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Abstract 

Size, number density and volume fraction of nano-precipitates are important microstructural 

parameters controlling the strengthening of materials. In this work an widely accessible, 

convenient, moderately time efficient method with acceptable accuracy and precision has been 

provided for measurement of volume fraction of nano-precipitates in crystalline materials. The 

method is based on the traditional but highly accurate technique of measuring foil thickness via 

*Title Page



convergent beam electron diffraction. A new equation is proposed and verified with the aid of 

3-dimensional atom probe (3DAP) analysis, to compensate for the additional error resulted from 

the hardly distinguishable contrast of too short incomplete precipitates cut by the foil surface. The 

method can be performed on a regular foil specimen with a modern LaB6 or field-emission-gun 

transmission electron microscope. Precisions around ±16% have been obtained for precipitate 

volume fractions of needle-like β″/C and Q precipitates in an aged Al-Mg-Si-Cu alloy. The 

measured number density is close to that directly obtained using 3DAP analysis by a misfit of 

4.5%, and the estimated precision for number density measurement is about ±11%. The limitations 

of the method are also discussed. 

Keywords: Aluminum alloys; 3DAP; foil thickness; volume fraction; transmission electron 

microscopy 
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Research highlights 

 

1. An widely accessible, convenient, moderately time efficient method with acceptable accuracy 

and precision has been provided for measurement of volume fraction of nano-precipitates in 

crystalline materials. 

 

2. A new equation has been proposed and verified with the aid of 3-dimensional atom probe 

(3DAP) analysis, to reduce the errors of determined precipitate volume fractions due to too small 

invisible precipitates. 

 

3. The method was proved to have precisions around ±16% for precipitate volume fraction and 

±11% for precipitate number density, displaying an improvement over the existing approaches. 
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Abstract 1 

Size, number density and volume fraction of nano-precipitates are important microstructural 2 

parameters controlling the strengthening of materials. In this work an widely accessible, convenient, 3 

moderately time efficient method with acceptable accuracy and precision has been provided for 4 

measurement of volume fraction of nano-precipitates in crystalline materials. The method is based on the 5 

traditional but highly accurate technique of measuring foil thickness via convergent beam electron 6 

diffraction. A new equation is proposed and verified with the aid of 3-dimensional atom probe (3DAP) 7 

analysis, to compensate for the additional error resulted from the hardly distinguishable contrast of too 8 

short incomplete precipitates cut by the foil surface. The method can be performed on a regular foil 9 

specimen with a modern LaB6 or field-emission-gun transmission electron microscope. Precisions 10 

around ±16% have been obtained for precipitate volume fractions of needle-like β″/C and Q precipitates 11 

in an aged Al-Mg-Si-Cu alloy. The measured number density is close to that directly obtained using 12 

3DAP analysis by a misfit of 4.5%, and the estimated precision for number density measurement is about 13 

±11%. The limitations of the method are also discussed. 14 

 15 

Keywords: Aluminum alloys; 3DAP; foil thickness; volume fraction; transmission electron microscopy 16 
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1. Introduction 1 

Quantification of typical microstructures plays an important role in deep understanding of phase 2 

transformations in materials and provides clues to the mechanisms controlling the materials’ properties. 3 

Recent progress in quantitative simulations of the microstructures and mechanical properties based on 4 

methods such as CALculation of PHAse Diagrams (CALPHAD) [1, 2], multi-phase field simulation 5 

method [3, 4] and yield strength modeling [5] further enhances this importance because all these 6 

methods need accurate experimental verifications concerning the microstructures. Among the many 7 

microstructural parameters, the combination of size and number density of particles drastically affects 8 

the hardness and strength of the materials. For example, an intra-granular microstructure with fine 9 

needle-like nano-precipitates occurring in a high number density can double or triple the strength of 10 

Al-Mg-Si(-Cu) alloys [6, 7]. 11 

Various methods have been established to quantify the many aspects of the microstructures such as 12 

texture, solute segregation, volume fraction (i.e. product of size and number density) of second phase 13 

particles, grain size and so on. For example, the recent progress in X-ray nano-tomography [8, 9] and 14 

serial-sectioning using SEM/FIB (scanning electron microscopy with focused ion beam) [10, 11] has 15 

made it possible to visualize different phases in 3D with varying sizes from several tens of microns 16 

down to several tens of nanometers. It is also possible to observe nano-objects (with at least one 17 

dimension below 10 nm) in 3D by quantitative electron tomography and thus to obtain their volume 18 

fraction [12-14]. However, a risk of beam damage exists due to the long exposure time (typically up to 19 

46 min in total) required for the acquisition of serial images at a wide range of tilts. The risk and the 20 

sacrifice of time (including that of image interpretation) can be avoided if one is not interested in the 21 

very detailed shape of the particle/defect. 22 

Generally, four methods have been applied to the measurement of size, number density and 23 

volume fraction of nano-precipitates in Al-Mg-Si(-Cu) alloys. By transmission electron microscopy 24 

(TEM), the number and size of nano-precipitates in a region can be measured from low-magnification 25 

bright field (BF) images and high-resolution TEM images. The volume of the observed region could be 26 

obtained by measuring the thickness of the region through electron energy-loss spectrometry (EELS) 27 

[15, 16] (Method 1) and multiplying it with the area of the region. The thickness can also be estimated 28 
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by counting the number of extinction fringes either at the edge of a wedge-shaped TEM foil (Method 2) 1 

or at an inclined grain boundary (Method 3) [17]. On the other hand, the precipitate size and relative 2 

volume fraction can be directly calculated from a small-angle X-ray scattering (SAXS) profile [18, 19] 3 

(Method 4). 4 

However, there are several issues with regard to precisions and limitations of these four methods. 5 

The uncertainty of Method 1 for measuring the foil thickness can be as large as ±20% [20]. Although in 6 

recent years due to the accurate measurement of mean free path this uncertainty can be reduced to ±8% 7 

(e.g., for Al [21]), the error brought about is still not negligible. Moreover, not every TEM instrument is 8 

equipped with an expensive EELS apparatus. Method 2 requires an ideal wedge-shaped foil with a 9 

starting thickness of 0~0.5 ξg (ξg is the extinction distance of the chosen reflection) at the edge of the 10 

hole (see Fig. 1a for an example). Moreover, it can give only a rough estimate of foil thickness (except 11 

at the fringes) when the wedge angle is not constant. Method 3 can only obtain the approximate 12 

thickness of a region near a grain boundary, as shown in Fig.1b. The top and bottom ends of an inclined 13 

grain boundary in the foil are invisible, producing a large additional error. In method 4, the relative 14 

volume fraction also has an uncertainty as large as ±15%. Additionally, different types of concurrent 15 

precipitates [19] may have similar contributions to a SAXS profile. 16 

In this work, efforts have been devoted to the establishment of a facile method for determination 17 

of size, number density and finally volume fraction of nano-precipitates with acceptable accuracy and 18 

precision. Such a method can be implemented on a modern TEM with LaB6 filament or field emission 19 

gun (FEG) accessible to most microscopists (i.e., with no special additional apparatus equipped). Two 20 

techniques are used to establish such a method. The conventional technique of convergent beam 21 

electron diffraction (CBED) was reported to have a small uncertainty of ±3% [22] in determining TEM 22 

foil thickness. Moreover, its output does not contain the influence from the amorphous layer on the foil 23 

surface as is the case for EELS [20]. It is the most precise method for crystals that are thicker than ξg 24 

[23], and is thus used for measuring the volume fractions of the needle-like nano-precipitates in 25 

Al-Mg-Si(-Cu) alloys in this work. On the other hand, in recent years 3-dimensional atom probe 26 

(3DAP) can be applied for determining the number densities of nano-sized objects, such as atomic 27 

clusters, G.P.-zones and β″ precipitates [24], although acquiring the average sizes of such objects is 28 

believed to be less reliable due to the errors produced when selecting precipitates [25]. Therefore, in the 29 

present work the measurement of size, number density and volume fraction of nano-precipitates based 30 
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on CBED has been performed first, followed by verification using 3DAP. Limitations of the 1 

systematically established method are also discussed. 2 

2. Materials and Methods 3 

The Al-Mg-Si-Cu alloy studied in this work has a nominal composition of Al-1.0 wt.% Mg-1.1 4 

wt.% Si- 0.65 wt.% Cu. The alloy was cast, solutionized at 550 ºC for 4 h and quenched, and then 5 

immediately aged at 175 ºC for different times. Details about casting, solution and ageing (at 175 ºC) 6 

heat treatments of the alloy as well as preparation of TEM foils have been described elsewhere [26, 27]. 7 

TEM observations were performed on a FEI G2 F20 microscope operated at 200 kV. The tip specimen 8 

for 3DAP analysis was prepared from a thin bar of 0.5 × 0.5 × 15 mm
3
 cut from the alloy aged for 8 h, 9 

via the standard two-step electro-polishing procedures [28]. The tip was then examined in a LEAP 3000 10 

SI instrument under a high vacuum of 10
-12

 Torr, at a specimen temperature of 20 K, a pulse repetition 11 

rate of 200 kHz and a pulse voltage fraction of 20%. The parameters used for analyzing the 3DAP 12 

results are separation distance (d) of 0.6 nm, surround distance of L = 0.5 nm for including solvent 13 

atoms and minimum cluster size (Nmin) of 10 solutes. For identification of the boundary between the 14 

matrix and elongated precipitates like β", an isosurface at 5 at.% Mg [24, 29] has been defined, which 15 

reproduces a similar precipitate size to that measured by TEM. Similar methods for defining 16 

nano-precipitate surfaces have also been applied in other 3DAP investigations of Al alloys to obtain 17 

precipitate number densities [24, 25, 30, 31]. 18 

3. Results and discussion 19 

The precipitation sequence of the alloy at 175 ºC has been identified as follows: super-saturated 20 

solid solution (SSSS) → G.P.-zones → β" + C (for 8 h) → Q + Si (for 30 d), according to our previous 21 

studies [26, 27]. Two typical intragrannular microstructures, i.e. the peak-aged (2#, for 8 h) and 22 

over-aged (1#, for 30 d), are selected for this work since they typically contain short and long 23 

needle-like nano-precipitates growing along <001>Al directions in high and low densities, respectively. 24 

According to high-resolution TEM (HRTEM) and high-resolution scanning transmission electron 25 

microscopy (HRSTEM) observations, the peak-aged microstructure is comprised of β" (~83%, 26 

identified in a previous work [26]) and C (~17%, identified as shown in Fig. S1 in the Supplement [32]) 27 
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needle-like precipitates, while the over-aged microstructure contains coarser needle-like Q precipitates 1 

and micro-sized plate-like Si precipitates (identified in a previous work [27]). The microstructural 2 

parameters of Si precipitates are not measured in this work. 3 

The measurement of size, number density and volume fraction of nano-precipitates is based on 4 

two important simplifications of the real microstructure: (a) uniform distribution of precipitates in 5 

intragranular regions; (b) equal size (and its dispersion) and number density of precipitates growing 6 

along the three axes of the f.c.c. α-Al matrix. Since as-cast Al alloys should all be homogenized and/or 7 

solutionized before ageing, the solute content in the intragranular region should generally be 8 

homogeneous. The imperfect precipitate free zone of about 100-200 nm in width is too small compared 9 

to the typical Al grain size of 10-100 μm and the observations in this work were all obtained from 10 

regions far away (> 10 μm) from the precipitate free zone. Therefore, simplification (a) can be regarded 11 

as reasonable while simplification (b) is acceptable since no deformation was performed on this alloy 12 

to cause possible preferential growth of the precipitates along one of the equivalent directions. 13 

3.1 Quantification of Q precipitates in the over-aged microstructure based on CBED 14 

The volume fraction (Vf) of the needle-like Q precipitates is the product of the average length (l), 15 

the average area of the transverse cross-section (Acs) and the number density (n). 16 

The length l has been measured in a series of TEM BF images taken along [001]Al as typically 17 

shown in Fig. 2a. About 300 precipitates were found growing along [100]Al and [010]Al in these images, 18 

and l has been measured as 103 ± 3.6 nm (mean value ± standard error). It should be stated that almost 19 

all of the needle-like nano-precipitates such as β", β', U1, U2, B', Q' and Q, with various cross-section 20 

shapes in aged Al-Mg-Si(-Cu) alloys, are fully coherent with the α-Al matrix along the growth 21 

directions. These phases have the same lattice parameter of 0.405 nm (3×0.405 nm for β') as that of 22 

α-Al along the growth directions, which is also the reason why a nano-precipitate tend to grow into 23 

needles, other than plates, cubes or tapered shapes and so on. Minor lattice misfits between 24 

precipitate/matrix exist along other directions perpendicular to the elongation direction, making the 25 

corresponding interfaces around the needle semicoherent [33-35]. The strain field provides effective 26 

impediment against dislocation movement and thus helps strengthening the material, meanwhile it 27 

displays noticeable contrast in even low-magnification TEM images and makes the nano-precipitates 28 
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easily distinguishable. For this reason the average length of nano-precipitates can be measured from 1 

200 to 300 precipitates in low-magnification TEM images. The incomplete side-on nano-precipitates 2 

(e.g., those growing along [100]Al and [010]Al in Fig. 2a) located at the edges of the fields of view are 3 

not taken into account. 4 

On the other hand, the average area of cross-section of the needles should only be measured in 5 

HRTEM images in order to avoid the overestimation caused by the strain field. Since acquisition of 6 

HRTEM image is more time consuming than that of low-magnification images, a smaller statistic of 7 

about 20 precipitates is used in this work. This leads to a larger relative error for the measurement of 8 

precipitate cross-section area than that for length. The measured area Acs for Q precipitates is 18.9 ± 9 

1.89 nm
2
, as obtained from HRTEM images of 17 precipitates typically shown in the insets of Fig. 2a. 10 

The number density of the Q precipitates has been measured from a thicker region (see Fig. 2b) in 11 

order to properly measure the thickness. Firstly, the number of precipitates contained in the region was 12 

estimated from those aligned along the viewing direction, e.g. [001]Al for the case shown in Fig. 2b. 13 

Viewing from the elongation direction of precipitates will guarantee the largest image contrast (partly 14 

due to the strain field) for these precipitates and reduce the probability for relatively fine 15 

nano-precipitates being unnoticed, although these precipitates are 2~4 nm wide and the atomic 16 

scattering factors for Mg and Si are very close to that for Al. Since the transverse cross sections of 17 

some Q precipitates can occasionally grow into squares or irregular shapes [27, 36], rather than 18 

rectangles as conventionally believed [7], all the end-on needle-like precipitates along [001]Al with 19 

different cross-section geometries were counted. Totally 282 precipitates were measured in Fig. 2b. The 20 

counted number of nano-precipitates growing along [001]Al are then extrapolated to all the 21 

nano-precipitates along <001>Al as explained above. 22 

The region observed in Fig. 2b was then tilted slightly (Δα = 1.15˚, Δβ = 4.83˚) to obtain a two 23 

beam condition with a dark Kikuchi line crossing the 000Al bright disk and a bright Kikuchi line 24 

crossing the 200Al dark disk in the CBED pattern, as shown in Fig. 2c. The thickness of the region at 25 

this tilt can be calculated from the values of 2θB, Δθi, Δθi+1, Δθi+2, Δθi+3 and Δθi+4 obtained from the 26 

pattern with i-1 the integer number of extinction distances for reflection g(200)Al across the foil 27 

thickness. The Si values are correspondingly calculated from the formula [20] of 28 

Si = λΔθi/(2θBd
2
)                                                        Eq. (1) 29 

where λ represents the wave length of the electron beam and d is the corresponding d-spacing of 30 
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reflection g(200)Al. With the appropriate i value, the relationship between Si
2
/nk

2
 and 1/nk

2
 should follow 1 

the straight line formula of 2 

Si
2
/nk

2
 = a·1/nk

2
 + b (nk = i, i+1, i+2...)                                        Eq. (2).  3 

The y interception b is equal to 1/t
2
 in which t is the thickness of the region across the incident 4 

beam direction. In the present case, an i value of 4 has been found to produce a straight line as shown 5 

in Fig. 2d with b = 1.06181 × 10
-5 

nm
-2

. As a consequence, the t value is calculated as t2 = 307 nm. By 6 

considering the slight tilt of Δα = 1.15˚, Δβ = 4.83˚, the thickness t of the region in Fig. 2b is calculated 7 

as t1 = 309 nm according to 8 

t1
2
 / t2

2 
= (1+ tan

2
α1+ tan

2
β1) / (1+ tan

2
α2+ tan

2
β2)                                  Eq. (3). 9 

It should be noted that this calculation is performed under the assumption of flat foil surface, i.e. 10 

the foil surfaces are normal to the incident electron beam at zero tilt. This assumption is reasonable 11 

according to the fact that the TEM foil is prepared by electro-polishing yielding a slight average slope 12 

of about 100 (thickness of the unpolished foil) μm / 1250 (radius of electro-polished area) μm, 13 

corresponding to an average inclination of 4.6º. This slight inclination should make the observed foil a 14 

little edge-shaped, however, as long as the position of thickness determination is located in the center of 15 

the field of view as in the case of this work, the determined thickness is geometrically the average 16 

thickness of the field of view. For this reason, the effect of slightly edge-shaped foil geometry can be 17 

ignored. 18 

The extinction distance ξg of reflection g(200)Al is determined as 88.4 nm according to a = -ξg
-2

. 19 

The theoretical ξg can be calculated from the equation [20] of: 20 

g

Bc

F

V






cos
g                                                            Eq. (4) 21 

where Vc represents the volume of the α-Al unit cell, θB and Fg stand for the Bragg angle and structure 22 

factor for reflection g(200)Al, respectively. The Fg value is equal to 4·fα for this reflection. fα, which is 23 

the electron atomic scattering factor of the f.c.c. α-Al, can be calculated from the equation and 24 

parameters provided in the work of Peng [37] by considering the effect of high-energy accelerated 25 

electrons with a relativistic speed of v [38]. The equation for calculating fα is as follows: 26 



 

 8 / 23 

 





















 


2

2

n

1i
2

2

1

1
])

sin
exp([

c

v
baf ii




                                  Eq. (5). 1 

The obtained theoretical value for ξg is 84.3 nm. This confirms that the selection of the i value and the 2 

calculation of t are correct. 3 

The measured t value is then used to calculate the number density of Q precipitates growing along 4 

[001]Al in Fig. 2b. However, it is possible that in Fig. 2b some incomplete precipitates are cut by the 5 

surfaces of the TEM foil and thus have smaller lengths in the specimen region than the complete ones. 6 

While not all observed precipitates along [001]Al in Fig. 2b are completely contained in the foil, it is 7 

also possible that not all the incomplete precipitates contained can be distinguished. The BF image 8 

contrast for precipitates along [001]Al can be influenced by imperfections such as thickness fringes, 9 

bending contours and probably an uneven amorphous layer and contaminants on the foil surface, which 10 

give rise to non-uniform noise in the BF image. On the other hand, the interference by contrast from 11 

side-on precipitates along [100]Al and [010]Al is revealed in Fig. 2b. When the lengths of these 12 

incomplete precipitates are below a critical value of lc, their contrast in the BF image will be very weak 13 

and can hardly be distinguished from the noise and the interference. Thus, the true number Nt of 14 

needle-like precipitates contained in this region should be larger than the Nv value measured from 15 

visible ones and should be adjusted. Precipitates are believed to be randomly distributed along the 16 

electron beam direction, as typically shown in Fig. 3a and conceptually simplified in Fig. 3b. The 17 

relationship between Nv and Nt is thus given as 18 

Nv = Nt·(l + t - 2·lc) / (l + t) = 282                                              Eq. (6).  19 

Here a conservative assumption of  20 

lc = 0.1·t = 30.9 nm                                                         Eq. (7) 21 

has been made, a verification of this choice will be provided in Section 3.3. Hence the Nt value is 22 

calculated as 332, and the weighted length of the precipitates (including complete and incomplete ones) 23 

growing along the electron beam direction has been calculated as 24 

lw = l·(t - l) / (t + l) + l/2·2·l/(t + l) = 77.2 nm                                    Eq. (8). 25 

The volume of the Q precipitates along [001]Al in the region shown in Fig. 2b can be therefore 26 

calculated as: 27 
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3

w nm  84415418.9.277332   cstp AlNV [100]                             Eq. (9), 1 

and the volume of the region is: 2 

3nm  135052281661661309.1  FOVT AtV                            Eq. (10) 3 

where AFOV denotes the area of the field of view in Fig. 2b. The volume fraction of the Q 4 

precipitates along [001]Al is Vp
[100]

/VT = 0.359%. The total volume fraction of all the Q precipitates 5 

along [100]Al, [010]Al and [001]Al can be calculated as 3 × 0.359% = 1.08%. The corresponding number 6 

density is then obtained as: 7 

321 m 1041.5 



cs

f

Al

V
n                                                 Eq. (11). 8 

3.2 Quantification of fine β"/C precipitates in the peak-aged microstructure 9 

Similarly the volume fractions of the β" (including its less-developed precursor pre-β") and C 10 

precipitates in the peak-aged microstructure (aged for 8 h) have been measured as 1.11 % and 0.237 %, 11 

respectively, yielding a total volume fraction of 1.35 % for all the precipitates. The corresponding 12 

number densities are 2.15×10
23 

m
-3 

(for β" precipitates), 0.513×10
23

 m
-3 

(for C precipitates) or 13 

2.67×10
23

 m
-3 

in total. The key images regarding the measurement are shown in Fig. 4. 14 

The proportion of the number of each type of identified precipitate among all precipitates and the 15 

average area of the transverse cross-section of each type of precipitate are measured by HRTEM to 16 

derive the ratio between the volume fractions of β" and C. The average lengths of β" and C are assumed 17 

to be identical since (a) different side-on precipitates look similar in BF or HRTEM images and (b) the 18 

length-counts chart measured from Fig. 4a has only one distinguishable peak (see Section 3.5 for more 19 

details). 20 

One difficult issue is that these precipitates are finer, both in length and diameter, than those in the 21 

sample aged for 30 d, thus the contrast from precipitates in BF images becomes weaker. As a result, 22 

thinner regions should be used to increase the contrast of the precipitates and thus to measure the 23 

average length and number (see Figs. 4a and 4b, respectively) of the precipitates. Careful comparison 24 

of BF and DF images (the latter shown in Fig. 4b, containing no influence from thickness fringes and 25 

bending contours) has been conducted to measure the number of precipitates parallel to the electron 26 

beam direction. The corresponding CBED pattern contains only two pairs of dark fringes in the (200)Al 27 
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dark disk (see Fig. 4c), providing only two data points for calculating the a and b terms of Eq. (2). Such 1 

a calculation is certainly not reliable. To improve the reliability, a pair of bright fringes are introduced 2 

into the calculation, assigned with the nk value of i + 0.5, according to the proposition of Allen [39]. 3 

The validity of the above proposition has been confirmed using the case of Q precipitates in a thicker 4 

region from which a similar straight line to that in Fig. 2d has been obtained. In this way an i value of 1 5 

is found to produce a reasonable fitting of the line in Fig. 4d as well as the theoretical ξg value, thus the 6 

thickness of the region shown in Fig. 4b has been calculated as 68 nm and the above mentioned volume 7 

fractions have been obtained. A similar conservative assumption to Eq. (7) has been used here. 8 

3.3 Verification of reliability of the CBED method by 3DAP 9 

In order to verify the reliability of the method established for measuring the volume fraction of 10 

nano-precipitates in this work, especially the proposed Eq. (7), 3DAP has been applied to obtain the 11 

number density of β"/C precipitates in the sample aged for 8 h, as shown in Fig. 5. Since these 12 

precipitates are densely distributed within a volume of ~130×60×60 nm
3
, the reliability of the statistics 13 

can be guaranteed. In this work, a precipitate number density of 3.85 ×10
23

 m
-3

 with an estimated 14 

standard deviation of ± 0.33×10
23

 m
-3

 has been obtained. This value can be regarded as important 15 

verification for the number density measured by the CBED method in spite of possible error. 16 

However, making a direct comparison between the number densities obtained from the CBED 17 

method and 3DAP analysis is impossible. In the former the influence of incomplete precipitates was 18 

compensated for and the obtained value represents an infinite volume, while both complete and 19 

incomplete precipitates were included as such in the latter. The 3DAP specimen volume is 20 

approximately equal to a truncated cone with a top diameter of 50.6 nm (see D1 in Fig. 5b), bottom 21 

diameter of 66.4 nm (D2) and a height of 134.5 nm (H). The nearly same shape of the specimen under 22 

different rotations along its long axis, as shown in Figs. 5a and 5c, confirms this geometry. The size of 23 

the specimen implies there is a large fraction of incomplete precipitates as schematically shown in Fig. 24 

5b. In order to compare the two number densities expressed in different forms, one has to first estimate 25 

how many complete and incomplete precipitates should exist in the 3DAP specimen volume according 26 

to the number density obtained from the CBED method. Therefore a simplified 3D model has been 27 

established (see Fig. 5b) by considering the 3DAP specimen volume (marked by solid lines), 28 
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orientations of precipitates (represented by angle α) and the average length of precipitates. In this 1 

model, all precipitates are simplified to have the same length, i.e. the measured average length l. A 2 

precipitate with its center located within the two truncated cones marked by dashed lines in Fig. 5b is 3 

incomplete within the specimen volume. The geometrical parameters of the two dashed truncated cones, 4 

including D1', D2', H', D1″, D2″ and H″ were calculated from the parameters D1, D2, H, α and l. The 5 

number of all nano-precipitates belonging to the same growth direction (i.e., with the same α value), 6 

regardless their nature of being complete or incomplete within the solid truncated cone, can be 7 

estimated from the number density measured in the CBED method by artificially shrinking them into 8 

point objects within the outer dashed truncated cone. The correspondingly estimated number density 9 

containing all growth directions is 3.68×10
23 

m
-3

. The value is close to the one of 3.85×10
23

 m
-3

 10 

directly measured by 3DAP, the low mismatch of 4.5% confirming the assumption of lc = 0.1·t used in 11 

Sections 3.1-3.2 as being reasonable.  12 

In the future, a more reliable estimation of the lc value from simulations of contrast between the 13 

precipitate and α-Al matrix by considering factors such as crystal structures and multiple scattering 14 

could be obtained for further improving the accuracy of determination of precipitate number density. 15 

3.4 Estimation for the error of the measurements 16 

The equation for calculating precipitate volume fraction has been summarized and transformed to 17 

the following form, which contains only directly measured values: 18 

22
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                                        Eq. (12) 19 

The precision of the Vf value obtained can be estimated from the equation for propagation of 20 

uncertainty [40]. According to the measuring processes and origin of uncertainties during the 21 

measurements, uncertainties in the form of standard deviation SNv, Sl, SAcs, St and Sa are estimated to be 22 

±10%, ±6%, ±10%, ±3% (according to the evaluation in [22]) and ±2% (according to scale bar 23 

calibration of HRTEM images) of the measured values, respectively. The reason for assigning Nv a 24 

relative uncertainty of 10% is that the ratio of 0.1 in Eq. (7) was roughly estimated, although they were 25 

later verified by 3DAP in Section 3.3. The reason for assigning Acs a relative uncertainty of 10% is that 26 

the precipitate/matrix interface is usually not straight and is thus hard to locate, meanwhile the average 27 
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precipitate cross-section area was measured from only about 20 precipitates. With these inputs, the 1 

uncertainties of the Q and β"/C volume fractions are calculated as ±0.17 vol.% and ±0.21 vol.%, 2 

yielding relative uncertainties of ±16 % in both cases. In contrast, the St/t value of the EELS method is 3 

greater than ±8% for aluminum and the produced SVf /Vf value can be increased by about 1%. 4 

The precision of the number density measured, which is expressed in the equation of: 5 

2
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f

a0.8t)(l

N3

Al

V
n







                                                 Eq. (13) 6 

can be estimated in a similar way. The calculated relative uncertainty of the two measurements in 7 

this work is ±11% for both cases. The data measured in this work has been summarized in Tab. 1. 8 

3.5 Computational method for estimating number density and volume fraction from measured 9 

parameters 10 

To reach the highest reliability for calculating number density and volume fraction of precipitates 11 

with the parameters measured, a computational method containing the following steps has been 12 

applied: 13 

(1) Analyze the distributions of lengths and cross-section areas of precipitates. The length 14 

distribution was found to match the inverse Gaussian distribution well, as shown in Fig. 6. The 15 

cross-section areas of precipitates were not fitted since only about 20 precipitates were measured in 16 

each alloy sample. 17 

(2) The fitted distributions were then used to generate random values for precipitate length l, 18 

uniform distributions were used to generate spatial coordinates (x, y, z) of the precipitate core. The z 19 

direction was defined as the thickness direction and the foil sample was treated with z ϵ (-t/2, t/2). If the 20 

parameters of a precipitate follow the inequality of 21 

|z| < t/2 - lc + l/2 = 0.4 t + l/2                                                Ineq. (1), 22 

then this precipitate is believed to be visible according to Eq. (7). 282 such precipitates were 23 

generated in total for sample 1# as shown in Fig. 7a. 24 

(3) For each precipitate, if |z| < 0.4 t - l/2, then it is a complete precipitate in the sample volume 25 

with z ϵ (-0.4t, 0.4t) and one can set i=1; if 0.4 t - l/2 < |z|, then the precipitate is incomplete and one 26 

can set i= (0.4 t + l/2 - |z|)/l. The number density of precipitates should be calculated as 27 
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                                              Eq. (14) 1 

for the case of sample 1# shown in Fig. 2b. The corresponding volume fraction can then be 2 

calculated as: 3 

)8.0/(3
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1
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                                      Eq. (15).  4 

As there were random values generated in step (2), steps (2-3) were performed 10,000 times and 5 

results were averaged to increase the reliability. The final n and Vf values for Q precipitates are 6 

5.58×10
21

 m
-3

 and
 
1.05%, respectively. Similarly, the n and Vf values for β"/C precipitates in sample 2# 7 

were calculated as 2.67×10
23

 m
-3

 and 1.35% (see Tab. 1). These data are in good agreement with the 8 

data obtained by the CBED based on calculations in Sections 3.1-3.2, reflecting that the use of a mean 9 

precipitate length in those calculations does not result in a considerable additional error. The Matlab 10 

code for computing number density and volume fraction of precipitates in sample 1# has been included 11 

in the Appendix. 12 

3.6 Procedures, limitations and advantages of the CBED method established 13 

The method of measuring precipitate volume fraction based on CBED, as established in this work, 14 

can be summarized into the following procedures: 15 

(1) Length: observe the thin foil sample along [001]Al in low-magnification TEM images to 16 

measure the average length of side-on needle-like nano-precipitates, preferably in a 17 

moderately thin region to maximize the precipitate contrast. The larger the statistic the more 18 

reliable the measurement. 19 

(2) Cross-section area: measure the average cross-section area of end-on precipitates by HRTEM 20 

in the same thin region. A large statistic is of course preferred but requires a long time. 21 

(3) Number counting: find a moderately thick region but meanwhile make sure the end-on 22 

precipitates are clearly visible. Count the number of end-on precipitates. 23 

(4) Sample thickness: tilt the [001]Al zone axis slightly away from the electron beam direction by 24 

about 4-5º to reach the two-beam condition, record the CBED pattern and the two groups of 25 

(α, β) angles before and after tilting. Calculate the untilted foil thickness based on the pattern 26 
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and Eqs. (1-5). 1 

(5) Number density and volume fraction: calculate the number density and volume fraction of 2 

nano-precipitates according to the values obtained in steps (1-4) and Eqs. (6-11). Or one can 3 

use the computational method given in Section 3.5 and the Appendix. 4 

It is worth noting that this method has at least the following 4 limitations: 5 

(1) Crystal: the matrix should be crystalline, otherwise it is impossible to measure foil thickness 6 

by CBED. 7 

(2) Foil thickness: in practice, the TEM foil thickness (across the electron beam direction) at the 8 

two-beam condition should not be smaller than ~80% of ξg, the extinction distance of the reflection 9 

targeted, according to the example in Fig. 4. More details concerning the calculation of the measurable 10 

thickness range, which varies with instrument voltage and reflection, can be found in the work of Allen 11 

[39]. The situation in Fig. 4c is almost reaching this critical condition. With a smaller foil thickness, the 12 

second bright fringe in the dark disk will move out of the disk and could not be located. This also limits 13 

the smallest size of precipitates observable in the region. 14 

(3) Well defined geometry: the precipitate should have a well-defined shape so that its average 15 

volume can be precisely measured. 16 

(4) Precipitate size: the precipitate size should be close to or larger than 10 nm in at least one 17 

dimension, so that it can be clearly observed in low-magnification TEM images. On the other hand, 18 

most of the precipitates should be complete within the specimen volume. Preferentially, the largest 19 

dimension of the precipitate should be smaller than half the specimen thickness. Generally, a precipitate 20 

size of about 10 to 200 nm is suitable for the CBED method used in this work. 21 

Working within these limitations, the method has apparent advantages as listed below: 22 

(1) Superb accessibility: it can be performed on any modern LaB6 [41] or FEG high-resolution 23 

transmission electron microscope alone without any additional instrument or special apparatus, since 24 

using these instruments to resolve the transverse cross sections of the nano-precipitates in HRTEM 25 

imaging mode is not difficult. 26 

(2) Convenience: the method does not demand any special specimen like the needle specimen for 27 

quantitative electron tomography [13]. 28 

(3) Moderate efficiency: 2 hours on microscope is enough for collecting the images required, the 29 

data interpretation needs only another 2 hours or less. 30 
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(4) Acceptable accuracy and precision: the precision of the determined volume fraction is around 1 

±16% while that of the number density is about ±11%, the latter has been verified by 3DAP. 2 

4. Conclusions 3 

A facile method based on the CBED technique has been established to measure the volume 4 

fraction of nano-precipitates in crystalline materials with acceptable accuracy and precision, using the 5 

case studies of needle-like β″/C and Q precipitates in an aged Al-Mg-Si-Cu alloy as well as 6 

verifications by 3DAP analysis. The detailed characteristics of the method are: 7 

(1) The thickness of the TEM thin foil can be accurately calculated from a CBED pattern taken in 8 

two-beam condition, with a low uncertainty of ±3%. The number density and volume fraction of the 9 

precipitates in the observed region can then be calculated with the number and size of precipitates 10 

measured in low-magnification and HRTEM images. In the present case, the uncertainties for these two 11 

quantities are 11% and 16%, respectively, which is an improvement over the existing approaches. 12 

(2) The generally believed thickness detection limit of t > ξg (extinction distance) can be 13 

practically extended to t > 0.8·ξg, by considering both the bright and dark fringes in the dark disk of a 14 

CBED pattern. 15 

(3) The effect of indistinguishable contrast of the too short incomplete precipitates (l < lc) cut by 16 

the foil surfaces, was taken into account and compensated for by an equation of lc = 0.1·t, in order to 17 

increase the accuracy of the method. The reasonability of this equation has been confirmed since the 18 

number density obtained in this way is comparable to the one directly measured by 3DAP with a low 19 

mismatch of 4.5%. 20 

(4) The method can be efficiently performed on a regular TEM foil specimen with any modern 21 

transmission electron microscope, and it is highly dependable for measurement of volume fraction of 22 

fine nano-precipitates in a well-defined shape, of which the largest dimension varies from about 10 to 23 

200 nm. 24 
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Figure captions 1 

Figure 1. Two examples are shown of measuring the thickness by counting the extinction fringes in 2 

TEM images. The images were taken from: (a) the edge of a hole and (b) an inclined grain 3 

boundary (GB) in an aged Al-Mg-Si-Cu sample containing nano-precipitates. The orders of 4 

the fringes are indexed in the images, among which the value of i is not known. The zone 5 

axis of (a) and the lower grain in (b) is [001]Al. 6 

Figure 2. The measuring process of key parameters for calculating the volume fraction of Q 7 

nano-precipitates in the sample aged for 30 d. The average precipitate length (see red solid 8 

rectangles) was measured from a series of TEM BF image taken along [001]Al such as (a), 9 

and the average area of the transverse cross-section was measured from the HRTEM images 10 

shown as insets. Incomplete particles extending outside the field of view (see the blue 11 

dashed rectangle) are not included in the measurement. The number of needle-like 12 

precipitates along [001]Al is counted from another BF image in (b) along [001]Al, α tilt of the 13 

specimen is -15.94˚, β tilt is -3.57˚. A CBED pattern shown in (c) is then taken via a slight 14 

tilt from the [001]Al direction of the same region. α tilt of the specimen is -14.79˚, β tilt is 15 

1.26˚. The intensity line profile from A-B is shown in the lower part. The relationship 16 

between Si
2
/nk

2
 and 1/nk

2
 is linearly fitted with i = 4 as shown in (d). 17 

Figure 3. Schematic description of the relationship between the true number Nt and visible number Nv 18 

of the needle-like precipitates growing along the zone axis of [001]Al. Nt precipitates along 19 

[001]Al are contained in an observed volume of the foil specimen, but only Nv of them are 20 

visible since in TEM a needle shorter than lc would present very weak contrast. In the left 21 

part the precipitates are randomly distributed, in the right part the precipitates are manually 22 

shifted for simplification. 23 

Figure 4. The measurement of the parameters needed for calculating the volume fraction of needle-like 24 

β″/C nano-precipitates in the sample aged for 8 h. The average length of the precipitates is 25 

measured in (a) a BF image of a thin region nearby the hole in the TEM thin foil, Z = 26 

[001]Al. The length distribution of the precipitates is analyzed in the length-counts chart 27 

inserted, where the increment of length is 1.5 nm. The number of precipitates along [001]Al 28 

is counted in (b) a DF image (by selecting some reflections in the diffraction pattern in the 29 
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inset, Z = [001]Al) from a moderately thin region nearby. The thickness of this region (68 1 

nm) can be calculated from (c) the corresponding CBED pattern taken in the two-beam 2 

condition reached by a slight tilt. The calculation is done by linear fitting of the relationship 3 

between Si
2
/nk

2
 and 1/nk

2
 with i = 1 in (d). 4 

Figure 5. Comparison of the number densities of β″/C nano-precipitates measured by the CBED 5 

method and 3DAP in the sample aged for 8 h. (a) is the distribution of Mg within 6 

precipitates visualized by 3DAP analysis, the zone axis is close to [001]Al, the specimen 7 

volume is simplified into a truncated cone in (b) and a 3D model has been constructed to 8 

estimate how many precipitates should exist within the 3DAP specimen volume according 9 

to the number density measured by the CBED method (see section 3.3 for more details). It 10 

should be noted that precipitates i-v are incomplete in the specimen volume. The number 11 

density of the precipitates is also directly measured by 3DAP as shown in (c). 12 

Figure 6. Length distributions of (a) Q and (b) β″/C precipitates in samples 1# and 2#, respectively. 13 

The experimental distributions (see the bars) were fitted by Inverse Gaussian distribution 14 

(see the red curves) with the parameters provided in brackets. 15 

Figure 7. Computed random distributions of the visible precipitates along [001]Al in (a) sample 1# and 16 

(b) sample 2#, corresponding to Fig. 2b and Fig. 4b, respectively. See Section 3.5 for 17 

details. 18 

19 
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Table 1. Measured and estimated quantities by TEM and 3DAP. Data in brackets indicate standard 1 

error, N represents the (statistical) sample size, the symbols ± are followed by estimated error 2 

for the data before the symbols. 3 

Sample 1#: aged for 30 d 2#: aged for 8 h 

Nano-precipitate type Q (Fig. 2) β″/C (Fig. 4) 

Length l 103(3.7) nm (N= 292) 11.4(0.40) nm (N= 190) 

Area of cross section Acs 18.9(1.9) nm
2
 (N=17) 4.45(0.25) nm

2
 (N=26) 

Specimen thickness t 309 nm 68 nm 

Volume fraction Vf by CBED 1.08±0.17 % 1.35±0.21 % 

Vf  by the computational method 1.05% (N=10000) 1.35% (N=10000) 

Number density n by CBED 5.53±0.60×10
21

 m
-3

 2.66±0.30×10
23

 m
-3

 

n by the computational method 5.58×10
21

 m
-3

 (N=10000) 2.67×10
23

 m
-3

 (N=10000) 

Estimated number density in 3DAP 

specimen volume from n 

/ 3.68×10
23

 m
-3

 

Number density by 3DAP / 3.85 ± 0.33×10
23

 m
-3 

 4 

5 
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Appendix 1 

Matlab code for computing number density and volume fraction of precipitates in sample 1#. 2 

%One should first measure the length distribution and analyze the data using the dfittool in Matlab.  3 

%l= [l1,l2,l3.......]; 4 

%dfittool 5 

%Here an Inverse Gaussian distribution with parameters of mu=102.929 and lambda=272.891 was 6 

found to best fit the raw experimental data. 7 

%=============Run Here===================== 8 

n=1, 9 

B=zeros(10000,2); 10 

 11 

while n<=10000; %Run 10000 times, one could change the n value to reduce calculation time. 12 

A=zeros(282,7); %There were 282 precipitates found growing along [001]Al in the field of view 13 

i=1; 14 

xi=unifrnd(0,661); %generate random x coordinate for a precipitate 15 

yi=unifrnd(0,661); %generate random y coordinate for a precipitate 16 

zi=unifrnd(-290,290); %generate random z coordinate for a precipitate 17 

li=random('inversegaussian', 102.929, 272.891); %generate random length for a precipitate according 18 

to the Inverse Gaussian distribution 19 

while i<=282 20 

if (abs(zi)<123.6+li/2)&(li>0)&(li<320) %judge if this precipitate are visible in the foil sample or not, 21 

see Ineq. (1) 22 

A(i,1)=xi; 23 

A(i,2)=yi; 24 

A(i,3)=zi; 25 

A(i,4)=li; 26 

A(i,5)=i; 27 

i=i+1; %if yes, accept the precipitate 28 

end 29 

zi=unifrnd(-290,290); 30 

xi=unifrnd(0,661); 31 

yi=unifrnd(0,661); 32 

li=random('inversegaussian', 102.929, 272.891); % if not, generate another precipitate 33 

end 34 

 35 

i=1; 36 

while i<=282; 37 

if abs(A(i,3))<123.6-A(i,4)/2 38 

A(i,6)=1; 39 

A(i,7)=A(i,6)*A(i,4)*18.8916;%volume of a complete precipitate,18.8916 is the area of precipitate 40 

cross section in nm
2
 41 

i=i+1; 42 

else  43 

A(i,6)=(123.6+A(i,4)/2-abs(A(i,3)))/A(i,4); 44 

A(i,7)=A(i,6)*A(i,4)*18.8916; %volume of a incomplete precipitate 45 

i=i+1; 46 

end 47 

end 48 

B(n,1)=3*sum(A(:,6))/(661e-9*661e-9*309e-9*0.8); % Calculating nunber Density, area of field of 49 

view = 661*661nm2, thickness = 309 nm, this calculation considers precipitates contained in 80% of 50 

the thickness 51 

B(n,2)=3*sum(A(:,7))*1e-27/(661e-9*661e-9*309e-9*0.8); %Volume Fraction 52 

n=n+1; 53 
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n 1 

end 2 

%One has now 10000 groups of n & Vf values at hand, use the dfittool to get the average values and 3 

standard deviations. 4 
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