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1. Introduction 

At the beginning of the twentieth century, the German mathematicians Oskar Perron (1907a, 

1907b) and Georg Frobenius (1908, 1909, 1912) developed the fundamental results of the 

theory of nonnegative matrices. Today this theory enjoys wide applications in many 

disciplines, for example, in economics, probability theory, demography, numerical analysis, 

engineering, and even in Google’s ranking algorithm. In linear economic models of the 

Leontief-Sraffa type the Perron-Frobenius matrices are often the crucial tools to solve many 

mathematical problems.
1
      

All these remarkable modern applications are far away from the spirit of the original 

theoretical articles by Perron and Frobenius. These two German scholars preferred to 

concentrate on pure mathematics. Especially Frobenius in Berlin considered applications as 

inferior subjects that should be relegated to technical schools. Their preference for pure 

mathematics might explain why neither Frobenius, who died in 1917, nor Perron, who 

remained a very active scholar until half a year before his death in 1975, ever published on 

mathematical economics.
2
 Before the Second World War, nearly all pioneers of linear 

economics overlooked Perron-Frobenius: either they did not know it, or they did not realise its 

relevance. There was one amazing exception in France, namely the Jesuit mathematician 

Maurice Potron, but his pioneering contributions were neglected for many decades.
3
 

In Germany, the country of Perron and Frobenius, the seminal works on linear economic 

theory were published by Georg von Charasoff and Robert Remak. Both had a doctoral 

degree in mathematics, both published in German, both were very familiar with some of the 

specialist fields of research of Perron or Frobenius. However, neither Charasoff nor Remak 

referred to Perron-Frobenius matrices in their publications. The stories of Charasoff and 

Remak provide two extreme examples of how Perron-Frobenius was neglected in economics, 

and also provide additional insight into the communication or lack of communication between 

the different protagonists of economics and mathematics. The rich literature on early linear 

economics paid hardly any attention to these stories, most probably because it requires a 

combination of both the history of mathematics and the history of economic thought.  

My paper tries to fill this gap by combining both histories. Section 2 starts with Charasoff, 

because he was the first pioneer who wrote after Perron’s 1907 theorems on positive matrices 

became available.
4
 For many reasons, Charasoff had a higher probability of discovering and 

applying Perron-Frobenius than the average mathematician or economist. Two of Charasoff’s 

mathematical interests (irreducibility of equations, and continued fractions) were close to 

Perron’s or Frobenius’ interests, but Charasoff never mentioned Perron-Frobenius matrices, 

and he just assumed that the properties of his simple examples with three commodities also 

hold in more general cases. 

                                                           
1
 Good introductions to Perron-Frobenius in linear economics are supplied by Kurz & Salvadori (1995) and 

Bidard (2004). 
2
 See the Perron bibliography by Frank (1982), and the authoritative book on Frobenius by Hawkins (2013).   

3
 See Bidard, Erreygers & Parys (2009) for more details on Potron.  

4
 Vectors and matrices are called nonnegative if all their elements are nonnegative; positive if all their elements 

are positive. A nonnegative matrix or vector with at least one nonzero element, is often called semipositive. 
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Section 3 focuses attention on the mathematical economics of Remak’s classic 1929 paper. 

Here Remak neglected the useful results of Frobenius (his own doctoral supervisor in 1911), 

and moreover it turns out that most of Remak’s mathematical arguments concentrate on rather 

bizarre economic systems, in which the most important commodities have zero prices. 

Contrary to Dorfman (1973), new archival evidence suggests that Wassily Leontief was well 

aware of Remak’s work. Leontief noticed the analogy with the mathematics of his own linear 

system, and even tried to contact Remak in Berlin in 1931. 

Section 4 presents a few details on Sraffa and his ‘mathematical friends’, all neglecting 

Perron-Frobenius. In the first part of the twentieth century many mathematicians concentrated 

on prestigious new developments in abstract algebra, and overlooked the usefulness of ‘old-

fashioned’ Perron-Frobenius matrix theory. Moreover, connections or applications that are 

obvious today were not obvious to the original pioneers. 
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2. Charasoff goes to the limit 

Georg von Charasoff 
5
 was born in Tbilisi in 1877, in a wealthy family. After his doctoral 

dissertation on mathematics (Heidelberg in 1902), he was living the free life of a ‘rentier’ and 

an ‘independent scholar’ in Germany and Switzerland, and he published two books on Marx, 

Karl Marx über die menschliche und kapitalistische Wirtschaft (1909) and Das System des 

Marxismus (1910). Further planned work on economics was never published, due to negative 

changes in personal and political circumstances.
6
 His second wife poisoned herself with 

cyanide in 1912, and his publisher went out of business. Charasoff himself sexually 

approached his house-maid in Zurich, refused to pay her wage when she refused him, and 

then was condemned by a Swiss court on 24 March 1915. Charasoff did not attend the 

hearings, where several witnesses offered very negative descriptions of his personality. At 

that moment, Charasoff was already back in his birth place Tbilisi, trying to save the family 

wealth in turbulent political times. He never returned to Western Europe, and died in Stalin’s 

Soviet Union in 1931.
7
 

For many decades after his death, only a small minority of Marxian studies reviewed or cited 

Charasoff’s two books, usually concentrating on minor details, without recognizing the 

striking originality of some analytical tools in his 1910 book. In the preface, Charasoff (1910: 

xii) claims to have presented a definitive solution to the main problems of the classical theory 

of value, thanks to his theory of Urkapital (‘original capital’), a composite commodity similar 

to Sraffa’s standard composite commodity (Sraffa 1960), but in Charasoff’s case it is 

computed with respect to an ‘augmented input matrix’, which includes both the material 

inputs of the production processes and the wage goods for the workers. In the language of 

modern mathematical economics, Urkapital corresponds to an eigenvector of the augmented 

input matrix.  

Neither the mathematicians nor the economists took notice of Charasoff’s innovations. A 

special example of overlooking Charasoff’s originality is provided in a doctoral dissertation 

on the economics of Bortkiewicz and related topics, written by Werner Klimpt (1900-1978), 

and defended at the Ruprecht-Karls-Universität Heidelberg in 1931, the same university 

where Charasoff had received his doctoral degree in 1902, and where Perron had been a 

professor from 1914 to 1922. Klimpt published his text in Berlin in 1936, and seemed to be 

one of the few Charasoff readers who commented on Charasoff’s innovating concept of 

Urkapital. Despite his mathematical background, Klimpt (1936: 119) rejected Charasoff’s 

device as highly peculiar, complicated, and confused. Apparently, neither Werner Klimpt, nor 

                                                           
5
 He signs his first economic book in 1909 as Dr. Georg von Charasoff, but in his other publications, and in all 

his letters that I have seen, he dropped his ‘von’. 
6
 Several extracts from his two books were later reprinted in Die Aktion or in Der Gegner; one extract even in 

both journals around the same time (Charasoff 1920). 
7
 For many years, biographical details on Charasoff were scarce. Recently more information became available, 

thanks to Klyukin (2008) and Gehrke (2013). The latter presents a wealth of new material on Charasoff’s 

activities in Heidelberg, Zurich and Lausanne, and also on his later years in Tbilisi, Baku and Moscow.  
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his doctoral referees Emil Julius Gumbel and Emil Lederer, understood Charasoff’s 

innovations.
8
 

In the 1980s the scientific reputation of Charasoff suddenly started to grow, thanks to the 

amazing discoveries of Egidi & Gilibert (1984). In the following years, many other authors  

studied Charasoff, for example, Duffner & Huth (1987), Kurz & Salvadori (1993, 1995, 

2000), Stamatis (1999) and Mori (2007, 2011), all awarding Charasoff the status of a 

remarkable pioneer. It is now well-known that Charasoff independently discovered some 

Sraffa-like tools. His Grundprodukte bear a close resemblance to Sraffa’s basic commodities, 

his Reproduktionsbasis reminds us of Sraffa’s subsystems, his labour values are computed via 

dated labour series, etc. His most fundamental new concept, his notion of Urkapital, was 

generated in a rather unexpected way. An attempt to explain Charasoff’s approach requires 

some knowledge of his mathematical background. 

2.1. Some shared mathematical interests of Charasoff, Perron and Frobenius. 

Charasoff started studies of medicine in Moscow, but then switched to mathematics in 

Germany, and presented his doctoral dissertation, Arithmetische Untersuchungen über 

Irreduktibilität in 1902, in the Faculty of Natural Sciences and Mathematics of the Ruprecht-

Karls-Universität in Heidelberg. Charasoff cannot be found in the set of more than 300 names 

in the autobiography of his doctoral promoter Leo Königsberger (1919). The dissertation 

looks like a minor exercise in the research program of his promoter. Its results generated no 

follow up in the mathematical literature, and the dissertation fell into oblivion. 

Note that the ‘irreducibility’ in Charasoff’s dissertation is different from the problem of 

reducible and irreducible matrices in Perron-Frobenius mathematics. It simply refers to the 

irreducibility of equations.
9
 Although the topic itself is not connected to positive or 

nonnegative matrices, one of the specialists on irreducibility of equations was …Oskar Perron 

(1905, 1907c). In the final part of his 1902 dissertation, Charasoff studied the irreducibility of 

differential equations. Nearly three decades earlier, a seminal paper on related kinds of 

differential equations had been published by a promising 23-year old German mathematician, 

namely…Georg Frobenius (1873). Despite all this, Charasoff never referred to Perron or 

Frobenius, neither in his mathematical dissertation nor in his economic books. 

                                                           
8
 On Gumbel and Lederer in Heidelberg, see Brintzinger (1996). The Gumbel biography by Brenner (2001: 32-

4) described how the pacifist Georg Friedrich Nicolai tried to resume his university lectures in Berlin in 1920, 

but was shouted down by hundreds of demonstrators. When the Faculty Senate accused Nicolai of desertion and 

treason, only three persons signed a letter to protest against Nicolai’s banning from the university: the publisher 

Curt Thesing, Emil Gumbel and Otto Buek. Note that Buek was Charasoff’s most important helper, the only 

person that received thanks in the preface of Charasoff’s 1909 book. Gumbel is not an important innovator in the 

present story, but in the 1930s Gumbel seemed to be the first scholar who came into contact with the works of 

four pioneers of linear economics: Charasoff (see Klimpt’s dissertation), Remak (see section 3.3 below), 

Leontief (see again section 3.3), and Potron (who presented his economic model at the International Congress of 

Mathematicians in Oslo in 1936, in the same session as Gumbel). 
9
 Consider, for example, the equation 𝑥2 − 5 = 0. It is called reducible if its left hand side (a polynomial of the 

second degree) can be ‘reduced’ to polynomials of lower degree. If we consider all real numbers, this is possible, 

because 𝑥2 − 5 = 0  can be written as (𝑥 − √5 )(𝑥 + √5 ) = 0, but if we consider only rational numbers, the 

equation is irreducible. More sophisticated cases of irreducibility exist, of course, for example, in the differential 

equations in Charasoff’s dissertation. 
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In the late nineteenth and the early twentieth century, David Hilbert in Göttingen was one of 

the most important mathematicians in the world. Numerous scholars sent letters or papers to 

Hilbert, who acted as one of the editors of the influential Mathematische Annalen from 1902 

to 1939. It is unknown whether Charasoff ever sent his dissertation results of 1902 to a 

journal, but in 1904 he had formulated some results on another topic: continued fractions 

(Kettenbrüche). He submitted his results to Hilbert, but obtained a rejection.
10

 In his letter of 

10 May 1904 to Hilbert, Charasoff apologised for having overlooked a relevant paper in 

which Minkowski had already worked out a similar theorem on continued fractions.
11

  

No further details are given in Charasoff’s letter, but this story shows that Charasoff was 

interested in the literature on continued fractions in 1904. If he continued to do so, then from 

1905 on he could have noticed a series of successful publications on continued fractions by … 

Oskar Perron.
12

 After a few papers on this subject for the Academy of Sciences in Munich, 

Perron published the results of his Habilitation thesis on continued fractions, with high 

visibility, in the long opening article in the 1907 volume of the Mathematische Annalen 

(Perron, 1907a). In the middle of his argument Perron had to solve some technical problems 

on matrices and their characteristic equations. A few months later Perron (1907b) isolated 

these matrix problems in his article Zur Theorie der Matrices, again in the Mathematische 

Annalen, and he gave a complete proof of the now classic Perron Theorem on eigenvalues and 

eigenvectors of positive matrices. Hawkins (2008: 679) introduced the expression Perron’s 

Limit Lemma for the following auxiliary result that Perron constructed in 1907:  

Perron’s Limit Lemma: If 𝐴 is a square positive matrix, then we can find a positive real 

number 𝜆 , a positive row vector 𝑞 , and a positive column vector 𝑝 , such that for 𝑣 → ∞  

every row of the matrix (𝐴/𝜆)𝑣 becomes proportional to 𝑞, and every column becomes 

proportional to  𝑝   

Such limit properties are crucial for a mathematical treatment of Charasoff’s economics (see 

section 2.2 below). Ironically, for Perron himself the Limit Lemma was just a cumbersome 

auxiliary tool, allowing him to prove in his main theorem that 𝜆 is the dominant eigenvalue of 

𝐴, and q and p are associated row and column eigenvectors. 

Perron’s Main Theorem:  If A is a square positive matrix, then it has a positive eigenvalue  𝜆  

whose absolute value is larger than that of any other eigenvalue; 𝜆 is a simple root of the 

characteristic equation, and 𝜆  can be associated with a positive row eigenvector 𝑞, and a 

positive column eigenvector 𝑝. These eigenvectors 𝑞 and 𝑝 are unique up to a scalar multiple.  

In algebra, pure mathematicians prefer to avoid limits if possible. Therefore, Perron expressed 

some dissatisfaction with his own ‘limit proof’ of his Main Theorem. When Frobenius, a 

                                                           
10

 After Hilbert’s rejection, it remained unpublished and unfound. The name Charasoff is not mentioned in the 

comprehensive bibliographies on continued fractions compiled by Wölffing (1908) and Brezinski (1991).  
11

 See Nachlass David Hilbert, Cod. Ms. D. Hilbert 59, Abteilung Handschriften und seltene Drucke,  

Niedersächsische Staats- und Universitätsbibliothek, Göttingen. I thank Dr. Hunger and his staff for providing 

me copies of the Hilbert correspondence with Charasoff and Remak. 
12

 In 1905 Charasoff enrolled as an ‘auditor’ for Heinrich Burkhardt’s lectures on elliptic functions at the 

University of Zurich (Gehrke 2013: 17), one of the specialties of  Georg Frobenius. 



6 
 

pioneer in matrix algebra, read Perron’s second 1907 paper on matrices, he responded to two 

challenges: to prove Perron’s Main Theorem without using Perron’s Limit Lemma, and to 

extend Perron’s results from positive matrices to nonnegative ones. Although in declining 

health, in the last years of his life, Frobenius (1908, 1909, 1912) succeeded masterfully.
13

 

After Perron’s Limit Lemma was discarded in the simpler proofs by Frobenius, it disappeared 

from the radar of many mathematicians in the next decades. However, if there is one person 

who could and should have noticed Perron’s Limit Lemma in 1907, it was Charasoff. For him 

the limit arguments were not auxiliary tools of secondary importance. On the contrary, 

Perron’s Limit Lemma provides the mathematical foundations of Charasoff’s production 

sequences and Urkapital. Given his mathematical background, and his interest in continued 

fractions, Charasoff was in a better position than the average mathematician to know Perron’s 

work, but in the hundreds of pages of his two books, he never referred to Perron or Frobenius. 

Charasoff concentrated on simple numerical examples with three commodities, and assumed, 

without proofs, that the properties of these examples also hold in the general case.
14

 

2.2. Charasoff’s economics and his neglect of Perron-Frobenius matrices 

The different chapters of Charasoff’s 1910 book, Das System des Marxismus, started with a 

quotation from Marx (without further bibliographical details). For example, Charasoff placed 

the following quotation below the title of his brilliant chapter 10 (in German):  

Coal is required for making gas, but gas lighting is used in producing coal. 

. . . Coal must replace the wear and tear of the steam-engine used to produce it. But the steam-

engine consumes coal. Coal itself enters into the means of production of coal. Thus it replaces 

itself in kind. Transport by rail enters into the production costs of coal, but coal in turn enters 

into the production costs of the locomotive. (Charasoff 1910: 118)   

Readers of Marx’s Theories of Surplus Value (vol. 1, p. 247) will recognise the source of this 

quotation. By using it, Charasoff wanted to emphasise the circular nature of production. 

Elsewhere, in a long footnote, Charasoff (1910: 290-1) quoted a similar circular example from 

Pareto, also involving coal that is ultimately produced by coal. Apparently Charasoff knew 

the Walras-Pareto system, but preferred the fundamentals of the classical economists & Marx. 

Charasoff usually replaced the workers by their wage goods, and thus constructed a system of 

production of commodities by means of commodities. His favourite numerical example 

involved three commodities: corn, bread, and cakes. Workers receive one unit of bread (wage 

good) per unit of labour time. The cakes are a luxury product, consumed only by the 

capitalists.  If we replace ‘a unit of labour time’ by ‘a unit of bread’, and express all input 

magnitudes per unit of output, then we can present the example in Sraffian layout as follows 

(compare with Charasoff 1910: 99):    

                                                           
13

 For more historical details on the mathematics of Perron-Frobenius, see Hawkins (2008, 2013). 
14

 Egidi & Gilibert (1984) presented the first sound mathematical treatment of Charasoff’s general case, and 

attributed the limit propositions to Nikaido (1968). Neither Nikaido nor Egidi & Gilibert mentioned Perron’s 

Limit Lemma of 1907. 
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0.7 units of corn + 0.3 units of bread + 0 cakes → 1 unit of corn 

0.2 units of corn + 0.2 units of bread + 0 cakes → 1 unit of bread 

0.1 units of corn + 0.5 units of bread + 0 cakes → 1 unit of cakes 

Charasoff provided a rather intuitive analysis, without any explicit use of matrix algebra, 

although modern approaches prefer matrices in this context. Let A represent the augmented 

input matrix (containing technically necessary inputs of corn, augmented by the quantities of 

bread, the wage good). Assume a production period of one year, an unchanging technology, 

and consider the output of 1 unit of corn. The first row of the matrix 𝐴 below describes the 

input vector needed one year ago: Charasoff called it ‘capital of the first order’. The first row 

of 𝐴2 describes the input vector needed two years ago, the capital of the second order. The 

first row of 𝐴3 describes the input vector needed three years ago, the capital of the third order, 

etc. In a similar way, the second rows of 𝐴, 𝐴2, 𝐴3, 𝐴4  etc. describe the dated input vectors 

for bread. The third rows describe the dated input vectors for cakes: 

𝐴 = [
0.7
0.2

0.3 0
0.2 0

0.1 0.5 0
] , 𝐴2 = [

0.55
0.18

0.27 0
0.10 0

0.17 0.13 0
], 𝐴3 = [

0.439
0.146

0.219 0
0.074 0

0.145 0.077 0
], 𝐴4 = [

0.3511
0.1170

0.1755 0
0.0586 0

0.1169 0.0589 0
] 

The numbers above can also be found in Charasoff’s tables (1910: 114). If we trace back an 

arbitrary output vector 𝑋, then the inputs of one year ago are given by 𝑋′ = 𝑋𝐴, the inputs of 

two years ago by 𝑋′′ = 𝑋𝐴2, etc. Charasoff called this a production sequence and denoted it 

as 𝑋 ~ 𝑋′ ~ 𝑋′′ ~...  and he also referred to it as an ‘equation’.
15

  

In a productive economy, the sequence 𝐴, 𝐴2, 𝐴3, 𝐴4 … converges to a zero matrix. However, 

if we normalise all matrices 𝐴𝑣 in a suitable manner, then the limit matrix will be proportional 

to the following matrix:   𝐴∞ = [
6
2

3 0
1 0

2 1 0
]. 

16
 

In this limit situation, all rows become proportional to a basket of Charasoff’s Urkapital, 

which is a basket of 2 units of corn, 1 unit of bread, and 0 cakes (or any positive multiple of 

this basket).   

The intuition of Charasoff (1910: 123) for the existence of Urkapital was as follows. Capitals 

of the first order can be very different from each other. Capitals of the second order are a sort 

of average of capitals of the first order, and therefore are less different from each other, etc. In 

the limit all capitals have the same Urkapital composition. Charasoff (1910: 114) suggested 

that in his example the composition of Urkapital is already obvious after four rounds. Each 

row of 𝐴4 is nearly proportional to the Urkapital vector 𝑞 = [2 1 0]. To produce 𝑞 we 

                                                           
15

 On the one hand, the word ‘Gleichung’ (equation) is sometimes used by Charasoff in unexpected places. On 

the other hand, Charasoff failed to show us explicitly the simple system of linear equations that was used a few 

years earlier by the non-mathematicians Mühlpfordt or Dmitriev to determine the labour values.  
16

 Divide 𝐴 by its dominant eigenvalue 𝜆 = 0.8, and obtain the matrix  𝐴/𝜆 =  1.25  𝐴.   For 𝑣 → ∞ the sequence  

(𝐴/𝜆)𝑣 =  (1.25 𝐴)𝑣 converges to a limit matrix that is proportional to the matrix 𝐴∞. 
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need the input vector 𝑞𝐴 = [1.6 0.8 0]. The vectors 𝑞 and 𝑞𝐴 are different quantities of 

the same composite commodity.
17

 

Whatever the individual prices of corn, bread and cakes, the basket 𝑞 is worth 25% more 

than  𝑞𝐴, and thus the rate of profit is 25%. In this way, Charasoff (1910: 105-28) showed that 

the rate of profit is determined by the rate of growth of Urkapital. Therefore some authors, for 

example, Kurz & Salvadori (1995: 390) and Mori (2011), give him credit for discovering a 

simple duality between the price system and the quantity system. In mathematical terms, the 

equality 𝑞𝐴 = 0.8𝑞 illustrates that the Urkapital vector 𝑞 is a row eigenvector of the matrix 𝐴, 

corresponding to the dominant eigenvalue 0.8. 

The numbers in the sequences for the different goods will also reveal the equilibrium prices. 

To have an exact view of this, we should go to the limit. However, again, in this example, the 

capitals of the fourth order already suggest the limit outcome. The capital of the fourth order 

for good 1 (see matrix 𝐴4, row 1) is approximately three times larger than that of goods 2 and 

3 (see matrix 𝐴4, rows 2 and 3). Intuitively speaking, infinite years ago, the ‘start’ of the long 

process leading to a unit of good 1 required three times more Urkapital than for a unit of 

goods 2 or 3. Therefore good 1 is three times more expensive than goods 2 or 3, and the price 

vector will be equal to or proportional to the column vector 𝑝 = [3 1 1] 𝑇. In 

mathematical terms, the equality 𝐴𝑝 = 0.8𝑝 illustrates that the price vector 𝑝 is a column 

eigenvector of the matrix 𝐴, corresponding to the dominant eigenvalue 0.8. 

Charasoff used his Urkapital and his production sequences for many purposes: determination 

of prices and the rate of profit (and the law of the rising, not falling rate of profit); distinction 

between Grundprodukte and other products, where only the production conditions of 

Grundprodukte (see corn and bread above) determine the rate of profit; balanced growth with 

profit rate equal to growth rate; convergence of the transformation of labour values or any 

other value vector into prices; construction of a sort of Sraffian subsystem and dated labour to 

determine labour values, etc. (Egidi & Gilibert 1984, Duffner & Huth 1987, Mori 2011) 

It is difficult to find out what mathematics and economics Charasoff knew in 1907 when 

Perron’s Limit Lemma appeared. Unfortunately, a 1907 paper on Marx that Charasoff 

submitted to Karl Kautsky, editor of Die Neue Zeit, was rejected and has been lost (Mori 

2007). We can see the first available sign of Charasoff’s discovery of Urkapital in a short 

appendix to chapter VIII of his 1909 book, with preface of 12 October 1908. In his 1910 book 

(p. xiv), in the preface of 24 December 1909, Charasoff suggested that he had started reading 

Menger, Böhm-Bawerk and Walras around 1905 or 1906, and that he had constructed his own 

system completely independently of them, a few years earlier while studying Marx. Charasoff 

(1910: xiii) mentioned that, unlike many scholars in German speaking countries, he did not 

want to intimidate his readers by means of many scholarly references and citations. Maybe he 

wanted to present simple numerical examples to avoid problems for the non-mathematical 

                                                           
17

 I add the following to avoid criticism from mathematical readers: Perron’s 1907 results can be directly applied 

to the core of Charasoff’s system, i.e. the subeconomy of his Grundprodukte, here the 2 x 2 submatrix of corn 

and bread; however, I handle the complete 3 x 3 matrix  A here, because this approach is mathematically allowed 

by a theorem of Egidi (1992: 249-50). For more details, see Parys (2013).  
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readers. But why did Charasoff never show at least one reference to Perron or Frobenius in a 

footnote? Mathematically competent readers would have found such a footnote more relevant 

than (for example) the footnote on the mathematics of the three-body problem in astronomy 

(Charasoff 1910: xi). Elsewhere, Charasoff (1910: 128) described the analogy between 

Urkapital in economics and the theory of evolution in biology, but he never mentioned the 

much stronger connection between Urkapital and Perron’s Limit Lemma. Although he must 

have known some other mathematical topics studied by Perron and Frobenius, it is highly 

probable that he was not aware of the very useful Perron-Frobenius matrix theorems. 
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3. Remak fails to normalise  

Just like Charasoff, Remak wrote a doctoral dissertation on mathematics (Remak 1911). It 

concentrated on group theory, an abstract mathematical topic that was also intensely studied 

by his supervisor, who was none other than Frobenius himself. In 1929, twelve years after 

Frobenius’ death, Remak examined the existence of positive solutions in a linear system of 

‘superposed prices’, without ever referring to the tailor made matrix theorems of his former 

master Frobenius.   

3.1. Eccentric and independent thinker 

Unlike Frobenius, Remak enjoyed participating in discussions on economics. In 1918 he 

published what is probably his first economic paper, Vorschläge zur Tilgung der Reichsschuld 

(Proposals for Repayment of the National Debt), in the Europäische Staats- und 

Wirtschaftszeitung.
18

 In Göttingen he even attended some undergraduate lectures in 

economics. His nonstandard dress and behaviour earned him the nickname ‘the communist’, 

and the young students did not like Remak’s attendance in the economics lectures. This 

caused some incidents in the lecture room, and Remak was ejected from the university in 

Göttingen. Not only the students, but also some professors (Hilbert, for example) preferred 

seminars without the rather extrovert and critical interventions by Remak.
19

  

Remak’s mathematical publications received many citations, but his academic career 

proceeded slower than normal. Due to his eccentric personality, his first two attempts to 

obtain his Habilitation failed, despite a sufficient number of articles in German top journals. A 

typical example of his despair is shown in a letter of 2 May 1925, from Remak to Hilbert, 

begging to end the problems caused by conflicts in Göttingen in 1918-20. Faculty rumours in 

Berlin gave Remak the impression that Hilbert’s influence had contributed to the first two 

rejections in Berlin. Remak could not believe that the Göttingen troubles had such grave 

consequences in Berlin: ‘You said to me in 1920 that you would put nothing in the way of my 

career at other universities.’ Remak also wrote he did not believe Hilbert approved of the 

‘years of persecution’ that he suffered in the academic world.
20

 It was only on 11 January 

1929 that Remak finally obtained his Habilitation in Berlin (Biermann, 1988: 210).  

Four years later the Nazi government withdrew Remak’s right to give lectures (because of his 

‘Jewish’ background), and even publishing became more difficult. For example, in 1938 

Remak submitted two papers to the Journal für die reine und angewandte Mathematik. The 

editor Helmut Hasse suffered from a shortage of strong contributions, and should normally 

have accepted the very valuable papers from Remak. However, in October 1938 he did not 

dare to publish articles by ‘Jewish’ authors (Remmert & Schneider 2010: 238-9).  

                                                           
18

 This journal was founded in Berlin in 1916, and its weekly issues contained many contributions on political 

and economic problems, written by among others Edgar Jaffé (the editor), Carl Ballod, Eduard Bernstein, Lujo 

Brentano, Karl Diehl, Robert René Kuczynski, Adolf Löwe, Otto Neurath, Franz Oppenheimer, Max Weber, etc. 
19

 Numerous stories on Remak’s unusual behaviour exist. See, for example, the memories by Pinl (1969), 

Behnke (1978) and Fenchel (1980). More references can be found in Merzbach (1992), Hagemann & Punzo 

(2007) and Siegmund-Schultze (2009).   
20

 David Hilbert Nachlass - Cod. Ms. D. Hilbert 326, Göttingen (I translated from German). 
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After two months in the Sachsenhausen concentration camp, Remak was allowed to move to 

Amsterdam in 1939. His limited emotional intelligence worried some mathematical 

colleagues in Holland. Hans Freudenthal, another migrant from Germany to Holland, received 

a letter from L.E.J. Brouwer, dated 2 March 1940, warning him that Remak was in danger to 

be expelled by the Dutch government, on the grounds of bad behaviour, a few months before 

Holland was occupied by the German troops. Some even claimed that the only way to save 

Remak’s life was to put him in a psychiatric hospital (van Dalen, 2013: 656-7). Such a 

difficult person had a lower than average chance of surviving after the German occupation of 

Holland in May 1940. Remak died on transport to Auschwitz on 13 November 1942 (Vogt 

1998: 342). 

According to Merzbach (1992: 500), Remak had visited Louis Joel Mordell in Manchester in 

1939, and was to go to Cambridge in October 1940 for a little while. However, Remak was 

trapped in Holland when the German troops occupied that country in May 1940. Normally, a 

mathematician with his set of publications could have obtained an excellent position in a 

British or American top university, if he had possessed average social skills. Suppose Remak 

had been able to settle in Cambridge, and to enter into contact there with some other ‘Jewish’ 

scholars who had left their dictatorial home countries: Besicovitch, Wittgenstein, Sraffa … 

3.2. The Remak price system 

As is well explained by Hagemann & Punzo (2007), one source of inspiration for Remak’s 

classic 1929 article was provided by the debates on capitalism and socialism, and on the 

calculation of rational prices in socialism. Remak seemed to sustain the optimistic idea that 

his system of superposed prices provided an ‘exact’ criterion to judge the extremal character 

of an economic system. In modern parlance, Remak’s notion of an extremal economy referred 

to a system with Pareto efficient output, where it is impossible to increase the output of any 

good, except by decreasing the output of at least one other. 

The link between Remak’s superposed prices and the extremal output quantities was not 

clearly visible; there was no mathematics of the quantity system. Remak presented verbal 

remarks on crises, regional differences, Taylor’s system of scientific management, birth 

control and other demographic measures, heterogeneous labour, differences in the cost of 

living between city and countryside, profit sharing, high profits, etc. However, he did not 

offer a formal treatment of these subjects. The mathematical part of his 1929 paper was 

limited to the price system of an economy with no surplus (no profits), analogous to the first 

pages of Sraffa’s 1960 book. 

In Remak’s system there are n sectors, each producing a single output.
21

 Sector 𝜇 produces 

commodity 𝜇 . To this end sector 𝜇 buys  𝑡𝜇𝜆   units of commodity 𝜆  from sector 𝜆 

(𝜇,  𝜆  =  1,2, … , 𝑛). Remak’s ‘superposed’ prices 𝑥1, 𝑥2,   .  .  .   , 𝑥𝑛  require that for each 

sector 𝜇 the value of its inputs equals the value of its output (total purchases = total sales): 

                                                           
21

 At the start of his argument, Remak assumes a system with n different individuals, each producing a different 

commodity, but we can also interpret his equations as a system with n different sectors. 
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               𝑡𝜇1𝑥1 + 𝑡𝜇2𝑥2 +…+ 𝑡𝜇𝑛𝑥𝑛 = 𝑥𝜇(𝑡1𝜇 + 𝑡2𝜇 + ⋯ + 𝑡𝑛𝜇)               𝜇 = 1, 2, … , 𝑛    

   

In this way, Remak obtained a system of n homogeneous equations with n unknowns 

𝑥1, 𝑥2,   .  .  .   , 𝑥𝑛 . In an obvious matrix notation, we can write the system as  𝑇𝑥 = 𝐷𝑥, or 

(𝐷 − 𝑇)𝑥 = 0, where D is a diagonal matrix. In general, this is not an eigenvalue system. At 

this point, Remak failed to normalise the units of measurement.
22

 By a clever choice of units, 

he could have put the gross output of each sector equal to one, and then he could have 

obtained the well-known simple equation 𝐴𝑝 = 𝑝,  by putting  𝑝 = 𝐷𝑥 and  𝐴 = 𝑇𝐷−1. 

Observe that p is an eigenvector of A, and that A is stochastic (every column sums to 1).
23

   

Because the determinant of 𝐷 − 𝑇 is zero, Remak (1929: 726) knew that his homogeneous 

system has at least one nonzero solution. However, only nonnegative solutions are acceptable: 

‘on this subject the familiar theorem on determinants is silent’ (Remak 1929: 726). He should 

have added: ‘But in the final years of his life, my late Professor Frobenius provided us with 

the matrix tools to obtain a quick answer to this problem’. 

Without ever referring to Frobenius, Remak presented a time consuming proof of his own. He 

showed that it is always possible to construct at least one semipositive price vector x, and then 

he investigated how many such solutions exist, by studying the pattern of interdependence 

between the industries. The best way to visualise this interdependence is to use Frobenius’ 

theory of reducible matrices. A typical strategy for analysing a reducible input matrix 𝐴 is to 

partition it in a lower triangular block form, already used by Frobenius (1912: §11):  

[

𝐴11

𝐴21

⋯

0 ⋯   0
𝐴22 ⋯   0
⋯  ⋯ ⋯

𝐴𝑚1     𝐴𝑚2 ⋯ 𝐴𝑚𝑚

] 

where all the submatrices 𝐴𝑖𝑖  on the main diagonal are square and irreducible.
24

  

The logic of Remak’s problem led him to a somewhat similar procedure, but without 

mentioning Frobenius’ work. In his lengthy argument Remak used the following terminology. 

When sector 𝜇 supplies commodities (directly or indirectly) to sector 𝜆 , and vice versa, then 

Remak said that 𝜇 and  𝜆 are equivalent indices, and he partitioned the set of 𝑛 sectors into 𝑚 

different subsets, which he called groups of equivalent indices. Such a partition corresponds 

to the  𝑚 irreducible submatrices of the lower triangular block form above. In Remak’s 

terminology, a group 𝐾 is higher than a group 𝛬 if there is a (direct or indirect) delivery of 

commodities from 𝛬 to 𝐾.  Group 𝐾 is a highest group if there exists no other group that is 

higher than 𝐾.
25

 Several groups can be highest, but only if there is no connection between 

                                                           
22

 Such a normalisation is a routine operation in modern economics; see, for example, the Remak system in Gale 

(1960: 261) or Kurz & Salvadori (1995: 398). 
23

 Another eigenvalue system is  𝐹𝑥 = 𝑥 , with 𝐹 = 𝐷−1𝑇 , but in general F is not stochastic. 
24

 Some of these submatrices on the main diagonal can be 1 x 1 matrices (zero or nonzero). I follow the same 

tradition as Hawkins (2008: 686) and I call every 1 x 1 matrix irreducible.  
25

 Observe the different terminology of Charasoff and Remak.  In a system with basics and nonbasics, Remak’s 

‘highest’ groups never contain basics, whereas Charasoff’s Urkapital (his capital of an infinitely ‘high’ order) 

contains all the basics. 
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them. After a patient study of all possible outcomes, Remak arrived at the following main 

results (my notation): 

Fundamental solutions: Each highest group ℎ generates a semipositive price vector 𝑝ℎ, with 

the  following properties for commodity j  (j=1,2, …,n):   

𝑝𝑗
ℎ > 0 𝑖𝑓 𝑐𝑜𝑚𝑚𝑜𝑑𝑖𝑡𝑦 𝑗 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑔𝑟𝑜𝑢𝑝 ℎ                                             

𝑝𝑗
ℎ = 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

Remak called this a fundamental solution (Grundlösung) of his price system. These 

fundamental solutions allowed him to construct all solutions.  

All solutions: All semipositive price vectors are linear combinations of fundamental solutions. 

If there are  k  highest groups, there are  k  linearly independent semipositive price vectors. 

Positive price vectors exist if and only if all the groups of the economic system are highest. 

After spending nearly all his mathematical efforts on these sophisticated general results, 

Remak (1929: 731-3) presented only one numerical example, whose extreme simplicity must 

have misled some readers, because all its commodities were direct inputs in all production 

processes. In such a trivial example the input matrix is positive, and Remak’s only ‘group of 

equivalent indices’ corresponds to the complete set of all commodities. Then of course this 

one and only ‘group’ is ‘highest’, and so Remak’s example produced a positive price vector, 

which was unique up to a scalar multiple.  

These nice properties of uniqueness and positivity are not representative examples of 

Remak’s general theorems. Apparently, it is not widely realised that Remak’s price system 

𝐴𝑝 = 𝑝 possesses rather ‘bad’ properties in Remak’s general case, i.e. in a no-surplus 

economy with basics and nonbasics. Consider the following example: 

0.5 corn  +  0 bananas  +  0 beans    → 1 corn 

0.2 corn  +  1 banana    +  0 beans    → 1 banana 

0.3 corn  +  0 bananas  +  1 bean      → 1 bean 

The corresponding price equations are  0.5𝑝1 = 𝑝1  ;    0.2𝑝1 + 𝑝2 = 𝑝2 ;    0.3𝑝1 + 𝑝3 = 𝑝3. 

Here Remak’s ‘groups of equivalent indices’ all consist of one sector. Group 2 (bananas) and 

group 3 (beans) are ‘highest’, and generate the fundamental solutions 𝑝2 = [ 0   1   0] 𝑇   and 

 𝑝3 = [ 0   0   1] 𝑇. These two linearly independent vectors allow us to construct all 

semipositive price vectors. Suppose we normalise all solutions by putting the sum of the 

elements of every vector equal to one. Even after this normalisation, the Remak system still 

has an infinite number of different semipositive price vectors (for example, 

[ 0   0.5   0.5] 𝑇,  [ 0   0.1   0.9] 𝑇,  [ 0   0.75   0.25] 𝑇, and infinitely many other convex 

combinations of the fundamental solution vectors 𝑝2 and 𝑝3).  Moreover, all these solutions 

involve a zero price for corn, hardly an economically acceptable result for an ideal price 
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vector, because corn is the most important commodity of the above system (the only basic 

commodity). Remak’s explanation of the relevance of these zero prices was poor. He drew 

parallels between the zero prices in his system and the very low prices that countries with 

very weak currencies receive, when they exchange their products with strong countries that 

own large stocks of gold and silver (Remak 1929: 734; 1933: 839).
26

 

3.3. Remak’s visibility to Leontief and other economists  

Unlike Charasoff and Potron in earlier years, Remak presented his economic system in a 

journal that had wide visibility among economists, the then prestigious Jahrbücher für 

Nationalökonomie und Statistik. Moreover, four years later he could add a few pages in the 

same journal, on the practical computability of his price system.  

In his article on Leontief’s Nobel Prize, Robert Dorfman (1973: 431) wrote: 

I still remember Leontief’s gleeful excitement when he came across the work of Remak, who 

proposed a theoretical input-output formulation of an economy seven years before Leontief’s 

earliest paper on the subject. A mathematician, H. E. Bray, had written in similar vein seven 

years before that.
27

  

Dorfman implicitly referred to Leontief’s 1936 paper, which contained no equations (the 1937 

paper does), and apparently he had no access to Leontief’s 1928 dissertation, published one 

year before Remak’s paper. More corrections to Dorfman’s story are necessary in the light of 

archival evidence. Leontief’s letters to Adolf Löwe (3 June 1931) and to Joseph Schumpeter 

(7 June 1931) provided some news about the economists Leontief had visited in Germany. 

Leontief also had seen Emil Gumbel, and discussions with him had helped to clarify some 

mathematical questions. Moreover, Gumbel had referred Leontief to Remak’s work, and a 

few days later (11 June 1931) Leontief wrote to Remak himself: 

In a recent conversation Prof. Gumbel signaled me that you turned your mind, from the 

mathematical point of view, to the same problems of mathematical political economy that I have 

arrived at from the economic point of view: determinant analysis of the economic systems of 

equations, etc. I would enjoy it very much if I had the, alas so rare, opportunity to discuss all 

these questions and to see you occasionally. I stay in Berlin till the end of August and would be 

very grateful for your answer.
28

  

                                                           
26

 My simple corn-banana-bean example assumes that some ‘own’ input coefficients are equal to one, but it is 

possible to construct examples of zero prices in Remak systems where all input coefficients are smaller than one. 

See Parys (2013) for a 7 x 7 matrix example, related to Gale (1960: 267-71), with two basics and five nonbasics, 

forming one group of basics and two groups of nonbasics. Note that Remak and Gale did not use the notion of a 

basic commodity (or something similar), and they raised no alarm about the bizarre economic content of the zero 

prices in their systems. Some interesting mathematical results about basics and nonbasics in a no-surplus 

economy are given by Opocher (2006).  
27

 Hubert Evelyn Bray (1922) studied Cournot’s linear equations of currency exchange. Bray (from Rice 

Institute, Houston) is another example of a mathematician who neglected Perron-Frobenius in his economics. 

See Parys (2013). 
28

 Wassily Leontief Papers, Harvard University Archives, Accession 12255, Box 10, Folder: Ancient 

Correspondence 1930-1932. (I translated from German). 



15 
 

It is unclear what happened next.
29

 However, it is obvious that Remak’s work was more 

visible to economists and mathematicians than Charasoff’s. Even though it appeared in an 

economic journal, Remak’s 1929 article was also reviewed in the Jahrbuch über die 

Fortschritte der Mathematik. The review was a neutral summary, written by Erika Pannwitz 

(1929), who did not mention the missing link with Perron-Frobenius. At that time, Pannwitz 

wrote her doctoral dissertation in Berlin (Ph.D. in 1931). Many years later, Waldemar 

Wittmann consulted her on the origin of Remak’s paper. Pannwitz mentioned that economists 

from the network around Ladislaus von Bortkiewicz had contacted Remak, about the 

existence of positive solutions in linear price systems. Remak became interested, and then 

wrote his 1929 paper (Wittmann 1967: 401). It is possible that Remak’s article provided a 

challenge for John von Neumann (1937) to start the construction of his own more general 

model of growth (Kurz & Salvadori 1993). Remak’s results were also discussed by other 

colleagues of the Mathematische Institut in Berlin, and some ridiculed his economic proposals 

(Wittmann 1967: 407).
30

 

Hans Freudenthal recommended Remak’s article to Tjalling Koopmans (1951: 33), David 

Gale (1960) included Remak’s model in his well-known textbook, Peter Newman (1962) 

referred to it in his widely cited review of Sraffa (1960), and Baumol & Goldfeld (1968) 

provided a partial English translation. Unlike Charasoff, Remak was not in need of a 

‘rediscovery’. Some connoisseurs knew his work from the beginning, for example, Leontief 

and Gumbel.  

In 1931 Gumbel told Remak about his plans to encourage his doctoral students in Heidelberg 

to work on the Remak system. He received an important letter from Remak, dated 20 April 

1931; this letter was recently published by Annette Vogt (2008). Remak thanked Gumbel for 

his interest in the 1929 paper, and then provided some additional comments on it, again 

emphasizing the problem of distortions in the actual prices due to exaggerated mark ups and 

profits.
31

 It would take many statisticians and mathematicians to compute Remak’s 

superposed prices. Remak (1929: 735) hoped that improved electrical circuits would help to 

solve the equations somewhere in the future. In his letter to Gumbel, he thought about the day 

when this could be done for the first time: ‘it will be a big event for us, somewhat like the 

breakthrough in the middle of the Simplon tunnel’ (Remak 1931). Two years later, Remak 

still seemed optimistic; earth scientists can perform even more extensive computations 

(Remak 1933: 841). In economics a lot of data collection is necessary, but Remak hoped that 

this problem could be treated by other scholars who were closer than he to practical statistics 

(Remak 1933: 842). It is not known whether Remak ever learned about Leontief’s 

pathbreaking empirical efforts. Ultimately, Remak’s own contribution to linear economics 

remained purely theoretical. 

                                                           
29

 Leontief often preferred to work out his economic theories on his own. After visiting Harvard in 1933, Richard 

Kahn wrote to Joan Robinson that Leontief was really brilliant and doomed to isolation (Rosselli 2005: 265).  
30

 Note that the important publications by Bortkiewicz on Marx were already finished before the Perron-

Frobenius story started.  
31

 Remak claimed that high profits depress the purchasing power of the workers, and lead to a sort of 

underconsumption. I doubt whether Remak saw the following problem: suppose equal value composition of 

capital and uniform rates of profit exist in all sectors, then relative prices would not be changed  by high or low 

rates of profit (of course, the income distribution would be different).  
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There are different possible reasons why Remak’s theorems of 1929 did not mention Perron-

Frobenius. Remak finished his dissertation in 1911, Frobenius had died in 1917, and in his 

otherwise positive Habilitation report on Remak, Issai Schur wrote: ‘Despite the wide range 

of his interests, Herr Remak has only a relatively small knowledge of the literature’ (Vogt 

1998: 338). If Remak was aware of the relevance of the Frobenius eigenvalue system for his 

own proofs, then he paid insufficient attention to the normal citation standards. It is also 

possible that Remak overlooked the usefulness of Perron-Frobenius, because he failed to 

normalise the units of measurement for the different commodities, and thus obtained no 

eigenvalue system. 
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4. Epilogue  

Just like Charasoff and Remak, Sraffa (1960) failed to use Perron-Frobenius. Extensive 

archival research by Kurz and Salvadori suggests that none of Sraffa’s ‘mathematical friends’ 

(Frank Ramsey, Alister Watson, Abram Besicovitch) referred him to Perron-Frobenius.
32

 

Note that Sraffa never showed drafts of his book to specialists of the Econometric Society. He 

presented an unpublished paper on the (slightly) mathematical monetary theory of Henry 

Lloyd, in the first European meeting of this society in Lausanne, and he wrote in his 

Cambridge Pocket Diary (22 September 1931) only two words about it: ‘Che barba’, an 

Italian expression suggesting that the conference was boring for him.
33

 He never attended an 

Econometric Society Conference again. Due to his work in secrecy, Sraffa’s 1960 book still 

missed Perron-Frobenius, although some years earlier Perron-Frobenius had been introduced 

to econometricians or mathematical economists by Reiersøl, Yasui, Goodwin, Morishima, 

Solow, Debreu and Herstein, etc.
34

   

Charasoff, Remak and Sraffa’s ‘mathematical friends’ all overlooked Perron-Frobenius. Even 

Besicovitch missed it, although one of his forgotten Russian papers (Besicovitch 1918) 

studied diagonally dominant matrices, a topic that today figures in many textbooks on 

nonnegative matrices. To explain why mathematicians neglected Perron-Frobenius, Hans 

Schneider (1977) distinguished between ‘inward matrix theory’ and ‘outward matrix theory’. 

Inward theory looks downward and inward to the minors of a matrix, its diagonals, its 

eigenvalues, eigenvectors etc. Outward theory of matrices looks ‘outward and upward to 

those great societies of groups and algebras of which they are members’ (Schneider 1977: 

205). In the first half of the twentieth century, abstract algebra (outward theory) started to 

flourish and became a prestigious subject. Inward matrix theory looked antiquated, and in the 

first decades after Perron-Frobenius few significant new mathematical results were published. 

In this context, it becomes less surprising that even the mathematicians in linear economics 

overlooked the importance of the ‘old-fashioned’ Perron-Frobenius results.  

Charasoff and Remak in Germany knew some other mathematical publications by Perron or 

Frobenius, but did not use Perron-Frobenius matrices. And even if scholars know a relevant 

theorem, they do not automatically realise its usefulness in specific economic applications. 

Tinne Kjeldsen (2001) described such a situation in the history of game theory; she drew 

attention to von Neumann’s 1953 remarks about the relation between his 1928 minimax 

theorem and the theory of linear inequalities and convex sets. From today’s elementary 

textbooks on game theory, this connection seems simple and straightforward. However, for 

more than a decade von Neumann himself did not see the connection, until Oskar 

Morgenstern in 1941 showed him a 1938 paper by Jean Ville (see Kjeldsen 2001: 58, 65). The 

lesson from this and related stories is clear: 

                                                           
32

 Kurz & Salvadori (2001: 264); Salvadori (2011). 
33

 I owe thanks to Jonathan Smith, archivist at Trinity College, Cambridge, and to John Eatwell, the literary 

executor of the Sraffa Papers. 
34

 I refer to Parys (2013) for more details. 
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‘It is common and tempting fallacy to view the later steps in a mathematical evolution 

as much more obvious and cogent after the fact than they were beforehand’ (von 

Neumann 1953:  125). 

A similar remark can be made with respect to the use of Perron-Frobenius theorems, the more 

so because these ‘old-fashioned’ theorems were less widely known among mathematicians in 

the first part of the twentieth century. We should see a scholar’s work in its context. Results, 

connections or applications that seem evident today, were not obvious to the original pioneers. 
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Abstract 

At the beginning of the twentieth century the German mathematicians Perron and Frobenius 

published their powerful theorems on nonnegative matrices. For many decades these tools 

were overlooked by all pioneers of linear economics (except Potron in France). I concentrate 

on Charasoff and Remak, the two pioneers in the German-language literature. Both were 

mathematicians, but both failed to use Perron-Frobenius mathematics in their economics. I 

discuss possible reasons for this neglect, and I also draw attention to the communication 

between different protagonists, the connection between Perron’s forgotten Limit Lemma and 

Charasoff’s economics, Remak’s bizarre prices, and some interesting archival material. 
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