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Abstract

This study sheds light on the prerequisites, possibilities, limitations and interpretation of high-resolution differential
phase contrast (DPC) imaging in scanning transmission electron microscopy (STEM). We draw particular attention
to the well-established DPC technique based on segmented annular detectors and its relation to recent developments
based on pixelated detectors. These employ the expectation value of the momentum transfer as a reliable measure of
the angular deflection of the STEM beam induced by an electric field in the specimen. The influence of scattering and
propagation of electrons within the specimen is initially discussed separately and then treated in terms of a two-state
channeling theory.

A detailed simulation study of GaN is presented as a function of specimen thickness and bonding. It is found that
bonding effects are rather detectable implicitly, e.g., by characteristics of the momentum flux in areas between the atoms
than by directly mapping electric fields and charge densities. For strontium titanate, experimental charge densities are
compared with simulations and discussed with respect to experimental artifacts such as scan noise. Finally, we consider
practical issues such as figures of merit for spatial and momentum resolution, minimum electron dose, and the mapping
of larger-scale, built-in electric fields by virtue of data averaged over a crystal unit cell. We find that the latter is possible
for crystals with an inversion center. Concerning the optimal detector design, this study indicates that a sampling of
5mrad per pixel is sufficient in typical applications, corresponding to approximately 10× 10 available pixels.

Keywords: TEM, STEM, DPC, momentum transfer, field measurement, charge density measurement

1. Introduction

The control and measurement of solid state phenomena
such as ferroelectricity, magnetism as well as spontaneous
or piezoelectric polarisation in crystals is involved in or
even paves the way for the engineering of many innovative
nanoelectronic devices. Prominent examples are ferroelec-
tric tunnel junctions [1, 2], spin light-emitting diodes [3–5]
or InGaN-based light-emitting diodes [6–8]. Owing to its
high spatial resolution and the strong coupling of electrons
to electric and magnetic fields via the Lorentz force, trans-
mission electron microscopy (TEM) is predestined for the
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characterisation of such fields. The differential phase con-
trast (DPC) technique [9] has allowed for many impressive
measurements in this domain.

As to the investigation of magnetic fields, magnetic do-
main walls in permalloy have been observed directly [10,
11], the vortex structure and domain wall widths of permal-
loy particles could be resolved [12] and magnetic vortex
cores in permalloy could be shifted and pinned by mag-
netic fields [13].

Recently, DPC has been employed in studies of electri-
cal properties, such as spontaneous polarisation in GaAs
nanowires [14], piezoelectric fields in GaN/InGaN/GaN
heterostructures [15], atomic-scale mapping of the elec-
tric field in BaTiO3 [16] and dopant-modulated built-in
electric fields in pn junctions [17].

As originally proposed for electron microscopy by Rose [9],
DPC evaluates the asymmetry of intensity in the central
part of diffraction patterns (the Ronchigram) by means of
a split four-quadrant detector [10]. Most DPC measure-
ments of both magnetic and electrical properties have re-
lied on the established intuitive interpretation of the DPC
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signal being caused by a shift of the Ronchigram as a
whole, reflecting the classically expected angular deflec-
tion of the electron beam in the specimen caused by the
Lorentz force.

Some more recent works adopt a quantum mechanical
interpretation of diffracted intensities in terms of proba-
bility currents [18, 19], ptychographic reconstructions of
the object phase [20, 21] or the quantum mechanical ex-
pectation value for the electron momentum transfer [22].
The authors of this article recently related this expectation
value to the projection of the electric field using Ehrenfest’s
theorem [23] in simulation and experiment, which allowed
the measurement of atomic electric fields in SrTiO3 [22].

While fields of a large extent of some tens of nanome-
ters could successfully be characterized using segmented
detectors and the conventional interpretation assuming a
shift of the diffraction pattern as a whole, this approach
has been shown to be inadequate for the quantification
of atomic electric fields using contemporary aberration-
corrected STEM at a resolution below 100 pm [22]. In this
case the detailed intensity distribution in diffraction pat-
terns has to be considered. On top of that, reliable field
strengths are only obtained for very thin specimens. This
situation hence demands a comprehensive study investi-
gating the reliability of electric field characterization as a
function of the spatial resolution in STEM, the specimen
thickness as well as the scale at which electric fields vary,
which is the goal of this article.

In the following, these issues are addressed via detailed
simulation studies focused on electric fields in a GaN crys-
tal. In section 2, we consider the measurement of the
angular deflection from electron diffraction patterns in a
quantum mechanical approach and point out limitations
of DPC when employing segmented detectors. Section 3
treats the relation between angular deflection and electric
field distribution in the framework of different models; the
equivalence of one model with the phase object approxi-
mation is demonstrated. We then investigate the scatter-
ing of single atomic columns in section 4 which has the
advantage that electron channeling can be studied apart
from Bragg scattering, and interpret results in a simple
s-state channeling model. Section 5 deals with the relia-
bility of the electric field determination in GaN crystals as
a function of specimen thickness and scattering amplitudes
used in the simulation. The mapping of bonding charges
is discussed via the comparison of data obtained in iso-
lated atom approximation with density functional theory
(DFT) data. Section 6 addresses the influence of inelas-
tic scattering on the diffraction pattern. In section 7 we
suggest a figure of merit for the spatial resolution and dis-
cuss requirements towards momentum space sampling and
electron dose for given accuracy and precision as a guide
for practical setups. Experimental and theoretical charge
densities of SrTiO3 are presented in section 8. We ad-
dress the mapping of large-scale electric fields from atomic-
resolution DPC data in section 9, followed by a discussion
in section 10.

2. The angular deflection of electrons as a quan-

tum mechanical observable

2.1. Diffraction patterns and the expectation value of the
electron momentum transfer

In the Schrödinger picture of quantum mechanics, the
wave function ψ is the central entity to describe the state
of a quantum mechanical system. The wave function has
different equivalent representations, for example ψ(r) and
ψ(p) describe the same state in real and momentum space,
respectively, with position r and momentum p. Both rep-
resentations are related by Fourier transform, i.e. ψ(p) ∝
F [ψ(r)]. Considering image formation in a transmission
electron microscope within the framework of Fourier op-
tics, this fact is particularly interesting because the spec-
imen exit plane and the back focal plane of the objective
lens are also related by Fourier transform, giving rise to
the Fraunhofer diffraction pattern in the back focal plane.

Thus, recording this pattern means recording the two-
dimensional intensity distribution I(p⊥) = |ψ(p⊥)|2 with
p⊥ the vector of the lateral momentum parallel to the de-
tector plane which is typically perpendicular to the optical
axis. Furthermore, by the postulates of quantum theory,

〈p⊥〉 =
∫

d2p⊥ p⊥I(p⊥) (1)

is the quantum mechanical expectation value of the lateral
momentum, which, for a sufficient number of detected elec-
trons, will be identical to the average lateral momentum.
Without loss of generality, the initial average momentum
can be chosen to be 〈p0

⊥
〉 = 0 for the STEM probe incident

on the specimen, so that Eq. (1) expresses the average mo-
mentum transfer. It is related to the scattering angle α by
h · sinα = p⊥λ with the relativistically corrected electron
wavelength λ and the Planck constant h.

The previous considerations are well-established facts
from quantum theory and Fourier optics. They do, how-
ever, reveal explicitly that the determination of the av-
erage momentum transfer does neither require the mea-
surement of the phase of the wave function ψ(p⊥), nor
are any model assumptions to be made as to the interac-
tion of the STEM probe with the specimen. At the same
time the integration in Eq. (1) essentially condenses the
two-dimensional intensity distribution I(p⊥) with all its
complexity into one single vector 〈p⊥〉 which nevertheless
has a fundamental physical meaning.

2.2. Measurement of the average momentum transfer

It is this intuitive condensation of extensive, possibly
complicated diffraction pattern data I(p⊥) into one fun-
damental quantity 〈p⊥〉 that constitutes the appeal of av-
erage momentum transfer measurements [22]. However,
the integral nature of Eq. (1) has important consequences
for the design of the experimental setup because a suit-
able detector must realise the integration of the diffrac-
tion pattern coordinates p⊥ weighted by the local intensity
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Figure 1: (a) Mean potential Vp of GaN calculated by DFT and
projected along [112̄0]. (b) Momentum transfers for a STEM simu-
lation (multislice) in the region depicted in (a). A specimen thick-
ness of 2.2 nm and an aberration-corrected probe with 300 keV en-
ergy have been assumed. The momentum transfers were calculated
from Eq. (1), h is Planck’s constant. The inset shows a simulated
Ronchigram for the indicated position in (a), and a conventional
DPC detector with north, south, west, east segments. (c,d) Simula-
tion of conventional DPC images using the detector shown in (b) for
the region in (a). The contrasts in (c) and (d) qualitatively indicate
a horizontal or vertical deflection, respectively.

I(p⊥), or allow for it in postprocessing. Actually such a
"center of gravity" or "first moment" detector had already
been proposed in 1977 [24]. Recently, charge-coupled de-
vice (CCD) cameras for electron microscopy [25] reaching
kHz frame rates [26, 27], delay-line detectors [28] or direct
complementary metal-oxide-semiconductor (CMOS) cam-
eras [29, 30] have been developed. Thereby the acquisition
of four-dimensional data sets (a two-dimensional diffrac-
tion pattern for each STEM raster position) in acceptable
time becomes feasible, enabling reliable measurements of
〈p⊥〉 at a dense STEM raster.

2.3. Limitations of conventional DPC

In contrast to the considerations of the previous sec-
tion, DPC STEM has as yet primarily employed segmented
ring detectors to investigate, e.g., electric fields, which we
refer to as conventional DPC in the following. Its appli-
cability for the quantitative measurement of 〈p⊥〉 will be
considered next.

We used the STEMsim software package [31] to simu-
late diffraction patterns of a GaN crystal in [112̄0] orienta-
tion as a function of the position of the STEM probe in a
region containing two closely neighbored Ga and N atom

Table 1: Probe parameters used for the multislice simulations.

acceleration voltage 300 kV
CS of condenser 40 μm
semiconvergence angle 21mrad (Scherzer)
probe defocus −8.87 nm (Scherzer)

columns forming a "dumbbell". The mean projected po-
tential of this area is shown in Fig. 1 (a).

The incident STEM probe was simulated correspond-
ing to a contemporary aberration-corrected STEM instru-
ment with a point resolution of 70 pm according to the
parameters given in Tab. 1.

The vector field in Fig. 1 (b) depicts the resulting aver-
age momentum transfers according to Eq. (1) for a speci-
men thickness of 2.2 nm, exhibiting the atom positions as
sinks of momentum transfer with a strength determined by
the atomic number, being 4.4 times larger for Ga (Z = 31)
than for N (Z = 7). The inset in Fig. 1 (b) exemplarily
shows the central part of a diffraction pattern close to a
Ga site as indicated. Obviously the dominant effect of the
interaction with the crystal is a complex redistribution of
intensity mainly within but particularly also outside the
Ronchigram. While the calculation of the average mo-
mentum transfer in Eq. (1) takes this complexity fully into
account, it becomes evident that a segmented ring detec-
tor, as indicated in white, integrates over a large azimuth
of 90◦ and a wide range of scattering angles of typically
10 mrad or more [16]. Thus neither redistribution of in-
tensity inside each segment nor intensity changes outside
the segments can be detected. Besides that, conventional
DPC signals will most likely depend heavily on the detec-
tor geometry, i.e. inner and outer ring radii and azimuthal
orientation of the segments.

Nevertheless conventional DPC does indeed exhibit sen-
sitivity to the angular deflection of the electrons in the
present case as shown in Figs. 1 (c,d) which have been cal-
culated by W −E and N − S, respectively, corresponding
to the signals of the west, east, north and south segments.
Taking the asymmetries in both x- and y-direction to-
gether, the DPC images are intuitively satisfying because
they can be interpreted such that the positively charged
atomic nuclei attract the electrons of the STEM probe.
This circumstance has probably motivated the interpreta-
tion of conventional DPC signals as being caused by a pure
shift of the central beam, considered as a homogeneously
illuminated disc apart from that. In that case, the mo-
mentum transfer can be calculated from signal differences
between opposite segments via

〈p⊥〉 ∝ [(W − E) x̂+ (N − S) ŷ]

with an appropriate proportionality factor as calibration.
The following section will shed light on the validity of these
assumptions.
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3. Relating momentum transfer and electric field

3.1. Definitions

If a STEM raster of average momentum transfers is
acquired, the maximum information that can be extracted
from this two-dimensional field of two-dimensional vectors
is another vector field of exactly the same dimensions. The
ideal result would be the projected electric field

Ep(r⊥) =
1

∆z

∫

∆z

dzE⊥(r⊥, z), (2)

itself, where ∆z is the thickness of the specimen along the
optical axis. Ep(r⊥) is related to the projected potential

Vp(r⊥) =
1

∆z

∫

∆z

dzV (r⊥, z) (3)

by means of Maxwell’s equations:

Ep(r⊥) = −grad⊥ Vp(r⊥). (4)

In the following it will be investigated to which extent a
measurement of 〈p⊥〉 can be related to Ep(r⊥).

3.2. Exploiting Ehrenfest’s theorem

As long as expectation values are considered, the mo-
mentum 〈p⊥〉 in Eq. (1) can formally be related to the
expectation value of the lateral electric field, 〈E⊥〉, in a
straight forward manner: In classical physics, the time
derivative of momentum equals force, which is equal to
the Lorentz force in electrodynamics. In the absence of
magnetic fields, only the Coulomb force −e · E⊥ with el-
ementary charge e remains. Importantly this still holds
in quantum mechanics for expectation values according to
the theorem of Ehrenfest [23, 32], yielding

d〈p⊥〉 = −e 〈E⊥〉dt . (5)

Using the paraxial approximation where dt = dz/v is the
time an electron with speed v needs to propagate the dis-
tance dz along the optical axis, this reads

d〈p⊥〉 = − e
v
〈E⊥〉dz. (6)

Integrating over z within the specimen thickness ∆z for a
specific probe position R⊥ results in a formal expression
for the expectation value of the momentum transfer

〈p⊥〉(R⊥) = − e
v
∆z 〈E⊥〉p(R⊥), (7)

where the definition of the projected expectation value of
the electric field operator 〈E⊥〉p(R⊥) is given by

〈E⊥〉p(R⊥) =
1

∆z

∫

∆z

dz
∫∫

d2r⊥ E⊥(r⊥, z)IR⊥
(r⊥, z).

(8)
See Fig. 2 for the definition of coordinates and a sketch of
a typical Airy-shaped probe. Note that IR⊥

(r⊥, z) is the

Figure 2: Illustration of the coordinate system used throughout this
article. The STEM probe is incident along the z-direction, R⊥ is
the position of the probe on the specimen of thickness ∆z, r⊥ is
a vector in the specimen plane assumed to be perpendicular to the
optical axis. A typical Airy-shaped probe profile is also shown (not
to scale), contrasted to the geometric model of conical incidence and
a perfectly sharp probe.

three-dimensional intensity distribution within the spec-
imen, resulting from a probe positioned at R⊥. No ap-
proximations or assumptions except for the well-justified
paraxial approximation have been made so far.

Even though this argumentation started from a classi-
cal vantage point, one will get to the same result for fast
electrons starting rigorously from the paraxial approxima-
tion of the Schrödinger equation

∂

∂z
ψ(r⊥) = i

(

λ

4π
∆⊥ +

2πe

hv
V (r⊥, z)

)

, (9)

The fully quantum mechanical derivation can be found in
Ref. [22].

On the one hand, Eq. (7) directly relates the measured
average momentum transfer 〈p⊥〉(R⊥) to 〈E⊥〉p(R⊥), which
however is not independent of the probe intensity distri-
bution, and therefore not a good measure from a material
science standpoint. On the other hand, Eq. (8) can ob-
viously not be solved easily for the quantity of interest,
Ep(r⊥), without approximations because E⊥ as well as
IR⊥

(r⊥, z) are in general functions of all three coordinates
within the specimen. Furthermore, the probe intensity
IR⊥

(r⊥, z) inside the specimen is usually unknown and
subject to propagation and scattering. Scattering itself is
again dependent on the electric field making the solution
a problem of self-consistency. With certain approxima-
tions for IR⊥

(r⊥, z) however, as presented in the follow-
ing, a direct relation between average momentum transfer
〈p⊥〉(R⊥) and projected electric field Ep(r⊥) can be de-
rived.

3.3. Nonpropagating, point-shaped probe

If the electric field E⊥ in Eq. (8) was laterally homo-
geneous - at least inside the interaction volume, where
IR⊥

(r⊥, z) > 0 - Eq. (7) would simplify to

〈p⊥〉(R⊥) = −e ·∆z
v

·Ep(R⊥). (10)
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The momentum transferred to a probe at position R⊥

would be directly proportional to the projected electric
field and it would be independent of the shape of the probe.
The simple relation in Eq. (10) would thus be ideal for the
direct measurement of electric fields. From Eq. (9) it can
furthermore be shown that in this specific case the momen-
tum transfer would manifest solely in a shift of the oth-
erwise unaltered Ronchigram which would allow for field
quantification by conventional DPC.

On the one hand, assuming a constant electric field
within the interaction volume appears as a too crude sim-
plification. On the other hand, contemporary aberration-
corrected STEM has reached minimum beam diameters
of 50 pm [33] and better [34], so that one could argue
that electric fields practically do not vary at such small
scales and are quasi-constant at R⊥. It is noteworthy that
Eq. (10) can also be derived directly from Eqs. (7,8) by as-
suming a point-shaped probe described by a Dirac delta
function at the scan position R⊥,

IR⊥
(r⊥, z) = δ(r⊥ −R⊥), (11)

where we also neglect propagation inside the specimen.
The beam therefore does not broaden inside the specimen
and is z-independent. This model is equivalent to the as-
sumption of a quasi-constant field, as E(r⊥) is constant in
a singular point.

To study the applicability of the above model, we simu-
late the interaction of an aberration-corrected STEM probe
for three different cases. First, the probe is propagated
through a capacitor of infinite lateral extent, correspond-
ing to a homogeneous electric field. Second, the simulation
is repeated with a capacitor of a reduced lateral extent of
1.5 nm, corresponding to a piecewise homogeneous electric
field, at least at a scale 20 times larger than the incident
probe. Consequently, differences between both cases as
to the shape of the Ronchigram and the consistency with
Eq. (10) can be interpreted by means of a broadening of
the probe beyond the extent of the capacitor due to prop-
agation. Third, we neglect propagation and study solely
the interaction of the probe with the potential of a GaN
crystal projected into one slice, and check whether this
single interaction alters the shape of the Ronchigram. For
all simulations, probe parameters from Tab. 1 have been
used.

First, STEM simulations were conducted for an electric
field perpendicular to the optical axis, with a magnitude
of 150V/nm, an infinite lateral extent and various thick-
nesses. An exemplary diffraction pattern is shown in Fig. 3
and exhibits exactly the shift of a homogeneously illumi-
nated Ronchigram expected for a homogeneous field. It is
also visible that the measured momentum transfer 〈p⊥〉 is
exactly following Eq. (10) for all specimen thicknesses.

Second, the dimensions of the field were reduced: Simu-
lation results for a homogeneous field of the same strength
but now spatially confined to a width of 1.5 nm are also
displayed in Fig. 3. The probe was centered between the

Figure 3: Behavior of the Ronchigram for a homogeneous field: The
left part shows the simulated situation: A small probe is passing
through a capacitor of height ∆z and a lateral field Ep = 150Vnm−1.
In the upper case the lateral extent of the capacitor is infinite, in
the lower it is 1.5nm, which is still small compared to the probe
diameter of ≈ 100 pm. The central column shows the Ronchigram of
the incident probe as well as that of the wave exiting both capacitors
for ∆z = 50nm: In the finite case, a halo remains in place of the
probe Ronchigram at a thickness of ≈ 25 nm. The graph on the right
compares momentum transfer for both cases to the transfer expected
from Eq. 10 with respect to ∆z: For the finite extent a significant
deviation is observed.

plates and more than 99.9 % of the incident intensity was
localised inside the central half of the capacitor, so that
the assumption of a constant field in the probe area is
definitely satisfied in the incident plane. The average mo-
mentum transfer, however, is proportional to ∆zEp only
for capacitor heights below 25 nm. When the height in-
creases further, it shows lower values than expected. This
is caused by the propagation along the z-direction which
increases the extent of the probe. At ≈ 25 nm parts of the
probe leave the capacitor and the electric field is thus not
constant in the entire interaction volume and the trans-
fer of momentum decreases. This is not surprising, as the
model assumptions are not fulfilled anymore.

Another interesting effect can be observed in the nar-
row capacitor: While most of the Ronchigram disc is shifted
as in the infinite case, the sharp edge of the disc stays in
position for ∆z > 25 nm and does not move with increas-
ing ∆z, forming a halo. This is also an effect of the finite
field area. Even if the probe is centered in the capacitor,
its tails lap out into the field-free region after propagating
25 nm and more. Hence, the phase of this outer part of the
probe is not altered and the corresponding intensity in the
diffraction pattern is not shifted. These tails of the probe
that are far from its center in real space belong to high
spatial frequencies in reciprocal space, which causes the
observed sharp halos. The same effect was described by
Mahr et al. [35] for halos of diffracted discs near interfaces
between materials with different lattice parameters.

It can be concluded from this study that electric fields
which vary on scales much larger than the probe could be
studied with the model of a point-shaped non-propagating
probe, that leads to Eq. (10). However, with increasing
specimen thickness the assumption of non-propagation can
cause massive deviations from the model, even if the as-
sumptions are valid in the incident plane. This is a first
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Figure 4: One-dimensional intensity profiles across the Ronchigram
for a probe position on the connecting line between Ga and N as
marked in the inset. The intensity is shown as a function of the
strength of the projected potential, which has artificially been varied
between β = 0 and 140 times its true value.

indication that a restriction to thin specimens will be nec-
essary.

We third considered the interaction of the STEM probe
with the potential of GaN projected along [112̄0] for a
beam position near a Ga site to test if the model of a
point-shaped probe without propagation holds for realistic
atomic fields. The incident wave function was multiplied
with the phase grating exp(iβσVp∆z) of one crystal slice
with the projected potential Vp and interaction constant σ.
In addition, Vp was scaled by a factor β ∈ [0 . . . 140], rep-
resenting the dependence on crystal thickness by means of
multiples of the slice thickness of 0.32 nm. In this way, the
behavior of scattered intensities in the presence of elec-
tric field gradients in the illuminated area can be studied
without propagation and influence of probe broadening.

The results are shown via the intensity profiles across
the Ronchigram in Fig. 4. It can be seen immediately
that already this kinematic approach reveals a complex
intensity distribution inside the Ronchigram for any value
of β > 0, which corresponds to specimen thicknesses of
up to 50 nm. The rectangular shape at β = 0 can be
recognized partly up to β = 60, remaining centered in
reciprocal space. This is clearly in contradiction to the
predictions for a quasi-constant field. The first effect of
the electric field is rather to deflect intensity towards the
left edge inside the Ronchigram with increasing β than
shifting the full Ronchigram. If β is raised further intensity
is shifted beyond this edge.

To sum up, the deflection of the STEM probe by an
electric field is usually not proportional to the field at the
scan position. Moreover, Eq. (10) is violated if the electric
field varies within the interaction volume, leading to a re-
distribution of intensity within the Ronchigram. This can
happen either indirectly by propagation and consequent
broadening of the STEM probe within the specimen or
whenever the electric field varies already at the scale of the
incident probe. The former can be avoided up to a certain
extent with thinner specimens. The latter however must
be taken into account even for contemporary, aberration-

corrected probes. In the following, we thus keep neglecting
propagation but include the effect of electric field varia-
tions on extended probes.

3.4. Extended STEM probe without propagation

We now allow for an arbitrary intensity distribution
I0(r⊥) of the STEM probe at the entrance surface of the
specimen and assume that its shape is the same for all
raster positions which then only cause a shift by R⊥. Since
we neglect propagation the shape of the probe is indepen-
dent of z, meaning I(r⊥, z ≥ 0) = I0(r⊥). This model can
therefore be expressed as

IR⊥
(r⊥, z) = I0(r⊥ −R⊥). (12)

In experiments, I0(r⊥) can be measured indirectly by
measuring the aberrations and defocus of the probe form-
ing lenses. Note that directly acquiring a high magnifica-
tion image of the probe on a camera is subject to aber-
rations of the imaging system of the microscope. Because
this model is constant in z, inserting Eq. (12) in Eqs. (8)
and (7) yields

〈p⊥〉(R⊥) = −e ·∆z
v

· EPC(R⊥), (13)

using the definition

EPC(R⊥) =

∫

d2r⊥ Ep(r⊥)I0(r⊥ −R⊥)

= Ep(R⊥)⊗ I0(−R⊥).

(14)

The subscript "PC" stands for "probe convolved", as the
integral is very similar to a convolution of the projected
field with I0(R⊥). Nevertheless, it should be noted that as
expressed by the second line Eq. (14) actually is a convo-
lution with I0(−R⊥), which is the inversion of the probe
intensity. This is of no elevated importance in the following
considerations and is especially immaterial for rotationally
symmetric probes, but should be kept in mind for experi-
mental situations with asymmetric probe aberrations.

Equation (13) means that the expectation value for the
momentum transfer is now directly proportional to the
projection of the electric field, convolved with the probe
intensity profile. Because this probe intensity is known,
this allows a direct comparison to theoretical expectations
from E⊥; as convolution is in principle invertible by a de-
convolution, the effect of the probe extent can even, at
least partially, be remedied.

As in the previous model, propagation is neglected but
electric field gradients at the scale of the probe are incor-
porated now. Note that the convolution with the extended
probe puts a resolution limit to electric field mapping here.
As the preceding section showed, the neglect of propaga-
tion and the consequent independence of IR⊥

(r⊥, z) from
z will be problematic for thicker specimens, but as demon-
strated in Ref. [22] it is a reasonable assumption for thin
specimens. In this regard, this model is a compromise that
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on the one hand spares one from the solution of the self-
consistency problem in Eq. (8) but on the other hand is
more accurate than the oversimplified model of a point-
shaped probe as no assumptions about the probe shape,
neither concerning extent nor symmetry, are made. Its
scope and limits will be explored in the following sections.

3.5. Equivalence to the object phase gradient in phase ob-
ject approximation

In the context of Eqs. (8) and (13) the question might
arise, why the phase of the incident electron wave does
not occur - only its intensity does. After all, the electric
field affects the phase of the wave function. It could be
claimed that these relations would apply only to rotation-
ally symmetric probes or even only to perfectly aberration-
corrected probes at perfect in-focus condition. Though
this may seem astonishing, the derivations of the pre-
sented relations between average momentum transfer and
projected fields are, except for the discussed assumptions,
rigorous and no neglect of a potential phase curvature of
the incident probe has been made.

In fact the model of an extended yet non-propagating
probe is fully equivalent to the usage of the well-established
phase object approximation (POA) as shall be derived in
the following, where it is proven that the result of Eq. (13)
is independently obtained in this established interaction
model.

In case of the POA, the complete interaction with the
specimen is expressed by a multiplication of the incident
wave function with the phase object function

O(r⊥) = exp (iϕ(r⊥)) (15)

in real space, with the object phase ϕ(r⊥). The intensity
in the diffraction plane for an incident wave function ψ0

that describes the probe positioned at R⊥ = (0, 0) then
reads

I(k⊥) = |F {O(r⊥)ψ0(r⊥)}|2 = |O(k⊥)⊗ ψ0(k⊥)|2 (16)

where the convolution theorem was used and k⊥ is the
reciprocal coordinate associated with r⊥. Now, writing out
the convolution and using the de Broglie relation p = hk,
the fundamental Eq. (1) takes the following form:

〈p⊥〉 = h

∫

d2k⊥ k⊥I(k⊥) = h

∫

d2k⊥ k⊥

×
∫

d2κ1 O(k⊥ − κ1)ψ0(κ1)

×
∫

d2κ2 O
∗(k⊥ − κ2)ψ

∗

0(κ2) .

(17)

By substituting k′ = k⊥−κ1 and κ = κ2−κ1 one further
gets

〈p⊥〉 = h

∫

d2κ

∫

d2k′
∫

d2κ1

× [k′ + κ1]O(k
′)O∗(k′ − κ)ψ0(κ1) ψ

∗

0(κ+ κ1).

(18)

Using the identity 2πik⊥f(k⊥) = F {gradf(r⊥)} (k⊥)
for Fourier transforms and once again invoking the con-
volution theorem this can be brought into the following
form:

〈p⊥〉 =h
∫

d2κ

∫

d2κ1 κ1

F
{

|O(r⊥)|2
}

(κ)ψ0(κ1) ψ
∗

0(κ+ κ1)

+
h

2πi

∫

d2κ F {gradO(r⊥) ·O∗(r⊥)} (κ)

F
{

|ψ0(r⊥)|2
}

(−κ).

(19)

Note here, that F{O∗(r⊥)}(k⊥)=O
∗(−k⊥).

Following Eq. (15) the absolute square of the object
function is unity and also the relations

gradO(r⊥) ·O∗(r⊥) =

igradϕ(r⊥) exp (iϕ(r⊥)) · exp (−iϕ(r⊥)) = igradϕ(r⊥)
(20)

hold, hence

〈p⊥〉 = h

∫

d2κ1 κ1 |ψ0(κ1)|2

+
h

2π

∫

d2κ F {gradϕ(r⊥)} (κ)F
{

|ψ0(r⊥)|2
}

(−κ).

(21)

The first term obviously represents the momentum of the
incoming electron wave 〈p0

⊥
〉, while the second term rep-

resents the momentum transfer by the object. By insert-
ing exp(2πiκ · 0) = 1 into the integral, this becomes an
inverse Fourier transform at R⊥ = (0, 0). Then, using
the convolution theorem once more and exploiting that
|ψ0(r⊥)|2 = I0(r⊥) the momentum of the object exit wave
can be expressed as

〈p⊥〉 = 〈p⊥〉0 +
h

2π
[I0(R⊥)⊗ gradϕ(−R⊥)]R⊥=(0,0) .

(22)

If the probe is shifted to R⊥, I0(r⊥) will obviously have
to be replaced by I0(r⊥ − R⊥). As discussed in Sec. 2.1
〈p⊥〉0 can be chosen to be zero by an appropriate coordi-
nate system so that only momentum transfer is considered.
Taking this into account, Eq. (22) can finally be written
as

〈p⊥〉(R⊥) =
h

2π

∫

d2r⊥ I0(r⊥)gradϕ(r⊥ −R⊥), (23)

which is evidently equivalent to Eq. (13), as for a projected
electrostatic potential ϕ(r⊥) = 2πe

hv
∆zVp(r⊥) is fulfilled.

4. Single atomic columns as model systems

4.1. Single atomic columns within the s-state model

To study the average momentum transfer near atomic
columns, a single column model system consisting of Ga-
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atoms stacked in beam direction with the distance char-
acteristic for a Ga-column in a GaN-crystal was investi-
gated. The choice of this model allows for the investiga-
tion of the influence of atomic scale electric fields without
effects owed to the crystal structure such as Bragg scat-
tering. To gain a deeper understanding of the diffraction
pattern dynamics indicated in the previous section, the
formation of the electron distribution has been studied us-
ing the s-state channeling approach [36, 37] that has been
successfully employed to explain the contrast mechanisms
of annular bright field (ABF) imaging [38]. In this model,
the electron wavefunction is expanded in eigenstates of the
Hamiltonian Ĥ of Eq. (9) for electrons in the electrostatic
potential of the atoms in paraxial approximation

Ĥ = −v
(

hλ

8π2
∆⊥ +

e

v
V (r⊥, z)

)

. (24)

For this propagation, eigenstates of Ĥ fulfilling the re-
lation

φn(r⊥, z) = φn(r⊥, z = 0) · exp
(

−iπ
En

E0

z

λ

)

(25)

can be found, meaning that the amplitudes of these states
do not change while propagating through the crystal. Here,
En is the eigen-energy of the state, which is negative for
bound states, and E0 is the kinetic energy of the incoming
electrons. In analogy to atomic states, the lowest bound
state that is rotationally symmetric is usually referred to
as the 1s-state [36].

To study the intra-disc intensity, bound eigenstates for
the Ga-columns were determined with the method of imag-
inary time [39]: By substituting z with z′ = −iz (in the
paraxial approximation, z is equivalent to the propagation
time), Eq. (9) becomes real and the propagation of the
eigenstates is described by an exponential growth of the
bound states and a decay of the unbound states. This also
becomes clear if the substitution is done in Eq. (25).

If now a random initial wave function is propagated
in z′-direction using a multislice scheme, the ground state
component is predominantly amplified and hence after a
sufficiently long calculation (usually a few hundred slices)
solely the pure ground state remains. Further bound states
can then be found successively by subtracting the projec-
tion of the wave function onto already found states be-
tween slices. This way all bound states can be determined.

A 1s-state φ1s with eigen-energy of E1s = −116 eV
was found for E0 = 300 keV. All other bound states have
eigen-energies larger than −8 eV and partially are not ex-
cited for reasons of parity, therefore in the following only
the 1s-state is used for the evaluation. Following the ap-
proximation in Refs. [38, 40] the remaining bound states
and all unbound states are assumed to propagate freely.
Thus, the electron wave function ψ can be expressed as

ψ = α1sφ1s + (1− α1s)φfree (26)

where α1s is the quantum-mechanical overlap of the wave
function and the 1s-state. φfree is the normalised part of

Figure 5: Propagation of a probe not centered on a column of Ga-
atoms within the s-state model: The upper row shows central lines-
cans through the p-space representation of the probe-wavefunction
ψ = α1sφ1s +(1− α1s)φfree as well as its components φ1s and φfree

in the incident plane. The imaginary part is caused by a shift of
∆R⊥ = 0.15 nm from the column center. In the middle row these
wavefunctions are shown after propagation of 1nm. Here the initial
real and imaginary parts intermix, causing an asymmetry in the real
part that leads to the asymmetric diffraction intensity displayed in
the bottom row.

the wavefunction that is orthogonal to φ1s. While φ1s
is solely determined by the specimen itself - in this case
the Ga-column - both α1s and φfree depend on the actual
wave function and have to be calculated for the incident
wave function ψ(z = 0), which is identical with the STEM
probe.

While the thickness dependence of φ1s described by
Eq. (25) is trivial, the free propagation of φfree is best
expressed in momentum space, where Eq. (26) takes the
following form:

ψ(p⊥, z) = α1sφ1s(p⊥, z = 0) · exp
(

−iπ
E1s

E0

z

λ

)

+(1− α1s)φfree(p⊥, z = 0) · exp
(

− iπ
h2
p2⊥λz

) (27)

Note that the phase factors have opposite signs, as E1s is
negative, therefore the phase shift during propagation is
negative for φ1s and positive for φfree.

In absence of aberrations, the wave function ψ(p⊥, z =
0) in the incident plane can be chosen to be a purely
real top hat function for a probe perfectly centered on
an atomic column, as has been assumed in investigations
on ABF [40].

In this case the initial rotational symmetry of the diffrac-
tion pattern is conserved during the propagation, as Eq. (27)
does not depend on the azimuth within the p⊥-plane. If
the probe however is shifted a small distance ∆R⊥ from
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the column center in real space, as it is during the scan-
ning process, this is equivalent to the multiplication of
ψ(p⊥, z = 0) with a phase gradient exp

(

− 2πi
h
∆R⊥p⊥

)

in
momentum space; therefore the probe wave function be-
comes complex at z = 0 as can be seen in the example
shown in Fig. 5: The even real part of the wave function is
modulated by a cosine while an odd imaginary part con-
sisting of a sine emerges, which is completely part of φfree,
as the 1s-state is even and therefore has no overlap with
odd functions. Though the diffraction pattern intensity
still is rotationally symmetric at z = 0, the asymmetry
of this odd imaginary part causes this to change during
propagation.

With increasing z, the phases of both the φ1s and the
φfree states are shifted according to Eq. (27), which effec-
tively causes an intermixture of their real and imaginary
parts: On one side, the imaginary part of φfree(z = 0) is
shifted into the real part; the sum of the resulting - now
asymmetric - real part of φfree and the real part of φ1s
therefore becomes asymmetric, too. On the other side,
the symmetric real part of φfree(z = 0) is shifted into the
imaginary part, thereby causing a complementary effect.
But here the different signs of the phase shifts applied dur-
ing the propagation become important: As the 1s state is
also shifted simultaneously but in the opposite direction,
the complementary effect is weakened, especially at the
disc edges, were ℜ (φ1s(z = 0)) and ℜ (φfree(z = 0)) are of
the same magnitude. Hence, the asymmetry emerging in
the real part is not compensated completely by the imagi-
nary part and therefore an anisotropic diffraction intensity
equivalent to a momentum transfer in the direction of the
column center arises if the probe is not perfectly centered
onto the column in this simple model.

As both φ1s as well as φfree are centered at p⊥ = 0
and are propagated isotropically, this momentum transfer
〈p⊥〉, however, does not manifest in a shift of the entire
diffraction disc but yields solely an intensity redistribution
as can be observed in Fig. 5. For higher values of z, i.e.
larger specimen thicknesses, very rich inner structures of
the Ronchigrams occur.

4.2. Multislice simulations of single atomic columns

For a more accurate and profound investigation of the
momentum transfer, the interaction of the STEM probe
with the column of Ga atoms described above was then
simulated with the multislice algorithm using STEMsim [31].
The radially symmetric column was scanned with the probe
described in Tab. 1 on a numerical grid of 4096×4096 pix-
els spanning an area of 2×2 nm. As already expected from
the s-state model outcomes, no significant shift of the disc
was observed even for large specimen thicknesses.

The resulting momentum transfers 〈p⊥〉 evaluated from
the simulated diffraction patterns are depicted in Fig. 6
for different column heights ∆z. They are shown in direct
comparison with 〈E⊥〉p. In simulations the probe inten-
sity is known everywhere in the specimen, making the di-
rect evaluation of Eq. (8) possible here. As expressed in

Figure 6: Average radial momentum transfer 〈p⊥〉 simulated for a
central linescan over a single Ga-column for different thicknesses ∆z
in comparison with the radial component of Ep, EPC and 〈E⊥〉p.
〈p⊥〉 and the electric fields are scaled in such a way that they are unit
less and equal if Eqs. (7,10,13) are fulfilled. Ep is only plotted in the
upper graph, as it gets very large compared to the other quantities for
higher thicknesses; for the same reason EPC is not shown for ∆z =
50nm. The image on the right bottom shows a typical Ronchigram
for higher thicknesses and a probe position with a distance of 0.1 nm
from the column center. While 〈E⊥〉p agrees nicely with 〈p⊥〉 for all
thicknesses, EPC deviates for thicknesses > 5 nm. As expected, Ep

cannot be related to to 〈p⊥〉 by simple proportionality.
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Eq. (8), 〈E⊥〉p should always be directly proportional to
〈p⊥〉 and indeed this is found for almost all thicknesses,
only for very thick specimens with ∆z > 40 nm there are
slight deviations, probably caused by numerical errors in
the simulation.

Fig. 6 furthermore displays the values of Ep and EPC

which would be expected from the point-shaped and ex-
tended, non-propagating probe intensity models, respec-
tively. It becomes apparent that, as already indicated
by the previous investigations, Ep is not proportional to
the average momentum transfer, not even for only ∆z =
0.3 nm due to the extended beam shape. EPC on the
other hand actually shows a nice agreement with 〈E⊥〉p
for thicknesses below ≈ 5 nm. For ∆z > 5 nm the mea-
sured average momentum transfer starts to deviate from
the values expected from EPC. For a 10 nm high column
〈p⊥〉 is less than half of its predicted value. At this ∆z the
propagation along z has broadened the beam so severely
in comparison to the probe in the incident plane that the
approximation of non-propagation becomes invalid. For
small specimen thicknesses, however, this simplification
appears to be sufficiently accurate allowing the direct field
measurement from the average momentum transfer.

Once again it can be observed in the Ronchigram shown
in Fig. 6, which was simulated for a probe position with
more than one Angström distance from the column, that
a shift of the disc does not occur. The entire momentum
transfer manifests itself almost entirely in intensity redis-
tributions inside the disc.

It can be deduced from this study that, if Eq. (13) is
to be used for field measurements, the specimen thickness
has to be restricted to ∆z < 5 nm.

5. Simulation study of field measurements in crys-

talline specimens

5.1. Reliability of field mapping using the model of an
extended, non-propagating probe

In the practice of atomic-scale electric field mapping,
Eq. (13) proves beneficial as it directly relates the average
momentum transfer 〈p⊥〉 and the projected electric field
convolved with the probe intensity, EPC, via a simple pro-
portionality factor. For example, the momentum transfers
in Fig. 1 b simulated for 2.2 nm thick GaN yield the elec-
tric field in Fig. 7, where it is superimposed on the mean
projected potential VP. While this result is plausible as
atomic columns are sources of radial electric fields with
a strength determined by the atomic number, Fig. 8 in-
dicates that the simple relation between electric field and
average momentum breaks down for larger crystal thick-
nesses. In the lower part the momentum transfers for a
10.2 nm thick specimen are depicted exemplarily which ex-
hibit a strong anisotropy around atomic sites as to their
magnitude and misleadingly suggest a larger atomic num-
ber for N than for Ga. Owing to dynamical scattering in
the specimen it happens that Ronchigrams near the N site

Figure 7: Electric field of GaN determined from the momentum
transfers in Fig. 1 b using Eq. (13). The specimen thickness was
2.2 nm. For specimens this thin, the model of an extended nonprop-
agating probe allows a momentum-based field quantification which
is accurate to 0.1V/pm in the worst case.

suffer a comparable and partly stronger redistribution of
intensity than those close to Ga, as seen for thicknesses of
6.1 and 10.2 nm in the top half of Fig. 8. However, by com-
paring the momentum transfers with the underlying mean
projected potential VP including some isolines, we see that
the directions of the momentum transfers are mostly cor-
rect. In the following analysis, the reliabilities of direction
and magnitude of the electric field determined from 〈p⊥〉
are hence treated separately.

To this end, we simulated thickness-dependent diffrac-
tion patterns as a function of the position of the STEM
probe on a regular raster of 80 × 80 scan points in the
GaN dumbbell region shown, e.g., in Fig. 1 a. A super-
cell of 15 × 15 unit cells in lateral direction on a numer-
ical grid of 1500 × 1500 pixels was used here and for all
following simulations of GaN. The diffraction space ex-
tended up to a spatial frequency of ≈ 90 nm−1, enabling
the study of the impact of a spatial frequency cutoff on the
momentum transfer. This is necessary because the inte-
gral in Eq. (1) formally covers the whole momentum space
whereas real detectors are limited in size. For each thick-
ness and each spatial frequency cutoff, we calculated the
momentum transfer field 〈p⊥〉 as in Fig. 1 (b) and Fig. 8,
which we compared with the probe convolved projection
average of the electric field, EPC.

Let us first consider the direction of 〈p⊥〉. For the
model of an extended nonpropagating probe to hold, both
quantities must be antiparallel according to Eq. (13). We
thus define the angle

ε1 = ∢ (−〈p⊥〉,EPC)
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Figure 8: Top: Two-dimensionsional arrangement of Ronchigrams
near Ga and N for three different specimen thicknesses showing a
strong influence of nitrogen despite its low atomic number. Bot-
tom: Vector field 〈p⊥〉 as in Fig. 1 b but for 10.2nm specimen thick-
ness, showing both an anisotropy near Ga and an enhanced sensitiv-
ity to N.
The Ronchigram scale bar indicates the diameter of the primary
beam, i.e. 42mrad. For better visibility, each fourth Ronchigram
(momentum vector) of the simulation is shown, corresponding to a
probe step size of 13.9pm for adjacent Ronchigrams (momentum
vectors) as indicated in the lower part.

Figure 9: Comparison of directions and magnitudes of the electric
field determined from momentum transfers 〈p⊥〉 and the electric
field EPC expected theoretically in dependence of spatial frequency
cutoff used to calculate 〈p⊥〉, and specimen thickness. The orien-
tational error is measured by ε1, the error of field strength by ε2,
both expected to be 0 ideally. For brevity, only the mean and stan-
dard deviation of both errors calculated across the scan region are
shown. The Ronchigram radius α is marked by the black triangle at
the bottom.
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to measure the error for the direction of the electric field
one derives from 〈p⊥〉 at a certain scan position R⊥. Hence
ε = 0 means that the direction of the electric field can
be measured from 〈p⊥〉 without error, whereas ε = 180◦

means that the electric field determined from the momen-
tum transfer is antiparallel to the actual electric field in
the specimen. To present results in a compact manner,
we show only the mean 〈ε1〉R and the standard deviation
σ[ε1] of this error calculated from all raster positions in
Figs. 9 (a,b).

From figure part (a) we see that the directions of the
momentum transfers take values between 0 and 100◦. Those
cases where 〈p⊥〉 and EPC are more or less perpendicular
are confined to spatial frequency cutoffs below 10 nm−1

which corresponds to the radius of the Ronchigram as indi-
cated by α at the bottom of the figure. For cutoffs beyond
this value, ε1 takes values below 5◦ for thicknesses below
5 nm, increasing up to 25◦ up to the maximum thickness
of 25 nm. However, Fig. 9 (b) shows that ε1 can vary signif-
icantly within the scan region at certain thicknesses, pre-
dominantly at 7.5 and 17.5 nm. The straight behavior for
spatial frequencies beyond the Ronchigram radius shows
that a detector slightly larger than the Ronchigram suffices
in practice, at least for the thickness range considered here.
We note that segmented detectors as in Fig. 1 (b) operate
in this frequency range.

In a very similar manner we investigated the reliabil-
ity of the magnitude of the electric field determined from
−v〈p⊥〉 · (e ·∆z)−1 according to Eq. (13). By definition of
the relative error

ε2 =

∣

∣

∣

∣

1− v〈p⊥〉
e ·∆z · EPC

∣

∣

∣

∣

and calculating mean 〈ε2〉R and standard deviation σ[ε2]R
across the scan region one obtains Figs. 9 (c,d), respec-
tively. Again we find that a detector in diffraction space
must at least cover spatial frequencies up to the Ronchi-
gram radius α. Compared to the directional behavior, we
observe that the average momentum 〈p⊥〉 is able to deliver
the correct field magnitude only for specimen thicknesses
below about 5 nm where Fig. 9 (c) depicts errors near 0.
For larger specimen thicknesses the error increases rapidly
up to ε2 ≈ 0.8 indicating that the momentum transfer
can be only 20 % of the value expected by the model of
Sec. 3.4. This effect can be attributed to propagation and
(multiple) scattering inside the specimen.

To sum up the error analysis, electric field quantifi-
cation by relating average momentum transfers 〈p⊥〉 and
probe convolved electric fields EPC via a simple propor-
tionality factor as described by Eq. (13) does only work for
specimens with thicknesses . 5 nm. This especially holds
for the magnitude of the electric field. In all cases, the
average momentum transfer must be determined using a
spatial frequency cutoff not smaller than the Ronchigram
radius. On the other hand, an expansion of the field of
view for the diffraction pattern acquisitions beyond twice

Figure 10: Relative root mean square (rms) deviation between the
actual value of 〈p⊥〉 and its value calculated from Ep, EPC and
〈E⊥〉p via Eqs. (7,10,13) for simulations of GaN with different thick-
nesses: As expected, relating 〈p⊥〉 to Ep displayed as the thin black
curve yields very large deviations between calculated and measured
values even for very small thicknesses; the thick red curve represent-
ing the usage of a probe convolved field according to Eq. (13) stays
below a relative rms error of 10% for specimens thinner than ≈ 5nm.
With momentum transfers calculated from 〈E⊥〉p in dashed green a
very good agreement is achieved for all thicknesses.

the Ronchigram radius does not improve the results sig-
nificantly.

5.2. Thickness dependent accuracy of field measurement

To have a direct and simple measure for the appropri-
ate thickness regime in which field measurements with the
average momentum transfer can be done, the error cor-
responding to the different descriptions in Sec. 3, relating
〈p⊥〉 with either Ep, EPC or 〈E⊥〉p, was investigated solely
in dependence of the specimen thickness. This was done
for the same simulation parameters as used in the previous
section for elastic scattering and without any intentional
cutoff to the diffraction pattern.

The average momentum transfer 〈p⊥〉 expected from
the models expressed in Eqs. (7,10,13) was computed and
compared to the 〈p⊥〉 resulting from the simulations. To
have one single measure for this error, direction and mag-
nitude were not investigated separately but the root mean
square (rms) of the difference between expected and sim-
ulated 〈p⊥〉, divided by the rms of the expected 〈p⊥〉 was
used, where the averaging of the rms is performed over
all scan positions inside a unit cell. The resulting rela-
tive rms error is more appropriate than the mean ratio as
presented in Fig. 9 here to assess the accuracy for the dif-
ferent approximations in one error measure. In Fig. 9 the
interstitial regions with small electric fields give an over-
proportional weight, which is not the case for the relative
rms. Furthermore, it is automatically normalized to an
intuitive scale typically ranging from 0 (no error) to ≈ 1
(deviation vector of same magnitude as expected momen-
tum itself).

Fig. 10 shows the relative rms for the three probe mod-
els for various thicknesses. The improvement brought by
relating 〈p⊥〉 to EPC instead of Ep is very clear: The rms
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error for EPC is less than half as large as for Ep for spec-
imen thicknesses below 4 nm. For such specimens mea-
surement of EPC should therefore be possible with good
accuracy, which would allow the retrieval of the projected
field itself by deconvolution, if the shape of the probe is
known from the imaging conditions. For thicker samples
substantial deviations occur as was also found for the sin-
gle atomic column in Sec. 4.2. For 〈E⊥〉p, the agreement is
even better and does not change significantly with thick-
ness. This is not surprising, as the derivation of Eq. (13)
was generally exact. The found, small deviation can be
attributed to numerical errors and slight inaccuracies due
to the multislice approximation.

As discussed above, 〈E⊥〉p cannot be used to calculate
the actual field without solving a self-consistency prob-
lem, usually the model of a non-propagating probe and
hence EPC will therefore be used. For this one will have
to restrict oneself to very thin specimens of less than 4 nm
thickness.

5.3. Bonding in gallium nitride

Up to here GaN has been studied with respect to DFT-
based crystal potentials that account for a redistribution
of charge density compared to isolated atoms. Owing to
Maxwell’s equations, this results in different electric fields
so that different local momentum transfers can be ex-
pected. To investigate this effect the simulations above
have been repeated using identical settings except that
isolated atom potentials [41] have been used.

We start with the visual inspection of the intensity
differences in the Ronchigrams at each scan position as
mapped in Fig. 11 to see whether there is a certain region
or angular range in which bonding affects the Ronchigrams
preferentially. In the simulation for a 2.2 nm thick speci-
men shown in Fig. 11 we see that all scan positions exhibit
a significant fingerprint of bonding in the Ronchigram in-
tensities although the shape varies a lot among scan pix-
els. While intensity is redistributed from the Ronchigram
center towards its edge in interstitial regions in the lower
left and upper right part of the map, the opposite is true
near the Ga site and between the atoms. For further
analysis, we calculated the momentum transfer differences
∆p⊥ = 〈p⊥〉DFT − 〈p⊥〉ISO as shown in Fig. 12. Super-
scripts refer to using DFT and isolated atom data in the
simulations, respectively.

With a maximum of 0.2 h/nm the differences in Fig. 12
can take up to 5% of the actual momentum transfer 〈p⊥〉DFT

in Fig. 1 b. Furthermore, the effects of bonding on ∆p⊥

become obvious throughout the whole scan region. To-
gether with the isolines for the potential difference ∆Vp =
V DFT

p −V ISO
p depicted in grayscale in Fig. 12 we see that

the vector field ∆p⊥, which is perpendicular to the iso-
lines, emerges from a source that is shifted 10 pm from
the gallium site. The momentum transfers towards the ni-
trogen site and the interstitial area is larger for the DFT
simulations than for the isolated atom simulations.

Figure 11: Two-dimensional arrangement of Ronchigram differences
at 2.2 nm specimen thickness obtained by subtracting the isolated
atom based [41] simulations from DFT-based simulations to illustrate
the influence of chemical bonding on STEM diffraction patterns. The
Ronchigram scale bar indicates the diameter of the primary beam,
i.e. 42mrad. For better visibility, each fourth Ronchigram of the
simulation is shown, corresponding to a probe step size of 13.9pm
for adjacent Ronchigrams.

Figure 12: Difference vector field 〈p⊥〉DFT − 〈p⊥〉ISO for 2.2nm
specimen thickness. The momentum transfer field 〈p⊥〉DFT is shown
in Fig. 1 b. The open squares indicate the positions of the Ga and N
atom columns.
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Figure 13: Simulations of the momentum flux as a function of speci-
men thickness in region A sketched in the inset for momentum trans-
fers simulated with DFT and isolated atom [41] (ISO) potentials.
The region A was chosen circular with a diameter equal to the bond
length between Ga and N. The center of A has been varied by up
to 7 pm from a position rC halfways between the atoms to calculate
the error bars.

Comparison with isolated atom results is only possible
in simulations, so that there is no direct access to the data
in Fig. 12 experimentally, of course. One solution would be
to simulate the vector field 〈p⊥〉ISO exactly for the condi-
tions at which 〈p⊥〉DFT has been measured which means
that specimen thickness and orientation must be known
very accurately. Alternatively one can also try to find a
more robust quantity so as to demonstrate that bonding
effects are directly visible in STEM. To this end, we assume
that both atom positions can be detected with an accuracy
of 7 pm in the following which is worse than contemporary
benchmarks ranging from a few picometers [42] down to
sub-picometer accuracy [43]. It turned out that, instead
of examining the absolute field 〈p⊥〉 itself, the evaluation
of its flux into certain areas A

Φp,A =

∮

∂A

〈p⊥〉n ds =
∫

A

div〈p⊥〉dA, (28)

can exhibit clear fingerprints of charge redistributions due
to bonding. Due to Gauss’s law, Φp,A is related to the
charge within A if Eqs. (10,13) are applicable. For ex-
ample, we can choose a coordinate rC halfways along the
connecting line between Ga and N as origin and define
a circle ∂A passing through both atom sites. Evaluat-
ing Φp,A in Eq. (28) as a function of specimen thickness
yields the dependencies shown as solid and dashed curves
in Fig. 13 for DFT and isolated atom data, respectively.
The inset illustrates the region A from which the flux has
been calculated in gray and the circle center rC as a cross.
According to the limited accuracy for the determination of
the coordinates of atomic sites, rC has been varied inside
the dark gray region with 7 pm radius to give 35 differ-
ent fluxes. The error bars drawn in Fig. 13 refer to the
standard deviation of these fluxes. Both DFT and iso-
lated atom data exhibit a very similar characteristic with
a minimum near 5 nm specimen thickness and monotonic

increase beyond. However, bonding effects obviously lead
to a 15−23% larger flux in the thickness range of 4−15 nm
which is well separated from the isolated atom curve as to
the error bars given. Measuring the momentum flux Φp,A

in dependence of thickness or determining the thickness
with 2 nm accuracy should therefore allow for the direct
observation of bonding effects in STEM.

6. Influence of inelastic scattering

6.1. Thermal diffuse scattering (TDS)

The simulations to this point were conducted with a
conventional multislice algorithm using Debye-Waller-dam-
ping and therefore broadened atomic potentials to account
for thermal movement of the atoms and absorptive poten-
tials for inelastic scattering. While this is accurate for the
elastic interaction with the crystal, all inelastically scat-
tered intensity is lost from the simulation and hence has
not been considered for the momentum transfer investiga-
tions so far. Its influence on the momentum transfer is
therefore investigated in the following.

Inelastic phonon interaction causing thermal diffuse
scattering contributes to the diffraction pattern by a sig-
nificant fraction - especially at higher specimen thicknesses
- and the transferred momentum is quite large; hence high
scattering angles are affected. Its impact on the measured
momentum transfer has therefore to be investigated in or-
der to draw conclusions as to the experimental measura-
bility of the momentum transfer as discussed above.

To simulate TDS, frozen lattice (FL) simulations [44,
45] were performed with the same simulation parameters
as described in the previous sections but with an increased
size of the numerical grid of 1890× 1890 pixels to ensure a
sufficient sampling of the sharp atomic potentials. 120 dif-
ferent displacement configurations were averaged for the
evaluated diffraction intensity. Results of these simula-
tions are equivalent to a full quantum mechanical treat-
ment of the inelastic phonon scattering [46].

The momentum transfer was determined from the diffrac-
tion pattern intensities and the two vector maps on the left
hand side in Fig. 14 compare the momentum transfers eval-
uated from the FL simulation and from the previous con-
ventional multislice calculations for thicknesses of 2.2 nm
(upper row) and 25 nm (lower row). It becomes clear that
TDS has a rather small influence on the measured 〈p⊥〉, as
both simulations deviate only little from each other; both
directions and norms of the vectors are almost identical.
Only in the vicinity to the Ga-column small differences can
be observed for the thicker case. From the maps on the
right hand side in Fig. 14 one can see that the difference is
smaller than 3% in the vicinity of the atom columns at a
thickness of 2.2 nm and the difference is smaller than 6%
even in the regions in between the atoms where the av-
erage momentum transfer is small. The relative influence
of TDS is therefore small and hence probably not measur-
able under experimental conditions. For 25 nm thickness,
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Figure 14: Comparison of momentum transfer for GaN in the area
shown in Fig. 1: The upper row of images corresponds to a specimen
thicknesses of 2.2nm, the left image shows the momentum transfer
from the conventional multislice simulations as black arrows and the
FL results in red. On the right, the relative momentum difference is
shown. The lower row shows analogous graphs for 25nm specimen
thickness.

the fraction of TDS-scattered intensity increases. Conse-
quently, the relative effect takes values of up to 25% near
the atomic columns.

It can be concluded that thermal diffuse scattering in-
deed has a significant influence on the measured momen-
tum transfer for higher specimen thicknesses especially
near heavy atomic columns. However, for small thick-
nesses as found necessary for field determination in the
previous sections, the contribution of thermal diffuse scat-
tering is smaller than the general deviations from the un-
derlying model of Eq. (13).

6.2. Plasmon scattering

Plasmons - in particular the bulk plasmon - are the
dominant features of electron energy loss (EEL) spectra.
They are typically found for energy losses ≈ 25 eV. There-
fore, the characteristic scattering angle associated with
plasmon losses for a primary energy of E0 = 300 keV is
[47]

θE =
E

E0
· E0 + Erest

E0 + 2Erest

≈ 0.05mrad, (29)

where E is the energy loss and Erest ≈ 511 keV is the
electron’s rest energy. This corresponds to a characteristic
momentum transfer of 0.026 hnm−1 which is two orders of
magnitude smaller than the typical momentum transfers
in Bragg scattering caused by the electrostatic potential
of the nuclei. According to the narrow scattering cone,
plasmon-scattered electrons have almost the same angular
distribution as elastically scattered electrons, which gives
rise to the well-known preservation of elastic contrast in
low-loss scattering [48].

Consequently, low-loss scattering can be included into
the elastic channel for the purpose of the determination of
atomic electric fields and charge densities.

6.3. Core-loss scattering

In terms of intensity, core-loss scattering is typically
several orders of magnitude weaker [49] than low-loss scat-
tering. As such, its influence on the (quasi-elastic) Ronchi-
grams is negligible. However, using energy filtering of the
diffraction pattern, core-loss excitations can reveal addi-
tional information about the electronic states in the sam-
ple [50–52]. Thus, it is worthwhile to investigate the influ-
ence of core-loss scattering on Ronchigrams.

Fig. 15 shows the partial density of states (pDOS) for
p-states of Nitrogen in GaN as calculated by WIEN2k [53].
The px and pz orbitals are degenerate, while the py or-
bital has a different pDOS. Thus, choosing different energy
slits effectively selects different conduction band states.
From this data, Ronchigrams for inelastically scattered
electrons were calculated using the mixed dynamic form
factor (MDFF) formalism [51, 54, 55] to model the inelas-
tic scattering and the multislice approach [56] for taking
into account the elastic scattering both before and after
the inelastic scattering event.

As is evident from Fig. 15, the asymmetry of the px,z

states and the py states is reflected most clearly by the
Ronchigrams if the incident beam is positioned directly on
a Nitrogen column. In such a situation, the Ronchigrams
exhibit oval shapes with distinct major axes — a typi-
cal footprint of the different orientations of the orbitals.
Therefore, valuable information about the characters of
the conduction states as a function of energy can be de-
rived from such energy-filtered Ronchigrams. In contrast
to the purely elastic case, such an endeavor requires the
determination of higher order moments of the scattering
distribution, as the average momentum transfer (first or-
der moment, Eq. (1)) is zero in this case.

If the beam is moved away from the N atoms, the
Ronchigrams become asymmetric and start to exhibit a
richer inner structure. Compared to the elastic case, they
appear somewhat blurred due to the momentum distribu-
tion of core-loss transitions with a characteristic scattering
angle of

θE ≈ 1mrad. (30)

A detailed analysis of these phenomena is beyond the scope
of this work.

7. Practical considerations

7.1. Investigation of attainable spatial resolution

Until here, all considerations were done for the same
probe investigating gallium nitride. To achieve a compre-
hensive overview of the accuracy of field measurements
from average momentum transfer a study of the attain-
able precision in dependence of the spatial frequency of
the electric field was conducted:
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Figure 15: Comparison of the Ronchigrams after a Nitrogen core-
loss excitation for two different excitation energies together with the
Nitrogen pDOS for p-states. For the simulation, a 0.3nm thick sam-
ple, a primary energy of 300 keV, and a convergence semi-angle of
21mrad were used and the dipole-allowed transitions of the Nitro-
gen K-edge were calculated. The beam was positioned directly on a
N column (top row), close to a Ga column (middle row) and far away
from any atomic column at the edge of the unit cell (bottom row).
Note that the labels px, py, and pz refer to the symmetry-adapted
coordinate system used by WIEN2k. All scale bars indicate 25mrad
and the intensities of the images in the middle and bottom rows were
multiplied by 4 for better comparability with those in the top row.

To be able to make quantitative statements about achiev-
able spatial resolution, a test-potential as depicted in Fig. 16a
was used for the accuracy study. This potential oscillates
with a constant amplitude of 200V but descending period
length in x-direction, while being constant in y-direction.

A linescan over this potential was simulated using the
multislice method as described above with a very high sam-
pling of 30 pixels per Angström and for thicknesses up to
25 nm. The resulting measured momentum transfer 〈p⊥〉
was compared to the transfer predicted from Eq. (13) as-
suming the probe-convolved field EPC from Eq. (14). As
discussed in Sec. 5.2 the relative rms error calculated by
dividing the rms of the deviation between both values by
the rms of the predicted value was used as a measure for
the agreement.

The evaluation was done separately for each period of
the potential, hence yielding thickness- and spatial feature-
width resolved data. The results are shown in Fig. 16(b):
As was already observed in previous sections, the agree-
ment between 〈p⊥〉 determined from EPC and the mea-
sured value is decreasing strongly for increasing specimen
thickness. Furthermore, a reduction of the match is ob-
served for narrower potential features. The dependency
on both parameters is approximately linear. For potentials
with characteristic lengths smaller than 1Å the deviation
stays below 20% for thicknesses up to 4 nm coinciding with
the observations in Sec. 5.2.

To investigate the influence of the semiconvergence an-
gle on the possible resolution, the simulations were ad-
ditionally conducted with probes of 8mrad and 42mrad
semiconvergence angle, respectively, and otherwise unal-
tered parameters. The results are shown in Fig. 16 (c)
and (d).

It becomes obvious that the strongly increased size of
the probe for the smaller convergence angle does not re-
sult in a severe reduction of accuracy for potential fea-
tures larger than about half an Ångström. Nevertheless,
for smaller structures the comparability of model and mea-
surement drops drastically. This is caused by the fact that
the probe extent itself is larger than these features, thus
causing an almost complete levelling of the oscillating sig-
nal.

For the increased semiconvergence angle on the other
hand, despite the very small probe, the rms is increased
compared to the 21mrad case for almost all thicknesses
and spatial frequencies except for very thin specimens,
where the results are actually better. This can be ex-
plained by the increased beam broadening appearing for
this convergence. While the very small spot improves the
resolution for the first layers, the broadening during the
further propagation soon outweighs this advantage.

From this investigation, two conclusions can be drawn:
First, the momentum transfer measurements for investi-
gations of electric fields should be executed for specimen
thicknesses below 4 nm to allow for evaluation on an atomic
scale as confirming the findings of previous sections. For
fields with larger extent, higher thicknesses will be accept-
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Figure 16: Figure of merit for the attainable spatial resolution of
field determination by momentum measurements: (a) displays the
used oscillating test-potential with amplitude of 200V and varying
spatial period. (b) shows the relative rms deviation of 〈p⊥〉 calcu-
lated from EPC and the measured value of 〈p⊥〉 as a function of
specimen thickness and spatial width of the potential features for a
semiconvergence angle of 21mrad. (c) and (d) show the same figure
of merit for a semiconvergence of 8mrad and 42mrad, respectively.
A relative rms deviation of ≈ 0 corresponds to very good agreement,
while values ≈ 1 imply deviations of the same magnitude as the field
itself.

able. Second, the semiconvergence angle does not neces-
sarily need to be as large as possible for experiments of
this kind. On the contrary: A very large convergence an-
gle may even be counterproductive due to increased beam
broadening.

7.2. Figure of merit for the momentum resolution

From the experimental point of view a figure of merit
for the accuracy of momentum transfer measurements as
a function of the sampling in diffraction space is desir-
able. This is because available ultrafast pixelated detec-
tors [26, 27] achieve frame rates considerably beyond 1 kHz
by binning, hence decreasing the resolution in recorded
diffraction patterns. We can directly investigate this ef-
fect by using the thickness-dependent diffraction patterns
simulated for GaN and calculate the average momentum
transfer 〈p⊥〉 as a function of binning. For all considera-
tions until here, the full diffraction pattern resolution of
1500 × 1500 pixels spanning up to ≈ 90 nm−1 was used.
In these simulations, the Ronchigram has a diameter of
approximately 160 pixels. To investigate the sampling, we
applied odd binnings between 1 (no binning) and 49 for all
80 × 80 diffraction patterns in a STEM scan at a certain
thickness and calculated the vector field for the momen-
tum transfer as a function of the binning factor. This study
represents detectors down to a sampling of 3× 3 pixels for
the Ronchigram in the worst case. To present results in
a compact manner, we calculated the deviation from the
momenta obtained without binning in terms of the rms

Figure 17: Reliability of the measurement of the average momentum
transfer in GaN (simulation) as a function of the pixel size used for
recording the diffraction pattern, and of the specimen thickness. The
pixel size was varied by binning the diffaction patterns with odd
factors. The colour-code expresses the rms deviation with respect
to binning 1 (no binning). The insets exemplify Ronchigrams for
binnings 1, 19 and 41 at a thickness of 2.2 nm.

deviation across the scan region. The result is depicted in
Fig. 17 in dependence of specimen thickness and binning
factor.

It is obvious that binnings larger than 19 yield inac-
curate momentum transfers for all thicknesses larger than
5 nm whereas smaller thicknesses potentially allow for larger
binnings. As to the detector design a binning of 19 means
that the Ronchigram should be sampled by approximately
8 × 8 pixels. Considering that the detector must capture
a region slightly larger than the Ronchigram, a pixel ar-
ray with 10-15 pixels in one dimension is sufficient for the
study of atomic electric fields here. Note that the present
data corresponds to a semiconvergence angle of 21 mrad for
the incident probe, so that a maximum effective pixel size
of 5 mrad is recommended here. To get a visual impres-
sion of the effect of binnings 1,19 and 41 Fig. 17 contains
example Ronchigrams at 2.2 nm thickness as insets.

7.3. Electron dose requirements

In a similar manner as for the momentum space sam-
pling in the previous subsection, we also evaluated a figure
of merit for the electron dose per Ronchigram. In a recent
publication [57] a typical beam current of a non-probe-
corrected FEI Titan microscope in high resolution STEM
setting in the pA range was measured.

Using an ultrafast, pixelated detector [26, 27] a frame
can be acquired within about 1ms yielding a dose of about
6000 electrons for such a non-probe corrected machine.
For a probe-corrected instrument equipped with a high-
brightness gun the beam current can be about a factor of
100 higher.

We applied Poisson shot noise to selected Ronchigrams
according to electron doses from 5·103 to 5·106 electrons
per Ronchigram with an 1/

√
N -equidistant spacing and

calculated the deviation from the momentum obtained with-
out noise in terms of the rms deviation as described in the
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Figure 18: Root-mean-square deviation of the momentum trans-
fer measured from Ronchigrams with noise to Ronchigrams without
noise as a function of specimen thickness and electron dose. The
shown exemplary Ronchigrams were calculated for doses of 5, 000,
18,500 and 5·106

preceeding section. Instead of averaging over different scan
positions we averaged over different realizations of the re-
spective dose. The resulting rms deviation is plotted as a
function of specimen thickness and 1/

√
N in Fig. 18. A

linear decrease of the thickness independent rms deviation
with 1/

√
N is found, which is in agreement with theoreti-

cal statistical considerations. An rms of about 0.05 h/nm
is found already for 18500 electrons per Ronchigram, a
condition that would be fullfilled for spot-size 9 on a non-
probe corrected Titan and a millisecond frame time. In
conclusion, dose is no limiting factor for the precision of
average momentum measurement precision in modern in-
struments.

8. Charge density mapping in strontium titanate

from experimental data

As discussed in detail in Ref. [22], the measurement of
EPC allows to calculate of the probe-convolved, projected
charge density via the flux theorem of Gauß,

ρPC(R) = I0(−R)⊗ 1

∆z

∫

∆z

dzρ(R) =
1

ε0
divEPC, (31)

where ε0 represents the vacuum permittivity.
As further demonstrated in Ref. [22], this relation does

in fact allow the accurate determination of the projected
charge density from simulated average momentum trans-
fers. Prior knowledge of the nuclear charge distribution
even gives access to the electron density.

When applying Eq. 31 to experimental data, one cen-
tral obstacle is scan noise, which inevitably occurs in con-
temporary microscopes. This scan noise is caused partially
by inaccurate positioning of the beam and especially due
to specimen drift during the prolonged acquisition time
that is necessary to get sufficient intensity for each Ronchi-
gram. Due to this scan noise the actual scan positions do

Figure 19: Charge density determination from average momentum
transfers: (a) shows the probe convolved charge density ρPC ac-
cording to Eq. (31) determined for SrTiO3 in [100] projection from a
20×20 pixel average momentum transfer map after scan noise correc-
tion. The theoretically expected distribution is shown in (b). (c) and
(d) show line scans from the red boxes in (a) and (b), respectively.
The oxygen columns are clearly recognizable in the reconstructed
charge density.

not lie on a regular grid; occasionally scan lines are even
permuted due to specimen drift in the slow scan direction.
This artifact will obviously have a massive impact on the
result of the divergence operation.

Nevertheless, we attempted to determine the charge
density from the experimental SrTiO3 dataset presented in
Ref. [22], which is a 20× 20 pixel map of average momen-
tum transfers acquired at a thickness of ≈ 2.5 nm in [100]
projection. The Ronchigrams were recorded at a sampling
of 128× 128 pixels using an accelerating voltage of 300 kV
and a probe semiconvergence angle of 21mrad at a beam
current of approximately 30 pA.

To mend the scan noise artifacts as well as possible, an
adaptation of the scan noise correction methods proposed
in Ref. [58] to the relatively small number of only 20× 20
pixels was made. For the correction the bright field signal
extracted from the Ronchigrams was used. The summed
intensity of the lines was used to determine the actual
vertical position of each line by enforcing a vertically sym-
metric shape of each line of atomic columns which behaves
monotonously from the center outwards. This worked well
as the scan directions were aligned to the crystalline di-
rections and allowed to assign all lines corrected vertical
positions, which are not fully equidistant. For the hori-
zontal alignment the shift between neighboring lines that
resulted in the maximum normalized cross correlation was
detected.

The resulting, scan noise corrected coordinates for each
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Figure 20: Simulation of the average momentum transfer in the
Ronchigram averaged over one unit cell in GaN (net momentum
transfer), (a) in the non-polar [11̄00] direction and (b) in polar [0001]
direction. Each curve shows the thickness dependence for a different
number of scanpoints per unit cell (N×N). In [11̄00] direction, curves
for odd N converge to zero momentum transfer. Odd N<9 are not
shown for reasons of clarity. In [0001] direction, the curves do not
converge to zero momentum transfer (red line: N=20). Inset shows
zoom for better separation of the single curves. N=2,3,4,6 is not
shown for reasons of clarity.

pixel were then used to calculate the divergence in Eq. (31)
and from that ρPC, which is displayed in Fig. 19a. An im-
pact of scan noise is still visible, but a significantly better
correction that is still based on objective, simple criteria
is hard to achieve at this resolution.

In principle the directions and magnitudes of the av-
erage momentum transfers themselves could also be used
for finding the true scan positions. We did however refrain
from this to keep the information source for the scan noise
correction independent from that of the charge density de-
termination.

A comparison to the theoretically expected ρPC does,
however, show a fair agreement. And as the linescans along
one atomic row in Figs. 19c and d reveal, the scale of the
charge density determined from the average momentum
transfers is already quite accurate. Especially the repro-
duction of the light oxygen columns by this method is re-
markable, as they are invisible in both the bright field and
in the annular bright field images from the same dataset.

9. Mapping large-scale electric fields

Measuring the momentum transfer with the suggested
method basically gives access not only to the atomic elec-
tric fields but also to influences on a larger scale such as
crystal (mis-)orientation and long-ranging electric fields.
In this section we investigate whether it is possible to quan-
tify large-scale electric fields as they occur, e.g., within lay-
ered structures of polar materials [14] or in case of doping
gradients [17].

Figure 21: Simulation of the net momentum transfer in GaN as a
function of thickness, using 20x20 scan points per unit cell. Each
curve belongs to a different semi-convergence angle (9, 21 and
53mrad). a) The net momentum transfer along the non-polar [11̄00]
direction is zero for all convergence angles. In [0001] direction, vari-
ation and maximum absolut values are highest for 9 mrad conver-
gence. b) For reasons of clarity, the curves for 21 and 53mrad from
a) are shown with smaller scaling on the vertical axis.

Quantification of atomic electric fields is limited by
thickness due to the strong field gradients as it was pre-
viously shown and visualized in Fig. 9. In case of a ho-
mogeneous large-scale electric field, the momentum trans-
fer should accumulate with specimen thickness (e.g. see
Fig. 3). Nevertheless, typical electric fields, such as po-
larization fields in GaN-based alloys, are of the order of
MV/cm, causing a momentum transfer which is four orders
of magnitude smaller than those originating from atomic
electric fields. In order to measure this small contribution
to the momentum transfer, its net effect must be increased
which can be done in two ways: On the one hand, the
measurement can take place at a higher thickness, thereby
strongly increasing the momentum transfer from the ho-
mogeneous field compared to the one from atomic fields.
On the other hand, the momentum transfer could be aver-
aged over a part of the crystal where the total momentum
transfer originating from the atomic fields is completely
compensated due to symmetry.

As wurtzite materials are typical candidates for large-
scale electric fields from spontaneous and piezoelectric po-
larisation, (elastic) multislice simulations for pure GaN in
[112̄0] zone axis were performed as above, but the whole
Bravais cell was scanned instead of just a dumbbell re-
gion. The momentum transfers were determined from the
Ronchigrams at each scan point and averaged over a com-
plete unit cell (net momentum transfer) to check whether
the momentum transfers caused by the atomic electric
fields add to zero within a translatory invariant unit. Of
course, the net momentum transfer critically depends on
the number of scan points per unit cell. Fig. 20 displays
the thickness dependence of the net averaged momentum
transfer for different numbers of scan points (N×N, N=
2, ..., 20). The net transfer is separated (a) into the non-
polar [11̄00] direction and (b) into the polar [0001] direc-
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Figure 22: Simulation of the net momentum transfer in Si as a func-
tion of thickness, including and not including an additional potential
gradient (w and w/o field) of 10 MV/cm along [001] direction. The
net momentum transfer vanishes for all cases except in the [001] di-
rection in presence of an additional electric field: in this case, the
absolute net momentum transfer increases linearly with thickness.

tion. Due to symmetry, the net transfer along [11̄00] van-
ishes for all even numbers of scan points. It converges
towards zero with an increasing number of scan points in
case of odd numbers. Contrarily, Fig. 20 (b) shows that
the net momentum transfer does not vanish in [0001] di-
rection but changes strongly with thickness. With an in-
creasing number of scan points, it converges towards the
red curve (N = 20). Typically, large-scale electric fields
in GaN due to spontaneous or piezoelectric polarisation
have a magnitude of a few MV/cm and occur along [0001]
direction. From Fig. 20 (b) we conclude that a deflection
of up to 7 hnm−1 corresponding to 15µrad at a thickness
of 18 nm is expected simply owing to the crystal struc-
ture, in particular the lack of inversion symmetry. Misin-
terpreted as caused by a large-scale, built-in polarisation
field, one would obtain a field strength of 4 MV/cm. Note
that piezoelectric fields are often found at interfaces in
heterostructures where changes of the local chemical com-
position make the above situation even more complicated.

In Fig. 21 a) and b) the same net momentum transfer
is shown up to a specimen thickness of 190 nm for dif-
ferent semi-convergence angles of 21 mrad (CS-corrected),
9 mrad (non-corrected, only shown in a)) and for a hy-
pothetical angle of 53 mrad. For 21 mrad the variations
of the net momentum transfer along [0001] are slightly
suppressed at thicknesses larger than 80 nm. Reducing
the convergence angle is strongly worsening the variation
with thickness. Instead, for a larger convergence angle, the
thickness-dependent net deflection becomes smoother.

Fig. 22 shows the net momentum transfer for pure Si in
[100] zone axis. The transfer separated in [001] and [010]
direction completely vanishes (curves w/o field) due to the
symmetry of the cubic crystal. The two curves named w
field stem from a simulation with a super cell that con-
taines a potential gradient of 10 MV/cm along [001] direc-
tion in addition to the atomic potentials of the crystal.
Whereas the net momentum transfer is zero for the di-
rection perpendicular to the field orientation, it increases
linearly with thickness along [001] direction. Thus, in case
of symmetric crystals, such as Si, a large-scale electric field

should be measurable by detecting the momentum trans-
fer averaged over a unit cell without beeing negatively
influenced by the atomic electric fields. Such a system
is realised by strong doping gradients, e.g., along a p-n-
junction.

10. Discussion and Summary

Considering original [9] and recent [16, 59] studies as
well as the present one on DPC induced by electric fields,
a discussion ought to focus on three main issues. Firstly,
there is no doubt that atomic electric fields provide im-
pressive contrast for both conventional segmented ring de-
tectors [10, 60] and a pixel array as simulated here, making
DPC especially attractive for the detection of light atoms.
However, detecting atoms and understanding the experi-
mental contrast quantitatively are different intentions.

Secondly, it is therefore necessary to understand differ-
ential phase contrast formation in detail in order to pro-
mote DPC to quantitative analysis. It is interesting to see
that Rose [9] introduced STEM DPC from the attitude
of the Ronchigram as an interference pattern formed by
the primary beam and diffracted beams, in which separate
detector segments ought to be placed in regions of con-
structive and destructive interference, respectively. Also
Shibata et al. [16] explain intensity variations inside the
Ronchigram by changes in the channeling of electrons.
Aside from that, these intensity variations are not exclu-
sively originating from the interference of diffracted discs,
but also from thickness- and orientation-dependent scat-
tering dynamics. For example, large-scale electric field
mapping by conventional DPC employing nanometre-sized
probes and well-separated diffraction discs has been dis-
cussed in terms of simulated channeling maps accompany-
ing the measurements [17]. Consequently, the interpreta-
tion of DPC in terms of a shift of a homogeneously illumi-
nated Ronchigram reveals some ambivalence in the STEM
community. Moreover, it is assumed that the further im-
provement and characterisation [16] of segmented detec-
tors is the key to the full quantification of electric fields.
An explanation for the view on DPC as field-induced diffrac-
tion pattern shifts could be the success of this model in
the investigation of magnetic domains [11, 12, 61, 62] in
which magnetic fields practically do not vary at the scale
of the STEM probe, which indeed leads to a shift of the
diffraction pattern as a whole as demonstrated here for
homogeneous electric fields. However, in cases where elec-
tric fields vary inside the illuminated specimen volume,
this interpretation is oversimplified and will most likely
yield inaccurate field strengths. It may be that this is the
main reason why no quantitative field strength is given by
Shibata et al. [16] in spite of excellent experimental high-
resolution DPC data.

Thirdly, how can atomic-scale electric fields be mea-
sured quantitatively then? From the present work, we can
give two possible answers to that question: Either indi-
rectly by a combination of conventional segmented DPC
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detectors [10, 60] with consistent dynamic simulations, or
directly by measuring the average momentum transfer as
presented here. As conclusions drawn in the former case
rely on the congruence of simulation and experiment, there
is a big challenge in reproducing the actual structure in
the simulation model since it must contain all quantities
to be measured, e.g., bonding or ferroelectric polarisation.
Furthermore, the evaluation might exhibit some ambiguity
because four [10] and even 16 [60] segment intensities ex-
tracted from piecewise integrations in reciprocal space can
be caused by a variety of different diffraction patterns.

In case of the approach presented here the situation
is different because the quantum mechanical momentum
transfer from the specimen to the STEM probe is directly
observed according to Eq. (1) with a precision given by the
recording pixel array and the used electron dose. We note
that the present approach provides an accurate measure
of the average deflection of the STEM probe by the spec-
imen, irrespective of the thickness range. Unfortunately,
relating momentum transfer and projection average of the
electric field in the specimen is conceptually hindered by
two issues: The resolution is determined by the intensity
distribution of the STEM probe, which basically enters by
means of a convolution, and reliable electric field strengths
are obtained for specimen with a thickness below 5 nm. On
the one hand this is a challenging prerequisite as to spec-
imen preparation, as has been pointed out for GaN and
SrTiO3 previously [22]. On the other hand, the present
approach is predestined for the mapping of electric fields
in the broad, upcoming sector of two-dimensional materi-
als such as Graphene, MoS2, WSe2 or BN, for example.

The mapping of ionicity or electron redistribution due
to chemical bonding as announced by Nellist [59] becomes
now feasible. However, for GaN this study rather renders
the detection of a fingerprint of bonding possible by mea-
suring momentum fluxes in certain scan areas.

Furthermore the influence of inelastic scattering was
investigated: The results of frozen lattice simulations sug-
gest a rather small influence on the measured momentum
transfers here - at least in the thickness regime in which
meaningful field determinations are possible. For the re-
gions with relevant electric field strengths, the relative de-
viations stay well below 5% at room temperature and could
be reduced further by cooling the specimen to liquid nitro-
gen temperature, for which the mean square displacements
of the atoms are reduced. A significant change of the elas-
tic results due to phonon or core-loss scattering events can
also be excluded. For core-losses an evaluation of higher
order moments may allow the differentiation between dif-
ferent excitations of the same energy in terms of orbital
orientation.

The attainable spatial resolution of field determination
from average momentum transfer measurements was ex-
amined in simulations for different probe sizes. In agree-
ment with the previous investigations, the study showed
that an acceptable accuracy demands specimen thicknesses
. 4 nm and it appears that a probe semiconvergence of

≈ 20mrad is optimal at 300 kV.
Concerning the recording hardware, one benefits from

the finding that a detector size slightly larger than the
Ronchigram is sufficient. Since fast detectors with a high
detective quantum efficiency and low noise are required,
experiments will benefit from scintillator-free direct elec-
tron detectors, whose performance as to the recording of
diffracted discs in STEM with kHz rate has been demon-
strated recently [26–28, 63–66]. Although such detectors
constitute a leap in technology, typical STEM experiments
are conducted at MHz rates. The fact that a sampling of
approximately 5 mrad/pixel suffices deserves attention in
this respect as an array of 10 × 10 pixels might be read
out at such rates. It was further found that for contem-
porary instruments and cameras, the electron dose per ac-
quired Ronchigram should not state any significant limita-
tion to the precision of average momentum transfer mea-
surements.

Taking all these prerequisites into account, it was pos-
sible to map the projected charge density in strontium ti-
tanate from the electric field measured experimentally via
average momentum transfers and electric fields presented
previously [22]. After correcting for scan noise, the charge
density is in good agreement with theoretical expectations,
whereas the sensitivity to the ionicity of atomic columns
is left as a future task.

Particular care should be taken when measuring built-
in electric fields at the resolution of a unit cell or larger.
Due to the fact that typical field strenghts are 0.1−1V/nm,
thus 3 − 4 orders of magnitude smaller than atomic elec-
tric fields, built-in fields are preferably measured at higher
specimen thicknesses in the range of a few 100 nm to be
sensitive to small momentum transfers. However, an im-
portant prerequisite is that the diffraction pattern com-
plies with Friedel’s law [67], at least in the direction where
the built-in field is studied. In that case, the net de-
flection of the HRSTEM probe as caused by the built-in
field can be calculated by summing all momentum trans-
fers within a translational invariant unit. Note that also
low-resolution STEM, corresponding to non-overlapping
diffraction discs, can exhibit asymmetric Friedel pairs. A
remedy for investigating, e.g., polarity in wurtzite GaN or
AlN structures, wurtzite GaP or GaAs nanowires would
be the recording of the undiffracted beam in low-resolution
STEM mode, and subsequent determination of its geomet-
ric position by algorithms developed for strain analysis by
nano-beam electron diffraction [35, 68].

11. Conclusion

A comprehensive study on the characterisation of elec-
tric fields based on average momentum transfer measure-
ments was presented. The relation of field and momen-
tum transfer was theoretically discussed and analysed in
simulations of various model systems as well as realistic
crystalline specimens. For thin samples, accurate mea-
surement of atomic electric fields was found to be quan-
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titatively possible. The influence of inelastic scattering
processes was simulated and can be neglected for such
measurements. The attainable accuracy in dependence
of both spatial resolution and momentum space sampling
was investigated and the relation between electron dose
and the achievable precision was studied. Furthermore
we demonstrated mapping of the projected charge density
in strontium titanate in good agreement with theoretical
expectations. By averaging the momentum transfer over
larger scan regions, the method can also be applied to
measurement of large-scale electric fields if certain crystal
symmetries are given.
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