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Nonlinear Schrodinger equation on a circ&e
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The nonlinear Schrodinger equation is solved on an infinitesimal thin ring or circle. We obtained
the exact real wave functions with their corresponding energies for the ground state and the excited
states. Critical values of the circle perimeter are found at which the ground state changes its struc-
ture and additional higher excited states appear. Also, the complex wave functions that correspond
to energy levels with finite angular momentum are studied.

I. INTRODUCTION

Mesoscopic systems have exhibited new interesting
physics. In these systems interference effects are impor-
tant. The one-dimensional ring system has attracted con-
siderable experimental and theoretical attention. New
effects have been discovered, e.g. , discrete energy levels
of closed systems and energy bands for a one-dimensional
metal ring enclosing a magnetic flux (when observing
the energy as a function of the flux) are found. The
idea of persistent currents that are Aux periodic in real
normal-metal rings, was proposed in Refs. 2 and 3 for
one-dimensional systems. An analogous system, e.g. , an
optical ring, has led to several applications, such as the
laser gyroscope, bistability effects in ring lasers, and
optical band structures in passive and rotating" ring res-
onators (see also Ref. 8).

Usually people deal with systems on a ring in the scope
of linear physics. On the other hand there exist non-
linear phenomena described by the so-called nonlinear
Schrodinger equation in which the potential depends on
the wave function. This equation has been used (see
Ref. 9 and references quoted herein) to describe station-
ary 2D self-focusing of a plane wave, self-trapping phe-
nomena in nonlinear optics, propagation of heat pulses
in solids, Langmuir waves in plasmas, etc. The equation
is also related to the Ginzburg-Landau theory of super-
conductivity. Recently, we approached the same equa-
tion from the side of strongly coupled polaron physics,
in which the polarons are confined in a potential box.
The resulting effective nonlinear Schrodinger equation
was solved exactly making use of elliptic functions.

In the present paper we show that the 1D nonlinear
Schrodinger equation (which was considered for the po-
laron problem in Refs. 14, 15, and 10) can also be solved
in the case of periodic boundary conditions. The latter
corresponds to a circle or, equivalently, an infinitesimal
thin-ring system considering the strong electron-phonon
coupling limit. The goal of the present paper is to show
that former calculations for a ring with a magnetic Aux
perpendicular to this ring should be looked at carefully.
From the solutions of the nonlinear Schrodinger equation
for a circle or one-dimensional (1D) ring structure we can
conclude that additional real solutions could play a role

II. H.EAL SOLUTIONS

A. Basic eguatiens and the trivial solution

The Harniltonian of a polaron conBned in a one-
dimensional structure is of the form

2

H = + hcvg aktak + ) Vj,ake'"' + Vk*a~te
2m

(2.1)

where z and p are the position and momentum operators
of the electron, m is the electron band mass, and wA, is
the frequency of the phonons with wave vector k. We
include no external potential in the Hamiltonian (2.1),
so we consider a medium without impurities.

As is well known, a system in the strong-coupling limit
is described by the Schrodinger equation

hz 82$(z) + V.~(z)&(z) = &&(z) (2.2)

with the effective potential

where p~ = J'dz ~P(z)~ e'"'. In the case of an electron
interacting with LO phonons we have uk ——upo and

~ 2n'
Vi, ———i~r, o

2rncoLo )
(2.4)

in the description of the above system when including a
magnetic Beld and, maybe, could provide an answer to
some open questions which are raised for such systems.
Here we will study how the nonlinear phenomena are cor-
related with the geometry of the system.

The paper is organized as follows. In Sec. II the real
solutions to this equation are found. The complex so-
lutions are given in Sec. III and our conclusions in Sec.
IV.
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1 c)z$(z)
— + V,s(z)P(z) = sf(z),

2 t9z
(2.5)

where o.' is the dimensionless electron-phonon coupling
constant ' and I is the perimeter of the circle. Per-
forming the scaling z i Az vrith A = gh/mwi, ~/n' we
arrive at the nonlinear effective Schrodinger equation in
dimensionless units:

of the Jacobian elliptic function dn (see Refs. 11—13),
vrhich is periodic in z vrith period 2 ~ K(mi)/i/42,
where K(mi) is the complete elliptic integral of the first

kind: K(m) = I d0/gl —mi sin 0. In order to sat-
isfy the periodical boundary conditions we find that the
perimeter of the circle should be equal to an integer num-
ber n of waves, from which we obtain

vrith s =. E/Ruz, ,cin' and a/C2 = n2 r K(mi), n = 1, 2, . . . (2.13)

dz l&(z) I' —2v 2 14(z) I', (2.6)
We also require that the wave functions are normalized

f dz Pi(2) (z) = 1. Using this normalization condition
and Eq. (2.13) we arrive at the relation

--,'y" + &By —2~2'' —.y = 0, (2.7)

vrith B = jo dz P(z)~ . For the present case of a circle
we have to invoke periodical boundary conditions

P(0) = P(a), P'(0) = P'(a).

First of all there exists the trivial solution (a constant
vrave function) p(z) = 1/vra, vrhich is normalized on a
circle. From Eq. (2.7) vre obtain the corresponding en-
ergy level

where the perimeter of the circle can be written as I =
(a/n') ~h/mcuz, ~ with a the dimensionless perimeter.

Let us consider first the rea/ wave functions. Equa-
tion (2.5) is of the form

~2K(mi)E(mi) = —, (2.14)

dz P, (z) = — dz dn (zemi)

2n4Ks (mi)
3Q

[2(2 —mi) E(mi) —(1 —mi)K(mi)],

(2.1~)

while A takes the form

where the complete elliptic integral of the sec-
ond kind with modulus m is defined by E(m)

j d0gl —m, sin 0. This equation determines m, i. In

order to find the energy so ——~2(B —A) we still need

mal, o
A = Cz(2 —mi) = '

(2 —m, ).
i/2n2K2 (mi) (2.16)

To obtain the nontrivial solutions we notice that the
first integral of Eq. (2.7) can be obtained readily (energy
conservation)

(2.10)

()
a )

(2.17)

vrhere Fi(x) represents the universal function

With Eqs. (2.15) and (2.16) we arrive at the energy levels

where we used the notation A = B —s/i/2. In case
of real wave functions Eq. (2.10) leads to the inequal-
ity A & 4v 2C. Therefore, vre proceed by introduc-
ing two new parameters 4» and 42 by the relations
i/2 C = 4i 42, A = C i + @z. Because of symmetry
4» and 42 can be chosen in such a way that C 2 & 4».
Equation (2.10) can novr be vrritten as

'
(z) = 2v 2[/'(z) —C, ][C2 —g'(z)].

Fi(x) = ——[xK(mi)] [2 —mi
2 2

3
+i/2xK'(m, ) (1 —m, )]. (2.18)

For each x vre can solve Eq. (2.14) to find mi and cal-
culate with this mi the function Fi(x). Because Fi(x)
represents (up to a factor 1/n2) the energies of all excited
states we show in Fig. 1 the dependence of the parame-
ter m, i and the function Fi on x = n /a. In the limiting
case of a large circle a )) 1 (mi —+ 1), vre obtain from
Eq. (2.14)

B. First set of sohjtions

First, vre consider 4i & 0 and from Eq. (2.11) vre im-
mediately find that 0 ( C'i ( P (z) ( 42. The integra-
tion of Eq. (2.11) gives us the general solution

1 —X2I6~-v jj g28~- v /
X2

( ) [1+24
—vzar'n' + O(

—2v2ar'n')]
O, n

(2.19)

(2.20)

y, (z) = QC, dn[2'~'ge, (.—.,) ~m, ],

vrith mi = 1 —Oi /Cz, vrhere 0 & m, i & 1. Here zo is an
arbitrary constant and the parameter m» is the modulus

In the opposite case when the radius of the circle de-
creases to zero, the left-hand side of Eq. (2.14) decreases
monotonically and reaches its minimum value at rn» ——0.
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m, (x)

—0.30 with decreasing size of the circle until they reach their
corresponding critical point.

C. Second set of solutions

0.5

x=n /a2

0.2

—0.40

I

I

0.28658
gl

—0.45
0.3

&' (z) = 2~2[@'(z) + I4'il][@2 —&'(z)] (2.22)

from which we obtain 4'2 ) 0, —42 ( P (z) ( 42. The
general solution to this equation is of the form

Now we consider the case 4~ & 0, and rewrite
Eq. (2.11) as follows:

FIG. 1. The dependencies of the parameter mq and the
function I"i on x = n /a (f 2 (z) = ~4~ en [2 / +~@i I

+ 42 (z —zo ) I
m2], (2.23)

The parameter x is then maximal. This implies that for
each value of n there exists a critical (minimal) value for
the circle perimeter a, = n a„where a, = ~2(tr/2)(") = 2

at which the nontrivial real solution ceases to exist. At
this critical value a,") (or equivalently at x, = n /a(") =
1/a, ) the energy so becomes equal to —(2/7m) which

coincides with the energy eo( ) of the constant wave func-
tion. In the vicinity of the critical point (8a a —n a, )
the energy behaves more precisely as follows

with m2 ——42/(ICti +42), where 0 ( m2 ( 1. This solu-
tion is periodic in z with period 2 / K(m2)/+I4'il + 42.
From the boundary conditions it follows that

a/I@, l+ 42 ——2n2'/ K(m2), n = 1, 2, . . . . (2.24)

These solutions coincide with the antisyrnmetrical solu-
tions for the 1D system in an infinitely deep potential
well of length a as found in Ref. 10. The equation for the
modulus m2 of the elliptic function (2.23) is of the form

() 1 (2l' 1—
n2 (~) + O[(&a)'] (2.21)

~2K (m2) + m2 —1
'E(m2)
K m., n

(2.25)

Notice that not only do the curves ro and z& coincide(o) (~)
t

at the critical points but also their slopes. The energy
levels ro versus the circle perimeter a are plotted in(~)

Fig. 2 as solid curves. Those energy levels decrease indeed

1

'I

I q(2)
O, 1

(,)&o. = —,+2
I

—
In2 (ap (2.26)

with

'
[x K(m. ,)]'

x [2m2(1 —m2) x K (m2) —v 2 (2m2 —1)].
(2.27)

and again the energies can be represented by a universal
function:

(L) —02

—0.4

20 40 60

g(1)
0, 1

80

For each x we can solve Eq. (2.25) to find m2 and calcu-
late with this m, 2 the function E2(x). Because also here
p'2(x) i'epresents (up to a factor 1/n ) the energies of
all excited states we show in Fig. 3 the dependence of
the parameter m2 and the function I'"2 on x = n /a. In
the limiting case of a large circle a )) 1, or equivalently
x ~ 0, we obtain

&( ) 1 24
—v 2a/(2n) + O(

—2~2a/n
)3(2n)'

(2.28)

FIG. 2. Energy levels of a polaron on a circle vs the circle
perimeter a for the states with real wave functions. The en-

ergy of the constant solution corresponds to the dotted line.
The solid lines indicate the energy levels of the symmetrical
solutions (first set) and the dashed lines the asymmetrical
ones (second set).

Thus, the energy levels tend to the same values as zo z
(j-)

(see Fig. 2). Note that for an infinitely deep potential
well with length a )) 1 we found in Ref. 10 the energy
levels s = —1/3n (cf. the first set of solutions).

In the opposite case when a (( 1, we have x ~ oo, and
from Eq. (2.25)
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FIG. 3. The dependencies of the parameter m, 2 and the
function I'q on z = n /a (taken from Ref. 10).

wave function with infinitely separated peaks and. attain
the same energies (because the peaks only diff'er in sign).
For higher excited. states the number of peaks in the wave
function increases; e.g. , the number of peaks will be n for

the wave function corresponding to e'p and 2n for the
7 7l

wave function corresponding to Gp

Note that solutions to the linear Schrodinger equation
are usually classified by the number of zeros in the wave
function, e.g. , a solution P has n —1 zeros. At the same
time the probability distribution ~P ~

of this wave func-
tion has n peaks. The present analysis indicates that
in nonlinear physics there exist wave functions without
zero points [see Fig. 4(a)] and wave functions with large
areas, which are zero [see Fig. 4(d)]. Therefore, in the
present case the classification of excited states can only
be done by counting the number of peaks in the proba-
bility distribution which seems to be more general than
the classification based on the counting of zero points.

(2)
pin

vr2 n2
(2.29) III. COMPLEX SOLUTIONS

Note that reducing the perimeter of the circle will in-
crease the confinement efFects and we ultimately recover
the energy levels of a particle in a box. The energies c~p, n
vs a are plotted in Fig. 2 by the dashed curves. In con-
trast to the first set of solutions we see that the energy
of the antisymmetrical solutions is a decreasing function
with increasing a.

The corresponding wave functions of both sets of real
solutions are given in Fig. 4 for zo ——0 (which is a degen-
eracy parameter related to the position of the polaron).
When the circle perimeter a becomes infinitely large both
wave functions (corresponding to so 2 and so i) tend to a

In the present section we will search for a solution to
Eq. (2.5) of the form

(3.1)

where the amplitude P(z) and phase y(z) are real func-
tions of the coordinate z. Inserting Eq. (3.1) into
Eq. (2.5) we arrive at the coupled set of equations

II——P"(z) + /2B —2~2/ (z) + 2g' (z) —s P(z) = 0,

(3.2a)

I I ( I
I

I I I I I I I ' I I I I I I I
I

I I I I

I
I I 1 I

X"(z)&(z) + »'(z)&'(z) = o. (3.2b)

0.5
The general solution to Eq. (3.2b) can be represented as

X(z) = X(O)+Q &'(z') ' (3.3)

—05
— (a) el=15 — (b) cl =25

where Q is an arbitrary real constant. After inserting
this solution into Eq. (3.2a) we arrive at the nonlinear
efFective Schrodinger equation for the amplitude P(z)

I I I I I I

I
2

I ~ i t I I ilia I i I «I

I I I 1
I

I I I I

I
1 I I I

I
I I I &

I
I I I 1

/I
2

2
——P"(z) + ~2AQ(z) —2v 2P'(z) +

2&'(z)
=0 ) (3.4)

- (c)
2 I I

0 5

E. (&)
0, 1

0=15
I I I I I I I

10

g (2)
0, 1

0=25
I I L~~ I I I I I I I I l~

15 0 5 10 15 20 25

(~) (2)
e mave functions corresponding to the energies

E'p 2 and 8'p

with A = B —s/~2. For Q = 0 we arrive at the
previous set of real solutions. For the external poten-
tials consid. ered in Ref. 10 the set of real solutions are
the only existing solutions to Eq. (2.5). Note that if
on an infinite axis both the potential and. the ampli-
tude P(z) vanish at inffnity it follows from Eq. (3.4)
that Q = 0 and consequently no complex solutions will
exist. The same is true if the wave function has ze-
ros on a finite segment. Indeed. , if P(z) —c (z —zo)~
at some point zo then P"(z) = cP(P —1)(z —zo)~
and the term with the second derivative has to can-
cel with the last term of Eq. (3.4) from which we ob-
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d '
Q = 2vrl.

(
(3.5)

The most simple solution is found for a constant am-
plitude P(z) = I/~a. In this case R = 1/a, Q = 2ml, /az
and for the phase we obtain the conventional result
of a quantum-mechanical particle on a circle: y(z)
y(0) + 2vrl, z/a. The corresponding energy levels are de-
scribed by the formula

(p) ~2 (2' l ' l,' (3.6)

For l, = 0 we arrive at the energy (2.9). The second term
in Eq. (3.6) is the conventional centrifugal part of the
kinetic energy. The energy levels c& for l = 0, 1, 2, 3 are(0)

shown in Fig. 5. The energy levels for l, & 1 attain a local
minimum ei . ———I/(2vrl, )2 at a = 2i/2(vrl, ) andl» min
tend to their limiting values at large a from helot The
curve for l = 0 that corresponds to the constant wave
function of the real solutions (see also Fig. 2) obtains a
lower energy for decreasing a. For l, ) 1, however, we see
clearly the increase of the energy for small a due to the
centrifugal contribution which becomes more important
the larger l, is and the smaller a is. The corresponding
wave functions are (I/~a)e2 '*'~ up to an unimportant
constant phase factor.

In the remainder of this section we will search for other

tain cP(P —1)/(z —zp) ~ = Q /[c (z —zp) ~]. Conse-
quently we find P = 1/2 and Q = —c /4 which is in
contradiction with our requirement that Q and c are real
parameters.

Here we will show that on a circle complex solutions
do exist and can be classified by an integer number l,
which is the angular momentum. Periodic boundary con-
ditions imply for the phase y(a) = y(0) + 2vrl„ l,
0, +1,k2, . . . , which results in

complex solutions. We use the first integral of Eq. (3.4)

2 2

(3 7)

where C is an integration constant. Introduc-
ing the notations 4 (z) = P (z), A = 4 „+
4;„—4p, ~2C = 4 „4;„—4'p(4' „+4'; ),
and Q = 2i/24 „4';„@p, where all parameters
(4p, 4;„, 4 „) are positive and 4;„& 4 „, we

arrive at the equation

@"( ) = 8~~[4'( ) + 4'oil@( ) —4'--][@--—4'( )l.

(3.8)

where u = 2 ~ g4 „+@p(z —zp) and m
(4 —4 )/(4' + @p) . Equivalently, Eq. (3.9) can
be written as follows:

P (z) = 4;„+(4 „—4;„) cn (u~m), (3.10)

where only the constant term zo should be changed in the
definition of u. Note that at Q = 0 we arrive either at
solution (2.12) [i.e. , Pi(z)] with 4 „=42, @~i„=4q
and 4'p ——0 or at solution (2.23) [i.e. , $2(z)] with 4
@2 @ ' 0 and @p ~41~.

The periodicity in u on the circle implies that there
should be an integer number (n) of waves on the perime-
ter of the circle. Because the period in u equals 2K(m)
one has

It follows that (1) solutions can only exist if Q (lz) does
not exceed some maximal value, and (2) 0 ( 4
P (z) ( 4 „, where P (z) does not reach zero when

Q g 0, which implies that P(z) has a constant sign and
no nodes. Equation (3.8) can be integrated and results
in

;„+m4psn'(u~m)
P2 z

1 —msn2(u~m)

2'~'/4 .„+4,a = 2uK(m). (3.11)

0.2

From the periodicity condition (3.11), the normaliza-
tion condition and the definition of m all the parameters
(@p, 4;„,and 4 „) can be determined. The normal-
ization condition f dzg2(z) = 1 leads to

C;„=— 1 — 2xKm Em — 1 —mKm

(3.12)

the definition of m gives

C = — 1+ 2xKm Km —Em (3.13)

and finally from the periodicity condition (3.11) we ob-
tain

FIG. 5. Energies of a polaron on a circle vs the scaled circle
perimeter for the states with complex wave functions.

4'0 ——— —1+ 2xK m E m (3.14)
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The parameter I, itself can be obtained combining Eq.
(3.5) with its parametrized form. This leads to the equa-
tion

2vr~y = 2 ~ ~(Con)(l —p) (3.i5)

II(p, m) =
w/2

)

[1 —p sm Q] Ql —rD s111
(3.16)

~ = -(3 —3V 2xK(~)E(~) + V2(2 —~)xK2(~)},

(3.17)

and B = 1' dz ~P(z)~ has the form

B = —(1+ —',x'K'(~) [
—3E'(m) + 2(2 —~)E(m) K(m)

—(1 —m) K'(vn)] }. (3.18)

From Eqs. (3.17) and {3.18) the energy levels correspond-
ing to the complex solutions can be calculated

which is the complete elliptic function of the
third kind, with y = l,'/a and p = ~2xmK'(I, )/(1
+V2xK(m)[K(m) —E(rn)]}. From Eq. (3.15) one can
determine m for given quantum numbers u and l .

Also the energy s = ~2(B —A) can be determined as
a function of I,. The parameter A is given by

a magnetic Aux more complicate complex solutions exist.
This case will be discussed in a subsequent paper.

IV. CONCLU SIONS

In this paper the nonlinear effective Schrodinger equa-
tion was solved on an infinitesimal thin ring or circle. Ex-
act real and complex solutions are found together with
their corresponding energies. In the case of real sym-
metrical solutions we found critical values a, of the
circle perim. eter such that for c & a the solution no
longer exists. Therefore, the larger the circle perimeter
the more excited states with real wave functions exist.
The complex wave functions correspond to energy lev-
els with 6nite angular momentum / and are of the form
4'(z) = (1/~a)e ' *'~ . Here we found that counting
the number of peaks in the wave function can be used to
classify the quantum number of the excited state. This is
in contrast with linear problems where usually the num-
ber of nodes in the wave function is used.

If rve compare the above solutions with the eigenstates
from which, e.g. , Buttiker et al. started, we see that
the additional real solutions, we found, could have some
significance. Therefore, the method to treat persistent
currents (cf. Ref. 1) should start from the nonlinear effec-
tive Schrodinger equation, e.g. , by applying Aux-modified
boundary conditions (for more details about this method
see Refs. 1, 19, and 20).
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