results in 

absolute values of correlations among the main effect columns that average 0.08. The correlations 

between main effects and 2FIs for this design are variable with a maximum absolute correlation of 

0.2. The average absolute correlation between main effects and 2FIs is 0.065, which is a little over 

half the comparable quantity for the  

We compare the standard error of the estimators of the coefficients in Table 4. With either design, 

the standard errors for the factorial effects are equal. However, those for the OA are uniformly 

higher than those for the D-optimal design. For this reason, we prefer the D-optimal design. 



 

Table 3: Design alternatives for 
five factors and 20 runs for 
fitting the interactions model 

Run D-optimal OA 

1 - - - - + - - - - - 
2 - - - + - - - - - + 
3 - - - + + - - - + - 
4 - - + - - - - + - - 
5 - - + + - - - + + + 
6 - - + + + - + - - + 
7 - + - - - - + - + - 
8 - + - + + - + + - + 
9 - + + - - - + + + - 

10 - + + - + - + + + + 
11 - + + + - + - - - + 
12 + - - - - + - - + + 
13 + - - + + + - + - - 
14 + - + - + + - + + - 
15 + - + + - + - + + + 
16 + + - - - + + - - - 
17 + + - - + + + - + - 
18 + + - + - + + - + + 
19 + + + - - + + + - - 
20 + + + + + + + + - + 

 

Adding the 2FIs to the model means that multiple regression is required to fit the parameters of any 

of these designs. The length of the confidence intervals on the parameters is directly proportional to 

the standard errors of the coefficients. As a result confidence intervals on every parameter other 

than the intercept will be 12.7% longer for the OA than for the D-optimal design. This would have an 

effect on the power to detect a regression coefficient equal in size to the error standard deviation 

assuming all terms are in the model. For each effect the power for the OA is 0.81 compared to 0.89 

for a t-test with a significance level of 0.05. 

We compare the standard error of the estimators of the coefficients in Table 4. With either design, 

the standard errors for the factorial effects are equal. However, those for the OA are uniformly 

higher than those for the D-optimal design. For this reason, we prefer the D-optimal design. 

 

Table 4: Standard errors for two 20-run  
   5-factor designs 

Parameter standard error 

  D-optimal OA 

Intercept 0.23 0.22 

A 0.23 0.26 

B 0.23 0.26 

C 0.23 0.26 

D 0.23 0.26 

E 0.23 0.26 

AB 0.23 0.26 

AC 0.23 0.26 

AD 0.23 0.26 

AE 0.23 0.26 

BC 0.23 0.26 

BD 0.23 0.26 

BE 0.23 0.26 

CD 0.23 0.26 

CE 0.23 0.26 

DE 0.23 0.26 



3.4.3.3.  Construction and comparison of 24 run designs for six factors 

A natural and often used construction method for a six-factor OA in 24 runs is to choose six factors 

from the Plackett-Burman design with 23 factors, which is given in Table 5. Note that 

The Plackett-Burman design is a strength-2 OA because each of the four pairs of symbols (++, +−, −+ 

and −−) appears six times in every one of the 253 pairs of columns.  

Not every choice of six columns from the Plackett-Burman design permits fitting the interactions 

model. There are 100,947 ways to choose six columns out of the 23. Only 49,588 ways allow for 

fitting the interactions model. Taking the first six columns gives a design with an average variance 

more than 7 times bigger than for the best choice of six columns (1-4, 10 and 11). So, constructing 

these designs by arbitrarily choosing six columns from the Plackett-Burman design is ill- advised. 

 

Table 5: Plackett-Burman design for 24 runs and 23 factors 

 

Schoen et al. (2010) show that there are 1,350 nonisomorphic six-factor OAs having 24 runs. The 

best D- efficiencies and A-efficiencies of these designs for the interactions model are listed in Table 



6, together with those of the best design created using the coordinate exchange algorithm in JMP 

110 with 10,000 random starts. 

Since there are only 1,350 OAs in six factors, most of the 100,947 six-column choices from the 23 

columns of the Plackett-Burman design in Table 5 are not are isomorphic to many other six-column 

choices.result in designs that are equivalent to other six-column choices. 

Even worseAlso, the set of six-factor projections of the design in Table 5 are not exhaustive of the 

set of orthogonal main effects designs. It turns out that 20 of the 1,350 catalogued OAs have better 

A-efficiencies than the best of the six-column choices from the Plackett-Burman design. The 

difference can be as large as 8%, so we use the best of the catalogued designs for our comparisons 

rather than a sub-optimal choice of columns from the Plackett-Burman design. 

 

Table 6: D-efficiencies and A-efficiencies  
for the best 24 run designs for six factors  
(interactions model) 

Design ID D-efficiency (%) A-efficiency (%) 

OA #971 74 49 

OA #999 74 49 

OA #1031 74 49 

OA #1253 79 47 

OA #1259 79 47 

OA #1264 79 47 

OA #1332 79 47 

D-optimal 92 85 

 

In Table 6, we show the D-efficiencies and A-efficiencies of the best 24-run OAs. The best D-

efficiency is 79%. There are eight arrays with this efficiency though four are not shown because they 

have A-efficiencies of 45%. The table also lists three designs having the maximum A-efficiency (49%). 

These A-optimal OAs have a 2% better A-efficiency than four D-optimal OAs. The D-optimal design 

obtained from JMP 11 has a D-efficiency of 92% and an A-efficiency of 85%. These efficiencies are so 

much higher than the OA alternatives that the difference is important in practice.  To obtain 

comparable inference with an OA would require one to use the most efficient 28 run OA. 



Both OAs have absolute correlation between main effects and 2FIs of either zero or one-third. 

OA#1031 has 24 of 90 absolute correlations of one-third (average absolute correlation = 0.089). 

OA#971 has 21 of 90 absolute correlations of one-third (average absolute correlation = 0.078). The 

absolute values of correlations between main effects and 2FIs are for the D-optimal design are more 

variable but the maximum absolute correlation is 0.1748. The average absolute correlation is 0.077. 

The effect that these correlations have on the relative standard errors of the parameters is 

surprising. For the full interactions model the D-optimal design averages 133% more efficient than 

either OA over all the parameters. Individual relative efficiencies for the D-optimal design range 

from 116% at a minimum to a worst case of 149%.  

 

 

Table 7: Designs of 24 Runs for 6 Two-level Factors 

Run D-optimal OA #1332 OA #971 

1 + + − + + + − − − − − − − − − − − − 
2 + + + − + − − − − − − + − − − − − − 
3 − − − + + − − − − − + − − − − − + + 
4 − + − − + − − − − + + + − − − + − + 
5 − − − − − − − − + − + + − − + − − + 
6 − − + − + − − − + + − − − − + + + − 
7 − + + + − + − + − + − − − + − − + − 
8 + − − − + + − + − + + + − + − + + + 
9 − − + + − + − + + − − − − + + − + + 
10 − + − − − + − + + − + + − + + + − − 
11 − − − + + + − + + + − + − + + + − + 
12 + − − + − + − + + + + − − + + + + − 
13 − + + − − − + − − + − + + − − + − − 
14 + + − − − − + − − + + − + − − + + + 
15 − − + + − − + − + − − + + − + − + − 
16 − + − + − − + − + − + − + − + − + + 
17 + − + − − − + − + + − − + − + + − + 
18 + − − + + − + − + + + + + − + + + − 
19 − − + − − + + + − − − − + + − − − + 
20 − + + + + − + + − − − + + + − − + − 
21 + − + + + + + + − − + + + + − + − − 
22 + + + + − − + + − + + − + + − + + + 
23 + + + − − + + + + − + − + + + − − − 
24 − + + − + + + + + + − + + + + − − + 

 

Loeppky et al. (2007) propose two sets of three six-factor designs in 24 runs, where the sets are 

obtained by different procedures. The designs found by either of the procedures are isomorphic to 

the designs found by the other procedure. We checked the designs in Table 6 against these designs. 

The first of their designs corresponds to OA 1332; the third one corresponds to OA 1259.  We did not 



include their second design, because its A efficiency is 2% smaller than the designs with D-efficiency 

79% that we did include. 

 

Table 7 shows one of the most D-efficient OAs (OA 1332; middle panel) and one of the most A-

efficient OAs (OA 971; right panel). The left-most design in Table 7 is the D-optimal design from JMP 

11. This design is not orthogonal. Like the 12-run and 20-run D-optimal designs, the columns of the 

24-run D-optimal design are not balanced. This is evident by noting that there are only 10 plusses in 

the first column. Despite this lack of perfect balance, the D-optimal design is substantially more 

efficient for the estimation of the interactions model. this design has a D-efficiency of 92% and an A-

efficiency of 85%.  These efficiencies are so much higher than the OA alternatives that the difference 

is important in practice.  To obtain comparable inference with an OA would require one to use the 

most efficient 28 run OA. 

As discussed before, OAs have D-efficiencies and A-efficiencies of 100% for models consisting of only 

main effects. It is natural to ask how well the D-optimal design performs for the main effects model, 

since it sacrifices orthogonality of the main effects to obtain more precise estimates of 2FIs. Though 

it is not orthogonal, the D-optimal design has a D-efficiency of 98% and an A-efficiency of 96% for 

the main effects model. so confidence intervals for the main effects will be 2% longer on average.  

This difference small loss of efficiency would rarely be of practical importance. 

 

3.4 Construction and comparison of 28 run designs for six factors 

As for the 24 run designs, a commonly employed method for constructing a six-factor orthogonal 

array in 28 runs is to choose six factors from the Plackett-Burman design (Plackett and Burman, 

1946) with 27 factors. Here, there are 296,010 ways to choose six columns out of the 27, while there 



are 17,826 catalogued OAs in six factors and 28 runs. So, again, most of the six-column choices from 

the Plackett-Burman design are not distinct. 

The best OA has a D-efficiency for the interactions model of 89% and an A-efficiency of 77%. This 

design outperforms the best 28-run design found by Loeppky et al. (2007). The best D-efficiency of 

the designs proposed by these authors is 82% and the best A efficiency is 61 %. The best design 

obtained with the D-optimal design algorithm has a D-efficiency for the interactions model of 93% 

and an A-efficiency of 85%. The D-efficiency and the A-efficiency for a model with only the six main 

effects are 99 and 98%, respectively. The best OA and the D-optimal design are shown in Table 8. 

The difference in efficiencies between the D-optimal design and the best OA is less marked for the 

28 run case than for the 24 run case. However, the detailed study in the next section again favors 

the D-optimal design, unless only three or fewer of the six factors have non-negligible effects (active 

factors). 

 

Table 8: Designs with six two-level factors in 28 runs. 
Run D-optimal OA #17825 

1 + + − − − − − − − − − − 
2 + − + + + + − − − − − + 
3 + − − + − − − − − − + − 
4 − + − − − + − − − + − + 
5 − + + + + + − − + − + − 
6 + − − − + − − − + + − − 
7 − + + − + − − − + + + + 
8 − + − + + + − + − − + + 
9 + + − + − + − + − + − + 

10 + + + − − − − + − + + − 
11 − + − + − − − + + − − − 
12 + + + − + + − + + − − + 
13 + + − + + − − + + + + − 
14 + + − − + + − + + + + + 
15 − + − − + − + − − − + + 
16 + − + + − − + − − + − − 
17 − − − − − − + − − + + − 
18 + − − + + + + − + − − + 
19 − − − + + − + − + − + − 
20 + − + − + − + − + + − + 
21 + + + + − + + − + + + + 
22 − − − − + + + + − − − + 
23 − − + − − + + + − − + − 
24 + − − − − + + + − + − − 
25 − + + + − − + + − + + + 
26 − − − + − + + + + − − − 
27 − − + + + − + + + − + + 
28 + + + + + − + + + + − − 

 



 

4 Model Spaces with Subsets of Factors or Interactions 

In this section, we compare the performance of our six-factor designs for model spaces previously 

introduced in the design literature. The first, which we call the projection model space, was 

considered by Loeppky et al. (2007). Models in the projection model space consist of subsets of 

factors and all two-factor interactions involving these factors. For example, there are 20 three-factor 

models in the projection model space for the six factor designs. These 20 models consider are all 

combinations of six factors taken three at a time. Each model consists of the main effects of the 

three specified factors and their three two-factor interactions. We compare designs for their average 

estimation performance across all two-factor, three-factor, four-factor and five-factor projections.   

We also consider the main effects plus interactions model space (MEPI) also introduced by Li and 

Nachtsheim (2000). MEPI models have all the main effects and up to g additional interactions, where 

g = 1, 2, …, n(n-1)/2. In our comparisons we only consider the addition of two to five additional 2FIs. 

To compare the MEPI model space for four additional 2FIs, our models start with all six main effects. 

Then, we add all possible combinations four of the six possible combinations (10) of 2FIs.  

We make these comparisons for the six factor case only because we define screening designs as 

having six or more factors. A major assumption in screening is that investigators do not expect all the 

factors to have strong effects. If so, it makes sense to compare designs based on models that involve 

only a subset of the factors. 

4.1 Six Factor Designs with 24 runs 

The plots in Figure 1 show the averages (heavy dots) and ranges (“error bars”) of D-efficiencies for 

interactions models in 2-5 factors based on the three 24-run designs from Table 7. The designs are 

the D-optimal design, OA 1332, and OA 971, respectively. We prefer OA 1332 over the other OAs 

having the same D-efficiency for the interactions model in six factors, because it has slightly better 



D-efficiencies for both the projection and MEPI model spaces. OAs 971 and 999 both have the same 

A-efficiencies in these models; these are slightly better than OA 1031. Our decision to plot OA 971 

instead of OA 999 was arbitrary. 

The plots in the four groupings of the figure are based on 15, 20, 15 and 6 different models, because 

these are the numbers of different projections into 2, 3, 4 and 5 factors, respectively. Except for the 

two-factor projections, the D-efficiency for the A-optimal OA, 971, is worse than one or both of the 

other two designs. 

 

 

Figure 1.  D-Efficiency of 2 – 5 factor Projections for Three Designs  with Six Factors and 24- Runs 

Designs 



The plots in the four groupings of the figure are based on 15, 20, 15 and 6 different models, because 

these are the numbers of different projections into 2, 3, 4 and 5 factors, respectively. Except for the 

two-factor projections, the D-efficiency for the A-optimal OA, 971, is worse than one or both of the 

other two designs. 

If it were possible to know that the maximum number of active factors would not exceed three, we 

would prefer the most D-efficient orthogonal array (OA 1332) to the D-optimal design. For OA 1332 

16 of the 20 projections into three factors have a better D-efficiency than the best three-factor 

projections for the D-optimal design. On the other hand, four projections have slightly worse 

efficiencies than the worst projection of the D-optimal design. 

For projections into four and five factors, the superiority of the D-optimal design is clear. For four 

active factors, the worst projection of the OA 1332 is 5% less efficient than the worst projection for 

the D-optimal design, while the remaining projections of the orthogonal array are only 2% better 

than the worst projection of the optimal design. We are generally uncomfortable risking the success 

of a study on the possibility of an unlucky break in which a set of four or five factors turns out to be 

active.  

The plots in Figure 2 mimic those of Figure 1 except that they show A-efficiencies rather than D-

efficiecies. show the averages (heavy dots) and ranges (error bars) of the A-efficiencies of the three 

selected designs. It is remarkable that for the 5 factor projections, the worst A-efficiency of OA 1332 

is as good as the best A-efficiency of the most A-efficient orthogonal array (OA 971). The general 

picture is the same as for the D-efficiencies: for interactions models in up to three factors, the D-

optimal design is slightly worse than the best orthogonal array. As in the study of D-efficiencies, the 

D-optimal design performs better in A-efficiency for projections to four or five factors. If it were 

possible to know that only three or fewer factors were going to be active, we would prefer OA 1332. 



 

Figure 2.  A-Efficiencies for Projections of 2 – 5 Factors for Three Designs  with Six Factors and 24 

Runs Designs 

 

Figure 3 shows the three designs’ efficiencies with respect to MEPI models with 2–5 of the 15 two-

factor interactions. There are 105 = (15*14)/2 models in the MEPI model space for 2 factors. For the 

3–5 factor model spaces we consider 455, 1365 and 3003 models respectively. The most striking 

feature of Figure 3 is the substantial variation in efficiencies for the OAs as opposed to those for the 

optimal design. For example, the A-efficiencies for models with five two-factor interactions only 

range from 91% to 93% for the D-optimal design. However, for OA 1332 the A-efficiencies have a far 

wider range (86% to 98%). The A-efficiencies of OA 971 have an even wider range (70% to 96%).  

Since an investigator cannot not know in advance which or how many two-factor interactions will be 

active, for the MEPI model space the D-optimal design appears to be the least risky choice. 



 

Figure 3. A-Efficiencies for Different 24 Run Designs and MEPI Models with 2 – 5 Interactions 

 

In summary, an attractive feature of the D-optimal design is the fact that the efficiencies shown in 

Figure 1– 3 are both high and relatively homogeneous. This implies that the design behaves well no 

matter which subset of factors or interactions is active. This feature is not shared by the best OAs. 

 

4.2 Designs with 28 runs 

For 28 runs, we compare the optimal design with OA 17825, which is the most D-efficient as well as 

the most A-efficient orthogonal array with six factors; the designs were given in Table 8. Figure 4 

shows the A-efficiencies for the projection model spaces involving 2 to 5 factors for both the D-



optimal design and OA 17825.  Note that all the sub-models for the OA have the same A-efficiency 

within each projection. The A-efficiencies for two-factor projections is 100%, which is a characteristic 

of strength 2 OAs. As the dimensionality of the projection increases, the A-efficiency of the OA drops 

from 100% for 2 factor projections to 87% for 5 factor projections. 

The A-efficiencies for 2 factor projections of the D-optimal design range from 96% to 99%. For 4 and 

5 factor projections, all the projections of the D-optimal design have higher A-efficiencies than the A-

efficiencies of OA #17825. As for the 24 run case, we would prefer the OA if it were possible to know 

that there are no more than three active factors. Otherwise, given uncertainty about the number of 

active factors, we prefer the estimation performance of the D-optimal design in projection model 

spaces with more than three factors. 

 

Figure 4.  A-Efficiencies for Projections of 2 – 5 Factors for Two 28 Run Designs 



 

Figure 5 shows the A-efficiencies for MEPI models having 2 to 5 added 2FIs. There are 105 models 

containing only two 2FIs in addition to the main effects. For all of these models OA #17825 has the 

same A-efficiency (97.8%). For the same case, the D-optimal design A-efficiencies ranging from 

96.4% to 97.2%.  As the number of added 2FIs grows from 2 to 5, the A-efficiency of the D-optimal 

design exceeds the A-efficiency of the OA to an increasing degree. 

 

Figure 5. A-Efficiencies for Different 28 Run Designs and MEPI Models with 2 – 5 Interactions 

 

 

5 Discussion 

This paper features the comparison of two-level strength-2 OAs with computer-generated optimal 

design alternatives. For cases with several two-level factors and one or more multi-level factors, we 

refer to Schoen (2010), who compared strength-3 OAs with optimal designs to estimate the 

interactions model.   



We investigated alternatives to the standard candidate designs for four to six factors for fitting the 

interactions model. We also studied the performance of the six-factor designs for the projection and 

MEPI model spaces.  Any of the alternative designs we studied could prove useful in cases where the 

cost of performing 32 runs is prohibitive.  We focused on designs of 24 and 28 runs because both 

OAs and D-optimal designs are available for these cases.  The optimal design approach is preferable 

yields more precise parameter estimates for interactions models having four or more factors and for 

MEPI models with three or more active interactions in addition to the main effects. For cases where 

the OAs perform better the difference between the design approaches is too small to be practically 

important. 

In case even the cost of 24 runs is prohibitive to investigate six factors, we note the availability of the 

22-run design given by Rechtschaffner (1967). This design is D-optimal for the interactions model but 

saturated (i.e. there are no degrees of freedom left to estimate error). The D-efficiency for the 

interactions model is 92.6 % and the A-efficiency is 86.8 %. These efficiencies are higher than those 

of the D-optimal 24-run design considered here. To investigate this issue further, we augmented the 

Rechtschaffner design in several ways to obtain a 24-run design. The utility of our 24 run D-optimal 

design was confirmed, because the augmented designs had worse efficiencies for the interactions 

model as well as for the various submodels studied in this paper.   

The D-optimal Rechtschaffner design illustrates the fact that budgeting runs for optimal designs is 

flexible. It is possible to generate optimal designs for any run budget greater than the number of 

required parameters to be fit. So, designs of 26 or 30 runs are also feasible and can provide more 

degrees of freedom for estimating the error variance than the 24 or 28 run designs respectively. Of 

course, the fact that the 26-1 fractional factorial design is orthogonal and offers minimum variance 

estimates for all main effects and 2FIs meanshas so many desirable features that unless runs are 

expensive, it is hard to imagine choosing a 30 run design instead. 



Our research allows us to make a number of recommendations for the practitioner. First, it is 

common for investigators to create designs from a tabled orthogonal array by using a small set of 

arbitrarily chosen columns from an array having many more columns that are required. This is 

especially true for studies using the Taguchi arrays. If one knew that only the main effects were 

active, then this would have no undesirable consequences. But, this is exactly what one does not 

know in advance of experimentation. This paper shows that creating designs by choosing columns 

from a Plackett-Burman design can lead to a couple of undesirable outcomes. One may be unable to 

fit models that it should be possible to fit or one may be able to fit the required model but with very 

low efficiency (or high variance inflation). First, if many 2FIs are active, it may not be possible to 

estimate them. Second, even if all the active 2FIs are estimable, the variances of these estimates 

may be unnecessarily high. 

This paper also calls into question the commonly made assertion that D-optimal designs do not have 

good projection properties. In our examples we see that D-optimal designs are outperforming the 

most efficient OAs for fitting interactions models in projections of six factors down to four factors. 

Practitioners need to understand that strength-2 OAs only guarantee the orthogonality of the main 

effects. For these OAs, the 2FIs are generally not orthogonal to each other. The degree of 

nonorthogonality as evidenced by higher standard errors among the 2FIs in these OAs exceeds that 

of the D-optimal design. The D-optimal design for the interactions model trades off orthogonality of 

the main effects in exchange for better estimation of 2FIs than any strength-2 OA can provide. For 

fitting only the main effects, the nonorthogonality of the six-factor D-optimal design for the 

interactions model in 24 runs leads to a small loss of precision in the estimates of these effects that 

ismaximum VIF of 1.04. Such a small variance inflation is negligible in almost any practical 

application. 



Finally, practitioners should be aware that it is not necessary to allocate the resources required by a 

resolution V fractional factorial design to fit the interactions model. The 24 run choices we 

recommend yield a 25% savings in resource cost versus the standard 26-1 fractional factorial design. 

There is scope for further research along these lines. While we have investigated only cases with 

four to six factors, our methodological approach is general.  For example, the smallest resolution V 

fractional factorial design for seven factors requires 64 runs, which is seldom a feasible choice. 

However, the interactions model only has 29 parameters, so it is likely that strength 2 OAs of 32, 36 

or 40 runs can fit these models. So far, catalogs of OAs for designs of this size are unavailable due to 

the magnitude of the computing problem and the huge numbers of OAs. 
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