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Abstract Ginkgo biloba L. is a precious relic tree species with important economic 

value. Seeds, as a vital reproductive organ of plants, can be used to distinguish 

cultivars of the species. We chose 400 seeds from two cultivars of ginkgo (“Fozhi” 

and “Maling”; 200 seeds for each cultivar) as the study material and used the 

Gielis equation (Gielis 2003; 2017) to fit the projected shape of these seeds. The 

coefficients of variation (CV) in root mean squared errors (RMSE) obtained from 

the fitted data were used to compare the level of inter-cultivar variations in seed 

shape. We also used the covariance analysis to compare the allometric 

relationships between seed weights and projected areas of these two cultivars. The 

Gielis equation fitted well the seed shapes of two ginkgo cultivars. The lower CV 

in RMSE of cultivar “Fozhi” than “Maling” indicated a less symmetrical seed 

shape in the latter than the former. The bootstrap percentile method (Sandhu et 

al., 2011) showed that the seed shape differences between the two cultivars were 

significant. However, there was no significant difference in the exponents between 

the seed weights and the projected areas of these two cultivars. Overall, the 

significant differences in shapes between the seeds of two ginkgo cultivars were 

well explained by the Gielis equation; this model can be further extended to 

compare morphological differences in other ginkgo cultivars, and even for plant 

seeds or animal eggs that have similar oval shapes. 

 

Keywords allometry · curve fitting · coefficient of variation · Gielis equation · 

root mean squared errors 
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Introduction 

Ginkgo biloba L., a relic tree species that is native to China, has a living history of 

more than 300 million years and is known as a “living fossil” (Mahadevan et al., 

2008; Zhou et al., 2003). It belongs to the family Ginkgoaceae that now has only 

one existing species left, which has been widely planted for timber, medical, and 

ornamental utilizations (Nakanishi, 2005; Tredici, 1991). (Fig. S1 in online 

supplementary material exhibits the ginkgo trees along one side of a road.)  

 China is one of the world’s largest producers of ginkgo seeds and its 

production rate has increased year after year. G. biloba fruits are extensively 

studied because the kernels contain a great deal of nutritional and bioactive 

compositions that are of vital dietary and medicinal value (Hu et al., 2014). 

Moreover, the Pharmacopoeia of the People's Republic of China (2015 Edition) 

stated that ginkgo leaves can promote blood circulation and reduce blood fat 

(Zhang et al., 2016). Its extracts are added into tea or a functional beverage to 

improve human health and is also made into new medical products such as 

GinkgoPlus, Topnin, Promod, Tanakan or cosmetic products (Cheng and Zhang, 

2008).  

In China, ginkgos are classified into the following cultivars: Changzi, Fozhi, 

Maling, Meihe, Yuanzi (or called Longyan) (He, 1989). Among these cultivars, 

Fozhi (meaning the Buddha’s finger in Chinese) and Maling (meaning horse’s bell 

in Chinese) seeds are widely planted and the dominant cultivars in Jiangsu 

Province. However, accurate morphological differences among these cultivars have 
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long been overlooked. Fozhi is named because their seeds have a long-ovate or 

fingerlike spindle shape; whereas Maling seeds appear to have a broader shape. In 

taste, Fozhi seeds are juicy and sweet, while Maling seeds are waxy and sweet (He, 

1989). Besides shape and taste, one ovule of Maling can usually develop into fruit, 

while two ovules of Fozhi can develop into two fruits.  

Traditionally, ginkgo seeds are visually classified according to their size and 

morphology of kernels. Moreover, to our knowledge, morphological 

characteristics are all determined by manual measurements that carry errors due 

to their irregular shapes, and there is no way to make an accurate description of 

seed shape for its morphogenesis and classification. Many researchers have 

uncovered the underlying physical and morphological properties of natural plants 

by using different mathematical models.  

Mirzaee et al. (2008) found that the best and worst models for predicting the 

mass of two varieties of apricot based on some physical characteristics. Jahromi et 

al. (2008) determined dimensions and projected areas by surveying some physical 

properties of dates (cv. Dairi) with image processing techniques. Models can be 

built to distinguish the differences between native (Celastrus scandens L.) and 

invasive (C. orbiculatus Thunb.) bittersweet species by determining the 

morphological characteristics of leaf and fruit (Leicht-Young et al., 2007). 

To elucidate biophysical processes of underlying plant morphology, some 

investigators (Kincaid and Schneider, 1983; Kuhl and Giardina, 1982) analyzed 

many complex forms using the elliptic Fourier analysis method, which has been 
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applied to study plant leaves (McLellan, 1993). Starting in the 1990s, geometric 

morphometrics developed rapidly in biological research (Bookstein, 1996; Gielis, 

2003, 2017; Rohlf, 1996; Jensen, 1990). For example, mathematical models can 

be used to describe the actual patterning in shells (Meinhardt 1998) and whorl 

morphogenesis in dasycladalean algae (Dumais and Harrison, 2000). However, it 

has a disadvantage in that an algorithm cannot exactly describe a real plant (Van 

Oystaeyen et al., 1996).  

Gielis (2003; 2017) has put forward a universal bio-geometric formula that can 

describe various geometric shapes and forms of creatures and their organs. Many 

researchers take advantage of the general Gielis equation or its transformation 

according to their actual needs. The original formula is used to describe the 

cross-sectional shapes of the leaf petiole (Faisal et al., 2010). Simplified versions 

of the Gielis equation can depict the special shapes more effectively, especially for 

the shapes of tree-rings and bamboo leaves (Chacón, 2006; Lin et al., 2016; Shi et 

al., 2015b), which contribute to the understanding of underlying laws for plant 

biological phenomena. 

In the present study, we attempted to use the Gielis equation to simulate the 

seed shapes of ginkgo cultivars, which can be used to identify the morphological 

differences between the two cultivars. A new method using the coefficient of 

variation is also proposed to check the extent of intra-cultivar seed shape 

variation. 
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Materials and methods 

Materials 

Two cultivars of G. biloba (Fozhi and Maling) were selected from Taixing of 

Jiangsu Province (32°12′58.46″N, 120°01′12.69″E) to conduct this study. Ten 

trees for every cultivar were randomly chosen from their plantation, and 20 

healthy seeds per tree were collected when they attained commercial maturity 

(fruit starting to drop off trees naturally) in late October of 2016. 

 

Basic data collection 

We measured fresh seed weights using an electronic scale with 0.1 mg precision 

(ME204/02; Mettler Toledo instruments Co., Ltd., Shanghai, China) and their 

thickness by using a vernier caliper (CD-20APX; Mitutoyo Corporation, 

Kanagawa, Japan). The projection shapes of seeds were scanned by a photo 

scanner (HP Scanjet 4850; Hewlett-Packard Company, Palo Alto, California, 

USA) and their images were converted into bmp (Bitmap) format. For further 

analysis, we used the MATLAB program proposed by Shi et al. (2015a) to extract 

the edge data of the projection shapes of seeds in Cartesian coordinates. 

 

Morphological model 

Gielis (2003, 2017) proposed a general equation that can be used to describe the 

shapes of creatures including their organs: 
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Eq. (1) 

Here, r and φ are polar coordinates of the edge of an object on the plane; A, B, n1, 

n2 and n3 are positive constants; m is a positive integer, which determines the 

number of protruding angles in an edge’s shape. For the ginkgo seed, there are 

two obvious angles, so m = 2. However, there are still too many parameters that 

can affect the efficiency of curve fitting and the accuracy of parameters estimated. 

To solve these problems, we re-parameterized the original Gielis equation as (see 

Appendix S2 in the online supplementary material for details): 

                                     

Eq. (2) 

where  and . For simplicity, we refer to Eq. [2] as the Gielis 

equation in this manuscript. 

Based on the re-parameterized Gielis equation, we can easily calculate the 

planar projection area (S), and length (L) of ginkgo seeds that is defined as the 

distance from the left edge to the right edge on the major axis. 

                                                     

Eq. (3) 

                                               

Eq. (4) 
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points by the Gielis equation (e.g. φ ranges from 0 to 2π in 2π/2000 intervals), we 

can use the 2-fold maximum y value on the plane to approximate the width. 

We used root mean squared error (RMSE) to evaluate the model’s goodness 

of fit, and RMSE is related to the squared sum of residual sum of squares (RSS): 

                                                         

Eq. (5) 

                                                         

Eq. (6) 

ri represents the observed distance from the polar point to the i-th point on the 

edge; and  represents the fitted distance from the polar point to the i-th point 

on the edge; and n represents sample size of points (namely the number of 

sampled points determined by the scanned image resolution).  

Here, RMSE represents the average measure of the deviances between the 

observed and fitted distances. However, RMSE cannot be directly used to 

compare the intra-variations of seed projection shapes because it is affected by the 

model’s goodness of fit and the seed size. Thus, we used the coefficient of 

variation (CV) in RMSE to reflect the intra-cultivar variation in the projected 

shapes, and then we also used the CV values calculated from two groups of 

RMSE to compare the inter-cultivar differences: 

                                                       

Eq. (7) 
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mean of RMSE. 

 

Allometric relationship between seed weight (w) and projection area (A) 

                                                                 

Eq. (8) 

where α and β are constants with β theoretically being equal to 2/3 if the object 

density is regular. However, this exponent might not be equal to 2/3 because of 

the density irregularity. Eq. [8] can be rewritten as: 

                                         

Eq. (9) 

We used the bootstrap percentile method (Sandhu et al., 2011) to check whether 

the slope estimates between the two cultivars have significant differences.  

 

Statistical analyses 

All data analyses and figures were conducted using the statistical software R 

(version 3.1.3; R Development Core Team, 2015). An R script for implementing 

the curve fitting by using the Gielis equation is provided in the attached Appendix 

S3. 

 

Results 

The projection edges of the two ginkgo cultivar seeds exhibited similar oval 

shapes (Fig. 1a and c). The predicted projection shapes (Fig. 1b and d) of two 

W Aβ= α

( ) ( ) ( )ln ln lnW A y c x= α +β ⇔ = +β
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cultivar seeds by the Gielis equation matched well with the scanned projection 

shapes. Both medians of RMSEs that were used to measure the goodness of fit of 

curve fitting for two cultivar seeds were approximately equal to 0.01, which 

demonstrated the validity of the model (see Fig. 1e). 

 Although there was significant difference in RMSE between these two cultivars 

(p < 0.01), the differences in the goodness of fit were mainly caused by the 

differences of projection areas (Fig. 2c). The CV in RMSE of cultivar Fozhi was 

significantly lower than that of cultivar Maling (21.6% versus 25.6%). Clearly, the 

95% confidence interval (CI) of the differences in the CV bootstrap replicates 

between two cultivars, (−7.0%, −0.7%) did not include 0 (Fig. 1f). It demonstrated 

that the intra-cultivar variation in 2-D profile of cultivar Fozhi is lower than that 

of cultivar Maling. 
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Fig. 1. Examples of projected shape fitting and model evaluation between the two 

cultivars. (a-b) The original shape (gray lines) and the fitting shape (red lines) of 

cultivar Maling. (c-d) The original shape and the fitting shape of cultivar Fozhi.  

(e) The root mean squared errors (RMSE) of two cultivars. (f) The density 
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distribution differences in CVRMSE between the two groups of 5,000 bootstrap 

replicates, A represents cultivar Fozhi, and B represents cultivar Maling. 

For the five representative parameters (seed length, width, thickness, projection 

area, and fresh weight), the differences between the two cultivars were all 

significant (p < 0.01) except for the length (p = 0.106; Fig. 2a ). The seed width, 

thickness, projection area, and fresh weight of cultivar Fozhi were smaller than 

those of cultivar Maling (Fig. 2b-e).  
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Fig. 2. Comparison of basic morphological parameters between the two 

cultivars, A represents cultivar Fozhi, and B represents cultivar Maling. 

For the first ratio (= seed width/length), cultivar Fozhi was significantly 

smaller than cultivar Maling (Fig. 3a); whereas for the second ratio (= seed 



15 
 

thickness/width), cultivar Fozhi was significantly larger than cultivar Maling (Fig. 

3b). It implies that the 3-D profile of cultivar Fozhi is more round than cultivar 

Maling. Apparently, cultivar Maling appears to be flatter in 2-D profile and is 

rather obovate, while cultivar Fozhi is near-elliptic.. 

 

Fig. 3. Comparison between the parameters of ratios, A represents cultivar Fozhi, 

and B represents cultivar Maling. 

 

Fig. 4a exhibits the comparison of the allometric relationship between seed 

fresh weight and projected area for the two cultivars. The slope estimate for Fozhi 

was 1.73 with the 95% CI (1.54, 1.93), and that of cultivar Maling was 1.91 with 

the 95% CI (1.70, 2.14). These two slope estimates were not significantly different 

because the 95% CI of the difference of slope bootstrap replicates includes 0; see 

Fig. 4b.  
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Fig. 4. Comparison of the allometric relationships between projection areas and 

fresh weights in the two cultivars (a) red one represents cultivar Fozhi, blue one 

represents cultivar Maling; (b) differences of the slopes’ bootstrap values. 

 

Discussion 

In the taxonomic system of botany, G. biloba is an ancient relic plant and the only 

extant representative of Ginkgophyta (Šmarda et al., 2016; Zhao et al., 2016). 

Because of its vital economic value, more and more ginkgo cultivars are 

cultivated by artificial breeding and grafting in recent years. With the increasing 

number of Ginkgo cultivars, their accurate and efficient identification becomes 

increasingly difficult.  

At present, these Ginkgo germplasm resources are mainly classified with two 

methods: (i) morphological comparison (e.g. leaf shapes and seed nucleus 

characters) (Chen et al., 2007), and (ii) the techniques of molecular markers (Li et 

al., 2013; Wang et al., 2017). Though not much attention has been paid to the 

traditional morphological classification, it is still very useful for its convenience 
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and visualization. 

In this study, some significant morphology differences are found between the 

seeds of two ginkgo cultivars. The comparison results of the ratios (of width to 

length and of thickness to width of seeds) between two cultivars are different from 

those reported by Chen et al. (2004), whereas the comparison result in seed 

weight between two cultivars is in accordance with their findings...  

The regularity of projection shape can represent the whole surfac 

morphological features of the seed to a certain extent. We used the Gielis 

equation to demonstrate the significant differences between the two cultivars. The 

CV values indicate that the projection shape of Fozhi is more regular than the 

cultivar Maling. This morphological difference is probably caused by the ovule 

position on the peduncle.  

Zhou (1994) listed multiple growth patterns of ginkgo ovules and speculated a 

changing tendency that seed size increases with the reduction of fertile ovules. In 

addition to the reduction of the number of ovules, he also found that the pedicel 

disappears in the evolutionary process of Ginkgoales, a process called 

peramorphosis.  The latest fossil evidence shows that there is a cluster of 

developed ovules on peduncle of the new species, G. neimengensis (sp. nov, from 

the Early Cretaceous Huolinhe Formation of the Huolinhe Basin, Inner Mongolia 

Autonomous Region, China, Xu et al., 2017).  

However, unlike ancient fossils, modern ginkgo trees usually have two ovule 

primordia; in each peduncle a primordium dichotomizes, and only one of them 
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can normally fertilize and develop into a seed (Douglas et al., 2007). Most 

cultivars including Maling follow this developmental pattern. However, He (1989) 

reported that there were many twin seeds developing independently from two 

adjacent ovules for cultivar Fozhi. The seed projection shape of cultivar Fozhi is 

more regular than that of cultivar Maling in this study, which indicates that the 

spatial competition of adjacent ovules might enhance the degree of regularity of 

seed shape.  

In the process of plant ontogeny, morphological changes can be interpreted as 

the change of plant allometric trajectory in the view of allometry (Zhang et al., 

2017). This allometric relationship can reflect the degree of morphological 

differences between the two populations to some extent. However, in the 

allometric relationship between ginkgo seed weights and projection areas, we did 

not find any significant differences between the two groups of the slopes.  

According to the principle of similarity, the relationship between surface area 

and weight for an object with uniform density is an exponent, and the power is 

approximately 2/3 (Makarieva et al., 2004; Thompson, 1917). Obviously, the 

density of ginkgo seeds cannot be uniform, whereas the degrees of heterogeneity 

of seed density are approximate and statistically insignificant.   

In the present study, the projection shape of ginkgo seeds is well fitted by a 

re-parameterized Gielis equation. This equation helped us conveniently analyze 

the difference in positive contours between two cultivars of seeds in 

two-dimensional spatial level. Furthermore, because the shape of ginkgo seeds is 
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not completely regular, some important morphological parameters, such as length 

and width measurements, can usually be inaccurate. Such measuring errors can 

be undoubtedly reduced to a certain extent by fitting a Gielis equation to the 

theoretical shape.  

This is not the first time that the Gielis equation has been used to describe an 

organic shape in G. biloba. Silva et al. (2016) used the Gielis equation to generate 

the image of the G. biloba leaf and converted it into bioinspired printed monopole 

antenna (PMA). Clearly, use of the Gielis equation is an accurate and effective 

approach for making morphological comparisons.  

New research shows that the Gielis equation can well fit the shapes of plant 

leaves (Lin et al., 2016; Shi et al., 2015b), bamboo culms (Wei et al., 2017) and 

tree-rings (Shi et al., 2015a). It provides us with a convenient, effective, and safe 

method in morphological comparisons.  

 

Conclusions 

In summary, there were significant morphological differences in the seeds of two 

ginkgo cultivars, in terms of width, thickness, and external shape. However, there 

were no significant differences in seed length and the exponents between seed 

weight and projection areas of two cultivars. The re-parameterized Gielis 

equation is applicable for describing the shapes of ginkgo seeds; it also can help us 

reduce the irregular measuring errors when comparing several seed morphological 

parameters. Due to limited resources, we compared seeds of only two ginkgo 
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cultivars and were unable to analyze other cultivars from different provenances 

and origins. The merits of our methodology deserve further investigation into 

other Ginkgo biloba cultivar seeds or seeds of other plants 
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