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A system of classical charged particles interacting through a Coulomb repulsive potential which are confined
in a two-dimensional parabolic trap is studied. We allow one or two particles, called defect particles, to have
a different mass and/or charge than the other particles. The structure of the whole system depends on the mass
and the charge of the defects and the total number of particles in the system. The ground state configurations
are investigated and phase diagrams are constructed, which explain the recent experimental results of Grzy-
bowski et al. [Phys. Rev. E64, 11 603(2001)]. We found that several of the experimental configurations are
metastable and that replacing the Coulomb interparticle potential by an inversely quadratic one has only a
minor effect on the results.
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I. INTRODUCTION

Classical clusters of repulsive particles confined in traps
are both theoretically and experimentally a study object for
many decades due to their applicability to a wide variety of
systems. These systems are composed of a finite number of
charged classical particles which can move in a two-
dimensional(2D) plane and are confined in the plane by an
external applied potential. They are the classical analog of
the 2D quantum dot. Typical experimental realizations of
such systems are electrons on the surface of liquid helium
[1], plasmas with dust particles[2], ion traps[3], vortices in
superfluids[4], confined ferromagnetic particles[5], charged
metallic balls above a plane conductor[6], and colloidal
crystals[7]. The 2D charged clusters also resemble the prob-
lem of charge distribution studied by Mayer[8] and by Th-
omson in his “plum-pudding” model of the atom[9,10].

When the particles are confined to a parabolic trap, there
is a competition between the bulk triangular lattice and the
circular confinement potential that tries to force the charged
particles into ringlike configurations. Those configurations
were systematically studied in Ref.[11] and a Mendeleev-
type of table for these classical atomlike structures was con-
structed. The spectral properties of the ground state configu-
rations were presented in Refs.[12,13] and generalized to
screened Coulomb[14,15] and logarithmic[10,14,16,17] in-
terparticle interactions.

Recently, an experiment[18] was performed where the
self-assembly of millimeter-sized, magnetized disks floating
on a liquid-air interface, and rotating under the influence of a
rotating external magnetic field was considered. Spinning of
the disks results in a hydrodynamic repulsion between them,
while the rotating magnetic field produces an average con-
fining potential acting on all disks. The interplay between
hydrodynamic and magnetic interactions between the disks
leads to the formation of ordered patterns, which shows that
it can be considered as a dynamic self-assembling system.

All the disks in this experiment were identical, except for
one or two which had a larger radius than the others. These
results inspired us to extend our previous work on classical
systems to systems with one or two defects and to see if the
obtained static configurations resemble the experimental dy-
namic self-assembled ordered structures.

The same authors modeled this system by integrating the
equations of motion which account for the hydrodynamic
and magnetic forces acting in the system[19]. The relative
value of the parameters characterizing these interactions
were deduced from the experiment. Results for identical
disks were reported and for a few configurations with up to
seven small disks plus a large one. The simulated structures
reproduce the patterns observed experimentally.

The structure and melting of clusters consisting of two-
species of charged particles with the same mass were studied
theoretically in Ref.[20]. The system is similar to the one
studied, where a fraction of the particles had a charge twice
as large as the others. The particles were found to arrange
themselves in rings, where those with a larger charge were
expelled to the edge of the trap.

Here we extend the works of Refs.[19,20] and show that
allowing the “defect” particles to have a different mass
and/or charge dramatically modifies the obtained configura-
tions. We found that the defect particles can reside anywhere
in the cluster depending on their mass and charge. The ob-
tained results will be summarized in phase diagrams. We also
found that the introduction of the defect particle leads to an
increase in the number of metastable states, some of which
were observed in the experiment of Ref.[18].

The paper is organized as follows. In Sec. II our model
system is introduced. The results for one and two defects are
shown in Secs. III and IV, respectively. Also, in these sec-
tions a comparison with the experimental results of Ref.[18]
is given. Our conclusions are presented in Sec. V.

II. MODEL SYSTEM

In Ref. [18] an empirical Hamiltonian for the experimen-
tal system was proposed, namely,
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The first term is the confinement potential and is due to the
rotating magnet. The confinement strengthc1 depends on the
magnetizationM of the magnet and its distanceH from the
interface. The second term describes the hydrodynamic re-
pulsion between the disks. The coefficientc2 depends on the
angular velocityv of the magnet, the radii of the particlesa1
and the defectssd a2, and the densityr.

Motivated by this empirical Hamiltonian, we consider a
system with N point-like classical particles interacting
through a more general 1/rn potential. The particles are free
to move in two dimensions but are confined by a parabolic
trap centered at the origin. The general Hamiltonian of the
system for particles with different masses and charges is
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where mi
* is the effective mass of the particle andqi

* its
charge,v0 the radial confinement frequency, ande the di-
electric constant of the medium the particles are moving in.
The Hamiltonian can be transformed to a dimensionless form
using the following units:r0=s2Q2/Mev0

2d1/s2+nd for the
length andE0=Mv0

2r0
2/2 for the energy.M andQ represent

the reference mass and charge. After rescaling we can write
the Hamiltonian in dimensionless form
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with mi =mi
* /M andqi =qi

* /Q, respectively, the rescaled mass
and charge of particlei. We takemi =1 and qi =1 for all
particles except one or two, which we call further the de-
fectssd. In the rest of the article, we always refer withm and
q to the mass and charge of the defect particlessd.

To find the minimum energy configuration we used the
Monte Carlo simulation technique extended with a Newton
optimalization technique, as first used in Ref.[12]. This last
technique increases the convergence and the accuracy of the
local minimum. In order to be sure to have found the ground
state configuration, one has to run the Monte Carlo simula-
tion routine many times, starting with a different initial ran-
dom configuration. To be sure that the obtained configuration
is a stable one, each particle was moved around its “equilib-
rium” position and the force on the particle and the energy of
the configuration was monitored.

III. SYSTEMS WITH ONE DEFECT

The interparticle potential was taken to be Coulombic
[i.e., n=1 in Eq.(2)]. The stable configurations were studied
as functions of the charge and mass of the defect particle
which was embedded in a system ofN identical particles.
The results for the ground state configuration are summa-
rized in phase diagrams, which forN=3, . . . ,7 are shown in
Figs. 1(a)–1(e). The obtained ground state configurations can
be classified into three groups:(i) closed ring configurations

with the defect in the center and the other particles forming a
ring around it, which is realized in the upper left partsm
@qd of the phase diagram,(ii ) open ring configurations in
which the outer ring around the defect is not closed, and(iii )
cluster configurations in which the defect is not situated in
the center and the other particles are grouped in a cluster
opposite to the position of the defect, as realized in the lower
right part sm!qd of the phase diagram.

One can see that the complexity of the phase diagrams
increases, in general, with the number of particles. However,
there is always a closed ring configuration and a cluster con-
figuration. A closed ring configuration is the ground state
when the defect has a large mass. The defect with a large
mass can lower its confinement energy by moving to the
center of the trap. However, when the charge becomes large,
the repulsive interparticle interaction energy increases, which
is minimized when the particle is situated at the edge of the
system, which leads to the formation of a cluster configura-
tion. This competition between the confinement energy and
the interparticle energy determines the ground state. Notice
that the phase boundary between both phases is almost linear
and the slope of this boundary decreases with increasing
number of particles. This means that, when we start from a
system in a ground state cluster configuration, putting an

FIG. 1. (a)-(e) Phase diagrams for the ground state configuration
of a classical cluster withN=3, . . . ,7 particles and a single defect
particle. The particles interact through the Coulomb potential[i.e.,
n=1 in Eq.(2)]. The insets show the typical configurations in each
region of the phase diagram.(f) The energy difference of all stable
configurations with the energy of the closed ring configuration as a
function of the charge of the defect forN=5 particles and fixedm
=2.4.
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extra particle will move the defect even further away from
the center in order to minimize the Coulomb repulsive en-
ergy. This expends extra confinement energy, which can lead
to a transition from a cluster configuration to a closed ring
configuration with the defect in the center.

The phase diagrams only show the ground state configu-
rations, but several metastable configurations can be realized
at the same time. An example is shown in Fig. 1(f), where
the energy difference of all stable configurations with respect
to the closed ring configuration for five particles and a single
defect is plotted as a function of the defect charge for fixed
m=2.4. Notice that:(i) configurations which are the ground
state in a certain region can still be a metastable state outside
that region, and(ii ) stable configurations can be realized
which never become the ground state.

Notice that in the system with five particles and one de-
fect, four ground state configurations are possible, while for
the six particle system only three configurations exist. How-
ever, for small values of the defect charge, the cluster con-
figuration is also realized but only in a very narrow region.
This can be understood as follows. If one starts from the
cluster configuration with a large defect charge[see inset(1)
in Fig. 1(d)], and diminishes the charge slowly, the defect
will move closer to the center[see inset(3) in Fig. 1(d)]. At

some point the cluster configuration will become a meta-
stable configuration and the closed ring configuration[see
inset (2) in Fig. 1(d)] will take over as the ground state.
When the defect charge becomes very small, the defect sits
almost in the center, close to the central particle[see inset(3)
in Fig. 1(d)]. These two particles will now act as one effec-
tive particle. We call this still a cluster configuration because
it can be obtained in a continuous way from the cluster con-
figuration by changing the defect chargeq. From previous
work [11] we know that the ground state configuration of six
identical particles is(1,5) (one particle in the center with a
ring of five particles around it), and consequently the cluster
configuration becomes the ground state again.

Also in the phase diagram for seven particles and one
defect, one can see this smallq phase but now in a larger part
of the sm,qd plane. Again, the central particle and the defect
behave as a single particle with almost unit charge. However,
an extra phase exists in comparison with the six particle sys-
tem, because the ground state configuration for a large defect
charge has two central particles, while the ground state con-
figuration for seven identical particles(which is realized for
very small defect charges) has only one central particle.

We compared the results of our simulations with the re-
cent experimental results of Ref.[18]. Although this experi-

FIG. 2. The ground state and
first metastable configurations for
one defect andN=2, . . . ,24 par-
ticles. Results are shown for 1/r2

and Coulomb interaction poten-
tials. The mass and charge of the
defect particle is fixed tom=4 and
q=4.4.
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ment describes a dynamical system, we were able to repro-
duce the experimentally observed configurations with our
static theory. As it is nontrivial to derive from the experiment
the appropriate values form andq, we had to make a good
choice. In the experiment, slightly different configurations
were also observed for different disk diameters and angular
velocities of the magnet. Therefore, a one-to-one agreement
with the experiment is impossible. However, the best quali-
tative agreement was obtained form=4 andq=4.4, which
we fixed in all subsequent comparisons with the experiment
of Ref. [18]. Figure 2 shows the ground state configuration
and the first metastable state for systems with 2 up to 24
particles(which was also the largest system in the experi-
ment) for Coulomb interaction and for a 1/r2 repulsive in-
teraction between the particles. A good qualitative agreement
with the configurations shown in Figs. 4 and 5 of Ref.[18] is
obtained. As already mentioned in Sec. II, in Ref.[18] it is
argued that the interaction potential between the disks is of
the form 1/r2. However, one can notice that there are only
minor differences between the configurations for a 1/r2 in-
teraction and a Coulomb interaction(after a rotation of one
of the configurations around the origin which does not
change its energy).

From the empirical Hamiltonian(1) one can see that the
confining strengthc1 only depends on the magnetizationM
of the magnet and its distanceH from the interface, and is

thus equal for all disks, including the one with the larger
diameter. In our model this would result in an equal mass for
all particles. We want to stress that bothm andq had to differ
from 1 in order to be able to reproduce the experimental
configurations. However, we believe that the empirical
Hamiltonian must be slightly changed. The confinement
force of each disk in the experiment depends on its magnetic
moment. The magnetic moment of a disk is proportional to
its volume, and thus it depends on the square of the disk
radius, a2. Therefore, the coefficientc1 in the empirical
Hamiltonian has also to depend ona, in contrast to what was
claimed in Ref.[18].

From their experimental results, the authors deduce six
qualitative rules(written in italic below) which describe the
formation of the different patterns. We will comment on each
of them using our theoretical results.

(1) The largest disk (i.e., a defect particle) occupies the
central position on the axis of rotation of the magnet. From
the phase diagrams in Fig. 1 we know that only when the
mass of the defect is large in comparison with its charge, the
defect will occupy the central position. Therefore, changing
some experimental parameters like the disk radius or the an-
gular velocity of the magnet may lead to a different configu-
ration. For example, asc1 depends ona, decreasing the ra-
dius of the largest disk may lead to a cluster configuration.

(2) Smaller disks (i.e., the identical particles) organize

FIG. 3. The ground state and
first metastable configurations for
two defects andN=2, . . . ,8 par-
ticles. Results are shown for a
1/r2 interaction potential. The
mass and charge of the defect par-
ticle is fixed tom=4 andq=4.4.
For the ground state the energy
per particle is given, and for the
metastable states the energy dif-
ference with the ground state is
given.
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into shells around the large disk (i.e., the defect particle).
The formation of shells is also clearly observed in our nu-
merical results.

(3) The larger the size difference between the defect and
the other disks, the simpler the morphology of the aggre-
gates. As c1 depends ona, increasing the size difference
corresponds approximately with increasing the mass of the
defect particle. In the phase diagrams this means that one
moves upwards(away from the linear phase boundary). It is
clear from our phase diagrams(Fig. 1) that this leads to
simpler configurations.

(4) Shells are populated consecutively, i.e., the second
shell fills, only after the first shell is completed. From our
theoretical results we can indeed deduce that the first shell is
populated with up to ten particles before the second shell is
formed. However, from Fig. 2 one can see that the formation
of the second shell starts with particles positioned between
the defect and the outer ring and a clear distinction between
the first and second shell is not always possible. Around
18-19 particles and beyond, a closed second shell is formed.

(5) When the size of an atom (i.e., the whole system) is
not too large, the occupancies of the shells can be predicted
by simple geometric considerations (polygon method). We
want to stress that the polygon method gives only the correct
configuration for certain systems and that for systems with a
small number of particles, even open ring configurations are
observed. The polygon method will work better if the closed
ring configuration is the ground state. Experimentally, this
can be achieved by increasing the radius of the defect par-
ticle.

(6) Closed ring structures are more stable than open
ring structures. We found that the stability regions for open-
shell configurations are indeed smaller than the region in
which the closed ring structure is the ground state.

All configurations obtained theoretically in Ref.[19] (one
up to seven disks and one defect) can also be found in the
phase diagrams of Fig. 1.

IV. SYSTEMS WITH TWO DEFECTS

Experimental results were also reported in Ref.[18] for
systems containing two defects. For our simulations with two
defects we used the same values form=4 and q=4.4 as
before. We reproduced most of the experimental configura-
tions by our simulations. In the experimental paper, Ref.
[18], several stable configurations were found. Our numeri-
cal results shown in Fig. 3 must be compared with the first
seven rows in Fig. 6 of Ref.[18], which match exactly with
these experimental results. The particles organize into groups
on either side of the axis joining the defect particles. All
possible combinations are allowed(i.e. n particles on one
side of the axis joining the two defect particles andN−n on
the other side), provided that the number of particles in one
group does not exceed seven. Note indeed that for the system
with eight particles, experimentally as well as theoretically,
always at least one particle is situated at each side of this
line. Not all numerically obtained ground states for five up to
eight particles were observed experimentally. Those corre-
sponding to the open ring configurations, which are shown in

the right column of Fig. 3, were not reported in Ref.[18]. It
is not obvious why these ground state configurations were
not reported in Ref.[18] and why the experimental systems
seem to be trapped into a metastable configuration.

The numerical configurations from nine up to 32 particles
and two defects are shown in Fig. 4 and should be compared
with the results shown in Figs. 6 and 7 of Ref.[18]. Experi-
mentally, the last open ring configuration is found for 11
small disks, while numerically it is found for ten particles.
Experimentally, starting from 12 disks, many polymorphic
configurations were observed and only representative ex-

FIG. 4. The ground state configurations for two defects andN
=9, . . . ,32 particles. Results are shown for a 1/r2 interaction poten-
tial. The mass and charge of the defect particle is fixed tom=4 and
q=4.4.
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amples are shown. Also, numerically many metastable con-
figurations were found with very similar structures, which,
given the limited amount of space, are not reported here.

V. CONCLUSIONS

The ground state structure of classical identical pointlike
particles with one or two defect particles with a different
mass and charge, interacting through a Coulomb or 1/r2 po-
tential and confined in a parabolic potential, was studied. We
showed that in the presence of one defect particle the ground
state depends strongly on the charge and mass of the defect
particle: closed ring, open ring, and cluster configurations are
found. Phase diagrams were constructed.

A good qualitative agreement was obtained with recent
experimental results[18] for systems with both one and two
defects. It is interesting to note that the experimental param-
eters were chosen rather nicely in a region of the phase dia-
gram with many possible states, namely close to the phase
boundary between the closed ring and cluster configuration.
The mass and charge of the defect particle were taken the
same in all our simulations in order to explain all the ob-
tained configurations.
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