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Abstract

This article will help practitioners select strength-3 designs that are

useful for screening both main effects and two-factor interactions. We cal-

culated word-length patterns, correlations of four-factor interaction con-

trast vectors with the intercept, and ranks of the two-factor interaction

matrices for all nonequivalent two-level orthogonal arrays of strength 3

and run sizes up to 48. Based on these characteristics, there are a limited

number of designs that can be recommended for practical use.

KEY WORDS: orthogonal array; resolution IV; nonregular designs

1 Introduction

A type of problem regularly encountered in industrial research is the screening of

factors to determine which ones are influential. Such a screening can be carried

out fruitfully using an experimental design with all the factors included at two

levels. Since Plackett and Burman (1946), strength-2 orthogonal arrays based
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on Hadamard matrices have been popular design options. Strength-2 arrays are

such that each of the four level combinations of any set of two factors occur

equally often (Rao, 1947). Therefore, the main effect estimators are orthogonal

to each other.

The designs based on Hadamard matrices can accommodate up to N − 1

factors in N experiments, where N is a multiple of 4. They were initially

labeled with a warning discouraging their use if two-factor interactions were

expected. However, there are strength-2 arrays that do not completely confound

main effects with two-factor interactions. Hamada and Wu (1992), Lin and

Draper (1993), Wang and Wu (1995), and Cheng (1995) encouraged attempts

to estimate one or two interactions from such arrays, provided that there are

only a few main effects active.

This paper focuses on the situation where many of the main effects could be

active, while there could also be interactions. We call factor screening for this

situation intensive screening. An obvious design to consider in such a situation

is a strength-4 array. Such an array has all estimators of main effects and

two-factor interactions orthogonal to each other. Strength-4 arrays exist for

run sizes equalling a multiple of 16. However, the run-sizes 16, 32, and 48 can

accommodate only 5, 6, and 5 factors, respectively. Larger run-sizes are usually

considered as inappropriate for factor screening. As there are often more than

5 factors included in a study, it is natural to turn to strength-3 arrays with

N ≤ 48 for intensive screening with 6 or more factors. In such arrays, the main

effect estimators are orthogonal to each other and to the estimators of all the

two-factor interactions. However, at least some of the two-factor interactions

are fully or partially aliased with each other.

Cheng (1998) and Miller and Sitter (2001) considered strength-3 arrays con-

structed by folding over strength-2 arrays. A fold-over array consists of all the

treatment combinations in the original array, and all their mirror images, where

a mirror image is obtained by switching all the factor levels of a treatment com-

bination. It is well known that folding over strength-2 arrays results in arrays
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of strength 3. The aforementioned authors showed that nonregular fold-over

arrays permit estimation of many models including all the main effects and a

good number of interactions. This has stimulated interest in the construction

of strength-3 arrays by means other than folding over. Cheng et al. (2008)

provided two ways of constructing strength-3 orthogonal arrays for which all

the degrees of freedom can be used to estimate main effects and two-factor

interactions. More recently, Schoen et al. (2010) completely enumerated all

nonequivalent strength-3 designs of up to 48 runs. The numbers of such designs

are summarized in Table 1.

A recent case requiring a two-level design involved the diamond turning of

aluminium mirrors. In the diamond turning process, a diamond tool, mounted

on a machine, cuts a rough workpiece in order to smooth its surface to get

optical quality. The goal of the experiment, which was conducted at TNO

Table 1: Numbers of nonequivalent two-level designs of strength 3, 8 – 48 runs,
and 4 – 24 factors

No of Run size
factors 8 16 24 32 40 48

4 1 2 2 3 3 4
5 2 1 5 3 10
6 1 2 10 9 45
7 1 1 17 25 397
8 1 1 33 105 8383
9 1 34 213 166081
10 1 32 353 1310006
11 1 22 260 3528089
12 1 23 235 4460865
13 12 132 3980095
14 10 96 3139653
15 5 36 2165144
16 5 26 1288460
17 7 629705
18 6 259346
19 3 84495
20 3 24012
21 4919
22 1129
23 130
24 60
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Science and Industry, Delft, the Netherlands, was to identify factors that affect

the smoothness of mirrors produced under various conditions. The conditions

were defined by the settings of 13 controllable factors, as shown in Table 2.

Besides the factors machine (1) and operator (2), there are four tool factors (3

- 6), two factors that define the workpiece (7, 8), and two factors governing the

action of the lubricant (9, 10). The remaining three factors (11 - 13) control

mechanical conditions of the diamond turning process itself.

The scientists were quite certain that most of the 13 factors would be active.

In addition, they anticipated that there could be several active interactions.

The identity of these was not known beforehand, however, so that the scientists

faced a scenario of intensive screening. There was an initial budget of at most 50

runs due to the diamond tool expense. Because of the anticipated interactions,

a strength-4 array would be an ideal choice. However, the smallest strength-4

array for 13 factors has 128 runs (Schoen et al., 2010). So it was natural to

look for a suitable strength-3 array. Available options include 12 arrays of 32

runs, 132 arrays of 40 runs, and 3,980,095 arrays of 48 runs (see Table 1). The

problem was to select the best arrays for each of the run sizes and to select a

final design.

The purpose of this paper is to characterize and recommend the best designs

Table 2: Factors in diamond turning of mirrors
Factor Settings

1 Machine 350 700A
2 Operator B P
3 Rake angle neg 0
4 Rake face orientation [deg] 110 100
5 Rake nose radius [µm] 0.5 1.5
6 Rake sharpness fresh blunt
7 Workpiece material RSA6061 RSA905
8 Workpiece shape plano sphere
9 Lubrication amount low high

10 Lubrication pressure low high
11 Feed rate low high
12 Depth of cut [µm] low high
13 Spindle speed [rpm] low high
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for intensive screening with run-sizes 8, 16, 24, 32, 40, and 48. The rest of this

paper is organized as follows. In Section 2, we discuss our criteria to classify

the two-level strength-3 designs. We present the best designs for each of the

run sizes in Section 3. Finally, in Section 4, we return to the diamond turning

example and discuss some additional issues.

2 Classification criteria

Two-level designs can be either regular or nonregular. Regular designs exist for

run sizes that are powers of 2. Recall that these designs are created by construct-

ing a full 2k factorial in k = p−q ‘basic’ factors and then appending q additional

factors defined by interaction contrast vectors of the basic factors. For regular

strength-3 designs, main effects are not aliased with two-factor interactions, but

there is at least one pair of completely aliased two-factor interactions. For a

comprehensive treatment of regular designs, see textbooks such as Box et al.

(2005) and Montgomery (2009).

Nonregular designs cannot be constructed by equating added factors to in-

teractions of the basic factors. Nonregular strength-3 designs exist for run sizes

that are a multiple of 8. So there is much more choice in run-sizes for nonregular

designs. Another general advantage of nonregular designs is in the level of con-

founding. For strength-3 designs, a two-factor interaction contrast vector can be

partially confounded with another such vector. Therefore, a model containing

both contrasts can still be estimable, where this is not the case if the contrasts

would be completely confounded, as in regular designs.

We ranked all strength-3 designs of up to 48 runs according to the available

degrees of freedom to estimate two-factor interactions (Cheng et al., 2008), the

G-aberration (Deng and Tang, 1999, 2002), and the G2-aberration (Tang and

Deng, 1999). For the best designs, we determined the fold-over status and

the projection estimation capacity (PEC). The ranking criteria and additional

properties will now be discussed.
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2.1 Degrees of freedom for two-factor interactions

The degrees of freedom for two-factor interactions (df(2fi)) is the rank of the

N × r matrix of two-factor interaction contrast vectors, where r = p(p − 1)/2,

and p is the number of factors. Since we utilize strength-3 arrays with the hope

of estimating two-factor interactions, one is interested in designs with a large

rank of this matrix.

2.2 G-aberration

G-aberration explores the so-called J-characteristics of contrast vectors. Any

such vector has elements -1 or +1. The J characteristic is calculated by summing

the vector’s elements and taking the absolute values of the sum. For two-level

strength-3 designs, any three-factor interaction contrast vector is orthogonal to

the intercept. Deng and Tang (1999) showed that the J-characteristics for four-

factor interaction contrast vectors in two-level strength-3 designs necessarily

equal N − 16k, where k is a nonnegative integer. For instance, for N = 32, the

possible values are 32, 16, and 0. A value of 32 would imply that the element-

wise product of, say, factors A,B,C, and D either equals +1 for all the elements

or -1 for all the elements. This results in three pairs of two-factor interaction

contrast vectors with a correlation of +1 or -1 within each pair. A value of 16 for

the J-characteristic would imply a correlation of +0.5 or -0.5 among interaction

contrast vectors of a pair.

The frequencies of J-characteristics for four-factor interaction contrast vec-

tors equalling N − 16k, for increasing values of k, are collected in a vector F4.

For example, there is a 10-factor 32-run design with F4(32, 16) = (1, 62). So

there is 1 four-factor interaction contrast vector with J = 32, and there are 62

such vectors with J = 16. The remaining 147 four-factor interaction contrast

vectors are orthogonal to the intercept.

A minimum G-aberration design sequentially minimizes the entries of the so-

called confounding frequency vector (F4, F5, F6, . . . , Fp) from left to right, where
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the vector Fi collects the frequencies of J-characteristics of i-factor contrast

vectors. So the process of selecting a minimum G-aberration design initially

only needs F4. In many cases, there is a unique design that minimizes the

entries of F4, and one can conclude that this is the minimum G-aberration

designs. In fact, for intensive screening in an industrial context, F4 is the only

part of the confounding frequency vector that is of practical interest.

2.3 G2-aberration

G2-aberration is based on sums of squared correlations of contrast vectors with

the intercept. Take the 10-factor 32-run design with F4(32, 16) = (1, 62) as

an example. There is one four-factor interaction contrast vector completely

aliased with the intercept. So the squared correlation of this contrast vector

with the intercept is 1. There are 62 contrast vectors with a squared correlation

of 0.25. So the sum of the squared correlations is 16.5. This figure is called the

generalized word count of length 4.

The generalized word counts of length 4 up to p are collected in a vector

(A4, A5, . . . , Ap) called the generalized word-length pattern. The design that

sequentially minimizes the elements in this vector is called the minimum G2-

aberration design. For a regular design, the correlations are either 0 or 1, and the

generalized word-length pattern is the same as the usual word-length pattern.

To illustrate that both A4 and F4 could be useful to classify designs, compare

the above 10-factor 32-run design with an alternative design having A4 = 10 and

F4(32, 16) = (10, 0). Clearly, there are only 10 out of 210 four-factor interaction

contrast vectors correlated with the intercept, as opposed to 63 in the other

design. However, this other design has just a single severe correlation, and 62

correlations that are only 0.5. We conclude that both designs have merit.

2.4 Fold-over status

The fold-over status of a strength-3 design reports whether or not it can be

constructed by folding over a strength-2 design. If this is indeed the case, the
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treatment combinations can be grouped in N/2 mirror image pairs. In one such

pair, each factor level in one treatment combination is switched to the other

level in the second. Using -1/+1 notation to denote the factor levels, it is easy

to see that the sign of an interaction contrast vector must be a constant within a

pair. This implies that interactions can only be estimated by contrasts between

the N/2 mirror image pairs, and, consequently, df(2fi) ≤ N/2− 1.

We determined the fold-over status for two reasons. First, it gives informa-

tion on interaction contrast vectors involving more than four factors. For all

fold-over designs, i-factor interaction contrast vectors for odd values of i are

orthogonal to the intercept, and the corresponding Ai equals 0 (Cheng et al.,

2008). All the designs in our tables that are not fold-over designs, have 5-factor

interaction contrast vectors that are completely or partially aliased with the

intercept.

Our second reason to determine the fold-over status is that fold-over designs

can be easily blocked orthogonally to the main effects. The mirror image pairs

constitute N/2 blocks of size 2. These can be combined to form blocks of larger

size if required. While it it not a central theme of this paper, we thought it

worthwhile to mention this simple way of blocking.

2.5 Projection Estimation Capacity

We included the PEC as an additional criterion to give the practitioner a rough

idea on how well a design can estimate a range of models. Li and Aggarwal

(2008) defined PEC as an integer q such that the two-factor interaction model

is estimable for every subset of q factors, but not for every subset of q + 1

factors. Loeppky et al. (2007) defined a PEC sequence (k1, k2, . . . , kp), where

ki is the proportion of models with i main effects and their associated two-

factor interactions that is estimable. Here, we combine both approaches by

augmenting the integer q as in Li and Aggarwal (2008) with the entry kq+1

as in Loeppky et al. (2007). Thus, a PEC of 5.9 means that every five factor

projection and 90% of the six-factor projections support estimation of the full
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two-factor interaction model. Note that it will be extremely rare that all 15

interactions between the six factors in a particular projection will be active,

and it could instead be useful to check how many six-factor projections have at

least z out of 15 estimable interactions.

3 Selected designs

We now present the best strength-3 designs of run sizes 8, 16, 24, 32, 40 and 48.

For each of the run sizes up to 40, and for the 48-run arrays for 4 to 8 factors

and 24 factors, we denote individual arrays by p.u, where p is the number of

factors, and u is the lexicographic ranking of the array among all the p-factor

arrays in the enumeration of Schoen et al. (2010). For the 48-run arrays with

8 factors, the complete set of nonequivalent arrays was split into 10 subsets

of about equal size, numbered from 0 up to 9. These subsets were processed

separately to obtain all arrays for 9–23 factors. Accordingly, the individual

arrays for 9–23 factors are denoted by p.f − u, where f numbers the initial

subset of 8-factor arrays.

3.1 8–24 runs

All strength-3 designs for 8 or 16 runs are regular. The single strength-3 design

for 8 runs is the well-known 24−1 design of resolution IV. The two four-factor

designs for 16 runs are the full factorial design and the replicated half fraction.

The two five-factor designs for 16 runs are the strength-4 half-fraction and the

four-factor half fraction crossed with a 21 design. The designs for 16 runs and 6-

8 factors are the minimum aberration designs. Generators for all of the designs

can be found in, e.g., Mee (2009, Table G.1 and G.2).

All but one of the 24-run designs can be generated by folding over the 12-run

Plackett-Burman design and deleting columns arbitrarily. The one exception is

the four-factor design that results from three replicates of the resolution-IV 24−1.

This design is not recommended, because it has three pairs of fully aliased two-

9



factor interactions. Instead, we recommend using a full factorial augmented with

one replicate of a half-fraction, which permits estimation of all six two-factor

interactions, which is the second nonequivalent design for 24 runs, 4 factors and

strength 3.

The 7-factor design has two different projections into 6 factors. One of the

columns, when omitted, results in a design with a replicated mirror image pair

of runs and 10 degrees of freedom for interactions. Deleting any one of the other

columns from the 7-factor design results in a design without replicated pairs,

and 11 degrees of freedom for interactions. In view of the additional degree of

freedom for interactions, this is the recommended design.

3.2 32–48 runs

Detailed results for the best designs with 32, 40, and 48 runs are presented in

Tables 3, 4, and 5, respectively. The designs minimize i) G-aberration, or ii)

they minimize G2-aberration, and, subject to this, minimize G-aberration, or

iii) they maximize the degrees of freedom for two-factor interactions. If there

are multiple designs maximizing these degrees of freedom, we search for designs

that minimize G- or G2-aberration in this group. All recommended designs have

been made available online at the website of this journal.

The results presented in the tables are the available degrees of freedom for

estimating two-factor interactions, the fold-over status, the generalized word

count of length 4, the frequencies of J-characteristics of four-factor interaction

contrast vectors F4, and the PEC.

32 runs

We first discuss the 32-run designs of Table 3. The best 4-factor and 5-factor

designs are a replicated full factorial, and a single replicate of a full factorial;

they are not given in the online file. The designs 6.10 and 10.20 are regular

designs; all other recommended designs are nonregular.

For 11 up to 16 factors, all designs are fold-over designs. Therefore, the rank
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of the 2fi matrix is always 15. The PEC for these designs is almost 4. So as

long as at most four factors are active, the vast majority of models with all six

interactions among these factors are estimable.

For a 32-run design, the number of length-4 words producing full aliasing

is given by F4(32). Each word defines three pairs of completely aliased two-

factor interactions. For 11 up to 16 factors, the numbers of these words are all

considerably smaller than for the corresponding regular minimum aberration

designs. The best designs have 3, 6, 10, 14, 21, and 28 full length-4 words,

respectively, compared to 25, 38, 55, 77, 105, and 140 for the regular minimum

aberration designs.

The designs for 12 – 16 factors are minimum G-aberration designs. All

of these designs also have minimum G2-aberration. For 11 factors we present

two designs. Design 11.22 has minimum G2-aberration and, subject to this,

minimum G-aberration. However, the global minimum G-aberration design for

11 factors is 11.20; it has three instead of four full-aliasing words of length 4.

The minimum G-aberration design for 10 factors is 10.32. The minimum

G2-aberration design for this number of factors, 10.20, is regular. The regular

design has 21 degrees of freedom available for two-factor interactions. So all

Table 3: Characterization of the recommended 32-run designs
ID df(2fi) fold-over A4 F4(32, 16) PEC
4.3 6 yes 0 0 0 4
5.5 10 yes 0 0 0 5
6.10 15 yes 0 0 0 6
7.16 20 no 1 0 4 5.86
8.32 21 no 3 0 12 5.75
9.34 22 no 6 0 24 5.67
10.20 21 no 10 10 0 3.95
10.32 15 yes 16.5 1 62 4.00
11.20 15 yes 25.5 3 90 3.99
11.22 15 yes 25 4 84 3.99
12.23 15 yes 38 6 128 3.99
13.10 15 yes 55 10 180 3.99
14.8 15 yes 77 14 252 3.99
15.4 15 yes 105 21 336 3.98
16.4 15 yes 140 28 448 3.98
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available degrees of freedom are employed in estimating main effects and two-

factor interactions. Cheng et al. (2008) call a design with this property second

order saturated.

The minimum G-aberration design for 10 factors has only one length-4 word,

but A4 = 16.5 vs. 10 for the minimum aberration regular design. Note that the

PEC of the regular design is smaller than the PEC of the non-regular design.

There are 210 subsets of four factors. The regular design can estimate the two-

factor interaction model for 200 of these, whereas the non-regular design can

estimate such a model in 209 of the subsets.

Designs 9.34, 8.32, and 7.16 are minimum G-aberration designs for 9, 8,

and 7 factors, respectively. The designs also have minimum G2-aberration.

These three designs were found earlier by Xu (2005) as the minimum aberration

projections of an orthogonal array of 13 factors, 32 runs and strength 2. Our

work shows that the designs have minimum G-aberration and minimum G2

aberration among all 32-run two-level designs with 9, 8, or 7 factors. The worst

correlation in a pair of two-factor interaction contrast vectors is 0.5. The PEC

values of the three designs are well above 5.5. The 9-factor design is second

order saturated, with 22 degrees of freedom for two-factor interactions. The

designs for 8 and 7 factors have 21 and 20 degrees of freedom for two-factor

interactions.

Finally, the tabulated 32-run designs include those with maximum PEC.

40 runs

We now turn to the recommended 40-run designs given in Table 4, which have

no full-aliasing length-4 words, i.e., F4(40) = 0. The recommended designs for

11 up to 20 factors are all fold-over designs. Butler (2004, 2007) showed that

the maximum number of factors that could result in a design not consisting of

fold-over pairs is strictly smaller than N/3. For the 40-run series, N/3 = 13.33.

Our work shows that, for 40 runs, the maximum is 10.
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When compared to the designs with 11 or more factors, those with 10 or

fewer factors show a marked increase both in PEC and in df(2fi). The best

arrays with 4 up to 6 factors permit estimation of all the 2fi. These designs are

fold-over designs.

For 7 up to 10 factors, the arrays with the maximum number of estimable

two-factor interactions are not fold-over designs. For fold-over designs, this

maximum is 19. The best arrays for 7–10 factors have a df(2fi) of 21, 25, and

27, respectively. The 7-factor design permits all interactions to be estimated.

(The other tabulated 7-factor design is a fold-over design that minimizes G-

and G2-aberration.) The recommended array 8.105 is only 3 degrees of freedom

short of accommodating all two-factor interactions. Assuming that higher-order

interactions can be ignored, there are 6 degrees of freedom available to estimate

the error variance. Arrays 9.213 and 10.353 have 3 and 2 degrees of freedom,

respectively, for estimating this variance.

The designs recommended for 4–11 factors and for 17–20 factors include

those with maximum PEC. For 12–16 factors, the best PEC is at most 4%

Table 4: Characterization of the recommended 40-run designs
ID df(2fi) fold-over A4 F4(24, 8)* PEC
4.3 6 yes 0.04 0 1 4
5.3 10 yes 0.2 0 5 5
6.9 15 yes 0.6 0 15 6
7.24 21 no 1.4 0 35 7
7.25 19 yes 1.4 0 35 6
8.105 25 no 2.8 0 70 7
9.213 27 no 5.04 0 126 7
10.353 27 no 8.4 0 210 7
11.68 19 yes 18.96 18 312 5.83
12.157 19 yes 28.44 27 468 5.77
13.55 19 yes 41.72 41 674 5.77
14.46 19 yes 58.6 58 943 5.77
15.23 19 yes 80.2 80 1285 5.76
16.4 19 yes 107.04 107 1713 5.76
17.3 19 yes 140 140 2240 5.77
18.3 19 yes 180 180 2880 5.77
19.1 19 yes 228 228 3648 5.76
20.1 19 yes 285 285 4560 5.76
* F4(40) = 0 for all designs
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higher than in the tabulated designs, while the best PEC never reaches 7. We

do not present explicit maximum-PEC designs, because we would then over-

emphasize the importance of this criterion.

48 runs

We now turn to the recommended 48-run designs given in Table 5. For 14–

19 factors, there are so many designs with a minimum value of A4 that it was

computationally infeasible to check on minimum G2-aberration. For these cases,

Table 5: Characterization of the recommended 48-run designs
ID df(2fi) fold-over A4 F4(48, 32, 16) PEC
4.4 6 - 0 0 0 0 4
5.10 10 no 0 0 0 0 5
6.44 15 no 0.11 0 0 1 6
7.397 21 no 0.33 0 0 3 7
8.6609 28 no 1.44 0 0 13 8
8.8382 27 no 1 0 0 9 7
9.4-16240 29 no 2.44 0 0 22 5.95
9.6-15282 36 no 3.44 0 0 31 9
10.0-136170 35 no 6 0 0 54 5.98
10.0-136872 31 no 5.33 0 0 48 5.95
11.0-377572 32 no 9.11 0 0 82 5.94
11.3-351294 34 no 10.89 0 0 98 5.97
11.5-32061 34 no 9.56 1 0 77 (5.939)
12.0-541920 33 no 15.33 0 0 138 5.92
12.5-76810 34 no 15 1 0 126 (5.939)
13.0-594498 34 no 23 0 0 207 5.91
14.2-70173 33 no 34.33 1 0 300 (5.895)
14.4-221684 23 yes 46.78 0 0 421 5.91
15.3-42200 23 yes 64.11 0 7 549 5.95
15.4-136404 23 yes 64.33 0 0 579 5.91
16.3-6427 23 yes 85.67 0 17 703 5.95
16.4-78065 23 yes 86 0 0 774 5.91
17.3-885 23 yes 112.67 0 24 918 5.95
17.4-31172 23 yes 112.88 0 0 1016 5.90
18.4-7024 23 yes 145.33 0 0 1308 5.90
19.4-659 23 yes 184.44 0 0 1660 5.90
20.4-43 23 yes 230.67 0 0 2076 5.90
21.4-2 23 yes 285 0 0 2565 5.90
22.4-1 23 yes 348.33 0 0 3135 5.90
23.4-1 23 yes 421.67 0 0 3795 5.90
24.60 23 yes 506 0 0 4554 5.90
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we searched for designs with minimum A4 and, subject to this, minimum G-

aberration.

The designs 14.2-70173, 12.5-76810, and 11.5-32061 in Table 5 have one full-

aliasing length-4 word. Strictly speaking, their PEC equals 3.999, 3.998, and

3.997, respectively, since the two-factor interaction model is not estimable in one

set of four factors. However, these designs allow estimation of the two-factor

interaction model in nearly 100% of subsets of four or five factors. In Table 5 we

display their PEC as (5.895), (5.939), and (5.939), using parentheses to indicate

that nearly all of the four and five factor models are estimable. We believe this

is more indicative of the designs’ estimation capacity than the strict PEC.

For 4–9 factors, the tabulated designs include those with maximum PEC.

For each factor number from 10 onward, the tabulated designs include a case

with PEC ≥ 5.9; generally, the maximum PEC designs can estimate between

1% and 4% more of the six-factor all-two-factor-interaction models than these

Table 5 designs.

Regular strength-3 fractions that are not fold-over designs exist for p =

5N/16 factors; for an example, see design 10.20 in Table 3. The 48-run series

are almost exclusively nonregular, however. Our work on this series shows that

the maximum number of factors in the designs that are not fold-over is 14. The

tabulated minimum G2 aberration design is of this type, while the minimum

G-aberration design for 14 factors is a fold-over design. Note the extent to

which the first design is superior over the second one: the fold-over design has

df(2fi)=23, while the other design has df(2fi)=33.

For 5–13 factors, the minimum G-aberration designs and the minimum G2-

aberration designs are not fold-over designs. For 8–11 factors, the designs that

maximize the degrees of freedom for two-factor interactions do not minimize G-

or G2-aberration.

Finally, for the minimum G2-aberration designs with 13, 14, and 24 factors,

all available degrees of freedom are employed in estimating main effects and

two-factor interactions. All other designs have some degrees of freedom left for
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estimating the error variance.

4 Discussion

In this paper, we studied two-level designs that could be useful for intensive

factor screening. We searched through the complete catalog of strength-3 de-

signs for up to 48 runs to find the best designs in terms of G-aberration, G2-

aberration, and degrees of freedom for estimating two-factor interactions. The

best designs were presented in Tables 3, 4, and 5. To illustrate how these tables

might be used to find a suitable design, we return to the problem of finding a

good design for the 13-factor experiment on diamond turning of mirrors.

There are no 13-factor strength-3 designs with 16 or 24 runs. We give a

synopsis of the best 13-factor designs for 32, 40, and 48 runs in the upper panel

of Table 6. The three designs presented there show a general increase in desirable

features with run size. The best 32-run design has F4(32) = 10. So there are

10 four-factor interaction contrast vectors that are completely aliased with the

intercept. This implies that the worst correlation within pairs of two-factor

interaction contrast vectors is 1.

For the best 40-run design, there are no four-factor interaction contrast vec-

tors completely aliased with the intercept. There are 41 four-factor interaction

contrast vectors with J = 24, so the worst correlation between pairs of two-

factor interaction contrast vectors is 3/5. Finally, the worst correlation between

pairs of two-factor interaction contrast vectors in the best 48-run design is 1/3,

because 207 sets of four factors have J = 16 and there are no sets with a higher

Table 6: Design options for the diamond turning experiment
N ID df(2fi) A4 Worst correlation PEC
32 13.10 15 55 1 3.99
40 13.55 19 41.72 3/5 5.77
48 13.0-594498 34 23 1/3 5.91
48 11.0-377572 32 9.11 1/3 5.94
48 11.5-32061 34 9.56 1 (5.939)
48 11.3-351294 34 10.89 1/3 5.97
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value of J .

While the improvement in terms of worst correlations is gradual, the increase

in PEC and df(2fi) is not. The PEC rises from almost 4 in the 32-run experiment

to 5.77 for 40 runs. This is followed by a less marked increase to 5.91 for 48 runs.

However, there is a striking increase in df(2fi) when going from 40 to 48 runs.

Indeed, this is the most notable difference between the fold-over designs for 32

and 40 runs and the design for 48 runs, which is not a fold-over. In view of their

interest in interactions, the experimenters adopted the 48-run option for their

design. This choice proved beneficial in that serveral two-factor interactions

were found to be active when the data were analyzed.

It is instructive to consider what would happen if the diamond turning ex-

periment had 11 instead of 13 factors. For 32 runs, Table 3 gives two options

that are very similar. Table 4 gives a single best option for a 40-run experiment.

However, there are three different options for a 48-run experiment, and we fo-

cus our comparison on these three designs; refer to the lower panel of Table 6.

The first option, design 11.0-377572, has 32 degrees of freedom available for

2fi. Therefore there is a total of 4 degrees of freedom to estimate error, assum-

ing as is usual that higher-order effects can be ignored. The design minimizes

G-aberration and G2-aberration.

We like to note that minimizing aberration in strength-3 arrays is merely

a computationally convenient vehicle for selecting designs that are likely to be

useful. As a matter of fact, the options 11.5-32061 and 11.3-351294 do not

minimize either type of aberration, but they do have two additional degrees of

freedom for interactions. Design 11.5-32061 has a single four-factor interaction

contrast vector that is fully confounded with the intercept. Thus it has three

pairs of fully aliased two-factor interaction contrast vectors. The design permits

estimation of all the main effects and all the 2fi among 6 factors in 93.9 % of the

possible sets of 6 out of 11 factors. For option 11.3-351294, this percentage is

97; no four-factor interaction contrast vectors are completely confounded with

the intercept.
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For 11 factors and 48 runs we would recommend the first option (the mini-

mum G-aberration design) when the likely interactions might involve a majority

of the factors, whereas we would recommend the third option (which has higher

PEC) when it is likely for the active two-factor interactions to be concentrated

in a set of six (or fewer) factors, with most of these factors having active main

effects.

The diamond turning experiment illustrates the practical importance of our

search through the complete catalog of strength-3 designs for up to 48 runs.

We believe that the designs could also be valuable as building blocks for larger

designs, along the lines recorded by Cheng et al. (2008).
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