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Abstract

The aim of this paper is to present a branch and bound algorithm,

which allows the construction of a consensus ranking out of a set

of complete rankings over all alternatives. Each ranking of this set

corresponds to the judgement of a decision maker with respect to the

given list of alternatives. The method itself is based on the use of

Kendall’s rankcorrelation coefficient so as to be able to compare the

decision makers’ rankings, and to take the ordinal character of the

rankings fully into account.

Through the introduction of the concept of piecewise rankcorrela-

tion coefficients, a recursion formula is derived, which enables one to

obtain the necessary tool to setup the branch and bound algorithm.
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1 Introduction

In this paper we consider the situation in which the members of a group
present their ranking over the complete set of alternatives with the final
purpose to obtain a group or consensus ranking. This type of problem is
often solved by the group through a group discussion. In most cases the
result of this group discussion, being a “group ranking”, strongly depends on
the group dynamics.

At first sight one would have no objection to this group discussion, though
due to the presence of strong personalities or hierarchical superiors, the re-
sulting group ranking might be strongly distorted: not all members of the
group will speak freely or fully express their personal opinion on the decision
problem. As consequence, the pre-supposed group ranking is not a real con-
sensus ranking but rather a derivative of the ranking of a small number of
people, if not a single person’s ranking.

In order to overcome this problem, we present in the following section a
group decision support system (see e.g. DeSanctis & Gallupe (1987) or Teng
& Ramamurthy (1993)) or group decision making method, allowing every
decision maker to present his/her personal ranking. In this method it is ir-
relevant how the decision makers obtained their ranking. To the authors’
opinion, it is absolutely necessary that decision makers enjoy the largest pos-
sible freedom at this stage of the decision process, if obtaining an acceptable
group concensus ranking is the ultimate objective. As a result, it is perfectly
possible for different decision makers to use different multicriteria methods to
obtain their personal ranking. For example, some people might want to use
the Analytic Hierarchy Process, Saaty (1980), while some others might want
to analyse the problem with the PROMETHEE-method, Brans & Vincke
(1985), and still other decision makers will simply rank all alternatives on
an intuitive basis. Although this group decision method could be multicri-
teria based or not (see e.g. Eom (1989, 2001)), the main necessity is that all
decision makers provide their own personal ranking.

To restrict the problem, we impose that the rankings are such that all
alternatives are included and that no tied rankings between the alterna-
tives are present. With these assumptions, a method based on the use of
Kendall’s rankcorrelation coefficient, Kendall (1938), also called Kendall’s
τ , is presented in the next section. In section 3 the concept of “piecewise
rankcorrelation coefficient” is introduced. This new concept is used in section
4 to derive a bound on Kendall’s τ for the complete ranking, knowing the
ranking of a subset of the complete set of alternatives. This result enables us
to construct a branch and bound algorithm to determine a consensus rank-
ing, which is presented in section 5. Finally, we end with some conclusions
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and proposals for future work.

2 Problem definition

Let us consider the situation in which n different members of a jury or deci-
sion makers in a firm have built a complete ranking of all m alternatives:

DM1 . . . DMn

A1 R
(1)
1 . . . R

(n)
1

...
...

. . .
...

Am R
(1)
m . . . R

(n)
m

(1)

with R
(k)
i the ranknumber of alternative Ai given by decision maker DMk.

In general these rankings will be different, but at the end the group has to
reach a consensus with respect to the final ranking:

C

A1 C1
...

...
Am Cm

(2)

An appropriate measure to compare two rankings of m alternatives is
given by Kendall’s rankcorrelation coefficient, also called Kendall’s τ :

τ =
2Sm

m2 −m
(3)

with

Sm =

m−1
∑

i=1

m
∑

j=i+1

g
(1)
ij g

(2)
ij (4)

and

g
(k)
ij =







1 if R
(k)
i < R

(k)
j

−1 if R
(k)
i > R

(k)
j

(5)

This rankcorrelation coefficient expresses the level of concordance between
two rankings, i.e. the level of agreement between both decision makers with
respect to the decision problem of ranking all alternatives without ties.

Since our objective is to find a consensus between n rankings, we propose
a procedure based on this measure. It uses the fact that the level of agreement
with respect to the consensus within the group should be as large as possible.
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Therefore, we propose to compare the consensus ranking with the ranking
of each decision maker separately by means of Kendall’s τ . This generates a
set of rankcorrelation coefficients:

TC = {τC,1, . . . , τC,n} (6)

where τC,k stands for the Kendall’s τ between the consensus ranking C and
DMk’s ranking.

Since we want to maximise the global level of agreement within the group,
we expect that some kind of majority is present in the group of which the
overall agreement is sufficiently high. Let us suppose that the group has
decided to adopt a 50%-majority, of which the level of agreement must be
maximised. In this case we determine the median of the set TC and maximise
this median:

max
C

(med(TC)) (7)

A very naive procedure for constructing a consensus solution is given by
algorithm 1.

Algorithm 1 A heuristic method to construct a consensus ranking

initialise τbest
M ← −1

repeat

select a consensus ranking C

calculate the set TC

determine τM = med(TC)
if τM > τbest

M then

τbest
M ← τM

Cbest ← C

end if

until Stopping condition is met

This general scheme can be implemented as a basic procedure for further
use in a metaheuristic or as a simple enumerative scheme. In the following
we will use a different scheme based on the implicit enumeration of solutions
(rankings).

In the next section we construct a recursion relation, allowing us to build
the rankcorrelation in a piecewise manner. With this relation we derive
a bound, which will be used in section 4 to develop a branch and bound
algorithm that will lead us to an appropriate consensus ranking.
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3 A piecewise construction of Kendall’s τ

Let us consider two rankings R(1) and R(2) of which one wants to calculate
Kendall’s τ . Let us also suppose without loss of generality that the alterna-
tives Ai are ranked in increasing ranknumber R

(1)
i . In this section we show

that this rankcorrelation coefficient can be calculated by means of an itera-
tive procedure. To this aim we express the rankcorrelation coefficient τm for
all alternatives in terms of the rankcorrelation coefficient τm−1 for the m− 1
first alternatives:

τm =
2Sm

m(m− 1)
=

2(Sm−1 + ∆Sm−1)

m(m− 1)
=

m− 2

m
τm−1 +

2∆Sm−1

m(m− 1)
(8)

with

∆Sm−1 ≡
m−1
∑

i=1

g
(1)
img

(2)
im . (9)

Hence, by adding consecutively alternatives to both rankings, we can use
the above expression to calculate piecewise rankcorrelation coefficients.

Furthermore, it is easy to derive a more general recurrence formula start-
ing from relation (8):

τm =
1

m(m− 1)

[

(m− j)(m− j − 1)τm−j + 2

j
∑

i=1

∆Sm−i

]

(10)

which will be used in the next section to derive a general bound for τm, given
the ranking of the m− j first alternatives.

4 Construction of a bound for piecewise con-

structed τ ′s

The recursion relation (8), derived in the former section, allows us to con-
struct a bound for the mth piecewise rankcorrelation coefficient τm.

Indeed, it follows from the definition (9) of ∆Sm−1 that

−m + 1 6 ∆Sm−1 6 m− 1. (11)

As a result one can determine an upper and lowerbound for the mth piecewise
constructed Kendall’s τ , knowing Kendall’s τ for the (m−1) first alternatives:

m− 2

m
τm−1 −

2

m
6 τm 6

m− 2

m
τm−1 +

2

m
(12)

5



.
In the same manner it is possible to show, starting from the generalised

recursion relation (10), that

τm 6
1

m(m− 1)
[(m− j)(m− j − 1)τm−j + j(2m− j − 1)] (13)

or rewritten in a more useful shape:

τj 6
1

j(j − 1)
[i(i− 1)τi + (j − i)(j + i− 1)] (14)

with i < j 6 m.

5 A branch and bound algorithm for the con-

struction of a consensus ranking

Let us recall that in order to determine a consensus ranking, we will calcu-
late the median of τ ’s between the proposal C and the n decision makers’
ranking. However, instead of calculating the n rankcorrelation coefficients,
the n piecewise rankcorrelation coefficients for a given i are calculated, of
which the median is determined.

These n piecewise rankcorrelation coefficients are used to obtain n upper-
bounds for the piecewise rankcorrelation coefficients for any j with i < j 6 m.
As a result of the definition of a median, the upperbound for the median of n

piecewise rankcorrelation coefficients for a given j can be obtained through
the application of expression (14) to the median itself at stage i.

In order to build the branch and bound algorithm, we start with the case
in which we consider only the two alternatives A1 and A2. For these alter-
natives there are only two possibilities with respect to the optimal ranking:
either A1 is ranked before A2 or vice versa. These two possibilities represent
the two branches, the first R2 involving all solutions where A1 is ranked be-
fore A2 and the second R1 involving all solutions in which A2 has a better
ranking than A1.

For every decision maker the piecewise rankcorrelation coefficient with
the solutions, representing both branches, is calculated. For each branch the
median over n decision makers is determined, resulting in two medians: τ2,R1

and τ2,R2
.

From inequality (14) an upperbound for all solutions with A1 ranked
before A2 can be determined:

B2(τ
M
m,R2

) =
1

m(m− 1)

[

2τM
2,R2

+ (m− 2)(m + 1)
]

. (15)
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In a similar way the bound for the other branch is obtained:

B2(τ
M
m,R1

) =
1

m(m− 1)

[

2τM
2,R1

+ (m− 2)(m + 1)
]

. (16)

The branch with the highest bound is selected and the alternative A3 is
taken into consideration. Let us suppose, without loss of generality, that
B2(τ

M
m,R2

) > B2(τ
M
m,R1

). Within the branch where A1 is ranked before A2,
there are three subbranches: a first in which A3 is ranked before A1 and A2;
a second representing the solutions in which A3 is ranked before A2 but after
A1 and a third branch consisting of all solutions in which A3 is ranked after
A1 and A2, which is represented in figure 1.

{A1}

{A1, A2}B2(τ
M
m,R2

) {A2, A1} B2(τ
M
m,R1

)

{A1, A2, A3} {A1, A3, A2} {A3, A1, A2}

B3(τ
M
m,R23

) B3(τ
M
m,R22

) B3(τ
M
m,R21

)

Figure 1: Start of the tree-representation of the sets of rankings, generated
by the Branch and Bound algorithm

For each of these three possibilities the median of the n piecewise rankcor-
relation coefficients are determined, resulting in τM

3,R21
, τM

3,R22
and τM

3,R23
as well

as the respective upperbounds B3(τ
M
m,R21

), B3(τ
M
m,R22

) and B3(τ
M
m,R23

).
These steps continue until a first ranking involving m alternatives is

found. The median for this first solution is then used in the comparison
with the bounds which were found for the other branches. From this mo-
ment on one starts with the regression procedure by only considering and
exploring branches which might involve better solutions following a LIFO
scheme.

The branch and bound algorithm, which is presented as algorithm 2,
involves the notations explained in table 1. It has a sequential nature and
constructs first a primary solution (ranking) through consecutive separations
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of the space of solutions. Afterwards, the regression steps are executed to-
wards other branches. These are evaluated and the corresponding set of
solutions is again separated in case of a positive evaluation.

i: depth of the branching
j: index of a branch, also representing the position of the

alternative Ai that will be added
jbest: index of the branch corresponding to the highest bound in

the subset under consideration
R: a sequence of alternatives representing the subset of solutions

(rankings) under consideration
Rj : a subset (branch) within the subset R
Rsol: the best solution (ranking) found until now

Ωi: a set of branches at depth i, which have still to be explored
τi,Rj ,k: the piecewise Kendall’s τ between Rj and decision maker k’s

ranking for the first i alternatives
τM
i,Rj

: median of a list of piecewise Kendall’s τ ’s between Rj and a

list of rankings for the first i alternatives
Bi(τ

M
m,Rj

): bound for the median of a list of piecewise Kendall’s τ ’s

between Rj and a list of rankings for the first i alternatives
Bbest: the best bound within the set under consideration
Bsol: the best median found until now

Table 1: Notations adopted in the branch and bound algorithm

More specifically the algorithm consists of several steps after initialisation.
First there is the while-loop, being the “solution-construction-loop”. It has
however no sense to construct solutions which are worse compared to that
which was already found. This explains the stopping condition Bbest > Bsol,
forcing the algorithm to explore only those subsets (branches) which might
involve better solutions.

The for-loop, nested inside the while-loop, constructs all possible sub-
sets, (branches) in which the first i alternatives are ranked, starting from a
given subset in which the first i − 1 alternatives are ranked. The piecewise
ranking, corresponding to each such branch, is compared with the n decision
makers’ piecewise ranking. Herewith, the median is determined as well as
the corresponding bound for m alternatives.

After this for-loop, the best branch is selected and removed from the set
of branches at that level in order to be able to perform the regression later
on. The corresponding subset at the level of its representation as a ranking
is precised.
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Now, if we have placed all m alternatives in a ranking, we have obtained
a solution. If this solution is better than the present candidate optimal
solution, we consider our newly constructed solution as a new candidate
optimal solution.

Algorithm 2 A branch and bound algorithm to build a consensus ranking

initialise Bbest ← 1, Bsol ← −1, R← {A1}, i← 1
for l = 2 to m do

initialise Ωl ← ∅
end for

repeat

while Bbest > Bsol do

i← i + 1
for j = 1 to i do

Rj ←R with Ai inserted at position j, Ωi ← Ωi ∪ {Rj}
τM
i,Rj
← med{τi,Rj ,k|k = 1 to n}

Bi(τ
M
m,Rj

)← 1
m(m−1)

[

i(i− 1)τM
i,Rj

+ (m− i)(m− i− 1)
]

end for

Bbest ← max
Rj∈Ωi

(

Bi(τ
M
m,Rj

)
)

jbest ← j corresponding to the branch with the highest bound
Ωi ← Ωi \ {Rjbest

}, R← Rjbest

if i = m and Bsol < Bbest then

Bsol ← Bbest, Rsol ←R
end if

end while

Ωi ← ∅, i← i− 1, Bbest ← max
Rj∈Ωi

(

Bi(τ
M
m,Rj

)
)

jbest ← j corresponding to the branch with the highest bound
Ωi ← Ωi \ {Rjbest

}, R← Rjbest

until i < 2

When we have constructed a solution, or in case we found that no better
solution was present in the considered subset, we perform a regression. This
means that we have to climb to a higher level in the tree, i.e. from level i to
level i − 1 (see figure 2). Hence, the set of branches at level i must be re-
initialised, since another branch at level i−1 will be chosen with other subsets
at level i. At level i−1 from the remaining branches the most promising one
is chosen and eliminated from the set. If this choice allows a better solution,
the while-loop is started again, otherwise again a regression to a higher level
is performed.
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{A1, . . . , Ai−1} {A1, . . . , Ai−1, Ai−2} {Ai−1, A1 . . . , Ai−2}

{A1, . . . , Ai−1, Ai} {A1, Ai, . . . , Ai−1} {Ai, A1, . . . , Ai−1}

...

. . .

. . .

Figure 2: Representation of the branches considered by the algorithm at the
two consecutive levels i− 1 and i

This scheme continues until the first level (i = 1) is reached again, so
that the candidate optimal solution becomes the optimal solution.

6 Conclusion

In this paper we have presented a branch and bound algorithm for an opti-
misation problem occuring in group decision making. The algorithm allows
to find an optimal solution for the maximisation of the median of a list of
Kendall’s rankcorrelation coefficients. These rankcorrelation coefficients oc-
cur as a measure for the level of agreement between the complete rankings
proposed by the concerned decision makers, being member of the decision
group, and an ex ante proposed consensus ranking.

Due to the combinatorial properties of the problem (the complexity grows
with the number of alternatives) the authors foresee to develop in the future a
metaheuristic in order to tackle problems with a large number of alternatives.
However, the comparison of different types of metaheuristics for this problem
is clearly out of the scope of this paper.
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