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Abstract

Mathematical models based on kinetic equations are
ubiquitous in the modeling of granular media, population
dynamics of biological colonies, chemical reactions and
many other scientific problems. These individual-based
models are computationally very expensive because
the evolution takes place in the phase space. Hybrid
simulations can bring down this computational cost by
replacing locally in the domain — in the regions where it
is justified — the kinetic model with a more macroscopic
description. This splits the computational domain into
subdomains. The question is how to couple these models
in a mathematically correct way with a lifting operator
that maps the variables of the macroscopic partial differ-
ential equation to those of the kinetic model. Indeed, a
kinetic model has typically more variables than a model
based on a macroscopic partial differential equation
and at each interface we need the missing data. In this
contribution we report on different lifting operators for
a hybrid simulation that combines a lattice Boltzmann
model — a special discretization of the Boltzmann
equation — with a diffusion partial differential equation.
We focus on the numerical comparison of various lifting
strategies.
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1 Introduction
In the last decades very efficient numerical methods

have been developed to simulate and analyze mathemat-
ical models described by partial differential equations
(PDEs) numerically.

A class of problems that can be efficiently solved is
described by the advection-diffusion-reaction equation
where an unknown function u(x, t) fits the equation

∂u(x, t)
∂ t

=
∂

∂x

(
a(x, t)

∂

∂x
u(x, t)

)
+b(x, t)

∂u(x, t)
∂x

+g(u(x, t)), (1)

with appropriate boundary and initial conditions, x∈Dx⊂
R and time t > 0. The coefficients a(x, t) and b(x, t) are,
respectively, the diffusion and advection coefficient. The
reaction term g(u(x, t),x, t) is often nonlinear and can de-
pend on time. This equation, and its generalizations to
more dimensions, are frequently used to model systems
in biology, physics, financial mathematics and many other
fields of application. In these models u(x, t) plays often
the role of a density ρ(x, t). To describe the PDE numer-
ically, the spatial differential operators are approximated
by, for example, finite differences. This transforms the
PDE into a set of coupled ordinary differential equations
(ODEs) with a sparse structure [1]. To arrive at a solution
several very efficient methods have been developed such
as sparse direct solvers [2], iterative methods based on a
Krylov subspace [3] and multigrid methods [4].

However, there are complex systems that can not be
accurately modeled mathematically by the advection-
diffusion-reaction equation such as (1). Kinetic models,
for example, which are frequently used in many areas
of science, make use of the Boltzmann equation that de-
scribes the evolution of a distribution function f (x,v, t)
(function space C2

R(D)) that counts the number of parti-
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cles or individuals in point x ∈ Dx ⊂ Rn, n ∈ N0, with a
velocity v ∈ Dv ⊂ Rn, at time t ≥ 0. The equation is

∂

∂ t
f (x,v, t)+v

∂

∂x
f (x,v, t)+F(x, t)

∂

∂v
f (x,v, t) = Ω.

(2)
This is an evolution law in phase space where F(x, t) is
the external force and Ω an integral operator that mod-
els the reorganization of the velocity distribution due to
collisions or other interactions. This type of equation is
used, amongst others, to model traffic flow, where the
right hand side models the behavior of drivers and the in-
teraction between vehicles [5]. In biology these equations
describe colonies of bacteria or other population dynam-
ics [6]. Another application of the Boltzmann equation is
found in plasma physics where the equation is coupled to
the electromagnetic field. This coupled equation is known
as the Vlasov equation [7]. The particle then moves in the
external field while the source for the field is the parti-
cle charge density. At the moment it is computationally
much more expensive to simulate or analyze numerically
a Boltzmann model than an advection-diffusion-reaction
model.

The aim of this research is to develop efficient numeri-
cal methods for models based on the Boltzmann equation.

One way to increase the efficiency is to use a hybrid
model that uses a reduced description in the form of (1)
where possible, for example, away from reaction fronts.
The spatial domain is then split in heterogeneous pieces
each with a different mathematical model, a Boltzmann
model where necessary, an advection-diffusion-reaction
PDE model where possible. For example, in [8] a hybrid
model is presented for combined particle and continuum
dynamics where a Lennard-Jones liquid is coupled to the
compressible Navier-Stokes equations. Coupled models
also play an important role in other applications, espe-
cially in simulations of materials. A review of atomistic-
to-continuum coupling is found in [9]. To give a more
detailed overview of some literature for hybrid models,
we refer to [10], [11] and [12]. In [10] adaptive mesh and
algorithm refinement is used in parts of the domain where
a continuum description is replaced by a particle descrip-
tion. The reason for this is that a continuum description
is not sufficient when the grid spacing approaches the fine
scale. Dupuis et. al. [11] couple molecular dynamics with
lattice Boltzmann models (LBMs), special discretizations

of the Boltzmann equation, by using a decomposition al-
gorithm based on the Schwarz alternating method. [12] is
of particular importance for this work. A one-dimensional
domain is considered that consists of a lattice Boltzmann
model in one subdomain and a diffusion partial differen-
tial equation in an other. In this work the same model
problem will be applied.

Another way to increase the efficiency is to use a mul-
tilevel algorithm. In [13] such a method is presented to
compute steady states of LBMs. A macroscopic to mi-
croscopic mapping (e.g. map from density to distribution
functions) is used to construct a multigrid solver for the
steady states. Traditional geometric multigrid uses a hier-
archy of discretizations of the PDE, each with a different
grid distance, to construct an iterative solver. Appropriate
restrict and lifting operators transfer information between
the levels. With this mapping from density to distribu-
tion functions, it is possible to construct a lifting opera-
tor that brings information from a PDE model to a Boltz-
mann model. It is then possible to build a hierarchy for
the kinetic model where the coarse levels are PDE models
rather than the Boltzmann model discretized on a different
grid. This leads to an efficient and scalable solver.

This work studies lifting operators for hybrid models
that spatially couple a PDE model and a LBM. It extends
the work of Van Leemput et. al. [12, 14] and Vandekerck-
hove et. al. [15]. In particular, we look at two numerical
lifting procedures that work on general problems. One is
based on the slow manifold that attracts the dynamics of
the LBM, Sect. 3. The other is based on smooth initializa-
tion and discussed in Sect. 4. Both express in an implicit
way the unknown distribution functions with the help of
the density in successive grid points.

It is well known that in phase space the dynam-
ics are quickly attracted to a slow manifold [16] that
characterizes the long-term dynamical behavior of the
process. On this slow manifold the dynamics can be
parametrized by a macroscopic variable such as the
density ρ(x, t). This forms the basis of a numerical
lifting operator that searches the missing distribution
function f (x,v, t) by determining its moments φ(x, t) =∫

v f (x,v, t)dv and ξ (x, t) = 1
2
∫

v2 f (x,v, t)dv for a given
ρ(x, t) =

∫
f (x,v, t)dv such that φ(x, t), ξ (x, t) and ρ(x, t)

lie on the slow manifold. It can be interpreted as finding
the point of intersection between the slow manifold and
the plane determined by ρ(x, t).
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In [17] it is proven for a diffusion LBM that the point
of intersection can be found by a stationary iteration. The
algorithm is called Constrained Runs (CR) and it resets,
after a few steps with the LBM, the density ρ to ρ0, its
initial value. During this iteration the Boltzmann model
approaches the slow manifold (Figure 3). It is further
proven that the iteration is always stable and the point of
intersection is found to first order accuracy compared to
the Chapman-Enskog (see Sect. 2.2) relation for a con-
stant extrapolation in time. This corresponds to one step
with the LBM before resetting the density.

The higher order versions (higher order extrapolation)
of this Constrained Runs algorithm can be unstable. In
[15] the instability is circumvented by formulating the
point of intersection as a fixed point problem which is
found by a Newton-Krylov iteration. This was then used
to create a lifting operator for the full state. A serious
drawback is that this method requires the construction and
solution of large Jacobian systems, which can make it pro-
hibitive for realistic applications. The general properties
of the CR-algorithm, independent of the Boltzmann equa-
tion, have been analyzed in [18]. The CR-algorithm will
be considered for our model problem in Sect. 3.2.

Formulating the lifting operator as a missing data prob-
lem is an alternative way to arrive at an implicit expression
for the unknown distribution function f (x,v, t). A recent
technique to fill in missing data is smooth initialization
[14]. In a missing data problem, variable w ∈W is split
into w = (u,v), where u ∈U contains the explicitly given
data and v ∈V the missing data. These variables are con-
sidered in normed vector spaces U , V and W , in which W
is the direct sum of the normed spaces U and V . In [14]
this method is used to create a lifting operator for a lattice
Boltzmann scheme with two possible velocity directions
in a one-dimensional domain.

In this article we evaluate and compare lifting operators
based on higher order Constrained Runs and smooth ini-
tialization. In particular, our interest lies in accurate lift-
ing operators for hybrid models that combine a LBM and
PDE model in different regions of space. We benchmark
the lifting operators to a model problem that is represen-
tative for hybrid LBM-PDE models.

The remainder of this work is organized as follows. In
Sect. 2 the model problem is defined, which consists of
a LBM in one part of the domain and a diffusion PDE
in another part. Sect. 2.2 contains some lifting tech-

niques that will be used to couple the different models
in the model problem. In particular, a numerical compar-
ison of some existing lifting operators applied in a sim-
ple one-dimensional problem is given. An analytically
known lifting operator is the Chapman-Enskog expansion.
When the analytical expressions are unknown or tedious
to derive, the Constrained Runs algorithm (Sect. 3) or
a smooth initialization procedure (Sect. 4) can be used.
The main drawbacks of these methods are the compu-
tational expense or the need to derive analytical expres-
sions. We focus on local updates of these numerical meth-
ods. When considering a hybrid model, the lifting oper-
ator is only needed at the interface between the different
models, which means that the lifting operator can just be
used locally at the interface. We conclude and give an
outlook in Sect. 5.

2 Model problem
A lattice Boltzmann model [19], [20] is a special dis-

cretization of (2). It describes the evolution of one-
particle distribution functions fi(x, t) = f (x,vi, t) at time
t ∈ [0,T ] in point x ∈ D ⊂ R with velocity vi. The ve-
locities are taken from a discrete set defined by the ge-
ometry of the grid. The functions are represented as fi :
X ×T →R with X ×T the space-time grid with space
step ∆x, time step ∆t and T = {0,∆t,2∆t, . . .}∩ [0,T ]. We
consider a one-dimensional domain with only three values
for the velocity vi, i ∈ {−1,0,1}

vi = ci
∆x
∆t

, (3)

with ci = i, i ∈ {−1,0,1} the dimensionless grid veloci-
ties. The lattice Boltzmann equation (LBE) describing the
evolution of the distribution functions (with Bhatnagar-
Gross-Krook (BGK) approximation for the collision term
[21] and no external force in (2)) is

fi(x+ ci∆x, t +∆t) = (1−ω) fi(x, t)+ω f eq
i (x, t). (4)

The equilibrium distributions are given by f eq
i (x, t) =

1
3 ρ(x, t), i ∈ {−1,0,1}. The particle density ρ(x, t) is de-
fined as the zeroth order moment of the distribution func-
tions.

ρ(x, t) = ∑
i∈{−1,0,1}

fi(x, t).
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a l b

x−1 = xn−1 x0 x1 . . . . . .xp xp+1 xn−1 xn = x0

ρ(x0, t) ρ(xp, t)
f−1

f0

f1

PDE domain LBM domain

Figure 1: The domain [a,b] in the hybrid model is split into [a, l[ on which we solve the PDE model and [l,b] on
which we solve the LBM. The solid points (•) represent the grid for the density ρ of the discrete PDE, the circles
(◦) represent the LBM variables ( f1, f0, f−1)

T . The periodic boundary conditions and the coupling are implemented
with ghostcells which are drawn by dashed circles. The density in the ghostcells of the PDE domain, in x−1 and xp+1,
are found by taking ∑i fi in xn−1 and xp+1, respectively. However, the ghostcells for the LBM domain, in xp and xn,
require a lifting operator that lifts ρ to ( f1, f0, f−1)

T in these points.

These equilibrium distributions correspond to a local dif-
fusive equilibrium. The BGK approximation represents
a relaxation to the equilibrium with associated time scale
τ = 1

ω
.

Partial differential equations form an alternative for an
individual-based description like the Boltzmann equation.
They model, at a macroscopic scale, the evolution of the
moments of the particle distribution functions like den-
sity ρ(x, t) = ∑i fi(x, t), momentum φ(x, t) = ∑i vi fi(x, t)
or energy ξ (x, t) = 1

2 ∑i v2
i fi(x, t). It is equivalent to de-

termine { f1, f0, f−1} or {ρ,φ ,ξ}. The transition between
the distribution functions and the moments is straightfor-
ward since the matrix M below is invertible.ρ

φ

ξ

=

1 1 1
1 0 −1
1
2 0 1

2

 f1
f0

f−1

= M

 f1
f0

f−1

 . (5)

When we look at these functions in a point x at a time t,
they can be represented either as ( f1, f0, f−1)

T ∈ R3 or as
(ρ,φ ,ξ )T ∈ R3. If we focus on the complete discretiza-
tion in space, with n the number of spatial grid points, the
function spaces are R3×n. It can be shown that the dif-
fusion PDE and the LBM are macroscopically equivalent
[22] when

∂ρ(x, t)
∂ t

= D
∂ 2ρ(x, t)

∂x2 , D =
2−ω

3ω

∆x2

∆t
. (6)

This can be checked by using a Chapman-Enskog expan-
sion. Here fi(x, t), i ∈ {−1,0,1} is written as a series,
each term containing higher order derivatives of ρ(x, t)
[23].

2.1 Hybrid LBM and PDE model problem

In this paper we study a model problem with periodic
boundary conditions. The model problem is shown in Fig-
ure 1. A one-dimensional domain [a,b] is considered that
couples the diffusion PDE (6) on [a, l[ with the LBE (4) on
[l,b]. Since the focus of the work is on the error caused by
the coupling, we use the same grid spacings in space (∆x)
and in time (∆t) for both regions. Using a different space-
time grid is of particular interest for future work since the
grid of the PDE domain can be further coarsened when ρ

is smooth. Then some interpolation operator needs to be
considered at the coupling point. [24] proposes a method
to couple grids with different mesh sizes for classical lat-
tice Boltzmann schemes. Numerical convergence studies
are performed there on a simple lattice Boltzmann algo-
rithm solving the advection-diffusion equation.

On the domain [a, l[, we discretize the diffusion PDE
with cell centered central differences and forward Eu-
ler time discretization. The grid points x j with j ∈
{0,1, . . . , p} cover this domain and for these points it
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holds that

ρ(x j, t +∆t) = ρ(x j, t)

+
D∆t
∆x2

(
ρ(x j−1, t)−2ρ(x j, t)+ρ(x j+1, t)

)
.

(7)

On the domain [l,b] we have the LBM for the grid points
x j with j ∈ {p+1, . . . ,n−1}

fi(x j +ci∆x, t +∆t) = (1−ω) fi(x j, t)+ω f eq
i (x j, t). (8)

The periodic boundary conditions lead to the following
boundary conditions for the PDE domain

∀t : ρ(x−1, t) = ∑
i

fi(xn−1, t),

∀t : ρ(xp+1, t) = ∑
i

fi(xp+1, t).
(9)

The full domain has an initial condition ∀ j ∈ {0, . . . ,n−
1}

ρ(x j,0) = q(x j). (10)

The aim is to construct the boundary conditions of
the LBM domain in such a way that ∀t > 0 and ∀ j ∈
{0, . . . ,n−1} the macroscopic density defined as

ρ(x j, t) =

{
ρ(x j, t) if j ∈ {0, . . . , p},
∑i fi(x j, t) if j ∈ {p+1, . . . ,n−1},

(11)
behaves as the density of a LBM solved on the full do-
main.

To formulate these boundary conditions, a lifting oper-
ator is required that maps the density ρ(x, t) in the ghost
points x0 and xp, the unknown of the PDE, to the distribu-
tion functions fi(x, t), i ∈ {−1,0,1} of the LBM.

2.2 Lifting the initial state and the ghost
points

The lifting operator is not only needed to construct the
distribution functions in the ghost points, but also to con-
struct an appropriate initial condition in the LBM region
starting from ρ(x, t = 0). Also for the reference solution
that solves the LBM over the full domain, we need to con-
struct distribution functions from ρ(x, t = 0).

A traditional approach to construct a ρ(x, t) to f (x,v, t)
map is based on the Chapman-Enskog expansion. Its use

is, however, limited to a few analytically solvable model
problems. For the diffusion equation that we are dis-
cussing the series is given by [12]

fi(x, t) =
1
3

ρ(x, t)− ci∆x
3ω

∂ρ(x, t)
∂x

− ∆x2

18ω2 (ω−2)(3c2
i −2)

∂ 2ρ(x, t)
∂x2

+O(∆x3), (12)

where we approximate the derivatives with the help of fi-
nite differences. The distribution functions are then ex-
pressed, in an explicit way, as a function of the density in
three successive grid points.

A comparison figure up to zeroth order in ∆x of (12)
is given in Figure 2 (top). It plots the absolute differ-
ence |ρhybrid(x, t)− ρLBM(x, t)|, which consists of ρhybrid ,
the density of the hybrid model with assumption fi(x, t) =
1
3 ρ(x, t), i ∈ {−1,0,1}— in both the ghost points and the
initial distribution functions of the LBM — and ρLBM , the
density of a full LBM. Full LBM considers a LBM on the
whole spatial domain [a,b]. The parameters that are used
throughout the paper are 200 time steps with ∆t = 0.001,
∆x = 0.05, D = 1, ρ(x,0) = exp

(
−(x− L

2 )
2
)

with L the
length of the spatial domain.

This comparison shows two clear errors: an initial er-
ror and an error in the points where the different models
are coupled. These errors diffuse over the domain. Both
errors occur because of the assumption fi(x, t) = 1

3 ρ(x, t),
i ∈ {−1,0,1}, the first term of the Chapman-Enskog ex-
pansion. It is obvious that this lifting operator is not suf-
ficient.

The error decreases when higher order terms in the
expansion are used in the lifting. The remaining fig-
ures of Figure 2 show the absolute differences with the
Chapman-Enskog expansion up to first, second, respec-
tively third order as a lifting operator. However, the
Chapman-Enskog expansion is hard to derive for general
Boltzmann models, especially if there are velocity depen-
dent collision rates in the model. In the remaining of this
paper, it is shown that even the third order relation can be
improved by considering numerical techniques to find the
lifting operator.
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Figure 2: The absolute value of the difference between
the density of the hybrid model and the full LBM after
200 time steps. The difference is also shown at earlier
time slots, but shifted down for clarity. The lines represent
time steps between one and 200. The top line corresponds
to time step 191 while the bottom line represents time
step 11. The lines in between correspond to jumps with
10 time steps from 11 to 21,. . .,181 to 191. The domain
is the interval [0,10] with 100 cell centered grid points
on [0,5[, the PDE domain, and 100 LBM grid points on
[5,10]. The lifting operator is fi(x, t) = 1/3ρ(x, t) (top),
first order, second order and third order Chapman-Enskog
(bottom) respectively. The lifting operator is used both
to find the ghost points of the LBM domain and for the
creation of the initial state for the LBM region. The
model parameters are ∆t = 0.001, ∆x = 0.05, D = 1,
ρ(x,0) = exp

(
−(x− L

2 )
2
)
. These variables define ω in

Eq. (4) through Eq. (6).

3 Lifting with Constrained Runs
An evolution of the long-term dynamics is quickly at-

tracted to a slow manifold [16], a lower dimensional part
of phase space. On this slow manifold the dynamics can
typically be described by macroscopic variables such as
the density ρ(x, t). By using the idea of the slow manifold,
a numerical lifting operator is constructed that searches
the missing distribution functions by determining φ and
ξ for a given ρ such that these moments lie on the slow
manifold. The interpretation is represented in Figure 3.
Find, with the help of the underlying Boltzmann model,
the point of intersection between the slow manifold and
the plane determined by ρ numerically.

-

6
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{φ̃ , ξ̃}
{φ(ρ0),ξ (ρ0)}
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Figure 3: Schematic representation of the Constrained
Runs algorithm for the LBM with a constant backward
extrapolation in time [12]. This algorithm converges to-
ward the slow manifold. ρ is expressed on the horizontal
axis and the missing moments φ and ξ on the vertical
axis. We start iterating with ρ0, the known density and
initial guesses φ0 and ξ0 for the missing moments. Af-
ter each step of the LBM, the density is reset to its ini-
tial value. This algorithm gives an approximation for the
missing values φ and ξ on the slow manifold. This figure
is reproduced from [22].

3.1 Constrained Runs algorithm
The goal is to find the point of intersection in Figure

3. This results in the CR-algorithm that finds its origin in

6



systems of ODEs. Given system{
∂u(t)

∂ t = p(u(t),v(t)),
∂v(t)

∂ t = q(u(t),v(t)),

where only the initial condition for u, namely u(0) = u0,
is given. The aim is to find v(0) = v0 such that the solution
of the system evolves close to the slow manifold, which
can be seen as the graph of the function v = v(u).

Gear et. al. [16] proposed to obtain the v-value from
equation

dm+1v(t = 0)
dtm+1 = 0, (13)

that can be approximated by a forward difference

∆
m+1v(t)≈ ∆tm+1 dm+1v(t)

dtm+1 .

It can be shown that this difference approximation used
in the CR-algorithm can be interpreted as a backward ex-
trapolation [25]. It corresponds with a backward extrap-
olation in time based on a polynomial of degree m that
passes through the values vk (k = 1, . . . ,m+ 1) while the
known variable u is reset to its original initial value u0.

The general algorithm for a constant extrapolation, m=
0, is given by

1. Initialize v0.

2. Advance the model with one time step ∆t. This re-
sults in values u1 and v1 at time t = ∆t. Since u0 is
given, it is reset to u0.

3. Difference approximation δ = ∆v0 = v1− v0.

4. ‖δ‖ ≤ tol: end iteration, ‖δ‖> tol: v0← v0 +δ and
move to step 2.

3.2 Application of Constrained Runs to the
LBM

We now apply the CR-algorithm to find the missing
moments in the LBM. We look at Eq. (13) formulated as
a fixed point problem [25].

The missing moments are denoted as

v =
(

φ

ξ

)
,

a long vector v ∈ R2n, the variable u = ρ ∈ Rn denotes
the known initial conditions u(0) = u0 ∈Rn. Here n is the
number of spatial grid points.

The vector vk denotes the k-th iterate of the CR-
algorithm and the iterations are related by

vk+1 = Cm(u0,vk),

where Cm denotes one step of the CR-algorithm and m
is related to the order of the time derivative that is set to
zero in Eq. (13). In general this equation is nonlinear and
the fixed point can be found by a Newton iteration. This
means solving

gm(u0,v) := v−Cm(u0,v) = 0,

for a macroscopic value u0 = ρ0. Newton’s method gives

vk+1 = vk−
(

J(u0,vk)
)−1

gm(u0,vk), (14)

where J denotes the Jacobian of gm. We use the combi-
nation of the CR-algorithm with Newton’s method as a
lifting operator for the hybrid model with different orders
of extrapolation. The Jacobian J is approximated by

Jei ≈
gm(u0,v+ εei)−gm(u0,v)

ε
,

with ei the unit vector, i = 1, . . . ,2n and ε = 1.0e−7 [26].
A drawback of using Newton’s method is that it re-

quires the construction of the 2n× 2n Jacobian matrix.
For the lifting of the initial density this can be quite ex-
pensive since the unknown vector v is large. Many eval-
uations of the underlying Boltzmann model are then re-
quired to construct the Jacobian matrix. Similarly, matrix-
free methods like GMRES still require many matrix-
vector products since the spectrum is unfavorable for fast
convergence [25]. Since these methods require many
evaluations of the underlying LBM to initialize the miss-
ing variables, it will still remain computationally expen-
sive in practice to use these as lifting operators.

In hybrid models, the Jacobian matrices are signifi-
cantly smaller than 2n×2n since we only lift in the ghost
points of the LBM region. This requires only local up-
dates which results in a smaller Jacobian.

Indeed, the lifting operator only needs to construct the
missing distribution functions in xp and xn (Figure 1).
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Consider ghost point xp. Suppose that the CR-algorithm
with constant extrapolation in time is used to find these
missing distribution functions. Since, in each iteration,
only one step of the LBM is executed (constant extrapo-
lation), the domain of dependence dictates that we only
need a guess for fi(x, t), i ∈ {−1,0,1} in the points be-
tween x = xp−1 and x = xp+1 (Figure 1). If we know how
many iterations k are needed to reach the required toler-
ance value, the number of points we need to consider at
the left and right of xp can be determined. And if we take
one extra point at both sides, we can avoid the influence of
the boundaries of the smaller vector. It is thus possible to
consider any boundary conditions for the smaller vector.

This means that only k+ 1 points at the left and k+ 1
points at the right of xp need to be considered. Because
we are working with a smaller vector, a smaller Jacobian
is required that, in addition, can decrease in size as the
iteration progresses.

3.2.1 Constrained Runs with constant extrapolation

We use the Constrained Runs algorithm with constant
extrapolation in time. The function we solve with New-
ton’s method is then

0 = g0(u0,φ ,ξ ) =

{
φ −φ1

ξ −ξ1,
(15)

where φ1 and ξ1 are the moments corresponding to the
distribution functions after one step of LBM. The initial
condition of the LBM is obtained by extracting the dis-
tribution functions from Eq. (5), starting from an initial
guess for the moments φ and ξ .

This is used to reduce both the initial error and the er-
ror in the ghost points of the LBM. The resulting error
is shown in Figure 4 (top) which shows |ρhybrid(x, t)−
ρLBM(x, t)|. The error is of order 10−4 with the same
declarations as in Figure 2. The initial distribution func-
tions are based on the Constrained Runs algorithm com-
bined with Newton’s method for a constant extrapolation
in time.

3.2.2 Constrained Runs with linear extrapolation

When linear extrapolation in time is used the function
that we solve with Newton’s method is

0 = g1(u0,φ ,ξ ) =

{
φ −2φ1 +φ2

ξ −2ξ1 +ξ2,
(16)

where φ1, ξ1 and φ2, ξ2 are the moments corresponding
to the distribution functions after one and two steps, re-
spectively, of LBM. The initial condition of the LBM
is obtained by extracting the distribution functions from
Eq. (5), starting from an initial guess for the moments φ

and ξ .
The results for dealing with the initial error and the er-

ror in the ghost points of the LBM by using a linear ex-
trapolation in the CR-algorithm in combination with the
method of Newton are given in Figure 4 (second figure).
It shows a better absolute difference |ρhybrid −ρLBM | than
the difference based on a constant extrapolation.

3.2.3 Constrained Runs with higher order extrapo-
lation

In the bottom figures of Figure 4, higher order extrap-
olations are considered. The error that remains in these
figures is the modeling error. This error is not caused by
the coupling of both models but by the difference in both
models. We compare a PDE model on [a, l[ with a full
LBM. So it is obvious that a certain error is created on the
densities.

4 Smooth initialization
An alternative way to arrive at an implicit expression

for the unknown distribution functions is to interpret the
lifting as a missing data problem. In such a problem a
variable w ∈W is split into w = (u,v), where u ∈U con-
tains the explicitly given data and v ∈V the missing data.
These variables are considered in normed vector spaces
U , V and W , in which W is the direct sum of the normed
spaces U and V . This is discussed for a lattice Boltzmann
scheme in [14] with two distribution functions f−1 and f1.

We focus on an extension with three distribution func-
tions { f1, f0, f−1}. This will correspond for our LBM to
w = (ρT ,φ T ,ξ T )T ∈W = R3n with u = ρ ∈U = Rn and
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Figure 4: |ρhybrid − ρLBM | after 200 time steps where the
lifting operator based on the CR-algorithm is used in com-
bination with the method of Newton. We show results
for constant (top), linear, quadratic and cubic (bottom)
backward extrapolation, respectively. The difference is
also shown at earlier time slots, but shifted down for clar-
ity. The domain that is considered, is shown in Figure 1.
Model parameters are ∆t = 0.001, ∆x = 0.05, D = 1 and
ρ(x,0) = exp

(
−(x− L

2 )
2
)
.

v = (φ T ,ξ T )T ∈ V = R2n. To remain general in nota-
tion E : W →W is considered to be a numerical scheme.
This will be the LBM in our case. To define the numerical
scheme onto the different components of variable w, some
other operators are defined, namely the identity operator
I : W →W and the canonical projection P : W → V onto
the second component (v).

One assumes that the initial values of the missing data
should be set so that the evolution scheme, namely the lat-
tice Boltzmann scheme, starts smoothly. Intuitively this
corresponds to the assumption that the dynamics are at-
tracted to a slow manifold. If this is not the case, rapid
changes could still be possible. This makes the idea of
this method quite similar to that of the CR-algorithm. To
put the idea of smooth initialization into practice, an m-
regularity condition is defined on output w in [14]. The
rule to determine the value v(0) is then given in [14]
by: The initial value w(0) of some m-regular output w
must coincide with the polynomial backward extrapola-
tion of its values pertaining to the iterations t1 = ∆t, t2 =
2∆t, . . . , tm+1 = (m + 1)∆t. This condition can be writ-
ten as P(I − E)w(0) = 0 for constant extrapolation and
P(I−2E +E2)w(0) = 0 for linear extrapolation.

In the next subsections constant extrapolation will be
considered. As can be seen, many analytical expressions
need to be written out to use the smooth initialization
technique. That is why linear extrapolation has not been
considered in this paper.

4.1 Constant extrapolation - full update
vector

In this section, we show that for a given density ρ on
the full domain the missing moments can be found with
the help of assumptions of smooth initialization. We first
illustrate this for the full domain and then, in Sect. 4.3,
modify this for a local update.

Let us consider a LBM with f1(t), f0(t), f−1(t) ∈ Rn

and, equivalently ρ(t), φ(t), ξ (t) ∈ Rn. If a full update
— an update in all spatial grid points — of the missing
data (φ T ,ξ T )T is done, explicit formulas can be achieved
for the technique of smooth initialization. Using the fact
that by definition (4) and introducing L and R, left- and
right-shift operators, where the left-shift operator moves
the elements of the vector to the left over one grid distance
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and the right-shift operator to the right over one grid dis-
tance, the LBM is described by

f1(t +∆t) = R[(1−ω) f1(t)+ω f eq
1 (t)],

f0(t +∆t) = (1−ω) f0(t)+ω f eq
0 (t),

f−1(t +∆t) = L[(1−ω) f−1(t)+ω f eq
−1(t)].

(17)

We can obtain formulas for φ(∆t) and ξ (∆t).

φ(∆t) = (αLL+αRR)φ(0)+(βLL+βRR)ξ (0)
+(γLL+ γRR)ρ(0),

with

αL =
1−ω

2
, αR =

1−ω

2
,

βL =−(1−ω), βR = 1−ω, (18)

γL =−ω

3
, γR =

ω

3
,

for the momentum and

ξ (∆t) = (αξLL+αξRR)φ(0)+(βξLL+βξRR)ξ (0)
+(γξLL+ γξRR)ρ(0),

with

αξL =−1−ω

4
, αξR =

1−ω

4
,

βξL =
1−ω

2
, βξR =

1−ω

2
, (19)

γξL =
ω

6
, γξR =

ω

6
,

for the energy. In matrix form, this becomes(
φ

ξ

)
(∆t) =

(
αLL+αRR βLL+βRR

αξLL+αξRR βξLL+βξRR

)(
φ

ξ

)
(0)

+

(
γLL+ γRR

γξLL+ γξRR

)
ρ(0),

= A
(

φ

ξ

)
(0)+Bρ(0), (20)

where A ∈ R2n×2n and B ∈ R2n×n. Using the assumption
of constant extrapolation (φ T ,ξ T )T (∆t) = (φ T ,ξ T )T (0),
we obtain the missing moments as(

φ

ξ

)
(0) = (I−A)−1Bρ(0), (21)

if I−A is invertible with I ∈ R2n×2n the identity matrix.
Numerical results show that the spectral radius of A is
smaller than one so 0 6∈ σ(I−A) = 1−σ(A) with σ(A)
the spectrum of A.

4.2 Link with Constrained Runs algorithm

Consider formula (20). When a direct iteration(
φ

ξ

)k+1

(0) = A
(

φ

ξ

)k

(0)+Bρ(0), (22)

is used, the CR-algorithm with constant extrapolation is
obtained. A consistency analysis can be completed to
show a first order correspondence with the Chapman-
Enskog expressions.

If we plot |ρhybrid − ρLBM |, Figure 4 (top) is achieved
again. This makes sense since both methods are based on
a polynomial backward constant extrapolation.

4.3 Constant extrapolation - local update

In Sect. 4.1 an update of the full vector (φ T ,ξ T )T is
used. As with the CR-algorithm in Sect. 3.2, we want to
look for a local update formulation. In the ghost points x0
and xp a one-to-many map is needed to obtain the distribu-
tion functions (Figure 1). The formulas from Sect. 4.1 can
be used but these update every spatial grid point, which is
not necessary when updating only the ghost points. This
leads to unnecessary work, which we want to avoid by
focusing on local updates. Consider an infinite domain
around x0 with a LBM domain at the left and a PDE do-
main at the right. This is what happens at point x0 in Fig-
ure 1 because of the periodic boundary conditions.

The analysis that follows is specific for point x0 but can
easily be adapted for point xp by substituting the indices
of the spatial grid points. The grid points of the PDE do-
main are denoted by indices i = 0,1,2, . . .. The LBM do-
main consists of indices i = . . . ,−2,−1. The space in-
dex 0 is noted as (.)0. To know the missing data in point
0, this data is expressed as a function of the point at the
right of index 0 in the PDE domain (index 1) and points of
the LBM domain, since we are considering constant ex-
trapolation. This means that point 0 can be expressed in

10



function of point −1 and point 1.

(
φ

ξ

)
0
=C

 ρ

φ

ξ


1

+h(LBM), (23)

with C ∈ R2×3 a matrix that expresses the dependence
of the backward extrapolation on ρ,φ and ξ in point 1.
h(LBM) contains the points that only require information
of the LBM domain. We do not need to know the func-
tion h in detail because there is no missing data in the
LBM domain.

The result depends on the known variables in the LBM
domain and on ρ , φ and ξ in point 1, which poses a new
problem in point 1, similarly as in point 0, since φ and ξ

in point 1 are also missing. This means that we need a
choice for the missing data in point 1 that is required to
find (φ T ,ξ T )T in point 0.

Equation (23) can be rewritten as(
φ

ξ

)
0
= Dρ−1:1 +E

(
φ

ξ

)
1
+F

(
φ

ξ

)
−1

, (24)

with D,E,F ∈ R2×2, where the dependence of the LBM
domain is written out explicitly. ρ−1:1 stands for the val-
ues of ρ in points −1 and 1. All φ and ξ with a neg-
ative index are in principle known because they can be
derived from the distribution functions fi, i ∈ {−1,0,1}
in the LBM domain.

By using the same equation as in (24) the missing data
problem can be formulated in point 1.(

φ

ξ

)
1
= Dρ0:2 +E

(
φ

ξ

)
2
+F

(
φ

ξ

)
0
. (25)

Combining equations (24) and (25) gives(
φ

ξ

)
0

= Dρ−1:1 +EDρ0:2 +EE
(

φ

ξ

)
2

+EF
(

φ

ξ

)
0
+F

(
φ

ξ

)
−1

,

which, on its turn, creates a missing data problem in point

2. By reusing (24), this leads to(
φ

ξ

)
0

= Dρ−1:1 +EDρ0:2 +E2Dρ1:3

+E3
(

φ

ξ

)
3
+E2F

(
φ

ξ

)
1

+EF
(

φ

ξ

)
0
+F

(
φ

ξ

)
−1

, (26)

where the dependence of the unknown moments φ and ξ

in point 1 re-enters. However, the matrices E2F and EF
are, as we will show below, zero and the missing φ and ξ

can be expressed as the densities in the coupling region, φ

and ξ in point 3 and some given data of the LBM domain.
Indeed, Eq. (20) only contains the shift operators L and

R with prefactors and can be rewritten for a point as

(
φ

ξ

)
0

=

(
γL αL βL

γξL αξL βξL

) ρ

φ

ξ


1

+

(
γR αR βR

γξR αξR βξR

) ρ

φ

ξ


−1

.

With the notations D, E and F this results in(
φ

ξ

)
0
= D

(
ρ1

ρ−1

)
+E

(
φ

ξ

)
1
+F

(
φ

ξ

)
−1

,

where

D =

(
γL γR

γξL γξR

)
, E =

(
αL βL

αξL βξL

)
,

F =

(
αR βR

αξR βξR

)
,

and because E and F contain the same diagonal elements
and opposite off diagonal elements (see Eqs. (18) and
(19)), and αL = βξL and α2

L = βLαξL this results in

EF =

(
0 0
0 0

)
, E2F =

(
0 0
0 0

)
, . . . . (27)

Using these properties, the missing data (φ T ,ξ T )T
0 in

the first PDE point can be expressed as ρ , the variable
of the PDE, in the points 0 up to 3, the LBM variables
in point −1 and, finally, (φ T ,ξ T )T in point 3. However,
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(φ T ,ξ T )T
3 is not available from the PDE which also re-

sults in a missing variable. Using the same relations re-
peatedly, we could rewrite this into the densities ρ in the
grid points in the ghost region and a missing data problem
that moves away from the interface between the LBM and
PDE region. However, note that

limk→∞Ek = 0, (28)

since E is defined as

E = (1−ω)

( 1
2 −1
− 1

4
1
2

)
= (1−ω)G,

where G ∈ R2×2 has eigenvalues 0 and 1.
If the lifting operator requires a given tolerance of ac-

curacy, the number of iterations k can be determined. If
we claim |1−ω|k < tol, equation (28) will be fulfilled for
k determined by the tolerance value tol.

By using this shortened update in the ghost points of the
LBM, again Figure 4 (top) is obtained. The composition
of this figure is based on the claim of Eq. (28) with k = 10.
The value of k is obtained by

|1−ω|k < tol = 10−10, (29)

with ω = 0.9091 for the model problem, which makes
k > 9.6 sufficient.

5 Discussion, conclusion and out-
look

In this article we have studied a hybrid domain that
spatially couples a diffusion partial differential equation
(PDE) with a lattice Boltzmann model (LBM). This cre-
ates a missing data problem at the interfaces between the
models. Indeed, the PDE model has too few variables to
provide the LBM with the correct boundary conditions.
Different methods are studied in this article to fill in these
missing data. In particular, we have focused on a sim-
ple LBM and PDE model discretized with equal grid and
time steps such that the error created by the coupling can
be highlighted.

We have analyzed different solution methods for the
missing data problem with various orders of accuracy.
First, the Constrained Runs algorithm is considered for
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Figure 5: Log-log plot of the error ‖ρhybrid −ρLBM‖∞ with
respect to ∆x = L/n, the grid distance. The dashed line
shows the results of constant extrapolation. The linear ex-
trapolation is second order and is shown with a solid line.
The black dotted lines are reference lines with slopes −1
and −2. The parameters that are considered: L = 1, n =
80 : 10 : 180, ω = 0.90, D = 1, ∆t = 2∆x2( 1

ω
− 1

2 )/(3D),
t = 0.03 and ρ(x,0) = exp

(
−(x− L

2 )
2
)
.

various orders of accuracy. We have found that the cou-
pling error decreases with the order of the scheme and that
the error is smaller than the modeling error already with
the linear extrapolation in time. Higher order versions de-
crease the error slightly further. This confirms the result
of [12] where the error was analyzed for different orders
of the analytical Chapman-Enskog expansion. In this pa-
per, we used Newton’s method to find the fixed point of
higher order Constrained Runs. The errors are estimated
by comparing the density of the hybrid model with the
density of a full LBM simulation. In a similar way we
have analyzed the accuracy when the missing data prob-
lem is formulated as a smooth initialization problem. In
this work constant backward extrapolation is considered
in this context.

To compare the accuracy of the different methods in
one figure, the log-log plot in Figure 5 shows the results
as a function of grid distance ∆x. Since ω is considered
fixed, ∆t changes according to (6). ‖ρhybrid − ρLBM‖∞ is
compared for the different methods — CR-algorithm with
constant extrapolation, CR-algorithm with linear extrapo-
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lation and smooth initialization with constant extrapola-
tion — at time t = 0.03. However, the computational cost
of the lifting methods grows significantly with the order
of accuracy. Especially the Constrained Runs algorithm
needs many LBM steps to find the missing distribution
functions in the ghost points of a hybrid model. Since
the Constrained Runs algorithm is build around the LBM
time evolution it is useful to write the computational cost
in terms of how many extra LBM grid points need to be
updated during the lifting.

The fixed point of the CR-algorithm is found with
Newton’s method. In our numerical experiments about
three Newton iterations are necessary to converge. This
means that three Jacobian matrices need to be constructed
with varying sizes depending on the iteration number and
the order of the CR-algorithm. If k denotes the number
of Newton iterations, the size of the largest Jacobian is
2× (2× (k+ 1)+ 1) by 2× (2× (k+ 1)+ 1) for a con-
stant backward extrapolation. Indeed, k + 1 points are
needed at both sides of the ghost point. Since both φ

and ξ are unknown, the length of the unknown vector is
2× (2× (k+ 1)+ 1). Note that the following computa-
tions and the results in Table 1 are based on this largest
Jacobian and not on the possible decrease in size as the
iteration progresses.

To construct this Jacobian matrix we need to call
g0(u0,v+ εei) about 2× (2× (k + 1) + 1) times per Ja-
cobian and g0(u0,v) once per Jacobian. Each call to g0
requires one LBM step.

However, depending on the order of gm the function
contains multiple LBM steps and the size of the Jacobian
grows. For linear extrapolation, the evaluation of g1 re-
quires two LBM steps. In addition 2k+ 1 grid points are
required at both sides of the ghost point to avoid contami-
nation from the boundaries. The largest Jacobian then has
a size 2× (2× (2k + 1) + 1) by 2× (2× (2k + 1) + 1).
Similar results can be computed for quadratic and cubic
extrapolation in time.

A summary of the computational cost in terms of LBM
steps is listed in Table 1. These results are just LBM steps
needed to lift the density in one ghost point. This needs
to be repeated each time step, although some efficiency
can be gained by reusing information from previous time
steps.

Bear in mind that to start the algorithm, the initial dis-
tribution functions for the LBM domain need to be deter-

mined in a similar way. This requires a Newton update of
the entire domain (400 grid points (200 points for both φ

and ξ )). Still, it requires 3 iterations but g0(u0,v+ εei) is
called 400 times per Jacobian and g0(u0,v) one time per
Jacobian. This results in 3×401 = 1203 LBM steps (for
constant extrapolation) just to initialize the lattice Boltz-
mann model.

We conclude that the higher order version of Con-
strained Runs, indeed, finds accurate distribution func-
tions for a given density. However, if the aim is to reduce
the computational cost of the LBM domain by replacing
it with a PDE model we do not see many advantages. The
lifting methods call many LBM steps and this additional
computational cost does not outweigh the reduction of the
LBM domain. According to the updates of the full do-
main, the local updates already reduce the computational
cost significantly.

We expect similar results in two dimensions where a
line of points needs to be lifted at the interface between a
PDE and LBM domain. Again the Jacobian matrices will
significantly increase in size and many LBM evaluations
will be required.

In upcoming work we will analyze a numerical lift-
ing method that combines the ideas of Constrained Runs,
smooth initialization and the Chapman-Enskog expan-
sion. Instead of using Constrained Runs to find for each
grid point the missing moments φ and ξ of f (x,v, t), we
use Constrained Runs to find the unknown coefficients of
the Chapman-Enskog expansion. This has several advan-
tages. First, it significantly reduces the number of un-
knowns in the lifting steps: we only need to find the coef-
ficients rather than the full state f (x,v, t). And secondly, it
can be done off-line before the calculations. Indeed, once
the coefficients are found they can be reused every time
step to realize the lifting.

An extension to more general discretizations of (2) is
one possibility for future research. We can take a look
at higher order methods of the Constrained Runs itera-
tions and different implicit methods to determine the fixed
point. Techniques of domain decomposition can be com-
bined with a one-to-many map (to lift ρ(x, t) to f (x,v, t)).
Another idea is to take a look at mesh refinement. Some
numerical analysis of the convergence speed for different
realistic situations should give a better view on the used
methods. The results of each of these research topics need
to be tested and evaluated on realistic problems coming
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Table 1: Total number of LBM time steps that are needed throughout a hybrid model at each interface based on local
updates performed with the Constrained Runs algorithm in combination with Newton’s method. The values for the
CR-algorithm are listed per ghost point and per time step. The method based on local updates needs less LBM steps
than an update of the entire domain (1203 LBM steps for constant extrapolation in every time step).

Extrapolation Number of Number of calls function Number of LBM Total number of Number of updated
CR-algorithm iterations g per Jacobian matrix steps per call LBM steps per ghost grid points in

(based on 3 iterations) function g point per time step one LBM step
Constant 3 / (2) 19 1 57 18
Linear 3 / (2) 31 2 186 30
Quadratic 3 / (2) 43 3 387 42
Cubic 3 / (2) 55 4 660 54

from plasma physics.
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