
Tail Transitions in Queues with Long RangeDependent IntputT. Dani�els and C. BlondiaUniversity of Antwerp, Dept. Mathematics and Computer Science,Universiteitsplein 1, B-2610 Antwerpene-mail : blondia@uia.ua.ac.be,WWW home page : http://win-www.uia.ac.be/u/patsAbstract This paper studies the tail of the bu�er occupancy distribu-tion of a queueing system with c parallel deterministic servers, in�nitebu�er capacity and an input process with consists of a superposition of along range dependent on-o� source and a batch renewal process. In par-ticular, we investigate the decay of the tail for di�erent values of c and fordi�erent compositions of the tra�c mix. It is shown that for c = 1 (i.e.a single server system), the tail has a power law decay, while for c > 1,di�erent cases may be distinguished: if the arrival rate of the backgroundtra�c is larger than c� 1, then the tail probabilities decay according toa power law, while for the other case, the decay is exponential.1 IntroductionIn the past years, tra�c measurements on packet networks (e.g. Ethernet LANtra�c [11], VBR video streams over ATM [8]) have shown that the autocorrela-tion function of the number of arrivals in a time interval does not decrease ex-ponentially in time, but according to a power-law. This type of tra�c is referredto as long range dependent tra�c (LRD), in contrast with the more classicalshort range dependent tra�c (SRD) (e.g. Markovian models). The autocorrela-tion structure of the arrival process has a major impact on the bu�er occupancyof a queueing system with this process as input. For Markovian tra�c, the tail ofthe queue length distribution decays exponentially, while for LRD input tra�cthe tail of the bu�er distribution decays according to a power law (see e.g. [5],[7], [9], [10] ). In [2], an exact formula for the bu�er asymptotics of a discrete-time queue with an LRD M/G/1 input process was obtained. The M/G/1 isde�ned as a process where trains arrive in a time slot according to a Poissonprocess with rate �. Each train consists of a number of back-to-back arrivalswith length �A, with distribution given by Pf�A = kg � ak�s, with 2 < s < 3and a > 0. The bu�er asymptotics are then determined byPfq > kg � �a�s�2(s� 2)(s� 1)(1� �)k2�s; (1)where q denotes the bu�er occupancy and � is the load of the system.In this paper we consider a queueing system where the input process consists



of a mix of LRD and SRD tra�c. The LRD component is an on-o� sourcewith geometrically distributed o�-period and on-periods which have a Pareto-like distribution. The SRD component consists of a batch renewal process. Tomodel the di�erence in speed of the input and output lines, we assume thatthis tra�c mix is fed to a multi-server queue with c parallel servers. The aimof the paper is to investigate the tail of the bu�er occupancy distribution ofthis (LRD+SRD)/D/c queue for di�erent compositions of the tra�c mix anddi�erent values of c. We show that when c = 1, the tail has a power law decay,while for c > 1, di�erent cases may be distinguished: if the arrival rate of thebackground tra�c is larger than c�1, then the tail probabilities decay accordingto a power law, while for the other case, i.e. the arrival rate of the backgroundtra�c is less than c� 1, the decay is exponential. With respect to the transitionpoint (i.e. when the arrival rate of the background tra�c is exactly c � 1), noconclusions can be drawn.These results give some insight about the inuence of spacing cells of an LRDtra�c stream on the queueing behavior. The number of servers c is a measurefor the spacing distance. The results show that by spacing an LRD tra�c streamand mixing with SRD tra�c, a tail which decays according to a power law maybe changed into an exponential decay.2 The Queueing SystemThe queueing system that is considered consists of a multiplexer with c serverseach having a deterministic service time of one time slot, an in�nite capacitybu�er and input tra�c which is the superposition of an on-o� source and so-called background tra�c. The on-o� source has geometrically distributed o�-periods and on-periods which have a Pareto-like distribution. Let �A be theduration of the on-periods and let ak = Pf�A = kg � ak�s, with 2 < s < 3 anda > 0. For these parameters the on-o� source generates LRD tra�c. Indeed, ifXk denotes the number of arrivals generated by the on-o� source in slot k, thenthe results presented in [15] imply thatVar(X1 + : : :+Xn) � E[�B ]2(E[�A] +E[�B ])3 a(4� s)(3� s)(s� 1)n4�s: (2)Hence by [14], the source generates LRD tra�c with Hurst parameter H =(4� s)=2. The generating function associated with the o�-periods is given by(1� �)z1� �z : (3)Let A(z) = P1k=1 akzk. The background tra�c generates Xn arrivals in slotn, with fXn; n > 1g a sequence of i.i.d. random variables. The correspondinggenerating function is denoted by �(z).In what follows, we describe the input tra�c using a matrix-analytic notation.The LRD on-o� source can be considered as a D-BMAP (see [1]) as follows. Let



pan be the probability that the LRD source is in the (n+1)th slot of an on-periodgiven that it was in the nth slot of this on-period in the previous slot. Thenpan = 1�Pni=1 ai1�Pn�1i=1 aiLetting the �rst state of the LRD source be the o�-state, then the generatingfunction de�ning the transitions of the corresponding D-BMAP, is given byD(z) = 0BBBBB@ � (1� �)z 0 0 0 : : :1� pa1 0 pa1z 0 0 : : :1� pa2 0 0 pa2z 0 : : :1� pa3 0 0 0 pa3z : : :... ... ... ... ... . . .
1CCCCCA :Remark that D(z) is an in�nite matrix. By the special structure of D(z) it ispossible to obtain an implicit equation for its Perron-Frobenius eigenvalue �(z):�(z) = � + (1� �)A� z�(z)�:The generating function of the D-BMAP describing the superposition of the on-o� source and the background tra�c is given by �(z)D(z) with mean arrivalrate � = �0(1) + (1� �)A0(1)(1� �)A0(1) + 1 :3 The Tail ProbabilitiesConsider the (LRD+SRD)/D/c queue de�ned in the previous section. We con-sider two cases, namely c = 1 and c > 1.3.1 The tail probabilities when c = 1Since there is only one server, the queueing model is a simple D-BMAP/D/1queue. De�ne the generating function of the bu�er occupancy asQ(z) def= 1Xk=0 qkzk;with qk the steady-state probability of having k customers in this system. ClearlyQ(z) = X(z)e, with X(z) given byX(z) = (z � 1)x0�(z)D(z)�zI� �(z)D(z)��1:This expression is the Pollachek-Kinchin equation for the D-BMAP/D/1 queue,with the input determined by the generating function �(z)D(z). Since there is



only one o�-state, the vector x0 is given by x0 = �1� � 0 0 : : :�. The structureof D(z) allows us to compute the vectorw(z) def= x0�(z)D(z)�zI� �(z)D(z)��1; (4)with w(z) = �w0(z) w1(z) : : :�. Some straightforward algebra leads tow0(z) = ��(z)z + (1� �)�(z)A��(z)�zz2 � �z�(z)�A��(z)�(1� �)z�(z) ;w1(z) = (1� �)z2z2 � �z�(z)�A��(z)�(1� �)z�(z) ;and for k � 2, wk(z) = �1� k�1Xi=1 ai��(z)kw1(z): (5)Since Q(z) = X(z)e = (1� �)(z � 1)w(z)e, it follows thatQ(z) = (1� �)(z � 1)�w0(z) + w1(z)1�A��(z)�1� �(z) �: (6)By calculating Q0(1) we obtainE[q] = 1Xk=0Pfq > kg = A00(1)2 1E[�A] +E[�B ]��0(1)21� � + �0(1)�+
;with 
 denoting a term involving the �nite quantities �, �0(1), �00(1) and A0(1)(we suppose that all the moments of the background tra�c exist). Since E[�2A] =1, Q0(z) diverges when z approaches 1.The Tauberian Theorem for power series (see e.g. [6]) plays a central role inthe derivation of an expression for the tail probabilities of the bu�er occupancy.Theorem 1 (Tauberian theorem for power series). Let pk > 0 and supposethat P (z) = 1Xk=0 pkzkconverges for 0 6 z < 1. If L is a constant and 0 6 � < 1, then the followingrelations are equivalent: P (z) � L(1� z)� for z ! 1�p0 + p1 + : : :+ pn�1 � L� (� + 1)n� for n!1:



This theorem leads to an expression for the behaviour of Q0(z) near 1.Lemma 1. The behaviour of Q0(z) near 1 is given byQ0(z) � L(1� z)3�s for z ! 1�; (7)with L = a� (3� s)s� 1 1E[�A] +E[�B ]��0(1)s�11� � + �0(1)s�2�:Proof. To prove the statement (7) we rewrite Q(z):Q(z) = (1� �)�f0(z) + f1(z)�;with f0(z) = (z � 1) t(z)z2 � t(z) ; f1(z) = (z � 1)(1� �)z2z2 � t(z) 1�A��(z)�1� �(z) ; (8)t(z) = �z�(z) + (1� �)z�(z)A��(z)�: (9)Let us focus on the behaviour of f 00(z) as the function f 01(z) can be analysedin a similar way. A combination of the results for f 00(z) and f 01(z) leads to (7).Clearly f 00(z) = � �t(z)� z�2�z2 � t(z)�2 + z2 (z � 1)2P1k=0(k + 1)Tk+2zk�z2 � t(z)�2 ;with Tk = Pj>k tj . Since the �rst term of f 00(z) does not diverge for z ! 1�,we only need to take the second term into account. First we determine theasymptotic behaviour of Tk by applying Theorem 1 to t00(z). Observe thatt00(z) � (1� �)z�(z) d2dz2 hA(�(z))ifor z ! 1�:Let � = 3� s. We havelimz!1�(1� z)� d2dz2 hA��(z)�i= limz!1�� 1� z1� �(z)��(1� �(z))�A00��(z)���0(z)�2= limy!1�(1� y)�A00(y)��0(1)�2�� :Applying Theorem 1 twice,A00(y) � 1(1� y)� a� (�);



nXk=0 k(k � 1)tk � a� (�)� (� + 1)n�(�0(1))2��(1� �);we obtain Tk � a� 0(1)s�1(1� �)k1�s:One more application of Theorem 1 results inf 00(z) � 1�2� t0(1)�2 a� (3� s)(s� 1)� (4� s) (1� z)s�3:Furthermore observe that(1� �) = 2� t0(1)(1� �)A0(1) + 1 ;hence f 00(z) � 1(1� �)2�(1� �)A0(1) + 1�2 a� (3� s)(s� 1)� (4� s) (1� z)s�3:Using the Tauberian theorem for power series, the asymptotic behaviour of thecoe�cients of Q0(z) = Pk kqkzk�1 follows from (7). Applying this theorem toQ0(z) results in q1 + 2q2 + : : : nqn � L� (4� s)n3�s: (10)Using [12, 3.3 (c), pg. 59], we obtainXj>k qj � L� (4� s) 3� ss� 2k2�s;or Pfq > kg � a(s� 1)(s� 2) 1E[�A] +E[�B ]��0(1)s�11� � + �0(1)s�2�k2�s: (11)Numerical example .To illustrate how fast the asymptotic regime is reached we simulate theD-BMAP/D/1 queue with LRD arrival process characterized by Pf�A = jg =(j + 1)�s � j�s, and �(z) = 1 � � + �z. Here a = s � 1. For the �rst examples = 2:8, � = 0:6 and � = 0:3, and for the second example s = 2:3, � = 0:8 and� = 0:3. Hence the load of the system is about 0.68 for the �rst case and about0.65 for the second case. As can be seen from Figure 1, the asymptotic regimeis reached very quickly. The asymptotic behaviour of Pfq = kg is given byPfq = kg � a(s� 1) 1E[�A] +E[�B ]��0(1)s�11� � + �0(1)s�2�k1�s:



3.2 The tail probabilities when c > 1Contrary to the case c = 1, no closed form formula describing the asymptoticbehaviour can be obtained when c > 1. The main reason is that an explicitformula for Q(z) like (11) does not exist for the D-BMAP/D/c with c > 1.Nevertheless it is possible to determine precisely the behaviour of the tail pro-babilities. It turns out that this behaviour depends on c and on the sizes of theLRD and the SRD shares of the tra�c mix.First we derive an expression for the generating function of the stationarybu�er distribution q, denoted by Q(z), from the Pollachek-Kinchin equation forthe D-BMAP/D/c queue.
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Figure1. Numerical example with c = 1
Calculating Q(z) when c > 1. Recall that the Pollachek-Kinchin equationfor the D-BMAP/D/c queue is given byX(z) = c�1Xl=0 xlD(z)(zc � zl)�zcI�D(z)��1:



Whereas for c = 1 the vector x0 is known explicitly, here the vectors x0; : : : ;xc�1can only be computed numerically, as is shown in [13, pg. 310{329]. This pre-vents us from deriving a closed form formula for Q(z) = X(z)e. De�ne forl = 0; 1; : : : ; c� 1, w(l)(z) = xlD(z)�z2I�D(z)��1;with w(l)(z) = �w(l)0 w(l)1 : : :�. After some algebraic manipulations (see [3] fordetails) we obtainw(l)(z)e = w(l)0 (z) + w(l)1 (z)�1 + 1Xk=1�Xj>k aj���(z)zc�1�k�+ 1Xj=1(xl)j 1Xk=j 1�Pki=1 ai1�Pj�1i=1 ai��(z)zc�1�k�j+1: (12)The analysis of Q(z) = c�1Xl=0�zc � zl�w(l)(z)e; (13)reveals two di�erent types of asymptotic behaviour. If �0(1) > c� 1, or equiva-lently, if the mean arrival rate of the background tra�c exceeds c� 1, then thetail probabilities decay according to a power-law, as is shown under Case 1. Ifthe mean arrival rate of the background tra�c is strictly less than c�1, then thetail probabilities decay approximately exponentially, as is demonstrated underCase 2. It turns out that the rate of this decay can be determined easily. For thecase �0(1) = c� 1, the transition point, no conclusions can be drawn.Case 1: �0(1) > c� 1. Since �0(1) > c� 1 we haveddz��(z)zc�1����z=1 > 0:Hence there exists an open set G � D(0; 1), with D(0; 1) the closed complexunit disk, having the following properties:for each z 2 G: ����(z)zc�1 ��� < 1; (14)the interval [�; 1) belongs to G for some � 2 (0; 1): (15)Hence on G the representation (13) of Q(z) can be used. Since we focus on theinuence of the LRD on-o� source, �(z) is taken to be analytical on some openset containing D(0; 1).



We obtain the asymptotic behaviour of the tail probabilities, as in 3.1, byexamining the behaviour of Q0(z). A detailed description of this analysis can befound in [3]. It is shown that for some C > 0,Q0(z) � C(1� z)3�s for z ! 1�;which implies Pfq > kg � C(3� s)(s� 2)� (4� s)k2�s:The constant C depends on A(z), �, �(z), c and the vectors x0, : : : xc�1. Keepin mind that x0; : : : ;xc�1 need a numerically calculation.Case 2: �0(1) < c� 1. Contrary to the case �0(1) > c� 1, there exists somez0 > 1 such that �(z0) = z0. We suppose that z0 < 1, as z0 =1 would implythat the background tra�c generates at most c�1 arrivals in a slot. If this is thecase no bu�er is needed, because all arriving cells can be served instantaneously.For z 2 (1; z0), �(z)zc�1 < 1:Since �(z) is a generating function, it follows that j�(z)j < jzc�1j, for all complexnumber z, with 1 < jzj < jz0j. Furthermore, because �(z) 6= zn for each n > 0,there exist at most a �nite number of complex points z?i with modulus 1 suchthat j�(z?i )j = jz?i j. Let G be the maximal open set such that for z 2 G,����(z)zc�1 ��� < 1:Hence z 2 G, for all 1 < jzj < jz0j. Furthermore G\D(0; 1) is non-empty. Noticethat on G the function Q(z), given by (13), is well-de�ned. Recall that q denotesthe random variable associated with the stationary bu�er distribution. BecauseG\D(0; 1) is non-empty, Q(z) is a representation of the z-transform E[zq] on G.Hence the power seriesP1k=0 qkzk, associated with E[zq], is holomorphic on theopen disk with centre 0 and radius jz0j. The point z0 represents a non-removablesingularity. Since on G, E[zq] = 1Xk=0 qkzk = Q(z);it is possible to determine the asymptotic behaviour of qk = Pfq = kg byexamining the behaviour of Q0(z). De�ne for y 2 (0; 1),f(y) = Q0(z0y):



Analysing the behaviour of f(y) for y ! 1�, by using similar arguments as forthe �0(1) > c� 1 case, we obtainq1 + 2z0q2 + : : :+ nzn�10 qn � Cn3�s;with C > 0. If the sequence (kzk�10 qk) decreases, this impliesPfq = kg � (3� s)Cz�k0 k1�s:In [4] this type of asymptotic behaviour is conjectured for similar queueing sys-tems.
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Figure2. Numerical example with c = 2
Numerical example The tail probabilities for three examples, each one corre-sponding to a case considered above, are shown in Figure 2. The on-periods aredistributed as Pf�A = jg = (j +1)�s � j�s, the background tra�c is generatedby Poisson variables with parameter �. For the �rst example s = 2:3, � = 0:4and � = 0:8, which results in a mean arrival rate of 1.5. Clearly this example iscovered by Case 2. The second example has s = 2:6, � = 0:4 and � = 1. Hence



the mean arrival rate is 1.6. Since � = 1, this example is a transition point case.In the third example s = 2:6, � = 0:8 and � = 1:2, hence mean arrival rate is1.5. This leads to a power law decay.4 ConclusionsIn this paper we have investigated the decay of the tail of the bu�er occupancydistribution for a c-server queue which is fed by a mix of long range and shortrange dependent tra�c. It turns out that the decay may be exponentially oraccording to a power law, depending on the composition of the tra�c mix andthe number of parallel servers c. The transition point occurs when the c > 1 andthe arrival rate of the SRD tra�c is exactly c� 1. These results may be appliedto tra�c control schemes for LRD tra�c in the following way. Consider SRDtra�c mixed with LRD tra�c which is spaced. The spacing distance is relatedto the value of the number of parallel servers c in the model of the paper. Theresults give some insight under what conditions with respect to tra�c mix andspacing distance, the tail of the bu�er occupancy switches from a power law typeto exponential.References1. C. Blondia : A discrete-time batch markovian arrival process as B-ISDN tra�cmodel. Belgian Journal of Operations Research, Statistics and Computer Science. 32(1993) 3{232. T. Dani�els and C. Blondia. Asymptotic behavior of a discrete-time queue with longrange dependent input. In Proceedings of INFOCOM'99. (1999)3. T. Dani�els and C. Blondia. Tail Transitions in Queues with Long Range DependentInput. Technical Report, win-www.uia.ac.be/u/pats/publications.html. 20004. V. Dumas and A. Simonian. Asymptotic bounds for the uid queue fed by sub-exponential on/o� sources. Technical report, Math�ematics Appliqu�ees de Bordeaux.(1998)5. A. Erramilli, O. Narayan, and W. Willinger. Experimental queueing analysis withlong-range depdendent packet tra�c. IEEE/ACM Trans. on Networking. 4 (1996)209{2236. W. Feller. An Introduction to Probability and Its Applications, Volume II. WileySeries in Probability and Mathematical Statistics. John Wiley & Sons, Inc. (1966)7. H. J. Fowler and W. E. Leland. Local area network tra�c characteristics, withimplications for broadband network congestion management. IEEE JSAC 9 (1991)1139{11498. M. W. Garret and W. Willinger. Analysis, modeling and generation of self-similarVBR video tra�c. In Proceedings ACM Sigcomm'94 (1994) 269{2809. D. Heath, S. Resnick, and G. Samorodnitsky. Heavy tails and long range dependencein on/o� processes and associated uid models. Technical report, Cornell University(1997)10. P. R. Jelenkovi�c and A. A. Lazar. Asymptotic results for multiplexing on-o� sourceswith subexponential on period. Advances in Applied Probability 31 (1999)
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