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Abstract

The full and half toroidal CVT have been the subject for many research papers. The efficiency
and behavior in steady state of both topologies has already been discussed in detail but until
now no special attention has been given to their behavior during ratio variation. Therefore,
this paper discusses the comparison of the full and half toroidal CVT during periods of ratio
variation focusing on the dynamic response and efficiency. The geometrical constraints for the
comparison are as follows: equal output inertia, equal maximum output torque at a speed ratio
of 1 and identical radial size. The results of the study are based on a model that describes the
behavior of both topologies and an algorithm that determines the optimal ratio variation. The
outcome of the study shows that the half toroidal outperforms the full toroidal CVT over the
entire operating range in terms of dynamics and efficiency during ratio variation.
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1. Introduction

Manufacturers of advanced drive trains specialized in the automotive industry encounter an
ever growing pressure due to increasingly stringent regulation concerning fuel consumption and
emissions. As a result, they are forced to innovate and one of those innovations is the Con-
tinuously Variable Transmission (CVT). In a CVT the speed ratio can be varied continuously
between two finite values. Due to their ability to vary the speed ratio in a stepless way, the CVT
is used to operate the Internal Combustion Engine (ICE) of a car in its most optimal point, which
results in lower fuel consumption [1, 2]. As the load conditions vary a lot due to road conditions
and traffic, the speed ratio of the CVT is constantly adapted towards the optimal value in terms
of efficiency of the system. This highlights the importance of a dynamic study. Besides the au-
tomotive industry, CVTs are also used in wind power systems. In those wind power systems, the
gear ratio is regulated to maintain a constant generator speed in order to increase the efficiency
of the system [3, 4, 5].
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In literature, several types of CVT are used: toroidal CVT, belt CVT, Milner CVT [6], hydraulic
CVT [7], wheel type CVT [8], . . . . However, the two mostly used types of variable transmis-
sions are the belt CVT and the toroidal CVT. Belt CVTs were the first type of CVT used in mass
production for automotive applications. As a result a lot of research has been done on the belt
CVT. Researchers have been working on the impact of pulley deformations [9], CVT dynamics
[10, 11], power losses in the belt itself [12], the effect of the control strategy on the fuel consump-
tion in a car [13], . . . Despite the advantages such as ease of implementation and control, the main
drawback of the belt CVT is still the limited torque capacity and low efficiency in comparison
with the toroidal CVT. Kluger [14] compared a variety of transmissions from which it is possible
to conclude that the toroidal CVT has an overall efficiency which is 5.4% higher compared to
the belt CVT. Imanishi [15] published a figure with the progress in torque capacity for CVTs.
The current limit for the toroidal CVT is around 400 Nm while the maximum torque capacity
for a belt CVT is 250 Nm. These findings are supported by Simons [16] (belt CVT 250 Nm) and
Shinojima [17] (toroidal CVT 390 Nm). A solution for the rather low torque capacity of the belt
CVT is provided in [18, 19] where a two stage chain CVT is presented. The maximum torque of
that two stage prototype is 500 Nm.

As mentioned before, the toroidal CVT is also used in the automotive industry. There are two
types of toroidal CVTs: the full and half toroidal variant (see Fig. 1). In the toroidal CVT,
power is transmitted from the input disk to the output disk through a system of rollers. From
the geometrical speed ratio, defined as S rID =

r3
r1

, it can be seen that by varying the contact
points of the rollers given by the distances r1 and r3 respectively, the speed ratio can be varied
in a continuous way. Indeed, these contact points can be changed smoothly by manipulating the
tilting angle γ of the rollers. To avoid a moving contact between two metal components and the
corresponding wear, a traction fluid is used.

In literature a number of modeling techniques are presented to describe the behavior of the
toroidal CVT [20, 21, 22] of which this paper uses the approach of Carbone [22]. In the pa-
per of Carbone, a detailed comparison of the steady state behavior of the full and half toroidal
CVT is discussed. The conclusion of that research was that the half toroidal CVT outperforms
the full toroidal over the entire operating range. Higher spin and losses due to higher slip are
mentioned as the main reasons for the lower efficiency. The limitation of this analysis is that
dynamic situations were neglected. However, in automotive and wind power applications, the
CVT is used while the speed ratio is varied. Hence, it is important to take a closer look into those
dynamic situations.

In the past, many researchers focused on the control of the speed ratio [23, 21, 24, 25] but
neglected or did not discuss the relation with the efficiency during speed ratio variation. In [26],
an algorithm is defined which is able to determine the optimal speed ratio variation in terms of
the speed of the ratio variation (dynamics) and efficiency. The algorithm is developed for toroidal
CVTs and can thus be used for both topologies. As it is the objective of this paper to compare
the dynamic behavior of both variants, taking into account the efficiency during ratio variation,
it is an obvious choice to use the algorithm in the comparison.

The main contribution of this work is that the dynamic behavior of both topologies is compared
throughout the entire operating range. Dynamic behavior is in this paper defined as a variation
in speed ratio. Efficiency variations during these dynamic events are discussed together with the
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Nomenclature
ωin input speed n number of rollers per unit
ωr roller speed m number of units
ωout output speed k aspect ratio
Tin input torque Eeff effective elasticity modulus
Tout output torque ãx ãy dimensionless semi-axes of the contact ellipse
Toutmax maximum output torque τ̃21X τ̃21Y shear stress levels at the input
TL load torque τ̃23X τ̃23Y shear stress levels at the output
TBL bearing torque losses ãx ãy dimensionless semi-axes of the contact ellipse
FN normal force µin µout traction coefficients at input and output
FNmax maximum normal force µoutmax maximum output friction coefficient
ωspin spin speed χin χout spin coefficients at input and output
σ spin ratio pmax maximum pressure
αin input acceleration Jout output inertia
S rID geometrical speed ratio bL damping of the load
τ actual speed ratio S C global sliding coefficient
γ tilting angle tdyn ratio variation period
r1 input radius CR conformity ratio
r3 output radius ∧ contact length parameter
θ half cone-angle ηω speed efficiency
ed eccentricity ηT torque efficiency
r22 roller curvature η efficiency
r0 cavity radius MSin MSout spin momentum at input and output
r2 roller radius FTin FTout traction force at input and output
Jr roller inertia Jr,out inertia of a single output disc

time taken to vary the speed ratio over a predefined step. As a result of this study, some design
guidelines, independent of the technology, are presented which have an impact on the dynamic
behavior of the CVT.

This paper is structured as follows. Section 2 discusses the geometrical differences between both
toroidal topologies. The model and the optimal ratio variation algorithm are briefly reviewed
in, respectively section 3 and 4. Section 5 describes the differences in torque capacity between
the full and half toroidal CVT. In section 6 the differences in dynamics are discussed while in
section 7 the differences in efficiency during ratio variation are considered. The design guidelines
are introduced in section 8. In section 9 additional dynamic results are given to validate the
considered figures and finally in section 10 the conclusions of the research are formulated.

2. Geometrical differences between half and full toroidal CVT

In this section the geometrical differences between the half and full toroidal CVT are high-
lighted. The geometrical structure of the half and full toroidal CVT is displayed in, respectively
Fig. 1 a) and b). Both topologies are clearly very similar and can therefore be defined by the
same set of geometrical parameters. The values given to these parameters can be found in Table
1 [22].
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Figure 1: a) Full toroidal CVT; b) Half toroidal CVT.

Table 1: CVT geometric data
Full toroidal CVT: Half toroidal CVT:
Cavity radius r0 = 40 mm Cavity radius r0 = 40 mm
Conformity ratio CR = r22

r0
= 0.67 Conformity ratio CR = r22

r0
= 0.8

Half cone-angle θ = π
2 rad Half cone-angle θ = π

3 rad
Aspect ratio k =

ed
r0

= 0.25 Aspect ratio k =
ed
r0

= 0.625
Number of rollers per unit n = 3 Number of rollers per unit n = 3
Number of units m = 1 Number of units m = 1
Speed ratio range τ = 0.5 − 2 Speed ratio range τ = 0.5 − 2

The parameter which identifies a toroidal CVT as the half or full variant is the half cone-angle
θ. In [27] the full toroidal CVT was defined as a toroidal CVT with a half cone-angle of π

2 rad.
Later many authors followed that definition [22, 28, 29]. The advantage of a half cone-angle of
π
2 rad is that the normal forces on the roller are balanced out. Therefore there is no resulting axial
force on the rollers and consequently no axial bearing is necessary. For the half toroidal CVT,
the half cone-angle is less strictly defined and varies around π

3 rad [30, 25, 22, 31, 32, 33]. A
half cone-angle between π

3 and π
2 rad is not interesting as this type of CVT does not benefit from

the steep traction curve of a half toroidal CVT nor will it benefit from low bearing losses in the
rollers due to zero axial force.

Another rather striking difference between both CVTs is the aspect ratio k. The aspect ratio k
is defined as the ratio of the eccentricity ed and the cavity ratio r0 (see Fig. 1). Unlike the half
cone-angle this difference is not based on a definition but on a constraint. In this paper the cavity
radius and the radial size of both CVTs are chosen to be identical. This constraint can only be
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fulfilled when both CVTs have a different aspect ratio [22]. The radial size is chosen to be the
same for both technologies as it has an impact on the torque capacity which has a large impact
on the dynamics as will be shown later on.

The last difference between both CVTs is the conformity ratio CR which is defined as the ratio
of the roller curvature r22 and the cavity radius r0. The reasoning behind the chosen value for CR
is given in section 5.2.

3. Model of the toroidal CVT

In the previous section it was shown that both CVTs have the same structure which is defined
by parameters such as the half cone-angle and conformity ratio. The difference between the half
and full toroidal CVT model is merely in the values of those parameters. As a consequence, the
same model can be used to simulate the behavior of both topologies. The model which is used
in this paper has been derived in [26] and is based on [22]. The model which is validated based
on multiple publications as stated in [26], is briefly summarized in this section.

The structure of the model is shown in Fig. 2. All variables are defined in the nomenclature
table. The model of the toroidal CVT consists of a mechanical and a contact model which are
both described in the next paragraphs. Furthermore, it contains a simple load model.

JL

bL

TL
Tout

ωout

FToutFTin

γ

Mechanical
the load
Model of

model

Tin

ωin

FN

Contact
model

TL

MSin MSout

Jin

Jr

Jr,out

Figure 2: Model structure of the half toroidal CVT

For the mechanical model, shown in Fig. 2, the dynamic equations of the complete CVT are
given in eq. (1) and are written based on the free body diagram visualized in Fig. 3. In the upper
equation, speed of the input disc is an input variable. This means that the dynamics of the input
disc are not considered. Note that dγ

dt is ignored in the middle equation due to its small impact.

TBL stands for the bearing losses and depends on the considered topology. In a half toroidal
CVT there is both an axial and radial force component on the rollers. Therefore, a combination
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of axial thrust and needle bearings are used to support the rollers [30, 31, 34]. This bearing
combination is not necessary for the full toroidal CVT as the axial forces are balanced out. As
a result only the needle bearings are necessary to support the rollers [31]. The models which
are used to calculate the torque losses in the bearing combinations are based on the equations
and data provided by SKF [35]. A similar method to model the bearing losses in toroidal CVTs
has been used in [29, 31, 36]. The impact of both speed and axial/radial force on the losses are
incorporated.

FDin
n

θ

γ

FN

FR

FDout
n

MSin

MSout

FTin

FTout

TBL

FN

FN

FN

MSout

MSin
FTin

FTout

Tin
nm

TL
nm

ωin

ωout

ωr

Figure 3: Free body diagram of half toroidal CVT. The symbol
⊗

is used for vectors pointing away from the reader.
The symbol

⊙
is used for vectors pointing towards the reader.


Tin = m n µinFNr1 + m nχinFNr1 sin (θ + γ)
Jr

dωr
dt = µinFNr2 + χinFNr1 cos (θ) − µoutFNr2 + χoutFNr3 cos (θ) − TBL

mJr,out
dωout

dt = m n µoutFNr3 − m nχoutFNr3 sin (θ − γ) − TL

(1)

The contact model used in this paper was originally presented in [22]. Carbone adapted a model
for fully flooded isothermal contacts to evaluate slip and spin losses. In the model, the pressure
distribution is calculated according to Hertz law. This assumption is generally accepted in hard-
EHL contact as the fluid film thickness of the oil is almost constant at high contact pressures
[22, 37]. Once the pressure distribution is known, the viscosity of the traction fluid can be
determined throughout the contact area. Through viscosity, film thickness is calculated by which
it is possible to determine the shear stress levels in the fluid film. The fluid properties can be
found in [26]. The last step in the contact model is to calculate the traction coefficients µ and the
spin momentum values χ. This is done by solving the integrals in eq. (2)-(5).
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µin = ãXin ãYin

∫ 1

0

∫ 2π

0
τ̃21XRdψdR (2)

µout = −ãXout ãYout

∫ 1

0

∫ 2π

0
τ̃23XRdψdR (3)

χin =
ãXin ãYin∧

r0r̃1

∫ 1

0

∫ 2π

0

(
ãXin τ̃21Y cosψ − ãYin τ̃21X sinψ

)
R2dψdR (4)

χout =
ãXout ãYout∧

r0r̃3

∫ 1

0

∫ 2π

0

(
ãXout τ̃23Y cosψ − ãYout τ̃23X sinψ

)
R2dψdR (5)

where µin and µout are the traction coefficients between input & roller and roller & output re-
spectively. The spin coefficients between the contacts are given by χin and χout. The shear stress
levels at input and output are defined as τ̃21X,τ̃21Y,τ̃23X and τ̃23Y. The dimensionless semi-axis
of the contact ellipses are represented by ãX and ãY. R and ψ are the result of the following
coordinate transformation: X = R cos (ψ)

Y = R sin (ψ)
(6)

with 0 ≤ R ≤ 1 and 0 ≤ ψ ≤ 2π.

4. Optimal ratio variation algorithm

As mentioned in the introduction, the optimal ratio variation algorithm defined in [26] will
be used to compare the ratio variation characteristics of both topologies. The main idea behind
the algorithm is to control the output torque of the CVT during ratio variation in such a way
that it never exceeds its maximum value. The advantage of this methodology is that the increase
in slip is minimized and the fastest possible speed ratio variation is obtained [26]. Because of
these properties, the algorithm is ideal to examine the differences in dynamics of the full and half
toroidal CVT.

The first step of the procedure, which is summarized in Fig. 4, is to calculate the optimal speed
ratio τ∗ by solving eq. (7) which has been derived in [26]. It is important to mention that the
output inertia Jout in this equation considers both the inertia of the output discs of the CVT Jr,out
as the inertia of the load JL.

dωin

dt
{τ∗(γ)}max + ωin

{
dτ∗(γ)

dt

}
max

=
Toutmax − TL

Jout
(7)

As the used model is driven by the tilting angle γ (see Fig. 2) and the solution of eq. (7) is
denoted as speed ratio τ∗ =

ωout
ωin

, the tilting angle has to be calculated based on eq. (8):

γ = −2 arctan

− (τ∗ + 1) sin (θ) +
√

(τ∗ + 1)2 sin2 (θ) − [(τ∗ − 1) (k + 1)]2 + [(τ∗ − 1) cos (θ)]2

(τ∗ − 1) [(k + 1) + cos (θ)]

 (8)
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The optimal path for the tilting angle can now be found by solving these equations iteratively
until the final desired speed ratio value is obtained. In eq. (7), the maximum output torque Toutmax

has a significant impact on the optimal tilting angle. Parameters such as the load torque and input
speed can be considered as input parameters while the output inertia is a constant, geometrical
parameter, defined in the design stage. When both CVTs will be compared the input and geomet-
rical parameters will be kept the same for comparative simulations. Therefore differences in the
output torque of both CVTs will result in differences in dynamics. The maximum output torque
of a toroidal CVT is defined as [26]:

Toutmax = m n FNmaxµoutmax r3 (9)

Eq. (9) indicates that the maximum output torque is determined by the total number of rollers
mn, the maximum normal force FNmax , the maximum friction coefficient µoutmax and the distance
between the contact point at the output and the center line of the output disk r3. The presence of
r3 indicates that the maximum output torque depends on the tilting angle and thus on the speed
ratio.

Besides the speed ratio, the maximum normal force FNmax has an impact on the maximum output
torque. This maximum normal force is determined by the maximum pressure which is defined at
the design phase of the CVT. Modern CVTs are designed in order to withstand pressures up to
3GPa [38, 22, 39]. The relationship between force and pressure can be written as [26]:

p̃max =
3
2

1
πãxãy

=
pmax∧

2

FN
(10)

Which can be redrafted as:

FN =
2
3
πãxãy ∧

2 pmax (11)

In eq. (11), the contact length parameter ∧ is equal to [22]:

∧ =

(
6FNr0

πEeff

) 1
3

(12)

Which can be used to rewrite eq. (11) in final form as:

FNmax =
32
3
πr2

0 p3
maxãx

3ãy
3 1

E2
eff

(13)

For further details considering the parameters in eq. (13), consider [26]. From eq. (13) it is clear
that the maximum pressure pmax has an important impact on the dynamics. If that maximum
pressure is increased due to design modifications or improved performance of the used traction
fluid, the maximum normal force will increase. Because maximum normal force defines maxi-
mum torque, pressure will thus have a significant impact on the dynamics of the CVT. Therefore
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it is very important that the maximum pressure is kept the same for both CVTs in order to have
a fair comparison.

eq. (13)
eq. (9)

γ
µmax

pmax FN

TL

Jout

d
dt

÷

ωin

ωout

αin

τ∗
γnexteq. (7)

eq. (8)

Figure 4: Work flow and required inputs for the proposed procedure.

5. Differences in torque capacity

The output torque Tout plays a significant role on the dynamics of the CVT. Therefore it is
vital to understand what influences the maximum torque Toutmax for both CVTs. If both topologies
are compared based on eq. (9), the following parameters can be eliminated as they are the
same for each variant: m, n and r3. Therefore, any difference in torque capacity will be due to
differences in maximum friction coefficient µoutmax or maximum normal force FNmax .

5.1. Maximum friction coefficient µoutmax

The maximum friction coefficient can be studied based on the traction curve which describes
the relation between the friction coefficient and the global sliding coefficient S C which is also
know as creep [22] or slip. From this relation, shown in Fig. 5, it is possible to observe that
there is no significant difference between the maximum value of the friction coefficient for both
topologies. This makes sense as the maximum friction or traction coefficient highly depends on
the chosen traction fluid [40, 41] which is the same for both topologies. What is striking, as also
being pointed out in [22, 31, 29], is the value for the global sliding coefficient at which these
maximum values are reached. The full toroidal CVT will reach its maximum friction coefficient
and thus optimal traction capabilities at much higher values of the global sliding coefficient
which means that it will operate at much lower speed efficiency values (ηω = 1 − S C). As
the optimal ratio variation algorithm aims for the maximum output torque and thus maximum
friction coefficient, it can be expected that efficiency during ratio variation will be lower for the
full toroidal than the half toroidal CVT as slip will increase more.

The differences in the traction curves of both topologies can be explained based on spin. Spin is
a parasitic effect which has its origin in the geometry of the roller and toroidal cavity [31]. The
spin velocity of the input disk can be written as follows:

ωspin = ωin sin(θ + γ) − ωr cos(θ) (14)
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The dimensionless form of spin is the spin ratio σ which indicates how much the CVT suffers
from spin. If slip is neglected the following equation for the spin ratio σ between input and
intermediate roller can be deduced [22]:

σ =
ωspin

ωin
=

cos γ − (1 + k) cos θ
sin θ

(15)

From eq. (15) it is easily seen that the spin coefficient σ will always be smaller for the half
toroidal CVT as the aspect ratio k for the half toroidal CVT is bigger than for the full toroidal
variant. This means that the full toroidal CVT is much more affected by spin motion. As spin
motion causes energy dissipation and a reduction in traction capabilities, it should be reduced as
much as possible. The higher the spin motion, the more creep (higher value for S C) is necessary
to transmit a certain amount of torque. As torque can be translated to a friction coefficient, under
the assumption of constant normal force, a default friction coefficient will be reached at higher
creep values for the full toroidal CVT. Hence, the difference in traction curve will predominantly
have an impact on the torque generation during dynamic situations while S C is varying.
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Figure 5: Friction coefficient at the output µout as function of global sliding coefficient S C. Speed ratio τ is equal to one
and the maximum pressure is kept constant at 2.5GPa. Blue, full line: half toroidal. Red, dashed line: full toroidal.

5.2. Maximum normal force FNmax

The second parameter which is discussed is the maximum normal force FNmax on the contact.
To get a first impression of the differences between both topologies, a comparison has been made
between the half toroidal CVT as presented in Table 1 and full toroidal CVT based on an optimal
parameter set as defined in [28]. This intermediate step is necessary to understand the reasoning
behind the chosen geometrical parameters for the full toroidal CVT which are listed in Table 1.
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The results of this intermediate comparison are shown in Fig. 6. The figure shows a compelling
difference in maximum normal force between both technologies. In this case the torque capacity
of the half toroidal CVT will be twice as big as the torque capacity of the full toroidal CVT.
However, this does not mean that the optimal parameter set produced by Delkhosh in [28] is
wrong as Delkhosh searched for a parameter set which would result in a full toroidal CVT with
the highest efficiency.
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Figure 6: Maximum normal force FNmax as function of speed ratio τ, based on the geometrical data listed in Table 1 with
the conformity ratio of the full toroidal CVT as exception (CR = 0.5). Results valid for a maximum pressure of 2.5 GPa.
Blue, full line: half toroidal. Red, dashed line: full toroidal.

In order to understand what lies at the origin of this difference it is important to know which
parameter has an impact on both torque capacity and efficiency. That parameter is the conformity
ratio CR. The optimal value, in terms of efficiency, is 0.5 according to [28]. This is confirmed
by Fig. 7. In this figure simulations are performed based on full toroidal CVTs with different CR
values. The figure clearly shows that for a value of 0.5 the efficiency is maximal. Higher values
of CR are penalized with a lower maximum efficiency but what is striking is the maximum torque
which is reached. For increasing CR, the maximum output torque is also increasing. This means
that the price to pay for efficiency optimization by constraining CR to 0.5 is a limited torque
capacity.

This phenomenon can be explained with Fig. 8. Given a maximum pressure, which is defined at
the design stage of the CVT, a certain maximum normal force can be calculated. As can be seen
in Fig. 8, the maximum normal force increases when the conformity ratio increases (for a fixed
contact pressure) and from eq. (9) it is known that if the maximum normal force increases the
maximum output torque will also increase. This makes sense as a larger conformity ratio will
result in a bigger contact area and thus a higher force can be applied to obtain a certain pressure.
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Figure 7: Efficiency η as function of load torque TL for conformity ratio CR between 0.5 and 0.7. Speed ratio τ is equal
to one and the maximum pressure is kept constant at 2.5GPa.
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Figure 8: Contact pressure p as function of normal force FN for conformity ratio CR between 0.5 and 0.7. Speed ratio τ
is equal to one.

The previous figures were based on a fixed speed ratio. By varying the speed ratio throughout the
simulations the torque capacity can be determined throughout the operating area. Fig. 9 gives
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an overview of the impact of the conformity ratio and the speed ratio on the maximum output
torque of the full toroidal CVT.
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Figure 9: Maximum load torque TLmax as function of speed ratio τ for conformity ratio CR between 0.5 and 0.7 at a
maximum pressure of 2.5 GPa.

What is noticeable in Fig. 9 is the negative effect of high and low speed ratio values on the
maximum output torque. This effect is clearly visible when the maximum output torques of the
half and full toroidal CVT are compared (see Fig. 10). In this comparison the conformity ratio
has been adapted in such a way that the maximum output torque at a speed ratio of 1 would be
the same for both CVTs. The fact that there is a clear difference in output torque means that there
will be a difference in dynamics.

To validate the curves of the maximum output torque, simulations have been performed through-
out the entire operating range of both CVTs. The load torque was increased until an unstable
condition (gross slip) occurred. The previous load torque (stable operation) was than plotted in
Fig. 10 as the *. The considered CVTs in Fig. 10 are modeled based on the geometrical data
listed in Table 1.
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Figure 10: Maximum load torque TLmax of the half toroidal (blue) and full toroidal (red) CVT as function of speed ratio
τ. The continuous lines represent the solution of eq. (9) while the * represent the values obtained in simulation. CVTs
modeled based on geometrical data listed in Table 1.

6. Differences in dynamics

To compare the dynamics, the process of ratio variation has been monitored for a delta in
speed ratio of 0.1 throughout the operating range. To this end, the optimal ratio variation algo-
rithm (see Fig. 4) is used to calculate the optimal path of the tilting angle from the initial speed
ratio τ0 until the final speed ratio τ0 ± 0.1 (acceleration and deceleration). This predefined delta
value has been chosen based on Fig. 11. The figure shows the response of the half toroidal CVT
during ratio variation for two different delta values: 0.025 (red curve) and 0.1 (blue curve). What
should be noticed is that the maximum output torque is not immediately achieved. The delta
value is thus selected such that the maximum output torque is achieved before or at the end of
the ratio variation process. This phenomenon is due to the fact that the output inertia Jout needs
to be accelerated which takes some time and limits the dynamics. This Jout is chosen to be 0.1
kgm2 for both topologies. In this value for Jout, both the inertia of the output disc Jr,out and a load
inertia JL have been considered in order to achieve more realistic values for the ratio variation
period.
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Figure 11: a) Maximum output torque Toutmax (full line) and actual output torque Tout (dashed line) for a delta in speed
ratio of 0.1 (blue curve) and 0.025 (red curve). b) Speed ratio τ for a delta in speed ratio of 0.1 (blue curve) and 0.025
(red curve).

Fig. 12 displays the time needed for the half toroidal CVT to vary the speed ratio over the default
value of 0.1 as function of speed ratio in case of acceleration (continuous line) and deceleration
(dashed line). The different colors represent speed ratio variations for different load torque TL.
The green line, for example, shows the dynamic behavior at a load torque of 150 Nm.

The optimal path of the tilting angle is calculated based on eq. (7). This equation shows that the
difference between the maximum output torque and the actual torque is inversely proportional
with the ratio variation period (Toutmax − TL ∼

1
tdyn

). This can also be deduced from Fig. 12. Take
for example the acceleration phase (continuous lines) and a speed ratio τ of 1, then the maximum
output torque Toutmax for all considered points is the same. As the blue line TL,blue corresponds
with the lowest load torque, Toutmax − TL is largest for the blue line. Therefore, the ratio variation
period of the blue line is expected to be the shortest which is confirmed by Fig. 12.

This inversely proportional relation is also observable at the boundaries of the curves. When the
difference between torque capacity and load torque becomes small, the period of ratio variation
soars to extremely high values. Some curves are limited to a certain speed ratio as the load torque
becomes higher than the torque capacity (black curve).

Considering a comparison between the acceleration and deceleration phase it is possible to say
that the ratio variation period of the deceleration phase is shorter over the entire operating range
than the acceleration phase (see Fig. 12). This makes sense as in the deceleration phase, the load
torque actively decelerates the output. The larger this active component, the bigger the difference
between acceleration and deceleration (black line in comparison with blue line). Besides this
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difference the deceleration phase follows the same trend as the acceleration phase. Therefore, for
the remainder of the paper, only the acceleration phase will be further discussed.

0.5 1 1.5 2
speed ratio τ [ ]

0

20

40

60

80

100

120

140

160

180

200

ra
tio

va
ri

at
io

n
pe

ri
od

t d
yn

[m
s]

200 150 100

50

Figure 12: Ratio variation period tdyn [ms] of the half toroidal CVT as function of speed ratio values τ between 0.6 and
2 for load torque values TL between 50 and 200 Nm. The continuous lines represent the acceleration phase while the
dashed lines represent the deceleration phase.

To compare the dynamics of both topologies, the half toroidal CVT is used as reference. The
difference in dynamics is plotted as a percentage difference where 0% stands for an equal ratio
variation period. The results are shown in Fig. 13. From this figure it is easy to deduce that
the half toroidal outperforms the full toroidal over the entire operating range. The difference
becomes bigger for increasing speed ratio. This is something which could be expected based on
Fig. 10. As speed ratio increases, the difference between the torque capacity increases which
results in larger differences in ratio variation period.

Despite the proven link between torque capacity and ratio variation period, some deviations
from what could be expected are noticeable. Between a speed ratio of 0.75 and 1.2 the maximum
output torque of the full toroidal CVT is equal or slightly higher than the maximum output torque
of the half toroidal CVT (see Fig. 10). Based on this information, one could expect a shorter
ratio variation period in that region of speed ratio values. Fig. 13 shows that this is not the case
and the reason for it is the difference in slip (global sliding coefficient or creep). As shown on
the traction curve (see Fig. 5), both CVTs will operate at entirely different values for slip if the
maximum output torque is required. In case of the full toroidal CVT this means much higher
slip levels which increase even more during ratio variation. The higher the variations in slip,
the longer it takes before slip reaches its steady state value which is a disadvantage for the full
toroidal CVT. This drawback explains why the full toroidal is slower even in the area where its
maximum torque overcomes the maximum torque of the half toroidal CVT.
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Figure 13: Difference in ratio variation period
tdyn,full−tdyn,half

tdyn,half
[%] between half and full toroidal CVT.

7. Differences in efficiency during ratio variation

As mentioned in section 6, slip will increase much more during ratio variation for the full
toroidal CVT than for the half toroidal CVT. This statement is confirmed by Fig. 14 where it can
be observed that not only the steady state values for the slip are much higher for the full toroidal
compared to the half toroidal CVT but also the peak values during ratio variation.

The figure also shows the impact of the load torque on the slip. As the load torque increases,
slip reaches higher peak values during ratio variation. While slip variations during ratio variation
are limited to 1-2% for the half toroidal CVT, this number is up to 3 times bigger for the full
toroidal CVT. This also means that the torque capacity during ratio variation will be influenced
much more for the full toroidal CVT than for the half toroidal CVT as gross slip will occur much
faster. This can be observed on Fig. 15 where there is a clear difference in maximum output
torque during ratio variation although they have the same steady state torque capacity as shown
in Fig. 10.

To calculate the efficiency in dynamic situations, the instantaneous power at the input and output
are used:

η =
Pout

Pin
=
ωoutTout

ωinTin
(16)

in which, according to [22], the input and output torque can be written in terms of traction
coefficients as follows:
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Tin = mnFNr1 (µin − χin sin (θ + γ)) (17)
Tout = mnFNr3 (µout − χout sin (θ − γ)) (18)

leading to the following equation for the efficiency:

η =
ωout (µout − χout sin (θ − γ)) r3

ωin (µin + χin sin (θ + γ)) r1
(19)

To synthesize the efficiency in one value during dynamic situations, the average efficiency during
the period of ratio variation is calculated. The period is fixed for each operating point and is
defined by the period of ratio variation of the full toroidal CVT. The 2 main reason for this are:
the period over which the average is calculated has to be the same for both topologies and the
period of ratio variation for the full toroidal CVT is always longer. The efficiency values during
ratio variation can be found in Fig. 15 a) and b).
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Figure 14: Slip during ratio variation as function of time for different values of load torque TL. a) Full toroidal CVT. b)
Half toroidal CVT. Blue, full line: 190 Nm. Red, dashed line: 210 Nm. Orange, dotted line: 230 Nm.
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Figure 15: Comparison of the efficiency [%] during ratio variation of the toroidal CVT as function of the load torque TL
and the speed ratio τ. a) Full toroidal CVT. b) Half toroidal CVT.

To actually compare the efficiency of both technologies during ratio variation, the difference of
both maps is presented in Fig. 16. This figure shows that the half toroidal CVT outperforms the
full toroidal CVT over the entire operating range in terms of efficiency during ratio variation.
These results were predicted in section 5.1 where the link between the traction curve, the optimal
ratio variation algorithm and the efficiency was highlighted.
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8. Design guidelines

Based on the results presented in this paper it is possible to provide the reader with some
design guidelines. The goal is to highlight some trends which can be used in the design process
of the CVT or bring added value at system level design [42].

In this paper it has been demonstrated that the output torque has a vital impact on the dynamics
and that this is independent of the type of topology which is considered. Starting from the equa-
tion for the maximum output torque (see eq. (9)), it is possible to identify 3 main contributors
to the maximum torque of a toroidal CVT. These are the number of contacts mn, the maximum
normal force FNmax and the maximum friction or traction coefficient µoutmax . The value r3 is not
considered as this value only identifies the relation between maximum torque and speed ratio
and is therefore no parameter which can be optimized in the design stage.

The first term (mn) is related to the units and rollers. This term has a multiplication effect on
the output torque which increases the dynamic capabilities but also increases the complexity of
the device. Moreover, increasing mn will require more bearings to support the additional rollers
and units. This will of course increase the losses of the system but there will also be a cost in
terms of material and sizing as the total CVT will become bigger. The bigger size results in
another potentially negative side effect: increased inertia. Higher inertia will have, as in any
dynamic system, a negative impact on the ratio variation properties. Doubling the output inertia
(Jout = Jr,out + JL) will result in a ratio variation period which is two times longer. An important
note on that statement is that an increase in the inertia of the output disc Jr,out will only have a
significant impact on the dynamics if the inertia of the load JL is of the same order of magnitude.
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The second term (FNmax ) is much more interesting to investigate as it is related to the design of the
internal components of the CVT. As shown in section 5.2, the maximum normal force is highly
dependent on the conformity ratio CR which is chosen. Fig. 7 showed that a higher conformity
ratio resulted in a higher maximum output torque due to an increased maximum normal force.
The side effect of this action was that the maximum efficiency decreased. These relations are
now highlighted in Fig. 17 for a wider range of conformity ratio values. The figure confirms the
optimal CR value of 0.5 in terms of efficiency found by Delkhosh in [28]. On the other hand, the
figure also shows that when the conformity ratio is increased towards 0.7, the maximum output
torque is doubled while the efficiency decrease is fairly limited. Therefore, the conformity ratio
is identified as a very important parameter in terms of the dynamic capabilities of the CVT.

The third and last term (µoutmax ) is defined by the fluid characteristics of the traction fluid. The
importance of the friction coefficient was already briefly mentioned more than a decade ago [43].
It was stated that higher traction coefficients were needed to meet the requirements of automotive
transmissions in terms of power and thus torque. In [40] a list of traction fluids is published
with their traction characteristics. Other researchers investigated the link between rheological
properties and the traction coefficients. In [41, 44] it is shown that there is a positive correlation
between the pressure viscosity coefficient and the maximum traction coefficient. Therefore it can
be concluded that the pressure viscosity coefficient has an important impact on the maximum
friction coefficient.

For dynamic simulations it is not only the maximum friction coefficient which matters, also the
gradient towards that maximum value plays its role on the results as elaborated in section 6. This
gradient is influenced by spin as shown in section 5.1, which can be limited by high values for
the aspect ratio.
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Figure 17: Maximum efficiency ηmax and maximum load torque TLmax for conformity ratio CR between 0.3 and 0.7.
Speed ratio τ is equal to one and the maximum pressure is kept constant at 2.5GPa.
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9. Discussion

In this closing section dynamic results as function of time are shared and their relation with
Fig. 13 and Fig. 16 is discussed.

As presented earlier, the difference in dynamic response is summarized in Fig. 13. As validation
of this figure, a simulation has been performed in which a series of stepwise speed ratio variations
are demanded from both CVTs at a constant load torque of 100Nm (Fig. 18 a)). The step size
for these simulations is 0.2.

Fig. 18 a) shows that the difference in ratio variation period between the full and half toroidal
CVT is relatively small at low speed ratio values. At higher values, τ equal to 1.3-1.5, the
difference suddenly increases much faster. This has been predicted by Fig. 13 where for a load
torque of 100Nm no clear variation in difference in speed ratio variation is noticeable until a
speed ratio of 1.5.

The reasoning behind this remarkable change can again be explained based on the torque capacity
of both topologies. Fig. 10, which displays the torque capacity, shows that from a speed ratio of
1.3 on, the difference in torque capacity grows in favor of the half toroidal CVT. This change has
its impact on the dynamics which can be seen in Fig. 13.
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Figure 18: a) Speed ratio variation of the half toroidal (blue curve) and full toroidal (red curve) CVT. The desired speed
ratio is given as the black curve. b) Efficiency [%] of the half toroidal (blue curve) and full toroidal (red curve) CVT.

To analyze the difference in efficiency, Fig. 16 is compared with Fig. 18 b). Fig. 16 indicates that
significant differences in efficiency will be observed for high speed ratios which is confirmed by
18 b).
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Besides the ability to analyze the correctness of Fig. 16, Fig. 18 b) reveals a remarkable trend
in the efficiency time series of the half toroidal CVT. It is already proven that the toroidal CVT
has a higher efficiency for higher speed ratio [36] but during the transition between speed ratios
it is expected to see a drop in efficiency due to the slip which inevitably increases during ratio
variation. This phenomenon is clearly visible for the full toroidal CVT but the opposite is true
for the half toroidal CVT.

To explain this behavior, the efficiency is split up in a term which considers the torque efficiency
ηT (Fig. 19 a)) and a term for the speed efficiency ηω (Fig. 19 b)) [22].

ηT =
µout − χout sin (θ − γ)
µin + χin sin (θ + γ)

(20)

ηω =
ωoutr3

ωinr1
= 1 − S C (21)

What should stand out in Fig. 19 b) is the very high speed efficiency. The reason for the high
value is that the pressure in the contacts is controlled and not the slip or speed efficiency. This
enabled the authors of this paper to compare the dynamics in a standardized way with fixed torque
capacity for both topologies but leads to high speed efficiency values due to too high clamping
forces, certainly if the load torque is low.

A consequence of this high speed efficiency or low slip is that the traction coefficient is too low
and thus far from ideal. When ratio variation is initiated, slip increases which shortly optimizes
the traction conditions leading to a steep increase in torque efficiency. This happens when the
speed efficiency drops towards 98%. As the increase in torque efficiency is larger than the de-
crease of the speed efficiency due to increased slip, the efficiency increases continuously during
ratio variation.

This phenomenon can occur at low load torque values for half toroidal CVTs which have a
high clamping force to input torque ratio (for safety reasons). This means that even at a low
input torque (because the load is relatively small) the clamping force is much more than strictly
necessary. In [26], it is shown that this has a negative effect on the steady state efficiency but
improves the dynamic response of the CVT.
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Figure 19: a) Torque efficiency of the half toroidal CVT ηT [%] b) Speed efficiency of the half toroidal CVT ηω[%]

10. Conclusions

In this paper a comparison is made between the full and half toroidal CVT during dynamic
situations. The dynamic response is defined as the period in which the speed ratio is increased by
a default value of 0.1. To calculate this quantity, the optimal ratio variation algorithm has been
used. Based on that algorithm it is found that the torque capacity of the CVT plays a vital role in
the dynamics.

The torque capacity is predominantly defined by the number of contact points, the traction curve
and the conformity ratio. The number of contact points can be increased by the number of
elements. But this induces problems with sizing and increases losses and complexity of the
system. The gradient of the traction curve will play its roll in dynamic situations while the
maximum value has its impact on the maximum value of the torque in steady state. The chosen
fluid and the amount of spin in the CVT are shown to have a great impact on the traction curve.
The conformity ratio, at last, has its impact on torque through the maximum normal force. By
varying the conformity ratio it is shown that there is a trade-off between maximum output torque
and efficiency. However, this paper proves that the efficiency decrease is negligible compared to
the increase in maximum output torque.

The comparison of the dynamic results shows that the half toroidal CVT performs better than the
full toroidal CVT over the entire operating range both in terms of dynamics and efficiency. The
higher maximum torque at low and high speed ratio values and the much steeper traction curve
are the most important reasons for these conclusions. Higher maximum torque results in faster
ratio variation and the steeper traction curve induces less slip and thus higher efficiency during
ratio variation.
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