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Samenvatting

Numerieke analyse van de patroonvorming bij auxine transport model-
len

Kennis over het groeiproces van planten en over de invloed van verschillende
stimuli op dat proces is zeer belangrijk omdat het een onmiddellijk effect heeft
op de productiviteit en omdat het de voedselvoorraad kan verbeteren en vei-
ligstellen voor een exponentieel groeiende wereldbevolking. Plantengroei is
een complex zelf-organiserend proces met feedback loops en interacties tus-
sen de verschillende componenten van een plant. Omwille van het beperkt
aantal experimenten dat vandaag uitgevoerd kan worden is de hoeveelheid
aan experimentele data gelimiteerd. We proberen daarom onze kennis over
plantengroei te vergroten door experimenteel onderzoek te combineren met
wiskundige modellen.

Een belangrijk onderzoeksonderwerp hieromtrent is de analyse van auxine
transport modellen. Auxine is een planthormoon dat een zeer grote invloed
heeft op het groeiproces: de verdeling van auxine heeft namelijk een directe
invloed op het patroonvormingsproces tijdens de groei en ontwikkeling van
een plant. Experimenteel onderzoek heeft reeds getoond dat auxine zowel
passief als actief getransporteerd wordt doorheen een weefsel. Het actieve
transport is mogelijk door de aanwezigheid van auxine carriers maar het
exacte mechanisme achter dit transport is nog onbekend. Daarom bestaan
er vele auxine transport modellen welke allemaal gebaseerd zijn op verschil-
lende hypotheses.

Dit proefschrift focust op de analyse van concentratie gebaseerde mo-
dellen. Dit zijn modellen gebaseerd op de hypothese dat de lokalisatie van
auxine carriers veroorzaakt wordt door verschillen in auxine concentratie tus-
sen buurcellen. De modellen in dit proefschrift zijn voorgesteld als dynami-
sche systemen en bestaan uit zeer grote stelsels van gekoppelde niet lineaire
gewone differentiaal vergelijkingen met veel parameters. Voor de meerder-
heid van deze parameters bestaat er veel onzekerheid over de waarde aange-
zien deze moeilijk te meten zijn in isolatie.

Het doel is om de auxine verdeling in een celweefsel te kunnen voorspel-
len en te weten hoe te beïnvloeden opdat een verschillend patroon optreedt.
Daarom zijn we voornamelijk geïntereseerd in de steady state oplossingen
en hoe deze afhangen / beïnvloed worden door de parameters. Met behulp
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van numerieke continuatie methoden en bifurcatie analyse gaan we het oplos-
singslandschap in functie van de parameters in kaart brengen.

We hebben een open source software pakket PyNCT ontwikkeld welke deze
methoden bevat. In tegenstelling tot de grootste groep bestaande software is
onze toolbox gebaseerd op sparse lineaire algebra en zijn er geen beperkin-
gen op het aantal onbekenden of op de grote en vorm van een celweefsel.
PyNCT laat toe om snel te experimenteren met modellen en heeft een zeer
lage drempel voor niet-technische gebruikers. Biologen kunnen met onze soft-
ware verschillende transport modellen vergelijken en daardoor verschillende
hypothesen testen op een eenvoudige manier.

Verder hebben we in dit proefschrift een grote groep van bestaande model-
len beschreven aan de hand van één definitie en één hypothese en hebben we
het patroonvormingsmechanisme van deze modellen geanalyseerd met behulp
van PyNCT. In de literatuur vinden we reeds voor verschillende modellen be-
wijs dat er een oplossing met auxine pieken bestaat. Wij zijn een stap verder
gegaan en hebben voor de gehele klasse van modellen het mechanisme ach-
ter deze patroonvorming bepaald. Voor regelmatige, onbegrensde weefsels
vinden we een algemene Turing bifurcatie in functie van de actieve transport
coëfficiënt T . Dit Turing punt duidt de grens aan waar auxine patronen met
pieken bestaan. Voor begrensde weefsels die de realiteit beter weergeven,
ontstaan er auxine pieken als een gevolg van de geometrische eigenschappen
van een regio van cellen. In dit scenario bestaan er meerdere fundamenteel
verschillende oplossingen voor dezelfde parameters. Deze oplossingen ver-
tonen een verschillend aantal auxine pieken en staan in verband met elkaar
via een snaking bifurcatie structuur. Een snaking bifurcatie structuur is reeds
gekend in vele niet-lineaire toepassingen, maar is nog niet waargenomen bij
plantmodellen. Naast de analyse van auxine transport in statische weefsels,
hebben we ook een interface gemaakt om groeiende weefsels te bestuderen.
Ondanks het feit dat deze studie slechts een inleiding geeft hebben we reeds
een aantal belangrijke resultaten ontdekt: enerzijds vinden we dat verschil-
lende auxine patronen kunnen voorkomen tijdens de groei van een weefsel en
anderzijds tonen we dat de aanname om auxine transport en groei sequentieel
te modelleren geen goede benadering van de realiteit is.

De resultaten in dit proefschrift geven ons meer inzicht in het patroonvor-
mingsproces van auxine transport modellen enerzijds en de eigenschappen
van deze modellen anderzijds. Tezamen met verder experimenteel onderzoek
kunnen ze onze kennis over plantengroei vergroten.



Summary

Numerical analysis of pattern formation in auxin transport models

Knowledge about the growth process of plants and how it is affected by differ-
ent stimuli is very important because it can have an immediate impact on the
productivity and can improve and secure the food supply for the dramatically
increasing world population. Plant growth is a complex self-organizing pro-
cess with feedback loops and interactions between different components over
the whole tissue. Due to the restricted set of experiments that can be per-
formed today, the amount of experimental data is still limited. For this reason,
we try to expand our knowledge on plant growth by combining experimental
research with mathematical modelling.

An important research topic in the context of plant growth is the analysis of
auxin transport models. Auxin is a plant hormone that has a major influence on
the growth process: the auxin distribution has a direct impact on the pattern
formation process during growth and development. Experimental research
reveals that auxin is transported in a passive and an active way throughout a
tissue. The active transport is enabled by the presence of auxin carriers but
the exact mechanism behind this process is still unknown. Therefore many
different auxin transport models exist all based on different hypotheses.

In this thesis we focus on the analysis of concentration-based models, mod-
els based on the hypothesis that the localization of the auxin carriers is caused
by differences in auxin concentration between neighbouring cells. The models
are presented as dynamical systems and consist of large systems of coupled
non-linear ordinary differential equations with a huge set of parameters. For
the majority of these parameters there is still a large experimental uncertainty
since they are very hard to measure in isolation.

The goal is to predict the auxin distribution pattern and how it is influenced
by different stimuli. Therefore we are mostly interested in the steady state so-
lutions of auxin transport models and how they depend/ are influenced by the
parameters. We use a dynamical systems approach with numerical continua-
tion methods and bifurcation analysis to detect the solutions and their stability
as a function of the parameters. We developed an open source software pack-
age PyNCT, that contains these methods and calculates the solution landscape
in function of the different parameters for all transport models. In contrast to
the largest group of existing numerical continuation software, our toolbox is
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based on sparse linear algebra and it has no limitations on the number of
unknowns or the size and shape of the tissue. PyNCT allows a quick experi-
mentation and has a low entry barrier for less technical users. Biologists can
now compare various transport models and explore different hypotheses more
easily.

We also classify a large group of existing models and use our software
tool to calculate and analyse the pattern formation mechanism behind these
models. Literature already states that many of these models are capable of
forming patterns with auxin peaks. We go one step further and reveal the ex-
act pattern formation mechanism behind this class of models. For unbounded
regular tissues we find a general Turing bifurcation scenario in function of the
active transport coefficient where solutions with peaks exist after this Turing
point. For bounded tissues, peaks arise as a consequence of the geometry if
the active transport coefficient is varied. In this scenario multiple patterns
with a variable number of localized peaks are possible for the same parame-
ter set. We relate this occurrence to a snaking bifurcation structure, which
is known to arise in a wide variety of non-linear media, but has not yet been
reported in plant models. Besides these static tissues, we also set up a frame-
work to study growing tissues in time. Although this study is only preliminary,
we already reveal that many different auxin distribution patterns can arise.
Further we also show that the common assumption that auxin transport and
growth dynamics occur in sequential order is not always a good approximation
of reality.

All results in this thesis give us more insight in the pattern formation mech-
anism behind auxin transport models and must be complemented with experi-
mental research to enlarge our knowledge about the growth process of plants.
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CHAPTER 1
Introduction and

motivation

1.1 Motivation

Today one of the key research topics in biology is to understand biological
phenomena in such detail that accurate predictions can be made. One of the
phenomena actively studied nowadays is plant growth. A complete knowledge
about plant growth and how it is affected by different stimuli (for example
gravity, production of a hormone in a cell, environmental conditions, nutrient
supply and genetics) can improve and secure the food supply for the dramati-
cally increasing world population.

Plant growth is a complex self-organizing processes with feedback loops
and interactions between different components over the whole tissue. Due
to the restricted set of experiments that can be performed today, the amount
of experimental data is still limited. For this reason, researchers try to ex-
pand their knowledge of plant growth by combining experimental research
with mathematical modelling. A useful step towards understanding this com-
plex process is to decompose it into smaller and simpler processes and take a
mathematical point of view. Such a mathematical viewpoint facilitates the de-
scription of the processes at different levels of abstraction. Studying the pro-
cesses mathematically can reveal new hypotheses, lead to experiments driven
by computational research and/or exclude different hypothesis. Furthermore
it can show how the processes are influenced by investigating the role of the
physiological parameters.

In the last years, computational modelling has become a very important
tool in developmental plant biology that makes it possible to study the growth
of a plant starting from first principles. This thesis studies such models and
develops the computational and numerical methods to solve them. Typically,
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2 CHAPTER 1. INTRODUCTION AND MOTIVATION

biological models contain many parameters. How the solution depends on
these parameters is our main biological research question. Besides the pa-
rameters, the models also contain many variables. Both the number of pa-
rameters and the number of variables increase rapidly when more detailed
models are used. During my PhD I used numerical methods and tools that
exploit the model properties and solve the system efficiently even when it be-
comes larger and more complex. Other difficulties arise when solving models
that describe biological processes that occur at different time scales. Further-
more all methods and software tools presented in this thesis are also useful
for studying other biological or non-biological systems.

1.2 Biological background

A specific research topic in the context of plant growth is the study of the pat-
tern formation. For centuries, the formation of well-defined patterns in plants,
such as the orientation and shape of leaves, their venation patterns, the spatial
distribution of hairs and stomata, the early embryonic development patterns
and the branching patterns in both root systems and treetops, has intrigued
many scientists because of the regularity and mathematical properties.

Recently, experimental research has identified a number of molecular com-
ponents that play a major role in these pattern formation processes. The
molecular component that is presently the most and widely studied is indole-
3-acetic acid (IAA). IAA is a plant hormone and member of the auxin family.
Experiments have shown that the transport of IAA, which leads to accumula-
tion points of the IAA hormone, plays a central role in the pattern formation
process during growth and development [12, 17, 18, 31, 67, 86].

For example, experimental studies of growth regulation showed that peaks
of high auxin concentration emerge at the epidermis of the shoot apical meris-
tem (SAM). The SAM is part of the plant tissue located at the tip of the shoot
axis and is characterised by continuous cell division and growth. It produces
lateral organs such as leaves and flowers. Those spots of high auxin con-
centration that emerge in the SAM give rise to the initiation of primordia (an
organ in the earliest stage of development). Benkova et al. showed experimen-
tally that peaks of high auxin concentration emerge at the positions where
new primordia form [17]. Later this was also validated by numerious inde-
pendent experiments [29, 47, 52, 65, 82, 86, 94]. The positions of these new
primordia and thus the lateral organs around the central axis are arranged
regularly. Such arrangement is called the phyllotactic pattern of the plant.
The pattern is species dependent, but not necessarily constant throughout de-
velopment [75]. They can be whorled (which means that more than one new
primordium develops simultaneously) or spiral (single primordia are created
sequentially) [95].

Other experimental studies show that the distribution of auxin in the root
tip coordinates cell division and cell expansion [44, 49]. In models of root
hair initiation, data showed that intracellular levels and gradients of auxin
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concentration influence the localization of G proteins, which in turn promote
hair formation [19]. In addition, it is known that the distribution of auxin in
the leaf primordia mediates vascular patterning [86] and it is known that the
high peaks of auxin concentration that occur at the boundary of a leaf are
correlated with the resulting shape of the leaf [18]. Figure 1.1 illustrates the
different processes and patterns that are regulated by auxin in post-embryonic
development according to the reverse/inverse fountain model [17].

Figure 1.1: Processes and patterns regulated by auxin in post-embryonic develop-
ment according to the reverse (shoot) and inverse (root) fountain model ([17]). Blue
arrows indicate the paths and directions of auxin flow. Blue circles mark points of
auxin accumulation. Reprinted from [80].

Due to this new data, an important research question emerged:

How is auxin (IAA) transported throughout a plant and how do auxin peaks
arise?
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1.3 Passive and active auxin transport

In general molecules are transported in a passive way from cell to cell through
the cell walls by diffusion. This transport is from high- to low concentration
and requires no energy.

In addition, experiments show that IAA is also transported in an active
way. IAA is a weak acid and most IAA is polarly charged. Therefore these
molecules are not able to enter or leave the cell from the extracellular space
on their own. Auxin carriers enable this influx, i.e. the import of IAA into the
cell, and efflux, i.e. export of IAA out of the cell. Since these IAA molecules
can only transport via importers and exporters, the transport is called active
transport. Figure 1.2 is a simplified schematic representation of this active
transport.

:	  efflux	  carriers

:	  influx	  carriers

:	  direction	  of	  IAA	  flow

Figure 1.2: A schematic representation of the transport of IAA on cellular level. IAA is
actively transported to the intracellular space by efflux carriers and imported by influx
carriers.

Okada et al. [78] and Gälweiler et al. [42] identified the first auxin exporter,
PIN-FORMED1 (PIN1), in Arabidopsis. PIN1 belongs to the well known PIN
(PIN-FORMED) family and is the main auxin efflux carrier [42]. Microscopic
observations show a polar (asymmetric) localization of PIN1 on the plasma
membrane within individual cells. The data shows that PIN1 is located mostly
on one side of the cell. This localization of PIN1 generates a flow of auxin and
influences the direction of auxin transport (see Figure 1.2). This flow of auxin
is called the polar auxin transport.

PIN1 exports auxin from the cell to the extracellular space and AUX/LAX
proteins import auxin actively into the cells again [97]. These proteins are
the influx carriers and are, in contrast to the PIN1 proteins, mostly located
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uniformly on the cell membranes as showed on Figure 1.2. They also play a
role in the formation and maintenance of auxin peaks [10].

To simplify the models, the extracellular space is often ignored. IAA is then
still transported in a passive and active way. But in that case, auxin exported
out of the cell, is immediately imported in the neighbouring cells and since
the role of AUX/LAX proteins is limited in comparison with the influence of
PIN1 proteins, PIN1 is often the only carrier considered to model the active
transport. Therefore the direction of auxin transport is mostly determined by
the polar localization of PIN1.

Experiments also showed that in turn, this PIN1 localization is influenced
by auxin. This creates a complete feedback loop between auxin and PIN1:
PIN1 proteins control the rate and direction of auxin transport and auxin con-
trols the localization of PIN1 proteins. This coordinated activity across many
cells creates peaks of auxin and thus influences growth.

Based on these new molecular data, scientists started to describe the auxin
transport process with cell-based models. Because the mechanisms through
which auxin accumulates in certain cells remain largely unclear, many models
are developed based on different hypotheses. Generally, it is assumed that
there is a feedback between IAA and PIN1 distribution as explained above,
but the knowledge about the exact localisation mechanism of PIN1 is still
incomplete [40]. This has led to mathematical formulations that can be divided
into two main categories [64]: flux-based and concentration-based models,
depending on how IAA influences the localization of the transport mediator
PIN1.

In flux-based models, first proposed by Mitchison [72], the localization of
PIN1 depends on the net auxin flux between neighbouring cells: the higher
the net flux towards the neighbours, the more PIN1 will accumulate at the
membrane. In turn changes in the PIN1 distribution determines changes in
the auxin fluxes.

By contrast, in concentration-based models, it is assumed that the PIN1
localisation on the membrane is caused by differences in auxin concentration
between neighbouring cells. The PIN1 proteins polarize towards the neigh-
bouring cell with the highest concentration of auxin. This type of model was
introduced by Smith et al. [94] and Jönsson et al. [52]. For other reviews on
flux- and concentration-based models, we refer the reader to Krupinski and
Jönsson [64], Kramer [59], Rolland-Lagan et al. [83] and Band et al. [11]. In
this thesis, we focus on the concentration-based models.

1.3.1 History concentration-based models

In 2003, Reinhardt et al. developed a conceptual model that describes the
polar auxin transport through the cells [82]. Smith and collaborators then
constructed a computational simulation model [94] incorporating in addition
to diffusion, this active transport of IAA mediated by PIN1 proteins located at
the cell membrane. They assume that this polarization is based on the con-
centration of auxin in the cells. Therefore, Smith and collaborators modelled
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the transport of the IAA hormone through the cells with a concentration-based
model by describing the simultaneous evolution of the PIN1 protein and the
IAA hormone concentrations over time. They tested the pattern formation
capability of the model by applying the model to a row of equal cells with
periodic boundary conditions (wraparound boundary conditions) and to a two
dimensional irregular structure. Starting from an almost uniform IAA distri-
bution, they show that the model is able to produce spatial patterns of IAA
concentrations that are stable in time for specific parameter sets. They found
that the amplitude and spacing between the peaks is controlled by the model
parameters, like for example a decrease in the IAA active transport coefficient
leads to fewer peaks, and vice versa.

Also other computational models were developed at the same time based
on these molecular mechanisms identified by Reinhardt et al. For instance
Jönsson et al. proposed another phyllotaxis model also based on the polar IAA
transport and the concentration-based localization hypothesis [52]. They ana-
lyzed a simplified version of their cell-based model that assumes an equal and
constant PIN1 concentration in every cell and membrane. In their simulations
they used a linear row of uniform cells with periodic boundary conditions.
Again the results show that the model is able to produce spatial patterns and
that the spacing and the number of peaks in this simplified model depends on
the different parameters. Jönsson and collaborators also performed a stabil-
ity analysis and found an analytical expression for the eigenvalues, belonging
to a solution pattern with equal IAA concentrations. The eigenvalues are all
real and a function of the parameters of the model. They also identified the
parameter threshold where the largest eigenvalue becomes unstable. Beyond
this threshold, all stable solutions will contain IAA peaks.

Since then many other, sometimes more detailed, concentration-based mod-
els are published, for example by Sahlin et al., Merks et al. and Chitwood et
al. [27, 70, 84]. These models are all capable of producing stable patterns the
spacing and height of the peaks depend on the parameters.

In this thesis we study this type of cellular-based, concentration-based
auxin transport models. More specifically, we are interested in the proper-
ties of these models. We will try to answer the following questions:

• What are the specific properties of generic concentration-based trans-
port models and how can we exploit them to compute these models effi-
ciently?

• Can we build a framework to compare different transport models?

• How does IAA accumulate in a tissue?

• What are the possible IAA patterns that can emerge?

• How do these patterns depend on different stimuli?
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1.4 Contribution of this thesis

Over the last years, a significant amount of research, both experimental and
numerical, has been done on the modelling of auxin transport models. Al-
though the experimental data is still limited and the simulation models are
build on many hypotheses, in our opinion this thesis adds a fruitful contribu-
tion to the existing literature on transport models for the following reasons.

• Introduction of a general definition of auxin transport models. Re-
cently many transport models, based on different hypotheses, appeared
in literature. Many of these models use different notations and formu-
lations which makes it very hard to compare and analyse the different
models. In this thesis we present a general definition for concentration-
based transport models that uses a dynamical systems formulation. We
specified one particular class of models in which many well-known mod-
els meet. The properties of this class of models has been studied.

• Development of a numerical toolbox. One of the main practical con-
tributions of this work is the development of the software tool PyNCT.
Since the current transport models become more and more complex
there is a growing demand for software tools that combine biological
models with numerical tools. PyNCT is a numerical tool that enables bi-
ologists to explore the solution landscape and analyse and compare dif-
ferent models without the need to understand the mathematics behind
the numerical methods. By using sparse linear algebra in the numerical
routines, PyNCT enables its users to solve very large systems on very
large irregular tissues. Furthermore, PyNCT is applicable to a wider
range of models than those it was initially developed for.

• Dynamical system approach. We performed a systematic numerical
bifurcation analysis of different coupled auxin transport models for both
bounded and unbounded domains. Such analysis helps to predict quali-
tatively the distribution patterns that can occur for a certain parameter
range and helps to understand transitions between different types of
patterns. At present, only a few papers treat transport models as dy-
namical systems [1, 40, 100]: among them, the work of Van Berkel and
collaborators [100] stands out for being a systematic analysis of flux-
and concentration-based models, whose auxin patterns are studied by
considering local interactions between neighbouring cells. In this thesis
we take the analysis one step further, by finding steady states simulta-
neously across the whole tissue.

• Biological contributions. We identified some generic principles valid
for a whole class of models or a whole parameter region:

– On unbounded domains the class of coupled transport models can
produce peaked solutions as observed in literature. A kind of Tur-
ing mechanism is responsible for this. Also periodic solutions can



8 CHAPTER 1. INTRODUCTION AND MOTIVATION

occur due to the coupling of the models describing the changes in
different molecules.

– On bounded domains, there is no Turing point. In this case the
models are again capable of producing patterns with peaks but now
there is a completely different mechanism that causes these pat-
terns. We revealed a snaking mechanism that allows for multiple
solutions with different number of localized peaks. During growth,
changes in the distribution of auxin can therefore change the re-
sulting pattern.

– On bounded domains transport models can evolve to a periodic state
instead of a steady state. Therefore, the commonly used modelling
assumption that the growth dynamics and physiological processes
can be modelled in sequential order is probably not a good approx-
imation.

The main goal of this thesis is to give a generic analysis of transport mod-
els, to provide a framework for investigating other models and to reveal new
hypotheses that can be tested experimentally.

1.5 Outline of this thesis

In this thesis we study the properties and solution landscape of transport mod-
els. A summary of the different chapters is presented below.

Chapter 2. Concentration-based transport models We start by giving
a generic definition of concentration-based transport models. In this chapter
we present the model as a dynamical system and explain our mathematical
description of a tissue. We formulate expressions for the biologically rele-
vant solutions and we end this chapter with well-known examples of transport
models that fit our generic definition of transport models.

Chapter 3. Numerical methods Throughout this thesis we search for dif-
ferent solutions of the transport models presented in Chapter 2. In this chap-
ter we highlight several numerical algorithms that solve the models efficiently.
More specifically, we present time step methods to calculate a whole time evo-
lution and we explain continuation methods and bifurcation analysis to calcu-
late the steady state solutions and how they depend on the parameters.

Chapter 4. PyNCT: a numerical continuation toolbox in Python In this
chapter we present our own numerical continuation toolbox that is specifically
developed to solve transport models. Due to the nature of biological cell-based
problems, this toolbox is based on sparse linear algebra and can handle large
irregular tissues. For the class of models analyzed in this thesis, the toolbox
works automatically and calculates the steady state solutions in function of a
model parameter.
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Chapter 5. Pattern formation in an unbounded tissue The solution
landscape for the model of Smith et al. [94] and variations of that model are
explored in this chapter on an unbounded domain. In particular we start by
verifying some important published results for these specific models. We show
that these models are able to produce patterns and reveal that they also gener-
ate periodic solutions. The chapter is divided into two parts: first the influence
of the model parameters on the resulting patterns is investigated and then the
influence of the boundary conditions is explored.

Chapter 6. Pattern formation in a bounded tissue A tissue representing
a plant or a plant organ is bounded in space and in this chapter we apply
the model on more realistic tissues with free boundary conditions. We start
our analysis for a one-dimensional (1D) regular domain and extend it to two-
dimensional (2D) irregular domains. We prove that a different mechanism is
now responsible for the generation of IAA peaks and we show numerically that
a snaking mechanism is present.

Chapter 7. Pattern formation in a growing tissue This chapter couples
the transport models with a growth model by including a complete feedback
loop between IAA and the growth dynamics. We investigate the solution land-
scape of the transport model on a growing tissue and study how the IAA dis-
tribution in the tissues, and thus also the resulting geometry, is affected.

Chapter 8. Conclusions and outlook This chapter summarizes the main
results of this thesis and highlights our contributions. We also pose some open
questions that arose during our research and propose possible future research
directions.





CHAPTER 2
Concentration-based

transport models

The contents of this chapter are adapted from "Numerical bifurcation anal-
ysis of the pattern formation in a cell based auxin transport model" by Del-
phine Draelants, Jan Broeckhove, Gerrit T.S. Beemster and Wim Vanroose in
Journal of Mathematical biology [37], "Localized auxin peaks in concentration-
based transport models of the shoot apical meristem" by Delphine Draelants,
Daniele Avitabile and Wim Vanroose in Journal of Royal Society Interface [36]
and "Solving General Auxin Transport Models with a Numerical Continuation
Toolbox in Python: PyNCT" by Delphine Draelants, Przemysław Kłosiewicz,
Jan Broeckhove and Wim Vanroose in Lecture Notes in Computer Science [38].

2.1 Introduction

In recent years, many molecular-genetic experiments have been performed to
increase our insights in how molecular processes in plants work. Biologists
use the available data to mathematically describe the biological processes (of
plants) but the incredible amount of uncertainties about how these systems
work gave birth to different hypotheses and, as a result, different kinds of
models.

As explained in the introductory Chapter 1, the existing auxin transport
models can be classified into two main categories, the flux-based and the
concentration-based models. In this thesis we focus on concentration-based
transport models and we present them here as dynamical systems. Therefore
we first present the network of cells as a graph (Section 2.2). We formu-
late one general system of coupled non-linear ordinary differential equations
(ODEs) that satisfy a whole class of transport models, all based on different
hypotheses (Section 2.3). The solutions of interest of these models are dis-
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Figure 2.1: A tissue of cells with the corresponding cell graphs H and H∗. The large
picture shows a typical tissue of cells. The zoomed-in portion details the cell graph H
(full black) and its weak dual graph H∗ of cellular connections (dashed red).

cussed in Section 2.4 and a few specific model examples (that will be used as
demonstration vehicles throughout this thesis) are included in Section 2.5 .

2.2 A network of cells

Modelling a network of cells requires a mathematical representation of the tis-
sue and thus a specific data structure. This structure needs to deal efficiently
with the simulations of chemical and mechanical processes. On top of that,
the structure must represent a realistic tissue and it should not show non-
realistic behaviour during growth simulations like the sliding of cells, changes
in neighbourhood or empty space.

In this thesis we use a discrete tissue representation where a set of cells
forms a tissue. Although the cells are three-dimensional (3D), we assume that
the depth of all cells is equal and that this tissue consists of only one layer of
cells. Therefore the geometry of a cell tissue can be represented by a graph
H where the edges represent the cell walls and the vertices the end points
of the cell walls (Figure 2.1). As a consequence, a cell is then a face in this
graph. The graphH = H (E ,V) with E the set of edges and V the set of vertices
contains all geometric information and a pure mechanical model can describe
cell growth efficiently based on this graph. In this thesis we refer to an edge
or a vertex of the graph H with e and v respectively.

However, in order to describe transport of chemicals in the tissue, espe-
cially the topological structure is important. Therefore to solve transport mod-
els efficiently, we describe the topological structure with the weak dual graph
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H∗ (Figure 2.1). This dual graph can describe the topology of the tissue math-
ematically:

• The set of vertices V∗ represents all cells in the tissue. We identify them
with an index i ∈ {1, . . . , n}.

• The set of edges E∗ represents the connection between neighbouring
cells. Thus the neighbouring cells of a cell i can be identified as all cells
up to distance 1 from cell i. This set of neighbours of cell i is denoted by
Ni ⊂ V∗. It contains |Ni| neighbours of cell i.

• Every edge represents the connection between two neighbouring cells.
We can thus uniquely associate the information about a cell wall with an
edge. This gives us a weighted graph H∗.

• In every cell we can define various properties of the cell, such as the
concentration of a specific hormone, protein,. . . . These are the variables
of the models.

Remark that because of the two last points, it is possible to store geometri-
cal information of the tissue in the dual graph. As a consequence only this
weighted dual graph is necessary to describe transport in a cell efficiently.

In the rest of this thesis we will refer with H∗ to this dual graph H∗ =

H(V∗, E∗) with edge-weights and vertex-weights to denote the geometric cell
wall and cell properties of the tissue.

2.3 The system of equations

In concentration-based models, a vector of m time-dependent state variables
yi(t) is associated to each cell i. For instance, yi may contain the IAA concen-
tration (m = 1) or both IAA and PIN1 concentrations (m = 2). Generically, the
rate of change of the concentrations is expressed as a balance between pro-
duction and decay within the cell, diffusion towards neighbouring cells and
active transport. We begin by giving a generic definition of concentration-
based models.

Definition 2.3.1 (Concentration-based model). A concentration-based model
is a set of m× n ODEs of the form

ẏi = π(yi)− δ(yi) +
D

Vi

∑
j∈Ni

lij(yj − yi) +
T

Vi

∑
j∈Ni

νji(y1, . . . ,yn|H∗)

−νij(y1, . . . ,yn|H∗), (2.1)

where π, δ : Rm+ → Rm+ , are the production and decay functions, respectively,
D ∈ Rm×m is a diagonal diffusion matrix, T ∈ Rm×m, is the (non-negative)
active transport matrix, {1, . . . , n} are vertices of a static undirected edge- and
vertex-weighted graph H∗, Ni ⊆ {1, 2, . . . , n} is the set of neighbours of cell i,
containing |Ni| elements, Vi is the cellular volume of cell i, lij is the length of
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the cell wall between cell i and cell j1 and νij : Rm+ × · · · × Rm+ → Rm+ are the
active transport functions. We will assume π, δ and νij to be smooth vector
fields depending on a set of control parameters λ ∈ Rs+, but we omit this
dependence for simplicity and write, for instance, π(yi) instead of π(yi;λ).

In short we will refer to such a system of equations as

ẏ = F (y,λ) , (2.2)

where F : Rmn+s −→ Rmn : (y,λ) 7→ F (y,λ).

Remark 2.3.1 (Existence and Uniqueness). The set of ordinary differential
equations described in Definition 2.3.1 together with an initial condition y (t0)

poses an initial value problem on an interval containing t0. The Picard-Lindelöf
theorem guarantees a unique solution y (t) on that interval containing t0 if the
functions π, δ and νij are continuous and satisfy the Lipschitz condition on the
variable y.

In this thesis we focus on those concentration-based models that satisfy an
extra key assumption about the active transport:

Hypothesis 2.3.1 (Active transport functions). There exist vector-valued func-
tions ψ : Rm+ × Rm+ → Rm+ and ϕ : Rm+ → Rm+ such that the active transport
functions can be expressed as

νij(y1, . . . ,yn|H∗) = ψ(yi,yj |H∗)� lijϕ(yj)�
∑
k∈Ni

likϕ(yk), ∀i, j = 1, . . . , n,

(2.3)
where � and � denote the standard Hadamard product and division between
vectors. Further, let y∗ ∈ Rm be such that π(y∗) = δ(y∗), ψ(y∗,y∗) 6= 0 and
ϕ(y∗) 6= 0.

Without the Hadamard notation we can write equation (2.3) in Hypothe-
sis 2.3.1 as

(νij)l(y1, . . . ,yn|H∗) = ψl(yi,yj |H∗)
lijϕl(yj)∑

k∈Ni
likϕl(yk)

, for l = 1, . . . ,m, (2.4)

for all i, j = 1, . . . , n and where the functions ψl, ϕl depend on the model
choices.

Hypothesis 2.3.1 is a factorisation of the active transport functions that
is met by several models in literature [13, 27, 46, 52, 94]: active transport
between cell i and j is influenced by the respective concentrations yi and
yj , but also by the concentrations in the other neighbouring cells of cell i.
A few examples of models that satisfy this hypothesis and derivations of ex-
plicit expressions for the corresponding functions ψl and ϕl can be found in
Section 2.5.

1Only the length of the cell wall is important due to the 2D abstraction of the tissue. As
explained in Appendix A the size of the cells in the other dimensions is expressed via the model
parameters since the thickness and height of the cell wall is equal for all cells.
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Remark that although this thesis focuses only on auxin transport models,
the results of this thesis can be applied to all transport models that satisfy the
given conditions (and describe other transport processes).

2.4 The solutions

The models described above possess an inherent time-scale separation: the
growth hormone dynamics involve short time scales (of the order of seconds)
[20, 60, 62], while changes in cellular shapes and proliferation of new cells
occur on much slower time scales (hours or days) [16].

In order to determine the distribution of auxin in the plant, it is sufficient
to concentrate on the fast time scale of the hormone transport. Therefore, we
will study the plant tissue as a dynamical system where we are only interested
in the steady state solutions of the system and their dependence on the model
parameters. Rather than evolving the system in time, we can calculate the
steady state solutions directly. The steady state problem becomes:

F (y,λ) = 0, (2.5)

where F is defined as in equation (2.2).
In the first chapters, we will concentrate only on the fast time-scale of

hormone transport and hence consider plant organs as static cell structures.
This keeps the number of cells n constant in time (static graphs H and H∗)
and describes the problem as a dynamical system (DS). In the last chapter,
we include growth and division which changes the number of cells during
the simulations (dynamic graphs H and H∗). The problem now becomes a
dynamical system with a dynamical structure (DS2) [43].

In the remainder of the text we assume a fixed number of cells n unless it
is specified otherwise.

2.5 Examples

As a first example we consider the concentration-based model of Smith et
al. [94] (henceforth called the Smith model), which features 2 state variables
per cell, namely the IAA concentration, ai(t), and the PIN1 concentration,
pi(t). The model features IAA production, decay, active and passive transport
terms, whereas for PIN1 only production and decay are included. This results
in the following set of coupled non-linear ODEs

dai
dt

=
ρIAA

1 + κIAAai
− µIAAai +

D

Vi

∑
j∈Ni

lij
(
aj − ai

)
+
T

Vi

∑
j∈Ni

[
Pji(a,p)

a2j
K2
M + κTa2i

− Pij(a,p)
a2i

K2
M + κTa2j

]
,

(2.6)

dpi
dt

=
ρPIN0

+ ρPINai
1 + κPINpi

− µPINpi, (2.7)
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for i = 1, . . . , n and with Pij the concentration of PIN1 proteins on the cellular
membrane of cell i facing cell j,

Pij(a,p) = pi
lij exp (c1aj)∑

k∈Ni
lik exp (c1ak)

. (2.8)

Remark that Equation 2.8 imposes an instantaneous redistribution of the PIN1
proteins on the cellular membrane.

The Smith model satisfies Definition 2.3.1 and Hypothesis 2.3.1 withm = 2.
The explicit expressions for the functions π, δ,ϕ and ψ are

π :

[
ai

pi

]
7→


ρIAA

1 + κIAAai
ρPIN0

+ ρPINai
1 + κPINpi

 , δ :

[
ai

pi

]
7→
[
−µIAAai

−µPINpi

]
,

ψ :

([
ai

pi

]
,

[
aj

pj

]
|H∗

)
7→

pi a2i
K2
M + κTa2j

0

 , ϕ :

([
ai

pi

])
7→
[

exp(c1ai)

0

]
.

More details of the Smith model can be found in the original publication of
Smith et al. [94].

The second concentration-based transport model that will be studied is the
more recent model of Chitwood et al. [27] (henceforth called the Chitwood
model). This modification of the Smith model is able to produce stable spiral
phyllotactic patterns once cell division is included. The system also features
2 variables per cell, the IAA concentration and the PIN1 concentration, and it
is given by the following set of coupled non-linear ODEs

dai
dt

=
ρIAA

1 + κIAAai
− µIAAai +

D

Vi

∑
j∈Ni

lij
(
aj − ai

)
+
T

Vi

∑
j∈Ni

[
Pji(a,p)

exp (c2aj)− 1

exp (c2ai)
− Pij(a,p)

exp (c2ai)− 1

exp (c2aj)

]
,

(2.9)

dpi
dt

=
ρPIN0

+ ρPINai
1 + κPINpi

− µPINpi, (2.10)

for i = 1, . . . , n, where Pij is given by (2.8). The only new parameter is c2
which controls the exponential transport. The Chitwood model also satisfies
Definition 2.3.1 and Hypothesis 2.3.1 with m = 2:

π :

[
ai

pi

]
7→


ρIAA

1 + κIAAai
ρPIN0 + ρPINai

1 + κPINpi

 , δ :

[
ai

pi

]
7→
[
−µIAAai

−µPINpi

]
,

ψ :

([
ai

pi

]
,

[
aj

pj

]
|H∗

)
7→

pi exp c2 ai − 1

exp c2 aj

0

 , ϕ :

([
ai

pi

])
7→
[

exp(c1ai)

0

]
.
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The third example of a concentration-based transport model is the ex-
tended simple cell-based model of Jönsson et al. [52] (henceforth called the
Jönsson model). The model is based on the simple cell-based model of Jönsson
et al. and extended by including the influence of the cell shape. The derivation
can be found in Appendix A. The model features one state variable per cell,
namely IAA concentration ai. The concentration of PIN1 in every cell is fixed
and is represented with a vector p. The model is given by

dai
dt

= ρIAA − µIAAai +
D

Vi

∑
j∈Ni

lij (aj − ai) +
T ∗

Vi

∑
j∈Ni

(
Pji (a)

Vjaj
Ka + aj

−Pij (a)
Viai

Ka + ai

)
,(2.11)

for i = 1, . . . , n. Pij is the concentration of PIN1 proteins on the cellular
membrane of cell i facing cell j

Pij (a) =

pilij
anj

Kn + anj∑
k∈Ni

lik
ank

Kn + ank

. (2.12)

The Jönsson model also satisfies Definition 2.3.1 and Hypothesis 2.3.1:

π : ai 7→ ρIAA, δ : ai 7→ −µIAA ai,

ψ :

(
ai, aj |H∗

)
7→ V ai

Ka + ai
, ϕ : ai 7→

ani
Kn + ani

.

The Smith, Chitwood and Jönsson models contain many parameters that model
the inner working of the cell. Table 2.1 briefly report all parameters for the
Smith and Chitwood models, together with characteristic values and units,
which are taken from [27, 94] and used in the simulations throughout this
thesis. A detailed explanation of the parameters and its values in the Jönsson
model can be found in Appendix A and in [52].

Remark 2.5.1 (Comparison with experimental parameters). The model equa-
tions (2.6)–(2.10) show that the IAA active transport coefficient T and the IAA
diffusion coefficient D are scaled by the cellular volumes Vi: comparisons to
experimental parameters and other computer simulations available in litera-
ture should be based on the ratios T/Vi and D/Vi. Through these ratios we
implicitly specify T/D, so as to account for competition between active and
passive transport.

2.6 Conclusions and outlook

We use graph theory to mathematically describe the topological and geometri-
cal structure of a tissue. The advantage of this representation is the efficient
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access to all information including the connections between the cells which
eases the simulation of transport models.

On the basis of this mathematical formulation of a tissue we presented
concentration-based models as dynamical systems. They consists of systems
of coupled non-linear ODEs.

We used one general definition to describe concentration-based models
and we looked in more detail to one specific class of these models.

The transport models that satisfy Definition 2.3.1 and Hypothesis 2.3.1
typically describe the evolution of the state variables in each of the cells by
a coupled set of non-linear ODEs. The change in concentrations in the cell
depends only on the concentrations in the neighbouring cells up to distance
two2 which leads to a sparsely coupled DS. Due to the time scale separation
of the growth hormone dynamics and the cell growth and cell division, we are
only interested in the steady state solution of these systems.

By including growth and cell division in the model, the underlying struc-
ture (the tissue) evolves in time and as a consequence the geometry and the
number of cells changes. The problem now transforms from a DS to a DS2 (for
more information see Chapter 7).

In the future we want to classify all existing concentration-based models
based on other hypotheses. This would be very useful when performing sys-
tematic analysis and comparing these models.

This approach is not limited to concentration-based transport models. Also
flux-based models can be described and classified from a dynamical system
point of view.

2Neighbours at distance 2 from a cell i are neighbours of the neighbours of cell i.





CHAPTER 3
Numerical methods

The contents of this chapter are adapted from "Solving General Auxin Trans-
port Models with a Numerical Continuation Toolbox in Python: PyNCT" by
Delphine Draelants, Przemysław Kłosiewicz, Jan Broeckhove and Wim Van-
roose in Lecture Notes in Computer Science [38].

3.1 Introduction

Transport models consist of large systems of non-linear coupled ODEs (de-
scribed in Chapter 2) with several parameters. These models were initially
solved with simple time integration methods for one set of parameters. Today
however, the biological models become very large and more complex. More-
over biologists are also interested in understanding the whole solution land-
scape instead of one single particular solution. They want to understand the
effect of different influences (parameters) and compare current models based
on different hypotheses. In order to solve, analyse and compare these models,
we need to use efficient numerical algorithms that benefit from the special
properties of the models.

The purpose of this chapter is to briefly highlight the numerical methods
that are used throughout this thesis to find the solution patterns of these mod-
els. We discuss the usability of these methods in function of the transport
models (size of tissue, type of solutions, ...).

3.2 Time-step methods

Time-step methods are the most commonly used numerical methods to solve
transport models. Depending on the type of transport model, a different
method must be chosen. The Runge-Kutta methods are an important fam-
ily of implicit and explicit time-step methods and give an approximation of the
solution of ODEs.

21
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A Runge-Kutta method applied on this type of models is defined by the
Runge-Kutta matrix

M =



a11 a12 . . . . . . a1r

a21 a22 . . . . . . a2r
...

...

ar1 ar2 . . . . . . arr

b1 b2 . . . . . . br


, (3.1)

where aij , b ∈ R and i, j = 1, . . . , r. The corresponding numerical algorithm is:

yk = yk−1 +

r∑
j=1

bjqj , (3.2)

qi = ∆tF

yk−1 +

r∑
j=1

aijqj ,λ

 , (3.3)

for k = 1, 2, . . . and k∆t ≤ β−α with [α, β] the time frame. If aij = 0 for all j ≥ i
then the method is called explicit, and otherwise we have an implicit method.
More information about these time-step methods and their properties can be
found in the book of Hairer and collaborators [45].

An example of a very simple Runge-Kutta method is the forward Euler
method:

yk = yk−1 + ∆tF (yk−1,λ) (for k = 1, 2, 3, . . .) . (3.4)

This method does not give very good results for transport models like the
Smith and the Chitwood model since the time-step ∆t must be very small in
order to have a stable method and to guarantee convergence. Analysis of the
eigenvalues of the Jacobian (see Section 3.3.2) of those models shows indeed
that the eigenvalues are mostly located along the negative real axis with some
small complex conjugate pairs of outliers at the left of the imaginary axis (de-
pendent on the set of parameter values). For example for a row of 150 identical
cells, and parameters as in Table 2.1 all our simulations revealed that the real
part of the smallest eigenvalue was bigger than −27. This suggests that the
fourth order Runge-Kutta method with time-step ∆t = 0.1 results in a stable
integration method for these models. In our time simulations we used this
fourth order Runge-Kutta method for small regular tissues. For larger irreg-
ular tissues we used a build-in Python routine that uses the DOPRI method
(Dormand-Prince method) [35] with adaptive step sizes which is a fifth order
method and has a stability region that suits these transport models.

Remark that if one is only interested in the steady state solutions and how
they depend on the parameters, these type of methods are not very interesting
since the whole time evolution is calculated. In the next section we introduce
a numerical method where the steady state solution can be calculated at once
in function of the model parameters.
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3.3 Numerical continuation methods

The idea of continuation methods is to find a curve of approximate solutions y
of the system of non-linear equations

F (y,λ) = 0, (3.5)

as a function of the parameter set λ with

F : Rmn+s → Rmn : (y,λ) 7→ F (y,λ) , (3.6)

as before (see Chapter 2). Following the implicit function theorem we know
that for a non-singular point

(
y(0),λ(0)

)
that satisfies F

(
y(0),λ(0)

)
= 0, the so-

lution set F (−1) (0) can be locally parametrized about
(
y(0),λ(0)

)
with respect

to a parameter of λ. This means that the system of equations F (y,λ) = 0

defines an implicit curve y (λ (z)) for any parametric curve λ (z) : R → Rs in
Rs [3]. To construct such a curve of subsequent solution points

(
y(i),λ(i)

)
=(

y(i),λ(i) (z)
)
, continuation methods use a starting point

(
y(0),λ(0)

)
, a solution

of system (3.5), along with an initial continuation direction [63]. This starting
point is typically a known trivial solution.

An important family of continuation methods are predictor-corrector algo-
rithms. The idea of these algorithms is to predict a new solution point first.
Then, in the corrector step, this predicted point is used as the initial guess
for an iterative method that will converge to the solution up to a given toler-
ance. A well known example is the pseudo-arc-length continuation method.
The predictor step uses the tangent vector to the curve at a solution point and
a given step size to predict a guess for the next solution point on the curve.
The corrector step improves the guess with Newton iterations.

3.3.1 Newton’s method

When applying the above continuation method, we improve the guess(
ỹ(i+1),λ(i+1)

)
,

found in the predictor step with Newton iterations [55]

y(i+1) = ỹ(i+1) − F ′−1
(
ỹ(i+1),λ(i+1)

)
F
(
ỹ(i+1),λ(i+1)

)
, (3.7)

until a sufficiently accurate new solution point
(
y(i+1),λ(i+1)

)
of F is reached.

In every iteration step, the system

J (y,λ)x = −F (y,λ) , (3.8)

is solved, with Jacobian matrix J (y,λ) defined by

J (y,λ)ij =
∂ (F )i
∂ (y)j

(y,λ) . (3.9)
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This linear system can be solved with a direct or an iterative method. Both
types of linear solvers can be used to solve biological systems, but if the prob-
lem becomes too large (large tissues, many equations per cell,...) the usage of
iterative solvers is necessary [54].

3.3.2 Jacobian

A continuation method requires the Jacobian matrix J for the calculations of
the Newton corrections and depending on the method, to calculate an initial
guess in the predictor step. The Jacobian of cell-based biological systems with
local interactions is a very large sparse matrix. Therefore it is important to
exploit our knowledge about the structure of the Jacobian. By ordering the
variables in the right way it can be divided in different building blocks where
every block represents the derivative of an equation of the model to a vari-
able representing a substance in each cell. For instance, consider a system
of m transport equations for every cell, with n the number of cells and m the
number of unknowns (the different substances in a cell) as described in equa-
tion (2.1). The Jacobian then consists of m2 blocks of size n × n if the vector
of unknowns is grouped per substance type. All these blocks have a sparse
structure because only local interactions are accounted for. For example the
equations in the Smith model tell that the changes over time of IAA only de-
pend on the IAA variable in the cell itself and the neighbours up to distance 2.
Figure 3.1 shows the sparsity pattern of the complete Jacobian for the Smith
model applied on the irregular tissue of Figure 2.1.

3.3.3 Preconditioning

When using iterative methods to solve each Newton step, we can use a precon-
ditioner to reduce the number of iterations or to guarantee convergence of the
iterative method when working with complex systems [54]. Instead of solving
the original linear system J (y,λ)x = −F (y,λ) we solve the preconditioned
system

P−1J (y,λ)x = −P−1F (y,λ) , (3.10)

which is a better conditioned problem, leading to faster convergence of the
Jacobian solve. By choosing the right preconditioner, preconditioned iterative
solvers perform better then direct solvers. For problems where the diffusion
between the cells dominates, traditional preconditioners that approximately
invert the Poisson equation such as incomplete factorizations or multigrid can
be effective. However, when the active transport dominates different precon-
ditioners need to be developed. This is still an open topic of research.

3.4 Bifurcation analysis

The study of the relation between the stability of a solution and the param-
eters of the corresponding dynamical system is known as (local) bifurcation
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Figure 3.1: The sparsity pattern of the Jacobian corresponding with the Smith model
applied on the irregular tissue displayed in Figure 2.1. The black dots denote the
locations of the nonzero elements in the Jacobian.

analysis [88]. Such an analysis identifies the stable and unstable solutions and
the bifurcation points that mark the transitions between them. This is biolog-
ically relevant since it allows predicting the patterns that emerge in the time
evolution as the parameters of the model are changed. A bifurcation point is
a solution

(
y(i),λ(i)

)
of system (3.5) where the number of solutions changes

when λ passes λ(i). Seydel et al. [88] gives a complete review of the different
types of bifurcation points and their properties.

The analysis usually leads to a bifurcation diagram that highlights the con-
nections between stable and unstable branches as the parameters change. It
is useful to track all these solution branches that emerge, split or end in a
bifurcation point which can be done with the help of numerical continuation
methods explained in Section 3.3.





CHAPTER 4
PyNCT: A numerical

continuation toolbox in
Python

The contents of this chapter are adapted from "Solving General Auxin Trans-
port Models with a Numerical Continuation Toolbox in Python: PyNCT" by
Delphine Draelants, Przemysław Kłosiewicz, Jan Broeckhove and Wim Van-
roose in Lecture Notes in Computer Science [38].

4.1 Introduction

As presented in the previous chapters, transport models become larger and
more complex and require state-of-the-art numerical methods. Unfortunately,
these methods, solvers and algorithms are often not easily accessible outside
of their application niche. This makes it difficult for system biologists to di-
rectly apply state-of-the-art numerical mathematics to their specific problems.
The end result is a growing demand for software packages that combine bio-
logical models with numerical tools.

We developed a toolbox, PyNCT (PYthon Numerical Continuation Toolbox),
that solves and analyses the non-linear coupled systems of equations that ap-
pear in a wide range of models for the transport of chemicals through net-
works of cells. PyNCT contains numerical continuation methods and can per-
form bifurcation analysis in order to find the solution landscape in function of
the different parameters (see Chapter 3 for more information).

The toolbox is based on sparse linear algebra which enables its users to
solve very large systems.

With the resulting simulation tools biologists can now explore, analyse and
compare various models, test new hypotheses, . . . without the need to under-

27



28
CHAPTER 4. PYNCT: A NUMERICAL CONTINUATION TOOLBOX IN

PYTHON

stand the inner details of the numerical methods. Although we developed
PyNCT specifically to study transport models, it works well for all dynamical
systems.

In this chapter we show the applicability of our toolbox, using auxin trans-
port models as a demonstration vehicle. First, in Section 4.2 we elaborate
more on the existing tools and the advantage of PyNCT in that respect. Then in
Section 4.3 we give a motivation for the choice of Python and certain libraries
as a basis for the implementation of the toolbox. In Section 4.4 we explain
more about the different functionalities implemented in PyNCT. The PyNCT
toolbox has been developed to investigate the response of stationary solutions
of dynamical systems to changes of control parameters. It can be used for any
model consisting of a system of non-linear equations that are smooth and con-
tinuously differentiable. Furthermore the class of transport models presented
in Chapter 2 that satisfy Definition 2.3.1 and Hypothesis 2.3.1 are already im-
plemented in PyNCT. PyNCT is able to generate solution branches of these
models automatically. In Section 4.5 we explain how to apply the software for
the different types of models. First in Section 4.5.1 we demonstrate how to
use the toolbox for a general model and a model that satisfies Definition 2.3.1
and Hypothesis 2.3.1. Then in Section 4.5.2 we demonstrate it for a specific
example, namely the Smith model. Finally in Section 4.6 we conclude and give
an outlook.

4.2 Current state-of-the-art tools

Frequently biological processes are described with coupled non-linear sys-
tems of ODEs that contain a plethora of parameters. The goal is to understand
these systems and to predict the effect of different influences. This asks for
a DS approach where numerical continuation methods and bifurcation anal-
ysis are used to detect the solutions and their stability as a function of the
parameters.

We can divide the current toolboxes that calculate these stationary solu-
tions of DS in function of the model parameters in two groups: tools based on
dense linear algebra (limited to small tissues) and tools based on sparse linear
algebra routines, which scale to large tissues.

The first group is the largest and well known tools like AUTO [34] and MAT-
CONT [33] belong to this group. Also current new tools, especially developed
for system biologist to investigate and analyse their new biological systems
like Systems biology toolbox for MATLAB [87] and Facile [92], heavily rely on
dense linear algebra routines since they are all based on AUTO. The disadvan-
tage of these tools is that the routines are not scalable to very large systems
with many cells. The number of equations is typically limited to about 500.

An example of the second group is LOCA [85]. LOCA is developed around
sparse linear algebra but it is designed for extremely large systems that need
to be run on HPC infrastructure. LOCA is not easy to use and requires expert
knowledge in C++ and HPC hardware.
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Our toolbox is also designed to take advantage of sparse linear algebra
but does not require C++ or HPC knowledge. The solutions of the typical
large biological cell-based systems can be calculated very fast and efficient in
contrast with existing system biology tools. Another big advantage of PyNCT
compared to LOCA is the usability of the software. As explained in Section 4.5
in more detail, it is very easy to use the tool for a large class of transport mod-
els and even for many other models, only a routine with the model equations
must be provided.

4.3 Choice of language and libraries

4.3.1 Language

The PyNCT toolbox is implemented in Python. This choice is motivated by a
number of factors:

• Python is a flexible language and is well-suited for rapid development.
Adapting model code is straightforward and does not require an edit-
compile-link cycle as does, for instance, C++.

• Python has a low entry barrier. It is easy to learn and to use and thus an
ideal language for less technical users.

• Python has a large standard library with good documentation and a huge
amount of contributed, community-maintained packages. PyNCT uses
several existing libraries that include for example numerical methods
so we don’t have to ‘reinvent the wheel’. More information about the
packages included in PyNCT can be found below.

• Python is an open source programming language and also our software
is freely available.

4.3.2 Numerical libraries

The numerical part of our toolbox relies substantially on NumPy [7] and
SciPy [50]. The former provides a foundation of linear algebra primitives
in Python. The latter extends it by providing a huge variety of algorithms,
solvers and support methods for “all things scientific” in Python. Both are
high-quality, popular and well-documented open source libraries.

To enhance both speed and accuracy of the calculations we use symbolic
expressions for the specification of the equations in the biological model and
automatic differentiation to obtain the exact Jacobian expression. SymPy [98],
a Python library for symbolic mathematics, is an excellent tool for these pur-
poses in our case. The use of symbolic expressions, however, depends on the
biological model under investigation and is not universally feasible for all ap-
plications. Remark that also the approximated Jacobian can be used if the
user can’t or doesn’t want to use SymPy.
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4.3.3 Other libraries

The infrastructure for loading and storing virtual tissue representations and
generating tissue geometries is provided by the Python Plant Tissue Simula-
tion toolbox PyPTS [57]; an open source library. PyPTS uses a HDF5 based
file format to store simulation results which makes pre/post-processing, vi-
sualisation and exchanging results with other tools such as VirtualLeaf [69]
easy. It also provides an easy API for accessing and modifying tissue entities
and attributes.

4.4 Functionalities

4.4.1 Continuation methods

In our toolbox, we implemented a predictor-corrector continuation method
that differs slightly from the one explained in Chapter 3. In our method, the
predictor step uses the secant method and a given step size to form a guess
for the next solution point on the curve. We choose the secant method instead
of the tangent vector to the curve because it doesn’t require the construction
of the Jacobian. The result is a cheaper predictor step. The corrector step
improves the guess with Newton iterations. Although the initial guess found
in the predictor step is worse when using the secant method, we still obtained
a very good convergence with Newton.

4.4.1.1 Newton’s method

As explained in Section 3.3.1 we need to solve the linear system

J (y,λ)x = −F (y,λ) , (4.1)

in every iteration step. By default in PyNCT we can use a direct solver or an
iterative solver for (4.1).

• Direct linear solver: The direct linear solver from SciPy (scipy.sparse.
linalg.spsolve) provides excellent performance for moderately sized
systems. At the time of this writing, the solver is a wrapper around
either SuperLU or UMFPack; both mature and widely used sparse direct
solver libraries [50].

• Iterative solver: If the size of the system requires the use of an it-
erative solver, PyNCT enables the use of Generalized Minimal RESid-
ual (GMRES), a Krylov based solver, implemented in SciPy. We chose
this method because it is very robust and applicable on all types of lin-
ear problems. This is necessary because continuation methods calculate
both the stable and unstable solutions. In many cases the latter degrades
or even destroys convergence of most iterative solvers.

Although we only suggest these two linear solvers in PyNCT, SciPy provides
a typical array of iterative solvers based on Generalized Minimal RESidual
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(GMRES), Conjugate Gradient (CG), and derived methods. All these methods
can be used easily. More information about such Krylov subspace solvers can
be found in Kelley [54] and up-to-date information about the linear solvers
available in SciPy can be found in the SciPy documentation pages 1.

4.4.1.2 Jacobian

In the PyNCT toolbox it is possible to choose between using the exact Jacobian
or an approximation:

• The Jacobian is calculated exactly by determining the derivatives of the
system with the use of SymPy, a Python library for symbolic mathemat-
ics [98].

• The approximated Jacobian is calculated numerically by using finite dif-
ferences. The jth column of the Jacobian matrix is found by a forward
difference scheme

J
(
y(i),λ(i)

)
j

=
F
(
y(i) + εej ,λ

(i)
)
− F

(
y(i),λ(i)

)
ε

, (4.2)

where ej is the jth unit vector and
(
y(i),λ(i)

)
the ith calculated solu-

tion point on the branch as before [54]. We chose for forward finite
differences because it is a very easy algorithm and does not need many
calculations per iteration. For instance the value of F

(
y(i),λ(i)

)
is al-

ready calculated and saved. The default value for ε is 10−8 but the user
can customize it if desired.

4.4.1.3 Preconditioning

In PyNCT it is possible to use a preconditioner. Since a good preconditioner
asks specific knowledge about the model, we did not provide any general pre-
conditioners but it can be specified by the user. How this should be imple-
mented is explained in Section 4.5.

4.4.2 Bifurcation analysis

Our toolbox contains methods to calculate the stability of a solution point di-
rectly after each point or after calculating the whole solution branch. For the
transport models, we chose to calculate the stability of the solutions as a part
of the post-processing since even without the stability information, the con-
tinuation data can be very useful. A great advantage of this choice is that the
continuation data is much faster to compute because calculating the eigenval-
ues for every solution point on a branch is very time-consuming.

1http://docs.scipy.org/doc/scipy/reference/sparse.linalg.html
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To calculate the eigenvalues of the Jacobian we use the ‘eig’ routine in
scipy.linalg based on dense linear algebra, although the Jacobian of trans-
port models is a sparse matrix (see Section 3.3.2). Typically in transport mod-
els, around a bifurcation point, many eigenvalues cross the imaginary axis. As
a consequence, the sparse routines of scipy.sparse.linalg for calculating
eigenvalues fail to converge when searching for eigenvalues around zero. Al-
though we are using dense linear algebra, calculating the stability for moder-
ate system sizes can be performed in an acceptable time frame by parallelizing
calculations with MPI (using mpi4py2).

Note that if interested in sparse routines, SciPy provides a sparse routine
scipy.sparse.linalg.eigs that can be used easily in PyNCT.

After calculating the eigenvalues of the solution points, the bifurcation
points must be indicated manually. It is then possible to start the continuation
again from these bifurcation points in a new direction to find the branches
that emerge. However, for now PyNCT does not contain methods for auto-
matic branch switching.

4.5 The executable

The implementation of the numerical methods in PyNCT is generic and exten-
sible and can be used in many DS applications. The methods can be applied
on coupled non-linear (smooth and continuously differentiable) equations and
specifically on models describing the transport throughout a network of cells.
When using the toolbox for a specific model, the system must be specified in
a new class and this is explained in more detail in Section 4.5.1. Remark that
this section explains how to use version 0.1.0 of the toolbox. At the time of
writing this thesis a guideline is being prepared that will be maintained with
the software to provide an up-to-date manual.

PyNCT was developed particularly for the study of transport models in
biology. It contains already the implementation of the class of transport mod-
els that satisfy Definition 2.3.1 and Hypothesis 2.3.1. For such models, the
toolbox can be used just by inserting the equations and parameters in config-
uration files. An example is discussed in Section 4.5.2.

4.5.1 A general example

For most models a new class must be constructed. The class must contain an
initialize method and a method that applies your system of equations. Addi-
tionally we also need a configuration file similar to the ones constructed for
the transport models and explained in Section 4.5.2. It contains the parameter
values of the model and the specifications of the numerical methods. Finally
an executable script, similar to the biology demo is necessary to start up the
continuation. The PyNCT package already includes a basic template for this

2https://pypi.python.org/pypi/mpi4py

https://pypi.python.org/pypi/mpi4py
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class, the executable and the configuration file which makes it very easy to
start implementing your own model.

To extend this basic template, you can define an extra method that con-
structs the Jacobian in a given point. You can define an exact or an approxi-
mate Jacobian that differs from the standard approximation method described
in Section 3.3.2. Then you can choose between the different Jacobian im-
plementations to solve the Newton iterations. It is also possible to specify a
preconditioner in this class to speed up the Newton convergence.

4.5.2 An example using SymPy

In this section we show how easy it is to use the toolbox for the Smith model
and find parts of its solution space. The rest of the section is divided in three
parts, the preparation, the actual calculations and the post-processing. In
these sections we explain step by step how to find the steady state solutions
of the Smith model with our toolbox.

4.5.2.1 Preparing for Continuation

Before we can calculate the solutions, we need to specify the model and
choose from several solution methods implemented in PyNCT. Therefore we
fill in a model file and a parameter file respectively.

The model file. In the model file each part of the system (production, decay,
diffusion, ...) is listed. For example for the Smith model this file becomes

1 {
2 "decayPIN": "muPIN*p",
3 "productionPIN": "(rhoPIN0 + rhoPIN * a) / (1.0 + kPIN * p)",
4 "decayIAA": "muIAA*a",
5 "productionIAA": "rhoIAA / (1.0 + kIAA * a)",
6 "passive_transport": "D * wall_length * (a_j - a_i)",
7 "phi": "wall_length*exp(c1*a_j)",
8 "psi": "p_i a_i**2/(kM**2+kT*a_j**2)"
9 }

The parameter file. In the parameter file we specify all parameters that are
necessary to perform the continuation. This includes the model parameters
and information about the tissue, the solvers, the continuation and the saving
process.

In this example, we consider a tissue with 742 irregular prismic cells that
cover an almost-circular domain (geometry extracted from [69]) with free
boundary conditions [36]. We choose as continuation parameter the model
parameter T , and the trivial solution of this model in T = 0 as the starting
point. We also specify a directory and file name to save the continuation data.
A part of the parameter file reads:
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1 {
2 "input": "./location/of/cells_742.h5",
3 "output": "./location/of/continuation.h5",
4 "rhoIAA": 1.500,
5 "D": 1.000,
6

7 ...
8

9 "T": 0.0,
10 "startpoint": "value",
11 "startpoint_a": "(-1.0 + sqrt(1.0 + 4.0*kIAA*rhoIAA/muIAA))

/(2.0*kIAA)",
12 "startpoint_p": "(-1.0 + sqrt(1.0 + 4.0*kPIN*(rhoPIN0 + rhoPIN*a

)/muPIN))/(2.0*kPIN)",
13

14 ...
15 }

More information and examples of both the model file and the parameter
file, can be found in the demo directory of the PyNCT toolbox.

4.5.2.2 Executing the continuation

After specifying all parameters in the correct files, we can start the continua-
tion by calling the doContinuation method.

from pynct . biology import doContinuation
doContinuation . doContinuation( ’ / location / of / parameterFile . json ’ ,

’ / location / of / modelFile . json ’ )

Every solution point is saved immediately after it is calculated in the specified
output file. This method has the advantage that we can already start with the
post processing before all points are calculated.

4.5.2.3 Post-processing

In the PyNCT biology demo, we already included two functionalities neces-
sary for post-processing the calculated data. We can determine the stability
properties of the solutions and we can visualize the solutions.

The stability The stability of the solutions on a continuation branch is de-
termined with the function calculateEigenvaluesMpi in PyNCT.

from pynct . biology import calculateEigenvaluesMpi
calculateEigenvaluesMpi .main( )

This function calculates the eigenvalues and saves them in a specified file.
More information can be found in Section 4.4.2.
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7.6. CONCLUSIONS AND OUTLOOK 115

argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 4.1: Bifurcation diagram and corresponding solution pattern for the Smith
et al. model for an almost-circular domain of 742 irregular cells (geometry taken
from [69]). Left: An example of a bifurcation diagram that depicts the 2-norm of IAA
concentration versus the continuation parameter T (the IAA active transport coeffi-
cient). Stable solutions are drawn with a full line and unstable solutions with a dotted
line. Right: The solution pattern corresponding with the red dot on the left figure.

Plotting Tools. In order to process and interpret the calculated data in plant
biology, it is very useful to visualize it. Although many tools already exist for
plotting data, we added some basic functions in the PyNCT demo specifically
aimed at visualizing continuation data from biological systems.

All plotting tools are implemented in the file plottools.py which therefore
needs to be imported. We can plot bifurcation diagrams with or without the
stability of the calculated solutions and all the solution patterns. The functions
work by just specifying the right data files. For example, the following code
gives an interactive plot with the bifurcation diagram and a corresponding
solution pattern.

from pynct . biology import plottools
plottools . bifDiagramInteractive ( ’ / location / of / continuation .h5 ’ )

We can change the highlighted solution point and thus the solution pattern
interactively. Figure 4.1 displays such a plot where also the stability proper-
ties are shown. The bifurcation diagram shows the norm over all cells of IAA
versus the continuation parameter T (the IAA active transport coefficient). As
in the figure, we can highlight one solution point on the continuation branch.
The distribution of IAA in the tissue in this solution point is then automatically
displayed at the right in the figure. The darker the cell is coloured, the higher
the concentration of the unknown (IAA).

More information about the plotting tools and how to use them can be
found in the PyNCT biology demo.
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4.6 Conclusions and outlook

We presented the Python Numerical Continuation Toolbox PyNCT, an open
source library. The toolbox contains different state-of-the-art numerical algo-
rithms for numerical continuation and is able to calculate the stability proper-
ties of the solutions.

The methods can be applied to coupled non-linear (smooth and continu-
ously differentiable) equations and specifically to models describing the trans-
port throughout a network of cells. For general models the system must be
implemented in a new class but for a subset of concentration-based transport
models (those models that satisfy Definition 2.3.1 and Hypothesis 2.3.1) only
a specification of the model parts in a configuration file is necessary. In the
future we want to extend the class of models that can be analysed automati-
cally.

The numerical methods implemented in PyNCT are based on sparse linear
algebra since biological processes can be described often by just describing
what happens in the direct neighbourhood. Therefore solutions can be calcu-
lated efficiently. Further there is no limitation on the number of unknowns or
the size and shape of the tissue. These are the main advantages and differ-
ences of our toolbox in comparison with existing tools for system biologists.

PyNCT helps us to explore parts of the solution space. We can calculate
a branch of solutions and determine the stability of each solution. Based on
this information, we identify bifurcation points and calculate new branches
that emerge. However, in the future we will include a method that detects the
bifurcation points and performs automatic branch-switching.

Finally our toolbox allows quick experimentation and has a low entry bar-
rier for less technical users. Biologists can now compare various transport
models and explore different hypotheses much more easily.



CHAPTER 5
Pattern formation in an

unbounded tissue

The contents of this chapter are adapted from "Numerical bifurcation analysis
of the pattern formation in a cell based auxin transport model" by Delphine
Draelants, Jan Broeckhove, Gerrit T.S. Beemster and Wim Vanroose in Journal
of Mathematical biology [37].

5.1 Introduction

Concentration-based transport models involve many different endogenous and
exogenous parameters that model the dynamics of the cell and the interaction
with neighbouring cells. For the majority of these parameters there is a large
experimental uncertainty since they are very hard to measure in isolation.

Therefore, besides testing the overall behaviour of the model for a stan-
dard set of parameters, we evaluate the influence of a variation of the pa-
rameters on the behaviour of the system. This will allow us to predict the
patterns that emerge in the models when the parameters are changed. This
information poses testable hypotheses for the experimental biologists and it
will allow them to refine the models and give a more realistic description of
the biological system.

In this chapter we study the influence of the endogenous and exogenous
parameters1 on the pattern formation for the Smith model and variations for
a simple linear file of cells with Neumann boundary conditions. We perform a
thorough mathematical exploration of the behaviour of these coupled models
and propose a framework to compare different transport hypotheses. The

1The endogenous parameters are the model parameters determined by the function relation-
ships of the model itself. The exogenous parameters are not specified by the model equations
itself but are used for setting external conditions like for example boundary conditions.

37
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analysis expands the study of the steady states in the transport of hormones
and gives new insights into the spacing of IAA accumulations that form the
basis of vascular development [86].

5.2 The simulation model

5.2.1 The systems of equations

In order to evaluate the influence of the parameters and to analyse and com-
pare different model hypotheses, we first need to specify a specific model.
In this chapter we consider a slightly generalized version of the Smith model
with respect to the transport term. As stated in Section 2.5 the Smith model
satisfies Definition 2.3.1 and Hypothesis 2.3.1 and the explicit expressions for
the functions π, δ,ϕ and ψ are

π :

[
ai

pi

]
7→


ρIAA

1 + κIAAai
ρPIN0 + ρPINai

1 + κPINpi

 , δ :

[
ai

pi

]
7→
[
−µIAAai

−µPINpi

]
,

ψ :

([
ai

pi

]
,

[
aj

pj

])
7→

pi a2i
K2
M + κTa2j

0

 , ϕ :

[
ai

pi

]
7→
[

exp(c1ai)

0

]
.

This model differs mainly from other transport models by the active transport
term and thus by ϕ and ψ. In ψ, the quadratic dependence of the flux on the
concentration is not based on experimental data. They found with simulations
that this provides better control over the spacing of peaks in the resulting
pattern than when using linear relations. Further they introduce an expo-
nential dependence of the localization of PIN1 on the concentration of IAA
(ϕ). Also this choice is based on simulation results and not on experimental
data2. Therefore we will also consider two other models. One where the ac-
tive transport is modelled with a linear dependence to describe the flux on the
IAA concentration

ψ :

([
ai

pi

]
,

[
aj

pj

])
7→

pi ai
KM + κTaj

0

 , (5.1)

and one model without the exponential dependence of the localization of PIN1
on the concentration of IAA

ϕ :

[
ai

pi

]
7→
[
ai

0

]
. (5.2)

2Because of these two choices, the Smith model is often referred to as the exotic model.
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The three different equations that model the active transport can be combined
in one generalized equation for ν:

(νij)1 :

([
a1

p1

]
, . . . ,

[
an

pn

] ∣∣∣∣H∗) 7→
pi

(
ω

lij exp (c1aj)∑
k∈Ni

lik exp (c1ak)
+ (1− ω)

lijaj∑
k∈Ni

likak

)
aτi

Kτ
M + κTaτj

.

(5.3)

Remark that these new equations indeed allow us to compare different trans-
port hypotheses, but only for specific values of ω the model satisfies Hypothe-
sis 2.3.1.

5.2.2 Domain and boundary conditions

The domain that we consider in this chapter is a one dimensional file of iden-
tical cubic cells with volume V = 1 µm3 and lij = 1 µm. The domain is derived
from one layer of cells representing, for example, a cross section through a
young leaf from the margin to the mid-vein of the leaf. This is in contrast
with the considered domains when analysing the Smith and Jönsson models
in [52, 94]. They consider an identical tissue but relate it to a ring of cells
around an axial plant organ. We refer to this domain as 1D regular.

In [52, 94] they use periodic boundary conditions in order to represent the
tissue as a ring. In our case, the boundary conditions need to describe the
fluxes at the boundary of the leaf. Therefore we use ghost cells, fictitious cells
that are used to implement the boundary conditions , a technique frequently
used in discretizations of partial differential equations. Two ghost cells are
used at each end of the domain, since the model relates each cell with two
cells at the left and the right (Figure 5.1). The n interior cells are labelled 1 to
n. The ghost cells are cells −1 and 0 at the left of the domain and cells n + 1

and n+ 2 at the right. The concentration of the IAA hormone in the two ghost
cells on each side are chosen to describe the influx at the boundary of the leaf
and the efflux at the mid-vein. The IAA concentration then changes linearly at
the boundaries as if Neumann boundary conditions are applied. Therefore we
have {

a−1 = a1 + 2γ and a0 = a1 + γ,

an+1 = an − η and an+2 = an − 2η,
(5.4)

with γ the amount of influx at the left and η the amount of efflux at the right.
The values of p0 and pn+1 in the ghost cells are determined by Equation (2.7)
that couples it to the value of ai in the ghost cell. Note that p−1 and pn+2 do
not appear in the problem since the model does not require it.

The amount of influx and efflux is directly related with γ and η and we
can consider them as extra model parameters and study their influence (see
Section 5.5). We can also choose a fixed value for γ and η during the simu-
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−1 0 1 2 i i+1 n−1 n n+1n+2

→ → → →

Figure 5.1: Top: The 1D model can be seen as a row of cells cut out of a leaf with
equal sized cubic cells. In the first step we represent the leaf as a 2D squared grid
of equal sized cubic cells. The second arrow indicates that we only consider the part
from the left margin till the midvein. Here in each cell at the boundary, the direction
of the IAA fluxes is indicated. In the third step a horizontal row of inner cells with,
at each side two boundary cells is cut out of the domain. In the last step this domain
is enrolled so it forms a 1D file of equal sized cubic cells. The two boundary cells at
each side of the domain are the ghost cells. Bottom: The one dimensional row of cells
denotes the domain. Cells 1 to n are the interior cells, cell −1 and 0 are the ghost cells
to the left of the domain and cells n+ 1 and n+ 2 are the ghost cells to the right of the
domain. The arrows in the ghost cells denote the IAA fluxes in those cells if γ, η > 0.
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lations. In Section 5.4 we investigate the influence of the endogenous model
parameters while assuming zero-flux boundary conditions.

Remark that these boundary conditions differ from periodic boundary con-
ditions (used in [52, 94]) since they allow a different concentration at the left
and the right of the domain. Both boundary conditions transform the tissue in
an unbounded tissue. An unbounded tissue represents an infinite tissue that
is simulated by a tissue with a finite number of cells with boundary conditions
that imply that all (real) cells have the same number of neighbours.

5.3 Summary of the main results

In this chapter we address the following questions: What type of patterns are
generated by the models described in Section 5.2.1 applied on an unbounded
domain simulated with Neumann boundary conditions? Do they all predict the
occurrence of IAA peaks? What are the instabilities that lead to the formation
of IAA peaks? Are IAA patterns robust to changes in the endogenous parame-
ters? Have the boundary conditions an influence on the IAA patterning?

The main result of our investigation about the (generalized) Smith model
is that the models are all able to form IAA peaks and they emerge all at once
via a bifurcation point. In particular we have:

Result 5.3.1 (Homogenous steady states). In unbounded regular domains,
concentration-based models satisfying Definition 2.3.1 and Hypothesis 2.3.1
support a homogeneous equilibrium yi = y∗ for all values of T if the boundary
conditions demand an equal distribution of IAA in the boundary cells (real cells
and ghost cells). For small values of T this steady state is the only existing
solution which is stable. For larger values, the steady state becomes unstable
via a bifurcation point. This bifurcation point can be a simple branch point or
a Hopf point depending on the parameter set.

Remark 5.3.1 (Regular domains). Remark that an unbounded tissue can be
simulated by requiring periodic boundary conditions or Neumann boundary
conditions. However, not all these boundary conditions have an homogeneous
steady state for all parameter sets. The above condition on the boundaries im-
plies periodic boundary conditions or zero-flux Neumann boundary conditions.
For non-zero Neumann boundary conditions, the homogeneous solution only
exists for T = 0. In this thesis unbounded tissues are always tissues where
the homogeneous solution exists for all T unless it is explicitly specified.

Remark 5.3.2 (Turing bifurcation). The point where the homogeneous so-
lution loses stability is often referred to as a Turing point. After this point
only unstable homogeneous solutions and stable patterned solutions exist. We
will use this term to denote this point but note that it is not a regular Turing
point since we investigate the influence of the IAA active transport coefficient
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instead of the diffusion coefficient. Remark that we not only revealed the capa-
bility of producing patterns with IAA peaks, but also revealed the mechanism:
the Turing point is a branch point or a Hopf point.

All simulation results for the (generalized) Smith model presented in the
next sections confirm the previous result and provide numerical evidence for
the following conclusions:

Result 5.3.2 (Emergence of IAA peaks in regular unbounded domains). Peaks
derive from an instability of the homogeneous steady state and they are formed
all at once as T is varied beyond a threshold via a bifurcation point (see Re-
sult 5.3.1). For low values of T only the homogeneous steady state exists, but
for T behind this threshold patterns with sharp peaks are observed. This is
in accordance with results found in literature ([27, 29, 40, 52, 84, 94, 100])
that show that concentration based models are capable of reproducing IAA
patterns that are found in SAM experiments, for biologically realistic values
of the transport parameters. It also confirms the experimental results where
it was shown that a mutation in the IAA import carrier LAX2, which inhibits
IAA transport increases the numbers of vascular strand breaks [79].

Result 5.3.3 (Periodic solutions). For specific parameter sets, the homoge-
neous solution loses its stability in a Hopf point that gives rise to a stable
periodic solution branch. An oscillating behaviour of the biological system is
thus obtained for specific parameter sets. This behaviour has to our knowl-
edge never been observed in the context of leaf development. However, in
the root basal meristem, oscillating IAA concentrations have been observed
and related to the regular induction of laterals along the growing axis of the
root [30].

Result 5.3.4 (Stable distance between peak). Peaks occur at stable distances
from each other in the tissue. From a biological perspective this suggests that
the distance between veins is relatively stable which should be observable
in experiments. Peaks occur at stable distances across the region where a
pattern of IAA peaks is generated. This implies that in the case of vascular
patterning, the initial distance between veins is relatively stable. This means
that observed differences in vascular density in mature leaves [32] largely
result from differences in subsequent development.

Remark 5.3.3 (Experimental validation). The simulations revealed new in-
sights in vascular development generated by modelling a biological process
and can be experimentally validated.

Result 5.3.5 (Influence of Neumann boundary conditions). The fluxes at the
boundary have an impact on the resulting pattern. Varying the fluxes at the
boundaries resulted in s-shaped bistable branches, which leads to a hysteresis
effect in the boundary conditions.
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Figure 5.2: The time evolution of the solution for the Smith model for a row of 20
cells with zero Neumann boundary condition and parameters from Table 2.1 with D =
1.000 µm2/s, ρIAA = 1.500 µM/s and T = 3.500 µm3/s. The initial condition is given by
Equation (5.5) and we used RK4 for numerical integration.

5.4 Influence of endogenous parameters

The generalized Smith model described in Section 5.2 together with an initial
value describe an initial value problem that can be solved numerically with
time step methods (see Section 3.2). Figure 5.2 shows as an example the
time evolution from t = 0 to t = 10 for the Smith model with zero Neumann
boundary conditions and a tissue of 20 cells. The parameters are taken from
Table 2.1 with D = 1.000 µm2/s, ρIAA = 1.500 µM/s and T = 3.500 µm3/s. The
initial value for the concentrations is given by

pi(t = 0) = 5.4 and ai(t = 0) = 3.4, (5.5)

where a small perturbation 0.2 sin ((5 (i+ 2)π) /24) for i = 1, . . . , 20 was added
to it to break symmetry. The figure shows the development of a pattern in the
concentration of IAA. After a certain time the pattern arrives in a stable steady
state. For the row of 20 cells a single peak with a high IAA concentration is
formed. Any other initial state nearby will lead to the same long term solution.

Instead of choosing a standard set of parameters for which the model
shows a certain (realistic) behaviour, we want to evaluate which of the model
parameters are crucial for the overall behaviour and which ones are less im-
portant. Further we are only interested in the steady state solutions of trans-
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port models and not in the whole time evolution. Therefore we will only study
the steady state problem (see Section 5.4.1) and use continuation methods
and bifurcation analysis to determine the solutions and how they depend on
the model parameters.

In this section, we first define and analyse a trivial (homogeneous) solu-
tion as starting point for the continuation and then we show the influence of
different endogenous parameters.

5.4.1 Steady state problem

Since we are only interested in the steady state solutions of the system, we
calculate the steady state solutions directly rather than evolving the system in
time. The steady state problem for the Smith model applied on the file of cells
with zero Neumann boundary conditions as specified in Section 5.2.2 becomes

0 =
ρPIN0

+ ρPINai
1 + κPINpi

− µPINpi with i = 0, 1, . . . , n, n+ 1

0 =
ρIAA

1 + κIAAai
− µIAAai −D (ai − ai−1)−D (ai − ai+1)

+ T

(
pi−1 exp (c1ai)

exp (c1ai−2) + exp (c1ai)

)
a2i−1

KM + κTa2i

− T
(

pi exp (c1ai−1)

exp (c1ai−1) + exp (c1ai+1)

)
a2i

KM + κTa2i−1

+ T

(
pi+1 exp (c1ai)

exp (c1ai) + exp (c1ai+2)

)
a2i+1

KM + κTa2i

− T
(

pi exp (c1ai+1)

exp (c1ai−1) + exp (c1ai+1)

)
a2i

KM + κTa2i+1

with i = 1, . . . , n

a−1 = a1 and a0 = a1

an+1 = an and an+2 = an,

(5.6)

where the indices 0 and n + 1 in the first equation express the coupling of
pi to ai in the first ghost cells. This system can be written as the system of
equations

F (y,λ) = 0, (5.7)

where F : R2n+s −→ R2n : (y,λ) 7→ F (y,λ) with n the number of cells and s

the number of parameters (see Section 2.3 for general definition). Since the
Smith model considers two state variables per cell (IAA and PIN1), y is a 2n

dimensional solution vector of the problem that contains both the p (PIN1)
and a (IAA) steady state variables. The vector λ ∈ Rs denotes the set of
parameters.

For the slightly changed models with active transport term as in Equa-
tion (5.3) the steady state problem can be obtained in the same way.



5.4. INFLUENCE OF ENDOGENOUS PARAMETERS 45

5.4.2 The trivial solution

In this section we search for a trivial solution of system (5.6), a solution that
can be calculated analytically and that will be used as a starting point for the
numerical continuation in Section 5.4.3.

If we assume that the solution is homogeneous then the values of p and a

are the same for all cells so that

pi = pj and ai = aj ∀i, j = −1, . . . , n+ 2. (5.8)

System (5.6) now reduces to
0 =

ρPIN0 + ρPINai
1 + κPINpi

− µPINpi for i = 0, . . . , n+ 1,

0 =
ρIAA

1 + κIAAai
− µIAAai for i = 1, . . . , n,

(5.9)

and
a−1 = a0 = a1 and an+1 = an+2 = an. (5.10)

Because pi and ai are real positive numbers, we find a unique solution that is
given by 

pi =
−1 +

√
1 + 4κPIN (ρPIN0

+ ρPINai) /µPIN

2κPIN

,

ai =
−1 +

√
1 + 4κIAAρIAA/µIAA

2κIAA

,

(5.11)

with i = −1, . . . , n + 2. This is the trivial solution of the system. Note that
the same trivial solution is obtained for the slightly changed models with an
adapted active transport term as in Equation (5.3). From Equation (5.9) we
know that for a certain parameter set, there is only one trivial homogeneous
solution. By Formula (5.11) it is easy to calculate this trivial solution for dif-
ferent parameter values. Figure 5.3 shows the concentration of IAA in one
cell (cell number 6) versus the parameter ρIAA. Because the solution is ho-
mogeneous, the trivial solution curve would be the same for every cell and is
independent of the number of cells. Henceforth we refer to this solution as
the homogeneous (steady state) solution.

5.4.2.1 Stability of the (trivial) homogeneous solution

The value of the IAA concentration in the homogeneous solution is indepen-
dent of the IAA diffusion coefficient D, the IAA active transport coefficient T
and the number of cells. Furthermore, it does not depend on the type of model
for the active transport. Any choice of ω or τ yields to the same homogeneous
solution. However, the stability depends in a sensitive way on the diffusion
and active transport coefficients, the number of cells and on the model of the
active transport. Although Expression (5.11) for the homogeneous solution is
readily obtained, it is not easy to determine the stability of this solution. The
Jacobian matrix of the coupled steady state system (5.6) for a finite size and
Neumann boundary conditions is not trivial.
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Figure 5.3: The concentration of IAA in the (trivial) homogeneous solution as a func-
tion of the IAA production coefficient ρIAA. Each cell has the same concentration. How-
ever, for large ρIAA this solution becomes unstable. Stability is calculated for Equa-
tion (5.6) and a row of 20 cells. The squares denote the (trivial) homogeneous solu-
tions for ρIAA equal to 0.500, 0.750 and 1.500 µM/s respectively. The other parameters
are taken from Table 2.1. with D = 1.000 µm2/s and T = 3.500 µm3/s

For an infinite domain or for a finite domain with periodic boundary con-
ditions, the stability around the homogeneous solution could possibly be cal-
culated by a Fourier analysis. However, we are also interested in the stability
around the solutions with peaks with high concentration where a Fourier anal-
ysis becomes impossible.

The stability for a finite system can, however, easily be calculated by nu-
merical means starting from the analytical Jacobian or from a numerical ap-
proximation as implemented in the PyNCT toolbox and explained in Section
4.4.1.2. Once (an approximation to) the Jacobian is obtained, its eigenvalues
can be calculated numerically. This approach can also be used to study the
stability of other solutions.

The stability of the homogeneous solution of Equation (5.6) for a row of
20 cells is shown in Figure 5.3. For smaller values of ρIAA the eigenvalues
of the homogeneous solutions lie in the left half-plane of the complex plane.
Therefore these stable solutions are drawn with a full line in Figure 5.3. For
larger values of ρIAA, at least one eigenvalue lies in the right half plane and so
the homogeneous solution is unstable. This is indicated with a dotted line.

Also for other parameter values we can calculate the stability of the homo-
geneous solution. In each plot on Figure 5.4 two parameter values are varied.
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The other parameter values are taken as in Table 2.1 with ρIAA = 0.750 µM/s,
D = 1.000 µm2/s and T = 3.500 µm3/s. The first column of figures corresponds
with the stability region for Equation (5.6) ( i.e. the Smith model) and the
second column of figures represents the stability regions for the steady state
problem with a modified active transport equation (5.3) with ω = 1 and τ = 1.
These plots show where the homogeneous solution is stable (marked in gray)
for a row of 20 cells. For example, the top left figure shows that very small
values of ρIAA give a stable homogeneous solution for almost every value of T
in the original model. All other values of ρIAA give an unstable homogeneous
solution if T is not too small. Further we find that when the active transport is
modelled with a linear dependence on the IAA concentration, the shape of the
stability region of the homogeneous solution remains approximately the same
but it is much smaller than with a quadratic dependency (compare the first
column with the second). For both models we find that increasing the number
of cells, leads to approximately the same shape of the stable region of the ho-
mogeneous solution – it only gets slightly smaller. Applying the model without
the exponential dependence of the localization of PIN1 on the concentration
of IAA results in a stable homogeneous solution for the entire tested range of
parameters.

5.4.3 Results

This section presents several examples that highlight specific properties of
the dynamics of the model. In the first three examples we give, for the 1D
regular domain of 20 cells and zero Neumann boundary conditions, parts of
the steady state solution landscapes of the Smith model with parameter set
as in Table 2.1 and D = 1.000 µm2/s and respectively parameter ρIAA equal to
1.500, 0.750 and 0.500 µM/s. In the fourth example, we enlarge the system and
study a 1D regular domain of 100 cells instead of 20 cells. Again zero Neu-
mann boundary conditions are applied and the parameters are as in Table 2.1
with D = 1.000 µm2/s and ρIAA = 0.750 µM/s. In the last two examples we in-
vestigate the generalized Smith model with active transport equation (5.3). In
Example 5.4.5, we look at the influence of the parameter τ on the bifurcation
scheme found in Example 5.4.1. Finally in Example 5.4.6 we investigate the
influence of the parameter ω on the stability.

In Examples 5.4.1 to 5.4.5 the IAA active transport coefficient T is the
continuation parameter. We have chosen T as the continuation parameter
similar to the one-dimensional simulations of Smith et al. [94]. Also Jönsson et
al. [52] investigated the influence of the IAA active transport coefficient T in
their simple model by changing the ratio D/TP , with P the fixed value for
PIN1. In Example 5.4.6 we use ω as continuation parameter.

Each time we choose to display a bifurcation diagram that depicts the IAA
concentration in cell number 6 versus the continuation parameter. Alternative
choices for the measure on the y-axis (e.g. a different cell) would be equally
valid.
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Figure 5.4: Stable (marked in gray) and unstable region of the homogeneous solution
for a row of 20 cells and different choices of the parameters ρIAA (IAA production co-
efficient), D (IAA diffusion coefficient) and T (IAA active transport coefficient). Other
parameters are taken from Table 2.1. The first column of figures displays the stabil-
ity regions for the Smith model and the second column for the Smith model with an
adapted active transport equation (5.3) with ω = 1 and τ = 1.
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We will find that the homogeneous solution loses its stability through either
a branch point or a Hopf bifurcation. The results also show the effect of the
quadratic dependence in comparison with the linear dependence to describe
the flux on the IAA concentration.

Example 5.4.1
This example illustrates the first generic scenario that is encountered when
the homogeneous solution loses its stability. The results of the bifurcation
analysis for the Smith model applied on a 1D regular domain with 20 cells
and zero Neumann boundary conditions. The parameters are as in Table 2.1
with D = 1.000 µm2/s and ρIAA = 1.500 µM/s are shown in Figure 5.5. The top
figure shows the bifurcation diagram that depicts the concentration of IAA in
cell number 6 versus the parameter T . The other plots in Figure 5.5 show
the steady state IAA patterns in all cells for the specific places indicated with
labels in the bifurcation diagram.
The homogeneous solution curve is the starting point of the continuation. It
is the flat horizontal line in the bifurcation diagram. When the parameter T
becomes larger than a critical value (T = 0.8983 µm3/s), the homogeneous so-
lution loses its stability at a branch point. It was found by calculating for every
solution

(
y(i),λ(i)

)
on the branch, the augmented Jacobian matrix defined as

Jaug = [Jy |Jλ ] . (5.12)

If the Jacobian Jy is singular and the rank of the augmented Jacobian is still
smaller than 2n, then the solution point

(
y(i),λ(i)

)
is a branch point. This

means that there exist an eigenvalue µ
(
λ(i)

)
of the Jacobian Jy which is equal

to zero. Inserted into a graph, there is a path of an eigenvalue of the solution
points corresponding to λ close to λ(i), that crosses the imaginary axis at
the real axis when λ = λ(i). In the branch point on Figure 5.5 there is an
exchange of stability to another branch, also shown in the diagram. There
are two stable parts on this other solution branch with patterns. When the
IAA active transport coefficient T is large, the stable solution pattern on this
branch consist of one big peak (Figure 5.5 solution pattern 2). The other
stable part on this branch appears in a very limited range where T is smaller.
For example solution 4 is such a stable pattern and it has two small variations
(Figure 5.5 solution pattern 4). Solution pattern 2 is the same pattern that
was obtained by numerical integration with the fourth order Runge-Kutta in
Figure 5.2. We thus found a connection between the homogeneous solution
and the numerical solution with peaks.

Example 5.4.2
Here we illustrate a second scenario in which the homogeneous solution loses
its stability. It describes the results of the bifurcation analysis for the Smith
model applied on a 1D regular domain with 20 cells and zero Neumann bound-
ary conditions and with the parameter set that Smith et al. used in their
publication [94] (parameters as in Table 2.1 with D = 1.000 µm2/s and ρIAA =

0.750 µM/s). The parameter set differs from the previous example parameter
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Figure 5.5: Top: The bifurcation diagram of Example 5.4.1 (Smith model applied
on a 1D regular tissue of 20 cells with zero Neumann boundary conditions) with the
IAA concentration in cell number 6 versus the continuation parameter T (IAA active
transport coefficient). The parameters are taken from Table 2.1 with D = 1.000 µm2/s
and ρIAA = 1.500 µM/s. BP denotes a branch point and LP a limit point. The stars mark
the places of the figures displayed below. Bottom: The IAA concentration in the whole
domain corresponding with the stars marked on the bifurcation diagram.
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by a lower production coefficient of IAA, ρIAA. In the previous example, the
stability was lost in a branch point. Now, we find that the stability is lost
through a Hopf bifurcation where the equilibrium transitions into a periodic
orbit. Looking at the eigenvalues of the Jacobian in this Hopf point, there is a
pair of eigenvalues that satisfies

µ
(
λ(i)

)
= ±iβ. (5.13)

If we draw a trajectory of the eigenvalues of solution points with λ close to
λ(i), we see that there are two complex conjugated eigenvalues different from
zero that cross the imaginary axis when λ = λi.

The top figure on Figure 5.6 shows the bifurcation diagram depicting again
the concentration of IAA in cell 6 versus the continuation parameter T for
the Smith model with zero Neumann boundary conditions and parameters as
in Table 2.1 with D = 1.000 µm2/s as in Example 5.4.1, but now for ρIAA =

0.750 µM/s. In this situation, the stability of the homogeneous solution is lost
in a Hopf point at T = 3.3113 µm3/s. The branch that emerges from this Hopf
point, shows the maximal and minimal IAA concentration over the orbit for
each choice of parameter T . All the solutions on this branch are unstable
and therefore we only have unstable periodic solutions. Further, also another
steady state branch, different from the homogeneous solution branch, is dis-
played. This branch intersects with the homogeneous solution branch at a
branch point (T = 5.4047 µm3/s ). Around this branch point, all solutions are
unstable. However, when we follow this new branch, we encounter another
Hopf point where we now gain stability. The pattern of these stable solutions
consist of one single big peak in the middle of the domain (see Figure 5.6
solution pattern 3).

Example 5.4.3
This example illustrates that there are stable orbits beyond the Hopf bifurca-
tion point for some particular choices of the parameters. For the third example
the parameter set from Table 2.1 is used but now with D = 1.000 µm2/s and
ρIAA = 0.500 µM/s. The parameters differ from the parameter sets in the pre-
vious example in the production coefficient of IAA. It is smaller than in the
previous parameter set. Again the Smith model is applied on a 1D regular
domain with 20 cells and zero Neumann boundary conditions.

The resulting bifurcation diagram is shown in Figure 5.7. As in Exam-
ple 5.4.2, the stability of the homogeneous solution is lost in a Hopf point
(T = 22.7384 µm3/s). However, in contrast with this previous example, the pe-
riodic solution branch that intersects with the homogeneous solution branch
in this point contains stable periodic solutions. Figure 5.8 shows, in a three di-
mensional plot, the stable periodic solution for IAA active transport coefficient
T = 23.5 µm3/s found with RK4 starting from the initial value

pi(0) = 1.79 and ai(0) = 3.76, (5.14)

where a small perturbation 0.02 sin ((5 (i+ 2)π) /24) for i = 1, . . . , 20 was added.
Any other initial state nearby will lead to the same long term solution. We see
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Figure 5.6: Top:The bifurcation diagram of Example 5.4.2 (Smith model applied on
a 1D regular tissue of 20 cells with zero Neumann boundary conditions) with the IAA
concentration in cell number 6 versus the continuation parameter T (IAA active trans-
port coefficient). The parameters are taken from Table 2.1 with D = 1.000 µm2/s and
ρIAA = 0.750 µM/s. The stars mark the places of the figures displayed below. The dot-
ted line through point H1 (that lies on the homogeneous solution branch) shows the
maximal and minimal value of the IAA concentration in cell number 6 of the periodic
solution for each choice of the parameter T . H and BP denote respectively a Hopf point
and a branch point. Bottom: The IAA concentration in the whole domain corresponding
with the stars marked on the bifurcation diagram.
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Figure 5.7: Bifurcation diagram of Example 5.4.3 where the Smith model was solved
for a 1D regular domain and zero Neumann boundary conditions with parameters from
Table 2.1 and D = 1.000 µm2/s and ρIAA = 0.500 µM/s. It depicts the IAA concentration
in cell number 6 versus the continuation parameter T (IAA active transport coefficient).
H denotes a Hopf point. The stable orbit for T = 23.5 µm3/s is shown on Figure 5.8.

that the periodic solution changes in time from a pattern with one peak con-
centration of IAA in the middle of the domain to a pattern with two high IAA
concentrations at the sides of the domain. In Figure 5.9 we plotted this tra-
jectory in the (a6 (t) , da6 (t) /dt)-plane starting from the initial value in Equa-
tion (5.14).

Example 5.4.4
The previous three examples showed a part of the bifurcation diagrams for
the Smith model applied on a 1D regular domain of 20 cells and zero Neu-
mann boundary conditions. The parameter set from Table 2.1 is used with
D = 1.000 µm2/s and different IAA production coefficients ρIAA. In this example
the tissue is again a 1D regular domain but now with 100 cells. The parameter
values of Example 5.4.1 (parameters from Table 2.1 with D = 1.000 µm2/s and
ρIAA = 1.500 µM/s) are used. In this example, the stability of the homogeneous
solution is again, as in Example 5.4.1, lost at a branch point (T = 0.8504 µm3/s)
(see top figure Figure 5.10). The branch that crosses the homogeneous solu-
tion branch in this point is a bit more complicated. The branch contains 3

different stable parts. The stable part that contains solution point 2 consists
of solutions with a pattern with 8 peaks (see solution pattern 2 of Figure 5.10).
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Figure 5.8: The time evolution of the Smith model for a 1D regular domain of 20
cells and zero Neumann boundary conditions starting from the initial value in Equa-
tion (5.14) and with parameter set from Table 2.1 with D = 1.000 µm2/s, ρIAA =
0.500 µM/s and T = 23.500 µm3/s. We used RK4 for numerical integration. The result-
ing solution is a periodic solution where the pattern changes from one peak concen-
tration of IAA in the middle of the domain to a pattern with high concentrations at the
boundaries. The periodic solution corresponds with the solution for T = 23.500 µm3/s
on the periodic solution branch in Figure 5.7.

Also the small stable area on the branch that contains solution 3 consists of
patterns with 8 peaks, but they are smaller due to the small value of T in this
region. We see that the peaks become higher for an increasing IAA active
transport coefficient T (compare for example the solution patterns 2 and 3
and 5 and 6). The third stable part on this solution branch, appears also in a
limited range of T . The patterns show only 7 peaks of high IAA concentration
(see solution pattern 4). The patterns on the unstable part of the branch that
contain solution patterns 5 and 6 also consist of 7 peaks.

The other solution branch on the bifurcation diagram of Figure 5.10 is
found by time integration by starting with the steady state solution of Fig-
ure 5.2 copied five times in a row which rapidly leads to a steady state that
can be used as a starting point for the continuation. We see that this branch
is not (directly) linked with the homogeneous solution branch and consists of
one stable and one unstable part. On both parts the patterns consist of 9 high
peaks of IAA concentration (see Figure 5.10 solution pattern 7 and 8).
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Figure 5.9: The trajectory of the time evolution of Figure 5.8 in the (a6 (t) , da6 (t) /dt)-
plane. We used a row of 20 cells starting from initial value (5.14) and parameter set
from Table 2.1 with D = 1.000 µm2/s, ρIAA = 0.500 µM/s and T = 23.500 µm3/s. We
used RK4 for numerical integration.

Remark 5.4.1. Figures 5.5, 5.6, 5.7 and 5.10 for Examples 5.4.1 - 5.4.4
show different bifurcation diagrams of the Smith model applied on a 1D reg-
ular domain with zero Neumann boundary conditions. In the Examples 5.4.1
and 5.4.4, where ρIAA = 1.500 µM/s, the stability of the homogeneous solution
is lost in a branch point. While in the Examples 5.4.2 and 5.4.3 it is lost in
a Hopf point. We can calculate the type of these bifurcation points for ev-
ery transition from stable to unstable for the three dimensional space of the
parameters D, T and ρIAA. We found that for a 1D regular domain only two
different situations can occur: either the stability of the homogeneous solu-
tion is lost in a Hopf point or it is lost in a branch point. Figure 5.11 shows,
for a 1D regular domain of 20 cells, zero Neumann boundary conditions and
parameter values from Table 2.1 with D = 1.000 µm2/s, rhoIAA = 0.750 µM/s

and T = 3.500 µm3/s, the stability boundary for the parameters D, ρIAA and T .
The line also indicates the corresponding type of bifurcation. For example the
top left figure shows that for small values of the production coefficient of IAA
the stability of the homogeneous solution will be lost in a Hopf point. Indeed,
in Examples 5.4.2 and 5.4.3 we found similar results.

Example 5.4.5
This example explores the role of the quadratic dependence of the active
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Figure 5.10: Top: Bifurcation diagram of Example 5.4.4 (Smith model applied on a
1D regular domain of 100 cells with zero Neumann boundary conditions). The param-
eter set from Table 2.1 is used with D = 1.000 µm2/s and ρIAA = 1.500 µM/s. The
diagram shows the IAA concentration in cell number 6 versus the continuation param-
eter T (IAA active transport coefficient). The unconnected branch is found by time
integrating the steady state solution of Figure 5.2 copied five times in a row until a
steady state is found. The resulting steady state is then used as a starting point for the
continuation.The stars mark the places of the figures displayed below. Bottom: The
IAA concentration in the whole domain corresponding with the stars marked on the
bifurcation diagram.
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Figure 5.11: Map of types of bifurcation points for the Smith model applied on a 1D
regular domain of 20 cells with zero Neumann boundary conditions. Parameter values
are taken from Table 2.1 with different choices of the parameters ρIAA (IAA production
coefficient), D (IAA diffusion coefficient), T (IAA active transport coefficient).

transport on the IAA concentration in the Smith model. The bifurcation di-
agram is calculated for varying exponents τ . We use the adapted active trans-
port equation (5.3) with parameter ω equal to one and for different values for
parameter τ . The results in Figure 5.12 show the concentration of IAA in cell
number 6 versus the parameter T for τ = 1/2, 1, 3/2 and 2. In this example pa-
rameter values from Table 2.1 with D = 1.000 µm2/s and ρIAA = 1.500 µM/s and
a 1D regular domain of 20 cells with zero Neumann boundary conditions (as in
Example 5.4.1). The flat branch, on top of the figure, is the homogeneous so-
lution branch, which is independent of the value for the exponent τ . However,
the stability of this branch depends on τ and is only shown for τ = 1/2.

Similarly to Example 5.4.1 the homogeneous solution loses, for each choice
of τ , its stability at a branch point. These points are indicated on the homoge-
neous solution branch with a dot for τ equal to 1/2, 1, 3/2 and 2 (left to right
in the figure), where the latter is the Smith model. The larger τ , the more
the bifurcation point shifts to the right. Thus the stability of the homogeneous
solution is lost for larger values of the IAA active transport coefficient T . This
result corresponds with the result in Figure 5.4.
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Figure 5.12: The bifurcation diagram of Example 5.4.5 for a 1D regular domain of
20 cells and zero Neumann boundary conditions. The diagram depicts the IAA con-
centration in cell number 6 versus the continuation parameter T (IAA active transport
coefficient). The parameter values are taken from Table 2.1 with D = 1.000 µm2/s,
ρIAA = 1.500 µM/s and T = 3.500 µm3/s. The parameter ω is set to 1 and the exponent
in the active transport τ is set to different values (τ = 2, 3/2, 1 and 1/2).

The branches that emerge at these points contain steady state solutions
with peaks as described earlier. Note that Figure 5.12 only shows the bottom
half of the emerging branches. The branch at the right with τ = 2 contains the
solutions with peaks for the model with exponent 2 and is the Smith model.
This branch is the same branch as in Figure 5.5. For other choices of the expo-
nents the figure is qualitatively the same. Only the stability changes slightly.
When τ is smaller the range of the IAA active transport coefficients T where
the solution branch is stable becomes smaller.

We also found that the spacing between the peaks hardly changes if τ is
changed in a continuous way.

So we conclude that although the solution patterns are almost the same,
the stability of the branch is different for different values of τ . Therefore for
large T, the models predict different patterns.

Example 5.4.6
This example explores the influence of the exponential dependence of the lo-
calization of PIN1 on the concentration of IAA. We change, in a continuous
way, the parameter ω in the adapted Smith model with active transport equa-
tion (5.3) and τ = 2. Figure 5.13 shows the bifurcation diagram that de-
picts the concentration of IAA in cell number 6 versus the parameter ω for
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Figure 5.13: The bifurcation diagram of Example 5.4.6 for a 1D regular domain of
20 cells, zero Neumann boundary conditions, parameters from Table 2.1 with D =
1.000 µm2/s, ρIAA = 1.500 µM/s and T = 3.500 µm3/s and the Smith model with active
transport equation (5.3) with τ = 2. The diagram shows the IAA concentration in cell
number 6 versus the continuation parameter ω. H and LP denote respectively a Hopf
point and a turning point. The flat branch is the homogeneous solution branch and the
other branch is found by starting with the steady state solution found in Figure 5.2 for
ω = 1.

parameter values from Table 2.1 with D = 1.000 µm2/s, ρIAA = 1.500 µM/s and
T = 3.500 µm3/s and a 1D regular domain of 20 cells. Again the flat branch
represents the homogeneous solution that is independent of the parameter
ω. When ω is equal to zero, ϕ is equal to Equation (5.2) and here the homo-
geneous solution is stable (see also Figure 5.4). When ω increases, and the
model transitions into the Smith model, the homogeneous solution becomes
unstable (at ω = 0.5875). The other branch on this figure contains steady state
solutions with peaks. For ω equal to one, the solution corresponds with the
steady state solution in Figure 5.2. When ω becomes smaller, the solution with
peaks loses its stability in a Hopf point (ω = 0.666). The solution with peaks
of Figure 5.2 in the model with ω = 1 has no corresponding solution in the
model with ω = 0. This bifurcation diagram shows only a connection between
the model with ω = 0 and ω = 1 by the homogeneous solution. Similar figures
are found for other choices of the IAA active transport coefficient T .

We only explored the solution patterns in the model with ω = 0 for one
specific parameter set. In order to draw a general conclusion, we must explore
the solution patterns for various parameters.
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Figure 5.14: The bifurcation diagram for a 1D regular domain of 20 cells, zero Neu-
mann boundary conditions and parameters as in Table 2.1 with D = 1.000 µm2/s,
ρIAA = 1.500 µM/s and T = 3.500 µm3/s. The diagram depicts the continuation pa-
rameter µIAA (IAA decay coefficient) versus the IAA concentration in cell number 6. BP
denotes a branch point and LP a turning point.

5.5 Influence of exogenous parameters

As mentioned before, the amount of influx and efflux is directly related with γ
and η and we can consider them as extra model parameters. Instead of only
investigating the influence of the endogenous model parameters (Section 5.4),
we can also study the influence of the boundary conditions by studying the in-
fluence of exogenous parameters. We use continuation methods and bifurca-
tion analysis to investigate, systematically , the specific role of an exogenous
parameter.

In this section we explore the influence of the fluxes of IAA at the boundary
of the domain for the Smith model. Remark that when the fluxes differ from
zero, the homogeneous steady state does no longer exist for T 6= 0 µm3/s.
The domain is a 1D regular domain with Neumann boundary conditions and
parameters as in Table 2.1 with D = 1.000 µm2/s, ρIAA = 1.500 µM/s and T =

3.500 µm3/s. We assume that the amount of influx γ is equal to the amount of
efflux η. We use this flux γ as the continuation parameter with γ ∈ [−0.05, 0.05].
As starting point of the continuation we choose a solution point of the model
with γ = 0. This can easily be found by constructing a bifurcation diagram
with γ = 0 and an endogenous model parameter as continuation parameter as
in Section 5.4.

Figure 5.14 is such a constructed bifurcation diagram and displays the
continuation parameter µIAA (the IAA decay coefficient) versus the IAA concen-
tration in cell number 6. Also for the other parameters in Table 2.1 a similar
bifurcation diagram can be constructed. Remark that in this example the pa-
rameter µIAA is used instead of one of the 3 parameters ρIAA, D and T presented
before. This parameter was used to illustrate again that the methods can be
adapted and applied to all model parameters, and not just the three parame-
ters specified above. Figure 5.14 shows one stable solution branch for large
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values of µIAA. This branch contains homogeneous solutions. The stability of
this homogeneous solution is lost in a branch point (BP1), at µIAA = 0.097 866/s.
In this point another stable branch emerges. The solutions on this branch con-
sist of stable patterns of IAA with peaks. The other displayed solution branch,
crossing the homogeneous solution branch in a second branch point (BP2),
consist of IAA concentration patterns with peaks, but these patterns are un-
stable.

Starting from these solutions, displayed in Figure 5.14, where γ = 0, we
performed continuation with continuation parameter γ which is the strength
of the Neumann boundary condition (see Figure 5.15).

First, we look at the situation with µIAA > 0.097 866/s. There we start the
continuation from the homogeneous stable solution at γ = 0. The resulting
branch contains stable solution patterns that introduce small peaks of IAA
when γ 6= 0.

However, for µIAA < 0.097 866/s, for γ = 0 the homogeneous solution is
unstable but there are two other stable solutions for γ = 0 as shown in Fig-
ure 5.14. The continuation in γ now results in a bistable s-shaped branch that
passes at γ = 0 through the unstable homogeneous state and through the two
stable branches. An example of this case is displayed in Figure 5.15b. At
Neumann boundary condition γ = 0.05, which means an influx of IAA at the
left of the domain and an efflux at the right, the IAA concentration pattern
is non-symmetric and stable with one higher peak at the left of the domain
and one lower peak at the right. Decreasing γ results in the same pattern (see
Figures 5.15c, 5.15d and 5.15e) even when there is no flux (γ = 0) this pattern
is obtained. If the flux is further decreased γ < 0, the branch shows a turning
point and the solutions are now unstable (see Figures 5.15f and 5.15g). In
this region, the solution changes from a higher peak at the left of the domain
to a higher peak at the right by passing the homogeneous solution at γ = 0.
At the second turning point stability is gained and the corresponding pattern
is approximately the mirror image of the solution pattern for |γ|. It has a
higher peak at the right and a lower at the left of the domain (Figures 5.15h
and 5.15i). This pattern can occur for negative values of the Neumann bound-
ary condition, which results in an efflux of IAA at the left and an influx at the
right instead of the other way, and it can also occur for small positive values.

From these calculations we conclude that an exogenous parameter γ, the
flux at the boundaries, can control the emerging pattern. For µIAA < µcr and
for a large IAA influx at the left and an IAA efflux at the right for example, the
calculations result in a pattern with a higher peak at the left of the domain.
This is displayed in Figure 5.15c. When the flux is decreased, the pattern
stays more or less the same even at γ = 0, where the influx and efflux at the
boundaries disappears. But when the flux is decreased further such that γ < 0

then, from a certain value, the pattern changes instantly to a pattern with a
higher peak on the right. This decrease of γ means that the influx becomes
negative and is thus an efflux. When this happens, the system reorganizes and
a new IAA pattern appears.
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Figure 5.15: Top left: A 3D bifurcation diagram for a 1D regular domain of 20 cells
with continuation parameter γ (the flux at the boundaries) in the x-direction and with
continuation parameter µIAA (the IAA decay coefficient) in the y-direction versus the
IAA concentration in cell number 6. Other parameters are taken from Table 2.1 with
D = 1.000 µm2/s, ρIAA = 1.500 µM/s and T = 3.500 µm3/s. Top right: The bifurcation
diagram of the left most branch on the 3D bifurcation diagram (highlighted in purple)
with continuation parameter γ. The different symbols mark the places of the figures
displayed below. B1 and B2 mark the beginpoint (γ = 0.05) and endpoint (γ = −0.05)
of the continuation. LP1 and LP2 are turning points. Bottom: IAA concentration in the
whole domain corresponding with the symbols marked on the bifurcation diagram on
the top right.

5.6 Conclusions and outlook

This chapter analyses the steady state solutions of the (slightly generalized)
Smith model in function of endogenous and exogenous parameters. The main
tool used in this chapter is numerical continuation to generate these solutions
starting from a trivial solution of the system in function of the model parame-
ters.
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For unbounded tissues with boundary conditions that allow an equal IAA
distribution at the boundaries, the trivial solution is identified as the analytical
solution where the concentration in all the cells is equal. This solution is stable
in some region of the parameter space. However, changing the parameters,
for example, increasing the IAA active transport coefficient T , destroys its
stability. In contrast to the uncoupled system studied by Jönsson et al. [52],
the eigenvalues of the Jacobian of these coupled systems can not be easily
analysed analytically. The Jacobian has a blocked sparse structure and its
eigenvalues are studied numerically.

In the exploration of the solutions of the Smith model in function of the en-
dogenous parameters, we identified two generic bifurcation scenarios through
which the homogeneous solution loses its stability. These scenarios reappear
for different sets of the parameters. In the first scenario, a stable solution can
lose its stability through a branch point, where it becomes a pattern with reg-
ular spaced peaks of high IAA concentration. This solution was already found
by Smith and collaborators by direct numerical simulation. The spacing and
the height of the peaks in the pattern depend on the other parameters of the
system.

However, we have found that in the Smith model the homogeneous state
can also lose it stability through a Hopf bifurcation. In this scenario the Jaco-
bian has two complex conjugate eigenvalues which become purely imaginary.
For a limited parameter range this leads to stable periodic solutions, where
the concentration in the cell changes periodically over time. For another
range of parameters these periodic orbits are unstable and the homogeneous
solution then loses its stability through an unstable orbit. The steady state
solution then falls, beyond a parameter threshold, back to a pattern of regu-
larly spaced peaks (see Figure 5.6). These Hopf bifurcations and the periodic
solutions are not present in the Jönsson model where the PIN1 concentration
is kept constant and all eigenvalues of the Jacobian are real.

These are the only two bifurcation scenarios that we have found at the sta-
bility boundary of the homogeneous solution for various choices of the eleven
endogenous parameters in the Smith model and for an increasing number of
cells in the row and zero Neumann boundary conditions.

The bifurcation analysis also yields interesting new insights into additional
potential behaviours of the biological system. One especially interesting be-
haviour is the oscillation obtained with a specific set of parameter values (Fig-
ure 5.8).

One other characteristic unveiled by the bifurcation analysis is that peaks
occur at stable distances from each other in the tissue. From a biological
perspective this suggests that the distance between veins is relatively stable
which should be observable in experiments. This hypothesis underlines the
importance of systematic exploration of biologically relevant parameter vari-
ations.

We also explored modifications to the model of the active transport. The
quadratic dependence on the IAA concentration is replaced by a linear depen-
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dence. The resulting bifurcation diagram shows differences in the stability of
the solutions. As a consequence the resulting patterns are different. Replac-
ing the exponential dependence of the PIN localization on the IAA transport
leads to a different dynamical system where the homogeneous solution is al-
ways stable.

The bifurcation analysis on the linear system with zero-influx at the bound-
aries yields interesting new insights into the potential behaviours of the bio-
logical system. It is interesting to note that low values of the IAA active trans-
port coefficient lead to flat distributions of the IAA concentration, whereas
high concentrations are required to establish sharp accumulation peaks.

1-N-naphthylphthalamic acid (NPA) has long been used experimentally as
an inhibitor of IAA efflux. The precise molecular mechanism by which NPA
impacts on IAA transport is still unknown, although several NPA-binding pro-
teins have been identified [73]. Previously, we have assumed that NPA inhibits
the cycling of PIN proteins to the cell membrane [70]. In terms of our model,
this would relate to a lowering of ρPIN0

and/or ρPIN which results in the forma-
tion of lower IAA peaks. Indeed, experimental inhibition of IAA transport with
NPA abolishes the normal narrow accumulation peaks and results in a much
flatter IAA distribution pattern [86]. Also consistently with the model, the
vam3 mutation that perturbs PIN1 polarization, prevents IAA peaks forming
and inhibits formation of higher order veins [91]. Thus, the model behaviour
appears to be consistent with physiological treatments and mutations that af-
fect specific model parameters.

Not only the endogenous model parameters have a great influence, also the
exogenous model parameters have a great impact on the pattern formation.
In this chapter we, essentially re-implemented the same 1D regular tissue as
Smith et al. [94], but instead of using wrap-around boundary conditions, we
implemented Neumann boundary conditions. In Section 5.5 we explored con-
tinuation in the Neumann boundary conditions (varying in- and out-flux from
the system) for the Smith model. For in- and out-fluxes different from zero
the homogeneous steady state is only a solution for T = 0 µm3/s. We identi-
fied, amongst others, s-shaped bifurcation diagrams with double limit points.
This leads to a hysteresis effect in the boundary conditions. We found that for
certain parameter ranges, we can change the corresponding IAA pattern by
changing the amount of flux at the boundary beyond a certain threshold.

There are several situations where changing boundary conditions are bio-
logically relevant. First, in the leaf mesophyll, where a row of cells in which
local maxima may induce new vascular development could be located between
margins. These are a possible source of IAA and emerging veins that drain the
IAA [86], or at a later stage be surrounded by veins draining locally produced
IAA. Second, in epidermal cells at the shoot apex along a tip to base gradi-
ent, where IAA comes in from the base and is transported to apical positions.
And finally, in central linear cell files in the root, IAA flows from base to tip
and in the external layers IAA flows from the tip to the base leading to IAA
gradients [44].
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Also for problems with periodic boundary conditions a similar analysis can
be performed. There, however, the Jacobian will have a one dimensional null-
space associated with the translation invariance of solutions. This can be
regularized by introducing a phase condition as described by [25].

There are still many uncertainties in the current generation of models. Es-
pecially the large number of parameters and the uncertainty in their values is
a reason for concern. By focusing on the qualitative properties of the transi-
tions that appear in the models rather than on the states for particular choices
of the parameters, we hope to understand more about the possible patterns
that appear in real systems. It is valuable to calculate similar bifurcation
diagrams for all the proposed models for IAA transport using the numerical
continuation methods. We could also use homotopy and use a continuous
transformation to go from one model to another model. Numerical continua-
tion can then follow the solutions from one model to the solutions of another
model. This will allow the comparison of models across a range of parame-
ters and check if they exhibit qualitatively the same transition if parameters
change.

In real plants it is impossible to tune a parameter such as the IAA active
transport coefficient T in a continuous way as is done in these calculations.
It can only be changed in discrete steps in a plant by the introduction of, for
example, mutations that compromise or enhance the IAA production or trans-
port. Comparing such experiments with the model outcome will make it pos-
sible to refine the model to give a more realistic description of the biological
system.

Although this chapter studies the steady state solutions of a rather aca-
demic model with a row of equal sized cubic cells, we believe it is a valuable
contribution to our understanding of pattern formation by IAA accumulation
since it builds the foundation for a rigorous bifurcation analysis of the steady
state patterns in a two dimensional array of cells. It is a powerful first step
to understand the behaviour of the biological system before studying more
complex domains.

As demonstrated by Smith et al. [94] generalized models on 1D domains
are a powerful first step to understand the behaviour of the biological sys-
tem. Such studies can be complemented by simulations of patterns of higher
complexity that more closely resemble specific biological systems.

For the two dimensional array of cells, we expect to find a similar homo-
geneous solution. Again this solution will lose its stability as the parameters
change and turn into regular patterns of high concentration peaks and time
periodic solutions.





CHAPTER 6
Pattern formation in a

bounded tissue

The contents of this chapter are adapted from "Localized auxin peaks in con-
centration-based transport models of the shoot apical meristem" by Delphine
Draelants, Daniele Avitabile and Wim Vanroose in Journal of Royal Society
Interface [36].

6.1 Introduction

In this chapter we apply transport models to a bounded tissue (that represents
a whole plant organ). It is a first step towards using larger, more realistic
representations of a tissue.

The main result of our analysis is that, in a large class of concentration-
based models posed on finite tissues, peaks do not arise from an instability of
the homogeneous steady state, as it was previously reported for unbounded
tissues where this homogeneous solution exists for all values of the IAA active
transport coefficient T (see Chapter 5 and [52, 77, 84, 94]). On bounded
domains, the geometry of the tissue drives the formation of small IAA peaks,
which nucleate without instabilities.

Further we also investigate the effects of changes in the IAA active trans-
port coefficient, in the IAA diffusivity coefficient and in the IAA production co-
efficient (like in the previous chapter). We consider two specific examples: the
Smith model and the more recent Chitwood model. In these systems the local-
ized peaks, determined analytically for small values of the IAA active transport
coefficient T , persist also for moderate and large values of this control param-
eter. We found that, because of their boundedness, realistic tissues can be
selected from a multitude of patterned configurations, can be characterized

67
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by a variable number of localized peaks and can be organized in a character-
istic snaking bifurcation diagram.

Snaking bifurcation diagrams are commonly found for localized states aris-
ing in (systems of) non-linear partial differential equations posed in one [15,
23, 24, 26, 58, 101], two [8, 68] and three [14, 48] spatial dimensions, as
well as in discrete [99] and non-local systems [9, 28, 66, 81]. However, this
mechanism has never been reported for auxin models: solutions with localized
peaks undergo a series of saddle-node bifurcations, giving rise to a hierarchy
of steady states with an increasing number of IAA maxima. A direct conse-
quence of this mechanism is that the resulting patterns are robust against
changes in the transport parameter and other control parameters as found,
for instance, by Sahlin et al. [84]. We argue that this mechanism could be a
robust feature in several other types of concentration-based auxin models.

6.2 The simulation model

6.2.1 The systems of equations

In this chapter we consider the general transport model of Definition 2.3.1
and Hypothesis 2.3.1 and for the concrete simulation examples we use the
Smith and the Chitwood model. For more information about these models,
see Section 2.5.

6.2.2 Domain and boundary conditions

In this chapter we consider different types of bounded domains: the regu-
lar bounded domains, satisfying Hypothesis 6.2.1 and the irregular bounded
domains.

Hypothesis 6.2.1 (Regular domains). Cells are arranged in a regular domain,
that is, they have all the same shape and size and they tessellate the tissue.
We do not make any assumption on the dimensionality of the domain.

More concrete we consider three different types of domains with the fol-
lowing boundary conditions.

• The tissue consists of a file of n identical cubic cells with volume Vi =

V ∗ = 1 µm3 and lij = l∗ = 1 µm. The tissue corresponds to the tissue
analysed in Chapter 5 and we will again refer to this geometry as 1D
regular. We assume that there exist cells to the left of cell 1 and that the
net proximal flux is zero, hence we prescribe zero Neumann boundary
conditions at i = 1 (see Section 5.2.2 for more information on how to
model this boundary condition). We impose that there are no cells to
the right of cell n, so we use a free boundary condition1 at i = n by
setting Nn = n− 1. In this geometry, the tissue has a physical boundary

1The free boundary condition at i = n should not be confused with a zero Dirichlet boundary
condition, for which we would prescribe Nn = {n− 1, n+ 1} and yn+1(t) ≡ 0.
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only at i = n, as illustrated in Figure 6.2, so each cell has 2 neighbours,
except cell n, which has only 1 neighbour. This geometry differs from the
geometry studied in the previous chapter at the right boundary where
we assume a free boundary condition instead of a Neumann boundary
condition. Therefore the considered tissue is bounded. In this chapter,
we use this geometry only as a primer to illustrate how the asymptotic
and numerical calculations are used to predict the formation of IAA spots
in concentration-based models on a (semi-) bounded domain.

• The tissue consists of identical hexagonal prismic cells tessellating a fi-
nite square with lij = 1 µm and Vi = 3

√
3/2µm3 (here and henceforth, 2D

regular) and is illustrated in Figure 6.9. At all boundaries, we impose
that there are no extra cells, so we use free boundary conditions.

• The tissue consists of irregular prismic cells tessellating an almost cir-
cular domain (2D irregular, taken from Merks et al. [69]) and displayed
in Figure 6.11. We note that in this domain 〈lij〉 ≈ 13.26 µm and 〈Vi〉 ≈
294 µm3. Again we use free boundary conditions at all boundaries.

6.3 Summary of the main results

As in the previous chapter we address similar questions: What type of pat-
terns are generated by the class of models described by Definition 2.3.1 and
Hypothesis 2.3.1 applied on a bounded tissue? What is the effect of the ge-
ometry of the tissue on the type of patterns? Do all models predict the occur-
rence of IAA peaks? What are the instabilities that lead to the formation of
IAA peaks? Are IAA patterns robust to changes in the control parameters and
initial conditions?

These question have been partially addressed in the previous chapter and
in literature [27, 29, 40, 52, 77, 84, 94, 100], where analytical results have
been obtained only for particular models and only for regular unbounded do-
mains where an equal distribution of IAA at the boundaries is allowed. In such
domains a homogeneous steady state yi = y∗, satisfying the balancing condi-
tion π(yi) = δ(yi), is known to exist for all values of T . In those unbounded
domains, the formation of peaks has been explained in terms of a Turing bi-
furcation in the IAA active transport parameter (see Figure 6.1): peaks are
formed all at once as T is varied, and they derive from an instability of the
homogeneous steady state. From a dynamical system viewpoint and from the
result of the previous chapter, however, we expect that boundary conditions
and finite domain sizes affect the formation and selection of IAA patterns.

The main result of our investigation is that the mechanism for the forma-
tion of peaks is radically different in tissues of finite size, and in particular:

Result 6.3.1 (Homogeneous steady states). In bounded domains, concentra-
tion-based models 2.3.1 satisfying Hypothesis 2.3.1 support a homogeneous
equilibrium yi = y∗ for T = 0 but, generically, this homogeneous state is not
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Figure 6.1: Two mechanisms for the formation of spots, explained with bifurcation
diagrams (top) and representative regular patterns in 1D (centre) and 2D (bottom).
The darker the colour, the higher the IAA concentration. Turing bifurcation (left): on
unbounded domains where the boundary conditions do not prevent the existence of a
homogeneous solution, the homogeneous state (0) is attracting for low values of the
IAA active transport parameter T (a blue arrow indicates time evolution); when T is in-
creased above a critical value, the flat state becomes unstable and the system evolves
towards a fully patterned state (2); states with low IAA peaks (1) may be attracting or
repelling, depending on the bifurcation type. Snaking mechanism (right): on bounded
domains with free boundary conditions, the flat state (0) exists only for T = 0; upon
increasing T , we find an attracting state with low IAA peaks at the boundary (1), fol-
lowed by several other attracting states with variable number of peaks (2, 3); the tissue
is able to select from different patterns, depending on the initial condition and on the
value of T .
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present when T 6= 0. This result is a direct consequence of the geometry of
the domain: an inspection of Definition 2.3.1 and Hypothesis 2.3.1 show that
the active transport terms νij contain a nested sum over the neighbours of the
cell i and, in a finite domain, the number of neighbours varies from cell to cell,
for example cells at the boundary of a regular tissue have fewer neighbours
than cells in the interior; consequently, νij − νji is generally different from 0

at the boundary, even when yi = y∗. The conclusion is that, on bounded do-
mains, peaks can not form with a Turing bifurcation, since the homogeneous
steady state exists for T = 0 µm3/s, but not for T 6= 0 µm3/s (however small).
In addition, a Turing bifurcation is also possible in any domain, provided that
T = 0 µm3/s and diffusion is used as a bifurcation parameter. In this regime,
however, the active transport is absent and the tissue is a standard medium
with reaction-diffusion mechanisms, which is not a biologically valid hypothe-
sis for auxin transport models.

Result 6.3.2 (Origin of IAA peaks in regular domains). To understand how
peaks are formed from the homogeneous state in regular bounded domains
we study the case of small active transport coefficients. For 0 < T � 1µm3/s

and in the absence of passive transport, D = 0µm2/s, the models satisfying
Definition 2.3.1 and Hypothesis 2.3.1 generate steady states with small peaks.
Such states take the form

yi = y∗ + Tξi
[
π′(y∗)− δ′(y∗)

]−1
ψ(y∗,y∗) +O(T 2) (6.1)

where the coefficients ξi depend on the number of neighbours at distance 2
from the ith cell, namely

ξi =
1

V ∗

1−
∑
j∈Ni

1

|Nj |

 .

Equation (6.1) predicts that peaks are formed as small perturbations of the
homogeneous steady state (see Figure 6.1). The amplitude of small peaks is
proportional to T and ξi. Importantly, ξi = 0 in the interior of regular bounded
domains, therefore peaks localize at the boundary and without bifurcations,
as opposed to the Turing scenario where they form everywhere owing to an
instability of the homogeneous solution y∗. The mechanism for finite domains
is purely geometric, as the location of the peaks is determined by the factors
ξi.

Result 6.3.3 (Origin of IAA peaks in irregular domains). To understand how
peaks are formed from the homogeneous state in irregular bounded domains
we again study the case of small active transport coefficients. Also for ir-
regular bounded domains, 0 < T � 1 µm3/s and in the absence of passive
transport, D = 0µm2/s, the models satisfying Definition 2.3.1 and Hypothe-
sis 2.3.1 generate steady states with small peaks. For the irregular case those
states take the form

yi = y∗ + Tξi
[
π′(y∗)− δ′(y∗)

]−1
ψ(y∗,y∗) +O(T 2) (6.2)
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where the coefficients ξi depend on the geometry of the tissue in the neigh-
bourhood of cell i. Namely

ξi =
1

Vi

1−
∑
j∈Ni

lij∑
k∈Nj

ljk

 .

As in the regular case, Equation (6.2) predicts that peaks are formed as small
perturbations of the homogeneous steady state. The amplitude of small peaks
is proportional to T and ξi but now ξi is not (only) dependent on the number
of neighbours at distance 2, but it is dependent on the volume of cell i as
well as the geometric properties of the cell walls of cell i and its neighbouring
cells. Importantly, in irregular domains peaks do not localize at the boundary
in general (peaks can also arise in the interior, depending on the geometry)
but again peaks localize without bifurcations.

Remark 6.3.1 (regular versus irregular domain). Remark that the case where
the tissue is a regular domain is a special case of the result for irregular
domains as Equation 6.1 is a special case of Equation 6.2 with Vi = V ∗ and
lij = l∗ ∀i, j.

Remark 6.3.2 (Influence of geometry of tissue). Remark that the geometry
of the tissue has a major influence on the location of the peaks. In irregular
domains for small values of the active transport coefficient T , peaks can arise
everywhere in the domain as in regular domains, they can only localize at the
boundary.

Result 6.3.4 (Effect of passive transport). For small active transport and at
the presence of passive transport, D 6= 0µm2/s, we still obtain solutions with
localized peaks, similar to the cases discussed above. The location of the
peaks depends again on ξ1, . . . , ξn.

Remark 6.3.3 (Applicability of analytical results). Results 6.3.1–6.3.4 are
valid for generic models satisfying Definition 2.3.1 and Hypothesis 2.3.1. In
particular, these results are valid for regular and irregular bounded cellular
arrays in any spatial dimension. The main implication of this result is that a
wide class of concentration-based models are able to generate spontaneously
IAA peaks in various geometries, irrespective of the model specifics.

The analytical results described above, which is presented in more detail in
Section 6.4, is valid only for small values of the active transport coefficient and
does not explain the formation of peaks in the interior of the domain [29, 51,
84]. While it is difficult to make general analytical predictions for larger values
of T , it is possible to explore the solution landscape of specific models via
numerical methods as described in Chapter 3. We investigated two concrete
models: the Smith model and the Chitwood model. Our computations confirm
the theoretical Results 6.3.1–6.3.4 and provide numerical evidence for the
following conclusions:
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Result 6.3.5 (Formation of stable IAA spots in the interior of regular do-
mains). As the active transport rises, the two models by Smith and Chitwood
predict the formation of peaks in the interior. Peaks are formed progressively,
from the boundary towards the interior via saddle-node bifurcations, with a
characteristic snaking bifurcation diagram. From a biological perspective,
this means that the tissue can form peaks that are robust with respect to
changes in the control parameters. In addition, the tissue is capable of select-
ing from a variety of IAA patterns, with a variable number of spots, depending
on the initial conditions and on the value of the IAA active transport coefficient
T (see Figure 6.1).

Result 6.3.6 (Robustness of the snaking mechanism). The scenario above is
robust to perturbations in secondary parameters, that is, snaking is found for
a range of D values, even when the parameters in the production function π
are changed. This suggests that solutions with localized peaks at the boundary
should be observable in experiments for which the two models are applicable,
if the active transport is inhibited with respect to passive transport.

Result 6.3.7 (Formation of stable IAA spots in irregular domains). When the
Smith and the Chitwood models are posed on irregular domains, the bifurca-
tion structure presented above persists. IAA peaks are formed progressively
via saddle-node bifurcations, albeit they may in principle nucleate in the inte-
rior of the domain before the boundary is filled. Furthermore, this scenario
is robust to changes in secondary parameters, so Result 6.3.6 is still valid on
irregular domains for both models.

Remark 6.3.4 (Comparison with experimental parameters). Definition 2.3.1
for concentration-based transport models shows that the transport parame-
ters T and D are scaled by the cellular volumes Vi: comparisons to experimen-
tal parameters and other computer simulations available in literature should
be based on the ratios T/Vi and D/Vi. Through these ratios we implicitly
specify T/D, so as to account for competition between active and passive
transport.

6.4 The emergence of IAA peaks

In this section we present an analytical framework to construct steady state
solutions featuring localized IAA peaks both on regular and irregular bounded
domains (Sections 6.4.1 and 6.4.2 respectively).

6.4.1 A regular tissue

We begin by giving a generic definition of concentration-based transport mod-
els in the absence of diffusion. Then we prove Results 6.3.1,6.3.2 and 6.3.4
for these generic models applied on regular bounded tissues and we present
in detail the results for the Smith model.
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6.4.1.1 Asymptotic derivation of peak solutions in models without
diffusion

The following definition involved a small modification of Definition 2.3.1: we
set D = 0.

Definition 6.4.1 (Concentration-based model without diffusion). A concen-
tration-based model without diffusion is a set of m× n ODEs of the form

ẏi = π(yi)−δ(yi)+
T

Vi

∑
j∈Ni

νji(y1, . . . ,yn|H∗)−νij(y1, . . . ,yn|H∗), i = 1, . . . , n,

(6.3)
where π, δ : Rm+ → Rm+ , are the production and decay functions, respectively,
T ∈ Rm×m+ , is the (non-negative) active transport parameter, {1, . . . , n} are
vertices of the static undirected edge- and vertex-weighted graph H∗, Ni ⊆
{1, 2, . . . , n} is the set of neighbours of cell i, containing |Ni| elements, Vi is
the cellular volume of the cell and νij : Rm+ × · · · × Rm+ → Rm+ are the active
transport functions.

We now prove the following result

Lemma 6.4.1. Let us consider the concentration-based model described by
Definition 6.4.1 and Hypothesis 2.3.1 applied on a regular bounded domain.
Further, let y∗ ∈ Rm be such that π(y∗) = δ(y∗), ψ(y∗,y∗) 6= 0 and ϕ(y∗) 6= 0,
then

1. If T = 0µm3/s, then the homogeneous solution (y∗, . . . ,y∗)T ∈ Rnm is a
steady state for the concentration-based model.

2. If 0 < T � 1µm3/s and cells have different number of neighbours and
the Jacobian matrix π′(y∗)−δ′(y∗) is non-singular, then a inhomogeneous
steady state (to leading order) is given by

yi = y∗ + ξiT
[
π′(y∗)− δ′(y∗)

]−1
ψ(y∗,y∗), i = 1, . . . , n

where the coefficients ξi depend on the local properties of the cellular
array, namely

ξi =
1

Vi

1−
∑
j∈Ni

1

|Nj |

 .

Proof. If T = 0 µm3/s the statement is clearly true, so henceforth we assume
T 6= 0 µm3/s. Since the tissue is regular and the geometric specifications are
equal, we write νij(y1, . . . ,yn|H∗) = νij(y1, . . . ,yn). Further π(y∗)−δ(y∗) = 0,
thus the right-hand side of (6.3) vanishes for all i if |Ni| = |Nj | = |N ∗|. On the
other hand, if not all cells have the same number of neighbours and T is small,
we may seek for asymptotic steady states in the form yi = y∗ + Tηi + O(T 2)
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for i = 1, . . . , n and (ηi)j = O(1). A Taylor expansion of the right-hand side
around (y∗, . . . ,y∗)T ∈ Rnm gives, to leading order,

0 = π(y∗)−δ(y∗)+T [π′(y∗)−δ′(y∗)]ηi+
T

Vi

∑
j∈Ni

νji(y
∗, . . . ,y∗)−νij(y∗, . . . ,y∗),

(6.4)
In order to find an expression for ηi, we evaluate the sums in (6.4):∑
j∈Ni

νji(y
∗, . . . ,y∗)− νij(y∗, . . . ,y∗)

=
∑
j∈Ni

(
ψ(y∗,y∗)�ϕ(y∗)�

∑
k∈Nj

ϕ(y∗)−ψ(y∗,y∗)�ϕ(y∗)�
∑
k∈Ni

ϕ(y∗)

)

= ψ(y∗,y∗)
∑
j∈Ni

(
1

|Nj |
− 1

|Ni|

)
= −ξiψ(y∗,y∗)Vi,

(6.5)

and combining (6.4) with (6.5) we obtain the assert.

Remark 6.4.1 (Small-amplitude peak solutions). In bounded regular arrays,
cells in the interior have all the same number of neighbours, so we can use
these properties to give formal definitions of interior and boundary sets

I =

i ∈ {1, . . . , n}
∣∣∣∣∣∣1−

∑
j∈Ni

1

|Nj |
= 0

 ,

B = {1, . . . , n} \ I.

In passing, we note that B contains in general more cells than the physical
boundary. Lemma 6.4.1 shows that, to leading order, steady states for small T
deviate from the homogeneous solutions only in B, where IAA peaks and dips
are proportional to T and ξi, namely

yi =

{
y∗ if i ∈ I,

y∗ + ξiT
[
π′(y∗)− δ′(y∗)

]−1
ψ(y∗,y∗) if i ∈ B.

(6.6)

Example 6.4.1 One-dimensional domain and one component per cell
As an example, we consider the Smith model without diffusion and with con-
stant fixed PIN1 concentration, posed on a 1D regular tissue of cells with
volume V , Neumann boundary conditions at i = 1 and free boundary condi-
tions at i = n. The Neumann boundary conditions are obtained by considering
ghost cells (see Section 5.2.2), therefore interior and boundary sets are given
by I = 1, . . . , n− 2 and B = {n−1, n}, respectively. Furthermore we denote by
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p the fixed PIN concentration and apply Lemma 6.4.1 with m = 1, yi = ai and

π : ai 7→
ρIAA

1 + κIAAai
, δ : ai 7→ −µIAAai,

ψ : (ai, aj) 7→
p

V

a2i
K2
M + κTa2j

, ϕ : ai 7→ exp(c1ai),

where all parameters are assumed to be strictly positive. By balancing produc-
tion and decay terms we find the positive homogeneous state for T = 0 µm3/s.

a∗ =
−1 +

√
1 + 4κIAAρIAA/µIAA

2κIAA

.

In the absence of active transport, a∗ is a stable steady state of the model
since π′(a∗) − δ′(a∗) < 0. For 0 6= T � 1 µm3/s, a∗ is not a steady state since
B is non-empty and ξn−1 = −1/2, ξn = 1/2, hence we obtain, to leading order

ai =



a∗ for i = 1 . . . n− 2,

a∗ + T
p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

KM + κT (a∗)2
for i = n− 1,

a∗ − T p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

KM + κT (a∗)2
for i = n.

Thus Lemma 6.4.1 shows the existence of patterns in the form of small
deviations from the homogeneous steady state. The equations above predict
that, for infinitesimal values of the active transport coefficient T , the per-
turbed solution coincides with the homogeneous solution, except for a small
peak at cell n−1 and a small dip at cell n (see also bold curve in Figure 6.2). In
other words, peaks are present where the number of neighbours differs from
the number of neighbours in the unbounded domain, that is, where the sum
in the active transport is non-zero (Result 6.3.2).

Example 6.4.2 One-dimensional domain and two components per cell
The Smith model features 2 ODEs per cell. This model satisfies Definition 6.4.1
and Hypothesis 2.3.1. If we pose this model on the 1D regular domain with
zero Neumann boundary condition at i = 1 and free boundary condition at
i = n, the graph H∗ associated to the nodes is the same as in our previous
example, hence B, I and ξ are unchanged. We can now apply Lemma 6.4.1
with m = 2, yi = (ai, pi)

T and

π :

[
ai

pi

]
7→


ρIAA

1 + κIAAai
ρPIN0

+ ρPINai
1 + κPINpi

 , δ :

[
ai

pi

]
7→
[
−µIAAai

−µPINpi

]
,

ψ :

([
ai

pi

]
,

[
aj

pj

])
7→

piV a2i
K2
M + κTa2j

0

 , ϕ :

[
ai

pi

]
7→
[

exp(c1ai)

0

]
.
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Balancing production and decay terms we find a homogeneous strictly pos-
itive steady state for T = 0 µm3/s

y∗ =

[
a∗

p∗

]
=


−1 +

√
1 + 4κIAAρIAA/µIAA

2κIAA

−1 +
√

1 + 4κPIN(ρPIN0 + ρPINa∗)/µPIN

2κPIN

 ,

which is stable since

Spec(π′(y∗)− δ′(y∗)) =

{
− ρIAAκIAA

(1 + κIAAa∗)2
− µIAA, −

(ρPIN0
+ ρPINa

∗)κPIN

(1 + κPINa∗)2
− µPIN

}
.

See also Section 5.4.2 for a detailed derivation of this homogeneous steady
state. Since the parameters are assumed to be positive with the exception of
ρPIN0

which is non-negative (see also Table 2.1) we do not have a zero eigen-
value.

The inverse of π′(y∗) − δ′(y∗) can be computed explicitly and for D =

0 µm2/s and T � 1µm3/s we obtain to leading order

ai =



a∗ for i = 1 . . . n− 2,

a∗ + T
p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

K2
M + κT (a∗)2

for i = n− 1,

a∗ − T p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

K2
M + κT (a∗)2

for i = n,

pi =



p∗ for i = 1 . . . n− 2,

p∗ + T
p

2V

[
ρPIN

1 + κPINp∗

][
(a∗)2

K2
M + κT (a∗)2

]
[

ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

][
(ρPIN0 + ρPINa

∗)κPIN

(1 + κPINp∗)2
+ µPIN

] for i = n− 1,

p∗ − T p

2V

[
ρPIN

1 + κPINp∗

][
(a∗)2

K2
M + κT (a∗)2

]
[

ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

][
(ρPIN0

+ ρPINa
∗)κPIN

(1 + κPINp∗)2
+ µPIN

] for i = n.
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Or in short

ai =



a∗ for i = 1 . . . n− 2,

a∗ + T
p∗

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

K2
M + κT (a∗)2

for i = n− 1,

a∗ − T p∗

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
(a∗)2

K2
M + κT (a∗)2

for i = n,

pi =



p∗ for i = 1, . . . , n− 2,

p∗ +

[
(ρPIN0

+ ρPINa
∗)κPIN

(1 + κPINp∗)2
+ µPIN

]−1
ρPIN

1 + κPINp∗
(ai − a∗) for i = n− 1,

p∗ −
[

(ρPIN0
+ ρPINa

∗)κPIN

(1 + κPINp∗)2
+ µPIN

]−1
ρPIN

1 + κPINp∗
(ai − a∗) for i = n.

(6.7)
As in Example 6.4.1 these equations again show that peaks are present where
the number of neighbours differs from the number of neighbours in the un-
bounded domain.

Example 6.4.3 One-dimensional domain and two components per cell.
Another example of a concentration based transport model that features 2
ODEs per cell is the Chitwood model. The model is given by

π :

[
ai

pi

]
7→


ρIAA

1 + κIAAai
ρPIN0 + ρPINai

1 + κPINpi

 , δ :

[
ai

pi

]
7→
[
−µIAAai

−µPINpi

]
,

ψ :

([
ai

pi

]
,

[
aj

pj

])
7→

 pV exp (c2 ai)− 1

exp (c2 aj)

0

 , ϕ :

[
ai

pi

]
7→
[

exp(c1ai)

0

]
.

For the same domain as above and with m = 2 and yi = (ai, pi)
T we can apply

Lemma 6.4.1.

The homogeneous steady state for T = 0 µm3/s is the same as for the Smith
model and for T � 1 µm3/s we obtain to leading order

ai =



a∗ for i = 1 . . . n− 2,

a∗ + T
p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
exp (c2 a

∗)− 1

exp (c2 a∗)
for i = n− 1,

a∗ − T p

2V

[
ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

]−1
exp (c2 a

∗)− 1

exp (c2 a∗)
for i = n,
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i = 1 i = 2 i = n

2.459

2.457
140 150

ai

i

n = 150
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //
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Figure 6.2: Approximate solution pattern in the 1D regular tissue with zero Neumann
boundary conditions at the left and free boundary conditions at the right. Top: geome-
try of a 1D regular domain; there exist cells to the left of i = 1, but the next flux with
cell 1 is 0; at i = n we have a physical boundary, therefore no cells exist to the right
of cell n and Nn = n − 1. Bottom: predicted approximate solution pattern a∗ + Tαi

in the proximity of the boundary i = n for the Smith model with n = 150 and various
values of the diffusion coefficient. Parameters: T = 3 · 10−5µm3/s, D = 1.000 µm2/s,
ρIAA = 0.850 µM/s other parameters as in Table 2.1.

pi =



p∗ for i = 1 . . . n− 2,

p∗ + T
p

2V

[
ρPIN

1 + κPINp∗

][
exp (c2 a

∗)− 1

exp (c2 a∗)

]
[

ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

][
(ρPIN0 + ρPINa

∗)κPIN

(1 + κPINp∗)2
+ µPIN

] for i = n− 1,

p∗ − T p

2V

[
ρPIN

1 + κPINp∗

][
exp (c2 a

∗)− 1

exp (c2 a∗)

]
[

ρIAAκIAA

(1 + κIAAa∗)2
+ µIAA

][
(ρPIN0

+ ρPINa
∗)κPIN

(1 + κPINp∗)2
+ µPIN

] for i = n.

Again the equations reveal that for infinitesimal values of the active transport
coefficient T , the perturbed solution coincides with the homogeneous solution,
except for a small peak at cell n− 1 and a small dip at cell n
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Example 6.4.4 Two-dimensional domain and two component per cell.
Lemma 6.4.1 also applies when the Smith or the Chitwood model without dif-
fusion are posed on a 2D regular domain with free boundary conditions. In
this case, the computations for y∗ are identical to the previous example and
the asymptotic derivation is also straightforward. Instead of writing the full
expressions for B, I and ξ, we refer the reader to Figure 6.8, where the values
of ξ are shown for two corners of the domain. As claimed in Section 6.5.2, the
highest peaks occur at the top-left and right-bottom corners.

6.4.1.2 Asymptotic derivation of peak solutions in models with
diffusion

We can extend our analysis to the case where diffusion is present. In other
words, the asymptotic calculations can also be carried out on the original
generic model of Definition 2.3.1 and Hypothesis 2.3.1 applied on a regular
bounded domain.

Reasoning like in Lemma 6.4.1, we obtain yi = y∗ + Tηi +O(T 2) where ηi
satisfy

[J(y∗) +L⊗D]


η1
...

ηn

 =


ξ1ψ(y∗,y∗)

...

ξnψ(y∗,y∗)

 ,
with J(y∗) ∈ Rmn×mn the block-diagonal with blocks π′(y∗)−δ′(y∗), L ∈ Rn×n
the Laplacian matrix associated to the graph H∗ and ⊗ the Kronecker product
between matrices. The operator L ⊗D is negative semi-definite and it has a
zero eigenvalue, corresponding to a constant eigenvector. However, summing
this matrix to J(y∗) = π′(y∗) − δ′(y∗), makes the resulting linear operator
non-singular.

In the presence of diffusion we can not directly apply Formula (6.6): owing
to diffusion, cells in I will also deviate from the homogeneous state, hence
peaks and dips are not necessarily formed within B, but may occur in interior
cells that are close to the boundary. First-order corrections for these cases
can be computed analytically using Chebyshev polynomials [6] or numerically
using linear algebra routines. Even though we report below an example of
this calculation, we point out that in practice this is not necessary, since the
numerical bifurcation software gives access to the full non-linear solution and
to its linear stability.

Example 6.4.5 One-dimensional domain with diffusion and two compo-
nents per cell.
We return to the Smith model with m = 2, posed on a 1D regular domain with
zero Neumann boundary condition at i = 1 and free boundary condition at
i = n, and we now include the diffusion term.

The expressions for a∗ and p∗ are unchanged from Example 6.4.2, as is the
first order approximation of pi (since there is no diffusion for p). Expressions
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for the first-order approximations in ai are more involved: proceeding as ex-
plained above for generic models with diffusion, we obtain, to leading order
(

ρIAAκIAA(
1 + κIAAa

∗
)2 + µIAA

)


1 0 . . . . . . 0

0 1 0 . . . 0

. . .

. . .

0 . . . . . . 0 1


+
D

V



−1 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −1




·



η1

η2
...
...

ηn



=



ξ1ψ (a∗,p∗)

ξ2ψ2 (a∗,p∗)
...
...

ξnψn (a∗,p∗)


=



0
...

0
1
2ψn−1 (a∗,p∗)

− 1
2ψn (a∗,p∗)


.

Quantitative results of solving this linear equation above led to the approxi-
mate solution profiles in Figure 6.2 and the red solution branch in Figure 6.4.
In Figure 6.2, we plot approximate steady states for the Smith model towards
the boundary i = n for T = 3·10−5µm3/s and various values of the diffusion co-
efficient. We notice that, in the regime of small active transport and compara-
tively much bigger diffusion coefficient, a peak is still present at the boundary.
Inspecting the solid line (D = 0 µm2/s) and the dashed lines (D = 0.06 µm2/s

andD = 0.18 µm2/s) we see that the peaks decrease in amplitude and are more
spread out, as expected (Result 6.3.4). As a concluding remark, we point out
that these results are not influenced by the no-flux boundary conditions spec-
ified at i = 1: the only physical boundary is at i = n, where the number of
neighbours differs from the interior. The same derivation and figures can be
obtained for the Chitwood model (not shown).

We have thus established that, in regular bounded domains, a small IAA
active transport coefficient T elicit low IAA peaks. A correlation between the
IAA active transport coefficient T and IAA peaks was previously reported in
numerical experiments on various models [52, 84] applied on unbounded do-
mains. We now also provide a mathematical explanation of this phenomenon
for bounded regular domains.

6.4.2 An irregular tissue

Again we start our analysis for the model without diffusion described by Def-
inition 6.4.1 and Hypothesis 2.3.1 and then generalize to the generic model
with diffusion (Definition 2.3.1) but now applied on bounded irregular tissue.
We proof Results 6.3.3 and 6.3.4 which means that we show the influence of
the geometry of the cells on the resulting patterns.

If the domain is irregular, that is , if cells have different volumes and con-
tact areas, the second result of Lemma 6.4.1 is no longer valid since νij de-
pends explicitly on the geometric information of H∗.

For irregular domains we can prove the following, more general result:



82 CHAPTER 6. PATTERN FORMATION IN A BOUNDED TISSUE

Lemma 6.4.2. Let us consider the concentration-based model described by
Definition 6.4.1 and Hypothesis 2.3.1 with ψ independent of the geometric
information of H∗ applied on an irregular bounded domain. Further, let y∗ ∈
Rm be such that π(y∗) = δ(y∗), ψ(y∗,y∗|H∗) = ψ(y∗,y∗) 6= 0 and ϕ(y∗) 6= 0,
then

1. If T = 0 µm3/s, then the homogeneous solution (y∗, . . . ,y∗)T ∈ Rnm is a
steady state for the concentration-based model.

2. If 0 < T � 1µm3/s and the Jacobian matrix π′(y∗)−δ′(y∗) is non-singular,
then a inhomogeneous steady state (to leading order) is given by

yi = y∗ + ξiT
[
π′(y∗)− δ′(y∗)

]−1
ψ(y∗,y∗), i = 1, . . . , n

where the coefficients ξi depend on the local properties (including the
geometry) of the cellular array, namely

ξi =
1

Vi

1−
∑
j∈Ni

lij∑
k∈Nj

ljk

 .

Proof. When T = 0 µm3/s the result is trivial. When T is small, we seek for
asymptotic steady states in the form yi = y∗+Tηi+O(T 2) for i = 1, . . . , n and
(ηi)j = O(1). A Taylor expansion of the right-hand side around (y∗, . . . ,y∗)T ∈
Rnm gives, to leading order,

0 = π(y∗)− δ(y∗) + T [π′(y∗)− δ′(y∗)]ηi

+
T

Vi

∑
j∈Ni

νji(y
∗, . . . ,y∗|H∗)− νij(y∗, . . . ,y∗|H∗), (6.8)

In order to find an expression for ηi, we evaluate the sums in Equation (6.8):∑
j∈Ni

νji(y
∗, . . . ,y∗|H∗)− νij(y∗, . . . ,y∗|H∗)

=
∑
j∈Ni

(
ψji(y

∗,y∗|H∗)� lijϕ(y∗)�
∑
k∈Nj

ljkϕ(y∗)

−ψij(y∗,y∗|H∗)� lijϕ(y∗)�
∑
k∈Ni

likϕ(y∗)

)
=
∑
j∈Ni

(
ψji(y

∗,y∗|H∗) lij∑
k∈Nj

ljk
−ψij(y∗,y∗|H∗)

lij∑
k∈Ni

lik

)
.

(6.9)

Since ψij is independent of the geometry of H∗, we have

ψij(y
∗,y∗|H∗) = ψ(y∗,y∗),
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for all cells i and j. Equation (6.9) simplifies:∑
j∈Ni

νji(y
∗, . . . ,y∗|H∗)− νij(y∗, . . . ,y∗|H∗)

= ψ(y∗,y∗)
∑
j∈Ni

(
lij∑

k∈Nj
ljk
− lij∑

k∈Ni
lik

)
= −ξiψ(y∗,y∗),

(6.10)

and combining (6.8) with (6.10) we obtain the assert.

Remark 6.4.2 (Small-amplitude peak solutions for irregular domains). If cells
have different volumes and contact areas, steady states for small T deviate
from the homogeneous solution not only at the boundary (as for regular do-
mains) but also in the interior of the domain. The IAA peaks and dips are again
proportional to T and ξi:

yi = y∗ + ξiT [π′(y∗)− δ′(y∗)]−1ψ (y∗,y∗) ,

but now ξi depends on the number of neighbours, the contact area between
neighbouring cells and the volume of the cell.

Remark 6.4.3 (Regular versus irregular domains). Note that Lemma 6.4.1 is
a special case of Lemma 6.4.2. Indeed, applying Lemma 6.4.2 on a regular
domain, gives a simplified expression for ξi for i = 1, . . . , n which is equal to
the expression in Lemma 6.4.1.

Remark 6.4.4 (Dependency of ψ for irregular domains). The model of Smith
and the model of Chitwood applied on an irregular domain are two examples
of models that satisfy the conditions of Lemma 6.4.2. In particular we have ψ
independent of the geometry of the tissue, that is independent of the volume
of the cells and the contact area between neighbouring cells. The Jönsson
model on the contrary does not satisfy Lemma 6.4.2 since ψ is dependent on
the volume of the cell. However, since the dependency is very simple we can
also derive a similar expression. We do not report this derivation here, but
note that it also features, as expected, cellular volumes and contact areas.

Remark 6.4.5 (Models with diffusion for irregular domains). The above anal-
ysis can be extended to the case where diffusion is present. The reasoning is
similar to the derivation for regular domains in Section 6.4.1.2

6.5 The existence of IAA peaks

6.5.1 A primer for a one-dimensional regular tissue

6.5.1.1 Forming high peaks in the interior via snaking

We now turn to the more interesting question of how the tissue develops high
IAA peaks (Result 6.3.5) which are observed in experiments. Once again, we
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 6.3: Bifurcation diagram and selected solution patterns for the Smith model
posed on a 1D regular domain of 150 cells with zero Neumann boundary conditions at
i = 1 and free boundary conditions at i = n (see Figure 6.2). Left: 2-norm of IAA con-
centration versus IAA active transport parameter T . Right: as the snaking bifurcation
diagram is ascended, new peaks are formed from the boundary towards the interior.
Bottom-right: stable segments of the branch are found between Hopf bifurcations HP2

and HP3, HP4 and HP5, etc. Other secondary instabilities (not shown) are present
along the unstable branches. Parameters: D = 1.000 µm2/s, ρIAA = 0.850 µM/s; other
parameters as in Table 2.1.

illustrate our findings in the 1D regular case with zero Neumann boundary
condition at i = 1 and free boundary condition at i = n and generalize in the
following sections.

In realistic simulations the active transport coefficient T is not necessarily
small [52, 61, 94], therefore it is interesting to explore the solution landscape
when T is increased in the presence of diffusion. As in the previous chapter,
we use continuation methods and bifurcation analysis to track the solutions in
function of the parameters.

In Figure 6.3 we show a branch of solutions of the Smith model for the
1D regular domain with zero Neumann boundary condition at i = 1 and free
boundary condition at i = n. The parameter set in Table 2.1 was used with
D = 1.000 µm2/s and ρIAA = 0.850 µM/s. We start the computation from the
homogeneous solution at T = 0 µm3/s and follow the pattern for increasing
values of T . As T changes, we plot the 2-norm of the IAA vector, ‖a‖2, which
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 6.4: Comparison between a branch of approximate linear O(T ) solutions (ma-
genta) and the corresponding branch of solutions to the full 2-component non-linear
system by Smith (blue) for a 1D regular domain of 150 cells with homogeneous Neu-
mann boundary conditions at i = 1 and free boundary conditions at i = n. The plot
shows the 2-norm of the IAA concentration vector versus the continuation parameter
T . Parameters as in Figure 6.3.

is a measure of the spatial extent of the solution (the lower ‖a‖2, the more lo-
calized the pattern) and denote stable (unstable) branches with solid (dashed)
or thick (thin) lines.

The low peak found close to the boundary persists for increasing values of
T and grows steadily until we meet a first turning point (TP1). Before explor-
ing the diagram in full, we compare our numerical findings with the analytical
predictions of the asymptotic theory, valid for small T . The analytic asymp-
totic Equation (6.7) gives a relative error ‖a − (a∗ + Tα)‖2/‖a‖2 less than
0.4% for T ≤ 0.2µm3/s, after which higher-order terms become predominant.
This is shown in Figure 6.4 where we compare a branch of approximate solu-
tions (magenta) to a branch of solutions to the full non-linear problem (blue)
for D = 1.000 µm2/s and small values of T .

As we ascend the bifurcation diagram in Figure 6.3, new peaks are formed
on the left side of the existing peaks, that is, towards the interior of the do-
main, until the whole domain is filled with peaks. We note that peaks are
regularly spaced, as it was also observed in different experiments [52, 82, 94].

This bifurcation diagram resembles the one found for reaction–diffusion
PDEs posed on the real line [15, 23, 24] except that here peaks are formed at
the boundary rather than at the core of the domain. When peaks fill the entire
domain, the branch enters an unstable irregular regime without snaking (not
shown). Branches of solutions with peaks covering the entire domain are also
present (not shown) and are partially discussed in Section 6.5.1.3.

Remark 6.5.1 (Biological interpretation of snaking). The diagram in Fig-
ure 6.3 makes a plausible biological prediction for the formation of high peaks.
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A tissue composed of a string of cells, in the presence of passive diffusion,
selects IAA patterns depending on the value of the IAA active transport co-
efficient. Our analysis of the Smith model predicts that there exist two main
regimes: for small T there is a single low IAA peak at the boundary. As T
becomes larger, we enter a regime where the tissue can select from a large
variety of IAA patterns. If, for instance T ≈ 1.9µm3/s, the tissue is able to
select pattern 1, 2 or 3, which have a variable number of peaks. Therefore,
the pattern selected in experiments depends highly upon the initial conditions
of the system, similarly to what was reported by Jönsson and Krupinski [53].
As we shall see, a slanted version of the snaking bifurcation diagram is also
present in 2D domains (both regular and irregular and for both the Smith and
the Chitwood models).

6.5.1.2 Instabilities on the snaking branch

To understand if a solution pattern is stable to small perturbations we study
in detail the eigenvalues of the Jacobian matrix (Result 6.3.5). The Jacobian
matrix for the spatially-extended system (2.6)–(2.7) is sparse with a charac-
teristic block structure determined by transport and diffusion terms (see Sec-
tions 3.3.2 and 4.4.1.2 for a detailed description) and, for relatively small sys-
tems such as this one, eigenvalues are computed with dense linear algebra
routines.

In this example, the solution with one small peak at the boundary becomes
unstable at a Hopf bifurcation (HP1) at T ≈ 2.1µm3/s, closely followed by other
oscillatory instabilities and a saddle-node bifurcation (TP1) at T ≈ 2.2µm3/s,
after which the solution remains unstable. On the snaking branch, we find
that saddle-node and Hopf bifurcations alternate regularly, as documented in
Figure 6.3: saddle-node bifurcations align at T ≈ 1.9µm3/s and T ≈ 2.5µm3/s,
while Hopf bifurcations depart from each other as patterns become less lo-
calized. In this parameter setting, stable portions of the branch are delimited
by two Hopf bifurcations, which, to the best of our knowledge, has not been
reported before for snaking in reaction–diffusion systems. It should be noted,
however, that Burke and Dawes [22] found Hopf bifurcations at the bottom
of the snaking branch for an extended Swift–Hohenberg equation, which may
lead to a bifurcation structure similar to the one in Figure 6.3 if secondary
parameters are varied.

In Figure 6.5 we show spectra of solutions at selected points on the branch.
Overall these spectra resemble those found in discretized advection-diffusion
PDEs, with largely negative real eigenvalues associated with diffusion terms
of the governing equations. In this context, however, increasing the number
of cells does not alter the cell spacing, hence the spectrum does not grow in
the negative real direction for larger system sizes.

We monitored spectra of localized solutions as the snaking branch was as-
cended (see Figure 6.5): immediately after the Hopf bifurcation HP1, multiple
eigenvalues cross the imaginary axis, therefore several oscillatory instabili-
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Figure 6.5: Spectral computations of selected solution profiles. Top panel: spectrum
of a stable solution point for T < THP1 . Middle panels: spectra at selected bifurcation
points along the snaking bifurcation branch of Figure 6.3. Bottom panels: unstable
eigenfunctions at HP1 and HP2. Parameters as in Figure 6.3.
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Figure 6.6: Spatio-temporal state obtained via time simulation of the Smith model
posed on a 1D regular domain with zero Neumann boundary condition at i = 1 and
free boundary condition at i = n, close to the Hopf bifurcation HP1. We set T & THP1

(and other parameters as in Figure 6.3) and use as initial condition a steady state with
one peak at the boundary, obtained for T . THP1 . A long-time periodic IAA wave
travels (and new IAA peaks are recruited) from the boundary towards the interior of
the domain.

ties exist between HP1 and TP1 (HP2 and TP2, etc.). In the bottom panel of
Figure 6.5 we show that the Hopf eigenfunction at HP1 has a maximum near
the boundary and the one for HP2 is also spatially localized. We expect that
branches of time-periodic (possibly spatially-localized) solutions emerge from
the Hopf bifurcations. We have not observed stable small-amplitude oscilla-
tions in direct numerical simulations, but we report the existence of stable
periodic states in which a temporal oscillation of the peak at i = n initiates
a wave of IAA moving towards the boundary at i = 1, with long oscillation
periods.

In Figure 6.6 we show such a periodic solution obtained via time simulation
in the neighbourhood of HP1 (which is also visible in Figure 6.4). We set
T & THP1

and use as initial condition a steady state (with one peak at the
boundary), obtained for T . THP1

. In the resulting periodic state, IAA peaks
are dynamically formed from the tip towards the interior of the domain: we
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 6.7: Bifurcation diagrams of the Smith model applied on a 1D regular domain
with zero Neumann boundary condition at i = 1 and free boundary condition at i = n
and for various values of the IAA production coefficient ρIAA (other parameters as in
Figure 6.3). The lower the ρIAA, the wider the snaking width and the stable branches.
For sufficiently large values of ρIAA the snaking disappears and peaks form at once on
a fully stable branch.

point out that the period of oscillations (about 377 sec) is much greater than
the period associated to the unstable Hopf eigenvalues. In addition, on such
long time scales it is reasonable to assume that new cells are formed, so the
geometry of the problem should change as well.

It was recently shown by Farcot and Yuan that, in one-dimensional flux-
based models with no-flux boundary conditions, active transport is sufficient
to elicit IAA oscillations [40]. In the concentration-based model considered
here, oscillatory states in regular one-dimensional arrays are also found in a
regime where active transport dominates over diffusion.

6.5.1.3 Changes in the IAA production parameter

We conclude this primer on the 1D regular tissue by investigating the robust-
ness of the snaking scenario described above (Result 6.3.6). In Chapter 5 it
was shown that the IAA production coefficient ρIAA has a significant influence
on the solution profiles, therefore it is interesting to study how changes in this
parameter affect the bifurcation structure for bounded tissues. We repeated
the numerical continuation of the Smith model for 20 values of ρIAA in the inter-
val [0.3 µM/s, 1.5 µM/s]. The model was again applied on a 1D regular domain
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of 150 cells with zero Neumann boundary condition at i = 1 and free boundary
condition at i = n. The other parameters where taken from Table 2.1 with
D = 1.000 µm2/s.

For low values of ρIAA , both the oscillatory instability HP1 and the saddle
node TP1 move to the right and give rise to snaking bifurcation diagrams with
increasingly wider stable segments (see Figure 6.7). As a consequence, in
biological experiments where the IAA production was kept to a low value, the
tissue would support multiple IAA patterns for a wider range of active trans-
port coefficients. In the limit ρIAA � µIAA decay dominates over production,
hence large peaks can not be sustained and indeed we find that the solution
with a single small peak at the tip persists for very large values of T . This
is in line with previous papers by Sahlin et al. [84] and De Reuille et al. [29]
where it was postulated that IAA patterning demands a minimal level of IAA
production within the tissue.

On the other hand, increasing ρIAA causes the snaking diagram to shrink
and then disappear for ρIAA ≥ 1.200 µM/s. In Figure 6.7 we show a fully stable
branch for ρIAA = 1.500 µM/s. On this branch peaks develop at once from the
small-amplitude solution, without turning points. We mention however that
for ρIAA between 1.200 µM/s and 1.300 µM/s, Hopf bifurcations are found along
the non-snaking branch (not shown).

As snaking branches distort, several types of secondary instabilities and
collisions with neighbouring branches occur. In particular, we report codimen-
sion-2 Bogdanov–Takens bifurcations originating from the collision between
TP2 and HP2, (TP4 and HP4, TP6 and HP6, etc.) when ρIAA is varied. The
existence of these codimension-2 bifurcations could also be envisaged from
the spectra in Figure 6.5. These instabilities, as the ones reported in the
previous section, indicate that the tissue is capable of sustaining oscillations
and dynamical IAA patterning, as well as steady states with multiple peaks.
Dynamic states with spatio-temporal coherence (such as the one reported in
Figure 6.6) are interesting from a biological standpoint [70], as they occur for
the biologically plausible parameter values reported in Table 2.1. However,
we could not find them in the 2D regular and irregular bounded domains with
realistic parameter values, hence we do not discuss them further in this paper.

6.5.2 Two-dimensional tissues

We now move to more realistic geometries and study 2D bounded domains
with approximately square and circular boundaries, on which we prescribe
free boundary conditions. In this section we will revisit Results 6.3.1–6.3.7
in the 2D setting for both the Smith and the Chitwood models, so we refer
the reader to the general summary in Section 6.3 and the 1D primer in Sec-
tion 6.5.1.

The methods described in the previous section apply straightforwardly to
the 2D case. In the first example we consider the Smith model on a 2D regular
grid of 50 by 50 cells with free boundary conditions. Cells have 6 neighbours
in the interior, 3 neighbours at the left and right edges, and 4 neighbours
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Figure 6: Bifurcation diagram and selected solution patterns for the Smith et
al. model posed on a regular array of 50 by 50 hexagonal cells with 6 neighbours
in the interior, 4 neighbours at the left and right edge and 3 neighbours at the
top and bottom edge. Larger peaks are developed initially at the top-right and
bottom-left corner and new peaks are formed along the left and right edges,
where we have fewer neighbours. {fig:regular2Dsnaking}

14

Figure 6.8: Geometric pre-factors ξ at the top-left and top-right corners of the 2D
regular domain of Figure 6.9. The interior set I is now clearly visible. Peaks and dips
are proportional, for small T and D = 0 µm2/s, to the values of ξi. When D 6= 0µm2/s
the largest peak is formed in the interior, close to the top/left corner and a smaller one
is formed in the interior, towards the top/right corner.

at the top and bottom edges. In this domain, corners are not all equal (see
Figure 6.9) and we chose this configuration intentionally, to illustrate the in-
fluence of the number of neighbouring cells on the emerging patterns in 2D
domains.

Figure 6.8 shows the values of the geometric pre-factors ξ for 2 corners
of the domain: our asymptotic analysis for D = 0 µm2/s (see Section 6.4.1)
predicts the formation of peaks at the boundaries, with the highest peak at
the top-left and bottom-right corners. Numerical computations for positive D
show that these peaks persist and become prominent for increasing T (Fig-
ure 6.9, pattern 2). As in the 1D regular case discussed in this chapter,
patterns are arranged on a snaking bifurcation branch, even though in two-
dimensions the snaking is slanted; it leans to the right . Peaks arise initially
in all four corners, then new spots are formed along the left and right edges
(where cells have fewer neighbours), and then, for sufficiently large values of
ρIAA, along the top and bottom edges. In contrast with the 1D case, we have
not found oscillatory bifurcations in this region of parameter space, so we con-
clude that stable portions of the branch are now delimited by turning points
(see Figure 6.9). From a biological perspective, this means that patterns with
peaks at the boundary are more likely to be observable in experiments, as
they are stable in a wider region of parameter space.

In a second example, we consider the Chitwood model posed on the 2D
regular domain, using the parameters of Table 2.1. Remarkably, the resulting
bifurcation diagram (not shown) is analogous to the one found in Figure 6.9
for the Smith model. As a further confirmation, we tested the robustness of
the snaking mechanism to changes in the IAA production coefficient, as it was
done for the 1D case in Figure 6.7. We set ρIAA = 2.000 µM/s and show in Fig-
ure 6.10 the corresponding bifurcation diagram and solution patterns. While
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 6.9: Bifurcation diagram and selected solution patterns for the Smith model
posed on a 2D regular domain of 50 by 50 cells with 6 neighbours in the interior, 3
neighbours at the left and right edges and 4 neighbours at the top and bottom edges
(free boundary conditions are applied). Low amplitude peaks develop initially in pat-
tern 1, occur at locations predicted by the asymptotic theory, and are best visualized
using the pre-factors ξi shown in Figure 6.8. Larger peaks develop initially at the
top-left and bottom-right corner (pattern 2) and further peaks are formed along the
left and right edges, where we have fewer neighbours. Parameters: D = 1.000 µm2/s,
ρIAA = 1.500 µM/s; other parameters as in Table 2.1.
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T (µm3/s)

Figure 6.10: Bifurcation diagram and selected solution patterns for the Chitwood
model posed on the same domain of Figure 6.9 and a slightly larger value of the IAA
production coefficient (ρIAA = 2.000 µM/s, D = 1.000 µm2/s and other parameters are
as in Table 2.1). A ring of peaks is developed at the boundary, owing to the increased
value of ρIAA. Other spots are formed in pairs (pattern 2), until they fill a full row
(pattern 3) and the whole domain (not shown).

active transport remains responsible for the selection of peaks towards the
boundary, the interplay with IAA production allows the formation of a ring of
spots at the boundary as opposed to single spots at the corners (see pattern 1
in Figure 6.10). After the first turning point, spots are formed in pairs (pattern
2), until they fill a full row (pattern 3) and the whole domain (not shown). As
in Section 6.5.1.3, the IAA production coefficient has a large influence on the
resulting peaks. For this 2D regular domain with free boundary conditions, we
also scanned several values of the IAA production coefficient and confirmed
that comparatively high values of ρIAA induce the formation of peaks all-at-once
(similar to top panel of Figure 6.7), hence a fully patterned tissue is possible
without a Turing bifurcation.

In the remaining 2 examples, 742 irregular prismic cells cover an almost-
circular domain in a realistic tissue with free boundary conditions (see Fig-
ure 6.11, whose geometry has been extracted from [69]). Even though the
asymptotic analysis is not valid for irregular arrays, we expect results to be
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T/hliji(µm2/s)

Figure 6.11: Bifurcation diagram and selected solution patterns for the Smith model
for an almost-circular domain of 742 irregular cells (geometry taken from [69]) and
free boundary conditions. We find an irregular and slanted bifurcation diagram with
stable portion delimited by saddle-node bifurcations. Parameters: D = 1.000 µm2/s,
ρIAA = 1.500 µM/s; other parameters as in Table 2.1.
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argue that a self-organised growth of new primordia is possible without extra
assumptions on specific cells, if a more realistic growthfunction is applied
combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia. // // //

T/hliji(µm2/s)

Figure 6.12: Bifurcation diagram and selected solution patterns for the Chitwood
model for an almost-circular domain of 742 irregular cells (geometry taken from [69])
and free boundary conditions. We find an irregular and slanted bifurcation dia-
gram with stable portion delimited by saddle-node bifurcations. Parameters: D =
1.000 µm2/s, ρIAA = 1.500 µM/s; other parameters as in Table 2.1.

qualitatively similar if cellular volumes and contact areas do not vary greatly
from cell to cell. In these examples the number of neighbours varies over
the domain; however, the cells at the boundaries have predominantly fewer
neighbours and this is where peaks are formed initially. On the x-axis of the
bifurcation diagram we now use the scaled parameter T/〈lij〉, where 〈·〉 de-
notes the average in the tissue (in the cases analysed thus far, 〈lij〉 = 1 µm, so
the numerical values of T and T/〈lij〉 coincided). As in the 2D regular cases,
stable portions of the branch are enclosed between saddle-nodes bifurcations
and there are no oscillatory instabilities on the stable branches. Figure 6.11
shows the results for the Smith model: as usual, peaks are formed initially at
the boundary and then fill the interior (see pattern 4), and the slanted snaking
ensures the existence of stable solutions with localized peaks in a wide regime
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of the parameter T .

When we pose the Chitwood model on the same irregular domain, the re-
sults are strikingly similar, as seen in Figure 6.12: peaks form initially at the
top-left quadrant of the circular domain (see patterns 1 and 2 in Figures 6.11
and 6.12), confirming that it is the geometry of the tissue to drive the spots
location. An inspection of the fully patterned tissues for both models reveal
that model parameters and functional forms for the active transport functions
have an influence on the size and structure of the peaks. Variations in ρIAA also
confirmed the trend seen in Figure 6.7 (not shown).

6.6 Conclusions and outlook

In this chapter we investigated the origin of IAA peaks in generic concentra-
tion-based models on bounded domains and proposed a robust mechanism for
their formation over short time scales, using a combination of asymptotic and
numerical bifurcation analysis.

The asymptotic calculations, valid for a class of models with weak active
transport applied on a bounded regular tissue, show that peaks emerge as
boundary corrections to the homogeneous steady state. The peaks amplitude
depend on the local geometry and is higher in regions where cells have fewer
neighbours, that is, next to the boundary. This is a direct consequence of the
mathematical structure of the models considered here (Definition 2.3.1 and
Hypothesis 2.3.1): since the active transport in cell i depends on the number
of neighbours at distance 2 from the ith cell via the geometric coefficients
ξi, deviations from the homogeneous state will always appear at the bound-
aries, where the number of neighbours is different from the interior of the
tissue. This mechanism is different from (and not in contrast with) the Turing
bifurcation scenario reported in the previous chapter on unbounded domains
where an equal distribution at the boundaries is allowed. On bounded do-
mains, peaks do not emerge from instabilities of the flat state, but they simply
morph from it for low values of T . The most immediate consequence of our
mathematical analysis is that in concentration-based models active transport
and geometry concur to promote localisation of IAA peaks [47]. The results
are immediately applicable to models of generic plant tissues, or to other mod-
els of morphogen-transporter systems, provided they satisfy Definition 2.3.1
and Hypothesis 2.3.1.

In irregular domains, a similar asymptotic analysis is carried out, but the
peak selection mechanism in this case also depends on the cellular volumes
and contact areas, so we can not exclude a priori that peaks will form in the in-
terior as well as on the boundary. This result is in accordance with the partial
shoot theory [5] which postulates the parallels between the growth of shoots
and leaves: although the phyllotactic patterns and leaf shapes are different,
they do not result from fundamentally different morphogenetic processes, but
from different geometries on which this process operates. The computational
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model of [18] supports this theory and we proved that indeed the geometry of
the tissue has a great influence on the resulting pattern.

For the Smith and Chitwood model we provided numerical evidence that
peaks persist for moderate and large values of the active transport rate T :
large-amplitude peaks are arranged on a snaking branch, which becomes
slanted in 2D tissues. A major implication of the numerical findings of Fig-
ures 6.11–6.12 is that localized IAA peaks are observable: a slow experimental
sweep in the active transport from low to high values should reveal an initial
localisation of the peaks, which then progressively de-localize and fill the do-
main. Conversely, if the active transport is kept constant, the IAA pattern of
the tissue should be able to converge to different patterns, depending on the
initial condition.

We speculate that multi-stability could have a functional role: we found
that the tissue can switch between localized and non-localized states by ei-
ther changing transport, or IAA production. This could be at the origin of
the multiple types of phyllotaxis that can arise at the SAM during develop-
ment [75].

Since snaking is now recognized as the footprint of localisation in a wide
variety of non-linear media, we expect that bifurcation diagrams similar to the
ones shown in this chapter for the Smith and the Chitwood models might also
arise generically. It is known that localized states occur also at the presence
of external forces [4], hence an interesting topic for future research would
be to investigate the robustness of the snaking mechanism when the system
is subject to a time-dependent stimulus. We expect to find a similar mecha-
nism (with or without external stimuli) in other transport systems and also in
transport models applied to other plant tissues, particularly in root tissues, for
which coexisting multiple steady states have been reported but not yet anal-
ysed [71]. Another class of models that are of interest and can be analysed via
numerical bifurcation analysis are flux-based auxin models, which have not
been studied in this thesis. While numerical continuation is readily applicable
to such models, they are likely to require a separate analytic treatment, as
they do not possess the factorisation presented in Hypothesis 2.3.1.

Importantly, we find that the bifurcation scenario is influenced by the IAA
production rate, since the selectable configurations depend sensitively on
the balance between IAA production and active transport. The results in
Figure 6.7 (also confirmed by the 2D irregular calculations of Figures 6.11
and 6.12) support the conclusion that if IAA production rate was decreased
quasi-statically, either actively or passively, the organism would be able to
switch from fully-patterned states to configurations with few peaks at the
boundary. We find that our theoretical predictions are supported by the ex-
perimental results on the SAM of Arabidopsis mutant phenotype PIN1 in Rein-
hardt et al. [82] (see Figures 3A and 3C in [82]): depending on the amount of
IAA in the system, the resulting IAA pattern varies from one localized peak
(giving an isolated primordium) to solutions with peaks at the boundary (ring-
shaped primordium).



98 CHAPTER 6. PATTERN FORMATION IN A BOUNDED TISSUE

In addition, since the parameters of the concentration-based models con-
sidered here are scaled by cellular volumes, we expect tissues with different
cell sizes to behave similarly. In tissues with larger V , the snaking limits are
expected to occur for larger values of T , so as to keep the ratio T/V constant
(and a similar reasoning is valid for the passive transport parameter D).

The conclusions reported above are naturally limited to experiments that
are well approximated by concentration-based models, and for the plausible
biological parameter values selected in the original papers by Smith et al. [94]
and Chitwood et al. [27]. We note that an experimental validation of the pre-
dictions presented here requires the ability to detect changes in the IAA distri-
bution during development. An experimental technique that could help testing
the predictions of these two models is the one recently proposed by Brunoud et
al. [20], which allows to visualize auxin with high spatio-temporal resolution.
However, the geometry of the tissue is already changed during one time pe-
riod of the presented periodic solutions. We note that it would be possible to
also apply numerical bifurcation analysis to a modified model that accounted
for markers dynamics and auxin-sensor interactions.

A further desirable property of the experimental setup would be the ability
to stimulate IAA peaks locally (thereby changing initial conditions) and test
whether the tissue settles to a new equilibrium. In view of the large uncer-
tainty on the parameter values of the models, we expect our predictions to
agree only qualitatively with experimental results. At last by comparing the
solution landscape found with bifurcation analysis for different models and
the experimental results, we can determine the biological plausibility of each
model and exclude incorrect hypotheses.



CHAPTER 7
Pattern formation in a

growing tissue

The contents of this chapter contain our most recent work and will be submit-
ted as a paper during the PhD defense process.

7.1 Introduction

During the growth of a plant, the geometry of the tissue changes continuously
due to cell division and cell expansion. Furthermore, there is a complete
feedback loop between the growth dynamics and the transport of hormones:
experimental research showed that the IAA distribution influences the geom-
etry of the tissue and in the previous chapter we proved that the geometry
also influences the distribution of IAA. In this chapter we take the initial steps
in studying a coupled model that involves both the growth dynamics and the
physiology. Now the size and the geometry of the tissue changes throughout
a simulation and the complete system becomes a DS2.

In this chapter we describe a coupled growth model that involves a phy-
sically-based mechanical model that is coupled with a transport model (the
Smith model). In particular, we are looking for answers to the following ques-
tions: What type of distribution patterns can emerge during growth? Which
parameters have an influence on the resulting phyllotactic pattern when sim-
ulating the SAM? How are the IAA distribution patterns influenced during
growth simulation? Are IAA patterns robust to changes in the initial condi-
tion?

99
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7.2 The simulation model

In the real meristem, growth occurs in parallel to physiological processes
like transport (described and analysed in the previous chapters). However,
to model this coupled growth model, we use the fact that the transport mod-
els studied before evolve much faster than the growth. Experimental research
showed that transport of auxin happens in seconds [60, 62], whereas the du-
ration of a cell cycle is about 24 hours. This lead to the very common Assump-
tion 7.2.1 to model a growing shoot.

Assumption 7.2.1 (Sequential order). The growth dynamics and the trans-
port process evolve in a sequential order. We assume that the auxin transport
system is in equilibrium compared to growth dynamics.

Further only the external layer is modelled since it is known that the phyl-
lotactic patterning in the SAM takes mostly place in the external layer of the
SAM [29, 52, 56, 82, 94, 96]. This is expressed in Assumption 7.2.2.

Assumption 7.2.2 (External layer). The geometry of the tissue is approxi-
mated by considering only the external layer of cells. We assume that this
layer of cells is curved in 3D space.

Under these assumptions, we can set up a model that describes the growth
of a tissue combined with the physiology. The growth model consists of a mass
spring system (MSS) to model the geometrical changes, a cell division algo-
rithm and a system to model growth. The physiological process that we con-
sider is the evolution of IAA, described with the concentration-based transport
models as described in Chapter 2. All these model parts are described in the
rest of this section.

7.2.1 The growth model

The geometrical changes in the tissue can be modelled with a MSS by consid-
ering the tissue as an elastic (2D irregular) system (first used by Fracchia et
al. [41]). To describe such a MSS we present the tissue as the graph H as
described in Chapter 2. In this system, the cell walls (edges e ∈ E) are treated
as mechanical springs with variable restlength that can evolve over time. So
each cell wall is associated with a spring and masses are associated with the
vertices v ∈ V. As a consequence we can describe different forces acting on
these springs and thus on the cell walls and vertices. By assuming that the
vertices are in a viscous medium and by using Newton’s second law we can
then relate these forces with the displacement of the vertices and model the
growth of a tissue.

We describe two different forces acting on the cell walls and translate them
to forces on cell vertices:

• Each spring exerts a force on the walls which is modelled using Hooke’s
law. This (spring) force on an edge (cell wall) e ∈ E with vertices v, w ∈ V
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is:

FS (v, w, t) = k
lvw (t)− l0vw (t)

l0vw (t)
uvw (t) , (7.1)

where lvw (t) is the length of the cell wall between vertex v and w at
time t, l0vw (t) is the restlength of that wall at time t, uvw (t) ∈ R3 is
the normalized direction vector of the wall and k is the stiffness of the
spring. The total force on the vertex v is then

FS,v(V, t) =
∑
w∈Nv

FS(v, w, t), (7.2)

with Nv the neighbouring vertices of vertex v.

• In addition to the spring forces on each vertex, also the turgor pressure
on each vertex is included in the model. The force due to the turgor
pressure is orthogonal to the cell wall (along with the normal) and pro-
portional to its length and its pressure. We assume a pressure from the
inside of the tissue instead of computing the pressure from within the
cell. The turgor pressure on an edge e with vertices v and w is given by

FT (v, w, t) = lvw (t) θnvw (t) , (7.3)

where θ is the turgor pressure and nvw (t) ∈ R3 the normal to the wall
towards the outside of the tissue (and the cell). Remark that because
each (cell) wall has two vertices, the force is spread equally between
them. The total force on the vertex v is given by

FT,v(V, t) =
∑
w∈Nv

FT (v, w, t)/2. (7.4)

We now use Newton’s second law to link these forces to acceleration of the
vertex v. To avoid oscillations and guarantee attraction towards a steady state,
we assume that the vertices are in a viscous medium. The model describing
the cell mechanics (change over time in velocity and position of a vertex v)
becomes: 

dvv (t)

dt
=
FS,v (V, t) + FT,v (V, t)

mv
− σvv (t) ,

dxv (t)

dt
= vv (t) ,

(7.5)

where mv is the mass, vv (t) the velocity and xv (t) the position of the ver-
tex v at time t. σ is the damping rate due to the viscosity of the liquid. The
point masses at all vertices are considered to have an identical value in ab-
stract units of 1. We use a simple Euler-Cromer integration scheme to find the
position of the vertices after each time step.

Remark that due to Equations (7.2) and (7.4) vv (t) and thus also xv (t)

depends on the vertex v and the neighbouring vertices.
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The growth dynamics are easily included in a MSS by linking growth with
the restlengths of the springs. They represent the cell walls and can be in-
creased depending on the current spring tension since material to a cell wall
is added when a cell wall is under tension (this is a common assumption):

dl0vw (t)

dt
=

{
0 lvw (t)− l0vw (t) < ε,

Gvw
(
lvw (t)− l0vw (t)

)
lvw (t)− l0vw (t) ≥ ε,

(7.6)

with Gvw the growth rate (measured per second) which can be dependent on
many different things, like the concentration of IAA, the age of the cell, ... .
Expressions and more information on this growth rate can be found in Sec-
tion 7.2.3.

Due to cell growth, the size of the cells increases and a division rule is
necessary when the size of a cell exceeds a given threshold [76]. Note that
the only mechanism causing the insertion of new nodes on a cell wall is cell
division. In this thesis we did not focus on the different division algorithms,
but we chose to work with a very common division algorithm, the shortest
path or also called shortest wall principle [39]. In this scenario of cell division,
the new wall is the shortest possible wall dividing the cell into two parts and
crossing the center of the mass of the cell. Remark that the applied division
rule has an influence on the outcome [2].

7.2.1.1 The implementation

The physically simulated growth model is implemented in the tissue modelling
software VVe [93] which is included in L-studio for Windows. It is a widely
used software package for plant modelling that contains software for the geo-
metrical and topological representation of the tissue and includes cell division
algorithms.
Performing one step of this physically simulated growth model includes:

• Update the restlengths to model growth of the tissue.

• Calculate the geometric deformations of the resulting tissue with the
MSS.

• If the steady state of the MSS is found, we divide those cells that exceed
a certain volume threshold.

7.2.2 The transport model

To calculate the distribution of IAA we use the concentration-based transport
models described and analysed in the previous chapters. Remark that, of
course, every transport model can be used. Due to Assumption 7.2.2 we can
consider similar tissues as in Chapter 6: one layer of irregular cells. Since we
are simulating the SAM, the tissue is now a curved tissue in 3D space. Again
we assume free boundary conditions.
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Assumption 7.2.1 states that the distribution of IAA is in a steady state at
every growth step. Therefore we are only interested in the steady state IAA
distribution for every steady state tissue calculated with the MSS.

To calculate the steady state that is reached during growth, we use the
numerical integration scheme DOPRI5 available in Python (scipy.integrate.
ode) and described in Section 3.2. To calculate all possible steady states for a
particular tissue and how they depend on the parameters we use the PyNCT
toolbox. On a bifurcation diagram we both show the continuation branch
started in the homogeneous solution in T = 0 µm3/s and the branch started
from the steady state found in the time simulation. This gives us more insight
in the influence of the parameters on the resulting IAA distributions during
growth.

7.2.3 Coupling the growth dynamics with transport

On one hand the growth dynamics influence the transport of IAA since the ge-
ometry of the tissue (and the cells) has an influence on the IAA concentration
in each cell and has an influence on how IAA is transported throughout the
tissue. To model this influence on the IAA distribution we take dilution into
account and calculate the change over time of the transport model for every
change in the geometry. On the other hand, the IAA distribution influences
the growth process. Growth is described by the change of the restlengths
over time and the change of the restlengths over time is proportional to this
growthrate function Gvw. We thus describe the influence of IAA on the growth
process by describing the growthrate function Gvw = Gvw (a (t)) as a function
of the IAA concentration. How the coupling between IAA and growth should
be expressed (how to describe Gvw) is still an open research question.

A common choice is
Gvw (a (t)) = G,

where G is a constant positive value measured per second and independent
of the IAA concentrations. This assumption makes the simulations very easy
since there is no complete feedback loop with the transport model. The growth
of the tissue can be calculated without knowledge about the distribution of the
hormones. Although it is often used (for example in [89]) it is not an accurate
assumption. Since IAA has a great influence on the growth, it is a better choice
to grow the walls proportional to the IAA concentration. A few examples for
Gvw are

Gvw (a (t)) = G
1

|Cvw|
∑
i∈Cvw

ai (t)

a0
, (7.7)

Gvw (a (t)) = G exp

(
arctan

(
1

|Cvw|
∑
i∈Cvw

ai (t)

a0

))
, (7.8)

with G a growth rate coefficient measured per second, Cvw the cells (faces
in the graph H) that contain edge vw and a0 a reference value of the IAA
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Figure 7.1: The growth function of Equation (7.8) in function of the IAA concentration.
The growth rate coefficient G is equal to 0.000 022 s−1 and the reference value a0 =
1.0 µM.

concentration. Equation (7.8) is derived from experimental results from [90]
and is displayed in Figure 7.1.

Due to the dependency of the growth function on IAA, a complete feedback
loop is created between geometry and pattern formation. This makes the
model very complex. For every step of the plastic growth, we calculate the
displacement of the vertices of the tissue. This displacement is calculated
with the MSS. In every MSS time step the geometry of the tissue is changed
and also the distribution of the chemicals (due to dilution and transport). The
steady state IAA distribution in the steady state tissue is then used to calculate
the next growth time step, i.e. the adjustment of the restlengths.

The algorithm of the physically based growth model with a complete feed-
back loop for IAA becomes:

1. Update the restlengths to model growth of the tissue.

2. Calculate one time step of the geometric deformation of the tissue fol-
lowing the MSS.

3. Calculate one step of the transport model. The initial condition is the
previous calculated distribution where dilution is taken into account.
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4. Repeat step 2 and 3 until the MSS and the transport model reach a
steady state.

5. Divide the cells that exceed a certain volume threshold.

6. Repeat step 1 till 4.

The first step of the algorithm can be calculated with a time integration
method described in Section 3.2. In the simulations we used the simple Euler
integration scheme. In steps 2 till 4 we calculate the steady states of both
the MSS and the transport model starting from an initial tissue with an initial
IAA distribution. This is the steady state IAA distribution from the previous
growth step applied on the new deformed tissue. Since in every MSS step, the
geometry of the tissue alters and thus also the distribution of the chemicals,
we apply equal time integration steps for the MSS and the transport model
until both systems reach a steady state. In the simulations we used Euler-
Cromer to calculate the steady state of the MSS and we used DOPRI5 in Python
to calculate the steady state of the auxin transport model.

We find that the MSS reaches a steady state very quickly in comparison
with the transport model. Therefore, in order to simplify the process, we
neglect the transport of IAA during the MSS time steps and only take dilution
into account. Subsequently we calculate the steady state of the transport
system for the new steady state tissue. To speed up the calculations, we use
Newton iterations when the distribution of the chemicals is close enough for
Newton to converge. The algorithm now becomes:

1. Update the restlengths to model growth of the tissue.

2. Calculate the geometric deformation of the tissue following the MSS un-
til a steady state is reached.

3. Calculate the steady state of the transport model. The initial condition is
the previous calculated distribution where dilution is taken into account.

4. Divide the cells that exceed a certain volume threshold.

5. Repeat step 1 till 4.

Remark that this simplification of the model calculates the steady state of
the transport model immediately after the steady state of the MSS is calcu-
lated instead of simultaneously. For all the tested simulations, this approx-
imation had no influence on the resulting model, since the MSS reaches the
steady state very quickly and the impact of the transport model on the IAA dis-
tribution is still minimal at that point in time. Although we did not encounter
changes in the distribution pattern, this simplification can have an impact on
the result.
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7.2.3.1 Implementation

The feedback loop between the geometry of the tissue and the pattern forma-
tion of IAA asks for an interaction between the VVe software and the PyNCT
toolbox. At every step in the VVe simulation, the tissue information can be
saved in an xml file. To calculate the steady state solution(s) of the transport
model for a fixed tissue in PyNCT we use the PyPTS toolbox that is based on
hdf5 files. Therefore we wrote a converter that transforms the information of
a tissue from xml to hdf5 and back.

7.3 Summary of the main results

The main result of our investigation is invalidating Assumption 7.2.1. We apply
the MSS coupled with the Smith model starting from one cell and provide
numerical evidence for the following conclusions:

Result 7.3.1 (Timeframe till steady state). The time evolution for the coupled
transport models reveals that the steady state solution is not always (imme-
diately) reached as stated in Assumption 7.2.1. The solution can approach a
limit cycle or can be attracted towards a steady state with a very slow attrac-
tion rate.

Result 7.3.2 (Periodic solutions). For certain parameter sets and tissues, the
time evolution for the coupled transport models evolves to a periodic solution.
As a result a steady state with a fixed concentration in each cell is not always
reached.

Result 7.3.3 (Dependency on the initial distribution). If the system is large
enough and the transport parameter is in a realistic region, the initial distri-
bution of the chemicals determines the resulting pattern. The exploration of
the solution landscape revealed many different steady state solutions for the
same parameter set, even if the transport parameter exceeds the threshold
for the snaking region (see also Result 7.3.4). So which solution is chosen
by the system depends on it initial distribution and the region of attraction of
each of these states.

Result 7.3.4 (Connection with homogeneous solution in T = 0 µm3 s−1). For
very small tissues only steady state solutions connected with the homoge-
neous solution exist. The IAA patterns have only small deviations from the
homogeneous steady state. For larger tissues we can identify different re-
gions in function of T . If T is very small, the solutions are all connected with
the homogeneous solution and only small deviations from this homogeneous
solution emerge. If the value of T lies in the neighbourhood of the snaking
region or after the snaking region, many different IAA patterns exist and not
all solutions are (directly ) linked with the homogeneous solution.
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Result 7.3.5 (Emergence of primordia). Without extra assumptions and with
simple growthrate functions, the model is not able to initiate the growth of
new primordia, for the (realistic) parameter settings used in the calculations.

7.4 Influence of the model parameters

In the previous chapters we showed that the model parameters of the trans-
port model have a great influence on the resulting IAA pattern and that even
for the same parameter set different IAA patterns exist. Since the distribu-
tion of IAA in a tissue has an influence on the growth, we are interested in
the steady state IAA patterns that emerge during growth. Moreover are we
interested in their position on the bifurcation diagram. This gives us more in-
sight in how to change the parameters or the initial IAA distribution in order
to affect the resulting IAA distribution and thus to change growth.

This section presents simulation examples of growing tissues that highlight
specific properties of the dynamics of the coupled growth model. In the first
example we look at the bifurcation diagrams of the transport model for the
steady state tissue calculated in several growth time steps. In the second ex-
ample we show how to adapt the model to simulate outgrowth in IAA positive
regions.

Example 7.4.1
We begin by setting up the model described in Section 7.2. In this example we
use the Smith model as the transport model with parameter values as in Table
2.1 and D = 1.000 µm2/s, ρIAA = 1.500 µM/s and T = 5.500 µm3/s. We start with
one cell where the concentration is equal to the homogeneous steady state
and divide a cell if its volume exceeds the volume threshold τV = 0.5 µm3.
Growth is modelled by adapting the restlengths over time with Euler integra-
tion scheme and time step ∆t = 18 000 s = 5 h. The change in restlengths de-
pends on the IAA concentrations and is modelled via a linear growth function
with growth rate coefficient G = 0.000 11 s−1 and reference value a0 = 5.0 µM.
The choice of this parameters and time step corresponds to experimental data
found by Müller et al. [74]. Figure 7.2 shows the steady state tissues and the
corresponding IAA concentration just before division for subsequent growth
steps (from 4 till 267 cells). As before the darker the cell is coloured, the
higher the IAA concentration. In the first growth step the starting cell divides
into two equal cells. In the previous chapter, we proved that the geometry of
the cells and the number of neighbours have an influence on the concentra-
tions. Since both cells are equal and have the same number of neighbours,
the concentration in both cells is equal. In the subsequent growth steps, the
tissue consists of 4 , 8 and 16 almost equal cells. The geometry of the cells
in the tissue now slightly differ and thus the resulting steady states deviate a
little from the homogeneous state. The other tissues in Figure 7.2 correspond
to growth steps later during the time evolution. First only one IAA peak exists
and if the tissue becomes big enough, a second IAA peak emerges. We will re-
fer to the steady state solutions of the transport model found during the time
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Figure 7.2: The steady state IAA concentration in the steady state tissue before divi-
sion in subsequent growth steps. For the growth model the MSS is used with k = 0.5,
θ = 0.01, σ = 0.15, a linear coupling between restlengths and IAA (G = 0.000 11 s−1,
a0 = 5.0 µM), a volume threshold τV = 0.5 µm3 and a time step ∆t = 18 000 s = 5 h
to update the restlengths. For the transport model we used the Smith model with
free boundary conditions and parameters as in Table 2.1 with ρIAA = 1.500 µM/s,
D = 1.000 µm2/s and T = 5.500 µm3/s.

evolution as the steady state time solutions. Remark that the time step used
to update the restlengths is equal to 5 hours and the results are in agreement
with data revealed by Müller et al. [74]: per hour the total area of the tissue
is increased with 1− 3%.

For all these different tissues we also calculate the bifurcation diagrams.
For small tissues we only find the continuation branch that is connected with
the homogeneous solution in T = 0 µm3/s. Figure 7.3 shows the bifurcation
diagram and solution pattern for a tissue of 4 cells and depicts the norm of
the IAA concentration in all cells versus the IAA active transport coefficient
T . The solution is always stable for the different values of T displayed on the
figure. The solution patterns are close to the homogeneous solution with small
deviations. The displayed pattern corresponds with the solution found during
the growth simulation in Figure 7.2.

Two growth steps (or 10 hours) later, we find a patterns of 16 cells. The
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Figure 7.3: Bifurcation diagram and selected solution pattern for the Smith model for
a tissue of 4 cells with free boundary conditions found during the growth simulation
displayed in Figure 7.2 (see the first solution pattern of the first row). Left: 2-norm
of IAA concentration versus the IAA active transport coefficient T . Right: the solu-
tion pattern on the branch. It corresponds with the pattern found during the growth
simulation.

bifurcation diagram and corresponding solution patterns are displayed in Fig-
ure 7.4. Again only the branch connected with the homogeneous solution
is found. For parameter T approximately between 12.5 and 20.50 µm3/s, the
solution becomes unstable. Before this unstable region, the solutions corre-
spond with solution pattern 1, an almost homogeneous solution. This pattern
is found during the growth simulation displayed in Figure 7.2. After the un-
stable region, the solution contains a small (difference between the maximal
and minimal IAA concentration in the tissue is smaller than 1 µM) IAA peak
(see solution pattern 2).

In subsequent steps, the tissue grows and eventually becomes big enough
for real IAA peaks to exist. In growth step 7 (after 35 hours) the tissue consists
of 125 cells and the solution curve connected with the homogeneous solution
shows a snaking branch with 1 snake displayed in Figure 7.5. Before the
snaking region the solution is almost homogeneous (solution pattern 1) and
after the s-shape, the IAA distribution in the tissue consists of one IAA peak
(solution patterns 2). For the high values of T displayed on this bifurcation
diagram, the minimal and maximal IAA concentration differs around 10 µM.
However for this tissue we still find an almost homogeneous solution pattern
during the time evolution (solution pattern 1). The bifurcation diagram re-
veals that the snaking region corresponds to higher values of the IAA active
transport coefficient T . For T = 5.500 µm3/s we only find this one solution
pattern.
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Figure 7.4: Bifurcation diagram and selected solution pattern for the Smith model for
a tissue of 16 cells with free boundary conditions found during the growth simulation
displayed in Figure 7.2 (see third solution pattern of the first row). Left: 2-norm of IAA
concentration versus IAA active transport coefficient T . Right: the solution patterns
on the branch for the two stable regions. Right-top: the solution pattern 1 found during
the growth simulation.

For bigger tissues, the snaking region corresponds with smaller values of
T and for these tissues the IAA pattern found during the time evolution can
consists of patterns with peaks. Figure 7.6 shows such a bifurcation diagram
and corresponding solution patterns for a tissue of 273 cells (found after 45
hours). The pattern found during the time evolution lies on the branch con-
nected with the homogeneous solution in T = 0 µm3/s and consists of 1 IAA
peak (solution pattern 2). Solution pattern 1 appears before the snaking region
and is almost homogeneous. Solution pattern 3 is similar to solution pattern 2

but corresponds to patterns with a higher peak since the IAA active transport
parameter T is higher.

In the next growth steps the solution found during the time evolution no
longer lies on the branch connected with the homogeneous solution. Bigger
tissues have more complicated bifurcation diagrams with many bifurcation
points and different branches. Figure 7.7 shows the bifurcation diagram and
corresponding solution patterns for a tissue of 442 cells (at t = 60 h). The bifur-
cation diagram shows two branches. The black branch is calculated starting
from the homogeneous solution in T = 0 µm3/s and the grey branch is cal-
culated starting from solution pattern 7, found during the growth simulation.
The tissue is now big enough for a pattern with multiple peaks. By ascending
the branch we find patterns with 0, 1 or 2 IAA peaks. Solution patterns 2, 3

and 4 all consist of 1 peak but the peak in solution pattern 4 lies at the oppo-
site site of the tissue. The displayed tissue (solution pattern 4) is rotated over
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Figure 7.5: Bifurcation diagram and selected solution patterns for the Smith model for
a tissue of 125 cells with free boundary conditions found during the growth simulation
displayed in Figure 7.2 (see second solution pattern on the second row). Left: 2-norm
of IAA concentration versus IAA active transport coefficient T . The branch connected
with the homogeneous solution is a slanted snaking branch. Solution patterns 1 is
the steady state time solution found during the growth simulation and is encountered
before the s-shape. Solution pattern 2 occurs for larger values of T and consists of one
IAA peak.

180 degrees compared to solution patterns 1 till 3. Solution patterns 5 and 6

contain 2 peaks but since they lie at opposite sites of the domain, only one
peak is displayed. The position of the two peaks corresponds to the position
of the peak in pattern 2 and 3 and the peak in pattern 4. For T = 5.500 µm3/s

we find 2 stable solution patterns (solution patterns 6 and 7). Both patterns
have two peaks but the position of the peaks differ: in solution pattern 7 the
peaks are closer to each other and on different spots.

The bifurcation diagrams in Figures 7.3 till 7.7 show that for bigger tissues,
the bifurcation diagram becomes more complicated. If T is big enough multi-
ple solution patterns exists and not all solutions are (directly) connected with
the homogeneous solution. Figure 7.8 gives an overview of the bifurcation
diagrams for the different steady state tissues during the growth simulation
of Figure 7.2. The grey dots mark the solution patterns found during this
simulation.

Example 7.4.2
In Example 7.4.1 we found patterns with peaks of high IAA concentration
but there was no outgrowth at these positions. The growth difference be-
tween these cells and the surrounding cells with low IAA concentration was
too small. Figure 7.9 shows the steady state tissues in subsequent points dur-
ing the growth evolution where outgrowth was encountered. In this example
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Figure 7.6: Bifurcation diagram and selected solution patterns for the Smith model for
a tissue of 273 cells with free boundary conditions found during the growth simulation
displayed in Figure 7.2 (see last solution pattern on the second row). Left: 2-norm of
IAA concentration versus IAA active transport coefficient T . Solution patterns all lie
on the branch connected with the homogeneous solution. For larger value of T the
solution pattern consists of one peak. Solution pattern 2 was found during the growth
simulation in Figure 7.2 and contains one peak.

we use the same model and parameter settings as before, but we simulate
a constant injection of IAA concentration in a region of cells just before cell
division.

We only found this outgrowth when we inserted this constant injection of
IAA. More research on the influence of the growth function and the other
transport parameters is necessary to find out if the growth model is capable
of producing outgrowth in regions of high IAA concentration without extra
specifications on a subset of cells.

7.5 Analysis of the time evolution in transport models

Since transport of IAA is very fast compared to growth dynamics, we assumed
that only the steady state solution of IAA is of importance (Assumption 7.2.1).
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Figure 7.7: Bifurcation diagram and selected solution patterns for the Smith model for
a tissue of 442 cells with free boundary conditions found during the growth simulation
displayed in Figure 7.2 (see third solution pattern on the third row). Left: 2-norm of
IAA concentration versus IAA active transport coefficient T . Solution patterns 1 till 6
lie on the black branch connected with the homogeneous solution. For larger value
of T the solution pattern consists of one or two peaks. Solution pattern 7 was found
during the growth simulation and lies on another branch not (directly) linked with the
black branch. The solution pattern consists of two peaks at different positions closer
to each other in comparison with solution pattern 6.
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Figure 7.8: The bifurcation diagrams for the Smith model with free boundary condi-
tions for the different tissues found during the growth simulation of Figure 7.2. The
blue branches correspond to the branches connected with the homogeneous solution
and the red branches are found starting the continuation in the steady state time so-
lutions (marked with red dots). For smaller tissues the steady state time solution is
connected with the homogeneous solution (the blue and red branch coincide). For
larger tissues, multiple solutions exists for T = 5.500 µm3/s and the solution becomes
disconnected from the homogeneous solution.
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Figure 7.9: IAA concentration patterns in the steady state tissues before division
in subsequent growth steps. Model and parameters as in Figure 7.2 but a constant
injection of IAA in a region of cells was inserted just before division.

A closer look at the time evolution of the transport model during the simu-
lations reveals, however, that for some tissues and parameter sets, this as-
sumption is not valid. In these cases the time step method does not settle in
a steady state. Figure 7.10 shows two trajectory of the time evolution in the
(a6 (t) , da6 (t) /dt)-plane for a tissue of 125 cells. For this simulation we used
the same growth model and parameters as in Figure 7.2. For the transport
model, the Smith model with parameters from Table 2.1 and D = 1.000 µm2/s,
ρIAA = 1.500 µM/s and T = 7.000 µm3/s were used. The blue dot is the solution
encountered during the growth simulation and used as a starting point of the
time evolution displayed in blue. The trajectory is attracted to a limit cycle
and the solution approaches a periodic state. The red dot is the solution found
with Newton iterations (with starting point the end point of the blue trajec-
tory). This solution is unstable and time integration reveals that the solution
approaches the limit cycle. In Figure 7.11 the concentration of IAA over time
of the blue trajectory in Figure 7.10 is displayed for a selection of cells. The
figure shows that the solution is attracted towards a periodic steady state with
a very small period (about 30 seconds). Note that the Smith model contains no
equation to model the change of the PIN1 distribution on the cell membranes
over time. It is assumed that their is an instantaneous redistribution of PIN1
on the cell membrane at every time step. This assumption possibly influences
the small time period.

The spectrum of the solution during this time evolution reveals that the
solution evolves around a Hopf bifurcation point. Figure 7.12 shows the spec-
trum in the different time evolution points for one period. During one period,
a pair of complex conjugate eigenvalues jumps a few times over the imaginary
axis.

These Hopf bifurcation points arise when a complex pair of conjugate
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Figure 7.10: The trajectories in the (a6 (t) , da6 (t) /dt)-plane of the transport time
evolution for two different starting points for a tissue of 125 cells. The blue curve is
the trajectory of the transport time evolution encountered during a growth simulation
and the blue dot is the starting point of that time evolution. The red curve is the
trajectory of the transport time evolution started from the corresponding steady state
solution found with Newton (red dot). Both trajectories approach the same limit cycle.

eigenvalues cross the imaginary axis. Due to the coupling of different chem-
icals in the model, the spectrum of the problem becomes more complex and
contains complex eigenvalues. For the different model examples we tested
during this thesis, we found that these complex eigenvalues lie close to the
imaginary axis and we therefore argue that these situations will occur even
when the transport models become more involved.

We found that in most cases, the solution settles very quickly in a steady
state solution point. However, for some parameter sets the solution is close
to a Hopf bifurcation point and is attracted to a limit cycle (solution evolves
to a periodic state during the time evolution). In those situations we can not
assume that the transport system is in a steady state when comparing it to
growth dynamics. Therefore Assumption 7.2.1 is no longer valid. On top the
different distributions of auxin that occur during one period give rise to dif-
ferences in growth and can possibly result in a different pattern of primordia.
Therefore, when working with Assumption 7.2.1 the choice of the distribution
of auxin when a periodic state is encountered is very important and can have
a big influence on the resulting pattern.
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Figure 7.11: The time evolution of the IAA concentrations in a selection of cells cor-
responding the blue trajectory in Figure 7.10. The time is depicted versus the IAA
concentration. The IAA concentrations in the cells approach a periodic state.

7.6 Conclusions and outlook

The analysis in the previous chapters was focused on the formation of IAA
peaks in generic concentration-based models for fixed tissues. The main goal
of this chapter was to start the numerical analysis of a model that includes
both growth and transport.

We used a MSS to model growth and coupled it to the IAA distribution
via the growth function, which alters the restlengths of the cell walls if they
are under tension. The model has a complete feedback loop between growth
and transport. The implementation requires software that can handle geo-
metrical and topological changing tissues and contains numerical methods to
efficiently solve the different models (transport model, MSS, plastic growth).
In this chapter, we have coupled our PyNCT toolbox, described in Chapter 4
with the well-known tissue modelling software VVe since we are interested in
both the IAA patterns that emerge during growth as well as all possible IAA
patterns that can emerge for the different tissues during the time evolution.

We found that for small tissues only an almost equal distribution of IAA
throughout the tissue is possible. For larger tissues, we identified two regions
in function of the IAA active transport coefficient T . If T is very small, all so-
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Figure 7.12: The spectrum of selected time evolution points for one period of the
limit cycle of Figure 7.10. Top panel: spectrum of a stable solution during the time
evolution. Bottom panels: zoom of the spectra at selected points during one period.
The arrows indicate the direction of the moving eigenvalue that crosses the imaginary
axis.
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lutions are connected with the homogeneous solution and have an almost flat
pattern without high peaks of IAA. For larger values of T , in the neighbour-
hood of the snaking region and beyond the snaking region, many possible so-
lutions exist, whether or not connected with the homogeneous solution. These
solutions show different IAA distribution patterns with a different number of
localized peaks.

As a result changes in the distribution of IAA at every moment in time will
have a big influence on the resulting pattern. Changing the distribution of
IAA by a certain stimulus, can allow the distribution to escape the basin of
attraction of the current steady state and enter the basin of attraction of an
other steady state. This other steady state can have a complete different IAA
distribution pattern and therefore the resulting pattern of primordia can be
changed.

The proposed growth model is based on the assumption that the trans-
port model is in a steady state compared with the growth dynamics (Assump-
tion 7.2.1). However, we found that this is not always the case. The spectrum
of coupled models consists of several complex eigenvalues. For the tested
Smith and Chitwood models, these complex conjugate eigenvalues lie close to
the imaginary axis giving rise to Hopf bifurcation points. For those parameter
sets, close to the Hopf bifurcation points, the solution is often attracted to a
limit cycle. As a consequence, the solution of the transport model is a periodic
solution instead of a steady state solution. Therefore Assumption 7.2.1 is no
longer valid in these points. These periodic solutions occurred in all our simu-
lations and we argue that it will occur even more for more complex transport
models. To model growth without Assumption 7.2.1, we must transform the
model into one big system of ODEs where the time differences at which the
different processes occur are described by extra model parameters.

With the proposed model we could only produce the outgrowth of new
primordia by adding a constant injection of IAA in specific cells. However, we
argue that a self-organised growth of new primordia is possible by applying a
more realistic growth function combined with the correct model parameters.

How growth and IAA are coupled is still an open research question. We
provided a framework in which we can observe all different tissues generated
during growth and for each of these tissues compute the steady state solution
landscape. The resulting distribution patterns of IAA and primordia can be
compared with experimental observations which can give more insight into
the possible coupling mechanisms of growth and IAA. With this framework, it
is possible to analyse the feedback between growth and IAA distribution and
get more insight into the mechanism behind outgrowth of primordia.





CHAPTER 8
Conclusions and outlook

8.1 Conclusions

The research in this thesis is motivated by the growing demand for efficient
numerical methods to solve and analyse pattern formation in organ level hor-
mone transport models. These models are becoming more accurate by taking
into account more and more cell level interactions. This results in a large
scale organ level dynamical system with growing complexity and many cell
level parameters.

Auxin transport plays a central role in the pattern formation processes in
a plant during growth and development. In the last decade more scientific
details became available about the cell level interactions of this growth hor-
mone. The key questions in this research area are: "which auxin patterns
(can) emerge and how do they depend on different stimuli?".

Throughout this research, we have provided contributions to the literature
on the analysis of hormone transport models through the following topics that
we treated in this thesis:

• We presented and analysed auxin transport models as a dynamical sys-
tem and described a class of well-known transport models with a general
system of ODEs. This description facilitates the comparison of different
models by comparing the solutions, the influence of the parameters, ef-
fect of boundaries and many other properties. By extending the descrip-
tion with other classes of models based on different hypotheses, it can
help us to validate or invalidate the different hypotheses.

• In the current literature, the accumulation patterns of auxin transport
models are calculated and analysed using time step methods, even
though only the resulting steady state patterns of the model are of in-
terest. Often this simulation is only being done for a few particular sets
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of parameters, while in biological systems there is typically a large un-
certainty on the values of many model parameters. In contrast, we have
examined the steady state solutions of auxin transport models as a func-
tion of the model parameters by using numerical continuation methods
and bifurcation analysis. These methods are more adequate for solving
steady state problems than time step methods. Such an analysis gives
insight in possible patterns occurring in the system for a wide range of
the parameters.

• We developed Python Numerical Continuation Toolbox (PyNCT), an open
source Python package that implements numerical continuation methods
and can perform bifurcation analysis. The toolbox is based on sparse lin-
ear algebra which enables its users to solve very large systems. The
toolbox gives the user the choice of different solvers (direct and itera-
tive) and allows the use of preconditioners to reduce the number of iter-
ations and guarantee the convergence when working with complex non-
linear models. Transport models of growth hormones contain a range of
different parameters that determine the behaviour of the system. Un-
derstanding the influence of these parameters allows us to predict the
patterns that emerge in the models when the parameters are changed
and is therefore an important research topic. One of our goals was to
investigate the effect of different influences on the auxin transport. We
demonstrated the usefulness of the toolbox for the specific class of mod-
els described in Chapter 2 and showed how easy it is to compute the
steady state solutions for different parameter values, to calculate how
they depend on each other and to map parts of the solution landscape.
An interactive model development and discovery cycle is key in biolog-
ical systems research. It allows one to investigate and compare differ-
ent model parameter settings and even different models and gauge the
model’s usefulness. Our toolbox allows for such quick experimentation
and has a low entry barrier for non-technical users.

Although PyNCT was developed particularly for the study of transport
models in biology, its implementation is generic and extensible, and can
be used in many other dynamical system applications.

• We studied the formation of IAA peaks in the generic class of concen-
tration-based auxin transport models, described in Chapter 2, posed on
static plant tissues. Literature shows for specific examples of transport
models that they are capable of producing patterns with peaks by show-
ing an example of such a pattern for a specific parameter set. We re-
vealed the mechanism behind the emergence of these IAA peaks for a
whole class of models for both bounded and unbounded tissues in Chap-
ters 5 and 6.

We have shown the existence of a trivial homogeneous solution that can
be calculated analytically for regular unbounded domains with zero Neu-
mann boundary conditions and examined its stability region. This homo-
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geneous solution always exists and is stable in some region of the param-
eter space. However, changing the parameters can destroy its stability.
As stated in literature the homogeneous solution becomes unstable in a
kind of Turing point which gives rise to patterns with regularly spaced
peaks.

For (irregular) bounded domains this homogeneous solutions does no
longer exists if T 6= 0. Using standard asymptotic analysis, we proved
that, on bounded domains, IAA peaks are not formed via a Turing in-
stability in the IAA active transport coefficient, but rather via simple
corrections to the homogeneous steady state. When the active transport
is small, the geometry of the tissue encodes the peaks’ amplitude and
location: for regular bounded tissues, peaks emerge as boundary cor-
rections to the homogeneous steady state and for irregular tissues, not
only the number of neighbours is important but also the geometry of the
cell is important. The active transport and geometry concur to promote
localized IAA peaks.

• Literature shows that the model parameters of different transport mod-
els have a strong influence on the patterns, we showed, for the first time,
exactly how these patterns depend on the parameters. We performed a
systematic bifurcation analysis on specific example models applied on
bounded and unbounded domains.

– For the Smith model (and variations) applied on unbounded do-
mains that allow the existence of homogeneous solution patterns,
we identified a Turing instability. The homogeneous solution loses
its stability when the IAA active transport parameter is varied. We
also identified the only two possible generic bifurcation scenarios
through which the homogeneous solution can lose its stability. In
the first scenario, a stable solution can lose its stability through
a branch point, where it becomes a pattern with regular spaced
peaks of high IAA concentration. In the second scenario, the stable
solution loses its stability through a Hopf bifurcation that leads to
(un)stable patterns where the concentration is periodic in time.

Besides the influence of the endogenous parameters of this model,
we also investigated the influence of an exogenous model param-
eter, the flux at the boundary. For certain parameter ranges, we
identified a s-shaped bistable bifurcation scenario. We found that
the resulting IAA pattern critically depends on the boundary con-
ditions: changing the amount of flux at the boundaries beyond a
certain threshold changes the IAA pattern.

We showed that not only the endogenous parameters have a great
influence, also the exogenous model parameters have a great im-
pact on the pattern formation.

– Instead of using unbounded tissues, we also applied the models
on a more realistic bounded domain. With the help of our toolbox
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PyNCT, we performed a systematic bifurcation analysis on two mod-
els that are known to generate IAA patterns for biologically plausi-
ble parameter values, the Smith model and the Chitwood model.
In the same parameter regimes, we found that on bounded tissues
the models are capable of generating a multitude of stationary pat-
terns, with a variable number of IAA peaks, that can be selected by
different initial conditions or by quasi-static changes in the IAA ac-
tive transport coefficient. The competition between active transport
and production rate determines whether peaks emerge, remain lo-
calized or cover the entire domain. In particular, changes in the
IAA production that are fast with respect to the cellular life cycle
affect the IAA peak distribution, switching from localized spots to
fully patterned states. We related the occurrence of localized pat-
terns to a snaking bifurcation structure which is known to arise in
a wide variety of non-linear media, but has not yet been reported in
plant models.

• In Chapter 7 we included growth in our model and transformed it into a
DS2. An initial investigation of this model revealed that for large enough
tissues and realistic values of the IAA active transport coefficient T ,
many different solutions with fundamentally different IAA distribution
patterns are possible. Therefore, during growth changes in the distribu-
tion of IAA can have a major impact on the resulting distribution pattern
of IAA and phyllotactic pattern. Further we also revealed that during
the simulations, we encounter situations where the distribution of IAA
does not reach a steady state within the assumed time limits. In some
situations, the solution is attracted by a limit cycle. We found that the
very common assumption that the different growth processes occur in
sequential order is not always a good approximation of the problem.

8.2 Outlook

Scientific research is all about solving problems: finding the causality between
processes, looking for solutions and finding the answers. During that process
very often new questions arise. Also during the research presented in this
thesis, new questions arised. We were able to detect some generic mecha-
nisms for a class of transport models and identified how the patterns depend
on some specific model parameters. However, some open questions still re-
main. Numerical and computational research will have to focus on specific
sub problems and we briefly sketch an outline for future research:

• The numerical continuation toolbox PyNCT is a useful tool for system bi-
ologists who are interested in understanding the influence of their model
parameters on the emerging patterns. This is an important research
topic since a complete knowledge about the influence of parameters on
the behaviour of the system allows us to predict the behaviour when pa-
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rameters are changed. Therefore one future research direction is the
extension of the functionalities of PyNCT. For example, methods that
automatically detect bifurcation points and performs automatic branch-
switching should be inserted. Tools like AUTO [34] and MATCONT [33]
can do this for small systems of ODEs. However, they use dense linear
algebra that does not scale to large systems of ODEs. To achieve this we
need to improve the current algorithm to calculate the eigenvalues. On
the other hand we also want to extend the subset of models that can be
analysed automatically with the toolbox and add a front end to improve
the usability.

• Due to the many remaining uncertainties about the detailed mechanisms
behind auxin transport, many different transport models exist, each
based on different hypotheses. In this thesis we started to classify con-
centration-based transport models by describing a whole class with a
general hypothesis. All existing transport models (not only the concen-
tration-based models) should be classified in the same way to enable the
comparison of these models and the exclusion of models and hypotheses.

• Typically all these auxin transport models contain a large number of pa-
rameters and it is very hard to compare the results of different models
due to differences in parameter units. The Buckingham π theorem [21]
provides a method for transforming the parameters into a set of dimen-
sionless parameters. Transforming the models and working with dimen-
sionless parameters can help us comparing the different simulation re-
sults.

• A important open research question is how to model consistently the
growth and cell division and include a complete feedback loop between
the growth dynamics and the transport of growth hormones. A first step
is to keep the level of abstraction presented in this thesis and investi-
gate the influence of the growth rate and the IAA coupling. Also the
choice of a cell division mechanism has a great impact on the resulting
pattern, since it significantly changes the cell geometries, and should
be investigated more. In a second step the discrete separation of the
different time-scales should be eliminated. The growth model should be
treated as a single big system of coupled ODEs where the occurrence
of the different processes (growth and transport) is expressed with time
parameters.

By incorporating growth and cell division into the model, the DS be-
comes a DS2. How to use the proposed numerical methods on these
kinds of systems is also an important future research topic.

Of course this research must be complemented, refined and supported with
experimental research. In this thesis new hypotheses are found by numerical
simulations and must be confirmed by experimental data or tested by new
experimental research. New experiments and new data will help us improving
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our insights in these complex processes and will have an influence on the
existing models.



APPENDIX A
Derivation cell-based model
from compartimental model

In this chapter we describe a cell-based model, based on the model of Jöns-
son et al. [52], that accounts for spatial contributions in the equations (called
extended cell-based model). The model of Jönsson features one state variable
per cell, namely the IAA concentration, ai (t) and satisfies Definition 2.3.1. The
complete auxin transport model of Jönsson et al. is described by

dai
dt

=ρIAA − µIAAai +
D̃

V cell
i

∑
j∈Ni

V wall
ij (aj − ai)

+
T̃

V cell
i

∑
j∈Ni

V wall
ij

(
Pji

aj
Ka + aj

− Pij
ai

Ka + ai

)
, (A.1)

for i = 1, . . . , n. The parameter ρIAA represents the IAA production coefficient,
measured in micromolar per second (µM/s) µIAA is the auxin decay coefficient,
measured per second. Both parameters correspond to the parameters in Ta-
ble 2.1. D̃ is the IAA diffusion coefficient and has units of 1/s, T̃ is the IAA
active transport parameter, also measured per second and Ka the half max
Michaelis-Menten constant, measured in µM . Remark that the spatial con-
tributions are accounted for in the model. We assume that each cell i has a
volume V cell

i and that each wall has a volume (f.e. the wall between cell i and
cell j has volume V wall

ij ).

The expression for Pij , the concentration of PIN1 at the wall compartment
between cell i and cell j can be derived from the compartmental model of
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Jönsson et al. ,

dpcell
i

dt
=

1

V cell
i

∑
k∈Ni

V wall
ik

(
k2Pik − pcell

i k1ϕ (ak)
)
, (A.2)

dPij
dt

= pcell
i k1ϕ (aj)− k2Pij , (A.3)

and we assume that PIN1 is in its equilibrium polarization state at any given
time so

dpcell
i

dt
= 0, (A.4)

dPij
dt

= 0. (A.5)

Rewriting Equation (A.2) and filling in Equation (A.3) gives

ϕ (aj)
∑
k∈Ni

V wall
ik Pik = Pij

∑
k∈Ni

V wall
ik ϕ (ak) . (A.6)

We assume that the total amount of PIN1 in the cell and its membrane is
constant so

piVi = pcell
i V cell

i +
∑
k∈Ni

V wall
ik Pik. (A.7)

Equation (A.6) becomes

ϕ (aj)
(
piVi − piV cell

i

)
= Pij

∑
k∈Ni

V wall
ik ϕ (ak) , (A.8)

or

Pij =
ϕ (aj) piVi

k2
k1
V cell
i +

∑
k∈Ni

V wall
ik ϕ (ak)

. (A.9)

We assume that most PIN1 is situated at the membrane so k2 � k1. The
extended cell-based model becomes:

dai
dt

= ρIAA − µIAAai +
D̃

Vi

∑
j∈Ni

V wall
ij (aj − ai)

+
T̃

Vi

∑
j∈Ni

V wall
ij

(
Pji

aj
Ka + aj

− Pij
ai

Ka + ai

)
, (A.10)

for i = 1, . . . , n, parameters as described before and Pij:

Pij =
ϕ (aj) piVi∑

k∈Ni
V wall
ik ϕ (ak)

. (A.11)

Since we apply the above model on a tissue where the cell walls are assumed
to all have the same thickness and height, we can rewrite it as in Definition
2.3.1

dai
dt

= ρIAA−µIAAai +
D

Vi

∑
j∈Ni

lij (aj − ai) +
T ∗

Vi

∑
j∈Ni

(
Pji

Vjaj
Ka + aj

− Pij
Viai

Ka + ai

)
,

(A.12)
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for i = 1, . . . , n and with

Pij =
lijϕ (aj) pi∑
k∈Ni

likϕ (ak)
. (A.13)

As before, the IAA production parameter ρIAA is measured in µM/s, the IAA
decay coefficient µIAA is measured per second and the half max Michaelis-
Menten constant is measured in µM . Due to the assumption on the geometry
of the tissue, the IAA diffusion coefficient D has units of µm2/s and the active
transport parameter T ∗ is measured per second. Remark that T ∗ 6= T . T ∗ is
measured per second and T is measured in µm3/s.
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