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Spin- and pseudospin-polarized quantum Hall liquids in HgTe quantum wells
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A Hg(Cd)Te insulator heterostructure hosts a two-dimensional electron system that can simulate the physics
of Dirac fermions with only a single valley. We investigate the magnetotransport properties of this structure and
show that, unlike most two-dimensional crystals with spin and valley coupled levels, the Shubnikov–de Haas
oscillations exhibit a high spin polarization in the absence of any valley degree of freedom. This effect can be
observed using magnetospectroscopy measurements for quantum well thicknesses corresponding to either the
topologically trivial or quantum spin Hall phases. The pseudospin texture of the electrons near the Fermi level
is also studied and we show that a tunable pseudospin-polarized quantum Hall liquid can only be observed for
thicknesses corresponding to the inverted regime.
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I. INTRODUCTION

The recently discovered conductive boundary states in
topological insulators (TIs) have opened up new prospects for
the investigation of novel electronic states [1–9]. A key char-
acteristic of these Dirac-like nontrivial states stems from their
insensitivity to spin-independent scattering. Physically, such a
state is robust against localization or backscattering by non-
magnetic impurities because of time-reversal invariance [4,6].
As a consequence, TIs host dissipationless transport channels
with potentially novel properties that can be engineered for
low-power electronics and spintronics.

Soon after the anticipation of topological states in HgTe
quantum wells (QWs) [1]—a superimposed HgTe/(Hg,Cd)Te
heterostructure—the predicted gapless edge modes were ex-
perimentally observed [2]. The existence of these nontrivial
modes is highly sensitive to the QW thickness d [1]. When d

exceeds a critical value dc, the band ordering of the �6 electron
and �8 hole bands of the HgTe QW is energetically inverted,
leading to a phase transition between the topologically trivial
and quantum spin Hall (QSH) regimes. In the QSH regime,
the edge states exhibit quantized conductance plateaus, in
the absence of any external magnetic field, which have a
distinct helical property: the Kramers’ doublets with opposite
spins propagate in opposite directions. Nevertheless, the
survival of the helical states is locked to the spin dephasing
length [10] and they have been predicted to be localized or
affected by a randomly spatially fluctuating Rashba spin-orbit
interaction [11] or impurities [12].

At the critical thickness dc, the physics of massless Dirac
fermions with linear dispersion emerges which recently has
been confirmed experimentally [13]. In this case, unlike topo-
logical crystalline insulators [14] and most two-dimensional
(2D) materials in which all Dirac fermions are labeled by their
valley index, a HgTe QW behaves like a half graphene with
only a single valley [13]. This property can be considered as
an advantage because the interplay of valley and spin degrees
of freedom usually imposes rigorous constraints against spin-
or valley-polarized excitations, especially in magneto-optical
transport. In Ref. [13], the transport properties of HgTe QWs
have been investigated both theoretically and experimentally
for d = dc, but the presented theory only focuses on the
conductivity coefficients in the absence of a magnetic field. In

the present work, we study theoretically the magnetotransport
properties of HgTe QWs and show that a fully spin-polarized
quantum Hall liquid is predicted to be observable in both
the topologically trivial and inverted regimes. Such a high-
efficiency spin polarization can be detected experimentally
in Shubnikov–de Haas oscillations and leads to a splitting of
several meV which lies in the detectable range of magnetospec-
troscopy measurements that have previously been performed
on graphene [15,16]. Moreover, it is shown that although the
magnetic field forces both the ordinary and inverted phases into
a spin-polarized quantum Hall regime, the pseudospin degree
of freedom can still be viewed as a characteristic separating
between these topologically distinct phases.

II. MODEL AND SPECTRUM

The electronic states of HgTe QWs—near the � point
in the Brillouin zone—are described by the B-H-Z model
Hamiltonian [1] derived from 8-band k · p theory [17]. In
the basis of |E1,1/2〉, |H1,3/2〉, |E1, −1/2〉, and |H1, −3/2〉
subbands, the Hamiltonian is block diagonal with respect to
the spin degree of freedom:

H =
[
h(k) 0

0 h∗(−k)

]
, (1)

where h(k) = C − Dk2 + dk · �τ and h∗(−k) are for spin-up
and spin-down, respectively, �τ is the vector of Pauli matrices
associated with the pseudospin degree of freedom for E1 and
H1 subbands, dk = [Akx, −Aky,M − Bk2], M is the Dirac
mass (or gap) parameter, and C, D, B, and A are system
parameters given in Table I. The mass parameter M changes
its sign at d = dc, leading to a closure of the bulk insulating
gap. With the presence of an external magnetic field B = Bêz

the exact solution to model (1) gives the following Landau
level (LL) dispersion:

Es
nα = − 2

�2
B

nD + s

�2
B

B

+α

√(
M − 2

�B

nB + s

�B

D
)2

+ 2

�2
B

nA2, (2)
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TABLE I. Material parameters for Hg(Cd)Te QWs [18].

d (Å) A (eV Å) B (eV Å2) D (eV Å2) M (meV)

55 3.87 −48.0 −30.6 9
70 3.65 −68.6 −51.2 −10

where �B = (eB/�)−1/2 is the magnetic length, n � 1 the
LL index, s = ±1 the spin quantum number, and α = +/−
specifies the electron/hole states. Here, we omitted the con-
tribution due to the Zeeman-type term because the main g

factor comes from the orbital effects that are incorporated
in Eq. (1) [13]. For the zeroth LL, the energy is given
by Es

n=0 = −sM + 1
�2
B

(sB − D); thus the crossing of the

zero-mode spins occurs at B = �M/eB. Using the Landau
gauge �A = Bxĵ , the associated eigenstates can formally
be written in the basis of the quantum oscillator, φn,

as �(x,y) = L
− 1

2
y eikyy[as

nαφn−1(u), bs
nαφn(u)]T for s = 1 and

u = x/�B + �Bky . For s = −1, the components are in-
terchanged. Also, the coefficients of the spinors are de-
fined as (as

nα,bs
nα) = (c2 + 2nA2/�2

B)−
1
2 (c,i

√
2nA/�B) with

c = sEs
nα + M − 2

�2
B

(B − sD)(n + 1/2).
The ability to control the pseudospin direction by means of

a magnetic field is only feasible for the inverted regime. The
expectation value of subband pseudospin, evaluated for a few
low-lying LLs with α > 0, is illustrated in Figs. 1(a) and 1(b)
for d = 55 Å and d = 70 Å. Owing to the coupling between
pseudospin and orbital degrees of freedom, the index τ is
not a good quantum number. For sufficiently weak magnetic
fields, the direction of 〈τz〉 (〈τx〉 = 〈τy〉 = 0) is opposite for
the ordinary (d = 55 Å) and inverted (d = 70 Å) regimes. By
contrast, for strong magnetic fields, the pseudospin direction
can be reversed for d = 70 Å—the inversion occurs at
B = �M/[e(2nB − sD)] except for the zero-mode LL which
is fully pseudospin-polarized—while this effect never occurs

↑
↓

〈τ
〉

↑
↓

FIG. 1. (Color online) (a), (b) The expectation value of pseu-
dospin for the few lowest LLs for d = 55 Å (d < dc) and d = 70 Å
(d > dc), respectively. In the inverted regime with dc < d , the
pseudospin direction is opposite and changes its sign with increasing
magnetic field except for the zeroth level n = 0. (c), (d) The density of
opposite spin states near the Fermi level as a function of the magnetic
field for d = 55 Å and d = 70 Å, respectively.

for the case of ordinary insulator even by reversing the field B.
As will be shown next, this allows one to tune the pseudospin
transport via the density of charge carriers, for only d = 70 Å.
However, there is still a shared feature and that is the similarity
in the spin behavior; see, e.g., Figs. 1(c) and 1(d) for the
Fermi level density of states (DOS) where the details of the
calculations are given in the following.

III. MAGNETOTRANSPORT

In the absence of any edges, which give rise to transport
channels, an external magnetic field can confine the electrons
in cyclotron orbits which demands an absolutely perfect
system. In contrast, the scattering processes such as nonlocal
random impurities or disorder provide the electrons the
opportunity to change their initial orbit, resulting in the
conduction of carriers at low temperatures. We calculate this
contribution within linear response theory by using the Kubo
formula [19,20]. The longitudinal dc conductivity of an
isotropic system is given by [21]

σxx = πe2
�

∫
dε

(
−∂f

∂ε

) ∫
d2q

(2π )2

×
∑
ζ ζ ′

〈ζ |v̂xA(q,E)|ζ ′〉〈ζ ′|v̂xA(q,E)|ζ 〉. (3)

Here, ζ runs over all quantum numbers n, α, s, and ky , and v̂x is
the x projection of the velocity operator v̂ = ∇pH with p being
the kinetic momentum. The evaluation of the spectral function
A(q,E) is straightforward in view of the treatment detailed in
Ref. [22]. We begin with the case of an unperturbed system and
represent the retarded propagator G0r (r1,r2,E) in the center
of mass and relative coordinates [23], R = 1

2 (r1 + r2) and
r = r1 − r2, which is called the Wigner transformation. This
gives

G0r (q,R,E) =
∑

ζ

∫ ∞

−∞
e−iq.r

〈
R + 1

2 r|ζ 〉〈ζ |R − 1
2 r

〉
E − Eζ + iη

dr, (4)

where η is an infinitesimal real constant and 〈R + 1
2 r|ζ 〉 =

�ζ (R + 1
2 r), etc. Substituting the eigenstates for ζ =

|n,α,s,ky〉, Eq. (4) can be cast into the following form [24]:

G0r
s (q,E) =

∑
n,α

2(−1)ne−�2
Bq2

E − Es
nα + iη

[∣∣bs
nα

∣∣2
Ln

(
2�2

Bq2)

− ∣∣as
nα

∣∣2
Ln−1

(
2�2

Bq2
)]

, (5)

where Ln is the Laguerre polynomial. Notice that the transport
Green’s function G0r

s (q,E) accounts for only the pure states
without disorder. The disorder in the system is considered
as being spatial fluctuations in the QW thickness, around the
average thickness d, which are distributed randomly (see the
supplementary online information in Ref. [13]). This type of
disorder perturbs mainly the effective mass term M, resulting
in slight deviations

∑Nd

i=1 δM(r − ri) at random positions ri .
In accordance with common models, we assume δM(r) =
M0e

−r2/2r2
0 where M0 denotes the maximum deviation of

M, for each fluctuation, and r0 specifies the Gaussian width.
We switch to dimensionless Fourier space �Bq → q, for
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simplicity, and adopt the self-consistent Born approximation
by which the self-energy is expressed as

�r
s (q,E) =

∫
dq′

(2π )2
v(q − q′)Gr

s (q′,E)v(q′ − q). (6)

Here, v(q) = Fr[
∑Nd

i=1 δM(r − ri)] is the Fourier transform
of the disorder potential. It can be proven that |v(q)|2 ≈
Nd |δM(q)|2, with δM(q) = 2π�2

BγM0e
−γ q2/2 and

γ = r2
0 /�2

B , provided that Nd is very large. Therefore,
the self-energy (6) becomes

�r
s (q,E) = Nd

∫
dq′

(2π )2
[δM(|q − q′|)]2Gr

s (q′,E). (7)

Starting with the unperturbed Green’s function (5), in the first
iteration we obtain (cf. Ref. [25])∫

e−γ (q−q′)2
e−q ′2

Ln(2q ′2)dq′

= π
(−1)n

1 + γ

(
1 − γ

1 + γ

)n

e
− γ

1+γ
q2

Ln

(
− 2γ 2q2

1 − γ 2

)
. (8)

For long-range disorder with γ � 1 and finite n, the above
equation readily renders πγ −1e−q2

Ln(2q2) which has a
similar form to the initial (starting) function. Since the
Gaussian broadening e−γ (q−q′)2

peaks around q = q′, this
allows us to write the disorder-averaged self-energy as
�r

s (q,E) ≈ �(�ωc)2Gr
s (q,E) with � = πNdγM2

0/�
2ω2

c the
field-independent dimensionless parameter determining the
disorder strength. The spectral function then becomes

As(q,E) = −2e−q2

π

∑
n,α

(−1)nLs
nα(E)

[∣∣bs
nα

∣∣2
Ln(2q2)

−∣∣as
nα

∣∣2
Ln−1(2q2)

]
, (9)

where Ls
nα(E) = Im �r

s /[(E − Es
n,α − Re �r

s )2 + (Im �r
s )2]

is a Lorentzian-type broadening. Notice that the DOS per

unit area is proportional to this function, D(E) = 1
2π�2

B

×
− 1

π

∑
n,α,s Ls

nα(E), which can be proven by integrating over q

in Eq. (9). Finally, using Eq. (9) together with the orthogonality
property of Laguerre polynomials, the Kubo formula (3) takes
the form

σ s
xx = e2

�

π2

∫
dε

4KBT cosh2
(

ε−EF

2KBT

)
× −1

π�2
B

∑
n,α

[(
Sn−1α

nα

)2∣∣as
nα

∣∣2∣∣bs
n−1α

∣∣2Ls
nαLs

n−1α

+ (
Snα

n+1α

)2∣∣bs
nα

∣∣2∣∣as
n+1α

∣∣2Ls
nαLs

n+1α

]
, (10)

where

Sn′α′
nα = 1

��B

[
�BAas

nαbs
n′α′ − ibs

nαbs
n′α′

√
2n(B − D)

− ias
nαas

n′α′
√

2n′(B + D)
]
. (11)

A straight and general approach to calculate the contribution
of the Hall component σxy is to use the Kubo-Greenwood
formalism [19,20,26]. The resistivity components are then
given by the inverse of the conductivity tensor as ρ = σ−1.

Mapping the longitudinal resistivity in scales of the
magnetic field and electron density results in the famous
fan chart [27,28] with blades that spread with increasing
magnetic field; see Figs. 2(a) and 2(b). The deep minima
in strong magnetic fields, depicted by dark colors, occur
indeed accompanied by vanishingly small DOS, e.g., near
the crossings in Figs. 1(c) and 1(d) for B > 2 T, which is
a consequence of the large spacing between the LLs. For
these regions, the resistivity oscillations appear as pronounced
peaks indicating the advent of the Shubnikov–de Haas effect.
The notable feature in this case is that the resonant peaks
have a high spin resolution without any side effects due
to the valley degrees of freedom as prevalent in most 2D
crystals. This effect holds for both the normal (nontopological)

FIG. 2. (Color online) (a), (b) Resistivity fan chart versus the electron density and magnetic field for d = 55 Å (d < dc) and d = 70 Å
(d > dc), respectively. The dimensionless broadening is � = 0.001, T = 4.2 K, and the scale of charge density is n0 = 2.42×1011 cm−2. The
cyan curves show resistivity oscillations for magnetic fields B = 1 T and B = 5 T. The structure of these oscillations is very similar with the
experimental results of Ref. [13] for d = dc. (c), (d) Spin polarization of the longitudinal conductivity, pσ , for the ordinary and inverted phases,
respectively.
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and inverted regimes. For nearly B > 2 T, each resistiv-
ity peak is tantamount to field-dependent electron density
n = (2π�2

B)−1 = B/φ0 [29], that is, the capacity of a single
spin-resolved LL for filling with electrons. Therefore, as
shown in Fig. 2(a), the Shubnikov–de Haas oscillation peaks
are regularly spaced with period B/φ0 for B = 5 T. By
contrast, the low-field oscillations display a periodic dual-peak
structure as seen for B = 1 T. The duality of the peaks can
be traced to the fact that the spacing between spin-split LLs
does not suffice to prevent the mixing of opposite spins. By
enhancing the electron density and decreasing B, the peaks
are gently quenched so that the oscillations are superficial.
Note that the oscillatory structures shown for B = 1 T and
B = 5 T, which are almost similar for d > dc and d < dc, are
qualitatively consistent with the experimental observations of
Ref. [13] for d = dc.

In support of the finding that claims that the magnetic field
results in fully polarized spin excitations in magnetotransport,
we show the spin polarization of the longitudinal conductivity
by assessing the quantity pσ = (σ ↑

xx − σ
↓
xx)/(σ ↑

xx + σ
↓
xx). The

results are summarized in Figs. 2(c) and 2(d) when the system
is subject to the normal and inverted phases, respectively. As is
evident, in both regimes, the function pσ repeatedly changes its
sign with magnetic field and exhibits perfect spin polarization
for nearly B > 1 T. Furthermore, the dotted and solid curves,
shown for constant and field-dependent (ne = n0 + B/φ0)
densities, respectively, oscillate precisely out-of-phase. The
reversal of the spin polarization pσ means that the spin of
the carriers near the Fermi level can be tuned by shifting the
electron density by B/φ0.

Figure 3 shows the Hall resistivity ρ
H

as a function of
the electron density ne, in the inverted regime, for magnetic
fields B = 1 T and B = 5 T. In essence, the transition regions
between the standard plateaus are accompanied by resistivity
peaks shown in Fig. 2(b). As a result, transitions occur in regu-
lar intervals of B/φ0 revealing the reason why the plateaus are
wide in the territory of Shubnikov–de Haas oscillations; see the
red curve for B = 5 T. The value of the quantum Hall plateaus
decreases continuously with steps located at 1/n (h/e2) where
n is an integer. These transitions are narrower in graphene by
a factor of 1/4 because of spin and valley degeneracy of the
LLs [30,31], and in addition the onset plateau occurs at 1/2
(h/e2) since the n = 0 LL is only twice degenerate, and thus
the resistance attains the quantized values 1/(4n + 2) (h/e2).
Notice that the 1/2n (h/e2) transitions exist at low magnetic
fields as long as there is spin resolution. Therefore, the
pronounced transitions between the successive plateaus for
B = 5 T correspond to different spin excitations which is an in-
dication of strong spin splitting of the LLs. Conductivity mea-
surements performed for LL spectroscopy of graphene [15,16]
have shown splitting less than 1 meV in the field range B ∼ 0
to B = 18 T. Here, the separation between opposite spins with
the same LL index n is very large; e.g., �s is about 1.5–3 meV
for B = 1 T and 18–25 meV for B = 10 T. Therefore, it is
expected that the spin-polarized excitations can be detected by
magnetospectroscopy measurements for B � 1 T.

The topologically distinct states of a HgTe QW have been
shown to behave inconsistently in terms of the pseudospin
configuration in the absence of a magnetic field [1,32].
Similarly, as mentioned earlier, by applying a magnetic field

ρ

1/3

1

1/2

1/4

FIG. 3. (Color online) The Hall resistivity versus the electron
density ne for d = 70 Å. The contour plot shows the polarization
extent of the conductivity in terms of pseudospin index and the blue
and red colors correspond to ↓ and ↑ states, respectively. The arrows
indicate the pseudospin texture of the electrons near the Fermi level.
The lower sketches show schematically the initial and final spins
for the scattering process of two transitions labeled by the � and �
symbols.

the behavior of the pseudospin degree of freedom still separates
between the topologically trivial and nontrivial regimes. In the
topological phase, the pseudospin direction can be tuned via
the density of charge carriers which is shown in the inset of
Fig. 3. The white region corresponds to critical values of the
magnetic field and electron density for which the pseudospin
vanishes. Since this effect occurs only in the inverted regime,
the pseudospin index can be viewed as an identification
characteristic for the topologically separable phases.

IV. SUMMARY

We investigated the magnetotransport properties of HgTe
QWs and showed that a fully spin-polarized quantum Hall
liquid can be observed in the Shubnikov–de Haas regime
when the system is in either the ordinary or inverted phases.
This effect can experimentally be observed by magnetospec-
troscopy measurements for B � 1 T. We also studied the
pseudospin texture of the Fermi level electrons as well as the
polarization extent of the conductivity in terms of the index τ ,
and showed that a tunable pseudospin-polarized quantum Hall
liquid occurs only for the inverted regime. Both the spin and
pseudospin polarizations are tunable by the electron density.
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