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Preface

In general, building a telecommunication system is a quite expensive task. If afterward it
turns out that the implementation that was chosen does not meet the expectations, we will
need to change the system, which is in many cases even more expensive than building an
entire system from scratch. Therefore we generally would like to have an estimate of the
system’s performance before it is actually implemented and this can be done by modeling the
system and analyzing this model. Moreover, an analytical model can help us to understand
the influence of changes in the environment on the system’s behavior.

Once the model is constructed and the accompanying algorithms are identified, we can verify
if the system will perform as we would expect. We can also use it to compare different de-
sign alternatives, to answer dimensioning issues, to optimize the system’s performance, etc.
Depending on what we want from the analysis, we can define our performance measures of
interest. In a queueing system, we are typically interested in the time customers have to wait
or the total time customers have to spend in the system. These times are referred to as the
waiting time, respectively response time, of a customer.

Together with these time measures we might be interested in a distribution for the queue
length which can be used together with a threshold for the fraction of lost customers to
dimension the buffers in the queueing system. Indeed, we can only provide finite storage for
the waiting customers and as a consequence it is possible that an arriving customer cannot
be admitted to the buffer, since it is entirely occupied by other customers. This customer
will then be considered lost. In a typical system, we want to minimize the number of lost
customers, while keeping the total cost as small as possible.
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Notations and Acronyms

Before we proceed to the analysis of the queueing systems and the presentation of the algo-
rithms to obtain the performance measures of interest, let us first introduce some notations
and acronyms that will be used throughout this thesis.

Notations

In n× n unity matrix
I+
n n×n zero matrix with ones on the upper diagonal and at entry (n, n)
I=
mn m× n zero matrix with ones on the main diagonal
I−mn m× n zero matrix with ones on the lower diagonal
I−−mn m×n zero matrix with ones on the diagonal below the lower diagonal
en n× 1 column vector filled with ones
e

(i)
n n× 1 row zero vector with only its i-th entry equal to one
e

(i)t
n n× 1 column zero vector with only its i-th entry equal to one
xt transposed vector of x
x+ max(x, 0)
1A(x) characteristic function: 1 if x ∈ A, 0 otherwise
diag[X] block diagonal matrix composed from the block vector X
sp(X) spectral radius of the matrix X
A . B point-wise matrix product of the matrices A and B
A⊗B Kronecker product of the matrices A and B
A⊕B Kronecker sum of the matrices A and B, i.e., A⊗ I + I ⊗B
A(s)∗ s-fold convolution of A
X ≤cx Y X precedes Y in the convex ordering sense

Remark, when referring to a square matrix of dimension n, we will write I∗n instead of I∗nn,
for ∗ ∈ {+,−,−−}. Note also that the dimension of the vectors and matrices will be omitted
if this is unambiguously determined by their context.

Acronyms

btbT block triangular block Toeplitz
CPU Central Processing Unit
CTM Capetanakis-Tsybakov-Mikhailov random access protocol

xv



Notations and Acronyms

D-BMAP Discrete-time Batch Markovian Arrival Process
D-MAP Discrete-time Markovian Arrival Process
DFT Discrete Fourier Transform
DTMC Discrete-time Markov Chain
FCFS First-Come First-Served
FIFO First-In-First-Out
Geo Geometric arrival or service process
GI General Independent
i.i.d independent and identically distributed
I/O Input / Output
IAT Inter Arrival Time
LJG Latouche-Jacobs-Gaver algorithm
LIFO Last-In-First-Out
MAP Markovian Arrival Process
MMAP[K] Markovian Arrival Process with Marked Jobs
MMPP Markov Modulated Poisson Process
MC Markov Chain
MST Maximum Stable Throughput
NBD Negative Binomially Distributed
PH Phase-Type distribution
QBD Quasi-Birth-Death
QBDm Quasi-Birth-Death Markov chain with Marked Time Epochs
RR Round Robin
SS System with limited Sojourn time
SW System with limited Waiting time
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Summary and Organization

This thesis presents different analytical models and accompanying algorithms that can be
used to analyze parts of a telecommunication system where customers require a certain kind
of processing. Customers that cannot be processed immediately, have to wait in a buffer or
are lost when the buffer space is entirely occupied. In Part I, a short introduction to queueing
theory is presented, together with some basic principles of Markov chains and matrix ana-
lytic methods, a technique whereupon we rely when designing our models. When analyzing
these models, we exploit the structure appearing in the matrices to reduce the computational
complexity as much as possible. In the introductory part, we also present some terminology
that is used throughout this thesis and a few basic results on the subject under consideration,
without going into much detail.

The work presented in this thesis is divided into two main parts. Part II concentrates on
the steady state performance measures of a variety of queues with customer differentiation,
while Part III focuses on transient analysis. In Chapter 3 a model to analyze a D-MAP/PH/1
buffer with impatient customers is presented. We allow the patience distribution of arriving
customers to be general, with the only restriction that there is some maximum amount of
patience a customer can have. Three types of customer impatience are considered. Customers
can be impatient only when they are waiting or they can remain impatient while being
processed. The second kind of impatience can be further divided into systems where customers
are aware of their required processing time and systems where customers do not know in
advance how long their service will take. The basic algorithm to determine the response time
distribution makes use of a GI/M/1 type Markov chain that keeps track of the age of the
customer in service. The disadvantage of this algorithm is that the time needed to compute
the response time distribution is a square function of the maximum amount of patience. This
computation time can be reduced to a linear function of the maximum amount of patience
by slightly increasing the space complexity and making use of so-called quasi-birth-death
processes. The introduction of a number of additional states to the state space of the Markov
chain increases the number of zero blocks in its transition matrix. The tridiagonal block
structure of the resulting transition matrix induces the development of a significantly faster
algorithm, as is illustrated by some numerical examples at the end of Section 3.2.

These examples also indicate a possible relation between the variance of the patience dis-
tribution of a customer and the number of customers that are lost due to buffer overflow. In
Section 3.3, the influence of the patience distribution on the loss probability is further investi-
gated. To be able to draw general conclusions about this possible influence, a simpler arrival
and service process is considered in this section. It is proved that a smaller patience distri-
bution in the convex ordering sense results in a smaller abandonment probability in a queue
with geometric inter arrival times and geometric service times. This result holds for both the

xvii



Summary and Organization

system where customers are only impatient while waiting and for the system with customers
that remain impatient as long as their processing is not completed. It is also proved that
in a queue with geometric service times there are fewer abandonments in the system where
customers are only impatient while waiting compared to the system where customers remain
impatient during their service.

The next two chapters consider priority queues where a distinction between the arriving
customers is made in terms of importance. Customers with a high priority level will be
served before customers belonging to a lower priority class. Each class has its own finite
buffer to store waiting packets. To simplify the analysis of a (priority) system, in analytical
models buffers are often assumed to be infinite. As in the systems with impatient customers,
the number of lost customers is also an important performance measure of priority systems.
If the model uses infinite buffers, the loss rate cannot be computed exactly, it has to be
approximated. Chapter 4 attempts to expose potential consequences one might experience
when assuming one or two buffers infinite on the approximation of the loss rate in a two-class
priority system. For this purpose five different ways to approximate the loss rate are discussed
together with an exact approach. The exact approach, i.e., the system with two finite buffers,
uses an M/G/1 type Markov chain where the G matrix, needed to compute the steady state
probabilities, is known explicitly. It is observed that assuming the low priority buffer infinite
results in an overestimate of the accompanying loss rate, while the infiniteness of the high
priority buffer has only a very limited impact on the low priority loss rate. Relying on the
actual steady state probabilities or the asymptotic tail behavior seems to make little difference
if the high priority queue is finite. However, in case both queues are infinite very inaccurate
loss probabilities are observed when making use of the asymptotic tail behavior, especially in
the area near the transition point as illustrated by an arbitrary numerical example.

An alternative approach for modeling a priority system with an arbitrary number of pri-
ority classes and more complex arrival and service processes, i.e., the MMAP[K]/PH[K]/1
priority queue, is presented in Chapter 5. In contrast to the other chapters, this chapter
deals with a continuous-time setting. After performing a uniformization, the corresponding
discrete-time queue is modeled as a tree-structured process. Depending on the type of the
customer in service, we keep track of the amount of certain types of customers present in the
queue, while other customers are stored on a stack. The introduction of some additional states
and transitions between these states, transforms the resulting Markov chain into a tree-like
process. The additional states are required to remove transitions where multiple customers
are removed from, or pushed on the stack. They provide the matrices with a nice structure
that can be exploited when computing the steady state probabilities.

In a priority queue, customers get assigned their priority level upon arrival. There are
however situations in which we might prefer to modify the priority of a customer depending
on its evolution in the queue. When considering an operating system that needs to schedule
the allocation of different jobs to the CPU, one might prefer to schedule the shortest job first
to minimize the average response time. Unfortunately, the required processing time is usually
not known in advance and therefore the priority level of a job cannot be predetermined. The
multilevel feedback queue, analyzed in Chapter 6, tries to cope with this problem by splitting
the processing time of each job into small time units and at any time serving the job that has
received the least service time so far. To analyze this queue, a new class of tree-structured
processes is introduced, namely the quasi-birth-death processes on a binomial-like tree. In a

xviii



Summary and Organization

binomial-like tree, each i-th child of a node has exactly i children of its own. A QBD process
on such a tree allows us to efficiently capture the behavior of a multilevel feedback queue
where jobs arrive in batches and have generally distributed service times with finite support.
Methods to obtain performance measures, like the average queue length and the average re-
sponse time of a customer, are discussed and illustrated by some numerical examples. In
these examples we furthermore investigate the influence of (i) the batch size distribution of
arriving customers and (ii) the processing time distribution on (a) the average queue length
and (b) the coefficient of variation of the queue length distribution.

Part III deals with the transient performance analysis of two general classes of Markov
chains. In a variety of situations, it is preferable to perform a transient study instead of
a steady state analysis, e.g., when examining systems that do not have a steady state, or
simply to understand the initial behavior of the system, especially when it takes a long time
before the steady state is eventually reached. In contrast to the models presented in Part II,
we do not consider a specific telecommunication (sub)system here. Instead, we present a
general framework that can be applied to perform a transient analysis of any system that
can be modeled as a QBD Markov chain or as a tree-like process. Many existing approaches
are very powerful in solving transient problems over short time scales, but have difficulties
obtaining transient performance measures for epochs further in time. The main reason is
that, in those approaches, the computation times increase as a function of the time epoch
of interest. By converting the transient problem into a steady state analysis we are able
to efficiently obtain performance measures over much longer time scales. This conversion is
accomplished by applying a discrete Erlangization and constructing a reset Markov chain. For
this construction, we introduce a so-called reset counter. This counter increases the number
of states in the Markov chain, nevertheless, it also introduces an appealing structure in the
transition matrix that can be exploited to reduce the time complexity of our algorithms.

Chapter 7 discusses the transient analysis of a QBD Markov chain using of the notion
of a quasi-birth-death process with marked time epochs. In such a QBD part of the time
epochs get marked according to the performance measure we want to study, so that our
research question translates into obtaining the system state at the n-th marking. In transient
studies, the original state can have an important influence on the performance results. For
this reason, there is a need for an efficient manner of comparing the results for different
initial configurations. A very time consuming approach would be to compute the results for a
specific initial state, then to change this state and redo all computations. Instead, we propose
a level based recursion that reuses intermediate results for initial states belonging to levels
0, 1, . . . , r−1 to compute the transient results when the initial state is part of level r. A main
obstacle when identifying the invariant vector of a QBD Markov chain is the computation
of a set of R-matrices. If the initial state is part of level zero, this involves determining the
solution of a quadratic matrix equation. This can however be simplified to solving a quadratic
matrix equation of a much smaller dimension and a set of Sylvester matrix equations. Relying
on their probabilistic interpretation, we observe that the R-matrices for a situation with an
initial state that is part of level one, can be obtained directly from the results for level zero
and the computation of just one additional block row. This strategy can be continued by
increasing the initial level one at a time, each time computing one additional block row,
using a very simple recursive formula. Moreover, the computations for all states belonging
to a certain level can be done simultaneously. The efficiency of this level based recursion is
illustrated by a numerical example at the end of Chapter 7.
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Summary and Organization

The idea of marking time epochs, applying a discrete-Erlangization and constructing a
reset Markov chain is generalized to the class of tree-like processes in Chapter 8. Analogous
to the construction presented in Chapter 7, we define a tree-like process with marked time
epochs and discuss how the transient analysis can be converted into a steady state problem.
We present different algorithms to compute the V -matrix, which is essential when solving
a tree-like process, and compare them with relation to their computation times and the
convergence of the algorithm. To show the applicability of this framework, we explore the
transient behavior of the Capetanakis-Tsybakov-Mikhailov protocol for random access. We
present how this protocol can be modeled as a tree-like process and study its initial behavior
under both normal and overload conditions. With overload conditions we denote situations
with an input rate above the maximum stable throughput, which is the highest possible input
rate for which a packet has a finite delay with probability one. The numerical examples show
among others that a Poisson input rate above the maximum stable throughput does not
result in an output rate above this throughput. Initially, these input rates can result in a
rather high throughput, but after a few slots many stations will get backlogged, considerably
lowering the output rate. To conclude, we discuss and illustrate how the average time until
the n-th success, or until the n-th collision, can be obtained from the computed steady state
probabilities.
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Introduction
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1
Queueing Theory & Markov Chains

Queues can be encountered almost everywhere in our daily life. Sometimes we even do not
realize that we are in a queue, while at other times, we are very aware of having to wait
in line. Probably, no one really likes to be in a queue, certainly not when it is a long one.
However, given the fact that we have to spend a significant amount of time in certain queues,
we would prefer to have some kind of fair scheduling policy that guarantees that everyone
is able to leave the queue after a reasonable amount of time compared to the other queue
occupiers. As will be discussed further, this is not always equivalent to try to have the same
waiting time for everyone. We can find an everyday example of such a scheduling discipline
on the street where priority rules schedule the order in which cars can cross an intersection.
On places where this priority rules would cause a lot of problems, traffic lights are placed in
order to introduce a more fair scheduling discipline. In a traffic jam, we would expect that
cars that arrived first would also leave the queue before the others, however, it seems logical
that an ambulance heading to the location of the accident can pass the stationary vehicles
without having to wait its turn.

In telecommunication systems this is not really different, except that cars on the road are
actually packets that are transmitted on a shared link, jobs running on the same CPU, etc.
Depending on the type of the packets or the importance of a job, we again need to design
a fair scheduling discipline. The problem here is that it is not easy to give an indisputable
definition of the word “fair”. One might for example choose to give time sensitive traffic
priority over the other traffic on the same link, however, if there is too much time sensitive
traffic, the other traffic might experience intolerable delays. A similar reasoning can be made
with relation to jobs requiring a certain processing time by the CPU. If there is a short and
a long job waiting, we would prefer to process the short job first, since its influence on the
long job is smaller than vice versa. Unfortunately, the required processing time of a job is
generally not known in advance, making the real situation somewhat more complex.

Throughout this thesis we will construct a number of Markov chains to model queueing
systems using different scheduling policies and present efficient algorithms to obtain the per-
formance measures of interest. This first chapter provides, besides general queueing theory
information, also a short introduction to Markov chains and some accompanying terminology.
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Chapter 1. Queueing Theory and Markov Chains

1.1 Markov Chains

We can look at a certain queueing system as being a stochastic process {Xt, t ∈ T }, where we
think of t as time, T as a set of points in time and Xt as the state of the stochastic process at
time t. Take for example a simple queueing system, where the state is given by the number of
customers in this system. When a new customer arrives or a customer completes his service,
the total number of customers in the queue will change. This corresponds to a transition to a
different state in the stochastic process. Stochastic processes are classified according to time,
in the sense that we refer to a discrete-time process if T is discrete and to a continuous-time
process if T is continuous.

An important subset of stochastic processes are the Markov processes. Informally, one
could say that a Markov process is a stochastic process with a limited form of historical
dependency. This dependency will be formalized in Definition 1. Notice, some authors incor-
rectly denote the discrete-time Markov processes as Markov chains and the continuous-time
counterpart as Markov processes, while one should use the terms discrete-time Markov chain
and continuous-time Markov chain. Since we will mainly use discrete-time processes, we start
by defining a discrete-time Markov chain. The definition of a Markov chain in continuous-time
is similar and will be mentioned further in this section.

Definition 1 A stochastic process {Xn, n ≥ 0} on a finite or countably infinite state space
is called a discrete-time Markov chain (DTMC) if the following property holds

P [Xn+1 = j|X0 = i0, . . . , Xn−1 = in−1, Xn = i] = P [Xn+1 = j|Xn = i], (1.1)

for all time epochs n and all states i0, . . . , in−1, i, j.

Property (1.1) is known as the Markov property. It expresses that, given the value of Xt, the
values of Xs with s > t are not influenced by the values of Xu, for u < t. The next state
therefore only depends on the current state and not on the previous states of the process. We
will use pi,j(n) to denote the probability P [Xn+1 = j|Xn = i]. A DTMC {Xn, n ≥ 0} is called
time-homogeneous if the conditional probabilities P [Xn+1 = j|Xn = i] are independent of n.
That is, a DTMC is time-homogeneous if pi,j(n) = pi,j , ∀n ≥ 0. In this thesis, all Markov
chains we will encounter are time-homogeneous. Therefore, we will assume that the Markov
chains that will occur in the rest of this section are time-homogeneous. Hence, with this
assumption, we can write

pi,j = P [Xn+1 = j|Xn = i]. (1.2)

For a time-homogeneous MC we can construct the transition matrix containing the probabil-
ities that the chain moves from one state to another as

P =


p1,1 p1,2 · · · p1,n · · ·
p2,1 p2,2 · · · p2,n · · ·

...
...

. . .
...

. . .
pn,1 pn,2 · · · pn,n · · ·

...
...

. . .
...

. . .

 . (1.3)

Given that the initial state of the MC is represented by the distribution x0, the system state
at the n-th time epoch is given by xn = x0P

n. The steady state distribution (also called the
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1.1. Markov Chains

invariant distribution) of the MC is the solution to πP = π, with πe = 1. Of course, not
every Markov chain has such a steady state distribution. We will briefly state the conditions
that are required for an MC to have a steady state distribution as a detailed discussion can be
found in almost every book touching the field of Markov chains, e.g., [32, 89, 76, 39, 57, 94, 26].
In order to do this, we first present some basic terminology.

• A state j is said to be accessible form state i if there exists an integer k for which
P ki,j > 0. Two states i and j communicate if i is accessible from j and vice versa.

• A Markov chain is irreducible if all pairs of states communicate.

• The period of a state is defined as the greatest common divisor d of all integers k > 0
for which P ki,i > 0. If d = 1, the state is called aperiodic. A Markov chain is said to be
aperiodic if all states are aperiodic.

• A state i is recurrent if the probability that the chain eventually returns to this state
equals one. A recurrent state is positive recurrent if E[Ti] < ∞, where Ti is the time
between two visits to state i, otherwise it is called null recurrent. If all the states of MC
are (positive or null) recurrent, the MC itself is said to be (positive or null) recurrent.

• A state that is not recurrent is called a transient state.

• An ergodic state is a state that is positive recurrent and aperiodic.

Theorem 1. If a Markov chain is irreducible and positive recurrent, there exists a unique so-
lution to the linear system πP = π, πe = 1. If moreover the chain is aperiodic the probabilities
P [Xn = i] will converge to πi as n→∞.

In Part II we will concentrate on the steady state performance of different Markov chains
that are constructed to represent various types of queueing systems one can encounter in a
telecommunication system. In Part III we will study the transient behavior of two general
classes of Markov chains. In that part, we do not lay the emphasis on a particular system.
On the contrary, we will present a general framework that can be applied to any kind of
system, the analytical model of which is covered by one of these two classes. Before moving
on to the queueing theory part of this chapter, we first mention the continuous-time MC that
will be used rather sporadically in this work. We will not include a detailed description of
continuous-time Markov chains since this is analogous to its discrete-time counterpart. In the
case of a continuous-time MC {X(t), t ≥ 0}, the Markov property translates into

P [X(t+ s) = j|X(s) = i,X(u) : 0 ≤ u < s] = P [X(t+ s) = j|X(s) = i], (1.4)

for all t, s ≥ 0.
In this thesis we will demonstrate how Markov chains can be applied to model various aspects
of a telecommunication system. However, the applicability of Markov chains is certainly not
limited to this type of problems. They can be used within a wide range of research areas like
physics, economics, genetics, neurology, etc.
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Chapter 1. Queueing Theory and Markov Chains

1.2 Queueing Theory

Informally we could say that a queueing system consists of customers arriving at random
times to some facility where they receive service and then depart. Figure 1.1 shows a simple
queueing system in which new customers arrive in the buffer where they have to wait some
time before they can be served. When the service facility becomes available, a scheduling
discipline decides which customer will be served next. This customer then moves to the
service facility and after receiving its required processing it will leave the queueing system.
Depending on the context, we will sometimes use different terms to express a specific part of
the system. We shall for example use waiting room, buffer, queue to denote the part where
customers have to wait before entering the service facility or server. When considering tasks
that have to be processed by a CPU, we use job size or job duration instead of the traditional
packet length or service time, etc. Nevertheless, the basic principles described above remain
unchanged in every context.

Figure 1.1: A basic queueing system

Queueing systems are classified according to the input process, the service time distribution,
the size of the buffer(s), the number of servers and the scheduling discipline. They can be
represented using the Kendall notation that bundles the various characteristics of the system.
A queueing system can be described as A/B/C/K/N/D, where A denotes the arrival process,
B the service time distribution, C the number of servers, K the size of the buffer, N the size
of the population and D the scheduling discipline. Throughout this thesis we will assume
that N =∞ and we will mainly use the shorter notation A/B/C, while describing the other
characteristics in the text. In the next sections we will pay some attention to the different
parts of a general queueing system as presented in Figure 1.1.

1.2.1 Arrival Process

In this section we will describe some frequently used arrival processes. These are very ele-
mentary arrival processes that can be used to model certain simple systems. However, they
are insufficient to cover more complex arrival streams of customers which often occur in
telecommunication networks. A more general arrival process is discussed in Section 2.2.1.

1.2.1.1 Deterministic Arrivals

The first one, the deterministic arrival process, is without any doubt the simplest process to
describe. In this process the time between two successive arrivals is constant. The determin-
istic arrival process can be used in a continuous-time as well as a discrete-time setting. A
typical example where this arrival process can be applied is a source that generates packets at
a constant rate, commonly referred to as a constant bit rate (CBR) source. One can think for
example of a simple voice application where the time between the generation of two successive
packets is constant.
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1.2. Queueing Theory

1.2.1.2 Poisson Arrivals

Although the deterministic arrival process can be applied to some specific cases, it is inad-
equate to model arrivals in the major part of the applications. Another relatively simple,
but maybe the most traditional arrival processes in queueing theory is the Poisson process.
It has the property that the inter arrival times (IATs), i.e., the time between two successive
arrivals, follow an exponential distribution. That is, the probability that the time between
two arrivals is at most t equals 1− e−λt, where λ is the mean arrival rate. The probability of
having i arrivals in a time interval T is given by

(λT )i

i!
e−λT . (1.5)

The Poisson arrival process has a number of useful properties that make it interesting to
use this process for modeling purposes. First, the process is memoryless, meaning that the
probability of having a new arrival does not depend on the previous arrivals. So, at an
arbitrary point in time, events in the future will occur independently of any past events. It
is obvious that this property can simplify the analysis of the system under consideration, yet
one should verify whether the assumption of having independent arrivals is appropriate, i.e.,
whether the Poisson process is suitable to model the arriving customers. Typically, Poisson
processes are encountered when the population is sufficiently large and arrivals from this
population occur separately and independently from each other.

Another property of this process is that the superposition of two Poisson processes with
mean arrival rates λ1 and λ2 is again a Poisson process with rate λ1 + λ2. Analogously, the
inverse property holds, i.e., the decomposition (using probabilities p1 and p2, with p1+p2 = 1)
of a Poisson process with rate λ results in two independent Poisson processes with rate p1λ
and p2λ.

1.2.1.3 Geometric Arrivals

The discrete-time counterpart of the Poisson arrival process is the Bernoulli arrival process,
where the IATs are geometrically distributed. As opposed to the continuous-time process,
we now assume that time is slotted into unit intervals and at most one customer can arrive
in each slot. Arrivals are assumed to be random and occur in each slot independently with
some probability α. Thus, the probability that the time between two arrivals equals n time
slots can be expressed as

(1− α)n−1α. (1.6)

Like with the Poisson arrival process, the memoryless property also holds for the geometric
arrivals. It is also easy to see that the number of arrivals in a set of k slots is distributed as
a binomial distributed random variable with parameters (k, α).

1.2.2 Scheduling Discipline

All customers that arrive in a queueing system, require some kind of processing. The order
in which customers are processed is determined by the scheduling discipline. There is a large
variety of scheduling policies, where each basic policy often has different variants itself. The
classic scheduling discipline is the first-in-first-out (FIFO) discipline, where the customers
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Chapter 1. Queueing Theory and Markov Chains

are served in the order they arrived. We can compare this to a single waiting line at the
checkout in a supermarket where people join at the end of the line and the person first in
line will be served next. This policy shall often be referred to as the first-come first-served
(FCFS) discipline. The opposite policy is referred to as the last-in-first-out (LIFO) scheduling
discipline. With this policy the customer that arrived last will be served first. This strategy
is comparable to a stack mechanism, where the last element that is pushed onto the stack
will be the first one to be removed.

In the previous disciplines a job is processed entirely and afterward it leaves the system
with probability one. When dealing with large jobs, it might be a good idea to split the
processing of a job into different parts. The scheduling discipline that arises from this thought
is the so-called round robin (RR) discipline. Upon entering the service facility a customer is
allocated a quantum of service. After this, there are two possibilities: if his processing is not
yet finished, he joins the queue again, waiting for a next quantum of service, otherwise he
leaves the system. When these quanta shrink to zero, we denote the resulting discipline as
processor sharing. Because jobs can be interrupted by other jobs and the processing is split
into different quanta, the round robin and the processor sharing scheduling disciplines avoid
that large jobs are being favored.

If more than one buffer is present, the scheduling discipline also needs to specify in which
order the different buffers are visited. Here, a straightforward technique consists of assigning
to each buffer a different priority class. The customer that will be served when the service
facility becomes available is the next customer in the nonempty buffer with the highest pri-
ority. The “next” customer in this buffer is identified by following the scheduling discipline
within each buffer. There is a further distinction between preemptive and nonpreemptive pri-
ority scheduling. With the first technique customers will be interrupted when a job of higher
priority arrives, whereas with the nonpreemptive priority scheduling the newly arriving job
needs to wait until the job in the server finishes its processing.

Other scheduling disciplines are, e.g., shortest processing time where the jobs with the
smallest processing time can enter the service facility first, shortest remaining processing time
that is comparable to the shortest processing time discipline, but that allows preemption, and
shortest elapsed time where the processing time of a job is divided in different quanta like
with the RR discipline, but each time the server becomes available, the job that has received
the shortest processing time so far will be processed first. This discipline is also known as the
multilevel feedback queue, which will be modeled and analyzed in Chapter 6.

1.2.3 Service Process

Like the various arrival processes presented in Section 1.2.1, we will also present a very
short overview of some basic, frequently used, service time distributions in the modeling of
telecommunication systems. Within the context of matrix analytic methods, a less restrictive
service time distribution will be discussed in Section 2.2.2.

1.2.3.1 Deterministic Service Time

The simplest service time distribution is of course the deterministic distribution. In this case
every customer requires the same amount of service. Analogous to the deterministic arrival
process, we can apply the deterministic service time distribution to continuous as well as to
discrete time.
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1.2. Queueing Theory

1.2.3.2 Geometric and Exponential Service Time

Depending whether we are working in a discrete-time or a continuous-time setting, we can
assume a geometric, resp. exponential, service time distribution. If the length of a service
time is geometrically distributed with parameter β, the probability that an arbitrary customer
requires n time slots of service is given by

(1− β)n−1β. (1.7)

This is equivalent with stating that the service of a customer ends in the current time slot
with probability β. For an exponential distribution with a mean service time equal to 1/µ,
the probability that the service time of a customer is at most t equals

1− e−µt. (1.8)

1.2.4 Some Basic Queueing Systems

By combining these arrival and service processes, we can construct the well known M/M/1,
M/D/1, M/G/1, Geo/Geo/1, . . . queues. Here, M denotes the exponential (memoryless)
distribution, Geo the geometric distribution, D the deterministic distribution and G a general
distribution. Hence, in an M/G/1 queue we have Poisson arrivals and general service times,
where the service process is represented by an arbitrary distribution. Results about the
waiting times, response times, etc. in these these queueing systems are included in almost any
book about queueing theory, e.g., [56, 37, 76].

Of course, the deterministic and exponential distributions (or geometric in a discrete-
time setting) are quite limited to model a realistic queueing system, since arrivals might be
correlated, there could be more than one arrival at the same time, there can be multiple types
of customers in the system, and the service time distribution might be more complex than a
simple deterministic or exponential distribution. In Section 2.2 we mention a more complex
arrival and service process, which will be used in different sections of this thesis.

1.2.5 Customer Differentiation

As in daily life, not all customers in telecommunication systems are equal. Customer differ-
entiation is the main reason why scheduling disciplines were introduced. Customers might
differ in packet size (or job duration), patience, importance, etc. In Part II, we will consider
three types of customer differentiation. Chapter 3 discusses systems with different types of
impatient customers, while Chapters 4 and 5 consider priority queues. We will pay attention
to the traditional two-class priority queue as well as the general system with more priority
classes. Finally, in Chapter 6 we will model and analyze the multilevel feedback queue which
was also mentioned in Section 1.2.2.
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2
Matrix Analytic Methods

A strategy to analyze Markov processes is to rely on matrix analytic methods. They are
extensively used in the modeling and performance analysis of computer systems, telecommu-
nication networks, network protocols and many other stochastic systems of current commer-
cial and engineering interest. The main idea is to represent such a process using a matrix
notation (as was illustrated in the previous section with the transition matrix of a general
time-homogeneous Markov chain) and to take advantage of special structures appearing in
this matrix. Exploiting these structures while computing performance measures or designing
algorithms can result in a huge gain in computation time as well as memory usage. Another
advantage of working with matrix analytic methods is that one can easily understand the
matrix representation with relation to its probabilistic interpretation.

A pioneer in this field of research is Marcel Neuts [77, 78]. His research led among others
to the matrix geometric distribution and the Phase-Type (PH) processes. Over the last few
decades, broad classes of frequently encountered queueing models have been analyzed by
matrix analytic methods [13, 62]. The embedded Markov chains in these models are two-
dimensional generalizations of the classic M/G/1 and GI/M/1 queues, and quasi-birth-death
processes. Matrix analytic models include notions such as the Markovian arrival process and
the PH distribution, both in discrete and continuous time. Considerable efforts have been put
into the development of efficient and numerically stable methods for their analysis [13]. There
is also an active search for accurate matching algorithms for both PH distributions and MAP
arrivals when modeling communication systems [8, 18, 19, 22, 25, 45, 47, 48, 87, 91, 104].

The basic mathematical ideas and algorithms of the matrix analytic theory are presented
in a comprehensible manner in [62]. In this book the authors mainly address the QBD
processes after which they also present a short discussion of the generalization to the M/G/1
and GI/M/1 type Markov chains. This chapter contains a description of these three types
of Markov chains, without elaborating on the methods that were developed to analyze them.
Tree-like processes, one of the more recent paradigms within the field of matrix analytic
methods, will be discussed in more detail. We also introduce the D-MAP/PH/1 queueing
system that will be used several times in this thesis. This system allows more general arrivals
and service times compared to the queues mentioned in Section 1.2.4.
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Chapter 2. Matrix Analytic Methods

2.1 Structured Processes

The step from the stochastic processes presented in the previous chapter to those appearing
in matrix analytic theory is mainly a step from scalars to matrices. Instead of keeping track of
individual states and transition probabilities between these states we will now cluster states
into blocks of states where transition submatrices describe the transitions between these
blocks. In other words, one can say that these are processes in two dimensions, the level and
the state within that level. In this section, we consider some structured Markov chains that
will be used to model the systems appearing in this thesis.

2.1.1 M/G/1 and GI/M/1 Type Markov Chains

M/G/1 type Markov chains have transition matrices of the same form as the embedded
Markov chain of the M/G/1 queue, except that the entries are matrices, rather than scalars.
The same holds for the GI/M/1 type Markov chain with relation to the GI/M/1 queue.
Note, to construct the embedded Markov chain for the M/G/1 queue, one has to keep track
of the number of customers present in the system at service completion epochs only, since the
stochastic process that holds the number of customers at each time epoch does not fulfill the
Markov property (1.1). For the same reason, the embedded Markov chain for the GI/M/1
queue keeps track of the number of customers present at arrival epochs.

In an M/G/1-type MC, there is only one nonzero block diagonal below the main diagonal.
The other entries are positioned so that the blocks appearing on the different diagonals of the
matrix are all equal, except for the first block row and the first block column. Similarly, in an
GI/M/1-type MC there is only one block diagonal above the main diagonal that differs from
zero. The other entries are again positioned in such a way that all blocks on the diagonals
are equal (except for the first block row and column). The following equations present the
structure of the transition matrices PM/G/1 and PGI/M/1 that represent an MC of the M/G/1,
resp. GI/M/1 type:

PM/G/1 =


B0 C1 C2 C3 · · ·
B1 A1 A2 A3 · · ·
0 A0 A1 A2 · · ·
0 0 A0 A1 · · ·
...

...
...

...
. . .

 , PGI/M/1 =


B0 C1 0 0 · · ·
B1 D1 D0 0 · · ·
B2 D2 D1 D0 · · ·
B3 D3 D2 D1 · · ·
...

...
...

...
. . .

 ,

As illustrated by these equations, the default M/G/1 and GI/M/1 type MCs are level in-
dependent, that is, the entries of the associated transition matrices are the same on each
diagonal. Further in this work, we will encounter the level dependent variant of these MCs
where the entries on the diagonals depend on the block row on which they are located.

2.1.2 Quasi-Birth-Death Markov Chains

A more simple type of Markov chains that is often used in the modeling of telecommunication
systems, are Quasi-Birth-Death (QBD) Markov chains. In this type of Markov chain the only
transitions that are possible from some level i are transitions to level i− 1, to level i itself or
to level i + 1. QBDs are matrix generalizations of simple birth-and-death processes, where
transitions are only allowed from state n to one of the states n−1, n or n+ 1. As the M/G/1
and GI/M/1 type MCs could be seen as generalizations of the embedded MC for the M/G/1
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and the GI/M/1 queue, the QBD can be considered to be the generalization of the embedded
MC for the M/M/1 queue. The transition matrix of a QBD has the following structure:

PQBD =



B1 B0 0 0 · · ·

B2 A1 A0 0
. . .

0 A2 A1 A0
. . .

0 0 A2 A1
. . .

...
. . . . . . . . . . . .


. (2.1)

The entries in A0 and B0 on the upper block diagonal correspond to the births, whereas
the blocks A2 and B2 on the lower diagonal hold the probabilities of a death. A graphical
representation of a QBD is given in Figure 2.1.

...

...

...

...

...

...
Level i

Level i−1

Level i+1

Level 0
Level 1

Level 2

Figure 2.1: A Quasi-Birth-Death Markov chain

Let φ be the stationary probability vector of A = A0 + A1 + A2, i.e., φA = φ and φe = 1.
Under the conditions that φA2e > φA0e, we can compute the steady state distribution π
of the QBD Markov chain, i.e., the solution to the linear system πPQBD = π, πe = 1 [62].
Therefore, we need to find the so-called R-matrix. The (i, j)-th entry of this matrix contains
the expected number of visits to state j of level i+ 1, before returning to level i again. It can
be found as the smallest nonnegative solution to the quadratic matrix equation

R = A0 +RA1 +R2A2. (2.2)

Having computed R, an equivalent stability condition can given as sp(R) < 1. Alternative
stability conditions can be found in [63]. After having computed the matrix R0 = B0(I −
A1 −RA2)−1, the steady state distribution can be obtained from

π0 = π0(B1 +R0B2), (2.3)
π1 = π0R0, (2.4)
πn = πn−1R, for n > 1, (2.5)

with π0e + π0R0(I − R)−1e = 1. As with the two types of MCs presented in the previous
section, we will also encounter the level dependent variant of this QBD further in the thesis.
The reason that this type of Markov chain is very popular is of course the useful structure
that can be exploited during the computations. In Section 3.2.5 we will for example present
a method to convert a level-dependent GI/M/1 type Markov chain into a QBD. The analysis
of the transient behavior of a QBD will be discussed in Chapter 7.
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Chapter 2. Matrix Analytic Methods

2.1.3 Tree-Like Processes

One of the more recent paradigms within the field of matrix analytic methods has been the
generalization to discrete-time bivariate Markov chains {(Xt, Nt), t ≥ 0}, in which the values
of Xt are the nodes of a d-ary tree (and Nt takes integer values between 1 and some value h).

Figure 2.2: Structure of the first three levels of a tree-structured Markov chain

Figure 2.2 illustrates the structure of a general tree-structured Markov chain together with
the matrices describing the transitions between the different nodes of the tree. The (i, j)-th
entry of the matrix Dk contains the probability of a transition from state i of node J + k to
state j of its parent node J . The (i, j)-th entry of the matrix Uk (1 ≤ k ≤ d) contains the
probability of a transition from state i of node J to state j of node J + k. The transitions
between two sibling nodes J + k and J + l are enclosed in the Bkl matrices (1 ≤ k, l ≤ d) and
in the matrix F for the root node.

This root node is denoted as ∅ and the remaining nodes are denoted as strings of integers,
where each integer takes a value between 1 and d, as shown in Figure 2.2 at the right bottom
corner of the nodes. For instance, the k-th child of the root node is represented by k, the l-th
child of the node k by kl, and so on. In the context of tree-structured processes, we will use
‘+’ to denote the concatenation on the right and ‘-’ to represent the deletion from the right.
For example, if J = k1k2 . . . kn, then J + k = k1k2 . . . knk. Let f(J, k), for J 6= ∅, denote the
k rightmost elements of the string J , then J − f(J, 1) represents the parent node of J .

Depending on the transitions allowed in such a tree-structured MC, several classes have
been identified: (a) M/G/1 type [103], (b) GI/M/1 type [118], (c) QBD type [117] and (d)
tree-like processes [15], where the latter two classes were shown to be equivalent. Namely,
it has been shown that any tree-structured QBD can be reduced to a tree-like process [107].
Moreover, every tree-like process can be embedded in a binary tree-like Markov chain with
a special structure [98]. In each of these models the transitions fulfill a spacial homogeneity
property, that is, the transition probability between two nodes depends only on the spacial
relationship between the two nodes and not on their specific values.

Let us focus a bit on tree-like processes since it is this class of tree-structured MCs that
we will use throughout this thesis. They are defined as a tree-structured QBD MC with the
additional requirement that there are no transitions between sibling nodes, i.e., Bij = 0 if

14
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i 6= j and that

B11 = B22 = . . . = Bdd = B.

That is, at each step the chain can only make a transition to its parent (i.e., Xt+1 = Xt −
f(Xt, 1), for Xt 6= ∅), to itself (Xt+1 = Xt), or to one of its own children (Xt+1 = Xt + s for
some 1 ≤ s ≤ d). Moreover, the chain’s state at time t+ 1 is determined as follows:

P [(Xt+1, Nt+1) = (J ′, j)|(Xt, Nt) = (J, i)] =
f i,j J ′ = J = ∅,
bi,j J ′ = J 6= ∅,
di,jk J 6= ∅, f(J, 1) = k, J ′ = J − f(J, 1),
ui,js J ′ = J + s, s = 1, . . . , d,
0 otherwise.

From these transition probabilities, we can define the h × h matrices Dk, B, F and Us
with respective (i, j)-th elements given by di,jk , bi,j , f i,j and ui,js , as illustrated in Figure 2.2.
This completes the description of the tree-like process. Notice, a tree-like process is fully
characterized by the matrices Dk, B, Us and F .

Let us first introduce a number of matrices that play a crucial role when studying the
stability and stationary behavior of a tree-like process. The fundamental period of a tree-like
process starting in state (J + k, i) is defined as the first passage time from the state (J + k, i)
to one of the states (J, j), for j = 1, . . . , h. Let Gk, for 1 ≤ k ≤ d, denote the matrix whose
(i, v)-th element is the probability that the MC is in state (J, v) at the end of a fundamental
period which started in state (J + k, i). Let the (i, v)-th element of the matrix Rk denote
the expected number of visits to state (J + k, v) before visiting node J again, given that
(X0, N0) = (J, i).

Finally, let V denote the matrix whose (i, v)-th element is the taboo probability that
starting from state (J+k, i), the process eventually returns to node J+k by visiting (J+k, v),
under the taboo of the node J . Notice, due to the restrictions on the transition probabilities,
the matrix V does not depend on k. It is easy to see that the following expressions hold for
these matrices [117]:

Gk = (I − V )−1Dk, (2.6)
Rk = Uk(I − V )−1, (2.7)

V = B +
d∑
s=1

UsGs. (2.8)

Combining these equations, we have the following relation:

V = B +
d∑
s=1

Us(I − V )−1Ds. (2.9)

Provided that the tree-like process {(Xt, Nt), t ≥ 0} is ergodic, which is the case if and only
if the all the Gk matrices are stochastic (note, all the Gk matrices can be stochastic while
the MC is null recurrent, however, these situations barely occur in practice) or likewise if and
only if the spectral radius of R = R1 + . . .+Rd is less than one, define

πi(J) = lim
t→∞

P [Xt = J,Nt = i],

π(J) = (π1(J), π2(J), . . . , πh(J)).
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The vectors π(J) can be computed from π(∅) using the relation

π(J + k) = π(J)Rk (2.10)

and π(∅) is found by solving the boundary condition

π(∅) = π(∅)

(
d∑

k=1

RkDk + F

)
(2.11)

with the normalizing restriction that

π(∅)(I −R)−1e = 1. (2.12)

Notice the similarity (both with relation to the presented equations as in the probabilistic
interpretation of the matrices) with the QBD Markov chains, where the steady state probabil-
ities could be computed from the R-matrices using equations (2.3), (2.4), and (2.5). Moreover,
by setting d = 1 in a tree-like process we end up with a basic QBD Markov chain.

Various iterative algorithms to determine, among others, the steady state probability
vector of these types of Markov chains have been developed. As opposed to the standard
M/G/1, GI/M/1 and QBD type chains such algorithms exhibit either only linear convergence
or are quadratic, but require an iterative procedure at each step or the solution of a large
system of linear equations (e.g., [15]).

2.2 The D-MAP/PH/1 Queue

The arrival and service processes presented in Section 1.2 allow us to build some basic queueing
systems. Nevertheless, more complex processes are needed to be able to model a typical
telecommunication application. Within the field of matrix analytic methods, the Markovian
arrival process and the Phase-Type service time distribution have been introduced, naturally
leading to the D-MAP/PH/1 queue. We will return several times to this queueing system in
the course of this manuscript.

2.2.1 The Discrete-Time Markovian Arrival Process

Although the Poisson and geometric arrival processes have a lot of advantages, they do not
allow to model correlated arrivals. If we want to model burstiness, periodicity, etc., we will
need a different and more detailed arrival process, which is still analytically tractable. For this
reason, the batch Markovian arrival process (BMAP) was introduced in [65, 67]. A special
case of this process is the MAP which does not allow batch arrivals. With a batch arrival
we refer to the arrival of multiple customers at the same time instant. The discrete-time
equivalent of the (B)MAP is the D-(B)MAP, which was introduced in [16, 17].

The D-MAP process is characterized by two m×m matrices D0 and D1, with m a positive
integer. These matrices contain the transition probabilities of the underlying Markov chain
when either a customer arrives (covered by D1) or not (D0). For example, the entry (j1, j2)
of D1 represents the probability that there is an arrival and the underlying Markov chain
makes a transition from state j1 to state j2. The matrix D0 covers the case in which there
is no arrival. Remark, for the more general D-BMAP arrival process with batch arrivals we

16



2.2. The D-MAP/PH/1 Queue

additionally have some matrices Di, with i = 2, . . . , k describing the probabilities of having a
batch arrival of size 2, . . . , k.

The matrix D represents the stochastic m×m transition matrix of the underlying Markov
chain and is defined by

D = D0 +D1. (2.13)

Throughout this thesis, we will assume that D is irreducible. Denote θ as the solution to
θD = θ and θe = 1, where e is a vector with all its entries equal to one of the appropriate
dimension. That is, θ is the stationary probability vector of D. Then, the stationary arrival
rate is given by

λ = θD1e. (2.14)

As a small illustrative example we present a two-state D-MAP process in which the arrival
probability in state one, resp. state two, equals 0.2 customers per time slot, resp. 0.4 customers
per time slot, while a transition from state one to state two occurs with probability 0.3 and
the opposite transition occurs with probability 0.8. The matrices D0 and D1 are then given
by

D0 =
[
0.56 0.24
0.48 0.12

]
, D1 =

[
0.14 0.06
0.32 0.08

]
,

and the stationary arrival rate equals 2.55 customers per time slot.

2.2.2 Phase-Type Service Time

As with the arrival processes, the service time distributions presented in the Section 1.2.3
impose certain limitations on the model. In everyday situations a lot of services can be iden-
tified that do not fit these distributions. The Phase-Type (PH) distributions however, cover
a much wider range of applications. More specifically, the class of PH distributions is dense
in the field of all distributions with positive support [62]. PH distributions can be used both
in a discrete-time and a continuous-time setting. Discrete-time PH distributions are matrix
generalizations of the geometric distribution in the same way as QBDs are matrix general-
izations of a simple birth-and-death process. Naturally, for continuous-time PH distributions
the same can be noted with relation to the exponential distribution.

Let us introduce the PH distributions with relation to the service time of a customer as this
will be their only application throughout this thesis, keeping in mind that PH distributions
are of course more generally applicable. A discrete-time PH distribution is characterized by
its matrix representation (mser,α,T ), where mser is a positive integer. The 1 ×mser vector
α contains the probabilities that the service of a customer starts in a given phase. The
probability that a customer continues his service in phase j at time n+ 1, given the phase at
time n equals i, is represented by the (i, j)-th entry of the mser ×mser substochastic matrix
T . Finally, define

t = e− Te, (2.15)

that is, t is a vector which contains the probabilities that a customer completes his service,
given the current phase of the service process. Notice, the service time of a customer equals
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k time units with probability αT k−1t and the mean service time is given by

1
µ

= α(I − T )−1e. (2.16)

Phase-Type distributions will be used frequently in this thesis, since they are well suited for
representing most of the types of services encountered in communication systems [59, 53].

2.2.3 Modeling the D-MAP/PH/1 Queue

The D-MAP/PH/1 queue forms a QBD Markov chain, the transition matrix of which is given
by

P =



B1 B0 0 0 · · ·

B2 A1 A0 0
. . .

0 A2 A1 A0
. . .

0 0 A2 A1
. . .

...
. . . . . . . . . . . .


,

with

B0 = D1 ⊗ α, A0 = D1 ⊗ T ,
B1 = D0, A1 = (D0 ⊗ T ) + (D1 ⊗ tα),
B2 = D0 ⊗ t, A2 = D0 ⊗ tα.

We furthermore assume that αe = 1. In Section 3.2 we will study the steady state behavior of
a D-MAP/PH/1 queue with impatient customers. Here, customers can leave the queue early
when they have to wait for a long time. We present formulas for the waiting time distribution,
the queue length distribution and the loss probability. A comparison between three types of
impatient customers is made. In Section 7 we present an algorithm that can be used for a
transient analysis of a QBD Markov chain and we present some numerical examples in which
we apply our methods to an elementary D-MAP/PH/1 queue to show the efficiency of our
algorithm.
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Steady State Analysis
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3
Impatient Customers

This chapter addresses a first type of customer differentiation where every customer that
enters the queue has a particular amount of patience. Such a customer is willing to wait a
certain amount of time to receive service, however, if he does not receive his required service
before this time, he will abandon the system without being served. Impatient customers can
for example be encountered in real-time applications. These applications often include strict
timing constraints, i.e., packets become worthless unless they reach their destination before a
certain deadline. As such, these packets should be considered impatient when setting up an
appropriate queueing model. Queueing systems with impatient customers can also be applied
to, for instance, telephone systems, where people have to wait for a dial tone [120], call centers
[34], where the customers are only willing to wait a certain amount of time before they can
be served, data communication networks with a time-out protocol, etc. Other examples of
queues with impatient customers can be found in manufacturing and service industries, e.g.,
inventory systems with perishable goods.

In Section 3.2 different types of impatient customers are discussed and compared with
each other. We consider the D-MAP/PH/1 queue with three types of impatient customers.
That is, a customer can be impatient during his entire sojourn time or only while waiting. For
customers with a limited sojourn time, we can further distinguish between those customers
that are aware of their service time and those who are not. We start with constructing a
GI/M/1 type Markov chain by keeping track of the age of the customer in service and the
state of the D-MAP arrival process immediately after the customer in service arrived. To
reduce the computational complexity, we propose a reduction to a QBD afterward.

Section 3.3 presents some results about the relation between the patience distribution and
the abandonment probability in a Geo/Geo/1 queue. We will show that a smaller patience
distribution in the convex-ordering sense leads to a lower abandonment probability, irrespec-
tive of whether customers become patient when entering the service facility. Moreover, we
will prove that in a queue with geometric service times, there are fewer abandonments in
the system where customers are only impatient while waiting compared to the system where
customers remain impatient during their entire service.
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3.1 Related Work

The study of single-server queues with impatient customers has a long history. It seems
Palm [81] was the first to consider customer impatience. Barrar [10] analyzed the M/M/1+D
system. A key reference for the general GI/GI/1+GI is Baccelli et al. [9]. In this work a
stability condition was established for the general case, while for the M/GI/1+GI queue the
virtual waiting time was studied. Markovian arrivals were considered by Combé [28], who
studied the MAP/G/1+M queue and derived an expression for the transform of the virtual
waiting time and rejection probability of a customer. Most of these studies assume that a
customer becomes patient when entering the server and set up a Markov process using the
virtual (offered) waiting time. Van Houdt et al. [114] developed an algorithm to compute the
response time distribution in a D-MAP/PH/1+D queue, by setting up a finite GI/M/1 type
Markov chain. In Section 3.2, the work in [114] is generalized in a number of ways. First,
we allow the patience distribution to be general, as opposed to deterministic. Second, we
also consider the system where customers only enter the server if they are able to complete
their service before reaching their maximum amount of patience. Third, a QBD reduction
procedure is included to improve the time complexity of the algorithms, and finally, we will
show that apart from the response time distribution and the rejection probability, the queue
length distribution can easily be obtained as a by-product.

Bhattacharya & Ephremides [12] showed, for the GI/GI/m+GI queue, that the number
of customers abandoning the system over any time interval decreases stochastically when the
patience distribution becomes stochastically larger (i.e., when the patience distribution X1 is
replaced by X2 with P [X2 ≥ x] ≥ P [X1 ≥ x], for all x ≥ 0) . Thus, as intuitively expected,
more patience leads to fewer abandonments. An interesting open question therefore is: What
can be said about the the probability of abandonment for different patience distributions X
with the same mean, finite amount of patience m = E[X]? Making use of the results by
Brandt & Brandt [21, Theorem 3.1] or Boxma & De Waal [20] it can be shown easily that
in an M/M/1+GI queue, where customers become patient when entering the service facility,
smaller distributions (in the convex-ordering sense) give rise to fewer abandonments. In both
these papers an expression for the probability of abandonment is established via the steady-
state probabilities of the virtual offered waiting time. To the best of our knowledge this is the
only result of this type available in the literature. In Section 3.3 the discrete-time counterpart
of the M/M/1+GI will be proved, as well as the more difficult system where customers remain
impatient after entering the service facility.

3.2 General Customer Impatience in the D-MAP/PH/1 Queue

In this section, two methods to compute the response time distribution of impatient customers
in the D-MAP/PH/1 queue are presented. The first approach uses a GI/M/1 type Markov
chain and may be regarded as a generalization of the procedure presented in [114] for the
D-MAP/PH/1 queue, where every customer has the same amount of patience. The key
construction in order to obtain the response time distribution is to set up a Markov chain
based on the age of the customer being served, together with the state of the D-MAP process
immediately after the arrival of this customer.

The disadvantage of this algorithm is that the time needed to calculate the response time
distribution is a square function of the maximum amount of patience r that a customer can
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have. A solution to this problem is given by the introduction of the second algorithm which
is based on a QBD reduction. As a result, the time complexity becomes a linear function
of the maximum amount of patience r. On the other hand, an implementation of the QBD
based algorithm requires somewhat more memory in comparison with the GI/M/1 approach.
We also show that apart from the response time distribution and the rejection probability,
the queue length distribution can easily be obtained as a by-product.

Consider a patience distribution X that contains the probability that an arriving customer
has a certain amount of patience. We allow X to be generally distributed, except that we
assume that there exists some r ≥ 0 sufficiently large, such that P [X > r] = 0, i.e., the
maximum amount of patience that a customer can have is bounded above by some constant
r. We consider three different systems: (i) a customer is impatient during his sojourn time
(waiting + service) and may thus be partially served, (ii) customers are aware of their service
time and only enter the service facility if their amount of patience is sufficient to complete
service, (iii) a customer can only run out of patience while waiting, i.e., he becomes patient
as soon as he enters the service facility. We shall denote each of these three D-MAP/PH/1
queues as D-MAP/PH/1 + GI, to reflect the general nature of the patience distribution. It
should be noted that in the literature this notation is mostly used for systems where the
customers have a limited waiting time (case (iii)).

3.2.1 The Discrete-Time D-MAP/PH/1+GI Queue

The arrival process of the queueing system of interest is the discrete-time Markovian arrival
process discussed in Section 2.2.1. Recall that this process is characterized by two m × m
matrices D0 and D1 and that the stationary arrival rate is given by λ = θD1e, with θ the
stationary probability vector of D = D0 + D1. The arriving customers are being served in
a FCFS order, except for those leaving the waiting room when they reach their critical age.
The service time of a customer has a common discrete-time PH distribution with a matrix
representation (mser,α,T ). As in Section 2.2.2, we define t = e− Te as the vector containing
the probabilities that a customer completes his service. Furthermore, set

mtot = mserm. (3.1)

Each customer has a finite amount of patience that is i.i.d. and arbitrarily distributed ac-
cording to some random variable X. The patience distribution X is characterized by the
stochastic vector

ã = (a1, a2, . . . , ar),

where ai is the probability P [X = i] that the amount of patience of a customer equals i
time units, while r is the maximum amount of patience a customer can have. Let pi be the
probability P [X ≤ i] that the patience of a customer is at most i time units, hence,

pi =
i∑

j=1

aj . (3.2)

In order to simplify the notation, we define p0 = 0, which we may regard as the probability
that the amount of patience of a customer equals zero time units. Because such customers
are never served, we do not consider them here. Nevertheless, such customers can easily be
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taken into account by modifying the characteristics of the arrival process. The amount of
patience of a customer is also referred to as his critical age.

Finally, if there is a departure and an arrival at the same time, we assume that the
departure occurs first. Also, when a customer arrives while the server is idle, his service
starts immediately. In each of the models presented, we will consider the system just prior
to possible arrivals, departures or phase changes. Thus, if we refer to the system state at
time n, such events happening at time n are not yet taken into account. For instance, when
a customer starts his service at time n, the probability that the phase of the service process
equals i at time n + 1 is given by the i-th component of the stochastic vector α. Also, the
minimum age of a customer in the service facility is one time unit.

3.2.2 Impatient Customers in the System

First, we consider the D-MAP/PH/1+GI queue with customers who are impatient in the
entire system, that is, all customers are impatient irrespective of whether they are being
served or not. A customer reaching his critical age will leave the queue without starting or
completing his service. This system is also referred to as the “limitation on sojourn time with
unaware customers” [9], as customers are impatient during their entire sojourn time and are
not aware, when entering the queue, whether their total sojourn time will be larger than their
patience.

Consider the following Markov chain (MC) with rmtot+m states. Denote level zero of the
MC as the set of states {1, . . . ,m} and level i as the set of states {(i−1)mtot+m+1, . . . , imtot+
m}, for 0 < i ≤ r. The states of level i > 0 are labeled as (s, j), with 1 ≤ s ≤ mser and
1 ≤ j ≤ m. Let n be the current time instant and let state (s, j) of level i (with 0 < i ≤ r)
correspond to the situation in which the age of the customer in service equals i, the service
process is currently in phase s and the D-MAP was in state j at time n− i+ 1. We say that
the age of a customer equals i when he arrived in the system i time units ago. Also, let state
j of level zero correspond to the situation in which the server is idle and the current state of
the arrival process is j. Then, the system can be described by a transition matrix P with a
lower block-Hessenberg structure, i.e.,

P =



B1 B0 0 0 · · · 0 0
B2 A1

1 A1
0 0 · · · 0 0

B3 A2
2 A2

1 A2
0 · · · 0 0

...
...

...
...

. . .
...

...
Br−1 Ar−2

r−2 Ar−2
r−3 Ar−2

r−4 · · · Ar−2
0 0

Br Ar−1
r−1 Ar−1

r−2 Ar−1
r−3 · · · Ar−1

1 Ar−1
0

E Cr Cr−1 Cr−2 · · · C2 C1


.

Here, B1 is an m × m matrix, B0 is an m × mtot matrix, Bi (i > 1) and E are mtot × m
matrices and Aik and Ci are mtot ×mtot matrices. We will now derive an expression for each
of these matrices.

Let us start with the first level of P , level zero. If the MC is in a state of this level, the
server is idle and only two events can take place: either a customer arrives or not. If there
is no arrival, the MC remains at level zero and makes a transition to some state of this level,
according to the transition of the underlying Markov chain of the arrival process. Hence,

B1 = D0. (3.3)
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If a customer does arrive at the current time instant n, a transition from level zero to level
one occurs, this new arrival immediately enters the service facility and starts his service in a
phase determined by the vector α, so

B0 = α⊗D1. (3.4)

Remark, in this chapter we set the state of the arrival process, resp. the phase of the service
process, as the inner variable, resp. the outer variable. This is different from the formulas
presented in Section 2.2.3, however, this has of course no influence on the results. If the MC
is in state (s1,j1) of level i at time n, there is a transition to level zero if the customer in
service leaves the system and there is no customer present in the waiting room at time n+ 1.
There are two possible causes for the customer in service to leave the service facility: either he
completes his service or he reaches his critical age. Therefore, the customer in service leaves
the system with a probability

ts1 +
ai

1− pi−1
(1− ts1) .

Let us now derive the probability that the system will be empty at time n+ 1, provided that
an age i customer leaves the system at time n. Unlike the case in which all of the customers
have the same amount of patience [114], it is possible that a customer arrival occurred during
some of the time instants n− i + 1, n− i + 2, . . . , n− 1, who left before or at time n due to
impatience. Notice, a customer arriving at time n is always present in the system at time
n+ 1 as the minimum amount of patience is one time unit. If the critical age of a customer
arriving at time n − i + k, for k = 1, . . . , i − 1, is at most i − k, which is the case with
probability pi−k, this customer is no longer in the queue at time n+1. Obviously, there could
be multiple customers of this kind. When we combine these probabilities, we find

Bi+1 =
(
t+

ai
1− pi−1

(e− t)
)
⊗

i∏
k=1

(D0 + pi−kD1) , (3.5)

for 0 < i < r (recall, p0 = 0). A transition from level i to level i+1 occurs when the customer
in service has not reached his critical age nor completed his service. In this case the customers
stays in the system and the state of the D-MAP remains the same. Hence,

Ai0 =
1− pi

1− pi−1
T ⊗ Im. (3.6)

The only remaining transitions from level i are those to some lower level, i − l (0 < l < i).
They occur when the customer in service leaves the system and the first customer in the
waiting room arrived at time n− i+ l+ 1. Notice, this customer is still patient, otherwise he
would have left the system before time n+ 1. This yields,

Ail+1 =
(
t+

ai
1− pi−1

(e− t)
)
α⊗

(
l∏

k=1

(D0 + pi−kD1)

)
(1− pi−l−1)D1. (3.7)

Notice that there could have been arrivals on some of the time instants n − i + k, with
0 < k ≤ l, who reached there critical age before time n+ 1. When the next customer with a
sufficient amount of patience arrived at time n− i+ 1, the MC remains at the same level. In
this case we define the subexpression

∏0
k=1(. . .) equal to one.
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Finally, consider the situation where the age of the customer in service equals r. This
customer will leave the system, whether he finishes his service or not. If there are no customers
in the waiting room at time n + 1, the MC will make a transition to level zero. In view of
Eqn. (3.5) it follows

E = e⊗
r∏

k=1

(D0 + pr−kD1) . (3.8)

Otherwise the first customer in the waiting room, who has clearly not yet reached his critical
age, will enter the server. Implying, for 0 ≤ i < r,

Ci+1 = eα⊗

(
i∏

k=1

(D0 + pr−kD1)

)
(1− pr−i−1)D1. (3.9)

Notice, it is also possible to write the matrices E and Ci+1 as Br+1, resp. Ari+1, since
t + ar

1−pr−1
(e− t) = e. The transition matrix P is a finite level dependent GI/M/1 type

Markov chain, the steady state vector of which can be computed efficiently by the Latouche-
Jacobs-Gaver (LJG) algorithm [60], which computes the solution of πQ = 0, where Q is an
infinitesimal generator matrix with a lower block-Hessenberg form. By rewriting πP = π as
π(P − Irmtot+m) = 0, we see that (P − Irmtot+m) is such a matrix. Hence, the vector π can be
calculated by applying the LJG algorithm on this matrix as illustrated in Algorithm 3.1. The
time and memory complexity of this algorithm equal O(m3

totr
2) and O(m2

totr), respectively.
The matrices Gs and Πs,k can all be stored in a single mtot× (m+ rmtot) matrix W by using
the following method. After step 2a, we set

W = [Πr,0 Πr,1 . . . Πr,r−1 (−Gr)−1].

In the next step, we replace Πs+1,s by (−Gs)−1 and Πs+1,k by Πs,k, for s = r−1, . . . , 1. After
step 2b, the matrix W reads

W = [Π1,0 (−G1)−1 . . . (−Gr−1)−1 (−Gr)−1].

Finally, in 2c, we replace Π1,0 by the m×m matrix G0, hence,

W = [G0 (−G1)−1 . . . (−Gr−1)−1 (−Gr)−1].

This matrix can now be used to compute the vector π in step 3.
Having calculated the steady state vector π = (π0, π1, . . .) of the transition matrix P , we

want to determine the probability P [Z = i] that a customer receives a complete service and
that his response time equals i time units. This probability is given by the expected number
of customers who complete their service i time units after they entered the queue, divided by
the expected number of customers who leave the system at an arbitrary time instant. Denote
the probability vector πi that the MC is at level i at an arbitrary time as

πi = ((πi)(1,1), (πi)(1,2), . . . , (πi)(1,m), (πi)(2,1), . . . , (πi)(mser,m)).

Thus,
∑m

j=1(πi)(s,j) is the probability that at an arbitrary time instant an age i customer
is in the service facility, with the phase of the service process equaling s. Also, (t)s is the
probability that such a customer completes his service. Hence, we obtain, for 0 < i ≤ r

P [Z = i] =
1
λ

mser∑
s=1

(t)s
m∑
j=1

(πi)(s,j). (3.10)
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Algorithm 3.1 Latouche-Jacobs-Gaver algorithm for a GI/M/1 type Markov chain

1. Input:

• the matrices D0 and D1 of the arrival process,

• the PH distribution, characterized by the vector α and the matrix T ,

• the patience distribution ã.

2. (a) First, calculate the matrices E and Ci (1 ≤ i ≤ r) by means of the equations in
Section 3.2.2. Then, define

Gr = C1 − Imtot ,
Πr,0 = −(Gr)−1E,

Πr,k = −(Gr)−1Cr−k+1, for k = 1, 2, . . . , r − 1.

(b) For s = r− 1, r− 2 . . . , 1 calculate the matrices Bs+1 and Ask, for k = 0, . . . , s and
define:

Gs = As1 − Imtot +As0Πs+1,s,

Πs,0 = −(Gs)−1 (Bs+1 +As0Πs+1,0) ,
Πs,k = −(Gs)−1

(
Ass−k+1 +As0Πs+1,k

)
, for k = 1, 2, . . . , s− 1.

(c) Finally, calculate B1 and B0 and define G0 = B1 − Im +B0Π1,0.

3. The steady state vector π = (π0, π1, . . . , πr) can be computed by means of the following
relations, where π0 is a 1×m vector and πi (0 < i ≤ r) is a 1×mtot vector.

π0G0 = 0,
π1 = π0B0(−G1)−1,

πs = πs−1A
s−1
0 (−Gs)−1,

for s = 2, . . . , r.

4. Finally, one normalizes π, such that πe = 1.

The rejection probability Pout, being the probability that a customer leaves the system without
entering or completing his service, reads

Pout = 1−
r∑
i=1

P [Z = i]. (3.11)

Although we focus mainly on the response time, we can also obtain the queue length distri-
bution as a by-product. To do so, we define the m×1 vector hk,d as the probability that in an
interval of length d, k customers arrive, who are still in the queue at the end of this interval.
The j-th entry of this vector hk,d represents the case in which the state of the D-MAP process
equals j at the start of the interval. The following relation can be used to compute these
probability vectors:

hk,0 = 1{k=0}e, (3.12)

27



Chapter 3. Impatient Customers

h0,d =

(
d∏
i=1

(D0 + pd−iD1)

)
e, (3.13)

hk,d = (1− pd−1)D1hk−1,d−1 + (D0 + pd−1D1)hk,d−1. (3.14)

Denote P [Q = q] as the probability that there are q customers in the waiting room at an
arbitrary time instant. This situation is only possible when a customer with an age of at least
q + 1 time units is in the service facility. Therefore, we have

P [Q = q] =
r∑

i=q+1

m∑
j=1

(hq,i−1)j
mser∑
s=1

(πi)(s,j), for 0 < q < r, (3.15)

P [Q = 0] =
m∑
j=1

(π0)j +
r∑
i=1

m∑
j=1

(h0,i−1)j
mser∑
s=1

(πi)(s,j). (3.16)

A similar method can be used to obtain the queue length distribution of the systems discussed
in Sections 3.2.3 and 3.2.4.

Remark 1. In the special case that the service time distribution is geometric with parameter
µ, we immediately have

(1− Pout) =
µ

λ
(1− Pidle), (3.17)

where Pidle = 1− Pbusy is the probability that the server is idle. We can rewrite this as

Pbusy =
λ

µ
(1− Pout). (3.18)

This last equation seems remarkable since one might incorrectly conclude that the server
is only busy serving customers who are successful. For more details about this somewhat
unexpected result, we refer to the remark on Page 46.

3.2.3 Service Time Aware Impatient Customers

In the system studied in the previous section a customer who does not complete his service
before reaching his critical age, is still allowed to enter the server. In this way, such a customer
wastes some service capacity which could have been used by other customers. In this section
we consider a system where customers are only allowed to enter the server, if they manage
to compete service before reaching their critical age. As such, we might refer to this model
as the “limitation on sojourn time with service time aware customers”, as customers are still
impatient during the entire sojourn time, but are aware of their service time. Therefore they
can decide to leave the system, when the service facility becomes available to them, if they
notice that their remaining amount of patience does not suffice to complete service. As long as
we are concerned with the rejection probability or the response time (of successful customers),
this system is equivalent to the “limitation on sojourn time with aware customers” [9]. In
such a system, customers are assumed to be aware of their required sojourn time upon arrival
to the queue and immediately leave if their amount of patience does not suffice. The queue
length distribution is however somewhat different as aware customers will often not enter the
waiting line at all, whereas in our case some unsuccessful customers still spend some time
waiting in the queue.
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We can construct a similar MC as in the previous section and denote its (m + rmtot) ×
(m+ rmtot) transition matrix as

P̂ =



B̂1 B̂0 0 0 · · · 0 0
B̂2 Â1

1 Â1
0 0 · · · 0 0

B̂3 Â2
2 Â2

1 Â2
0 · · · 0 0

...
...

...
...

. . .
...

...
B̂r−1 Âr−2

r−2 Âr−2
r−3 Âr−2

r−4 · · · Âr−2
0 0

B̂r Âr−1
r−1 Âr−1

r−2 Âr−1
r−3 · · · Âr−1

1 Âr−1
0

Ê Ĉr Ĉr−1 Ĉr−2 · · · Ĉ2 Ĉ1


.

Let n be the current time instant and assume some customer c leaves the server at time n.
Then, the first customer that arrived after customer c at some time n − k (0 ≤ k < r) does
not enter the server at time n if he has already reached his critical age or if his remaining
patience is not sufficient to be served entirely. This probability is given by

qk = pk +
r∑

i=k+1

aiαT
i−ke. (3.19)

Denote the probability that a customer of age k is being served at time n, with the phase
of the service process equal to s as the s-th component of the mser × 1 vector vk. This can
only be the case when the sum of his age and his remaining service time does not exceed his
critical age, hence,

(vk)s =
r∑
i=k

ai

i−k∑
j=0

(T jt)s = 1− pk−1 −
r∑
i=k

ai(T i−k+1e)s, (3.20)

using the relation t = e− Te. Hence,

vk = e− pk−1e−
r∑
i=k

aiT
i−k+1e. (3.21)

Let uk, a column vector of dimension mser, represent the probability that a customer of age
k completes his service. Since this customer was admitted by the server, we know that his
critical age is at least as much as the sum of his age (k) and his remaining service time. Thus,
for 1 ≤ k ≤ r and for 1 ≤ s ≤ mser we have,

(uk)s =
ak(t)s + ak+1(t)s + . . .+ ar(t)s

(vk)s
=

(1− pk−1)(t)s
(vk)s

. (3.22)

Consider an age k customer in phase s of the service process at time n. The probability that
this customer continues his service in phase s′ is represented by the (s, s′)-th entry of the
mser×mser matrix Uk. Notice, since the customer was admitted in the server, he only leaves
the system when his service finishes. Hence, this probability is given by

(Uk)ss′ =
∑r

h=k+1 ah(T )ss′
∑h−k

l=1 (T l−1t)s′
(vk)s

=
(T )ss′(vk+1)s′

(vk)s
, (3.23)

for 1 ≤ k ≤ r and 1 ≤ s, s′ ≤ mser.
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We are now in a position to set up an equation for each of the transition blocks appearing
in the matrix P̂ . For the matrices on level zero, the only difference with the system discussed
in Section 3.2.2 is that an arriving customer who finds the server idle, does not necessarily
enter the service facility. If he has not enough patience to stay in the system until his service
has completed, he abandons the system. This leads to

B̂1 = D0 + q0D1, (3.24)
B̂0 = (1− q0)D1. (3.25)

The MC makes a transition from level i to level zero if the customer in service completes his
service and there is no customer who enters the server. Note that, due to the definition of
the levels of the MC, the age of the customer that completes his service equals i time units.
For 0 < i < r, the expression of the mtot ×m matrix B̂i+1 is given by the following equation:

B̂i+1 = ui ⊗
i∏

k=1

(D0 + qi−kD1) . (3.26)

Remember, the continuation and completion of the service of a customer with an age equal
to k time units, is given by the matrix Uk and the vector uk, respectively. Arguments similar
to those presented in Section 3.2.2 yield the following expressions:

Âi0 = U i ⊗ Im, (3.27)

Âil+1 = uiα⊗

(
l∏

k=1

(D0 + qi−kD1)

)
(1− qi−l−1)D1, (3.28)

Ê = e⊗
r∏

k=1

(D0 + qr−kD1) , (3.29)

Ĉi+1 = eα⊗

(
i∏

k=1

(D0 + qr−kD1)

)
(1− qr−i−1)D1. (3.30)

As the transition matrices P and P̂ have the same form, we can make use of the LJG algorithm
(Algorithm 3.1) to obtain the steady state vector π̂ of P̂ . An expression for the probability
that a customer receives a complete service and has a response time of i time units is then
established as

P [Ẑ = i] =
1
λ

mser∑
s=1

(ui)s
m∑
j=1

(π̂i)(s,j), (3.31)

for 0 < i ≤ r. The rejection probability P̂out, being the probability that a customer abandons
the system without entering the service facility, is given by

P̂out = 1−
r∑
i=1

P [Ẑ = i]. (3.32)

3.2.4 Impatient Customers in the Waiting Room

In Sections 3.2.2 and 3.2.3, we considered customers who remain impatient even when they
have already entered the service facility. In this section we assume that a customer is no
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longer impatient during his sojourn time, but only while waiting. Once a customer enters
the server, he remains there until his service is completed. When focusing on the rejection
probabilities or on the response time (of successful customers), this system coincides with both
the “limitation on waiting time with aware or unaware customers” [9] as in neither system
abandoning customers use any service capacity. We assume that a customer who reaches his
critical age at the exact moment that the server becomes available to him, leaves the system.

If we define an MC analogue to the previous sections, the corresponding transition matrix
P ′ is either finite or infinite, depending on the service time distribution. For unbounded
service times, we get an infinite matrix P ′ as there is no limit on the age of the customer
in service. In order to find the steady state vector of P ′, we introduce a new MC with an
(m + rmtot) × (m + rmtot) transition matrix P̄ , on which we can apply the LJG algorithm
to find its steady state vector. The transition matrix P̄ corresponds to the MC that we get
when censoring the MC P ′ on the set of states for which the age of the customer in service is
at most r:

P̄ =



B1 B0 0 0 · · · 0 0
B̄2 Ā1

1 Ā1
0 0 · · · 0 0

B̄3 Ā2
2 Ā2

1 Ā2
0 · · · 0 0

...
...

...
...

. . .
...

...
B̄r−1 Ār−2

r−2 Ār−2
r−3 Ār−2

r−4 · · · Ār−2
0 0

B̄r Ār−1
r−1 Ār−1

r−2 Ār−1
r−3 · · · Ār−1

1 Ār−1
0

Ē C̄r C̄r−1 C̄r−2 · · · C̄2 C̄1


.

Notice, the matrices corresponding to level zero are identical to those in Section 3.2.2, as the
distinction between this model and the one in Section 3.2.2 lies only in the customer behavior
inside the service facility. The expressions for the matrices, representing a transition from
level i (0 < i < r) are altered, because the probability that a customer leaves (remains in)
the server no longer depends upon the age of this customer. However apart from the vector
and the matrix holding the probabilities that a service completion and continuation occurs,
respectively, the system evolves identical to the one in Section 3.2.2:

B̄i+1 = t⊗
i∏

k=1

(D0 + pi−kD1) , (3.33)

Āi0 = T ⊗ Im, (3.34)

Āil+1 = tα⊗

(
l∏

k=1

(D0 + pi−kD1)

)
(1− pi−l−1)D1, (3.35)

for 1 ≤ i < r and 0 ≤ l < i. Next, let us derive an expression for the matrices at level r.
The matrix Ē contains the probabilities that the MC makes a transition from state (s1, j1)
at level r to state j2 at level zero. Consider a customer c of age r who is being served at time
n. Customers present in the service facility are patient and remain in the system until their
service is completed. Thus, with probability (T kt)s1 , customer c will remain in the server for
another k time units, meaning the next time instant observed by the censored chain P̄ is time
n+k+ 1. When customer c leaves the server at time n+k, the next customer, if present, can
start his service. Because no customer has a critical age of more than r time units, customers
who arrived at some time n− r + i, with 0 < i ≤ k, will leave the waiting room before or at
time n+ k. In order to have a transition to level zero, some arrivals may occur at one of the
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time instants n− r + k + 1, . . . , n+ k − 1, as long as these customers reach their critical age
before or at time n+ k. This probability is given by

∏r−1
h=1 (D0 + pr−hD1) and therefore the

probability of having an empty waiting room at time n+k+1 equals Dk
∏r
h=1 (D0 + pr−hD1).

Recall, a customer who reaches his critical age on the exact moment that the server becomes
available, leaves the system nevertheless. This leads to

Ē =

( ∞∑
k=0

(T kt)⊗Dk

)
r∏

h=1

(D0 + pr−hD1) . (3.36)

The MC makes a transition to level r − i from level r if there are no arrivals at time n −
r + k + 1, . . . , n− r + k + i of customers who are still in the waiting room at time n+ k and
a customer c′ with a critical age larger than r − i − 1 arrives at time n − r + k + i + 1. If
the customer in service leaves the system, customer c′ enters the server and will remain there
until his service is completed. For 0 ≤ i < r, we get:

C̄i+1 =

( ∞∑
k=0

(T kt)⊗Dk

)(
α⊗

(
i∏

h=1

(D0 + pr−hD1)

)
(1− pr−i−1)D1

)
. (3.37)

If the service time is unbounded, an infinite sum occurs in both Eqn. (3.36) and (3.37). This
sum can be truncated after k′ terms if

∞∑
k=k′

(T kt)⊗Dk < ε, (3.38)

for some ε small. Because T , resp. D, is a substochastic, resp. stochastic matrix, we can
always find such a k′.

Algorithm 3.1 can be used to find the steady state vector π̄ = (π̄0, π̄1, . . . , π̄r) of P̄ . The
steady state vector π′ = (π′0, π

′
1, . . .) of P ′ obeys the following relation:

π′i = π̄i/c, (3.39)
π′r+j = π̄r(T j ⊗ Im)/c, (3.40)

for 0 ≤ i < r and j ≥ 0. The normalization constant c can be calculated by

c =
r−1∑
i=0

π̄ie+ π̄r
(
(Imser − T )−1 ⊗ Im

)
e. (3.41)

As before, the probability that a customer receives a complete service and has a response
time of i time units is found as

P [Z ′ = i] =
1
λ

mser∑
s=1

(t)s
m∑
j=1

(π′i)(s,j), (3.42)

and the rejection probability equals

P ′out = 1−
∑
i>0

P [Z ′ = i]. (3.43)
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Remark 2. In this case one easily obtains the relation

1− P ′idle =
λ

µ
(1− P ′out), (3.44)

as
∑

i,j(π
′
i)(s,j) = βs, for i > 0, and where β(T + tα) = β, βe = 1 and βt = 1/µ. This result

is also intuitively clear as the server only serves successful customers and the mean service
time of such a customer is 1/µ.

3.2.5 Quasi-Birth-Death Reduction

In the previous three sections, we constructed a level dependent GI/M/1 type Markov chain
to compute the response time distribution of the D-MAP/PH/1+GI queue. A limitation of
this method lies in the fact that the time complexity of the algorithm is a square function of r,
the maximum tolerable customer patience. In this section, we introduce a different approach,
using QBDs, which speeds up the computational process. The idea behind this reduction
was also applied in [109] to calculate the response time distribution in a queue with multiple
types of customers (i.e., the MMAP[K]/PH[K]/1 queue).

In order to construct the level dependent QBD we add m states to each level i, for
0 < i < r, to the state space of the transition matrix of interest (P , P̂ or P̄ ). These
additional states are referred to as artificial states. The basic idea behind this construction
is to replace a transition from level i to i− k, for k ≥ 0, by k + 1 transitions, where for each
of the first k transitions we decrease the level by one, while for the (k + 1)st transition the
level remains identical. Thus, instead of making a transition from level i to i − k at once,
the new MC will visit k intermediate states, which shall all be artificial states. Actually, for
i− k = 0 we split the transition into k steps instead of k + 1. We will only need m artificial
states due to the specific form of the matrices that correspond to transitions causing the level
to decrease. In the worst case, i.e., when mser = 1, this method requires four times as much
memory as the one discussed in the previous sections. However, the QBD method offers a
significant gain in computation time, as will be discussed later in this section.

Roughly speaking, we can explain the idea behind the QBD reduction as follows. A
transition from level i to i − k < i can be regarded as scanning the k + 1 time instants
n− i+1, . . . , n− i+k+1 for a customer arrival who is still present in the system at time n+1
(where n is the current time instant). The first k of these scans results in a negative result,
whereas the last one is successful (unless i − k = 0). Whether the l-th scan is successful,
is solely determined by the D-MAP state at time n − i + l, say state jl, and the amount of
patience i− l + 1 needed to be in the system at time n+ 1.

Thus, instead of going directly from some state (s, j1) of level i to a state of the form
(s′, j′) of level i− k, we make a series of k+ 1 transitions: the first one to artificial state j2 of
level i− 1, the l-th, for l = 2, . . . , k, going from artificial state jl of level i− l+ 1 to state jl+1

of level i − l and the last one from artificial state jk+1 of level i − k to state (s′, j′) of level
i − k. We do not need to keep track the phase s′ as this is determined by the vector α. If
i − k = 0, we have only k transitions, the k-th one going from artificial state jk at level one
to state jk+1 at level zero.

We only discuss the system presented in Section 3.2.2 in detail, the QBD Markov chain
for the other two systems can be set up in an analogue way. First, we add m additional states
to every level, except the first and the last one (level zero and level r). As explained above,
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these states will correspond to those of the D-MAP arrival process. Define

Ωi = {j | 1 ≤ j ≤ m}, 0 ≤ i < r,

Ψi = {(s, j) | 1 ≤ s ≤ mser, 1 ≤ j ≤ m}, 0 < i ≤ r.

Using these definitions, the states of level zero are denoted as Ω0, those of level i (0 < i < r)
as Ωi ∪ Ψi and the states of level r are denoted as Ψr. The states of Ω0 and Ψi (0 < i ≤ r)
correspond to those of the Markov chain presented in Section 3.2.2. The states of Ωi (0 < i <
r) are those that have been added, which we call the artificial states. For our convenience,
let us call the other states, original states and let us define

mart = mtot +m. (3.45)

Define the QBD using the following rmart × rmart matrix P ∗:

P ∗ =



B∗1 B∗0 0 0 · · · 0 0
B∗2 A1∗

1 A1∗
0 0 · · · 0 0

0 A2∗
2 A2∗

1 A2∗
0 · · · 0 0

...
...

. . . . . . . . .
...

...
0 0 0 · · · Ar−1∗

2 Ar−1∗

1 C∗0
0 0 0 · · · 0 C∗2 C∗1


,

where B∗1 is an m×m matrix, B∗2 an mart ×m matrix, B∗0 an m×mart matrix and Ai
∗

0 , Ai
∗

1

(0 < i < a) and Ai
∗

2 are mart ×mart matrices. Also, the matrix C∗0 is an mart ×mtot matrix,
C∗1 an mtot ×mtot and C∗2 is an mtot ×mart matrix.

The matrices B∗1 and B∗0 represent the situation in which the QBD is at level zero, that
is, the system is idle. As the transitions from level 0 are unaltered, the only difference with
the expressions for B1 and B0 is caused by the presence of the artificial states added to level
one, therefore

B∗1 = B1 (3.46)
B∗0 =

[
0 B0

]
. (3.47)

The expression for the mart × mtot matrix B∗2 can be divided into two parts. The first m
rows correspond to the situation in which the QBD is in an artificial state of level one at time
n. Notice, we are referring to the time epochs of the QBD Markov chain. If no customer
arrives at this moment, the QBD makes a transition to level zero. These probabilities are, by
definition, given by the matrix D0. The other rows represent the situation in which the age
of the customer in service equals one time unit, meaning that the QBD is in an original state
of level one at time n. In this case, the QBD makes a transition to level zero if this customer
leaves the server and there is no arrival at the current time instant. Notice, the waiting room
is empty because the customer in service arrived at time n− 1. Hence,

B∗2 =
[
B1

B2

]
=
[

D0

(t+ a1(e− t))⊗D0

]
. (3.48)

The same arguments can be used to determine an expression for the matrices Ai
∗

2 (0 < i < r),
which contain the probabilities of a transition from level i to level i − 1. In order to have
such a transition, there can be no arrival i − 1 time units ago of a customer with a critical

34



3.2. General Customer Impatience in the D-MAP/PH/1 Queue

age greater than or equal to i time units (that is, the scan of time instant n− i+ 1 ought to
be unsuccessful). When the QBD makes a transition to a lower level, the resulting state is
always an artificial state. Therefore, all the entries in the last mtot columns are equal to zero
and we get,

Ai
∗

2 =

[
D0 + pi−1D1 0(

t+ ai
1−pi−1

(e− t)
)
⊗ (D0 + pi−1D1) 0

]
. (3.49)

The transitions to a higher level are identical to those in Section 3.2.2. Moreover, we never
increase the level from an artificial state, implying

Ai
∗

0 =
[

0 0
0 Ai0

]
, (3.50)

C∗0 =
[

0
Ar−1

0

]
. (3.51)

The probabilities of a transition between two original states of level i, are given by the matrix
Ai1, for 0 < i < r and by C1 for i = r. Apart from the transitions between original states, a
transition from an artificial to an original state at level i can occur when a customer with a
critical age of at least i time units arrives (that is, the scan at time n − i + 1 is a success).
This yields,

Ai
∗

1 =

[
0 (1− pi−1)α⊗D1

0
(
t+ ai

1−pi−1
(e− t)

)
α⊗ (1− pi−1)D1

]
, (3.52)

C∗1 = eα⊗ arD1. (3.53)

Finally, the probabilities that the QBD makes a transition from level r to level r − 1, can be
found in the mtot ×mart matrix C∗2 . The customer in service leaves the system, whether he
finishes his service or not. There is a transition to level r − 1 if no customer of age r will be
in the queue at the next time instant. Hence,

C̃∗2 =
[
e⊗ (D0 + (1− ar)D1) 0

]
. (3.54)

The matrix P ∗ is a finite level-dependent QBD matrix, therefore, its steady vector π∗ =
(π∗0, π

∗
1, . . . , π

∗
r ) can be computed by a variant on the LJG algorithm, described in [35]. That

is, the matrix Q∗ = P ∗ − I is a tridiagonal infinitesimal generator block matrix. Thus,
to obtain the steady state distribution, we can apply the algorithm presented in [35], the
time and space complexity of which equal O(rm3

art) and O(rm2
art). From π∗ we can then

extract the steady state vector π of the original transition matrix P as explained in step 4 of
Algorithm 3.2. Having found π we can apply the formulas given at the end of Section 3.2.2
to obtain the performance measures of interest.

We can use a single mart × rmart matrix to save the intermediate results, similar to the
procedure given by Algorithm 3.1. Let us now compare the time and memory complexity of
this algorithm with those of Algorithm 3.1, based on the GI/M/1 Markov chain. The QBD
approach requires slightly more memory, due to the addition of the artificial states. As only
m states are added per level, mart is at most twice as large as mtot (if mser = 1), the QBD
requires at most 4 times as much memory. The advantage however, lies in the difference in
the time complexity. The time needed by the algorithm using QBDs is only linear in the
maximum critical age r of a customer, whereas with the GI/M/1 type MC it is a square
function of r.
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Algorithm 3.2 Computing the steady state vector π of P via the QBD MC P ∗

1. Input:

• the matrices D0 and D1 of the arrival process,

• the PH distribution, characterized by α and T ,

• the patience distribution ã.

2. Calculate the matrices Gi, for 0 ≤ i ≤ r, by means of the equations:

G0 = B∗1 − Im,
G1 = A1∗

1 − Imart +B∗2(−G−1
0 )B∗0 ,

Gi = Ai
∗

1 − Imart +Ai
∗

2 (−G−1
i−1)Ai−1∗

0 (for 1 < i < r),

Gr = C∗1 − Imtot + C∗2 (−G−1
r−1)C∗0

3. The steady state probabilities are found using the following expressions:

π∗rGr = 0, with π∗re = 1,
π∗r−1 = π∗rC

∗
2 (−G−1

r−1),

π∗i = π∗i+1A
i+1∗

2 (−G−1
i ), for i = r − 2, . . . , 1,

π∗0 = π∗1B
∗
2(−G−1

0 ),

and
∑r

i=0 π
∗
i e = 1.

4. Finally, compute the steady state vector π of the original transition matrix P as follows.
Denote π∗i (0 < i < r) as (π∗i (m), π∗i (mtot)), where the probabilities of the row vector
π∗i (m) of size m correspond to the artificial states and those of the 1 × mtot vector
π∗i (mtot) to the original states. Then, the steady state vector π can be computed by

π0 = π∗0/(1− d),
πi = π∗i (mtot)/(1− d), for 1 ≤ i < r,

πr = π∗r/(1− d),

where d =
∑r−1

i=1 π
∗
i (m)e.

36



3.2. General Customer Impatience in the D-MAP/PH/1 Queue

3.2.6 Numerical Examples

In this section, we discuss some fairly arbitrary numerical examples of systems with impa-
tient customers which provide, among others, some insight on the influence of the patience
distribution X. The D-MAP arrival process is characterized by the following two matrices:

D0 =
[

0.76 0.19
0.09 0.81

]
and D1 =

[
0.04 0.01
0.01 0.09

]
.

This arrival process has a mean arrival rate λ = 1/12. The service time of a customer consists
of two components. Every customer needs an initial service time of 3 time units. On top of
that, with probability 0.4, 0.4 and 0.2 a customers needs some extra, geometrically distributed,
service with an average of 5, 10 and 20 time units, respectively. We have α = (1, 0, 0, 0, 0, 0)
and

T =



0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0.4 0.4 0.2
0 0 0 0.8 0 0
0 0 0 0 0.9 0
0 0 0 0 0 0.95

 .
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Figure 3.1: Response time distribution of successful impatient customers

The mean service time 1/µ equals 13 time units, meaning without the customer impatience
we would have an unstable system as λ/µ = 13/12 > 1. We consider 4 possible patience
distributions X, each having the same mean E[X] of 275 time units:

Xa: One half of the customers runs out of patience after 50 time units, whereas the other
half will be patient for 500 time units, i.e., a50 = a500 = 0.5.

Xb: The critical age of a customer equals 50, 175, 275, 375 or 500 time units, each with a
probability 0.2.

Xc: The patience distribution is uniformly distributed between 50 and 500 time units.

Xd: All customers have the same amount of patience, being 275 time units.
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(a) Patience distribution Xa
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(b) Patience distribution Xb
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(c) Patience distribution Xc
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(d) Patience distribution Xd

Figure 3.2: Response time distributions of successful service time (un)aware customers that
are impatient in the entire system or only in the waiting room

For each of the patience distributions considered, Figure 3.1 shows us the response time
distribution Rs of a successful customer, who remains impatient in the entire system (i.e.,
Section 3.2.2). The behavior of these curves can be understood as follows. When considering
the probability that a successful customer has a response time of x time units, one might
intuitively say that the load of the system

ρx ≈
λ

µ
P [X ≥ x]. (3.55)

Notice, ρx decreases as a function of x and equals 13/12 for x = 1. As such, we expect that
the curves in Figure 3.1 start to decrease as soon as ρx drops below 1. Moreover, the smaller
ρx becomes the sharper the decrease. For the distributions Xa and Xb, the value P [X ≥ x]
decreases only in a few steps, which correspond to the different ‘stairs’ in those curves. The
curve corresponding to Xc reaches a maximum at x = 72, even though ρ72 ≈ 1.03 > 1. This
might be explained by the fact that the mean time that a customer spends in the server is
less than 1/µ, due to the impatience (i.e., ρx slightly overestimates the load).
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distribution impatient in server server time aware patient in server
Xa 0.1885 0.1437 0.1673
Xb 0.1415 0.1286 0.1324
Xc 0.1192 0.1047 0.1144
Xd 0.0918 0.0334 0.0873

Figure 3.3: Expected number of lost customers

In Figure 3.2, we compare the distribution Rs of the three systems discussed in Sections
3.2.2-3.2.4, for each of the patience distributions considered. The system with impatient
customers in the entire system is represented by a dash-dotted line (Section 3.2.2), service
time aware customers correspond to a full line (Section 3.2.3), whereas the situation in which
the customers are only impatient in the waiting room is given by a dashed line (Section 3.2.4).
The computation times for the curves in this figure, using an AMD Athlon 2.0 GHz processor
with 512 Mb of memory, are about 173 seconds for the method using the GI/M/1 type Markov
chains and about 21 seconds when applying the QBD approach (see Section 3.2.5). Because
the maximum critical age of a customer equals either 275 or 500 time units and the number
of states of the arrival process is relatively small, the method using QBDs takes remarkably
less time while the memory requirements only increase with a factor 1.36.

distribution impatient in server rejected by server patient in server
Xa 38.9042 34.4974 46.1523
Xb 73.4010 68.1397 80.1541
Xc 90.4167 83.9073 98.0788
Xd 179.8562 171.7786 189.5891

Figure 3.4: Expected response time of a successful impatient customer

Figure 3.3 represents the probabilities that a customer abandons the system without
receiving a complete service. If we compare the four patience distributions, the probability
that a customer leaves the system early decreases together with the variance of the patience
distribution X, while the average response time of a customer (given by Figure 3.4) increases.
Whether becoming patient while entering the server, reduces the rejection probability (as is
the case in our numerical example) depends to a great extent on variation of the service time
distribution. In [114] a numerical example, where all customers have the same amount of
patience a, illustrates that for small variations in the service time, the system with a limited
waiting time performs better than the system with a limited sojourn time, and this with
relation to the rejection probability. For larger variations in the service time the opposite
result is obtained, that is, in those cases it is more efficient to drop the customers who require
more processing. Intuitively, this can be explained as follows. Consider a system in which
the service time is deterministic. In this situation, finishing the service of a customer that
has already been processed for some time requires less time than completely serving a new
customer. This is not necessarily the case when the service time is highly variable, since the
required processing time of the next customer might be significantly less than the remaining
service time of the customer being served at this moment. Then, it is more efficient to drop
the customer in service when he reaches his maximum amount of patience. In the next
section we will address the question which patience distribution results in the lowest rejection
probability Pout of all patience distributions X with a fixed mean E[X] = mu.
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3.3 Minimizing the Abandonment Probability

From the numerical results presented in the previous section, we could observe that a pa-
tience distribution with a higher variance resulted in a higher abandonment probability. To
determine the influence the patience distribution has on the number of abandonments, we
will consider the Geo/Geo/1+GI queue with impatient customers. Obviously, this queue is
less general than the D-MAP/PH/1+GI queue discussed in Section 3.2, however, this allows
us to prove some interesting results about customer impatience. We show that systems with
a smaller patience distribution X in the convex-ordering sense, give rise to fewer abandon-
ments (due to impatience), irrespective of whether customers become patient when entering
the service facility. As a consequence, given a fixed amount of patience m, the patience distri-
bution with mean m that achieves the lowest probability of abandonment is the deterministic
distribution.

We prove the discrete-time counterpart of the M/M/1+GI result mentioned in Section 3.1
as well as the more difficult system where customers remain impatient after entering the
service facility, that is, the Geo/Geo/1+GI queue with a limited waiting or sojourn time.
In the latter case customers are assumed to be unaware of the required sojourn time upon
arrival and may therefore receive partial service (and waste some of the service capacity).
Furthermore, we demonstrate that the number of abandonments in a single-server queue
with impatient customers and geometric service times, i.e., the ·/Geo/1+GI queue, is higher
for systems with a limited sojourn time as opposed to a limited waiting time.

Let X be a general, discrete patience distribution on the nonnegative integers and assume
without loss of generality that P [X = 0] = 0. Further assume that for each X there exists
some r ≥ 0 sufficiently large, such that P [X > r] = 0, i.e., the maximum amount of patience
that a customer can have is bounded above by some constant r (notice, we do not assume
that a single r exists for all distributions X, but given a particular X such an r can be found).
The results presented here can be generalized to include distributions for which such an r
does not exist (P [X = ∞] = 0 for such distributions as m = E[X] is finite, implying that
the Geo/Geo/1+X queue is stable [9]). In Sections 3.3.1 and 3.3.2 we show that the smaller
distributions (in the convex-ordering sense) induce a lower probability of abandonment in
a Geo/Geo/1+GI system with a limited sojourn and waiting time, respectively. The lower
number of abandonments achieved by ·/Geo/1+GI systems with limited waiting times, as
opposed to limited sojourn times, is proved in Section 3.3.3.

3.3.1 The Geo/Geo/1 Queue with a Limited Sojourn Time

Consider the Geo/Geo/1 queue with

P [arrival] = α, (3.56)
P [departure] = β, (3.57)

and with impatient customers. As in Section 3.2.2 we assume that customers are impatient
irrespective of whether they are being served or not. Let X represent the patience distribution
of the customers and denote P [X = k] as ak(X) and P [X ≤ k] as pk(X). To simplify the
notation, we shall write

xk(X) = (1− pk(X))α, (3.58)

yk(X) = β +
ak(X)

1− pk−1(X)
(1− β) =

ak(X) + (1− pk(X))β
1− pk−1(X)

, (3.59)
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for k = 0, . . . , r. When there is no ambiguity as to which distribution X is meant, we will
drop the X to simplify the notation. Similarly we will add an X (or Y ) to any other variable
when there is a need to clarify the patience distribution at hand. Notice, xk is the arrival rate
(probability) of customers whose patience is more than k, while yk is the probability that a
customer with age k leaves the server (due to either impatience or a service completion) given
that an age k customer occupied the server. Let An be the age of the customer in service
just prior to time n, where An is said to be zero if the system is idle. As in Section 3.2, all
events such as service completions, arrivals, etc. are assumed to occur immediately after time
n, implying amongst others that the age of a customer in the service facility is at least one.
As discussed below, (An)n≥0 is a Markov chain, the (r + 1) × (r + 1) transition matrix of
which is given by

P =



b1 b0 0 0 · · · 0 0
b2 a1

1 a1
0 0 · · · 0 0

b3 a2
2 a2

1 a2
0

. . . 0 0

b4 a3
3 a3

2 a3
1

. . . 0 0
...

...
. . . . . . . . . . . .

...

br ar−1
r−1 ar−1

r−2 ar−1
r−3

. . . ar−1
1 ar−1

0

br+1 arr arr−1 arr−2 · · · ar2 ar1


,

with

b0 = x0, (3.60)
b1 = 1− x0, (3.61)

bi+1 = yi

i∏
k=1

(1− xi−k), for 1 < i ≤ r, (3.62)

ai0 = 1− yi, for 1 ≤ i < r, (3.63)

ail+1 = yixi−l−1

l∏
k=1

(1− xi−k), for 0 < i ≤ r and 0 ≤ l < i. (3.64)

As mentioned before, we assume that (
∏j
k=i . . .) = 1 for i > j. We will very briefly discuss

these expressions as they can be obtained directly from the formulas presented in Section 3.2.2.
The expressions for b0, b1 and ai0 follow in a straightforward manner from the definitions of
xk and yk. Denote n as the current time instant and assume an age i customer is in service,
that is, An = i, then ail+1 equals the probability that this customer leaves the system (which
happens with a probability yi, notice that yr = 1 since there can never be a customer with
an age larger than r in the queue) and there will be a customer of age i− l in service at time
n+ 1. Therefore, every customer who arrived at some time n− i+ k, with 0 < k ≤ l, should
reach his critical age no later than time n (this occurs with probability

∏l
k=1(1− xi−k)), and

finally, with probability xi−l−1 there is an arrival at time n − i + l + 1 of a customer whose
patience is at least i − l time units. A similar argument can be given with relation to the
expression for bi+1. The only difference being that bi+1 corresponds to a transition to an idle
queue and hence no customer will be served at time instant n+ 1.
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Lemma 1.

kmax∏
k=kmin

(1− zk) = 1−
kmax∑
k=kmin

zk

k−1∏
m=kmin

(1− zm),

for 1 ≤ kmin ≤ kmax and zk ∈ R.

Proof. The statement follows by induction on kmax. First consider the situation in which
kmax = kmin + 1:

(1− zkmin)(1− zkmin+1) = 1− zkmin − zkmin+1 + zkminzkmin+1

= 1− zkmin − zkmin+1(1− zkmin).

Assuming that for any kmax ≤ t the equation holds, we can prove it for kmax = t+ 1:

1−
t+1∑

k=kmin

zk

k−1∏
m=kmin

(1− zm) = 1−
t∑

k=kmin

zk

k−1∏
m=kmin

(1− zm)− zt+1

t∏
m=kmin

(1− zm)

=
t∏

k=kmin

(1− zk)− zt+1

t∏
m=kmin

(1− zm)

=
t+1∏

k=kmin

(1− zk).

Theorem 2. The steady-state probabilities of the Markov chain (An)n≥0 under consideration
are given by

π0 =
1
N
, (3.65)

πi =
1
N

(
i−1∏
k=1

1− yk
1− xk−1

)
x0

1− xi−1
, (3.66)

for i = 1, . . . , r and with

N = 1 +
r∑
i=1

(
i−1∏
k=1

1− yk
1− xk−1

)
x0

1− xi−1
. (3.67)

Proof. Clearly, π = (π0, π1, . . . , πr) is a stochastic vector, therefore, it suffices to check whether
π is an invariant vector of P . By making use of Eqns. (3.61), (3.62), (3.65) and (3.66) in the
first balance equation

r∑
i=0

πibi+1 = π0

and by eliminating the common factors in the numerator and denominator we have

(1− x0) +
r∑
i=1

x0yi

i−1∏
k=1

(1− yk) = 1⇔
r∑
i=1

yi

i−1∏
k=1

(1− yk) = 1,
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which is proved by applying Lemma 1 with kmin = 1, kmax = r and zk = yk, because yr = 1.
Inserting the expressions for b0, aii and πi in the second balance equation

π0b0 +
r∑
i=1

πia
i
i = π1

allows us to rewrite this as

x0 +
r∑
i=1

x2
0yi

1− x0

i−1∏
k=1

(1− yk) =
x0

1− x0
⇔

r∑
i=1

yi

i−1∏
k=1

(1− yk) = 1.

Finally, the (s+ 1)-th balance equation

r∑
i=s−1

πia
i
i−s+1 = πs,

for 1 < s ≤ r, is given by

πs−1(1− ys−1)N +
r∑
i=s

(
i−1∏
k=1

(
1− yk

1− xk−1

)
x0yixs−1

1− xi−1

)
i−s∏
m=1

(1− xi−m) = πsN

⇔

(
s−1∏
k=1

1− yk
1− xk−1

)
x0 +

r∑
i=s

(
x0xs−1yi

∏i−1
k=1(1− yk)∏s

k=1(1− xk−1)

)
= πsN.

By definition of πs we have

(1− xs−1)πsN +
x0xs−1

∏s−1
k=1(1− yk)∏s

k=1(1− xk−1)

(
r∑
i=s

yi

i−1∏
k=s

(1− yk)

)
= πsN

⇔ (1− xs−1)πs + xs−1πs = πs,

due to Lemma 1 with kmin = s, kmax = r and zk = yk, as yr = 1.

Having determined the steady-state probabilities of the Markov chain (An)n≥0, equation
(3.11) shows the expression for the rejection probability Pout that a customer leaves the system
before his service is completed/started, i.e.,

Pout = 1−
r∑
i=1

P [Z = i] (3.68)

Here, P [Z = i] is the probability that a customer is completely served and has a response
time (i.e., waiting time + service time) equal to i time units. This probability is given by

P [Z = i] =
β

α
πi, (3.69)

as βπi is the probability that at an arbitrary time epoch, an age i customer leaves the system
after completing service, while α is the probability that an arrival occurs in an arbitrary slot.
Using the stochastic nature of the vector π, it follows that

Pout = 1− β

α
(1− π0). (3.70)
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Keeping α and β fixed, Pout is a function of the patience distribution X only, as such we refer
to it as Pout(X). We will prove that Pout(X) ≤ Pout(Y ) if X is smaller than Y in the convex-
ordering sense, i.e., X ≤cx Y [95]. As a consequence, given a mean m, Pout(X) is minimal for
the deterministic distribution with mean m among all discrete distributions X on {1, 2, . . .}
with E[X] = m (provided that m is an integer, otherwise X with P [X = bmc] = dme −m
and P [X = dme] = m− bmc realizes the lowest Pout(X)).

Definition 2 Consider two random variables X and Y . Then X is said to precede Y in the
convex-ordering sense (X ≤cx Y ) if and only if

E[X] = E[Y ], (3.71)
E[(X − d)+] ≤ E[(Y − d)+], (3.72)

for −∞ < d <∞.

Definition 3 Let x = (x1, . . . , xn) and y = (y1, . . . , yn) be vectors of dimension n. Then y
weakly majorizes x in the sense of Marshall and Olkin [69] if

k∑
i=1

x↓i ≤
k∑
i=1

y↓i , (3.73)

for k = 1, . . . , n, where x↓ denotes the vector obtained by rearranging the entries of x in
nonincreasing order. That is, the sum of the k largest components of the vector y is greater
than the sum of the k largest components of x.

Lemma 2. If X ≤cx Y , then

i−1∑
k=0

xk(X) ≥
i−1∑
k=0

xk(Y ),

for all i ≥ 1.

Proof. From Definition 2 we know that E[X] = E[Y ], i.e.,

r(X)∑
k=0

(1− pk(X)) =
r(Y )∑
k=0

(1− pk(Y )). (3.74)

Setting d = i in (3.72) results in

r(X)∑
k=i

(1− pk(X)) ≤
r(Y )∑
k=i

(1− pk(Y )). (3.75)

Combining equations (3.74) and (3.75) leads to

i−1∑
k=0

(1− pk(X)) ≥
i−1∑
k=0

(1− pk(Y )). (3.76)
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Lemma 3. If X ≤cx Y , then

i−1∏
k=0

(1− xk(X)) ≤
i−1∏
k=0

(1− xk(Y )).

Proof. From Lemma 2 we know that X ≤cx Y leads to

i−1∑
k=0

xk(X) ≥
i−1∑
k=0

xk(Y ),

for all i ≥ 1. Moreover, xk(X) and xk(Y ), k ≥ 0, are both nonincreasing rows. Thus, the
vector (x0(X), . . . , xi−1(X)) weakly majorizes (x0(Y ), . . . , xi−1(Y )). A theorem by Tomić [69,
Proposition 4.B.2] implies that

i−1∑
k=0

g(xk(X)) ≥
i−1∑
k=0

g(xk(Y )),

for any continuous increasing convex function g. Letting g(x) = − log(1−x) proves the lemma
since

i−1∑
k=0

− log(1− xk(X)) ≥
i−1∑
k=0

− log(1− xk(Y ))

⇔ log

(
i−1∏
k=0

(1− xk(X))

)
≤ log

(
i−1∏
k=0

(1− xk(Y ))

)

Theorem 3. Let X ≤cx Y , then Pout(X) ≤ Pout(Y ), meaning a smaller patience distribution
(in the convex-ordering sense) achieves a lower probability of abandonment in a Geo/Geo/1
queue with impatient customers in the system.

Proof. Based on Theorem 2 and the expression found for Pout, it is sufficient to show Θ(X) ≥
Θ(Y ), where Θ is defined as

Θ(X) =
r(X)∑
i=1

(
i−1∏
k=1

1− yk(X)
1− xk−1(X)

)
x0(X)

1− xi−1(X)
(3.77)

=
r(X)∑
i=1

(1− pi−1(X))(1− β)i−1x0(X)∏i
k=1(1− xk−1(X))

(3.78)

=
r(X)∑
i=1

xi−1(X)(1− β)i−1∏i−1
k=0(1− xk(X))

, (3.79)

where equation (3.78) is obtained by rewriting (1− yk(X)) as,

(1− β)(1− pk(X))
1− pk−1(X)

and taking into account that p0(X) = 0 as discussed on Page 40. By observing that x0(X) = α
we obtain equation (3.79). Having X ≤cx Y yields r(X) ≤ r(Y ). Rewrite Θ(X) ≥ Θ(Y ) by
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subtracting the first r(X) terms of Θ(Y ) in both sides of the inequality and by dividing them
by (1− β)r(X). This results in

r(X)∑
i=1

(
xi−1(X)∏i−1

k=0(1− xk(X))
− xi−1(Y )∏i−1

k=0(1− xk(Y ))

)
(1− β)i−1−r(X)

≥
r(Y )∑

i=r(X)+1

xi−1(Y )(1− β)i−1−r(X)∏i−1
k=0(1− xk(Y ))

. (3.80)

As 0 < β < 1, we know that (1 − β)i ≤ 1 for i ≥ 0 and (1 − β)i ≥ 1 for i ≤ 0, therefore it
suffices to show

r(X)∑
i=1

xi−1(X)∏i−1
k=0(1− xk(X))

≥
r(Y )∑
i=1

xi−1(Y )∏i−1
k=0(1− xk(Y ))

. (3.81)

Dividing both sides of the equality given in Lemma 1 by
∏kmax
m=kmin

(1− zm) results in

kmax∑
k=kmin

zk∏kmax
m=k (1− zm)

=
1∏kmax

k=kmin
(1− zk)

− 1. (3.82)

Consider the following instance of this last equation (with kmin = 1, kmax = r(X) (and r(Y )),
and zk = xr(X)−k (and xr(Y )−k))

r(X)∑
k=1

xr(X)−k∏r(X)
m=k(1− xr(X)−m)

=
1∏r(X)

k=1 (1− xr(X)−k)
− 1. (3.83)

By combining this with (3.81), we find

1∏r(X)−1
k=0 (1− xk(X))

≥ 1∏r(Y )−1
k=0 (1− xk(Y ))

, (3.84)

and this inequality is valid because of Lemma 3 (notice 1− xk(X) = 1, for k ≥ r(X)).

In the next section we prove that this theorem is also valid for the Geo/Geo/1 queue
where impatient customers become patient when entering the service facility.

Remark 3. The formula

(1− Pout) =
β

α
(1− π0), (3.85)

which we can rewrite as

α(1− Pout)
β

= 1− π0, (3.86)

is somewhat unexpected as one might get the incorrect impression that the server is only busy
serving customers who are successful, that is, manage to complete their service before running
out of patience. This is however not the case, as some customers get partially served. The
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3.3. Minimizing the Abandonment Probability

reason that we still get this expression can be explained by noticing that the mean service
time 1/βsuc of a customer who is successful (arriving with a rate α(1−Pout)) is less than 1/β,
while the remaining service capacity is wasted by customers leaving the system prematurely.
Actually, if we denote Xrem as the stationary distribution of the remaining patience when a
customer enters the server, one can easily prove that the mean time 1/βin that a customer
spends in the server (irrespective of whether he is successful) equals

1
βin

=
1
β

1−
∞∑
j=1

P [Xrem = j](1− β)j

 =
1
β
Psuc|in, (3.87)

where Psuc|in is the probability that a customer is successful provided that he entered the
server. This can be understood as follows:

1
βin

=
∞∑
i=1

(1− β)i−1βP [Xrem ≥ i]i+
∞∑
i=1

(1− β)iP [Xrem = i]i

=
∞∑
j=1

P [Xrem = j]

(
β

j∑
i=1

i(1− β)i−1 + j(1− β)j
)

=
∞∑
j=1

P [Xrem = j]
(
β

(
1
β2
− (j + 1)(1− β)j

β
− (1− β)j+1

β2

)
+ j(1− β)j

)

=
1
β

∞∑
j=1

P [Xrem = j]
(
1− (1− β)j

)
.

Clearly,

1− π0 =
αPin
βin

(3.88)

where Pin is the probability that a customer enters the server. Thus, we get

1− π0 =
α

β
PinPsuc|in =

α

β
(1− Pout), (3.89)

as required. Remark that it is not necessary for the IATs to be geometrically distributed,
hence, equation (3.86) also holds for the D-MAP/Geo/1 queue with α = θD1e. Recall from
Section 2.2.1, θ is the stationary probability vector of D = D0 +D1. The equality is however
not valid for general Phase-Type distributions, for instance if the service is deterministic then
1/βsuc = 1/β and

1− π0 ≥
α

β
(1− Pout). (3.90)

3.3.2 The Geo/Geo/1 Queue with a Limited Waiting Time

Consider the same Geo/Geo/1 queue as in Section 3.3.1, but instead of having a limited
sojourn time we assume that the limitation applies to the waiting time. This implies that
once a customer has entered the service facility, he remains there until his service is completed.
We further assume that a customer abandons the system even if he reaches his critical age
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at the exact time instant that the server becomes available to him. Let Ân be the age of the
customer in service just prior to time n, where Ân is said to be zero if the system is idle. Notice,
due to the patient nature of the customers in the service facility and the unbounded geometric
service time, the state space of the process (Ân)n≥0 is infinite and equals {0, 1, 2, . . .}.

It is easily seen that (Ân)n≥0 is a Markov chain. Moreover, if we censor this Markov chain
on the state space {0, 1, 2, . . . , r} its transition matrix P̂r is identical to P if, for i = 1, . . . , r−1,
we replace yi by β in the various expressions of Eqn. (7.1) (recall, yr = 1). Indeed, the
probability that an age k customer leaves the service facility equals β as opposed to yi as
in Section 3.3.1 and the probability that the Markov chain (Ân)n≥0 makes a transition from
some state r + k, for k > 0, to a state i ∈ {0, . . . , r} does not depend upon k, meaning we
can act as if age r customers simply leave the system with probability 1 when censoring on
{0, 1, 2, . . . , r}.

Theorem 4. The steady-state probabilities of the Markov chain (Ân)n≥0 under consideration
are given by

π̂0 =
1
N̂

(3.91)

π̂i =
1
N̂

(1− β)i−1x0∏i
k=1(1− xk−1)

(3.92)

for i ≥ 0 and with

N̂ = 1 +
∞∑
i=1

(
(1− β)i−1x0∏i
k=1(1− xk−1)

)
. (3.93)

Proof. For 0 ≤ i ≤ r, define πi(β, y) as πi with yk, for 1 ≤ k ≤ r − 1, replaced by β (notice,
yr = 1 is not to be replaced by β). Due to the censoring argument presented above we have
that (π̂0, . . . , π̂r) is proportional to (π0(β, y), . . . , πr(β, y)). Clearly,

π̂i = π̂r(1− β)i−r,

for i ≥ r. Hence, for i ≥ r, π̂i is proportional to

πr(β, y)(1− β)i−r =
πr(β, y)(1− β)i−r∏i
k=r+1(1− xk−1)

,

as xk = 0 for k > r. Using the expression for πi in Eqn. (3.66), we find that π̂i, for i ≥ 0, is
proportional to

(1− β)i−1x0∏i
k=1(1− xk−1)

,

which proves the theorem as (π̂0, π̂1, π̂2, . . .) is a stochastic vector.

For α and β fixed, the probability of abandonment is a function of the patience distribution
X only, therefore, we refer to it as P̂out(X).

Theorem 5. Let X ≤cx Y , then P̂out(X) ≤ P̂out(Y ), meaning a smaller patience distribution
(in the convex-ordering sense) achieves a lower probability of abandonment in a Geo/Geo/1
queue with impatient customers in the waiting room.
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Proof. Analogously to Section 3.3.1, we can establish the following relation

P̂out(X) = 1− β

α
(1− π̂0(X)).

Hence, P̂out(X) ≤ P̂out(Y ) if Φ(X) ≥ Φ(Y ), which we define as:

Φ(X) =
∞∑
i=1

(
(1− β)i−1∏i

k=1(1− xk−1(X))

)
.

This inequality can be written as
∞∑
i=1

(1− β)i−1

(
1∏i−1

k=0(1− xk(X))
− 1∏i−1

k=0(1− xk(Y ))

)
≥ 0,

which holds due to Lemma 3.

Remark 4. Theorem 5 also applies for the Geo/Geo/1 queue with waiting time aware
customers as the loss probability in a GI/GI/1+GI queue is not affected by the awareness [9].
Waiting time aware customers only enter the waiting room provided that they can be served
without losing patience.

3.3.3 Queues with Impatient Customers and Geometric Service Times

Consider a discrete-time FCFS queueing system S with a single server that serves customers
in a geometric time. Label the arriving, impatient customers in order of their arrival starting
from 0 and let X be their patience distribution. We shall refer to the queueing system S
in which customers remain impatient during their sojourn time as SS and the one where
customers are only impatient while waiting as SW .

Lemma 4. Consider an arbitrary realization ω of S, then if customer i is being served in
the SS system at time n, there will be a customer j present in the service facility of the SW
system at time n, with j ≤ i.
Proof. The result is immediate from a sample-path argument.

Theorem 6. The loss probability Pout(SW ) ≤ Pout(SS) for any patience distribution X,
meaning the ·/Geo/1 queue where customers are only impatient while waiting (as opposed to
during their sojourn time) achieves fewer abandonments.

Proof. Lemma 4 shows us that if the SS system is busy, then so is the SW system, i.e.,

Pidle(SW ) ≤ Pidle(SS). (3.94)

In Section 3.2 it is shown that the relation

Pout = 1− β

λ
(1− Pidle), (3.95)

holds both in the SS and SW system, where λ is the stationary arrival rate, yielding

Pout(SW ) ≤ Pout(SS). (3.96)

Remark 5. As mentioned at the end of Section 3.2.6, theorem 6 does not generally apply
to any queue with impatient customers (see [114] for an example).
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4
Priority Scheduling

In this chapter we will study queues in which every arriving customer has a certain importance,
referred to as his priority level. Customers with a higher priority level will be served before
customers with a lower priority and as a consequence low priority customers will only be
served if there are no higher priority customers present in the queue. Priority queues can for
example be useful in modern communication networks to support the combination of multiple
types of traffic with different Quality of Service requirements. A simple classification can be
the distinction between delay sensitive and delay tolerant traffic. A typical example of the
delay sensitive traffic is real-time traffic, such as video and voice. As mentioned before, these
applications have strict requirements considering delay and delay jitter, therefore, packets
that arrive at the receiver too late have become worthless to the application. For the delay
tolerant traffic the loss rate due to buffer finiteness is usually a more important performance
measure. In this chapter, we will pay attention to the computation of this loss rate.

We consider a priority system with two types of customers. Each class has its own finite
capacity buffer to store packets that have to wait before they can be served. We discuss five
different ways to approximate the loss rate as well as an exact approach, which allows us to
identify the impact of assuming one or both buffers infinite on this loss rate. Furthermore,
we investigate whether asymptotic based results can achieve the same level of accuracy as
those based on the actual steady state probabilities. Three novel priority queueing models
are introduced and efficient algorithms, relying on matrix analytic methods, are developed
within this context.

If we would like to extend this model to more general service times and a larger number
of priority classes, the dimension of the matrices involved in the computations would become
very large. In other words, the disadvantage of this method is its high space complexity,
since one has to keep track of the number of customers of each priority class present in the
system. Additionally, the discrete-time setting which allows for multiple events to occur at
the same time also contributes to the high complexity, together with the manner in which
the Markov chain is set up. A novel approach to model a priority queue with K priority
classes, MMAP[K] arrivals and PH service times in a continuous-time setting, using tree-like
processes, will be discussed in Chapter 5.
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4.1 Related Work

The study of priority queues has a long history and is often motivated by their common
occurrence in communication networks [115, 116, 7, 5, 50], where they can be used to model
Random Access Memory (RAM) buffers and in service part logistics [96, 97]. One of the
key performance measures of such a buffer is the loss rate induced by their finite capacity as
this strongly affects the network performance. From an analytical point of view, dealing with
finite capacity queues is often more troublesome compared to infinite size buffers. Therefore,
it is a common practice to analyze the infinite capacity system first and afterward to apply a
heuristic method to obtain an estimate of the loss probability for the finite capacity problem
(e.g., the probability of having more than C customers in the infinite case is frequently used
as an approximation to the loss rate in a finite capacity C setting [38]).

Although this approach has been shown to be fruitful for many queueing systems, more
recent results may question such an approach when applied to the (low priority) loss rate in
a priority queueing system. More specifically, in [2, 58, 115, 116] it is shown that the tail
behavior of the low priority buffer occupation might be nongeometric when both the low and
high priority buffer is of infinite capacity. Earlier results (e.g., [30]), however, have shown
that one typically has geometric tails when the high priority buffer capacity is finite (and
arbitrarily large). One does not expect a substantial difference between having an infinite or
a very large finite buffer for the high priority traffic (i.e., any simulation run attains some
finite maximum queue length). As such, the correspondence between the infinite and finite
capacity C system should grow as C increases. However, the tail behavior of both systems, for
any finite C, follows a very different regime, implying that blindly trusting upon asymptotic
results may lead to substantial errors. The opposite modeling approach, where infinite size
queueing systems are studied by truncation to accomplish a numerical evaluation, also exists
[7, 5], further motivating our interest in this subject.

4.2 The Impact of Finite Buffers

In this section, we will analyze a fundamental discrete-time queueing system with two priority
classes, where each priority class has its own waiting room. To study the impact of the buffer
finiteness, we introduce three novel discrete-time queueing models with batch arrivals: one
to analyze the system where both queues (low and high priority) are finite and two models
that evaluate the systems where either one of the buffers is finite. The objective lies in
identifying the approaches that may cause poor estimates. The arrival process considered
allows correlation between the number of arrivals of each priority class. There is, however, no
correlation between the number of arrivals during consecutive time slots. We further assume
a deterministic service time of one time slot for all packets. Although this model is a rather
restrictive one, it allows us to isolate the impact of assuming one (or two) infinite size buffers
on the accuracy of the loss rate obtained.

A variety of matrix analytic techniques are exploited to assess the (estimated) loss rate
for each of the three models with at least one finite capacity buffer. Especially useful is the
observation that the system with two finite capacity buffers can be captured by the paradigm
developed in [49] for an M/G/1 type Markov chain with some regenerative structure, as well
as the explicit knowledge of the G matrix appearing in the M/G/1 type Markov chain for the
finite capacity high priority buffer. For the setup where both queues are of infinite size we
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can rely on existing results involving generating functions [116] to obtain numerical results.
In case the low priority traffic has an infinite size capacity buffer, we develop two estimates
for the loss rate: one based on a numerical evaluation of the steady state probabilities and
another that uses an asymptotic description of the tail behavior. This leads to a total of six
different approaches to gather the loss rate of a system with two finite buffers (including five
approximations). Notice, although the methods developed in [7] are closely related to the
model with an infinite high and finite low capacity buffer, they do not apply directly as batch
arrivals are not considered in [7].

4.2.1 System Characteristics

We consider a discrete-time single-server multi-class queueing system with a priority schedul-
ing discipline. We consider a system with two priority classes, denoted as the high (class-1)
and the low (class-2) priority class. The arrival process is chosen as in [58, 115, 116] and is
characterized by the probabilities

a(i1, i2) = Prob[a1 = i1, a2 = i2],

where aj denotes the number of arriving packets of class-j during a time slot. The corre-
sponding joint probability generating function is given by

A(z1, z2) = E [za1
1 za2

2 ] =
∞∑
i1=0

∞∑
i2=0

a(i1, i2)zi11 z
i2
2 . (4.1)

Notice that the number of arrivals from different classes in one slot can be correlated. There
is however no correlation between the number of arrivals during consecutive time slots. For
further use, let

a1(i) =
∑∞

i2=0 a(i, i2), a∗1(i) =
∑∞

k=i a1(k),
a2(i) =

∑∞
i1=0 a(i1, i), a∗2(i) =

∑∞
k=i a2(k).

The class-i arrival rate λi can then be expressed as

λi =
∞∑
k=1

a∗i (k). (4.2)

We assume a deterministic service time of one time slot for all the packets. Although this
assumption is rather strong, it allows us to isolate the impact of assuming one (or two) infinite
size buffers on the accuracy of the loss rate obtained. There are two buffers, one for the high
and one for the low priority traffic. If an arriving packet finds the server busy, it joins the
appropriate buffer. The class-1 packets have priority over these of class-2 and within each
class the service discipline is assumed to be FCFS. Therefore, when a packet completes its
service, the class-1 packet with the longest waiting time will be served. If there are no high
priority packets available, the oldest low priority packet is selected for service.

In the next sections, we discuss four different cases, where the buffer size of the two buffers
is either finite or infinite. For each situation, we determine the steady state probabilities of the
system contents distribution, which can, among others be used to calculate the loss probability
of the class-2 packets. In each of these models, all events such as arrivals, service completions
and packet losses are assumed to occur at instants immediately after the discrete time epochs.
We further assume that departures occur before arrivals.
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4.2.2 Finite High Priority Buffer

Let us first discuss the above-mentioned queueing system provided that the class-1 buffer is
finite, with a capacity H, and the class-2 buffer is infinite. We can model this system using
an M/G/1 type Markov chain represented by the following transition matrix:

P =


B0 B1 B2 B3 · · ·
A0 A1 A2 A3 · · ·
0 A0 A1 A2 · · ·
0 0 A0 A1 · · ·
...

...
...

...
. . .

 .

We denote the states of this Markov chain as 〈i, j〉, where the level i ≥ 0 denotes the number
of low priority packets in the queueing system and j = 0, . . . ,H+1 reflects the number of high
priority packets. An expression for the (H + 2)× (H + 2) matrices Ai (i = 0, 1, . . .) is given
first. A transition to a lower level can only occur, if there are no high priority packets present
in the system, otherwise such a packet is served, preventing any low priority packet from
leaving the system. As a consequence only the first row of the matrix A0 contains nonzero
probabilities. A second condition in order to have a transition to a lower level is that no low
priority packets arrive during the current time slot. Hence,

A0 = e(1)t(a(0, 0), a(1, 0), a(2, 0), . . . , a∗(H + 1, 0)), (4.3)

where a∗(i, j) =
∑∞

k=i a(k, j) and e(1)t is a column vector with all its entries equal to zero,
except for the first which equals one. The transitions from state 〈i, j〉 to state 〈i+ k, j′〉 are
covered by the matrix Ak+1, for i ≥ 1 and k ≥ 0. We distinguish two cases: j = 0 and j > 0.
In the first case, a low priority packet is in service; hence, k + 1 low priority packets need to
arrive in order to get a transition to level i+ k. In the latter case, a class-1 packet occupies
the server. A transition to level i+ k thus occurs if k class-2 packets arrive. This yields,

Ak+1 =


a(0, k + 1) a(1, k + 1) a(2, k + 1) · · · a∗(H + 1, k + 1)
a(0, k) a(1, k) a(2, k) · · · a∗(H + 1, k)

0 a(0, k) a(1, k) · · · a∗(H, k)
...

. . . . . . . . .
...

0 · · · 0 a(0, k) a∗(1, k)

 . (4.4)

Finally, the matrix Bk contains the probabilities of having a transition from level zero to level
k. Level zero corresponds to having zero class-2 packets in the system, implying that k low
priority packets must arrive to enter a level k state, for k ≥ 0,

Bk =


a(0, k) a(1, k) a(2, k) · · · a∗(H + 1, k)
a(0, k) a(1, k) a(2, k) · · · a∗(H + 1, k)

0 a(0, k) a(1, k) · · · a∗(H, k)
...

. . . . . . . . .
...

0 · · · 0 a(0, k) a∗(1, k)

 . (4.5)

To calculate the steady state vector x = (x0, x1, x2, . . .), with xk a 1×(H+2) vector for k ≥ 0,
of P , i.e., the joint system contents distribution, Ramaswami’s formula [83, 78, 70] can be
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used. This formula requires x0 and a (stochastic) matrix G, being the smallest nonnegative
solution of

G =
∞∑
k=0

AkG
k, (4.6)

as its input. The (j, k)-th entry of this matrix represents the probability that, starting from
state 〈i+ 1, j〉, the Markov chain visits the set of states {〈i, 0〉 , . . . , 〈i,H + 1〉} the first time
by entering the state 〈i, k〉. Finding G is often by far the bottleneck when computing the
invariant vector of an M/G/1 type MC. However, since the rank of A0 equals one, the matrix
G also has rank one [64]. More specifically, provided that the steady state of the MC exists,
all the rows of G are identical and are given explicitly by the vector

α = (a(0, 0), a(1, 0), a(2, 0), . . . , a∗(H + 1, 0)) /a∗(0, 0). (4.7)

Notice that Gk = G = eα for k > 0 and g = α, where g is the unique solution of gG = g,
with ge = 1 and e a column vector of ones. Combining [78, Chapter 3] and the structure of
the Ak and Bk matrices with these properties, Algorithm 4.1 to compute x can be devised
using the equations

∞∑
k=1

BkG
k−1 = B1 + a∗2(2)eα, (4.8)

∞∑
k=2

AkG
k−1 = (a∗2(1)e− a2(1)e(1)t)α, (4.9)

∞∑
k=1

(Bk −BkGk−1) = (B −B0 −B1)(I − eα), (4.10)

and the following lemmas:

Lemma 5.
∞∑
k=1

kAke = (1 + λ2)e− e(1)t

Proof. We can rewrite the left hand side of the equation as
∞∑
k=1

kAke =
∞∑
k=1

k
(
a2(k − 1)e− (a2(k − 1)− a2(k))e(1)t

)
. (4.11)

Using the equations
∞∑
k=1

ka2(k) = λ2 and
∞∑
k=0

a2(k) = 1, (4.12)

we can can prove the lemma, since
∞∑
k=1

ka2(k − 1) = 1 + λ2. (4.13)
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Algorithm 4.1 Computing the steady state vector in a H/∞ priority queue

1. Input:

• the probabilities a(i1, i2) for 0 ≤ i1 and 0 ≤ i2, concerning the arrival process,

• the capacity H of the buffer for the high priority traffic.

2. Determine the matrices Ak and Bk (k ≥ 0) using Eqn. (4.3), (4.4) and (4.5).

3. Calculate ρ = πβ, where π is the vector representing the invariant vector of the stochas-
tic matrix A =

∑∞
k=0Ak and β = (1 + λ2)e− e(1)t.

4. Next, set

κ̃1 = ψ2 + (B1 + a∗2(2)eα) (I −A1 − a∗2(1)eα +a2(1)e(1)tα)−1ψ1.

The vectors ψ1 and ψ2 are given by the following expressions:

ψ1 = (I −A0 −A1) (I − eα) (I −A+ (e− β)α)−1 e+ (1− ρ)−1a2(0)e(1)t,

ψ2 = (B −B0 −B1) (I − eα) (I −A+ (e− β)α)−1 e+ (1− ρ)−1(λ2 − ρ+ a2(0))e,

where B =
∑∞

k=0Bk.

5. The vector x0 containing the steady state probabilities that there are no low priority
packets in the system, is given by

x0 = (κκ̃1)−1κ,

with κ the invariant probability vector of K = B0 + (I −B0)eα.

6. Finally, the following recursion is used to calculate the remaining vectors xi of the steady
state distribution:

xi =

x0B̄i +
i−1∑
j=1

xjĀi+1−j

(I − Ā1

)−1
, i > 0.

In this expression we have

Āk = Ak + (a∗2(k)e− a2(k)e(1)t)α,
B̄k = Bk + a∗2(k + 1)eα,

for k ≥ 0.
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Lemma 6.

e+ (1− ρ)−1
∞∑
k=1

(k − 1)Bke = (1− ρ)−1(λ2 − ρ+ a2(0))e

Proof. Using both equations in (4.12), we obtain

e+ (1− ρ)−1
∞∑
k=1

(k − 1)Bke = e+ (1− ρ)−1(λ2e− (e− a2(0)e))

= (1− ρ)−1(1− ρ+ λ2 − 1 + a2(0))e

which proves the lemma.

Remark 6. The matrices Ak, Bk, Āk, B̄k, etc. used in Algorithm 4.1 are fully characterized
by their first (or first two) rows; hence, there is no need to store more than one (two) rows
for each of these matrices.

In this section, we assumed an infinite size low priority buffer. In practice, buffers are finite
and some low priority losses can occur. High priority buffers are usually dimensioned such
that hardly any losses occur, therefore, we focus on the low priority packets. To estimate the
loss probability of the class-2 packets, given the maximum capacity L of the corresponding
buffer, we can use the following standard approach in queueing. This approach approximates
the packet loss in a finite size L buffer, by the expected value of max(0,number of packets
waiting −L) in an infinite size system:

Ploss ≈
∞∑

k=L+1

(k − L)xke− xL+1(0), (4.14)

where xL+1 = (xL+1(0), xL+1(1), . . . , xL+1(H)). The last term in (4.14) originates from the
possibility of having L + 1 low priority packets in the system when no high priority packets
are present. The accuracy of this estimate is studied in Section 4.2.6. Apart from computing
the steady state vector x = (x0, x1, x2, . . .) in an exact manner via Algorithm 4.1, we can
also rely on a theorem by Falkenberg [30, Theorem 3.5], that describes the tail behavior of
an M/G/1 type MC, to approximate xk for k large. This theorem states that the tail will
typically decay geometrically, with parameter τ . This parameter is the solution τ > 1 to

ξ(A(z)) = z, with A(z) =
∞∑
k=0

Akz
k, (4.15)

and where ξ(X) represents the Perron-Frobenius eigenvalue of the matrix X. In [30] it was
proved that (4.15) has a unique solution with z ∈]1, RA[, where RA denotes the radius of
convergence of A(z). Also, the function ξ(A(z)) is strictly increasing and ξ′(A(1)) < 1 (see
Figure 4.1). Therefore, τ can be computed by a simple bisection algorithm. Algorithm 4.2
describes the computation of the approximated xk values, which can be plugged in (4.14) to
find an alternative estimate for the class-2 loss probability. We will refer to this approach as
the H/∞t approach (as opposed to the H/∞ approach of Algorithm 4.1).
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Figure 4.1: Illustration of the functions z and ξ(A(z)), for z ∈ R+

Algorithm 4.2 Computing the steady state vector in a H/∞t priority queue

1. Compute the vectors x0 and x1 as explained in Algorithm 4.1, and the parameter τ as
indicated in (4.15) using the following bisection algorithm:

(a) Determine the smallest integer value z2 > 1 for which ξ(A(z2)) > z2.

(b) Set z1 = z2− 1, τ = z2− 1/2 and perform the following iteration until z2− z1 < ε:

i. if A(τ) < τ then z1 = τ else z2 = τ

ii. τ = (z1 + z2)/2

2. Denote uT (τ) and v(τ) as the left, resp. right eigenvector of A(τ) with corresponding
eigenvalue τ and let

C =
(x0B1(τ)− x1A0)v(τ)
uT (τ)A′(τ)v(τ)− 1

, (4.16)

with B1(τ) =
∑∞

i=1Biτ
i and A′(τ) =

∑∞
i=1 iAiτ

i−1.

3. Then, the vector xn can be approximated by

xn ≈ Cτ−nuT (τ). (4.17)

4.2.3 Finite Low Priority Buffer

Consider the same system as in Section 4.2.2, but with an infinite buffer for the high priority
traffic and a finite one of size L for the low priority traffic. As before, we start by setting up
an M/G/1 type Markov chain to describe the system, where the level, resp. the state within
a level, now denotes the number of high priority customers, resp. the number of low priority
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customers. The transition matrix of this Markov chain is given by

P =


B0 B1 B2 B3 · · ·
C0 A1 A2 A3 · · ·
0 A0 A1 A2 · · ·
0 0 A0 A1 · · ·
...

...
...

...
. . .

 ,
with Ak (k ≥ 0) an (L+ 1)× (L+ 1) matrix, Bk (k > 0) an (L+ 2)× (L+ 1) matrix, B0 an
(L+2)×(L+2) matrix and C0 an (L+1)×(L+2) matrix. The different dimensions originate
from the fact that there can be L+ 1 low priority packets in the system only if there are no
packets of high priority present. Within a level, the states of this Markov chain correspond to
the number of low priority packets; thus, level zero contains one additional state. Arguments
similar to the one presented in Section 4.2.2 yield the following expressions:

Ak =


a(k, 0) a(k, 1) · · · ā(k, L)

0 a(k, 0) · · · ā(k, L− 1)
...

. . . . . .
...

0 · · · 0 ā(k, 0)

 , k ≥ 0, (4.18)

B0 =


a(0, 0) a(0, 1) a(0, 2) · · · ā(0, L+ 1)
a(0, 0) a(0, 1) a(0, 2) · · · ā(0, L+ 1)

0 a(0, 0) a(0, 1) · · · ā(0, L)
...

. . . . . . . . .
...

0 · · · 0 a(0, 0) ā(0, 1)

 , (4.19)

Bk =


a(k, 0) a(k, 1) · · · ā(k, L)
a(k, 0) a(k, 1) · · · ā(k, L)

0 a(k, 0) · · · ā(k, L− 1)
...

. . . . . .
...

0 · · · 0 ā(k, 0)

 , k > 0 (4.20)

and

C0 =


a(0, 0) a(0, 1) a(0, 2) · · · ā(0, L+ 1)

0 a(0, 0) a(0, 1) · · · ā(0, L)
...

. . . . . . . . .
...

0 · · · 0 a(0, 0) ā(0, 1)

 , (4.21)

where ā(i, j) =
∑∞

k=j a(i, k). Given these expressions, we only need to find x0 and the matrix
G before we can apply Ramaswami’s formula to compute x = (x0, x1, . . .). For this setup,
there is no explicit expression for G. However, various iterative algorithms can be used to
compute G [14]. A low memory implementation can be achieved using the following basic
scheme, dating back to Neuts [78]:

G0 = I,

Gn =
∞∑
k=0

AkG
k
n−1.
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The time needed to execute one iteration can be reduced by observing that only the first row
has to be calculated for the entire matrix to be known. That is, the matrix Gn is a triangular
matrix with the following structure (due to the probabilistic interpretation of G) :

Gn =


G(0) G(1) · · · G(L)

0 G(0)
. . . G∗(L− 1)

...
. . . . . .

...
0 · · · 0 G∗(0)

 ,

where G∗(i) =
∑L

k=iG(k). Moreover, since the entries G(i) of the matrix G are scalars, the
triangular structure allows us to compute these entries recursively as illustrated by Algo-
rithm 4.3. The invariant vector of the stochastic matrix G is given by

g = (0, 0, . . . , 1). (4.22)

Algorithm 4.3 Computing the entries G(i) of the matrix G recursively

1. Compute G(0) iteratively:

G0(0) = 1,

Gn(0) =
∞∑
k=0

a(k, 0)(Gn−1(0))k.

2. Set DG = 1−
∑∞

k=0 ka(k, 0)(G(0))k−1.

3. To compute G(m) from G(0), . . . , G(m− 1), for m = 1, . . . , L, determine

NG(m) = a(0,m) +
m∑
j=1

∞∑
k=1

a(k, j)G(k)∗(m− j) +
∞∑
k=2

a(k, 0)G(k)∗(m),

where G(k)∗ denotes the k-fold convolution of [G(0) . . . G(m− 1)]. Then, the value of
G(m) can be obtained by

G(m) =
NG(m)
DG

.

As A =
∑

k Ak is also triangular, its invariant vector π = (0, 0, . . . , 1) as well. Furthermore,
the matrices Ak, Bk and C0(k ≥ 0) can be represented by their first row and both Ake and
Bke equal a1(k)e (for k ≥ 0). This leads to the following simplifications:

β = λ1e, (4.23)
ρ = λ1, (4.24)
ψ1 = ψ2 = a1(0)(1− λ1)−1e, (4.25)
κ̃1 = (1− λ1)−1e. (4.26)
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These expressions can be obtained from [78, Chapter 3] by noticing that

(I −A+ (e− β)g)−1e =
∞∑
k=0

(A− (e− β)g)ke

=
∞∑
k=0

λk1e

= (1− λ1)−1e.

Therefore, Algorithm 4.4 can be used to compute x = (x0, x1, x2, . . .). As Ak, Bk and G are
fully characterized by their first row, so are the Āk and B̄k matrices, allowing a significant
reduction in the computing time and storage space needed to implement Ramaswami’s formula
(i.e., step 4 of the algorithm).

Having found the steady state probabilities, xj(k) denotes the steady state probability of
having j high and k low priority packets in the system. Define

ā∗(i, j) =
∞∑
k=i

∞∑
l=j

a(k, l). (4.27)

Let us now take a look at the calculation of the loss rate of class-2 packets. Low priority
packets are lost when the buffer has reached its maximum capacity upon their arrival. This
happens in the following two cases:

• The system contains j = 0, 1 class-1 packets, i class-2 packets (0 ≤ i ≤ L+ 1− j) and

(a) at least one high and L+ 1− (i− ̄)+ low priority packets arrive or

(b) no high and at least L+ 2− (i− ̄)+ low priority packets arrive,

where ̄ = j + 1 mod 2. Notice, (i − ̄)+ represents the number of class-2 packets left
behind by the possible departure and seen by the new arrivals. The expected number
of losses due to these cases corresponds to

1∑
j=0

L+1−j∑
i=0

xj(i)

 ∞∑
k=L+1−(i−̄)+

ā∗(1, k) +
∞∑

k=L+2−(i−̄)+
ā(0, k)

 .

• There are j (j > 1) class-1, i (0 ≤ i ≤ L) class-2 packets and more than L − i low
priority packets arrive. The expected number of losses caused by these cases equals

∞∑
j=2

L∑
i=0

xj(i)

( ∞∑
k=L+1−i

ā∗2(k)

)
.

The loss rate of the class-2 traffic can now be calculated by taking the sum of these two
expressions. We expect that this approach provides us with a more accurate estimation than
the one presented in the previous section, keeping in mind that the high priority queue is
typically dimensioned sufficiently large such that hardly any losses occur. In Section 4.2.6 we
will give some numerical examples in which both approaches are compared.
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Algorithm 4.4 Computing the steady state vector in a ∞/L priority queue

1. Input:

• the probabilities a(i1, i2) for 0 ≤ i1 and 0 ≤ i2, concerning the arrival process,

• the capacity L of the buffer for the class-2 traffic.

2. Determine the matrices Ak, Bk (k ≥ 0) and C0 using Equations (4.18), (4.19), (4.20)
and (4.21).

3. Set

x0 = (κκ̃1)−1κ = (1− λ1)κ

with κ the invariant probability vector of the matrix K:

K = B0 +

( ∞∑
k=1

BkG
k−1

)(
I −

∞∑
k=1

AkG
k−1

)−1

C0.

4. Finally, we can use the following iteration to calculate the other vectors of the steady
state distribution:

xi =

x0B̄i +
i−1∑
j=1

xjĀi+1−j

(I − Ā1

)−1
, i > 0,

where

Āk =
∞∑
i=k

AiG
i−k,

B̄k =
∞∑
i=k

BiG
i−k,

for k ≥ 0.

Remark 7. To increase the readability of this chapter, we use the same notations for the
transition matrices in the different sections. That is, independent of the (in)finiteness of the
buffers, we use the notations Ai, Bi and Ci, although the matrices themselves are of course
different depending on the specific situation.
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4.2.4 Two Finite Buffers

This section focuses on the system with both a finite, size L low and finite, size H high priority
traffic buffer. In practice, all buffers are finite, thus the results obtained in this section are the
most relevant. The system state, captured by the number of low and high priority customers
in the queue, can be described by a Markov chain with the following transition matrix P :

P =



B0 B1 · · · BL−1 DL CL
A0 A1 · · · AL−1 DL−1 CL−1

0 A0
. . . AL−2 DL−2 CL−2

...
. . . . . .

...
...

...
...

. . . . . . A0 D0 C0

0 · · · · · · 0 F E


. (4.28)

As in Section 4.2.2, the states are labeled as 〈i, j〉, with i and j reflecting the number of
low and high priority customers, respectively. Notice that the states 〈L+ 1, j〉 can only be
reached if j = 0. Otherwise, a high priority customer will occupy the server, leaving only
L buffer places available for the low priority traffic. As a consequence Ci (0 ≤ i ≤ L) are
column vectors, F is a row vector, and E is a scalar.

In many applications, the dimension of the buffer for the class-1 traffic is significantly
smaller than the class-2 buffer. Keeping this in mind, choosing the representation above
allows us to work with smaller matrices compared to the model where the order of both
variables is switched. Moreover, this choice causes P to have a useful regenerative structure.
The expressions for the matrices Ak and Bk (0 ≤ k < L) are identical to those given in
Section 4.2.2 and as a consequence the first L balance equations are also identical.

Let us now determine the expressions for the matrices Ck, Dk, E and F . First, the matrix
Ck (0 ≤ k ≤ L) contains the probabilities of having a transition to level L + 1, which can
only occur when there are no high priority packets in the system during the next time slot.
Meaning, Ck is a column vector, the first two entries of which only differ form zero:

CL =


ā(0, L+ 1)
ā(0, L+ 1)

0
...
0

 and Ck =


ā(0, k + 2)
ā(0, k + 1)

0
...
0

 , 0 ≤ k < L. (4.29)

A similar argument can be used to find

E = ā(0, 1). (4.30)

The transitions to level L are described by Dk (0 ≤ k ≤ L) and F , and can be written as:

DL =


a(0, L) ā(1, L) ā(2, L) · · · ā∗(H + 1, L)
a(0, L) ā(1, L) ā(2, L) · · · ā∗(H + 1, L)

0 ā(0, L) ā(1, L) · · · ā∗(H,L)
...

. . . . . . . . .
...

0 · · · 0 ā(0, L) ā∗(1, L)

 , (4.31)
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Dk =


a(0, k + 1) ā(1, k + 1) ā(2, k + 1) · · · ā∗(H + 1, k + 1)
a(0, k) ā(1, k) ā(2, k) · · · ā∗(H + 1, k)

0 ā(0, k) ā(1, k) · · · ā∗(H, k)
...

. . . . . . . . .
...

0 · · · 0 ā(0, k) ā∗(1, k)

 , (4.32)

and

F = (a(0, 0), ā(1, 0), ā(2, 0), . . . , ā∗(H + 1, 0)) , (4.33)

Now that we have derived an expression for the building blocks of the transition matrix P ,
we are in a position to calculate its steady state distribution x = (x0, x1, . . . , xL+1). P is
a downward skip-free finite transition matrix with a special regenerative structure, in [49,
Theorem 4.1] Ishizaki introduced an efficient algorithm (similar to Ramaswami’s formula)
to compute the steady state vector of such a matrix P . More specifically, this algorithm
computes the stationary distribution of a matrix with the following structure:

T =



A0,0 A0,1 A0,2 · · · A0,N−1 A∗0,N
A1,0 A1,1 A1,2 · · · A1,N−1 A∗1,N

0 A2,0 A2,1 · · · A2,N−2 A∗2,N−1
...

...
. . . . . .

...
...

0 0 · · · AN−1,0 AN−1,1 A∗N−1,2

0 0 · · · 0 AN,0 A∗N,1


, (4.34)

where A∗i,j =
∑∞

l=j Ai,l and where there exists a probability vector ai such that Ai,0 = Ai,0eai,
for i = 1, . . . , N . Applying this algorithm to our setting and using the same notations as in
Section 4.2.2, we can calculate the steady state probabilities by means the set of equations
presented in Algorithm 4.5.

Observe that we compute (x0, . . . , xL−1) in exactly the same way as in Section 4.2.2,
except that x0 is not normalized. Normalization occurs after computing xL and xL+1. Thus,
obtaining results for the system with two finite buffers is almost computationally equivalent to
solving the finite/infinite system. This is exceptional as finite buffer systems typically demand
more computational power. Using these steady state probabilities, the loss probability of the
class-2 packets can be calculated in the same way as in Section 4.2.3.

4.2.5 Two Infinite Buffers

To analyze the system where both buffers are of infinite size, we can rely on some existing
results in the literature. From [116], it follows that the probability generating function Q2(z)
of the number of class-2 packets waiting in the queue can be written as

Q2(z) = (1− λ)
(z − 1)(Y (z)− 1)

(z − Y (z))(A(1, z)− 1)
, (4.35)

where Y (z) is implicitly defined by Y (z) = A(Y (z), z) and where A(z1, z2) was defined in
(4.1). From Rouché’s theorem, it can be seen that there is exactly one solution for Y (z), with
|Y (z)| ≤ 1 for |z| < 1 [116]. There are two approaches to retrieve an estimate for the class-2
loss probability from (4.35).
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Algorithm 4.5 Computing the steady state vector in an H/L priority queue

1. Input:

• the probabilities a(i1, i2) for 0 ≤ i1 and 0 ≤ i2, concerning the arrival process,

• both buffer capacities L and H.

2. Determine the matrices Ak, Bk (0 ≤ k ≤ L − 1), Ck, Dk (0 ≤ k ≤ L), E and F using
Eqns. (4.3–4.5) and (4.29–4.33).

3. Let x0 be the stochastic solution of x0 = x0K, where K = B0 + (I −B0)eα.

4. Set

xi =

(
x0B̄i +

i−1∑
k=1

xkĀi−k+1

)(
I − Ā1

)−1
,

for i = 1, . . . , L− 1, where Āk and B̄k were defined in step 6 of Algorithm 4.1.

5. Let

xL =

(
L−1∑
k=0

xk(DL−k + CL−kF
∗)

)
(I − D̄0)−1,

where F ∗ = F/(Fe) and D̄0 = D0 + C0F
∗.

6. Compute

xL+1 =

(
L∑
i=0

xiCL−i

)
(1− E)−1 .

7. Normalize x = (x0, x1, . . . , xL+1) such that
∑L+1

i=0 xie = 1.
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4.2.5.1 Numerical Inversion

The first approach involves a numerical inversion of the generating function Q2(z) to obtain
an approximation for the distribution of the number of class-2 packets present in the buffer.
The inversion is realized using a discrete Fourier transform method (DFT), where a damping
parameter 0 < r < 1 is used [1]. We make use of a damping parameter such that when
evaluating Q2(z) at rωsN , where ωsN for s = 0, . . . , N − 1 are the N -th roots of unity, Y (z) is
uniquely defined by Rouché’s theorem as |rωsN | < 1. This leads to Algorithm 4.6.

Algorithm 4.6 Computing the steady state vector in an ∞/∞ priority queue

1. Input: the probabilities a(i1, i2) for 0 ≤ i1 and 0 ≤ i2, concerning the arrival process.

2. Evaluate Q2(z) at rωsN , where ωsN for s = 0, . . . , N − 1 are the N -th roots of unity
(where N is a power of 2 sufficiently large). This entails that we have to determine the
unique solution of

Y (z) = A(Y (z), z),

with |Y (z)| < 1, for each z = rωsN . This step can be executed using software that allows
symbolic computation, such as Maple or Mathematica.

3. Compute qk, for k = 0, . . . , N − 1, via the inverse DFT. That is, qk can be written as

qk =
1
N

N−1∑
n=0

Q2(e2πin/N )e2πikn/N .

The values qk can then be used as an approximation to the probability of having k
buffered class-2 packets.

In [54], it is argued that as long as enough numerical precision is used, the desired probabil-
ities can be obtained to any given accuracy. Therefore, it is advised to use a software package
that supports high numerical precision when implementing this algorithm (e.g., Maple or
Mathematica). The class-2 loss probability can be estimated as

Ploss ≈
∞∑

k=L+1

(k − L)qk. (4.36)

4.2.5.2 Tail Behavior

A second approach is to rely on the tail behavior of (4.35) to get an alternate approximation
q′k for the probability of having k class-2 packets buffered. A description of the tail behavior
of interest can be found easily from [116, Eqn. (21)]. The key in generating numerical results
from these expressions is the computation of the values zT > 1 and zB > 1. These numbers
are the real solutions to A(z, z) = z, resp. A(1)(Y (z), z) = 1, with the smallest norm (and
strictly larger than one). Here, A(1)(z1, z2) denotes the first partial derivative of A(z1, z2).

As A(z, z) is a convex function with A(1, 1) = 1 and dA(z,z)
dz

∣∣∣
z=1

= λ < 1 (otherwise the

system would be unstable), we can apply a simple bisection algorithm to find zT (see step
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1 of Algorithm 4.2 and Figure 4.1). The value of zB can be found using Algorithm 4.7. In
[116] three cases for the tail behavior are distinguished. To identify these cases, we consider
another potential singularity zL of Q2(z), i.e., the positive zero of z−Y (z) on the real axis. If
zL exists, it can be proved to be equal to zT . The tail behavior of the class-2 queue contents
is then determined by the dominant singularity, which brings us to the following cases:

• if zL = zT < zB, the tail exhibits a typical geometric behavior,

• if zL = zT = zB, the tail exhibits a typical nongeometric behavior,

• if zL does not exists, we have a so-called transition type tail behavior.

More specifically, an approximation q′k for the probability of having k class-2 packets buffered
is given by the following expressions [116]:

q′k =



(1−λ)A(1,zT )(zT−1)2z−k−1
T

(A(1,zT )−1)(Y ′(zT )−1) , if zL = zT < zB,

(1−λ)A(1,zB)(zB−1)2n−1/2z−kB
KY
√
zBπ(A(1,zB)−1) , if zL = zT = zB,

(1−λ)KY A(1,zB)(zB−1)2n−3/2z−kB
2
√
π/zB(A(1,zB)−1)(zB−Y (zB))2

, if zL does not exist,

with

KY =

√
2A(2)(Y (zB), zB)
A(11)(Y (zB), zB)

.

Algorithm 4.7 Computing the value of zB in an ∞/∞t priority queue

1. Set z2:min = 1 and z2:max = 2. Determine z1 > 1 via a bisection algorithm such that

A(1)(z1, z2:max) = 1.

As long as A(z1, z2:max) is less than z1, increase z2:min and z2:max by one.

2. Next, let

z2:new =
z2:min + z2:max

2
.

Determine z1 > 1 via a bisection algorithm such that A(1)(z1, z2:new) = 1.
If z1 < A(z1, z2:new), assign z2:new to z2:max, else z2:min = z2:new.

Repeat step 2 until z2:max − z2:min < 10−14.

4.2.6 Numerical Examples

In this section we will compare the discussed approaches to estimate the loss probability of the
low priority traffic. Let us first describe the arrival process under consideration. The number

67



Chapter 4. Priority Scheduling

0.1 0.15 0.2 0.25 0.3 0.35 0.4
10

−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

λ
2

P
lo

ss

∞/∞
t

∞/∞
H/∞
H/∞

t

∞/L
H/L

Figure 4.2: Comparison of the loss rate of low priority packets for each of the six approaches
with λ1 = 0.4, H = 25, L = 20 and a varying rate λ2

of arrivals during one time slot is bounded by N and is generated by a Bernoulli process with
rate λT /N , where an arriving packet belongs to class-j (j = 1, 2), with a probability λj/λT
(with λ1 + λ2 = λT ). This arrival process is characterized by the joint probability generating
function

A(z1, z2) =

1 +
2∑
j=1

λj
N

(zj − 1)

N

.

It was also used in [115] where a nonblocking output-queueing switch with N inlets and N
outlets was given as a possible application.

More specifically, we assume the maximum number of simultaneously arriving packets to
be 16. The probability that a class-1 packet arrives is fixed throughout this section at λ1 = 0.4,
while the buffer for the high priority traffic has a size H = 25 packets. By dimensioning the
high priority buffer like this, the probability that a class-1 packet is dropped due to buffer
overflow is in the order of 10−20. Figure 4.2 represents, for each of the discussed approaches,
the loss rate of the class-2 packets where the corresponding buffer has a size L = 20 packets
and λ2 = 0.1, . . . , 0.4.

The exact results obtained via the system with two finite buffers, is denoted by the full
line. It can be seen that the ∞/L results are very accurate, meaning there is no harm in
assuming an infinite size high priority buffer. The other four approximation approaches give
rise to higher loss probabilities. This difference is caused by the heuristic calculation used to
estimate the loss probability. Whenever an infinite buffer is used for the low priority traffic,
the estimate for the loss probability is based on the probability that the number of packets
in the buffer exceeds L. In general, this causes an overestimation as packets that would be
dropped earlier by the finite capacity system may still reside in the infinite buffer setup when
the next arrival(s) occur.
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Figure 4.3: Comparison of the low priority loss rate obtained by each of the six approaches
for λ1 = 0.4, λ2 = 0.2, H = 25 and a varying capacity L

In case both queues are assumed to be infinite, we observe some poor results around
λ2 = 0.21 for the ∞/∞t approach, which relies on the asymptotic tail behavior of the class-2
queue. This is caused by the fact that the tail transition point is situated at pt = 0.208060765:
for λ2 ≤ pt the tail is nongeometric, whereas for λ2 > pt, we have a geometric tail. When
λ2 < pt, the asymptotic regime is dominated by a branch point, whereas for λ2 > pt there
exists a dominant pole. When we approach the transition point, the domination becomes
less severe and significant errors occur as shown in this example. The loss rate obtained for
λ2 = pt is quite accurate as indicated by the star on the plot.

Figure 4.3(a) illustrates the influence of the buffer capacity for the low priority traffic on
the loss probability of this traffic in the case where λ2 = 0.2. As could be expected, the loss
probability of the class-2 packets decreases when this buffer becomes larger. If we compare the
different approaches, we notice the same behavior as in Figure 4.2. Because taking λ2 = 0.2
brings us relatively close to the transition point, a significant error is introduced by assuming
both queues infinite and relying on the tail behavior. That is, the loss probability obtained
by this approach overestimates the actual loss rate by a factor of 100 to 1000. If, for example,
we would use the ∞/∞t approximation to dimension the class-2 buffer such that the loss
probability is less than 10−5, we would need a buffer of 14 packets, whereas a buffer of only
8 packets suffices if we consider the H/L approach as illustrated by Figure 4.3(b).

In Figure 4.4 we compare the two approaches based on the tail behavior of the low priority
queue. In fact, the full line represents the geometric decay parameter in function of the arrival
rate λ2 of the low priority traffic. The dashed line represents the parameter zT , described
in Algorithm 4.7. On the figure, the transition point is indicated by the vertical line. As
mentioned before, on the left of this line the tail for the class-2 queue obtained by algorithm
4.7 is nongeometric, whereas on the right of the transition point the tails are geometric. It
can be noticed that the values indicated by the two curves, converge to the same value as λ2

reaches the transition point.
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4.2.7 Conclusions

If we compare the different approximations to compute the low priority loss rate in a queueing
system with two priority classes, the most accurate results were generated by the approach
in which only the high priority traffic is considered as infinite. Moreover, given that the size
of the high priority buffer is chosen sufficiently large, the distinction with exact results is
negligible. When the low priority queue is assumed to be infinite, an overestimated loss rate
is observed. Relying on the actual steady state probabilities or the asymptotic tail behavior
seems to make little difference if the high priority queue is finite. However, in case both
queues are infinite very inaccurate loss probabilities were observed when we made use of the
asymptotic tail behavior, especially in the area near the transition point.
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5
A Tree-Like Process Approach to
Priority Modeling

In this chapter we will present an alternative strategy to analyze priority queueing systems.
Instead of remembering the number of customers of each type, we will only keep track of
some types of customers, while storing the other customers on a stack. The introduction
of this additional stack mechanism allows us to turn to tree-like processes for modeling the
system. As a consequence, the size of the transition blocks that capture the system’s behavior
is reduced significantly. The queueing system that will be analyzed in this chapter is more
general compared to the one that was analyzed in Chapter 4 in a variety of ways. First of all,
the number of priority classes will not be restricted to two, but the analytical model holds
for an arbitrary number K of priority classes. Also, the process describing the arrivals of new
customers in the queue is the MMAP[K] process. It is a very general set of arrival processes
that allows correlated inter-arrival times and correlation between the classes of consecutive
jobs. Moreover, we will turn to a continuous-time setting, avoiding transitions in the Markov
chain that are caused by simultaneous events.

We start by introducing the queueing model under consideration in Section 5.2. In Sec-
tion 5.3 we shortly explain how the priority system can be modeled as a QBD process. In
this section, the size of the transition blocks of the matrices that appear in the traditional
approach is identified so that this can be compared to the number of states needed for the
tree-like process presented in Section 5.4. In Section 5.4.1 we define a continuous-time Markov
chain on a (K − η+ 1)-ary tree that describes the evolution of the priority system. However,
this process contains transitions that are not allowed in a tree-like process, where transitions
can only take place from a certain node to its parent, to the node itself or to one of its chil-
dren. Adding a new variable allows us to transform the process into a tree-like process, as
explained in Section 5.4.3. Section 5.5 presents expressions for the transition matrices charac-
terizing this process, together with an efficient computation of the V -matrix that exploits the
structure of the different matrices. After the calculation of the steady state probabilities in
Section 5.5.3, we conclude this chapter with a formula to compute the loss rates and illustrate
this with some numerical examples in Section 5.6.
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5.1 Related Work

In [4, 6] Alfa et al. studied priority queues with C ≥ 2 classes, MMAP[C] input and PH
services by setting up a QBD Markov chain that generalizes Miller’s result [73]. Although the
queues considered in [4, 6] are infinite, a similar approach can be used to solve the system when
some of the queues are finite. Takine and Hasegawa [101] analyzed the preemptive priority
queue with C ≥ 2 service classes, C independent MAP arrival streams and state-dependent
service times, using the workload process of the queue. In this work that is especially effective
to compute the waiting time distributions, they generalize the model presented by Machihara
in [68] that relied on the diagonalization of some matrices. As will be discussed further in this
chapter, our setting does not require independent MAP arrivals streams. Takine [100, 102]
also studied the nonpreemptive priority MAP/G/1 queue and derived various formulas for
the generating function of the queue length and Laplace-Stieltjes transform of the waiting
time for each priority class.

The work presented in this chapter is based on the methodology put forward in [113],
where a 3-class discrete-time priority queueing system was analyzed using tree-like processes.
A drawback of this approach is the complexity in the description of the model introduced by
the discrete-time setting. Due to this setting, we have to distinguish all different combinations
of multiple events that can happen during a single time slot. In this chapter where we will
consider the general case with K priority classes, these simultaneous events are circumvented
by constructing a model in a continuous-time setting. This research has been conducted in
cooperation with prof. Qi-Ming HE from Dalhousie University, Canada.

5.2 The Queueing Model

We consider a K-class queueing system with the following characteristics. Type one customers
have the highest priority, type two customers have the second highest priority, . . ., and type K
customers have the lowest priority. The scheduling discipline is preemptive-repeat, meaning
that the processing of lower priority customers in the server will be interrupted when a
customer with a higher priority arrives. When the low priority customer is allowed to enter
the server again, he has to restart his service. Hence, the partial service a customer receives
gets lost when being interrupted by a higher priority customer.

Customers arrive according to a continuous-time Markovian arrival process with marked
jobs, i.e., the MMAP[K] process [40, 44, 41]. The MMAP[K] process is characterized by
K+ 1 rate matrices {D0, D1, D2, . . . , DK} of order ma. This arrival process can be compared
to the BMAP arrival process, with that difference that the matrices Di from the MMAP[K]
process describe the arrivals of type-i customers and not the arrival of a batch of i customers.
The matrix D0 covers the state transitions without any arrivals. As with the general MAP
process, we use this arrival process because of its generality. It allows correlated inter-arrival
times and correlation between the classes of consecutive jobs. Moreover, the input traffic does
not need to consist of K independent streams (i.e., one for each priority class).

The service times of type-k customers have a common continuous-time PH distribution
(mk, αk, Tk), 1 ≤ k ≤ K. The waiting space of type-k customers has size Nk, including the
one in service, if any. Hence, as opposed to the model built in Chapter 4, the customer in
service also contributes to the queue size. This implies that the actual maximum queue length
is Nk if no customer of this type is in service or Nk − 1 if one is in service. The numbers
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{N1, . . . , NK} are finite except that Nη = ∞, for some 1 ≤ η ≤ K. Using similar arguments
as put forward in Chapter 4 it can be argued that the infinite nature of the type-η queue
does not annul the applicability of our model. That is, priority queues are mainly effective if
sufficient jobs have the lowest priority. Therefore, hardly any high priority jobs will leave the
system without receiving full service.

5.3 A QBD Formulation

Before introducing the tree-like approach to priority systems, let us first show how a K-class
priority queue can be modeled as a QBD process. Let q̄k(t) be the queue length of the type-k
customers at time t, including the one in service and denote S(t) as the type of the customer
in service, if any, at time t, otherwise, S(t) = K + 1. Furthermore let Js(t) be the phase of
the service time, if any, at time t, otherwise, Js(t) is zero and let Ja(t) be the state of the
arrival process at time t. It is easy to see that

{(q̄η(t), (q̄1(t), . . . , q̄η−1(t), q̄η+1(t), . . . , q̄K(t), S(t), Js(t), Ja(t))), t ≥ 0}

is a continuous-time Markov chain, where q̄η(t) is the level variable and others are called
auxiliary variables. In fact, the Markov chain is a QBD process since the number of type-η
customers can at most increase or decrease by one. As discussed before, such a process can
be analyzed using matrix analytic methods and the limiting probabilities of the QBD process
have a matrix geometric solution. The size of the non-boundary transition blocks (q̄η(t) > 0)
however equals

ma

 K∏
k=η+1

(1 +Nk)

mη +
η−1∑
j=1

mjNj

 η−1∏
k=j+1

(1 +Nk)

 . (5.1)

That is, since q̄η(t) > 0, the type of the customer in service will be at most η. This reduces
to

mam1

 K∏
k=1,k 6=η

(1 +Nk)

 , (5.2)

for m1 = m2 = . . . = mη. Note that S(t) can be determined by the other variables and
S(t) ≤ η for q̄η(t) > 0. The block size can be restrictive for efficient numerical computations.
Therefore, in Section 5.4 we will explore an approach that results in a smaller block size.

5.4 A Tree-Like Process Approach

The queueing system of interest can also be formulated as a tree-like Markov chain. In short,
this approach can be described as follows. We keep track of the number of some types of
customers in the queue-area (Q-area), while the other customers will be stored on a stack.
The size of the transition blocks is only influenced by the Q-area and not by the contents
of the stack. To distinguish between these two cases, we choose a value η between 1 and K
(recall, Nη = ∞). If there is at least one high priority customer (type 1, . . . , η − 1) in the
system, customers of type η, . . . ,K will be stored on the stack. If there is no high priority
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customer present, the Q-area will be used to record the number of low priority customers
(type η + 1, . . . ,K) that are removed from the stack and if a low priority customer is in
service, the stack will be empty. In this section, we first define a continuous-time Markov
chain on a tree-structured state space for the queueing process in Section 5.4.1. Then, we
present all the transition blocks of this process in Section 5.4.2. Finally, in Section 5.4.3, we
transform the Markov chain into a discrete-time tree-like QBD Markov chain.

5.4.1 Definition of a Markov Process on a (K − η + 1)-ary Tree

We define a stochastic process {(X(t), (S(t), Q(t), Js(t), Ja(t))), t ≥ 0} where Js(t) denotes the
phase of the service time, if any, at time t, otherwise, Js(t) is zero and Ja(t) denotes the state
of the arrival process at time t. The number of customers of type 1, 2, . . . , η−1, η, η+1, . . . ,K
present in what we call the Q-area is recorded by

Q(t) = (q1(t), . . . , qη−1(t), qη(t), qη+1(t), . . . , qK(t)).

We mainly distinguish three cases:

• If there are no customers of type 1, . . . , η in the system, Q(t) is of the form

Q(t) = (0, . . . , 0, 0, qη+1(t), . . . , qK(t)). (5.3)

• If there are high priority customers of type 1, . . . , η− 1 in the system, Q(t) is given by

Q(t) = (q1(t), . . . , qη−1(t), 0, 0, . . . , 0). (5.4)

Customers of lower priority are stored in the node variable X(t) for this case.

• Finally, if a type-η customer is in service Q(t) will be of the form

Q(t) = (0, . . . , 0, 1, qη+1(t), . . . , qK(t)). (5.5)

It will be made clear that qη(t), qη+1(t), . . . , qK(t) only represent some of the customers of
those types in the system, while q1(t), . . . , and qη−1(t) represent all of the customers of those
types in the system. It will also be made clear that, in the Q-area, if higher priority customers
are present (i.e., customer with a priority level smaller than η), there will be no lower priority
customers (i.e., with a type ≥ η). Finally, if X(t) 6= ∅, the type of the customer in service
will be at most η. Define S(Q(t)) as

S(Q(t)) =
K

min
i=1
{i : qi(t) > 0}. (5.6)

Hence, S(Q(t)) will reflect the type of the customer in service, if any, at time t, otherwise,
S(Q(t)) is defined as K+1. X(t) is a random variable taking the nodes of a (K−η+1)-ary tree
as its values. The nodes of this tree are labeled as η, η+ 1, . . . ,K and represent customers of
the corresponding type. The process {X(t), (Q(t), Js(t), Ja(t))} is defined explicitly as follows.

1. If the system is empty, the system state is denoted as (∅, (0, 0, ja)). In this chapter, we
use 0 to make a clear distinction between a vector of zeros and a single zero, simply
denoted by 0. If a customer of type i arrives to an empty system at time t, then the
customer begins his service immediately, i.e., Q(t) = e(i), and Js(t) is determined by αi.
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2. If Q(t) = (q1(t), . . . , qη−1(t),0) 6= 0, i.e., the Q-area contains at least one customer of
type 1, 2, . . . , or η − 1, and a lower priority customer of type i, for η ≤ i ≤ K, arrives,
the customer joins the node variable, that is, X(t) becomes X(t) + i.

3. If Q(t) = (q1(t), . . . , qη−1(t),0) 6= 0 and a higher priority customer of type i (i.e., 1 ≤ i ≤
η − 1) arrives, the customer joins the Q-area and qi(t) is updated to min(qi(t) + 1, Ni).
If i was smaller than S(Q(t)), then the customer who just arrived begins his service
immediately, meaning that Js(t) is determined by αi. The service of the customer who
was in service is interrupted and will restart at a later time.

4. If Q(t) = (0, qη(t), qη+1(t), . . . , qK(t)) 6= 0 and a lower priority customer of type i, for
η + 1 ≤ i ≤ K, arrives, then the customer joins the Q-area and qi(t) is updated to
min(qi(t) + 1, Ni). Notice, X(t) 6= ∅ implies that qη(t) = 1. If X(t) = ∅ and if i was
smaller than S(Q(t)), the customer who just arrived begins his service immediately,
while Js(t) is determined by αi.

5. If Q(t) = (0, qη(t), qη+1(t), . . . , qK(t)) 6= 0 and a customer of type η arrives, then X(t)
is updated to X(t) + η, unless X(t) = ∅ and qη(t) = 0, then the type-η customer who
just arrived begins his service immediately, qη(t) is updated to 1 and Js(t) is determined
by αη. The service of the possible customer who was in service is interrupted and will
restart at a later time.

6. If Q(t) = (0, qη(t), qη+1(t), . . . , qK(t)) 6= 0 and a higher priority customer of type i (i.e.,
1 ≤ i ≤ η−1) arrives, then all possible customers in the Q-area are pushed onto the node
variable X(t), the customer who just arrived occupies the Q-area and begins his service
immediately, hence Q(t) becomes e(i), and Js(t) is determined by αi. The lower priority
customers who were present in the Q-area join the node variable in ascending order: the
type-η customer first, type-(η + 1) customers second, . . . , and type-K customers last.
Thus, X(t) is updated to

X(t)+
qη(t)︷︸︸︷
η +

qη+1(t)︷ ︸︸ ︷
(η + 1) . . . (η + 1) + . . .+

qK(t)︷ ︸︸ ︷
K . . .K .

7. If S(Q(t)) = i < η and the service is completed, qi(t) is updated to qi(t) − 1. Next, if
S(Q(t)) = n < K+1, Js(t) is determined by αn. Otherwise, we move customers from the
node variable X(t) to the empty Q-area as follows. Start with the rightmost customer
of X(t) and move the customers into the Q-area until we encounter the first type-η cus-
tomer, who is also transfered to the Q-area (or until the tree becomes empty). Thus, the
customers who moved into the Q-area form Q(t) = (0, . . . , 0, qη(t), qη+1(t), . . . , qK(t)).
In case the number of removed type-k customers exceeds Nk, we set qk(t) equal to Nk.
If a type-η customer is found, X(t) might still hold some low priority customers. In this
case Js(t) is determined by αη. If X(t) became empty without encountering a type-η
customer and S(Q(t)) = n < K + 1, then Js(t) is determined by αn. If the tree X(t)
was initially empty and S(Q(t)) = K + 1, the system is empty and Js(t) is updated to
zero.

8. If S(Q(t)) = η and the service is completed, we start moving the rightmost customers
from X(t) into the Q-area until we encounter a type-η customer, who is also transfered
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into the Q-area (or until the tree becomes empty). The Q-area Q(t) is updated ac-
cordingly by adding those customers removed from X(t). If a type-η customer is met,
then qη(t) remains 1 and Js(t) is determined by αη. If the tree becomes empty and
S(Q(t)) = n < K + 1, Js(t) is determined by αn and qη(t) = 0. If the tree was empty
and S(Q(t)) = K + 1, the system is empty and Js(t) is updated to zero.

9. If S(Q(t)) = i > η and the service is completed, then qi(t) is updated to qi(t) − 1.
Note that X(t) = ∅ in this case. If S(Q(t)) = n < K + 1, Js(t) is determined by αn.
Otherwise, the system is empty and Js(t) is updated to 0.

Event Q(t) S(Q(t)) X(t)
(0,0,0,0,0) K+1 ∅

arrival type 2 (0,1,0,0,0) 2 ∅
arrival type 4 (0,1,0,0,0) 2 4
arrival type 1 (1,1,0,0,0) 1 4
arrival type 3 (1,1,0,0,0) 1 43
service completion (0,1,0,0,0) 2 43
arrival type 5 (0,1,0,0,0) 2 435
arrival type 5 (0,1,0,0,0) 2 4355
service completion (0,0,1,0,2) 3 4
arrival type 4 (0,0,1,1,2) 3 4
arrival type 3 (0,0,1,1,2) 3 43
arrival type 1 (1,0,0,0,0) 1 433455
service completion (0,0,1,1,2) 3 43
service completion (0,0,1,1,2) 3 4
service completion (0,0,0,2,2) 4 ∅
arrival type 4 (0,0,0,3,2) 4 ∅

Figure 5.1: Illustrative example of the stochastic process capturing the behavior of the 5-class
priority queueing system with η = 3

Figure 5.1 presents a small example that illustrates the behavior of the stochastic process
upon arrivals of new customers at the queue and service completions of customers that are
being processed, without concerning the phases of the arrival and the service process. It is
easy to see that the stochastic process {(X(t), (Q(t), Js(t), Ja(t))), t ≥ 0} is a continuous-time
Markov chain with a state space

Ω = {(∅, (0, 0, ja)) : ja ∈Ma}
∪ {(∅, ((0, qi, . . . , qK), js, ja)) : i > η, 0 < qi ≤ Ni, 0 ≤ qj ≤ Nj , j = i+ 1, . . . ,K,

js ∈Mi, ja ∈Ma}
∪ {(J, ((0, qi, . . . , qη−1,0), js, ja)) : 0 < qi ≤ Ni, 0 ≤ qj ≤ Nj , j = i+ 1, . . . , η − 1,

js ∈Mi, ja ∈Ma}
∪ {(J, ((0, 1, qη+1, . . . , qK), js, ja)) : 0 ≤ qi ≤ Ni, i = η + 1, . . . ,K, js ∈Mη, ja ∈Ma},

with J a string of zero or more integers between η and K, Ma = {1, . . . ,ma} and Mi =
{1, . . . ,mi} for i = 1, . . . ,K. The number of states associated with (Q(t), Js(t), Ja(t)) for
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X(t) 6= ∅ is equal to

ma

mη

 K∏
k=η+1

(1 +Nk)

+
η−1∑
j=1

mjNj

 η−1∏
k=j+1

(1 +Nk)

 , (5.7)

which reduces to

mam1

(η−1∏
k=1

(1 +Nk)

)
+

 K∏
k=η+1

(1 +Nk)

− 1

 , (5.8)

for m1 = m2 = . . . = mη. It is clear that the block sizes for the tree-like process can
be significantly smaller than the block sizes for the QBD process defined in Section 5.3 (see
equations (5.1) and (5.2)). Figure 5.2 compares the block sizes of the matrices appearing in the
two approaches for ma = 2, m1 = . . . = mη = 3 and Ni = N , for i = 1, . . . , η−1, η+1, . . . ,K.
This indicates that the tree-like process approach, as compared to the QBD approach, may
be numerically more efficient.

Remark 8. Again, we would like to point out that {qη+1(t), . . . , qK(t)} are not the queue
lengths. Denote by qj,total(t) the total number of type-j customers in the Q-area and the
node variable X(t), then min{qj,total(t), Nj} gives the number of customers of type j in the
original queueing model at time t. Notice, we only serve type j > η customers when X(t) = ∅,
thereby respecting the finiteness of these queues.

N = 5 N = 10
K QBD tree-struct. QBD tree-struct.
3 216 66 726 126
5 7776 426 87846 1446
7 279936 2583 1.06e7 15966

Figure 5.2: Block sizes required for the QBD approach and the tree-structured process

5.4.2 The Infinitesimal Generator

The infinitesimal generator of the process {(X(t), (Q(t), Js(t), Ja(t))), t ≥ 0} is given in the
form of matrix blocks. Mainly, we consider the transition (matrix) rate for (X(t), Q(t)), while
the transition rates of Js(t) and Ja(t) are in the matrices themselves. Therefore, the transition
matrices are of size ma or mami for 1 ≤ i ≤ K. If the system is empty, i.e., X(t) = ∅ and
S(Q(t)) = K+ 1, the transition rate without changes is given by D0. Upon an arrival of type
i, for 1 ≤ i ≤ K, the Markov chain moves to state (∅, e(i)), the rates corresponding to this
state transitions are given by the transition (matrix) rate αi ⊗Di.

If there is at least one customer present in the system, we can distinguish between two cases
depending on the type of the customer currently being processed. Section 5.4.2.1 discusses
the cases in which a high priority customer (with a priority level < η) occupies the server,
while Section 5.4.2.2 considers the possible events when there are no high priority customers
present, inducing that a low priority customer (with a priority level ≥ η) will be served. Note
that in this last case S(Q(t)) = η if X(t) 6= ∅.
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5.4.2.1 High Priority Customer in Service

Assume that X(t) = J , S(Q(t)) = k ≤ η − 1, with Q(t) = (0, qk, . . . , qη−1,0). In this case,
the transition rate without changes is given by

Tk ⊕

D0 +
η−1∑
i=k

with qi=Ni

Di

 .

If there is an arrival of type i, for 1 ≤ i ≤ k − 1, the Markov chain moves to state
(J, (0, qk, . . . , qη−1,0)+e(i)) with transition rate eαi⊗Di. Analogously, an arrival of type i, for
k ≤ i ≤ η−1 and qi < Ni causes the Markov chain to move to state (J, (0, qk, . . . , qη−1,0)+e(i))
with transition rate I⊗Di. Finally, if there is an arrival of type i, for η ≤ i ≤ K, the Markov
chain moves to state (J + i, (0, qk, . . . , qη−1,0)) with transition rate I ⊗Di.

Besides this, we need to consider the service completions. If the customer being processed
completes his service, we set qk to be qk−1. If S(Q(t)) = n < K+1, the chain moves to state
(J, (0, qn, . . . , qη−1,0)) with transition rate (−Tkeαn)⊗ I. If S(Q(t)) = K + 1 and J = ∅, the
Markov chain moves to the empty state with transition rate (−Tke)⊗ I. On the other hand,
if J 6= ∅ and S(Q(t)) = K + 1, the Markov chain moves to state (J ′, (0, qη, qη+1, . . . , qK))
with transition rate (−Tkeαn′)⊗ I. The customers of type qη, qη+1, . . . , qK in the Q-area were
the rightmost elements of J up to and including the first η in J . J ′ is obtained by removing
these elements and S(Q(t)) = n′ < K + 1. If there was no type-η customer in J (or only the
leftmost equaled η), then J ′ = ∅.

5.4.2.2 Low Priority Customer in Service

Assume that X(t) = J , S(Q(t)) = k ≥ η, with Q(t) = (0, qk, . . . , qK). Recall that S(Q(t)) = η
if J 6= ∅. The transition rate without changes in (X(t), Q(t)) equals

Tk ⊕

D0 +
K∑
i=k

with qi=Ni

Di

 .

If there is an arrival of type i, for 1 ≤ i ≤ η − 1, the Markov chain moves to state (J +
k . . . k(k + 1) . . . (k + 1) . . .K . . .K, e(i)) with transition (matrix) rate eαi ⊗Di. Note that all
customers who were in the Q-area moved to the tree X(t), i.e., exactly qj type-j customers
are added to X(t), for j = k, . . . ,K. For the other arrivals, we distinguish between two cases:
k > η and k = η.

In the first case, an arrival of type i causes a transition to state (J, (0, qk, . . . , qK) + e(i))
with transition (matrix) rate eαi⊗Di, for η ≤ i < k. If there is an arrival of type i > η, for k ≤
i ≤ K and qi < Ni, there is a transition to state (J, (0, qk, . . . , qK) + e(i)) with transition rate
I ⊗Di. In the case where k = η the Markov chain moves to state (J + η, (0, 1, qη+1, . . . , qK))
with transition rate I ⊗Dη when a customer of type η arrives. When there is an arrival of
type η < i ≤ K, there is a transition to state (J, (0, 1, qη+1, . . . , qK) + e(i)) with transition
rate I ⊗Di.

Let us finally describe the service completion events. If there is a service completion, we
set qk to be qk − 1. Let us start with the case where J = ∅ and S(Q(t)) = n < K + 1. The
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chain then moves to state (∅, (0, qn, . . . , qK)) with transition rate (−Tkeαn)⊗ I. If J = ∅ and
S(Q(t)) = K+1, the Markov chain moves to the empty state with transition rate (−Tke)⊗I.
If J 6= ∅ and there are customers of type η in J , the Markov chain moves to state

(J ′, (0, 1, qη+1 + rη+1, . . . , qK + rK)),

with transition rate (−Tηeαη)⊗ I, where customers rη+1, . . . , rK are the rightmost elements
of J appearing before η, J ′ is obtained by removing these types and η as well. Note that we
set the number of type k customers equal to Nk if qk + rk exceeds Nk. If J 6= ∅ and there is
no customer of type η in J , the Markov chain moves to state (∅, (0, qη+1 +rη+1, . . . , qK +rK))
with transition rate (−Tηeαn)⊗ I, where n = S(Q(t)).

5.4.3 Constructing a Tree-Like QBD Process

The Markov chain {(X(t), (Q(t), Js(t), Ja(t))), t ≥ 0} does not have a simple transition struc-
ture such as a tree-structured M/G/1, GI/M/1, or QBD structure. More specifically, there
are two cases in which a transition occurs that does not fit within the tree-like QBD paradigm.
First, the arrival of a high priority customer during the service of a low priority one causes the
transfer of the entire Q-area contents to the tree and secondly, if X(t) 6= ∅, a service comple-
tion might cause a shift to the Q-area of all customers in X(t) until the first type-η customer
(including this last customer). This induces that the level of the Markov process can both
increase or decrease with an arbitrary integer value. As an implication the computation of
the limiting probabilities will be quite complex. Fortunately, the process can be transformed
into a (discrete-time) tree-like QBD process as follows.
As a first step we transform the continuous-time Markov chain {(X(t), (Q(t), Js(t), Ja(t))), t ≥
0} into a discrete-time process by applying a standard uniformization argument. Let Q be
the original infinitesimal generator matrix, then P is found by setting

P =
Q

λ
+ I. (5.9)

In this equation λ is the maximum rate at which events occur in Q. This maximum rate λ
equals

λ = −
K

min
k=1

θk − δ, (5.10)

where δ is the smallest diagonal element of D0 and θk the smallest diagonal element of Tk.
Notice, both chains have the same steady state, i.e., if πQ = 0 and πe = 1, then πP = π as
well.

Let us now reduce this discrete-time chain into a tree-like QBD. To do so, we introduce
a new variable W (t) taking three values {−, 0,+}. The Markov chain {(X(t), (Q(t), Js(t),
Ja(t))), t ≥ 0} is extended to {(X(t), (W (t), Q(t), Js(t), Ja(t))), t ≥ 0}. Abusing the notation
a little bit, we will use X(t), Q(t), Js(t), and Ja(t) for both Markov chains. It will become
clear that the addition of this variable W (t) increases the number of states for fixed X(t) 6= ∅
by

2ma

 K∏
k=η+1

(1 +Nk)

 .
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Figure 5.3 presents the block sizes of the matrices representing the tree-like process for
the same values of ma, m1, . . . ,mη and Ni (i = 1, . . . , η − 1, η + 1, . . . ,K) as in Figure 5.2.
This figure shows that, although a number of states has been added due to the introduction
of W (t), the tree-like approach still requires significantly less states compared to the classical
QBD approach.

N = 5 N = 10
K QBD tree-like QBD tree-like
3 216 90 726 170
5 7776 570 87846 1930
7 279936 3447 1.06e7 21290

Figure 5.3: Block sizes required for the QBD approach and the tree-like process

We consider the following three cases according to the values of W (t). The states with
W (t) = 0 correspond to the discrete-time Markov chain. The remaining two values {−,+}
are used to split the two conflicting transitions into multiple steps such that each complies
with the transitions allowed in tree-like QBD processes as described in Sections 5.4.3.1 and
5.4.3.2 and illustrated by Figure 5.4.

5.4.3.1 Transferring Customers from the Q-Area to the Tree

If the Markov chain {(X(t), (Q(t), Js(t), Ja(t))), t ≥ 0} is transferring customers from the
Q-area to the node variable X(t), we set W (t) = +. If W (t) = +, then the Markov chain will
stay in states with W (t) = + until all customers present in the Q-area are transferred to X(t)
and afterward W (t) is set to 0. For the extended process, the transfer of customers from the
Q-area to X(t) is done one at a time. During this period of time, both the arrival and the
service process are frozen. Let k ≥ η denote the type of the customer in service. Assume that
an arrival of a type-i customer, for 1 ≤ i ≤ η − 1, causes the need to transfer the contents
of the Q-area onto X(t). We will first transfer this contents before actually determining the
type of the arriving customer or the initial phase of the service. By postponing this decision
we need fewer states with W (t) = +. Let

∆ =
diag[

∑η−1
i=1 Die]
λ

. (5.11)

Hence, the j-th diagonal entry of the matrix ∆ gives us the probability that such an arrival
occurs while the arrival process is in state j. Note, in case some of these values are zero,
we can simply remove them from ∆ to end up with fewer states with W (t) = +. Thus,
the Markov chain will first move to a state of the form (J + k,+, (0, qk − 1, . . . , qK)) with
probability e ⊗ ∆. Then the Markov chain moves to (J + kk,+, (0, qk − 2, . . . , qK)) with
probability 1. This process continues until all customers qk, . . . , and qK have moved from the
Q-area to X(t), meaning we end up in

(J + k . . . k(k + 1) . . . (k + 1) . . .K . . .K,+,0).

Next, the Markov chain moves to

(J + k . . . k(k + 1) . . . (k + 1) . . .K . . .K, 0, e(i))

with probability αi ⊗∆−1Di/λ.
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Event Q(t) W(t) S(Q(t)) X(t)
(0,0,0,0,0) 0 K+1 ∅

arrival type 2 (0,1,0,0,0) 0 2 ∅
arrival type 4 (0,1,0,0,0) 0 2 4
arrival type 1 (1,1,0,0,0) 0 1 4
arrival type 3 (1,1,0,0,0) 0 1 43
service completion (0,1,0,0,0) 0 2 43
arrival type 5 (0,1,0,0,0) 0 2 435
arrival type 5 (0,1,0,0,0) 0 2 4355
service completion (0,0,0,0,0) - 4355

(0,0,0,0,1) - 435
(0,0,0,0,2) - 43
(0,0,1,0,2) 0 3 4

arrival type 4 (0,0,1,1,2) 0 3 4
arrival type 3 (0,0,1,1,2) 0 3 43
arrival type 1 (0,0,0,1,2) + 433

(0,0,0,0,2) + 4334
(0,0,0,0,1) + 43345
(0,0,0,0,0) + 433455
(1,0,0,0,0) 0 1 433455

service completion (0,0,0,0,0) - 433455
(0,0,0,0,1) - 43345
(0,0,0,0,2) - 4334
(0,0,0,1,2) - 433
(0,0,1,1,2) 0 3 43

service completion (0,0,0,1,2) - 43
(0,0,1,1,2) 0 3 4

service completion (0,0,0,1,2) - 4
(0,0,0,2,2) - ∅
(0,0,0,2,2) 0 4 ∅

arrival type 4 (0,0,0,3,2) 0 4 ∅

Figure 5.4: Illustrative example from Figure 5.1 (η = 3) revisited after the transformation of
the Markov process into a tree-like QBD process

5.4.3.2 Transferring Customers from the Tree to the Q-Area

If the Markov chain {(X(t), (Q(t), Js(t), Ja(t))), t ≥ 0} is transferring customers from the
node variable X(t) to the Q-area, we set W (t) = −. If W (t) = −, then the Markov chain will
stay in states with W (t) = − until a type-η customer is removed or until the tree becomes
empty. After that, W (t) = 0. Similar to the states with W (t) = +, the transfer of customers
from X(t) to the Q-area is done one at a time in the extended process and while W (t) = −,
there is no service and no arrival. Assume that J 6= ∅ and denote k ≤ η as the type of the
customer that completes his service and that causes us to remove customers from X(t). Let
unun−1 . . . u1 be the rightmost elements of J that need to be added to the Q-area. Hence,
either J = unun−1 . . . u1, with u1, . . . , un > η or un = η and u1, . . . , un−1 > η.
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The original transition we have to split up to turn the process into a tree-like QBD process
is a transition from some state (J, 0, (0, qη, qη+1, . . . , qK)) to

1. a state (J ′, 0, (0, 1, qη+1 + rη+1, . . . , qK + rK)), where J ′ is obtained by removing the
elements unun−1 . . . u1 from J , if un = η,

2. a state (∅, 0, (0, qη+1 + rη+1, . . . , qK + rK)), if un 6= η.

Here, ri denotes the number of type i customers in unun−1 . . . u1 (i = η + 1, . . . ,K). If the
type of the arriving customer k = η, the chain will first move to state (J,−, (0, qη+1, . . . , qK))
with probability (−Tk)e/λ ⊗ I, otherwise the chain will move to state (J,−,0) with this
probability. Next, with probability 1, we visit

(J − u1,−, (0, qη+1, . . . , qK) + e(u1)),

where qη+1 = . . . = qK = 0 if k < η. Afterward we visit

(J − u1 − u2,−, (0, qη+1, . . . , qK) + e(u1) + e(u2)),

etc. This process continues until all customers u1, . . . , un−1 are part of the Q-area, thereby
reaching

(J ′ + un,−, (0, 0, qη+1 + rη+1, . . . , qK + rK)− e(un)).

Finally, if un = η, the Markov chain moves to the state

(J ′, 0, (0, 1, qη+1 + rη+1, . . . , qK + rK))

with probability αη ⊗ I. Notice, if un = η, the rightmost element of X(t) during the last
transition equaled η, which is used as a criteria to switch back to a state with W (t) = 0.
Otherwise, if un 6= η, i.e., J ′ = ∅, we first visit state

(∅,−, (0, qη+1 + rη+1, . . . , qK + rK))

with probability 1 and afterward state

(∅, 0, (0, qη+1 + rη+1, . . . , qK + rK))

with probability αn′⊗ I, where S(Q(t)) = n′ < K+1. Moreover, in case the maximum buffer
size of some type of customer is reached while removing customers from the string, we do not
further increase the number customers of this type in the Q-area.

5.5 K-Class Priority Queue as a Tree-Like Process

From the previous section we learned that the K-class priority queue can be modeled as
a tree-like process. For the definition and basic properties of such a process, we refer to
Section 2.1.3. Provided that the tree-like process {(Xt, (W (t), Q(t), Js(t), Ja(t))), t ≥ 0} is
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ergodic, define

π̄J(w, q, s, a) = lim
t→∞

P [Xt = J, (W (t), Q(t), Js(t), Ja(t)) = (w, q, s, a)],

π̄J(w, q, s) = (π̄J(w, q, s, 1), π̄J(w, q, s, 2), . . . , π̄J(w, q, s,ma)),
π̄J(w, q) = (π̄J(w, q, 1), π̄J(w, q, 2), . . . , π̄J(w, q,mS(q))),

π̄J(w) =



(π̄J(w, (0, 0,0)), . . . , π̄J(w, (0, 0, 0, . . . , NK)),
π̄J(w, (0, 0, . . . , 1, 0)), . . . , π̄J(w, (0, 0, . . . , 1, NK)),
. . . ,
π̄J(w, (0, 0, Nη+1, . . . , NK))), for w = +,−,

(π̄J(w, (0, . . . , 1, 0,0)), . . . , π̄J(w, (N1, . . . , Nη−1, 0,0)),
π̄J(w, (0, 1,0)), π̄J(w, (0, 1, 0, . . . , 1)),
. . . ,
π̄J(w, (0, 1, Nη+1, . . . , NK))), for w = 0, J 6= ∅,

(π̄J(w, (0, . . . , 1, 0,0)), . . . , π̄J(w, (N1, . . . , Nη−1, 0,0)),
π̄J(w, (0, 1,0)), π̄J(w, (0, 1, 0, . . . , 1)), . . . ,
π̄J(w, (0, 1, Nη+1, . . . , NK)), π̄J(w, (0, 0,0)),
. . . ,
π̄J(w, (0, 0, Nη+1, . . . , NK))), for w = 0, J = ∅,

π̄J =
{

(π̄J(−), π̄J(0)), for J = ∅,
(π̄J(+), π̄J(−), π̄J(0)), for J 6= ∅.

The vectors π̄J can be computed from π̄∅ using the relations

π̄k = π̄∅R∅,k (5.12)
π̄J+k = π̄JRk, for J 6= ∅, (5.13)

for k = η, . . . ,K and π̄∅ is found by solving the boundary condition

π̄∅ = π̄∅

 K∑
k=η

R∅,kD̄∅,k + F̄


with the normalizing restriction that π̄∅e+ π̄∅R∅(I −R)−1e = 1. The matrices R∅,k are given
by R∅,k = Ū∅,k(I − V )−1, with

V = B̄ +
K∑
s=η

ŪsGs, (5.14)

Gk = (I − V )−1D̄k, (5.15)

and R∅ = R∅,η + . . . + R∅,K . Recall that we added some states to end up with this tree-like
process. Consequently, the steady state probabilities of the original process can be obtained
by applying an appropriate normalization, that is, by taking into account only those states
with W (t) = 0.
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5.5.1 Characterization of the Tree-Like Process

Let us now have a closer look at the different matrices characterizing the tree-like process
presented in Section 5.4. As mentioned before, at each step the chain can only make a
transition to its parent (i.e., Xt+1 = Xt − f(Xt, 1), for Xt 6= ∅), to itself (Xt+1 = Xt), or to
one of its own children (Xt+1 = Xt + s for some η ≤ s ≤ K). Moreover, the chain’s state at
time t+ 1 is determined as follows:

P [(Xt+1, Nt+1) = (J ′, j)|(Xt, Nt) = (J, i)] =
f̄ i,j J ′ = J = ∅,
b̄i,j J ′ = J 6= ∅,
d̄i,jk J 6= ∅, f(J, 1) = k, J ′ = J − f(J, 1),
ūi,js J ′ = J + s, s = η, . . . ,K,
0 otherwise.

First, let us define the following numbers:

µj =
K∏
k=j

(Nk + 1), (5.16)

κj =
η−1∏
k=j

(Nk + 1), (5.17)

νj = Njκj+1, (5.18)

ν∗ =
η−1∑
k=1

νkmk (5.19)

Recall that by definition
∏j
k=i xk = 1 if i > j. Then, define the matrices D̄s, B̄ and Ūs of

dimension ma(µη+1(mη +2)+ν∗) with respective (i, j)-th elements given by d̄i,js , b̄i,j and ūi,js .
These matrices that characterize the tree-like process can be divided into 4 levels, i.e., the
first level corresponds to states with W (t) = +, the second level to states with W (t) = −, the
third and fourth level to states with W (t) = 0 and S(Q(t)) = k, where k < η (high priority)
and k = η (average priority), respectively.

Within these levels the inner variable denotes the state of the arrival process, the second
one holds the phase of the service process (if necessary), the third variable denotes the number
of customers of the lowest priority present in the Q-area, the fourth variable corresponds to
the one but lowest priority, etc., until the outermost variable which denotes the number of
customers of the highest priority present in the Q-area. Hence, if we order the variables from
the outside to the inside, the priorities for the states with W (t) = +,−, or 0 with S(Q(t)) = η,
resp. W (t) = 0 and S(Q(t)) < η, are ordered as η + 1, . . . ,K, resp. as 1, 2, . . . , η − 1.

The matrices D̄s, for s = η + 1, . . . ,K contain the transition probabilities for transitions
of the form (J + s,−, (0, 0, qη+1, . . . , qK) − e(s)) → (J,−, (0, 0, qη+1, . . . , qK)) or of the form
(J + s,−, (0, 0, qη+1, . . . , qK)) → (J,−, (0, 0, qη+1, . . . , qK)) if qs = Ns. Since the probability
on such a transition equals one, these matrices are given by

D̄s =


0 0 0 0
0 D̄−−s 0 0
0 0 0 0
0 0 0 0

 , where D̄−−s = Iµη+1
µs

⊗ I+
Ns+1 ⊗ Iµs+1 ⊗ Ima (5.20)
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is a matrix of dimension µη+1ma. The matrix D̄η covers the transitions from a state (J ′ +
η,−, (0, 0, qη+1, . . . , qK)) to state (J ′, 0, (0, 1, qη+1, . . . , qK)) and can be written as

D̄η =


0 0 0 0
0 0 0 D̄−aη
0 0 0 0
0 0 0 0

 , with D̄−aη = Iµη+1 ⊗ αη ⊗ Ima . (5.21)

The Ūs matrices describe the transitions from a node to one of its children and are given by

Ūs =


Ū++
s 0 0 0
0 0 0 0
0 0 Ūhhs 0
0 0 0 0

 , Ūη =


0 0 0 0
0 0 0 0
0 0 Ūhhη 0

Ūa+
η 0 0 Ūaaη

 , for s > η. (5.22)

In these equations the µη+1ma × µη+1ma matrix Ū++
s is given by

Ū++
s =


I−Ns+1 ⊗ Iµs+1 ⊗ Ima 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , (5.23)

and the ν∗ma × ν∗ma matrix Ūhhs by

Ūhhs = Iν∗ ⊗Ds/λ. (5.24)

Analogously, one obtains

Ūhhη = Iν∗ ⊗Dη/λ, (5.25)

Ūa+
η = Iµη+1 ⊗ e⊗∆, (5.26)
Ūaaη = Iµη+1mη ⊗Dη/λ, (5.27)

where ∆ is given by equation (5.11). The matrix B̄ that holds the probabilities that the
tree-like process remains in the same node can be written as

B̄ =


0 0 B̄+h 0
0 0 0 0
0 B̄h− B̄hh 0
0 B̄a− 0 B̄aa

 .
The matrix B̄+h covering the transitions out of a state with W (t) = + has only nonzero
entries on the first block row (of size ma). Moreover, only the first blocks of the block vectors
on this row, i.e., the blocks that correspond to a state of the form (J, 0, e(k)), differ from zero,
hence,

B̄+h =


B̄+h
η−1 B̄+h

η−2 · · · B̄+h
1

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , (5.28)
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where B̄+h
k represents the ma × νkmkma matrix

B̄+h
k =

[
αk ⊗∆−1Dk 0 · · · 0

]
. (5.29)

The matrices B̄a− and B̄h− hold the probabilities corresponding to transitions to a state with
W (t) = −. Such a transition takes place if the customer that is currently in service leaves
the system. If this customer is of type η, a transition to a state with W (t) = − is made while
keeping the Q-area contents unaltered, hence

Ba− = Iµη+1 ⊗ (−Tη)e/λ⊗ Ima . (5.30)

If a high priority customer completes his service, a transition to a state (J,−,0) only occurs
when there is no other customer present in the Q-area, i.e.,

B̄h− =


B̄h−
η−1 0 · · · 0

B̄h−
η−2 0 · · · 0
...

...
. . .

...
B̄h−

1 0 · · · 0

 , with B̄h−
k =


(−Tk)e/λ⊗ Ima

0
...
0

 (5.31)

a νkmkma × ma block column vector. The probability of having a transition from a state
with S(Q(t)) = η to a state with S(Q(t)) = η can be found in

B̄aa = Iµη+1 ⊗
(
Imηma + Tη/λ⊕D0/λ

)
+

K∑
k=η+1

Iµη+1
µk

⊗ I+
Nk+1 ⊗ Iµk+1

⊗
(
Imη ⊗Dk/λ

)
. (5.32)

The last term in this equation describes the transitions in which a lower priority customer
arrives while a customer of type η occupies the server. Finally, B̄hh is given by

B̄hh =


B̄hh
η−1,η−1 B̄hh

η−1,η−2 · · · B̄hh
η−1,1

B̄hh
η−2,η−1 B̄hh

η−2,η−2 · · · B̄hh
η−2,1

...
...

. . .
...

B̄hh
1,η−1 B̄hh

1,η−2 · · · B̄hh
1,1

 ,
with B̄hh

k,l a νkmkma×νlmlma matrix that can be expressed by one of the following equations:

B̄hh
k,k = Iνk ⊗ (Imkma + Tk/λ⊕D0/λ) +

η−1∑
i=k+1

Iνk/κi ⊗ I
+
Ni+1 ⊗ Iκi+1 ⊗ Imk ⊗Di/λ

+ I+
Nk
⊗ Iκk+1

⊗ Imk ⊗Dk/λ+ I−Nk ⊗ Iκk+1
⊗ (−Tk)e/λαk ⊗ Ima , (5.33)

B̄hh
k,l =

[
0 Iνk ⊗ eαl ⊗Dl/λ 0

]
, for k > l, (5.34)

B̄hh
k,l =

 0
Iνl ⊗ (−Tk)e/λαl ⊗ Ima

0

 , for k < l. (5.35)

Because equation (5.34) describes the probabilities of a new arrival of a customer of type
l when a customer of type k > l is being served, the first κk+1mlma columns will contain
only zero entries. That is, these columns correspond to exactly those states with ql = 1 and
qi = 0, for k ≥ i 6= l. The nonzero entries then correspond to the states with ql = 1, qk > 0
and qi = 0 (k > i 6= l). Similarly, the number of leading zero rows in equation (5.35) equals
κl+1mkma.
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5.5.2 Computing the V -Matrix

From the matrices D̄k, B̄ and Ūs, the matrix V can be found using equation (2.9). Taking
into account the zero entries of the transition matrices we obtain the following structure for
this matrix V :

V =


0 V +− V +h 0
0 0 0 0
0 V h− V hh V ha

0 V a− 0 V aa

 .
Keeping in mind its probabilistic interpretation, the zero entries of V can be understood as
follows.

• There are no paths possible between a state of node J + k with W (t) = − and another
arbitrary state of node J+k under taboo of node J since W (t) = − invokes a transition
from a node to its parent node.

• In an analogous manner, transitions to a state with W (t) = + are transitions from a
parent to one of its children. Hence, there is no path from an arbitrary state of node
J + k to a state of the same node with W (t) = + without visiting node J .

• Starting from a state of node J with W (t) = +, there are no paths that visit only node J
and its descendants and end in a state of node J with S(Q(t)) = η. Because W (t) = +,
the chain will first move from node J to a child J + k, with k > η (except when the
current state is of the form (J,+,0), resulting in a transition to a state (J, 0, e(j)) with
j < η). When the chain eventually returns to node J from node J + k through a state
with W (t) = −, k will be removed from the stack and W (t) = − remains unchanged
since k > η, causing a transition to the parent of node J .

• Finally, a customer of type η is only served if there are no customers present of type
1, . . . , η − 1. If a customer with a higher priority arrives, the type-η customer will be
pushed on the stack, inducing a transition from node J to node J + η. The chain
will only return to node J after all high priority customers have received their service,
causing the zero probabilities for paths between a state with S(Q(t)) = η and a state
of the same node with S(Q(t)) < η.

The matrix V can be computed by a standard fixed point iteration [15]. That is, the matrix
V is obtained as limN→∞ VN from the recursion

VN+1 = B̄ +
K∑
s=η

Ūs(I − VN )−1D̄s, (5.36)

where V0 = B̄. We can however benefit from the structural properties of the B̄, Ūs and D̄s

matrices involved to make this recursion faster. Moreover, the reasoning put forward in the
third and the fourth bullet above implies that

V +h = B̄+h, (5.37)
V a− = B̄a−. (5.38)
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Starting from a state of node J with W (t) = 0 and S(Q(t)) < η, there are no paths that
visit at least one of the descendants of J , none of its ancestors and that end in a state of
the same node J with W (t) = 0 and S(Q(t)) < η. Upon returning from some node J + k to
node J , we have W (t) = −, followed by a transition to the parent node of J or W (t) = 0 and
S(Q(t)) = η. Therefore, the block V hh can also be extracted immediately from the matrix
B̄, namely,

V hh = B̄hh. (5.39)

Define WN as WN = (I − VN )−1 =
∑∞

i=0 V
i
N , which can be written as

WN =


I W+−

N W+h
N W+a

N

0 I 0 0
0 W h−

N W hh
N W ha

N

0 W a−
N 0 W aa

N

 .
The different blocks of this matrix can be found using

W aa
N = (I − V aa

N )−1 (5.40)
W a−
N = W aa

N V a−
N (5.41)

W hh
N = (I − V hh

N )−1 (5.42)
W ha
N = W hh

N V ha
N W aa

N (5.43)
W+a
N = V +h

N W ha
N (5.44)

W h−
N = W hh

N V h−
N +W ha

N V a−
N (5.45)

W+h
N = V +h

N W hh
N (5.46)

W+−
N = V +−

N + V +h
N W h−

N (5.47)

Since V +h
N and V hh

N are independent of N , W+h
N and W hh

N need to be computed only once.
Additionally, we can benefit from the structure of V +− and V aa. Define

S∗k =
∞∑
i=k

Si, (5.48)

then V +− and V aa have the following upper triangular Toeplitz-like structure (see page 93
for a detailed explanation):

S =


S0 S1 · · · S∗Nη+1

0 S0 · · · S∗Nη+1−1
...

. . . . . .
...

0 0 · · · S∗0

 . (5.49)

In this equation, the dimension of the square blocks Si equals C
∏K
l=η+2(Nl + 1), where C

denotes the dimension of the matrices Si1,...,iK−η−1,iK−η (see further). The blocks Si can be
further partitioned into smaller blocks Si,k, i.e.,

Si =


Si,0 Si,1 · · · S∗i,Nη+2

0 Si,0 · · · S∗i,Nη+2−1
...

. . . . . .
...

0 0 · · · S∗i,0

 .
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This structure repeats itself until

Si1,...,iK−η−1 =


Si1,...,iK−η−1,0 Si1,...,iK−η−1,1 · · · S∗i1,...,iK−η−1,NK

0 Si1,...,iK−η−1,0 · · · S∗i1,...,iK−η−1,NK−1
...

. . . . . .
...

0 0 · · · S∗i1,...,iK−η−1,0

 .
Note that such a matrix S is fully characterized by the first block rows of all matrices
Si1,...,iK−η−1 , i.e., the first block row of the matrix V +−, resp. V aa, determines the complete
matrix V +−, resp. the matrix V aa. Since this particular structure is preserved by multipli-
cation, we can exploit it in the calculations, as shown in Algorithm 5.1 and explained in the
following paragraphs.

For a recursion depth equal to one, i.e., when the blocks Si cannot be subdivided into
smaller blocks with a structure as in (5.49), Algorithm 5.2 can be employed to multiply the
matrices S and T , both displaying the (5.49)-structure. Recall, C denotes the size of the inner
blocks, here given by Si. In this algorithm with a time complexity, resp. memory complexity,
of O(N2

KC
3), resp. O(NKC

2), the last line in the for loop corresponds to the additional terms
introduced by the last block column of the matrix T . That is, this last block column is
composed of matrices T ∗i =

∑∞
k=i Tk, however, we only store the first block row of the matrix

T , i.e., the blocks Ti, for i = 0, . . . , NK . Note, in Algorithm 5.2 the transposed operator is
applied to the blocks in the block vector and not to the scalars within these blocks. Since
the matrices S and T exhibit a btbT structure, except for the last block column, it is even
possible to speed up the multiplication using fast Fourier transforms [111].

This algorithm can easily be generalized to multiply two (5.49)-structured matrices S and
T , with a recursion depth equal to two, resulting in Algorithm 5.3 with a time complexity,
resp. memory complexity, of O(N2

KN
2
K−1C

3), resp. O(NKNK−1C
2). In this algorithm, the

matrix H is used to compute the additional terms introduced by the last block column of the
Ti matrices (0 ≤ i ≤ Nk−1). The line m = min(j + k,NK−1) deals with the additional terms
originating from the last block column of the matrix T , i.e., whenever j + k ≥ NK−1, we add
the result to UNK−1,i.

The generalization of this approach to the multiplication of two matrices S and T with
a recursion depth larger than two is somewhat less apparent. This multiplication is de-
scribed in Algorithm 5.4, the time complexity, resp. memory complexity of which equals
O(
∏K
k=η+1N

2
kC

3), resp. O(
∏K
k=η+1NkC

2). The idea of this algorithm is to group the en-
tries of the first block row of the matrices S and T into different matrices S′i, resp. T ′i , for
1 ≤ i ≤ ση+1 (see step 4 of Algorithm 5.1). Subsequently, Algorithm 5.4 determines the
different combinations of two of these matrices required to obtain the first block row of the
matrix U = ST . Although this algorithm is quite complex, we will briefly sketch the analogy
with the algorithms for a recursion depth equal to one and two.

The generalization from recursion depth one to recursion depth two caused us to take
into account two kinds of additional terms instead of one, those originating from the last
block columns of the inner blocks and those caused by the last block column of the outer
blocks. In the general case, each new dimension, i.e., each recursive step in (5.49), contributes
to a number of additional terms. The terms introduced by the two innermost dimensions
are covered by the use of the multiplication presented in Algorithm 5.3, denoted by the �
operator. For each of the remaining dimensions, a distinction between the additional and the
nonadditional blocks is made using the variables Mi, η + 1 ≤ i ≤ K − 2 (cont. on Page 92).
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Algorithm 5.1 Efficient multiplication of two matrices S and T , structured as in (5.49)

1. Define the matrix U = ST with the same structure as the matrices S and T .

2. For the simple case in which the structure of S and T is not repeated in the blocks Si
and Ti, i.e., K − η − 1 = 0, we refer to Algorithm 5.2.

3. If the blocks Sj and Tj (0 ≤ j ≤ NK−1) of the matrices S and T themselves exhibit the
structure as shown by (5.49), the technique used in Algorithm 5.2 can be generalized
as presented in Algorithm 5.3.

4. For the more general case in which the structure repeats itself more than two times, we
can make use of this last algorithm. Denote the U matrix of Algorithm 5.3 as

U = S � T

and define σi =
∏K−2
k=i (Nk + 1), for i = η + 1, . . . ,K − 2, σK−1 = 1, and τi = ση+1σi,

for i = η+ 1, . . . ,K − 1. We will restructure the matrices S and T using only their first
block row as follows

S′1 =


S0,...,0,0,NK · · · S0,...,0,0,1 S0,...,0,0,0

S0,...,0,1,NK · · · S0,...,0,1,1 S0,...,0,1,0
...

. . .
...

...
S0,...,0,NK−1,NK · · · S0,...,0,NK−1,1 S0,...,0,NK−1,0

 ,

S′2 =


S0,...,1,0,NK · · · S0,...,1,0,1 S0,...,1,0,0

S0,...,1,1,NK · · · S0,...,1,1,1 S0,...,1,1,0
...

. . .
...

...
S0,...,1,NK−1,NK · · · S0,...,1,NK−1,1 S0,...,1,NK−1,0

 , · · · ,

S′ση+1
=


SNη+1,...,NK−2,0,NK · · · SNη+1,...,NK−2,0,1 SNη+1,...,NK−2,0,0

SNη+1,...,NK−2,1,NK · · · SNη+1,...,NK−2,1,1 SNη+1,...,NK−2,1,0
...

. . .
...

...
SNη+1,...,NK−2,NK−1,NK · · · SNη+1,...,NK−2,NK−1,1 SNη+1,...,NK−2,NK−1,0

 ,

T ′1 =


T0,...,0,0,0 T0,...,0,1,0 · · · T0,...,0,NK−1,0

T0,...,0,0,1 T0,...,0,1,1 · · · T0,...,0,NK−1,1
...

...
. . .

...
T0,...,0,0,NK T0,...,0,1,NK · · · T0,...,0,NK−1,NK

 , · · · ,

T ′ση+1
=


TNη+1,...,NK−2,0,0 TNη+1,...,NK−2,1,0 · · · TNη+1,...,NK−2,NK−1,0

TNη+1,...,NK−2,0,1 TNη+1,...,NK−2,1,1 · · · TNη+1,...,NK−2,NK−1,1
...

...
. . .

...
TNη+1,...,NK−2,0,NK TNη+1,...,NK−2,1,NK · · · TNη+1,...,NK−2,NK−1,NK

 .

5. Apply Algorithm 5.4 using these S′k and T ′k matrices to compute the matrix U .
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Algorithm 5.2 Multiplication of (5.49)-structured matrices with recursion depth one

1. If the recursion depth equals one, the matrix S, resp. T , can be represented by its first
block row [S0 S1 · · · SNK ], resp. [T0 T1 · · · TNK ].

2. The matrix U = ST can be computed as follows:

set UNK = 0
for i = 0 to NK − 1 do

Ui = [Si Si−1 · · · S0][T0 T1 · · · Ti]t
UNK = UNK + [SNK SNK−1 · · · SNK−i][TNK−i TNK−i+1 · · · TNK ]t

end
UNK = UNK + [SNK SNK−1 · · · S0][T0 T1 · · · TNK ]t

Algorithm 5.3 Multiplication of (5.49)-structured matrices with recursion depth two

1. In this situation, not only the matrices S and T exhibit the structure as shown by
(5.49), but also the blocks Sj and Tj (0 ≤ j ≤ NK−1) occurring in these matrices
have the same structure. We can therefore represent Sj and Tj by their first block row
[Sj,0 Sj,1 · · · Sj,NK ], resp. [Tj,0 Tj,1 · · · Tj,NK ].

2. The matrix U (which we will write as U = S � T for further use) can be computed as
described below:

for i = 0 to NK do

G =


S0,i S0,i−1 · · · S0,0

S1,i S1,i−1 · · · S1,0
...

...
. . .

...
SNK−1,i SNK−1,i−1 · · · SNK−1,0



T0,0 T1,0 · · · TNK−1,0

T0,1 T1,1 · · · TNK−1,1
...

...
. . .

...
T0,i T1,i · · · TNK−1,i



H =


S0,NK · · · S0,NK−i
S1,NK · · · S1,NK−i

...
. . .

...
SNK−1,NK · · · SNK−1,NK−i




T0,NK−i · · · TNK−1,NK−i
T0,NK−i+1 · · · TNK−1,NK−i+1

...
. . .

...
T0,NK · · · TNK−1,NK


for j = 0 to NK−1 do

for k = 0 to NK−1 do
m = min(j + k,NK−1)
Um,i = Um,i +Gj,k
if i < NK then Um,NK = Um,NK +Hj,k

end
end

end

91



Chapter 5. A Tree-Like Process Approach to Priority Modeling

Algorithm 5.4 Multiplication of (5.49)-structured with general recursion depth

1. Initialize Mi = 0, for η + 1 ≤ i ≤ K − 2.

2. The blocks of U are then found by this algorithm:

I1 = 0
for n = 1 to τη+1 do

I2 = 1
i = K − 2
while i > η do

if mod(n− 1, τi+1) = 0
Mi = Mi + 1 and Mj = 1, for every j > i

end
i = i− 1

end
i = K − 2
while i > η do

if mod(n− 1, σi) ≥ σi+1Mi

ki = Ni and I2 = I2 + σi − σi+1Mi

else
ki = Mi − 1 and I2 = I2 + (Mi − 1)σi+1

if Mi > 1
I2 = I2 − floor(mod(n− 1, σi)/σi+1)σi+1

end
end
i = i− 1

end
I1 = mod(I1, ση+1) + 1
Ukη+1,...,kK−2

= Ukη+1,...,kK−2
+ S′I1 � T

′
I2

end

We initialize Mi = 1, for i = η + 1, . . . ,K − 2. Then, we start with the matrix S′1, i.e.,
I1 = 1, and determine with which matrix T ′I2 this matrix has to be combined using the �
multiplication. Next, we do the same for the matrices S′2, . . . , S

′
ση+1

. Afterward, the values of
Mi are updated as follows:

if MK−2 < NK−2

MK−2 = MK−2 + 1
else

MK−2 = 0
if MK−3 < NK−3

MK−3 = MK−3 + 1
else

MK−3 = 0
. . .

end
end
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With these updated values, we start again with the matrix S′I1 = S′1 and determine the associ-
ated matrix T ′I2 . This procedure is repeated ση+1 times. Each time, the number of additional
C(NK +1)(NK−1 +1)×C(NK +1)(NK−1 +1) block terms needed for dimension i is given by
(Ni−Mi + 1)

∏K−2
k=i+1(Nk + 1). Hence, in the algorithm, if mod(n− 1, σi) ≥ σi+1Mi, we com-

pute the additional block terms caused by the last block column in the matrices Tj1,...,ji−η−1 ,
where the notation Tj1,j0 denotes the matrix T . This gives an idea on how the techniques
illustrated in Algorithm 5.2 and Algorithm 5.3 can be generalized to larger recursion depths.
Let us now return to the discussion on the computation of the matrix V .

The observation that the matrix V +− has this particular structure can be understood as
follows. Since W (t) = +, all low priority customers that are present in the Q-area will be
added to the current node J . The chain can only return to node J after all these low priority
customers have been moved back into the Q-area. This explains the zeros below the main
block diagonal. If new low priority customers arrived in the meantime, they will also be in
the Q-area when the chain eventually returns to node J , causing the nonzero blocks above
the diagonal. However, the number of new arrivals does not depend on the current Q-area
contents, resulting in the structure presented in (5.49). In a similar manner one can easily
check that also the structure of the matrix V aa matches the one of (5.49).

Remark 9. The matrix V +− only exhibits the (5.49)-structure starting from the second
block row. The first block row is entirely filled with zeros since it contains those states where
W (t) = + and no customers are present in the Q-area. In that case, a transition will be made
to a state of the same node with W (t) = 0, the probabilities of which are enclosed in V +h. A
mathematical argument, based on the expression for V +−, will be presented further in this
section. Nevertheless, we will compute V +− as it would have the structure shown in (5.49)
since this allows us to benefit from the efficiency of Algorithm 5.1. Only after the V -matrix
has been computed, the entries of the first block row of V +− will be replaced by zeros.

As a consequence, we can reduce the amount of memory needed to store the matrices V +−

and V aa significantly by storing only their first block rows which can then be used for the
computation of the new block rows in the next iteration step. From Eqn. (5.40) - (5.47) and
the block diagonal structure of V a− = B̄a−, we learn that the matrices W a−

N and W aa
N can

also be stored using only their first block row. Note that the particular structure is built up
during the recursion given by equation (5.36) since the matrix VN includes only those paths
that start and end in the same node with a path length ≤ N . For example, if we consider the
matrix V +−

1 , only paths with length zero and one are included. If there were no customers
present in the Q-area, those paths cover at most one new arriving customer. However, if one
customer was present in the Q-area, no new arrivals are counted in this iteration step, since
these would cause a path length ≥ 2. Nevertheless, we can assume that during the N -th
iteration this structure is already present in the matrices (by storing and computing only
their first block row). This way, we will include more paths than only those with a maximum
length of N , without changing the convergence. This can be explained by the fact that all
rows B̄ ≤ XN ≤ V converge to V using the iteration (5.36) [103]. Moreover, because in each
step we include more paths compared to the original scheme, the number of iteration steps
will typically be smaller. That is, taking a larger matrix XN that is still smaller than V will
speed up the convergence of the iteration.
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Having obtained the matrix WN , we can compute VN+1 using equation (5.36). The
entries in the last block column of VN+1 is obtained from the matrix product ŪηWND̄η, more
specifically,

V ha
N+1 = Ūhhη W h−

N D̄−aη , (5.50)

V aa
N+1 = B̄aa + (Ūa+

η W+−
N + Ūaaη W a−

N )D̄−aη . (5.51)

The second block column of VN+1 is obtained from

K∑
s=η+1

ŪsWND̄s

as follows:

V +−
N+1 =

K∑
s=η+1

Ū++
s W+−

N D̄−−s , (5.52)

V h−
N+1 = B̄h− +

K∑
s=η+1

Ūhhs W h−
N D̄−−s . (5.53)

There is no need to compute and store the matrices W+h
N and W+a

N since they are not used
during the recursion. They are only needed to determine the Rk matrices and therefore, we
postpone their computation until V is entirely identified, that is, until the difference between
VN and VN+1 is sufficiently small. As mentioned before, the matrices V +−

N , V aa
N , W a−

N and
W aa
N are stored using only their first block row and the matrices V +h

N , V hh
N and V a−

N are not
stored since they can be extracted immediately from the matrix B̄. With regard to the other
matrices, one can benefit from their structure to reduce the amount of time and memory
needed by the algorithm. That is, it suffices to store the first block row of the matrix B̄aa

and for the matrices D̄−aη , Ūhhs , Ūa+
η , Ūaaη and B̄a− we only need the block in the upper left

corner.

Remark 10. Let us return for a moment to the computation of V +−
N+1. Recall that the

matrix V +− exhibits the (5.49)-structure, except for its first block row. This row is entirely
filled with zeros since this is also the case for the first block row of every Ū++

s matrix, for
s = η + 1, . . . ,K. For this reason, we decided to compute the matrix V +−

N+1 as it would have
the (5.49)-structure (including its first block row), without changing the convergence of the
iterative scheme given by (5.36). Therefore, we only need to compute the first block row of
the matrix V +−

N+1.
Denote Y as the result obtained from premultiplying a matrix X with U++

s . From
Eqn. (5.23) it can be observed that Y contains the first (µη+1 − µs+1)ma rows of X, only
shifted downward over µs+1ma rows, hence, there is no need to store the matrices U++

s .
Combining this with Eqn. (5.52) learns us that the second block row of V +−

N+1 is given by
W+−
N D−−K . However, to be able to reconstruct the entire matrix V +− we need the first block

row of the (5.49)-structured matrix V +−
N+1. From Eqn. (5.20) it can be observed that this

block row is given by the first block row of W+−
N . As a consequence, it also suffices to store

only the first block of W+−
N , given by B̄+hW h−

N . At the end of the iteration, the matrix V +−

can be constructed by introducing the specific structure and replacing the entire first block
row by zeros.
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5.5.3 Solving the Boundary Condition

Having obtained the matrix V , we only need the vector π̄∅ to compute all the stationary
vectors π̄J . π̄∅ is found as a solution to

π̄∅ = π̄∅

(∑
k

R∅,kD̄∅,k + F̄

)
.

The matrix F̄ contains the probability that the chain remains in the root node and, as we
shall see below, it can be written as

F̄ =


0 0 0 F̄−l

0 F̄ hh 0 F̄ hl

0 0 F̄ aa F̄ al

0 F̄ lh F̄ la F̄ ll

 .
We again recognize 4 levels in this matrix, however, the states represented by these levels
differ from those enclosed in the matrices B̄, D̄s and Ūs. That is, the first level corresponds
to states with W (t) = − since it is not possible to have W (t) = + if J = ∅. The second
and the third level correspond to states with W (t) = 0 and S(Q(t)) = k, where k < n, resp.
k = n. The fourth level contains the idle state and the states with W (t) = 0 and S(Q(t)) > η,
i.e., a low priority customer is being served, which is only possible if X(t) = ∅.

Since the matrix F̄ covers the transitions between two states of the root node, in which
there are no customers on the stack, the entries in the first block column, that correspond
to transitions to a state with W (t) = − are all equal to zero. From a state with W (t) = −,
meaning that the last customer has been removed from the stack, there can only be a transition
to a state that corresponds to a low priority customer being served. The two remaining zero
blocks in the matrix F̄ can be explained by noticing that an arrival of a high priority customer
during the service of a customer of type η, will cause a transfer of this last customer to the
stack. Also, the service of a high priority customer can only be followed by a service of a
type η customer, without passing through the idle state, after this type η customer has been
removed from the stack.
We define the numbers κ̄j , ν̄j , ν̄∗ with regard to the low priority customers (j > η) as

κ̄j =
K∏
k=j

(Nk + 1), (5.54)

ν̄j = Nj κ̄j+1, (5.55)

ν̄∗ =
K∑

k=η+1

νkmk. (5.56)

Although κ̄j = µj , we introduced this variable here to increase the analogy between the
discussion for the transitions from and to the root node and that for the other nodes. If in
some node J 6= ∅ a customer of type k ≤ η finishes his service and there are no high priority
customers present, customers will be removed from J until a type-η customer is found. If
there is no type-η customer in J , the chain will eventually enter the root node with W (t) = −.
From there a transition will be made to a state with W (t) = 0 and S(Q(t)) > η as given by
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the µη+1ma × (ν̄∗ + 1)ma matrix

F̄−l = diag


0

Iν̄K ⊗ αK
Iν̄K−1 ⊗ αK−1

...
Iν̄η+1 ⊗ αη+1

⊗ Ima .

The zero in the first row of this expression can be explained by noticing that it is not possible
to end up in a state of the root node with W (t) = −, while the Q-area is empty, therefore, the
states of the form (∅,−,0) are transient states. The matrices F̄ hh and F̄ aa can be extracted
immediately from the matrix B̄ as

F̄ hh = B̄hh, (5.57)
F̄ aa = B̄aa. (5.58)

The (ν̄∗ + 1)ma × (ν̄∗ + 1)ma matrix F̄ ll has a structure, similar to the one of F̄ hh, namely,

F̄ ll =


F̄ ll0,0 F̄ ll0,K F̄ ll0,K−1 · · · F̄ ll0,η+1

F̄ llK,0 F̄ llK,K F̄ llK,K−1 · · · F̄ llK,η+1

F̄ llK−1,0 F̄ llK−1,K F̄ llK−1,K−1 · · · F̄ llK−1,η+1
...

...
...

. . .
...

F̄ llη+1,0 F̄ llη+1,K F̄ llη+1,K−1 · · · F̄ llη+1,η+1

 ,

with

F̄ ll0,0 = Ima +D0/λ, (5.59)

F̄ ll0,k = [αk ⊗Dk/λ 0 · · · 0], (5.60)

F̄ llk,0 =


(−Tk)e/λ⊗ Ima

0
...
0

 , (5.61)

F̄ llk,k = Iν̄k ⊗ (Imkma + Tk/λ⊕D0/λ) +
K∑

i=k+1

Iν̄k/κ̄i ⊗ I
+
Ni+1 ⊗ Iκ̄i+1 ⊗ Imk ⊗Di/λ

+ I+
Nk
⊗ Iκ̄k+1

⊗ Imk ⊗Dk/λ+ I−Nk ⊗ Iκ̄k+1
⊗ (−Tk)e/λαk ⊗ Ima , (5.62)

F̄ llk,l = [0 Iν̄k ⊗ eαl ⊗Dl/λ 0], for k > l, (5.63)

F̄ llk,l =

 0
Iν̄l ⊗ (−Tk)e/λαl ⊗ Ima

0

 , for k < l. (5.64)

The entries in the first block column and the first block row correspond to the state in which
the system is idle. Due to arguments, similar to those used for equations (5.34) and (5.35),
the number of leading zero columns, resp. rows, in equations (5.63), resp. (5.64), equals
κ̄k+1mlma, resp. κ̄l+1mkma.
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When a customer of type η finishes his service, two different transitions are possible. If
there are still low priority customers present, the customer with the highest priority will be
served. Otherwise, the system will become idle until a new customer arrives. Both type of
transitions are enclosed in

F̄ al = diag


(−Tη)e/λ

Iν̄K ⊗ (−Tη)e/λαK
Iν̄K−1 ⊗ (−Tη)e/λαK−1

...
Iν̄η+1 ⊗ (−Tη)e/λαη+1

⊗ Ima .

The matrix F̄ lh that holds the probabilities of an arrival of a high priority customer in an
idle system. If there is at least one low priority customer present, a high priority arrival will
cause a transfer of all low priority customers from the Q-area to the stack. Therefore, F̄ lh

has only its first block row different from zero, i.e., this block row equals [F̄ lhη−1 F̄
lh
η−2 · · · F̄ lh1 ],

with

F̄ lhk =
[
αk ⊗Dk/λ 0 · · · 0

]
, (5.65)

a ma × νkmkma matrix. On the other hand, transitions from a state with a high priority
customer in service to an idle system can be found in

F̄ hl =


F̄ hlη−1 0 · · · 0
F̄ hlη−2 0 · · · 0

...
...

. . .
...

F̄ hl1 0 · · · 0

 , with F̄ hlk =


(−Tk)e/λ⊗ Ima

0
...
0

 ,
since such a transition can only occur if there are no other customers in the Q-area. Finally,
we give an expression for the (ν̄∗+1)ma×µη+1mηma matrix F̄ la that covers transitions from
a state with S(Q(t)) > η to a state with S(Q(t)) = η. Such a transition takes place if a type-η
customer arrives while a low priority customer occupies the server, that is,

F̄ la = diag


αη

Iν̄K ⊗ eαη
Iν̄K−1 ⊗ eαη

...
Iν̄η+1 ⊗ eαη

⊗Dη/λ.

Note that for transitions from and to the root node, there are no entries for the states with
W (t) = +. However, additional entries corresponding to the states in which S(Q(t)) > η are
required for the matrices D̄∅,s and Ū∅,s that are needed to solve the equation

π̄∅ = π̄∅

 K∑
k=η

R∅,kD̄∅,k + F̄

 .

For the D̄∅,s matrices these entries are all equal to zero since transitions from some node s
to the root node always go through a state of ∅ with W (t) = −, or through a state with
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qη(t) = 1 (if s = η), that is,

D̄∅,s =


0 0 0 0

D̄−−s 0 0 0
0 0 0 0
0 0 0 0

 , D̄∅,η =


0 0 0 0
0 0 D̄−aη 0
0 0 0 0
0 0 0 0

 , (5.66)

for s > η. Recall, there is no block row corresponding to states with W (t) = + since the MC
shall never reside in one of these states if J = ∅. With respect to the matrices Ū∅,s (s > η) we
need an extra block row corresponding to transitions from a state with S(Q(t)) > η, namely

Ū∅,s =


0 0 0 0
0 0 Ūhhs 0
0 0 0 0
Ū l+s 0 0 0

 , (5.67)

with Ū l+s a (ν̄∗ + 1)ma × µη+1ma matrix given by

Ū l+s =


I−Ns+1 ⊗ Iµs+1 ⊗ e⊗∆ 0 · · · 0

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 . (5.68)

If a low priority customer is being processed and a type-η customer arrives, the Markov chain
remains in the root node, therefore,

Ū∅,η =


0 0 0 0
0 0 Ūhhη 0

Ūa+
η 0 0 Ūaaη
0 0 0 0

 . (5.69)

This allows us to write

K∑
k=η

R∅,kD̄∅,k + F̄ =


0 V +− 0 0 0
0 0 0 0 F̄−l

0 V h− − Āh− Āhh V ha F̄ hl

0 0 0 V aa F̄ al

0
∑K

s=η+1 Ū
l+
s W+−D̄−−s F̄ lh F̄ la F̄ ll

 .
Before describing the computation of the vector π̄∅, let us first introduce the following nota-
tions:

π̄∅,h(0) = (π̄∅(0, (0, . . . , 1, 0,0)), . . . , π̄∅(0, (N1, . . . , Nη−1, 0,0))),
π̄∅,a(0) = (π̄∅(0, (0, 1,0)), π̄∅(0, (0, 1, 0, . . . , 1)), . . . , π̄∅(0, (0, 1, Nη+1, . . . , NK))),
π̄∅,l(0) = (π̄∅(0, (0, 0,0)), π̄∅(0, (0, 0, 0, . . . , 1)), . . . , π̄∅(0, (0, 0, Nη+1, . . . , NK))).

To increase the readability of the equations that can be used to obtain π̄∅, we also introduce
some auxiliary matrices,

M1 = F̄ lh(I − B̄hh)−1,

M2 = (M1V̄
ha + F̄ la)(I − V̄ aa)−1,

M3 = M1(V̄ h− − B̄h−) +
K∑

s=η+1

Ū l+s W+−D̄−−s .
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Finally, the vector π̄∅ = (π̄∅(−), π̄∅,h(0), π̄∅,a(0), π̄∅,l(0)) can be computed by

π̄∅(−) = π̄∅,l(0)M3, (5.70)
π̄∅,h(0) = π̄∅,l(0)M1, (5.71)
π̄∅,a(0) = π̄∅,l(0)M2, , (5.72)

π̄∅,l(0) = π̄∅,l(0)(M3F̄
−l +M1F̄

hl +M2F
al + F̄ ll). (5.73)

Hence, one after the vector π̄∅,l(0) is obtained from Eqn. (5.73), it can be plugged in the other
equations to find the entire π̄∅ vector. Recall, this vector is normalized using

π̄∅e+ π̄∅R∅(I −R)−1e = 1.

The steady state probabilities π̄J , for J 6= ∅, can now be computed by

π̄k = π̄∅R∅,k, (5.74)
π̄J+k = π̄JRk, (5.75)

for k = η, . . . ,K. Of course, the resulting vector still contains additional entries corresponding
to the states with W (t) ∈ {+,−}. The steady state vectors πJ of the original Markov chain
are given by

πJ =
π̄J(0)
1− c

, (5.76)

with the normalization constant

c = π̄∅

[
eµη+1ma

0

]
+ π̄∅R∅(I −R)−1

[
2eµη+1ma

0

]
. (5.77)

5.6 Loss Rate Computation

As discussed in Chapter 4, the low priority loss probability is often one of the most important
performance measures in a priority system. In this situation, the loss probability of a type-k
(k > η) customer can be computed as one minus the output rate of the type-k customers
divided by the class-k input rate, or

pk,loss = 1−
π∅,l,k(0) (eν̄k ⊗ (−Tke)⊗ ema)

θDke
, (5.78)

where π∅,l,k denotes the vector containing exactly those states where a type-k customer is
being served, i.e.,

π∅,l,k(0) =
(π̄∅(0, (0, 1,0)), . . . , π̄∅(0, (0, Nk, . . . , NK)))

1− c
. (5.79)

Here, the one in π̄∅(0, (0, 1,0)) is positioned at the k-th entry and θ is the solution to the
equations θD = 0 and θe = 1, where D is given by D =

∑K
i=0Di.

In Section 4.2.2, it was mentioned that high priority buffers are usually dimensioned such
that hardly any losses occur. Of course, initially one should have an idea how to make sure
that this is in fact the case, without wasting too much buffer space. This can be done by
computing the high priority loss probability and dimensioning the accompanying buffer such
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that this probability remains under a certain predefined threshold. To compute the high
priority loss probability, we first determine the vector

π̂ =
(0, π̄∅(−), π̄∅,h(0), π̄∅,a(0)) + π̄∅R∅(I −R)−1

1− c
. (5.80)

The loss probability of a high priority class k < η can then be calculated as

pk,loss = 1−
π̂h,k (eνk ⊗ (−Tke)⊗ ema)

θDke
. (5.81)

Similar to equation (5.79), π̂h,k corresponds to the part of the vector π̂ where a type-k customer
occupies the server. This means that at least one customer of type k is present and there are
no type-j customers, for every j < k. Remark, since Nη =∞ there are no losses for k = η.

Let us illustrate these formulas with some numerical examples where K = 5 priority
classes are distinguished and η is set to 3. The MMAP[5] arrival process is given by the
following matrices:

D0 =
[
β1 0.5
0.5 β2

]
, D1 =

[
0.05 0

0 0.05

]
,

D2 =
[
0.03 0

0 0.015

]
, D3 =

[
0.002 0

0 0.001

]
,

D4 =
[
γ4,1 0
0 γ4,2

]
, D5 =

[
γ5,1 0
0 γ5,2

]
.

In each example, the values of β1 and β2 are adapted such that De = 0. The service times
of the type-1, type-4 and type-5 customers are exponentially distributed with a mean equal
to 0.2, 1/µ4, and 1/µ5, respectively. The class-2 and class-3 service times are given by the
following PH distributions:

α2 = (0.5, 0.5), T2 =
[
−1 0
0 −2

]
,

α3 = (1, 0, 0), T3 =

−0.5 0.45 0
0 −0.8 0.1
0 0 −0.75

.

We start with dimensioning the high priority buffers such that, for k = 1, 2, the loss probability
pk,loss < 10−10. Since we consider a preemptive scheduling discipline, the traffic of lower
priority classes does not have an influence on the high priority customers. Figure 5.5 illustrates
the loss probabilities of the type 1 (Fig. 5.5(a)) and the type 2 (Fig. 5.5(b)) customers for
different values of N1, resp. N2. The horizontal line on these plots indicates the predefined
threshold 10−10. The results show that setting N1 = 5 and N2 = 6 (after N1 was set to 5)
suffices to keep the loss probabilities below this threshold. We will use these values for N1

and N2 to examine the influence of the arrival and service rates on the loss probability of the
low priority traffic.

Moreover, set

N4 = 10, N5 = 10, γ4,1 = 0.1, γ4,2 = 0.03, γ5,1 = 0.06, γ5,2 = 0.02, (5.82)

100



5.6. Loss Rate Computation

1 2 3 4 5 6

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

N
1

p 1,
lo

ss

(a) Priority class 1

1 2 3 4 5 6 7 8
10

−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

N
2

p 2,
lo

ss

(b) Priority class 2

Figure 5.5: Dimensioning the high priority buffers

and let 1/µi take values equal to 1, 2, . . . , 10, for i = 4, 5. For different combinations of
1/µ4 and 1/µ5, the class-5 loss probability is presented in Figure 5.6. In Figure 5.6(a) each
line corresponds to a specific value of 1/µ5, the lowest line denotes the loss probabilities for
1/µ5 = 1, the second line from the bottom presents the loss probabilities for 1/µ5 = 2, etc.
In Figure 5.6(b) we do the same for different values of 1/µ4. An increase in the mean service
time of the type-5 customers will increase the preemption probability of these customers,
whereas a larger service time of the type-4 customers will lead to longer waiting times for
the type-5 traffic, since this can only be served when there are no customers with a higher
priority in the queue. We now want to investigate which service rate has the largest influence
on the loss probabilities.
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Figure 5.6: Influence of the low priority service rates on the type-5 loss probabilities
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Figure 5.7: Influence of the low priority service rates on the type-5 loss probabilities under
equal low priority arrival rates

It can be observed that an increase in the mean service time of the type-4 customers has
a stronger impact on the type-5 loss probability compared to an increase in the mean service
time of the type-5 customers. For a high type-4 service rate, reasonable loss probabilities
can be obtained for lower type-5 service rates, whereas the combination of a high type-5
service rate and a low type-4 service rate leads to high loss probabilities. For example, if we
take (1/µ4, 1/µ5) = (1, 8), resp. (1/µ4, 1/µ5) = (8, 1), the probability of a type-5 loss equals
2.72e-5, resp. 1.26e-2.

One might think that this could be explained by considering the arrival rates, i.e., the
mean type-4 arrival rate is given by θD4e = 0.065, whereas the mean type-5 arrival rate is
only θD5e = 0.040. To verify this hypotheses, we will perform the same analysis with

D4 = D5 =
[
0.1 0
0 0.02

]
,

resulting in the loss probabilities presented in Figure 5.7. Although the type-4 and the type-5
traffic now has the same mean arrival rate, it can be observed that the influence of the mean
service time of the customers of type 4 is still significantly larger compared to the influence
of the mean service time of the type-5 customers. If we compare Figures 5.6 and 5.7, we
notice that a small part of the difference in loss probability behavior for various service rates
can be explained by the different arrival rates. Nevertheless, the figures show that the major
influence needs to be attributed to the nature of the priority system, where an increase in the
service time of the type-4 traffic causes the type-5 customers to get less access to the server.

After varying the service rates of the low priority customers, we will now take a look at
the influence their arrival rates have on the loss probabilities. To do so, we set

1/µ4 = 1, 1/µ5 = 4/3

and we vary γk,i, with k = 4, 5 and i = 1, 2. More specifically, we let

γk,i =
1

2nk,i
, with nk,i ∈ {1, . . . , 5}.
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Figure 5.8: Influence of the low priority arrival rates on the type-5 loss probability

Figure 5.8(a) shows the loss probabilities of the type-5 traffic for different combinations of
n4,i (top plane) and n5,i (bottom plane). To compute the plane that results from varying n4,i

(resp. n5,i), the values of n5,i (resp. n4,i) are set to one. These results show that the arrival
rate of the type-5 traffic has a larger influence on the probability that a type-5 customer is
lost, compared to the arrival rate of the type-4 traffic. The same observation can be made
based on the results shown in Figure 5.8(b), where we keep the rates in state one of the
arrival process constant (i.e., we set n4,1 = n5,1 = 5), while varying the rates in state two.
Similar to the previous example, a small part of this effect can be explained by the difference
in service rates, however if we set 1/µ4 = 1/µ5 = 1 we still obtain p5,loss = 4.37e-6, resp.
p5,loss = 2.74e-4, for (n4,2;n5,2) = (1, 5), resp. (n4,2;n5,2) = (5, 1).
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Figure 5.9: Influence of the high priority traffic on the low priority loss rates

Finally, we would like to examine the influence of the higher priority traffic on the low
priority loss rates. In Figure 5.9(a), we vary either the arrival rate of the type-2 traffic or the

103



Chapter 5. A Tree-Like Process Approach to Priority Modeling

one of the type-3 traffic. Therefore, we set 1/µ4 = 1, 1/µ5 = 4/3, D∗j = aDj , with j = 2,
resp. j = 3, and D∗k = Dk, for k 6= j. Here, Dj denotes the original MMAP matrix and D∗j
represents the matrix containing the arrival rates of type-j customers used in this example.
The values for γk,i (k = 4, 5) are set as in Eqn. (5.82). Except in the initial part, the type-
2 arrival rate obviously has a larger influence on the loss probability of type-4 and type-5
customers. On the one hand, this is caused by higher arrival rates enclosed in D2, compared
to the rates in D3 and on the other hand there is the influence of the priority scheduling
discipline. A higher type-2 arrival rate will have an influence on the customers of type 2, 3,
4 and 5, whereas the type-3 traffic only influences customers of type 3, 4 and 5.

Remark 11. To make sure that not too much type-2 customers are dropped due to buffer
overflow, we set N2 = 30 in the cases with i = 2. For values of a < 30, this still results in
a small value of p2,loss. However, if a ≥ 30, we obtain larger loss probabilities for the type-2
traffic. Even when N2 = 50, we end up with p2,loss = 1.97e-4.

The influence of the service rates of the type-2 and the type-3 customers is presented in
Figure 5.9(b). Note that for these results, the original Di matrices were used. The service
times of the type-2 and type-3 traffic are given by the PH distributions (2, α2, T2/b), resp.
(3, α3, T3/c). From Figure 5.9(b) it can be observed that a multiplicative increase in the mean
service time of the type-3 traffic has the largest impact on the loss probability of a type-5
customer. The same observations can be made with relation to the type-4 loss probabilities,
not included in this figure. These results meet our expectations since the mean service time of
type-3 customers is much larger than the one of a customer of type 2. That is, for b = c = 1,
the mean service time of a type-2, resp. a type-3 customer, equals 0.75, resp. 3.275.
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6
Multilevel Feedback Queues

Priority scheduling as discussed in Chapters 4 and 5 can be applied to any kind of systems
where the importance of a customer can be determined upon arrival. That is, one decides
to give a certain type of traffic priority over the other traffic. This kind of priority system is
a static scheduling discipline since the type of a packet is known upon arrival and remains
unchanged during the entire sojourn time of this packet. For certain applications we would
rather prefer a dynamic way of assigning priorities. Consider for example a system in which
there is a large distinction between the required service times. In this situation it would be
preferable to give priority to customers with a shorter service time to minimize the mean delay
in the system. Some examples of scheduling disciplines that pursue such goals are shortest-
process-next and shortest-remaining-time-next. A typical application of this type of priority
mechanism is the scheduling of jobs by an operating system. Therefore, we will often refer
to the service time using the term job duration. A problem that arises when implementing a
discipline that takes into account the duration of a job is that this duration is not known a
priori, meaning that it is not possible to determine the priority level of a job upon arrival in
the system.

In a multilevel feedback queue the service time attained so far is used to determine the
priority level of a job. At each moment, the job that has received the least service time so
far will be processed. As opposed to the priority systems in Chapters 4 and 5, the priority of
a job in a multilevel feedback queue changes over time. The priority level of a job decreases
by one every time it has received one quantum of service. This way, shorter jobs will always
complete their service before jobs requiring a longer processing time. A detailed description
of multilevel feedback queues is presented in Section 6.5. To analyze a multilevel feedback
queue where jobs arrive in batches and have generally distributed service times with finite
support, we introduce a new matrix analytic paradigm in Section 6.3, termed Quasi-Birth-
Death Markov chains on binomial-like trees. A necessary and sufficient stability condition
is established in Section 6.4 and the stationary vector is shown to have a matrix geometric
form, provided that it exists. We also indicate how to develop a quadratically converging
algorithm to compute the steady state vector. Finally, in Section 6.5 we indicate how to
model a multilevel feedback queue as a QBD Markov chain on a binomial-like tree.
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6.1 Related Work

Multilevel feedback queues were originally introduced in the late 1960s [93, 27, 55] and appear
nowadays in many modern textbooks on operating systems, e.g., [99]. Also, many contem-
porary operating systems support some form of multilevel feedback queues (e.g., Solaris).
Multilevel feedback queues process jobs in an RR order (see Section 1.2.2), but whenever a
job completes its quantum, its level is increased by one (all jobs start as level 0 jobs). Ongoing
jobs are distributed over various FIFO queues, depending on their current level and a strict
priority mechanism is used to visit these queues (where queue 0 has the highest priority). We
refer to Section 6.5 for a more detailed description.

Feedback queues are inspired by the optimality of scheduling orders such as shortest-
process-next (SPN) or shortest-remaining-time-next (SRTN), which minimize the mean delay
by favoring short jobs, but do not rely on a priori knowledge of the job durations. Instead
the service time attained so far is used to determine the priority of a job. To avoid starvation
effects for large jobs, the quantum received by a level i job typically increases as a function of i.
Other queueing disciplines that are very closely related to multilevel feedback queues include
least-attained-service, foreground-background and shortest elapsed time. Many papers have
been devoted to the analysis of multilevel feedback queues, a detailed survey on this topic
was written by Nuyens and Wierman [79]. As can be seen from this survey, most of the
work focuses on the limiting case where the number of levels is infinite and the quantum q
approaches zero.

6.2 Introduction

In Section 2.1.3 we introduced the notion of a tree-like process as a discrete-time bivariate
Markov chain {(Xt, Nt), t ≥ 0}, in which the values of Xt are the nodes of a d-ary tree. The
process we will use to model a multilevel feedback queue has a different type of state space,
termed a binomial-like tree (due to its similarity with binomial trees). A binomial-like tree
consists of an infinite number of nodes, where the root node has d children. Also, every node
that is the i-th child of its parent node, has i children of its own. Thus, when considering
a discrete-time Markov chain {(Xt, Nt), t ≥ 0} on such a state space, the value of Xt is
represented as an decreasingly ordered string of integers (between 1 and d).

A QBD type Markov chain on such a state space is obtained by restricting the transitions
in a manner similar to a tree-like process. However, to improve the flexibility of the framework,
the range of the variable Nt may depend on the rightmost integer of Xt. Apart from discussing
the ergodicity condition of such a Markov chain, we also develop an algorithm with quadratic
convergence to determine its steady state vector, by showing that the matrices needed to
characterize this vector can be obtained by solving a series of d quadratic matrix equations,
for which various algorithms and software tools exist (e.g., [14]).

We will demonstrate that the behavior of a multilevel feedback queue can be captured by
a QBD type Markov chain on a binomial-like tree, when jobs arrive in batches, have generally
distributed service times with finite support and the number of levels is large enough such
that any job starting service in the last level completes service before its quantum expires.
Notice, due to the finite support assumption, this corresponds to having a finite number of
levels. The model presented in this chapter can be easily extended to the case where jobs
receive different service quanta depending on their current level.
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6.3 QBDs on Binomial-Like Trees

A binomial-like tree of order d consisting of an infinite set of nodes Ω is constructed as follows.
Let ∅ ∈ Ω be the root node of the tree, having d children (i.e., neighbors) labeled 1 to d. Each
i-th child node with a label of the form J+i, has exactly i children of its own, labeled J+i+1
to J + i+ i. Thus, the set of all nodes is given by

Ω = {∅} ∪ {J |J = j1 j2 . . . jk, k ≥ 1, 1 ≤ jl ≤ d, jl ≥ jl′ , 1 ≤ l ≤ l′ ≤ k},

that is, Ω includes all strings J of integers between 1 and d that are ordered descendingly. A
binomial-like tree differs from the well-known binomial tree of order d [29] in the sense that
the i-th child of a node has i children, instead of i− 1. Therefore, a binomial-like tree has an
infinite number of nodes, whereas a binomial tree of order d has exactly 2d nodes.

Define a discrete-time bivariate Markov chain {(Xt, Nt), t ≥ 0} in which the values of Xt

are represented by nodes of a binomial-like tree of order d, for d ≥ 1, and where the range
of Nt is defined as {1, . . . , hf(Xt,1)}, where f(Xt, 1) represents the rightmost integer of the
string Xt (and as {1, . . . , h∅} if Xt = ∅). We will refer to Xt as the node and to Nt as the
auxiliary variable of the Markov chain (MC) at time t. Notice, the number of states belonging
to a node may depend on the rightmost integer of the node label, meaning sibling nodes may
contain a different number of states, but two nodes that are the i-th child of some nodes J1

and J2 both hold exactly hi states. As for the tree-like processes, we use the ‘+’ to denote
the concatenation on the right and ‘-’ to represent the deletion from the right. Furthermore,
f(J, k), for J 6= ∅, denotes the k rightmost elements of the string J , thus J−f(J, 1) represents
the parent node of J .

The following restrictions need to apply for an MC {(Xt, Nt), t ≥ 0} to be a QBD on
a binomial-like tree. At each step the chain can only make a transition to its parent (i.e.,
Xt+1 = Xt − f(Xt, 1), for Xt 6= ∅), to itself (Xt+1 = Xt), or to one of its own children
(Xt+1 = Xt + s for some 1 ≤ s ≤ f(Xt, 1) or 1 ≤ s ≤ d if Xt = ∅). Moreover, the chain’s
state at time t+ 1 is determined as follows:

P [(Xt+1, Nt+1) = (J ′, j)|(Xt, Nt) = (J, i)] =

f i,j J ′ = J = ∅,
bi,jk J ′ = J 6= ∅, f(J, 1) = k,

di,jk,l J 6= ∅, f(J, 2) = lk, J ′ = J − f(J, 1) = J − k,
di,jk J = k, J ′ = ∅,
ui,jk,s J 6= ∅, f(J, 1) = k, J ′ = J + s,

ui,js J = ∅, J ′ = s,
0 otherwise.

Notice, the transition probability between two nodes depends only on the rightmost element
of their labels and not on their specific values. We can now define the h∅ × h∅ matrix F , the
hk × hk matrix Bk, the hk × hl matrix Dk,l, the hk × h∅ matrix Dk, the hk × hs matrix Uk,s
and the h∅ × hs matrix Us with their (i, j)-th elements given by f i,j , bi,jk , di,jk,l, d

i,j
k , ui,jk,s and

ui,js , respectively. Notice, a QBD on a binomial-like tree is fully characterized by the matrices
F , Bk, Dk,l, Dk, Uk,s and Us, for 1 ≤ s ≤ k ≤ l ≤ d, meaning in general by 1 + d(d + 4)
matrices (see Figure 6.1).
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Figure 6.1: Structure of the first three levels of a binomial-like tree Markov chain and the
matrices characterizing its transitions

Clearly, we have

Bke+Dk,le+
k∑
s=1

Uk,se = e, (6.1)

Bke+Dke+
k∑
s=1

Uk,se = e, (6.2)

Fe+
d∑
s=1

Use = e, (6.3)

for 1 ≤ k ≤ l. This implies that Dke = Dk,le for all k ≤ l. Further notice, setting d = 1
reduces the binomial-like tree to an infinite strip and the associated QBD to the classic QBD
Markov chains where the number of states at level 0 may differ from the number of states on
level i > 0.

Next, we introduce a number of matrices that play a crucial role when studying the
stability and stationary behavior of a QBD on a binomial-like tree, analogous to the matrices
introduced for the tree-like processes. Let Vk denote the hk × hk matrix whose (i, j)-th
element is the taboo probability that starting from a state of the form (J + k, i), the process
eventually returns to node J + k by visiting (J + k, j), under the taboo of node J . These
taboo probabilities only depend on k as Dke = Dk,le, for all k ≤ l. One readily establishes
that the following relationships hold:

Vk = Bk +
k∑
s=1

Uk,s(I − Vs)−1Ds,k. (6.4)

Let the (i, j)-th element of the hk × hs matrix Rk,s denote the expected number of visits to
state (J+ks, j) before visiting node J+k again, given that (X0, N0) = (J+k, i) and let Rs hold
the expected number of visits to state (s, j), under taboo of node ∅, given (X0, N0) = (∅, i).
These matrices obey the following equations:

Rk,s = Uk,s(I − Vs)−1, (6.5)
Rs = Us(I − Vs)−1. (6.6)
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Finally, define the (i, j)-th entry of the matrix hk × hl Gk,l as the probability that, starting
from a state of the form (J + lk, i), we eventually visit node J + l by visiting state (J + l, j).
Similarly, let the hk×h∅ matrix Gk hold the probabilities that the root node is visited through
state (∅, j) starting from state (k, i). The G-matrices can be expressed in terms of the Vk
matrices by observing that:

Gk,l = (I − Vk)−1Dk,l, (6.7)
Gk = (I − Vk)−1Dk. (6.8)

6.4 Steady State Analysis

Throughout this section, we assume that the QBD process {(Xt, Nt), t ≥ 0} defined in the
previous section is irreducible. In practice some transient states are allowed as their corre-
sponding entries in the steady state vector will automatically become zero when applying the
proposed algorithm. Clearly, the MC {(Xt, Nt), t ≥ 0} is recurrent if and only if

Dke+ Vke = e,

for all 1 ≤ k ≤ d, which can be reformulated as Gk,le = e, for all k ≤ l, by rewriting it as
(I − Vk)−1Dke = e and using Dke = Dk,le, as well as equation (6.7). An alternate stability
condition will be given further on.

Define

πi(J) = lim
t→∞

P [Xt = J,Nt = i], (6.9)

π(∅) = (π1(∅), π2(∅), . . . , πh∅(∅)), (6.10)
π(J ′) = (π1(J ′), π2(J ′), . . . , πhf(J′,1)(J

′)), (6.11)

for J ′ 6= ∅. As a direct consequence of [62, Theorem 5.2.1] the following matrix-geometric
form can be revealed for the components π(J) of the steady state vector:

π(s) = π(∅)Rs, (6.12)
π(J + ks) = π(J + k)Rk,s. (6.13)

The first set of balance equations can be rewritten as

π(∅) = π(∅)(F +
d∑
s=1

Us(I − Vs)−1Ds), (6.14)

to provide us with the vector π(∅). Using (6.12) and (6.13), the normalization condition∑
J π(J)e = 1 can be expressed as

π(∅)

(
e+

d∑
s=1

RsΦs

)
= 1, (6.15)

with

Φ1 = (I −R1,1)−1e, (6.16)

Φk = (I −Rk,k)−1

(
e+

k−1∑
s=1

Rk,sΦs

)
, (6.17)
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for 1 ≤ k ≤ d. If the MC {(Xt, Nt), t ≥ 0} is ergodic, then the series
∑

J π(J)e must
converge, meaning Φ1,Φ2, . . . ,Φd must converge, and this implies that the spectral radius of
the matrices Rk,k, for 1 ≤ k ≤ d, is less than one and (I −Rk,k)−1 exists.

The steady state vectors π(J) can therefore be determined from the matrices Vk, for
1 ≤ k ≤ d. Equation (6.4), for k = 1, equals

V1 = B1 + U1,1(I − V1)−1D1,1,

which has an identical form as the matrix equation for the U -matrix of a classic QBD Markov
chain [62]. Moreover, D1,1e+B1e+U1,1e = e, therefore V1 is the U -matrix of a QBD Markov
chain characterized by (D1,1, B1, U1,1). Thus, we can compute V1 by solving the quadratic
matrix equation

Y1 = D1,1 +B1Y1 + U1,1Y
2

1 , (6.18)

and setting V1 = B1 + U1,1Y1. Any algorithm, including the logarithmic or cyclic reduction
algorithm, to solve this type of equation can be used to obtain Y1 [14]. Rewriting equation
(6.4) for Vk, for k = 2, . . . , d gives

Vk =

(
Bk +

k−1∑
s=1

Uk,s(I − Vs)−1Ds,k

)
+ Uk,k(I − Vk)−1Dk,k. (6.19)

Having obtained the matrices V1 to Vk−1, Vk is also a U -matrix of a classic QBD characterized
by (Dk,k, B̄k, Uk,k), where B̄k is defined as the expression between brackets. It is readily
checked that

Dk,ke+ B̄ke+ Uk,ke = e, (6.20)

whenever Vke+Dke = e. Hence,

Vk = B̄k + Uk,kYk, (6.21)

where Yk solves the quadratic equation

Yk = Dk,k + B̄kYk + Uk,kY
2
k . (6.22)

In conclusion, to obtain the matrices Vk, it suffices to solve d quadratic matrix equations,
each of these can be solved using an algorithm with quadratic convergence.

From the probabilistic interpretation of the Yk matrices, one finds that Yk = Gk,k. Also,
if the Gk,k matrices are stochastic, then so are all Gk,l matrices, for k < l, because of (6.7)
and Dk,ke = Dk,le. Therefore, using the classic QBD stability condition [62], we find that the
MC {(Xt, Nt), t ≥ 0} is stable if and only if

θkDk,ke < θkUk,ke,

where θk is the stochastic invariant vector of the stochastic matrix Dk,k + B̄k +Uk,k. Notice,
this condition is not readily checked as the matrices Vk need to be determined first for k =
1, . . . , d− 1 in order to compute the matrices B̄2 to B̄d.
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We end this section by introducing a simple procedure for some quantities that are useful
when deriving performance measures. Let Πk be the sum of all π(J) vectors for which
f(J, 1) = k, then

Πd = π(∅)Rd(I −Rd,d)−1, (6.23)

Πk =

(
π(∅)Rk +

d∑
s=k+1

ΠsRs,k

)
(I −Rk,k)−1, (6.24)

for k = 1, . . . , d− 1.

Theorem 7. The probability of having t (t > 0) integers k on the string can be expressed as

P [N(J, k) = t] = Πk(I −Rk,k)Rt−1
k,k (I −Rk,k)Φk.

Proof. One easily notices that

Πk(I −Rk,k) = π(∅)Rk +
d∑

s=k+1

ΠsRs,k

corresponds to the sum of all π(J) vectors for which f(J, 1) = k, but f(J, 2) 6= kk. As a
consequence, Πk(I −Rk,k)Rt−1

k,k equals the sum of all π(J) vectors for which f(J, t) = k . . . k,
but f(J, t+ 1) 6= kk . . . k. Multiplying this result with

(I −Rk,k)Φk =

(
e+

k−1∑
s=1

Rk,sΦs

)
is therefore exactly the probability of having t integers k on the string.

6.5 The Multilevel Feedback Queue

The multilevel feedback queue is a scheduling discipline introduced in the late 1960s that has
become an important CPU scheduling principle found in many operating systems textbooks.
The goal of a multilevel feedback queue scheduler is to fairly and efficiently schedule a mix
of processes with a variety of execution characteristics (e.g., I/O-bound or CPU-bound). By
introducing different priority levels and by controlling how a process moves between priority
levels, processes with different characteristics can be scheduled as appropriate. The scheduler
attempts to provide a compromise between several desirable metrics, such as response time
for interactive jobs, throughput for compute-intensive jobs, and fair allocations for all jobs. A
multilevel feedback queue gives preference to short and I/O-bound jobs and quickly establishes
the nature of a process and schedules it accordingly.

In its pure form, the multilevel feedback queue uses a set of priority queues and operates
as follows. All new job arrivals are termed class-0 jobs and are placed in the priority 0 FIFO
queue. The scheduler processes these class-0 jobs in a time sharing manner, that is, each
class-0 job is processed for a maximum of q0 time units. If a job is not completed before the
quantum q0 expires, it becomes a class-1 job and is placed at the back of the priority 1 FIFO
queue, where it is set to wait until the priority 0 queue is empty. When the scheduler finds
the priority 0 queue empty, it continues serving class-1 jobs. A class-1 job receives at most
q1 time units of uninterrupted service before becoming a class-2 job, etc. In general,
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• A strict priority discipline is used between all FIFO queues.

• A class-k job can only receive service when there are no class-l jobs with l < k present.

• When a class-k job enters the CPU, it is allowed to occupy the processor for a maximum
of qk time units.

• If a class-k job does not end within its quantum of length qk, it becomes a class-(k+ 1)
job and is placed at the back of the priority k + 1 FIFO queue.

• New jobs arriving while a class-k job, with k > 0, is in service will not preempt the
class-k job before it has received qk time units of service, unless the class-k job completes.

Thus, a multilevel feedback queue will favor short jobs, without having a priori knowledge
about the job lengths. Starvation of large jobs can be counteracted by assigning longer quanta
qk to the lower priority classes.

Most work in this area has focused on systems with an infinite number of classes and
on the limiting case where qk = q → 0 for all k. Using the framework introduced in the
previous sections, we demonstrate how one can analyze the multilevel feedback queue under
the following assumptions:

1. Time is slotted and all quanta qk are expressed as multiples of the time unit.

2. The quanta qk = 1 for all k. This assumption can be relaxed without great difficulty,
we restrict ourselves to qk = 1 to simplify the Markov chain description.

3. A (possibly empty) batch of jobs arrives at each slot boundary. The batch size in
consecutive slots is assumed independent and identically distributed. We denote bi as
the probability of having a size i batch, for i ≥ 0. Without much effort, one can also
incorporate a batch Markovian arrival process (D-BMAP), if needed.

4. The processing time S of all jobs is independent and identically distributed. Denote
si = P [S = i] as the probability that a job requires i time units of processing. This
general distribution is assumed to have a finite support, i.e., there exists some d such
that P [S > d+ 1] = 0.

5. The number of classes is (greater than or) equal to d + 1 and are labeled class-0 to
class-d. Notice, a class-d job always ends after one time unit of processing.

6. All class-k queues have a finite buffer size equal to N .

6.5.1 Markov Model

Denote cit as the number of class-i jobs present in the system at time t. When observing the
system just prior to the slot boundaries, a Markov chain (Ct)t≥0 is obtained by keeping track
of the queue contents cit of all d+ 1 queues at the end of time slot t. Let m(t) be the smallest
index i such that cit > 0 (or d+ 1 if no such index exists). This means that during time slot
t a class-m(t) job will be processed. We represent the tuple (cm(t)+1

t , . . . , cdt ) as an ordered
string of integers Jt = ψ(cm(t)+1

t , . . . , cdt ) between 1 and d as follows:

ψ(cm(t)+1
t , . . . , cdt )

def.
=

cdt︷ ︸︸ ︷
d . . . d

cd−1
t︷ ︸︸ ︷

(d− 1) . . . (d− 1) . . .

c
m(t)+1
t︷ ︸︸ ︷

(m(t) + 1) . . . (m(t) + 1) . (6.25)
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Thus, the tuple (Jt, (m(t), cm(t)
t )) fully characterizes the system at time t and provides us

with a Markov chain having a binomial-like tree of order d as its state space. Next, let us
consider the different transitions that might occur in such a Markov chain, for now assume
all queues are of infinite size (N = ∞). In all cases, the job in progress at time t will finish
with probability

pm(t)+1 = P [S = m(t) + 1|S > m(t)]. (6.26)

Assume there are no new job arrivals at time t.

(A1) If cm(t)
t > 1 and the job in progress finishes, m(t + 1) = m(t), cm(t+1)

t+1 = c
m(t)
t − 1 and

Jt+1 = Jt. If the job in progress did not complete, m(t) + 1 needs to be added to the
string Jt to get Jt+1.

(A2) On the other hand, if cm(t)
t = 1 and the job completes at time t, we will delete all

the integers equal to m(t + 1) = f(Jt, 1) from the string Jt to obtain Jt+1 and set
c
m(t+1)
t+1 equal to number of integers removed. Provided that the string J 6= ∅, otherwise

the string remains identical to ∅. If the job does not complete, m(t + 1) = m(t) + 1
and we remove all (if any) integers equal to m(t) + 1 from the string Jt, while setting
c
m(t+1)
t+1 equal to one plus the number of removed m(t)+ 1 values. Clearly, some of these

transitions are not allowed in a QBD MC, as multiple integers are potentially deleted
from the string Jt at once. Further in this section, we will pay attention to this kind of
transitions.

If one or multiple new jobs do arrive, we distinguish between having (B1) m(t) = 0 and (B2)
m(t) > 0, in both cases m(t+ 1) = 0.

(B1) In this particular case we simply increase the value of cm(t)
t taking into account the new

arrivals and add a 1 to the string Jt if the job in progress did not complete.

(B2) If there were no class-0 jobs present, we first add a single m(t) + 1 (if there is no job
completion) followed by a series of cm(t)

t − 1 integers m(t). Also, c0
t+1 will hold the

number of new arrivals. Again, the QBD does not allow us to add a series of integers
at once to the string Jt.

To reduce the Markov chain (Jt, (m(t), cm(t)
t )) to a QBD having a binomial-like tree as its

state space, we will slightly expand the state space of the chain. Currently, we have Jt ∈ Ω
and

(m(t), cm(t)
t ) ∈ {(k, n)|k = 0, . . . , f(Jt, 1)− 1, n = 1, . . . , N}, Jt 6= ∅,

(m(t), cm(t)
t ) ∈ {(k, n)|k = 0, . . . , d, n = 0, . . . , N}, Jt = ∅.

Remark that the number of states of a node depends on the rightmost integer of the string
identifying the node. By limiting the range of the variable c

m(t)
t to N , we automatically

enforce that all queues have a finite capacity equal to N . Although the string Jt might
contain more than N identical integers i, the ones that should have been deleted earlier (due
to a buffer overflow), are deleted as soon as service is provided to the class-i queue (because
all these integers need to be stored into the cm(t)

t variable first).
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The transitions described in step (A2) can be avoided by adding a set of states

{(−, n)|0 ≤ n ≤ N}

to each node variable Jt. Whenever we need to remove a series of k > 1 identical integers
m(t+1) from the string Jt, we can remove them one at a time. First, we enter the state (−, 0)
after which the first m(t + 1) is removed from Jt and a transition to state (−, 1) is made,
subsequently we visit the states (−, 2), (−, 3) to (−, k − 1), each time removing one m(t+ 1)
from the string. While removing the last m(t+ 1) we enter state (m(t+ 1), k). Remark that
there is no real need to include state (−, 0), however it allows us to give a somewhat easier
description of the transition matrices. Notice, such transitions can be captured by a QBD as
a transition to a parent node may depend on the rightmost integer of both the node and its
parent, thus we can stay in states of the form (−, x) as long as both these integers remain
identical. As a consequence, there is no need to store the class m(t + 1) in the auxiliary
variable when removing a series of identical integers, which is beneficial for the block size of
the matrices involved.

The transitions of step (B2) are slightly more complicated in the sense that we add a list
of k identical integers m(t) possibly preceded by a single m(t) + 1. To distinguish between
these two scenario’s we add two sets of additional states:

{(+, n)|1 ≤ n ≤ N} ∪ {(+1, n)|1 ≤ n ≤ N}.

For such transitions, the variable cm(t+1)
t+1 will hold the nonzero size of the batch arrival. If

needed, we start by adding m(t) + 1 to the string Jt and setting the auxiliary variable equal
to (+1, k), to indicate that k identical integers need to be added to the string. The value of
these integers can be deduced by subtracting one from the rightmost element of the string
(hence, the 1 in the notation). Subsequently, we visit states (+, k − 1) to (+, 1) and each
time add a single integer to the string (the value of which is identical to the current rightmost
element of the string, except for the first step where we might need to subtract one). Finally,
we enter state (0, x), where x is drawn from the batch size distribution, knowing it concerns a
nonempty batch. Thus, we postpone determining the batch size until we add the last element
to the string. We can support all these transitions by the QBD framework as a transition
to a child node is allowed to depend on the rightmost element of the current node. The
matrices Bk, Dk,l, Uk,s, F , Dk and Us, for 1 ≤ s ≤ k ≤ l ≤ d, describing the QBD on the
binomial-like tree are presented in Section 6.5.2. Having obtained the steady state vectors
π(J) of this expanded (QBD) Markov chain, we can deduce the steady state of the chain
(Jt, (m(t), cm(t)

t )) by applying a censoring argument. Actually, it suffices to replace the vector
e in (6.15) by a vector that contains only ones on the entries corresponding to the original
states.

6.5.2 Transition Matrices

Before presenting some numerical examples, we will briefly describe the transition matrices
of the expanded QBD Markov chain (Jt, (m(t), cm(t)

t )). Since three types of additional states
were added, we have hk = (3 +k)N + 1, for k = 1, . . . , d. The first block row corresponds to a
transition from an additional state of type (−, n), with 0 ≤ n ≤ N , the second and the third
block row to a transition from a state of type (+1, n), respectively (+, n), with 1 ≤ n ≤ N .
The first block row will therefore consist of N + 1 rows, whereas the other block rows have
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only N rows. To reduce the notational complexity, we will use the short notations presented
on Page xv for the matrices with a special structure. Besides, we introduce the following
matrices of which the appropriate dimension depends on the context:

• M (i,j) is a zero matrix with a one in row i, column j.

• b1 = (b1, b2, . . . , bN ), where bj = 0 if j exceeds the maximum batch size.

• B1
T denotes an upper triangular Toeplitz-like matrix with its first row equal to b1 that

is given by

B1
T =


b1 b2 · · · bN
0 b1 · · · b∗N−1
...

. . . . . .
...

0 0 · · · b∗1

 ,

with b∗i =
∑N

k=i bk. The hk × hk matrix Bk covers the transitions where Jt+1 = Jt and
f(Jt, 1) = k. Such a transition occurs when cm(t)

t = 1, with m(t) ∈ {0, . . . , k−1}, and no new
jobs arrive. The resulting state then equals (−, 0). If there is at least one new arrival, we can
skip the states of the form (−, n) by moving immediately to state with m(t + 1) = 0. The
transitions that take place if more than one job was present while the one being processed
finishes its service are described in (A1). This results in

Bk =



0 0 0 0 0 0 · · · 0
0 0 0 0 0 0 · · · 0
0 0 0 0 0 0 · · · 0

p1b0M
(1,1) 0 0 p1(B1

T + b0I
−) 0 0 · · · 0

p2b0M
(1,1) 0 0 p2e1b

1 p2b0I
− 0 · · · 0

p3b0M
(1,1) 0 0 p3e1b

1 0 p3b0I
− · · · 0

...
...

...
...

...
...

. . .
...

pkb0M
(1,1) 0 0 pke1b

1 0 0 · · · pkb0I
−


. (6.27)

The hk × hl matrices Dk,l contain the transition probabilities between state (−, i) and state
(−, i + 1), where f(Jt, 1) = k and f(Jt+1, 1) = l. As long as k = l, we remove the next k
from the string. Whenever the last k has been removed, the system moves to a state where
m(t+ 1) = k. Hence,

Dk,k =


I+ 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 , (6.28)

Dk,l =


0 · · · 0 I= +M (N+1,N) 0 · · · 0
0 · · · 0 0 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 0 0 · · · 0

 , (6.29)

for l > k. The nonzero entries of the matrix Dk,l are positioned on the (k+4)-th block column
of the first block row since these correspond to states where type-k jobs are processed. The
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hk × hs matrices Uk,s represent the situations in which an integer is added to the string Jt
and are given by

Uk,1 = ∆k,1



0 0 0 0
0 0 I− e1b1

1−b0
0 0 I− e1b1

1−b0
b0M

(1,1) 0 0 B1
T + b0I

−

0 0 (1− b0)I−− e2b
1

0 0 0 0
...

...
...

...
0 0 0 0


, (6.30)

Uk,s = ∆k,s



0 0 0 0 0 · · · 0
0 0 I− e1b1

1−b0 0 · · · 0
0 0 I− e1b1

1−b0 0 · · · 0
0 0 0 0 0 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 0
b0M

(1,1) (1− b0)I− 0 e1b
1 0 · · · b0I

−

0 0 (1− b0)I−− e2b
1 0 · · · 0

0 0 0 0 0 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 0



, (6.31)

(6.32)

with s 6= 1 and ∆k,s a hk × hk diagonal matrix represented by

∆k,s = diag[(et, 1{k=s+1}e
t, 1{k=s}e

t, et, . . . , (1− ps)et, ps+1e
t, et, . . . , et)],

In the matrix Uk,s the nonzero (and in ∆k,s the non-one) entries are located on the block rows
2, 3, s+3, and s+4. In these matrices we can distinguish different situations. The second and
third block row correspond to the states (+1, n), resp. (+, n). If the Markov chain resides in
one of these states, we concatenate an s to the string and upon the concatenation of the last
s, the chain makes a transition to a state that corresponds to a class-0 job being processed.
The nonzero entry in the first column covers the case in which the last class-(s− 1) customer
with a service time of at least s+ 1 slots is being processed. This customer will be added to
the string as a class-s customer after which all customers of this class will be removed from
the string, given that there are no new arrivals. It might seem a little laborious to add a
customer to the string that will be immediately removed again, however, this extra transition
simplifies the presentation of the matrices.

If new customers arrive while class-(s−1) customers are being processed, a transition to a
state (+1, n) or (+, n) will follow depending on the possible termination of the actual service
(see block entries s+ 3 and s+ 4 in ∆k,s). Note the occurrence of the matrix I−− in the third
block column due to the combination of a service completion and a customer being added
to the string. In the fourth block column we encounter expressions comparable to those in
the matrices Bk since we can also skip the transition to (−, 0) here. Finally, the last block
column contains nonzero entries for the states without arrivals and where the job in process

116



6.5. The Multilevel Feedback Queue

does not complete its service. Considering the root node, the following equations describe the
matrices F , Us and Dk (for k, s = 1, . . . , d),

F =



b0 b1 0 0 · · · 0 0
p1b0e1 p1(B1

T + b0I
−) 0 0 · · · 0 0

p2b0e1 p2e1b
1 p2b0I

− 0 · · · 0 0
p3b0e1 p3e1b

1 0 p3b0I
− · · · 0 0

...
...

...
...

. . .
...

...
pdb0e1 pde1b

1 0 0 · · · pdb0I
− 0

b0e1 e1b
1 0 0 · · · 0 b0I

−


, (6.33)

Dk =


0 · · · 0 I= +M (N+1,N) 0 · · · 0
0 · · · 0 0 0 · · · 0
...

. . .
...

...
...

. . .
...

0 · · · 0 0 0 · · · 0

 , (6.34)

with the nonzero block on the (k + 2)-th block column,

U1 = ∆1



0 0 0 0
b0M

(1,1) 0 0 B1
T + b0I

−

0 0 (1− b0)I−− e2b
1

0 0 0 0
...

...
...

...
0 0 0 0


, (6.35)

Us = ∆s



0 0 0 0 0 · · · 0
0 0 0 0 0 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 0
b0M

(1,1) (1− b0)I− 0 e1b
1 0 · · · b0I

−

0 0 (1− b0)I−− e2b
1 0 · · · 0

0 0 0 0 0 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 0


, (6.36)

for s 6= 1 and where

∆s = diag[(et, . . . , et, (1− ps)et, ps+1e
t, et, . . . , et)].

These equations can be understood using arguments similar to those presented for transitions
between two nonroot nodes. Remark, there are no additional states in the root node, hence
hφ = (d+ 1)N + 1. The first row of the matrices F and Us corresponds to a transition from
an idle system, that is, the situation where m(t) = d+ 1.
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6.5.3 Performance Measures

To conclude this chapter, we present some illustrative numerical examples. In these examples,
we take a closer look at the influence the batch size and the processing time distribution have
on the queue length of each queue individually and on the average buffer occupancy of the
entire system. The average response times (per job length) are also discussed. Consider a
multilevel feedback queue with 10 priority classes where each buffer can store at most N = 30
jobs.
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(b) Dispersion of the queue length distribution

Figure 6.2: Average queue lengths in a multilevel feedback queue with 10 priorities and
different arrival characteristics

The processing time of a job follows a discrete uniform distribution with P [S = i] = 0.1, for
i = 1, . . . , 10. The mean arrival rate equals 0.12 jobs per slot, resulting in a total load of
ρ = 0.66. We consider 4 different arrival processes, given by

A1 : b0 = 0.88, b1 = 0.12, and, bi = 0, for i > 1,

A2 : b0 = 0.94, b1 = 0.03, bi = 0.01, for 2 ≤ i ≤ 4, and, bi = 0, for i > 4,

A3 : b0 = 0.98, b6 = 0.02, and, bi = 0, for i /∈ {0, 6},

A4 : b0 = 0.99, b12 = 0.01, and, bi = 0, for i /∈ {0, 12}.

Notice, A1 ≤cx A2 ≤cx A3 ≤cx A4 in the convex ordering sense (see Def. 2). Figure 6.2(a)
shows the average queue length for each priority class. As the batch size distribution becomes
larger, the average queue length increases for each queue. Furthermore, the number of the
priority queue attaining the highest average occupancy decreases with the burstiness of the
arrival process. From Figure 6.2(b) it can be observed that the coefficient of variation, i.e.,
the ratio of the standard deviation to the mean, is larger for queues with a lower priority.
Furthermore, for a burstier arrival process, the coefficient of variation of the queue length is
slightly smaller.

In the following example, we keep the arrival process fixed, while varying the job processing
times. New jobs enter the multilevel feedback queue according to the second arrival process
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6.5. The Multilevel Feedback Queue

discussed in the previous example, i.e., b0 = 0.94, b1 = 0.03, bi = 0.01, for 2 ≤ i ≤ 4, and
bi = 0 for i > 4. Furthermore, we consider four different job processing time distributions
given by:

S1 : P [S = i] = 0.1 for 1 ≤ i ≤ 10,

S2 : P [S = i] = 0.05 for 1 ≤ i ≤ 3, 8 ≤ i ≤ 10, P [S = i] = 0.175 for 4 ≤ i ≤ 7,

S3 : P [S = i] = 0.025 for 1 ≤ i ≤ 4, 7 ≤ i ≤ 10, P [S = i] = 0.4 for i ∈ {5, 6},

S4 : P [S = i] = 0.01 for 1 ≤ i ≤ 4, 7 ≤ i ≤ 10, P [S = i] = 0.46 for i ∈ {5, 6}.
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(b) Dispersion of the queue length distribution

Figure 6.3: Average queue lengths in a multilevel feedback queue with 10 priorities under
varying processing time distributions

Each of these distributions has an average, resp. maximum, processing time of 5.5, resp. 10,
slots. Also, S1 ≥cx S2 ≥cx S3 ≥cx S4 in the convex ordering sense. The queue length results
obtained for these scenarios are presented in Figure 6.3. It can be observed that for the
uniform processing time distribution, the average queue length is more spread out over the
different queues compared to a processing time distribution where the probability mass is
more centered around the mean. Considering the coefficient of variation, we observe larger
values for the queues with a lower priority similar to the previous example.

In Figure 6.4 we present the average queue lengths over all 10 priority queues for each of
the discussed scenarios (as well as the total loss rate ν due to the finite nature of the queues).
How this loss rate can be computed, will be discussed later on. As mentioned earlier, the
average queue length increases together with the burst size of newly arriving jobs. Considering
the processing time distribution, we observe that the average queue length is minimal for the
uniform distribution and increases for distributions where the probability mass is less spread
out.

From the average queue length we can also deduce the average response time for the
different jobs in the system. Denote jobs with a required processing time of i + 1 slots as
type-i jobs, i.e., a type-i job has to pass through priority queues 0, . . . , i before leaving the
system. Using Little’s law we can compute the average response time of a type-i job who
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scenario avg queue length loss rate scenario avg queue length loss rate
A1 2.041 jobs 1.93e-7 S1 4.650 jobs 1.38e-4
A2 4.650 jobs 1.38e-4 S2 4.896 jobs 2.55e-4
A3 8.789 jobs 2.08e-3 S3 5.378 jobs 9.72e-4
A4 12.566 jobs 8.90e-3 S4 5.732 jobs 1.48e-3

Figure 6.4: Average queue length in the 10-class multilevel feedback queue

was allowed to enter the first queue. We start by determining the input rate of the different
buffers, taking into account jobs that leave the system after having received their required
processing time as well as jobs that are dropped due to buffer overflow. For priority queue 0,
the input rate equals the average rate at which a job arrives in the system, that is,

λ0 =
∞∑
i=1

ibi. (6.37)

The input rate λi of queue i (i > 0) can be obtained from the output rate µi−1 of queue i−1,
which can be computed by

µi−1 = πi−1(∅)e+
d∑
j=i

Πj,i−1e, (6.38)

with

πk,l(J) = lim
t→∞

P [Xt = J, (m(t), cm(t)
t ) = (k, l)],

πk(J) = (πk,1(J), . . . , πk,N (J)),
π(J) = (π0(J), . . . , πd(J)),

and Πk,l is defined as the sum off all vectors πl(J) for which f(J, 1) = k, analogous to equations
(6.23) and (6.24). That is, in (6.38) we sum all probabilities corresponding to states where
queue i− 1 is active. The arrival rate λi is then given by

λi = (1− pi)µi−1. (6.39)

Applying Little’s law to each of these d+ 1 queues, we see that the mean time spent in queue
i of all jobs passing through queue i equals Ni/µi (notice, as the queue is finite, we have to
use µi and not λi). As the type of a type-j job with j ≥ i is irrelevant for the time it spends
in queue i, this mean value is correct for all type-j jobs passing through queue i. We denote
the average response time of a type-i job that entered our system as RTi. Thus, if a type-i
job is only partially processed, it also contributes to RTi. As all the type-0 jobs entering the
system get processed by queue 0, we have

RT0 =
N0

µ0
. (6.40)

For the type-1 jobs, there are two components: N0/µ0 for the mean time a class-1 customer
spends in queue 0, plus the mean time it spends in queue 1, provided that it enters queue 1.
The probability that a type-1 job enters this queue is µ1/λ1. In conclusion,

RT1 =
N0

µ0
+
N1

λ1
. (6.41)
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Figure 6.5: Average response time of type t customers in a multilevel feedback queue under
varying arrival characteristics and with different processing time distributions

Similarly, one establishes that

RTi =
N0

µ0
+

i∑
k=1

Nk

λk
.

Figure 6.5 presents the average response time of the different types of jobs in the 8 scenarios.
As expected, the burstiness of the arriving jobs has a large influence on this average response
time. For the processing time distributions we observe that the distribution that leads to the
smallest average response time depends on the type of customer. For example, for a customer
with a required processing time of 6 slots, a larger distribution in the convex ordering sense
leads to a smaller average response time, whereas for a customer of type 9, the opposite
observation can be made.

From the input and output rate of each queue we can also obtain the different loss rates,
i.e., the loss rate νi (i > 0) of queue i is given by

νi = λi − µi. (6.42)

The total loss rate of the system then equals

ν =
d∑

k=0

νk. (6.43)

In Figure 6.4 this total loss rate is presented for the different scenarios under consideration.
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7
Quasi-Birth-Death Markov Chains

Part II focused on the steady state performance of different queueing systems. Intuitively,
this can be seen as the behavior the system will exhibit after a considerable long time. In this
part we are interested in the transient behavior of the system, that is, we want to know how
the system evolves in its initial stage. This is especially interesting when studying systems
that do not have a steady state, but also for other systems it can be useful to know something
about their initial behavior since it might take a considerable amount of time before the
steady state is eventually reached.

In this first chapter we present an algorithm to compute transient performance measures
of a Quasi-Birth-Death Markov chain and in Chapter 8 we extend this method to the class of
tree-like processes. In contrast to the results presented in Part II, we will not concentrate on
a particular system here. Rather, we present a general framework that can be applied to any
system that can be modeled as a QBD or a tree-like process. Although the work is presented
in a discrete-time setting, it can be easily adapted for continuous-time systems.

The results presented in this chapter make use of the framework termed QBDs with marked
time epochs [111] that transforms the transient problem into a stationary one by applying a
discrete Erlangization and constructing a reset Markov chain. In contrast to a steady state
analysis, the initial state of the process has an influence on the transient behavior of the
system. To identify this influence, there is a need for an efficient manner of comparing the
results for different initial states. A possible solution might be to compute the performance
measures of interest for one specific initial state, then change the initial state and redo all
computations. Obviously, this not the most optimal strategy and in this chapter we will show
how the same result can be obtained with significantly less computations.

To avoid the need to repeat all computations for each initial configuration, we present
a level based recursive algorithm that uses intermediate results obtained for initial states
belonging to levels 0, . . . , r−1 to compute the transient measure when the initial state is part of
level r. Also, the computations for all states belonging to level r are performed simultaneously.
A key property of our approach lies in the exploitation of the internal structure of the block
matrices involved, avoiding any need to store large matrices.
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7.1 Related Work

Transient performance measures have long been recognized as being complementary to steady
state measures [66, 24, 80, 84]. Either because there exist a need to understand the initial
behavior of a system, or simply because the system has no steady state. Transient studies
are moreover motivated as a means to investigate the impact of the initial system state in a
simulation environment. Also the study of QBD Markov chains has a long tradition dating
back to the early work by Neuts in the 1960s. Today this topic is still very actively pursued
by many researchers. Early contributions to the transient analysis of QBDs were made by
Ramaswami [82] and, Zhang and Coyle [119], mostly relying on Laplace transforms. More
recent works include those by Le Ny and Sericola [80] and Remke et al. [85, 86], which both
combine uniformization techniques with a recursive approach to tackle the resulting discrete-
time problem. Their strength lies mostly in solving transient problems over short time scales,
as the computation times increase as a function of the time epoch of the event of interest.

A new approach that reduces a variety of transient QBD problems to stationary ones,
was introduced in [110] for the special case of a D-MAP/PH/1 queue. The two main steps
introduced were the use of a discrete Erlangization and the construction of a reset Markov
chain. Although the reset Markov chain contained considerably more states, compared to
the original QBD, computation times were limited by exploiting the internal structure of the
block matrices that characterize its transition matrix.

The underlying ideas presented in [110] gave rise to the development of a new framework,
termed QBDs with marked time epochs [111], to assess transient measures in a plug-and-play
manner for any QBD, where a significant improvement over [110] was also achieved in terms
of the required computational resources. However, [111] was limited to the case where the
initial state of the Markov chain was part of the boundary level. That is, the i-th component
of some vector αini gave the initial probability of being in the i-th boundary state at time 0.
An approach to deal with more general initial conditions for the D-MAP/PH/1 queue was
included in [110]. This approach can even be extended to include general (bounded) initial
distributions, meaning, the set of all possible initial states does not need to be a subset of a
specific level. Although useful, this approach is restrictive in the sense that all computations
need to be redone when considering a different initial state (distribution). This is especially
problematic when we wish to compute transient results for each possible initial state as is
often a measure of interest in the area of model checking [84].

7.2 Introduction

In this chapter we provide a novel approach to deal with more general initial conditions. Ac-
tually, a level based recursive algorithm is presented that computes the transient performance
measure for all possible initial states. That is, having performed the necessary computations
when the initial state is part of the first r− 1 levels, we demonstrate how to obtain the tran-
sient measure when the initial state is part of level r (for each of the states belonging to level
r). During this step we heavily rely upon previously computed intermediate results, avoiding
the need to redo all computations for each new initial state considered. Notice, the recursion
is not on the time epoch, as in many other studies, but on the level of the initial state. If we
know the transient measure for any single initial state (up to some level N), the results are
readily available for any initial distribution (bounded to the first N levels).
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In practice, we will mark certain time epochs based on the performance measure of inter-
est. The system state at the n-th marked time epoch will be approximated by introducing
a so-called reset Markov chain. This translates the transient problem into a stationary one.
To reduce the computational complexity, the reset Markov chain is converted into a level
dependent Markov chain with a generalized initial condition. First, we will discuss an ap-
proach for an initial level equal to zero. For the other initial levels, we will develop a recursive
algorithm that makes use of the computations done for the previous initial levels and that
exploits the special structure of the matrices occurring in the calculations. A flexible Matlab
implementation of the algorithm, taking among others the six matrices that characterize the
QBD with marked time epochs as its input, is available online.

To some extent, the contribution of this chapter is related to the following. Many re-
searchers that need to compute the system state at time n for some discrete-time Markov
chain, will often take the initial probability vector and repeatedly multiply this with the tran-
sition matrix. Such an approach is fruitful, but the computation needs to be repeated each
time we consider a different initial distribution. This can, in principle, be avoided by comput-
ing the n-th power of the transition matrix, but in practice this is often too time consuming.
Our approach, although completely different in methodology, can intuitively be understood
as intermediate to these two approaches. We compute the state for some initial vectors and
use some of the intermediate results, to drastically speed-up further computations.

We start by giving some background information on QBDs with marked time epochs and
we introduce the reset Markov chain of interest (Section 7.3). In Section 7.4 we convert
this reset process into a level dependent QBD with a generalized boundary condition. A
key role for the computation of the steady state probabilities of this QBD is played by a
set of R-matrices [61] that can be computed recursively as demonstrated in Section 7.4.1.
Next, the steady state probabilities are obtained from these R-matrices (Section 7.4.2) and
to summarize, an algorithmic overview is given in Section 7.4.3. In Section 7.5 we illustrate
our algorithm with some numerical examples.

7.3 QBDs with Marked Time Epochs: a Review

We are interested in the transient behavior of a QBD MC characterized by the transition
matrix

P̄ =


B̄1 B̄0 0 0 · · ·

B̄2 Ā1 Ā0 0
. . .

0 Ā2 Ā1 Ā0
. . .

...
. . . . . . . . . . . .

 , (7.1)

where B̄i and Āi are square matrices of dimension h, for i = 0, 1 and 2. Recall that the state
space of this infinite Markov chain is partitioned into an infinite number of sets, which we
call levels. Transitions among the levels are described by the B̄i and Āi matrices. To avoid
the notations from becoming unnecessarily complex, we assume that level zero of the QBD
has the same number of states as all other levels. However, the method described in this
chapter does not rely on this assumption and therefore may be relaxed if needed. The Matlab
tool we developed does not have this restriction either, as will be illustrated in Section 7.5.
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Furthermore, we denote the states of this MC as 〈i, j〉, where i ≥ 0 denotes the level and
1 ≤ j ≤ h identifies the state within the level.

To obtain various transient performance measures in a unified manner, QBDs with marked
time epochs (QBDm) were introduced in [111]. Such a QBDm is fully characterized by two sets
of nonnegative matrices: a set with superscript m and one where all matrices have superscript
u. These matrices have the additional property that the matrices defined as

Āi = Āui + Āmi , (7.2)
B̄i = B̄u

i + B̄m
i , (7.3)

for i = 0, 1 and 2, characterize a QBD Markov chain, and B̄m
2 e = Ām2 e. The probabilistic

interpretation is as follows. The (j, j′)-th entry of the matrix Āmi contains the probability
that at time t a transition occurs from state j of level s to state j′ of level s− i+ 1 and time
epoch t is marked. The probabilities of the corresponding events without marking time t are
given by the matrix Āui . The same holds for the matrices B̄m

i and B̄u
i .

Based on the transient performance measure we want to study, we mark part of the time
epochs. For example, to obtain the system state at time n, we simply mark all time epochs.
To compute the waiting time of the n-th customer in some queueing system that can be
modeled as a QBD, we mark each time epoch in which an arrival occurs. To compute the
work left behind by the n-th customer, we mark each time epoch in which a departure occurs,
etc. For more examples, see [110] and [111]. Any transient problem that can be formulated
in terms of the n-th marking of a QBDm, can be solved in a plug-and-play manner. The
technique used to obtain the system state at the n-th marking consists of two steps.

Step 1: Discrete Erlangization. Denote πm(n) as the probability vector associated with
the n-th marked time epoch, i.e.,

πm(n) = (πm0 (n), πm1 (n), . . .),

where πmi (n) is of size h for i ≥ 0. To speed-up the computations, the system state at the
n-th marking tm(n) is approximated by considering the system state at the Zk,n-th marked
time epoch tm(Zk,n), where Zk,n is a negative binomially distributed (NBD) random variable
with k phases and mean n, for k (≤ n) sufficiently large. The larger k, the lower the variation
of Zk,n and the better the approximation becomes. Setting k = n provides us with exact
results, however, k cannot always be set equal to n as the reset MC might become periodic
(see Step 2). The idea of applying an Erlangization to assess transient results dates back to
Ross [90], who applied this technique to approximate the system state at time t of a finite
continuous-time Markov chain.

To compute the system state at time tm(Zk,n), an expanded Markov chain, called a reset
Markov chain, was introduced. The key feature of such a Markov chain is that it reformulates
the transient problem of computing the state at time tm(Zk,n) into a steady state analysis.
Using the NBD as a reset time implies, among others, that the transition blocks of this
reset MC have a special structure that can be exploited when computing its steady state
probabilities.

Step 2: Reset Markov chains. Consider the stochastic process that evolves according to
the transition matrix P̄ , but that is repeatedly reset when leaving the Zk,n-th marked time
epoch. A reset event corresponds to a transition from the current state to the initial state
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of the Markov chain. Denote the initial level as r and the initial state within this level as
l. A reset event therefore corresponds to a transition from the current state to state 〈r, l〉.
If we perform a Bernoulli trial with parameter p = k/n each time we have a transition out
of a marked time epoch, the system is reset whenever k successes have occurred. We define
the reset counter as being the number of pending successes before the next reset event. It
is clear that this reset counter takes values in the range {1, 2, . . . , k}. We will add the reset
counter as an auxiliary variable to the Markov chain characterized by P̄ and label its states
as (c, j) with 1 ≤ c ≤ k and 1 ≤ j ≤ h. As explained further on, if we succeed in computing
the stationary behavior of the expanded MC, we can readily compute the system state just
prior to a reset event, which is exactly the system state at time tm(Zk,n).

The work presented in [111] was restricted to QBDs whose initial state was part of level
zero. Although the algorithm in [110], for more general initial conditions, is easily extended to
the QBDm framework, it requires that all computations need to be redone when considering
a different initial state. In this chapter we therefore present an efficient algorithm to obtain
transient performance measures for every possible initial configuration, without the need to
repeat all computations for each configuration. We assume that at time zero the QBD resides
in state l (1 ≤ l ≤ h) of level r. The reset process is characterized by the transition matrix
Pk,n:

Pk,n = Qk,n + Ck,n, (7.4)

with

Qk,n =


Bk,n

1 Bk,n
0 0 0 · · ·

Bk,n
2 Ak,n1 Ak,n0 0

. . .

0 Ak,n2 Ak,n1 Ak,n0

. . .
...

. . . . . . . . . . . .

 , (7.5)

Ck,n =


0 · · · 0 Ck,n0 0 · · ·
0 · · · 0 Ck,n1 0 · · ·
0 · · · 0 Ck,n1 0 · · ·
...

...
...

...
...

. . .

 , (7.6)

where the matrices Ck,n0 and Ck,n1 appear on the (r + 1)-th block column and where

Ak,ni = (Ik ⊗ (Āui + (1− p)Āmi )) + (I− ⊗ pĀmi ) (7.7)

Bk,n
i = (Ik ⊗ (B̄u

i + (1− p)B̄m
i )) + (I− ⊗ pB̄m

i ) (7.8)

Ck,n0 = Mk
1 ⊗ (p(B̄m

0 e+ B̄m
1 e)αl) (7.9)

Ck,n1 = Mk
1 ⊗ (pĀmeαl), (7.10)

for i = 0, 1 or 2 and Ām = Ām0 + Ām1 + Ām2 . The k×k matrix Mk
1 has only one entry differing

from zero being its last entry on the first row, which equals one. Further, αl = e(l), i.e., αl is
a 1× h row vector with all entries equal to zero, except for the l-th entry which equals one.
Let

πk,n = (πk,n0 , πk,n1 , πk,n2 , . . .)
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be the steady state vector of Pk,n. Moreover, let πk,ni = (πk,ni,1 , . . . , π
k,n
i,k ), partitioned in the

obvious manner. Provided that the vector πk,n exists, the system state πm(Zk,n) at time
tm(Zk,n), used as an approximation to πm(n), is the stochastic vector proportional to

(πk,n0,1 .φ0, π
k,n
1,1 .φ1, π

k,n
2,1 .φ1, . . .)p.

Here, φ0 and φ1 are the transposed vectors of
(
B̄m

0 e+ B̄m
1 e
)

and Āme, respectively and ‘.’
denotes the point-wise vector product. That is, a reset will occur if the value of the reset
counter equals one and the Bernoulli trial with parameter p results in a success. To compute
the steady state vector of Pk,n we shall construct a level dependent QBD Markov chain with a
generalized initial condition, the transition matrix of which is denoted by PQBD. It is in this
respect that the current work differs from the approach taken in [110], where a different QBD
reduction method was used to compute πk,n. The novel construction allows us to simplify
the calculation of the steady state vectors significantly when computing πk,n for every initial
setting 〈r, l〉 with r ≥ 0 and 1 ≤ l ≤ h.

7.4 QBD Reduction

In this section, we show how to convert the reset MC, introduced in Section 7.3, into a level
dependent QBD with a generalized boundary condition. For this purpose, we introduce h
additional states to each of the levels 0, . . . , r and we refer to these states as artificial states.
Meaning, we increase the number of states for each of the first r+1 levels by a factor (k+1)/k.
When a reset event occurs, the reset Markov chain characterized by Pk,n makes a transition
to state 〈r, (k, l)〉. In the reduced QBD approach, we split such a transition into r + 2 steps:

• Step 1: A transition to artificial state l of level zero takes place.

• Step 2 to r+1: Next, transitions between artificial state l of level i and artificial state
l of level i+ 1 will follow, for i = 0, . . . , r − 1.

• Step r+2: Finally, when the state equals artificial state l of level r, a transition to the
nonartificial state (k, l) of level r is made.

Before we discuss the transition matrix, let us reflect a bit on the reduction choices made. The
key property of this reduction is that every reset event causes the MC to jump to level zero.
This is different from the technique that was used in [110] where a reset event from some level
i caused |i− r| transitions in the direction of level r (after a transition to the artificial state
of level i). That is, if a reset occurred when the current state was part of level i < r, first a
transition was made to the single artificial state of level i after which r− i transitions between
artificial levels followed, each increasing the level by one. If the current level equals i > r, the
transitions at a reset event are analogous, except that the level will now be decreased by one
at every transition between two artificial states. Thus, as opposed to this technique, even if
the reset event occurs at some level s, with 0 < s < r, the path to state 〈r, (k, l)〉 now goes
through level zero. Therefore, the MC becomes level independent starting from level r + 1
and requires no artificial states on the levels s > r.

The steady state vector of a QBD that becomes level independent at some level can be
determined by a finite set of R-matrices [61]. By immediately selecting state l while visiting
level zero, a single set of R-matrices suffices to compute the transient performance measures
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for all h initial states of the form 〈r, l〉, with 1 ≤ l ≤ h. Furthermore, these R-matrices can be
reused when we look at initial states of the form 〈r′, l〉, for r′ > r. More specifically, when we
increase r by one, the proposed reduction method only requires us to compute one additional
R-matrix. This is a significant improvement over [110], where the entire set of R-matrices
had to be recomputed for each new level. Finally, we shall see that these R-matrices have a
useful block-structure and are identical to one another, except for the last block row.

Remark, it is possible to shorten the reduction procedure to r + 1 steps by removing the
h artificial states from level r (and by returning to a nonartificial state when going from level
r − 1 to level r). This causes no true performance gain (even though we need one R-matrix
less), however, for uniformity reasons we decided to include step r + 2.

The state space of the constructed QBD MC is organized such that whenever we visit an
artificial state, we temporarily set the reset counter equal to k + 1. This gives rise to the
following transition matrix:

PQBD =



Br
1 + Cr0 Br

0 0 · · · 0 0 0 · · ·
Br

2 + C≤r1 A<r1 A<r0 · · · 0 0 0 · · ·

C≤r1 A≤r2 A<r1

. . . 0 0 0 · · ·
...

...
. . . . . . . . .

...
...

. . .

C≤r1 0 0
. . . A<r1 A<r0 0 · · ·

C≤r1 0 0
. . . A≤r2 Ar1 Ar0 · · ·

C>r1 0 0
. . . 0 Ar+1

2 A>r1 · · ·

C>r1 0 0
. . . 0 0 A>r2 · · ·

...
...

...
. . . . . .

...
...

. . .



. (7.11)

In this equation A>ri = Ak,ni , for i = 0, 1, 2,

Br
0 =

[
Bk,n

0 0
0 Ih

]
, A<r0 =

[
Ak,n0 0

0 Ih

]
,

Ar0 =
[
Ak,n0

0

]
, Br

1 =
[
Bk,n

1 0
0 0

]
,

A<r1 =
[
Ak,n1 0

0 0

]
, Ar1 =

[
Ak,n1 0
J 0

]
,

Br
2 =

[
Bk,n

2 0
0 0

]
, A≤r2 =

[
Ak,n2 0

0 0

]
,

and

Ar+1
2 =

[
Ak,n2 0

]
,

Cr0 = Mk+1
1 ⊗ (p(B̄m

0 e+ B̄m
1 e)αl),

C≤r1 = Mk+1
1 ⊗ (pĀmeαl),

C>r1 = Mk+1
2 ⊗ (pĀmeαl).
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In these equations J is an h× hk matrix given by

J =
[

0 · · · 0 Ih
]
. (7.12)

The matrix Mk+1
2 is a k × (k + 1) matrix with all entries equal to zero, except for the last

entry on the first row which equals one.
A key role in the computation of the invariant vector π̂ of PQBD is played by a set of

(k + 1)h× (k + 1)h R-matrices [61], which we denote as

R0{r}, R1{r}, . . . , Rr{r}, R>r{r}.

For details about the computation of π̂, we refer to Section 7.4.2. We briefly outline the case
in which the Markov chain starts in state l of level zero, as this case was already discussed in
detail in [111].

7.4.1 Computing the R-Matrices

7.4.1.1 Reset to Level Zero

Recall that there is no need to add step r + 2 in the reduction process, which explains why
there are no artificial states in [111], where the reset level equals zero. As a consequence, the
dimension of the R-matrices for this level equals kh instead of (k+ 1)h. As described in [111,
Section 5], we can first use Algorithm 7.1 to solve the equation

R = A>r0 +RA>r1 +R2A>r2 . (7.13)

This algorithm reduces the above quadratic matrix equation involving large matrices (size
kh) to a single quadratic matrix equation and a set of Sylvester matrix equations of a much
smaller dimension (size h). The Cyclic Reduction (CR) algorithm [72, 14] can be used to solve
the quadratic matrix equation, whereas a solution to the Sylvester equations can be found
using a Hessenberg algorithm [46]. This reduction can be applied because the matrices A>ri ,
for i = 0, 1 and 2, have a block triangular block Toeplitz (btbT) structure. A btbT matrix X
is fully characterized by its first block column as follows:

X =



X1 0 · · · 0 0

X2 X1
. . . 0 0

...
. . . . . . . . .

...

Xk−1 Xk−2
. . . X1 0

Xk Xk−1 · · · X2 X1


. (7.19)

Actually, onlyX1 andX2 differ from zero in case of the A>ri matrices. Since the btbT structure
is preserved by the matrix multiplication, R also has a btbT structure, which allows us to
compute the matrix R in a time and memory complexity of O(h3k2) and O(h2k), respectively.
Next, the matrix R0{0} defined as

R0{0} = Bk,n
0 (I −A>r1 −RA>r2 )−1, (7.20)

can be computed efficiently by exploiting the btbT structure.
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Algorithm 7.1 Computation of the btbT R-matrix for a reset to level zero

1. Due to the addition of the reset counter, the matrices A>ri (i = 0, 1, 2) exhibit the
following structure with only two block diagonals different from zero,

A>ri =



Ei 0 0 · · · 0

Fi Ei 0
. . . 0

0 Fi Ei
. . .

...
...

. . . . . . . . .
...

0 · · · 0 Fi Ei


, (7.14)

where Ei = Āui + (1− p)Āmi and Fi = pĀmi .

2. Since R is the smallest nonnegative solution to equation (7.13), this matrix will have a
btbT structure and can therefore be characterized by its first block column (see Eqn.
(7.19)). Let R1, . . . , Rk denote the blocks characterizing the btbT matrix R. Exploiting
the structural properties of (7.13) one finds that the Rs matrices obey the following set
of relations:

R1 = E0 +R1E1 +R2
1E2, (7.15)

Ks,4 = Ks,1RsKs,2 +RsKs,3, (7.16)

where, for s = 2, . . . , k,

Ks,1 = R1,

Ks,2 = E2,

Ks,3 = E1 +R1E2 − I,

−Ks,4 = Rs−1F1 +

s−1∑
j=2

RjRs−j+1

E2 +

s−1∑
j=1

RjRs−j

F2 + 1{k=2}F0.

The first block R1 can be found as a solution to equation (7.15). From this we can
determine the consecutive blocks R2, . . . , Rk. That is, to compute the block Rs (s =
2, . . . , k), we need expressions for Ks,j (j = 1, . . . , 4) which only depend on the matrices
Ei, Fi and R1, . . . , Rs−1.

3. Equation (7.15) can be solved using the Cyclic Reduction (CR) algorithm [72]. Note
that we still end up with a quadratic matrix equation, but the dimension of the matrices
involved is significantly smaller compared to the original equation (7.13).

4. The k− 1 Sylvester equations (7.16) can be solved using a Hessenberg algorithm [46] as
presented in Algorithm 7.2. Note, the form of the equation that is solved in Algorithm
7.2 can be obtained from equation (7.16) by applying the transpose operator.
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Algorithm 7.2 Solving a Sylvester equation of the form AXB + CX = D

1. Perform the following Hessenberg-triangular decomposition of (A,C):

WAV = L̄,

WCV = N̄ ,

where W and V are unitary (WW ∗ = V V ∗ = I, with Z∗ the complex conjugate of Z),
L̄ is a Hessenberg matrix and N̄ a triangular matrix.

2. Let U∗BU = T be a complex Schur decomposition of B, with U unitary and T a
triangular matrix.

3. Next, premultiply AXB + CX = D by W and postmultiply it by U . This results in

L̄Y T + N̄Y = F, (7.17)

with Y = V ∗XU and F = WDU .

4. Denote zi and zij as the i-th column, resp. (i, j)-th entry of Z. Extracting column i
from (7.17) leads to

(N̄ + tiiL̄)yi = fi −
i−1∑
j=1

tjiL̄yj . (7.18)

Hence, to compute X, we need to solve d Hessenberg systems, where d denotes the
dimension of the square matrices A,B,C and D and where each system can be solved
in O(d2), resulting in a time complexity of O(d3).

7.4.1.2 Reset to an Arbitrary Level r > 0

The fundamental idea of our algorithm is to compute the steady state probabilities for the
other initial configurations recursively. To achieve this, we establish a simple recursion on r
among the R-matrices R0{r}, R1{r}, . . . , Rr{r} and R>r{r} needed to obtain the steady state
vector of interest. Thus, after obtaining the two R-matrices R and R0{0} for level zero, we
continue with the R-matrices needed when the initial level equals one, two, etc. The recursion
can be understood by looking at the probabilistic interpretation of the R-matrices involved.
More specifically, the (u, v)-th entry of the matrix Ri{r} denotes the expected number of
visits to state v of level i+ 1, starting from state u of level i under taboo of the levels 0, . . . , i
and under the assumption that the reset level of the Markov chain equals r.

As explained below the following equalities hold:

Ri{r} =
[
R 0
JGr−i−1(Ikh − U)−1 Ih

]
, (7.21)

Rr{r} =
[
R
0

]
, (7.22)

R>r{r} = R, (7.23)
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for r ≥ 1 and 0 < i < r. The btbT matrices U and G are given by

U = Ak,n1 +RAk,n2 , (7.24)

G = (Ikh − U)−1Ak,n2 . (7.25)

The expression for R>r{r} is immediate, as the expected number of visits to a state of level
i+ 1 under taboo of the levels 0, . . . , i does not depend on the actual value of i > r since the
transition matrix PQBD is level independent from level r + 1 onwards.

The equality for Ri{r}, for i = 1, . . . , r, can be justified in two steps. First, consider the
situation in which the starting state u is a nonartificial state of level i. All sample paths that
avoid levels 0 to i do not contain a reset event, as all reset events result in a visit to level
zero. Hence, all these paths evolve according to the matrices Ak,n0 , Ak,n1 and Ak,n2 . Therefore,
there are no visits to any of the artificial states of level i + 1, while the expected number of
visits to level i+ 1 is determined by R.

Second, if the starting state u is one of the h artificial states of level i, the next r − i+ 1
transitions are fixed. The first r − i transitions are between the two corresponding artificial
states of level j and j+1, for i ≤ j < r, and the last transition between an artificial state l and
its corresponding nonartificial state (k, l) both of level r. The expected number of visits to
level i+ 1 will therefore solely depend on the number of levels between i and r. The (u, v)-th
entry of G gives us the probability that the first visit to level i is a visit to state v, provided
that we started in state u of level i+ 1, without the occurrence of a reset event.

Therefore, the first visit to level i+1 under taboo of the levels 0 to i, starting from a state
of level r is determined by the matrix Gr−i−1. The (w,w′)-th entry of the matrix (Ikh−U)−1

holds the expected number of visits to state w′ of level i + 1, starting from state w of level
i+ 1, under taboo of level 0 to i. Furthermore, starting from an artificial state of level i < r
implies that we visit exactly one artificial state of level i + 1 before returning to level zero
(hence, the Ih matrix in the lower right corner).

The matrix that remains to be determined is R0{r}. In the case where the starting state u
of level zero is not an artificial state, all sample paths that avoid level zero evolve according to
the matrices Ak,n0 , Ak,n1 and Ak,n2 , except for the first transition which is characterized by the
matrix Br

0. As a result, the expected number of visits to level 1 are determined by R0{0}. If,
on the other hand, the starting state is an artificial start, we may rely on the same arguments
as for i > 0. Hence,

R0{r} =
[
R0{0} 0
JGr−1(Ikh − U)−1 Ih

]
. (7.26)

Equations (7.24) and (7.25) naturally lead to a simple recursion as

JG(r+1)−i−1(Ikh − U)−1 = JGr−i−1(Ikh − U)−1
(
Ak,n2 (Ikh − U)−1

)
. (7.27)

In conclusion, to compute all the R-matrices needed to assess the transient performance for
all initial states 〈r′, l〉 with r′ ≤ r, it suffices to compute

1. The first block column of the btbT matrices R and R0{0}.

2. The last block row of the r matrices R0{r}, . . . , Rr−1{r}, which can be found recursively
using a single btbT product (see (7.27)). From the probabilistic interpretation we see
that Ri{r′} equals Ri+r−r′{r} for r′ ≤ r.
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7.4.2 Computing the Invariant Probabilities

7.4.2.1 Reset to Level Zero

This section describes how to obtain the steady state probability vector π̂{0, l} of PQBD when
the initial state 〈r, l〉 = 〈0, l〉, for 1 ≤ l ≤ h, using the matrices R and R0{0}:

π̂0{0, l} = π̂0{0, l}(Bk,n
1 + Ck,n0 +R0{0}(Bk,n

2 + (I −R)−1Ck,n1 )), (7.28)
π̂1{0, l} = π̂0{0, l}R0{0}, (7.29)
π̂i{0, l} = π̂i−1{0, l}R, (7.30)

for i > 1, while π̂0{0, l} and π̂1{0, l} are normalized as

π̂0{0, l}e+ π̂1{0, l}(I −R)−1e = 1.

Denote P0 as the matrix Bk,n
1 +Ck,n0 +R0{0}(Bk,n

2 + (I −R)−1Ck,n1 ) in Eqn. (7.28) of which
π̂0{0, l} is an eigenvector with eigenvalue one. The matrix P0 is the transition matrix of
the MC, characterized by P , when censored on the states corresponding to π0. It can be
observed that P0 is the sum of a btbT matrix and a matrix with all entries equal to zero,
except for the last block column. In order to compute π̂0{0, l} efficiently, we can therefore
rely on the algorithm presented in [111, Section 5.2], the time and space complexity of which
equal O(h3k2) and O(h2k), respectively. For reasons of completeness we will briefly present
this algorithm in Algorithm 7.3.

Algorithm 7.3 Solving the boundary condition for a reset to level zero

1. Let π̂0{0, l} = (π̂0,1{0, l}, . . . , π̂0,k{0, l}) and denote the j-th entry of π̂0,i{0, l} as 〈i, j〉.

2. Define Gi such that its (j, j′)-th entry equals the expected number of visits to state
〈k − i+ 1, j′〉 starting from 〈k, j〉 until the first return to some state 〈k, s〉. This allows
us to write

π̂0,k−i+1{0, l} = π̂0,k{0, l}Gi, for i = 2, . . . , k. (7.31)

3. The following algorithm can be used to compute π̂0,k{0, l} and the matrices Gi:

(a) Let G1 = Y1 + Zk and set Gi = Yi for i = 2, . . . , k

(b) for i = 3 to k + 1 do
Gi−1 = Gi−1(I − Y1)−1

for j = i to k do
Gj = Gj +Gi−1Yj−(i−1)+1

end
G1 = G1 +Gi−1Zk−(i−1)+1

end

(c) π̂0,k{0, l} is the solution to π̂0,k{0, l} = π̂0,k{0, l}G1 and π̂0,k{0, l}e = 1.

The variables Yi and Zi used in this algorithm are the blocks of the two terms in the
expression of the matrix P0, as defined in (7.32).
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This algorithm solves a linear system of hk equations of the following form:

π̂0{0, l} = π̂0{0, l}


Y1 0 · · · 0 Z1

Y2 Y1
. . . 0 Z2

...
. . . . . .

...
...

Yk−1 Yk−2 · · · Y1 Zk−1

Yk Yk−1 · · · Y2 Y1 + Zk

 . (7.32)

The computation of the set of matrices G1, . . ., Gk is by far the most expensive part of the
algorithm. However, instead of plugging in the h different αl vectors in this algorithm (recall,
the vector αl has a one on the l-th position and zeros elsewhere), we can compute the h vectors
π̂0{0, l} simultaneously because changing the initial state 〈0, l〉 does not alter the matrices
G2, . . . , Gk, but only affects G1. Moreover, keeping in mind that G1 has to be stochastic, one
can show that

G1 = Y1 + αl ⊗ (e− Y1e) , (7.33)

where Y1 does not depend on l. Notice that also the matrices R and R0{0} do not depend on
the initial state l and need to be computed only once.

7.4.2.2 Reset to an Arbitrary Level r > 0

Having obtained the matrices R0{r}, . . . , Rr{r} and R, we immediately have the following
expression for the steady state probability vector π̂ of PQBD (for the system where the reset
level equals r > 0), due to [61]:

π̂i{r, l} =
{
π̂i−1{r, l}Ri−1{r} for i = 1, . . . , r + 1,
π̂i−1{r, l}R, for i > r + 1.

(7.34)

Thus, it suffices to determine π̂0{r, l}, which obeys the following equation:

π̂0{r, l} = π̂0{r, l}N, (7.35)

with

N = Br
1 + Cr0 +R0{r}Br

2 +RrSC
≤r
1 +RrP (I −R)−1C>r1 , (7.36)

and

RrS =
r−1∑
k=0

(
k∏
i=0

Ri{r}

)
, RrP =

(
r∏
i=0

Ri{r}

)
. (7.37)

To speed-up the computation of π̂0{r, l}, for 1 ≤ l ≤ h, we exploit the structure of the square
N matrix, the dimension of which equals h(k+ 1). It might seem odd that we are considering
a system of h(k + 1) linear equations, instead of just hk + 1 as only one of the last h entries
of π̂0{r, l} will differ from zero (being the l-th). However, considering this somewhat larger
N matrix, enables us to compute the h different π̂0{r, l} vectors simultaneously.
Write the h(k + 1)× h(k + 1) matrix N as

N =
[
NB NC

]
,with NB =

[
NT

NR
r

]
,
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where NT is an hk×hk matrix corresponding to transitions between nonartificial states, NR
r

an h× hk matrix and NC an h(k + 1)× h matrix.
Only the last block column of Cr0 , C

≤r
1 and C>r1 differs from zero; therefore, NT is a btbT

matrix given by

NT = Bk,n
1 +R0{0}Bk,n

2 , (7.38)

meaning NT does not depend on the initial level r (and state l) of the QBD and needs to
be computed only once. The block row NR

r does depend on the initial level r and can be
computed as

NR
r = JGr−1(Ikh − U)−1Bk,n

2 . (7.39)

As we increase the initial level r, this matrix changes. However, we can easily compute it
recursively by relying on Equation (7.27) with i = 0. The matrix NC will only contain one
nonzero column, which does not need to be computed to determine π̂0{r, l}.

Let us now discuss how the vectors π̂0{r, l}, for 1 ≤ l ≤ h, can be obtained simultaneously
from the matrices NT and NR

r . Therefore, we introduce the following notations:

NT =


NT

1 0 · · · 0

NT
2 NT

1
. . . 0

...
. . . . . .

...
NT
k NT

k−1 · · · NT
1

 and NR
r =

[
NR
r,1 · · · NR

r,k

]
.

The computation of the vectors π̂0{r, l} is contained in Algorithm 7.4, which is a variant
Algorithm 7.3 used to compute the invariant vector of a matrix of the form seen in Sec-
tion 7.4.2.1. N has a slightly different structure, causing some minor modifications to the
algorithm, however, as in [111, 60] it stems from a repeated censoring argument.

The algorithm discussed in this section allows us to compute the steady state vectors
πk,n{r′, l}, for r′ ≤ r and 1 ≤ l ≤ h, from the matrices R0{r}, . . . , Rr{r} and R. As we are
looking at a transient event, choosing r sufficiently large, guarantees that πk,n0,1 {r, l} decreases
to zero, because the probability of reaching level zero before a reset occurs decreases to zero.
Thus, for r sufficiently large, πk,n{r + 1, l} can be obtained from πk,n{r, l} by shifting its
subvectors by one position. To determine the transient behavior for all initial states, we
dynamically increase r until πk,n0,1 {r, l} is negligible or until a predefined upper bound on r is
reached.

7.4.3 Algorithmic Overview

To conclude this section, we will present a short algorithmic overview of the discussed re-
sults. To obtain the transient performance measures of interest for every initial setting 〈r, l〉,
implement the steps as described in Algorithm 7.5. Since we started from an arbitrary QBD
Markov chain, this framework can be applied to any system that can be modeled as such.
In the next section, we will consider the simple example of a D-MAP/PH/1 queue since this
allows us to compare the efficiency of our algorithm with the algorithm presented in [110].
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Algorithm 7.4 Computing the steady state probabilities for a reset to level r

1. First, we compute the k matrices G2 until Gk+1:

(a) Set Gi = NR
r,k−i+2, for i = 2, . . . , k + 1,

(b) for i = 3 to k + 2 do
Gi−1 = Gi−1(Ih −NT

1 )−1

for j = i to k + 1 do
Gj = Gj +Gi−1N

T
j−(i−1)+1

end
end

The time and memory complexity of this step equals O(h3k2) and O(h2k) respectively.

2. The vectors

π̂0{r, l} = (π̂0,1{r, l}, . . . , π̂0,k+1{r, l}) (7.40)

can be retrieved from these matrices as follows:

(a) π̂0,k+1{r, l} = αl,

(b) for i = 2 to k + 1
π̂0,k−i+2{r, l} = αlGi

end

Recall, αl is a 1 × h vector with a one in position l and zeros elsewhere. Thus, αlGi
corresponds to the l-th row of the matrix Gi.

3. Due to Equation (7.34), the vector π̂0{r, l} is normalized as

π̂0{r, l}e+ π̂0{r, l}
(
RrSe+RrP (I −R)−1e

)
= 1. (7.41)

Remark that for the btbT part of the matrices appearing in this equation, we only store
the first block column.

4. Having obtained the steady state vector π̂{r, l} of PQBD, we can derive πk,n{r, l}, the
invariant vector of Pk,n as follows:

(a) Write π̂j{r, l}, for j = 0, . . . , r, as (π̂fj {r, l}, π̂artj {r, l}), where π̂artj {r, l} is a 1 × h
vector. Notice, there are no artificial states from level r+ 1 onwards, consequently
we may write π̂j{r, l} = π̂fj {r, l}, for j > r.

(b) When censored on the nonartificial states, PQBD coincides with Pk,n, hence,

πk,nj {r, l} = π̂fj {r, l}/(1− c), (7.42)

where j ≥ 0 and c =
∑r

j=0 π̂
art
j {r, l}e.

5. An approximation for πm(n), the system state at the n-th marking can now be computed
as described in Step 2 of Section 7.3.
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Algorithm 7.5 Obtaining the transient performance measures for every initial configuration

1. Mark time epochs in correspondence with the desired performance measure and deter-
mine the matrices introduced in (7.11), using the equations (7.7) – (7.10). Note that
for every matrix with a btbT structure only the first block column has to be stored.

2. Compute the matrices R and R0{0} from

R = A>r0 +RA>r1 +R2A>r2 ,

R0{0} = Bk,n
0 (I −A>r1 −RA>r2 )−1,

as discussed in Algorithm 7.1.

3. Use (7.28) – (7.30) to compute the steady state vector π̂{0, l}. This can be done
simultaneously for l = 1, . . . , h as described in Section 7.4.2.1.

4. Compute

NT = Bk,n
1 +R0{0}Bk,n

2 and U = Ak,n1 +RAk,n2 .

5. Set R∗0{1} = J(Ikh − U)−1.

6. For each initial level r > 0 do

• If r > 1 calculate

R∗0{r} = R∗0{r − 1}
(
Ak,n2 (Ikh − U)−1

)
.

• Set NR
r = R∗0{r}B

k,n
2 .

• Use the algorithm described in Section 7.4.2.2 to obtain π̂0{r, l} from NT and NR
r

simultaneously for 1 ≤ l ≤ h.

• Normalize the vector π̂0{r, l} using Eqn. (7.41), where RrS and RrP can be computed
recursively from Rr−1

S and Rr−1
P as indicated by Eqn. (7.37).

• Compute

π̂i{r, l} = π̂i−1{r, l}Ri−1{r}, for 0 < i ≤ r + 1,
π̂i{r, l} = π̂i−1{r, l}R for i > r + 1,

where the R-matrices are described in Section 7.4.1.2. Remark, the rows of Ri{r}
corresponding to the artificial states are given by [R∗0{r − i} Ih]. Also, the prod-
uct between a vector and a btbT matrix can be implemented using fast Fourier
transforms, see [111, Section 5.3], resulting in a significant gain in time.

• Finally, πk,n{r} can be found from Eqn. (7.42).

until πk,n0,1 {r, l} is negligible or until a predefined upper bound on r is reached.
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7.5 Numerical Examples

In this section we will demonstrate our approach with some numerical examples and compare
the efficiency with the algorithm presented in [110, 111]. Therefore, we will compute the
queue length distribution of a D-MAP/PH/1 queue (see Section 2.2) at some time t as well
as the waiting time distribution of the n-th customer in this queue.
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Figure 7.1: Queue length distributions of the D-MAP/PH/1 queue at time t = 50

In this example we consider a 2-state D-MAP (i.e., ma = 2) that generates an arrival with
probability 0.1 while in state 1 and with probability 0.25 when the state of the underlying
Markov chain equals 2. The average sojourn time is 500 slots in state 1 and 1000 slots in
state 2, resulting in an arrival rate λ = 0.2. Hence,

D0 =
[
.89820 .00180
.00075 .74925

]
, D1 =

[
.09980 .00020
.00025 .24975

]
.

Denote the initial state of the D-MAP process by α. The service time of a customer follows a
discrete-time PH distribution with a matrix representation (ms,β,T ), where ms is a positive
integer. For this example we take ms = 3,

β = (3/4, 1/8, 1/8), (7.43)

T =

 4/5 0 0
0 1/2 0
0 0 1/4

 . (7.44)

Remark, the mean service time equals E[S] = β(I − T )−1e = 4.1666 slots, resulting in a
total system load ρ = 0.8333. This gives rise to a QBD Markov chain, characterized by the
transition matrix P̄ (as in Equation (7.1)), as described in Section 2.2.3. Note that for this
example the variable h = 6. Since we are interested in the system state at some time t, we
mark every time instant, meaning Āmi = Āi and B̄m

i = B̄i, for i = 0, 1, 2. Notice, in this
example, level 0 has fewer states than level r > 0, demonstrating that our algorithm is easily
generalized to such cases.
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Figure 7.2: Queue length distributions at different time epochs

Take α = 1, then Figure 7.1(a) shows the queue length distribution for respectively
0, 5, 10, 20, 30 and 40 customers in the system at time 0. If the system is initially nonempty,
it is assumed that the first customer starts his service at time 0. Thus, for r > 0, all curves
plotted for α = 1 or 2 are actually the weighted sum of three distributions, where the initial
service phase equals 1, 2 and 3 and where the weights are given by β.

We observe a large influence of the number of customers originally present on the queue
length distribution. As could be expected this influence becomes smaller for larger values of
t as can be observed from Figures 7.2(a) and 7.2(b), for t = 500, resp. t = 5000, and k = 100.
Remark that after choosing the values for t and k, we need to execute our recursive algorithm
only once to obtain the results for every possible combination of r and α.

Figure 7.1(b) shows, for t = 50, the queue length distributions for the same number of
customers in the system at time 0, but with α = 2. Since the arrival rate in state 2 of the
D-MAP is larger than the arrival rate in state 1, we observe higher probabilities for the larger
queue lengths in this example. From Figure 7.3(a) it can be observed that for a small value of
t the average queue length increases almost linearly with the number of customers present in
the queueing system at time 0. In addition, the influence of the number of customers initially
present decreases when the time t at which we evaluate the queue length increases.

A different behavior can be observed with relation to the initial state of D-MAP arrival
process. Denote by qr,t1 , resp. qr,t2 , the average queue length at time t, given that r customers
were present at time 0 and the initial state of the D-MAP process equals state 1, resp. state 2.
Next, let us define

Diff r,t = qr,t2 − q
r,t
1 . (7.45)

From Figure 7.3(a) we notice for example that Diff r,50 <Diff r,500, while Diff r,500 >Diff r,5000,
for 1 ≤ r ≤ 50. A better insight in the behavior of Diff r,t for different values of r and t can be
obtained by observing Figure 7.3(b). For 1 ≤ r ≤ 50 we can see that the difference between
qr,t2 and qr,t1 increases for small values of t and decreases later on. This effect can be explained
by looking at the arrival rates in both states of the D-MAP process. Recall, while in state
1, resp. state 2, there is an arrival in an arbitrary time slot with probability 0.1, resp. 0.25.
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Figure 7.3: Average queue length of the D-MAP/PH/1 queue

For values of t close to zero, the difference Diff r,t will be relatively small since the average
number of customers present at time t, is mainly influenced by r, the number of customers
initially present. As long as there is no transition of the D-MAP arrival process, the difference
between the average queue lengths qr,t2 and qr,t1 increases with t, due to the different arrival
rates in the corresponding states. After a state transition of the D-MAP process, Diff r,t will
start to decrease and eventually, this difference will diminish to zero when t approaches ∞ as
the system has a steady state for ρ = 0.8333.

In Figure 7.4 the time needed to compute the queue length distribution for every initial
configuration is compared with the execution time of the original algorithm [110]. The mea-
surements were made using the Matlab Profiler on an Intel Pentium M 1.70GHz processor
with 1GB of memory. We computed the queue length distribution at time t = 50, 500 and
5000, with a predefined upper bound of r = 50 on the initial level. For the new algorithm, the
time needed to compute the R-matrices is presented as well as the total execution time. For
the original algorithm we show the time needed to compute the queue length distributions
for all initial configurations, for every state 1 ≤ l ≤ 6 of level 50 and for a single initial
configuration 〈50, l〉.

time new algorithm original algorithm
t R’s total all states level 50 〈50, l〉

50 0.46 9 2310 121 20
500 1.94 53 31595 1052 175
5000 1.95 133 33499 1080 180

Figure 7.4: Execution times (s) to get the transient queue length distribution for r ≤ 50

As before, we set k = t−1 for t = 50, for both t = 500 and t = 5000, k is set to 100. In the
first scenario where t = 50, the algorithm stops after the initial level reached r = 39 because
πk,n0,1 {r, l} becomes negligible for larger values of r. For t > 50 the predefined maximum of
r = 50 was reached. The same stopping criterion was used by the original algorithm.
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Figure 7.5: Waiting time distribution of the n-th customer in a D-MAP/PH/1 queue

These results show that the computation time is reduced considerably by the new al-
gorithm. The computation time of the level based recursion to compute the queue length
distribution for every possible initial setting is even below the time the original algorithm
needs for a single initial state. With the new algorithm, the dominant part of the computa-
tion lies in obtaining the π̂{r, l} vectors. This also explains the smaller difference between the
total computation time of the new and the single state computation time of the old algorithm
in the t = 5000 result, since a larger value of u is required such that

1−
u∑
i=0

π̂i{r, l} < ε.

Of course, if we were interested in just one single initial state 〈50, l〉, the time consuming
iteration for the π̂{r, l} vectors is performed only once (as opposed to the 302 times for all
states up to level r = 50).

In the next example, we consider the same D-MAP/PH/1 queue, however we are now
interested in the waiting time distribution of the n-th customer, which can also be obtained
using the presented algorithm. To compute this waiting time it suffices to know the system
state at the n-th arrival epoch. Therefore, we mark only those time epochs at which an arrival
occurs (instead of marking all time epochs as needed to obtain the queue length distribution
at some time t). We have

Ām0 = Ā0, B̄m
0 = B̄0,

Ām1 = D1 ⊗ T ∗β, B̄m
1 = 0,

Ām2 = 0, B̄m
2 = 0.

Executing our algorithm with these matrices gives us an approximation of the system
state at the n-th arrival. From this system state we can obtain the waiting time distribution
of the n-th customer by considering the number of customers present at this n-th arrival,
together with the sum of their (residual) service times. More precisely, from the queue length
distribution Xn at the n-th arrival, we can deduce the waiting time distribution of the n-th
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customer as follows:

P [Wn = 0] =
∑
j

(Xn)〈0,j〉 +
∑
s,j

(Xn)〈1,j,s〉ts, (7.46)

P [Wn = w] =
∑
q≥1

∑
s,j

(Xn)〈q,j,s〉P [S(q−1)∗ +R(s) = w]. (7.47)

In the superscript 〈i, j, s〉 of Xn, i denotes the number of customers, j the state of the arrival
process and s the phase of the service process. That is, the waiting time of the arriving
customer equals zero time slots if there are no customers present or if the single customer
that is present completes his service. Similar, we can obtain equation (7.47), where S(q−1)∗

denotes the (q − 1)-fold convolution of the service time distribution S and R(s) denotes the
residual service time, provided that the phase of the service is s, i.e., P [R(s) = r] = (T rt)s.
More details about the calculation of this waiting time distribution can be found in [110,
Section 4].
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Figure 7.6: Average waiting time of the n-th customer in a D-MAP/PH/1 queue

Figure 7.5(a) shows the waiting time distribution of the 10-th customer with α = 1 for
different values of r. If we compare these results with the waiting time distributions of the
50-th customer, presented in Figure 7.5(b), we observe that r has a larger influence in the
first case, as one could expect. Also, for the average waiting times, presented in Figure 7.6,
we can draw similar conclusions as for the average queue length. That is, as n increases, the
influence of the number of customers initially present on the average waiting time of the n-th
customer decreases. Moreover, for small n, the difference that is caused by the initial D-MAP
state increases together with n and it decreases hereafter.
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8
Tree-Like Processes

In Section 2.1.3 we presented the notion of a tree-like process as a subclass of the tree-
structured process. The theory of tree-like processes generalizes the well-known paradigm
of Quasi-Birth-Death Markov chains and has various applications. These processes allow us
to build analytical models for systems where the state space of the accompanying stochastic
process can be represented as a tree. Typical applications of tree-like processes are queueing
systems with a last-in-first-out scheduling discipline and random access systems with an
underlying stack structure. Chapter 5 also discusses how tree-like processes can be used to
study priority queues.

In this chapter, we discuss how the construction of a framework to perform a transient
analysis of a QBD Markov chain can be generalized such that it applies to tree-like processes.
We introduce the concept of tree-like processes with marked time epochs and show how the
transient problem can be transformed into a steady state analysis, analogous to the line of
reasoning put forward in Chapter 7. The algorithm we propose is not limited to a specific
system, it provides a general methodology to deal with any application that can be modeled
as a tree-like process. Since in [107] it was shown that the classes of tree-like processes and
tree-structured QBD MCs are equivalent, this last class is, in principle, also covered by our
method.

To show the generality of our work, at the end of this chapter, we present an applica-
tion somewhat outside the queueing theory domain. We demonstrate our approach on the
Capetanakis-Tsybakov-Mikhailov (CTM) random access protocol yielding new insights on its
initial behavior both in normal and overload conditions. Random access protocols are de-
signed to control the transmission of packets on a link shared among multiple users. When
two or more users transmit a packet at the same time, a collision occurs, causing all packets
to get lost. Consequently, these packets have to be sent again. If all users would send their
packet again immediately after they found out about the collision, a new collision will occur.
Random access mechanisms try to solve this by introducing specific rules describing which
users are allowed to send at what time, comparable to a scheduling discipline in queueing the-
ory. The CTM protocol does this by recursively splitting the users involved in the collision
into two groups, one that can send again in the next time slot and one that has to wait.
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8.1 Related Work

The set of tree-like processes [15] was originally introduced as a subclass of the tree-structured
QBD Markov chains. Meanwhile, it has been shown that any tree-structured QBD can be
reduced to a tree-like process [107]. Typical applications of tree-like processes include single
server queues with a LIFO service discipline [118, 103, 43, 42]. In [106, 112, 108] tree-
like processes were used to analyze a set of well-known random access algorithms, called
tree or splitting algorithms. In [113] a tree-like process was used to model a discrete-time
priority queueing system with three priority classes. In Chapter 5 this idea was generalized
to continuous-time queueing systems with an arbitrary number of priority classes. Various
numerical methods exist to examine the stability of a tree-like process and to determine
its stationary behavior, e.g., [117, 15]. In this chapter, however, we focus on the transient
behavior of a tree-like process.

After developing a methodology to perform a transient analysis of a tree-like process,
we demonstrate our approach by analyzing the transient behavior of the celebrated binary
tree algorithm by Capetanakis, Tsybakov and Mikhailov (CTM) [23, 105, 31, 33] for random
access systems. The key characteristic of the CTM algorithm is its underlying tree (or stack)
structure. An abundance of papers has been devoted to evaluate its performance (see [75] for
an extensive overview), to the best of our knowledge very few results have been devoted to its
transient behavior. Tree algorithms have received considerable attention over the last three
decades and are still analyzed within the context of various networking areas. The use of tree
algorithms in cable-TV networks (i.e., Hybrid-Fiber Coaxial networks) has been proposed by
various authors including [52, 51, 20], where the focus was either on the frame structure, large
round-trip times or the finite population. A lot of this work was motivated by the activities of
the IEEE 802.14 working group on tree algorithms [36]. However, the 802.14 standardization
process was prematurely terminated by the introduction of the DOCSIS standard, which does
not rely on these tree algorithms. Tree algorithms as a means to solve collision resolution
problems have been addressed in the context of Ad-Hoc networks [92], where the residual
battery energy affects the splitting process, and W-CDMA systems [3] with a priority random-
access protocol. A unified probabilistic treatment to assess the asymptotic behavior of tree
algorithms has also appeared more recently [88, 74], avoiding the need to resort to complex
analysis techniques.

8.2 Introduction

In this chapter we focus on the transient behavior of tree-like processes. The contribution
is both of theoretical and practical nature. In Section 8.3.1 we introduce a new framework
called tree-like processes with marked time epochs to assess transient performance measures in
a unified manner. Similar to the QBD with marked time epochs, such a process distinguishes
itself from the common tree-like process in the sense that as it evolves, it also marks part of
the time epochs. Any transient problem that can be linked to the n-th marking, for some n,
of some tree-like process with marked time epochs, can be dealt with using our methodology.

Second, to analyze this new process (that is, to generate numerical results) we develop
an efficient algorithm in Section 8.3.2 that uses a discrete Erlangization to approximate the
system state at the n-th marking. The main building block of this algorithm is a reset Markov
chain that allows us to reformulate the transient problem at hand into a stationary problem

148



8.3. Tree-Like Process with Marked Time Epochs

of an expanded Markov chain. When performing this stationary analysis we further exploit
the btbT structure (see Page 132 for a definition) of the matrices involved. As mentioned in
Section 2.1.3, a key role in obtaining the stationary behavior of a tree-like process, including
the reset MC, is played by a matrix V , for which several algorithms are presented in Sec-
tion 8.3.3. After having obtained V , we demonstrate how to derive the transient measures of
interest from this matrix (Section 8.3.4).

To illustrate our algorithm we will study the Capetanakis, Tsybakov and Mikhailov (CTM)
algorithm for random access in Section 8.4. By considering the transient regime of tree
algorithms we can get an understanding of the initial protocol dynamics even when the system
is overloaded (that is, the overall input rate λ is above the maximum stable throughput). We
apply our framework to assess a number of transient performance measures associated with
the CTM protocol. To the best of our knowledge, it is the first time that analytical results
of this type are provided for the CTM protocol. The link between the CTM algorithm and
tree-like processes necessary to apply our new methodology was established in [106]. The
transient behavior of other protocol variations can be investigated in a similar manner by
relying on the results presented in [112].

Earlier in Part III of this thesis, we mentioned that transient measures for discrete-time
Markov chains are often obtained through an iterative or recursive approach, e.g., one starts
with the initial probability vector and subsequently multiplies this vector with the transition
matrix P (while exploiting its structure if possible). For QBD Markov chains, we noted that
such an approach can be fruitful when analyzing the system over short time scales, but that
the complexity rapidly increases with the time epoch of interest. When studying tree-like
processes this problem is even more important. Even if the event of interest occurs rather
early in time, an iterative or recursive approach causes extra difficulties as the number of
states that can be visited by the chain at time t grows exponentially fast. Problems like this
are circumvented by our approach as we perform a single steady state analysis of an expanded
Markov chain.

8.3 Tree-Like Process with Marked Time Epochs

Recall from Section 2.1.3 that a tree-like processes is discrete-time bivariate MC {(Xt, Nt), t ≥
0} in which the values of Xt are represented by nodes of a (d + 1)-ary tree, for d ≥ 0, and
where Nt takes integer values between 1 and h. Here, Xt is referred to as the node and Nt as
the auxiliary variable of the MC at time t. Notice that, in this chapter, we will assume that
the nodes of Xt form a (d + 1)-ary tree instead of a d-ary tree as used for the definition in
Section 2.1.3. This way, we can include zero in the set of integers used to represent the nodes
of the tree. This choice has of course no influence on our analysis, nevertheless, it allows us
to slightly simplify the notation.

8.3.1 Process Definition

In order to develop a novel framework to derive transient performance measures in a unified
manner, we introduce the tree-like process with marked time epochs. As such a tree-like
process evolves, each time epoch is either marked or not, where the marking rules typically
depend on the performance measure of interest. For examples about which time epochs should
be marked in a specific setting, we refer to Sections 7.3 and 8.4. In Section 8.3.3 and 8.3.4
we will present a number of algorithms that allow us to compute (i) the system state at the
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n-th marked time epoch and (ii) the average time epoch at which the n-th marking occurs.
Although this was not stated explicitly, the latter performance measure can also be obtained
for QBDs with marked time epochs.

Consider an MC {(Xt, Nt,Mt), t ≥ 0}, where the values of Xt are nodes of a (d + 1)-ary
tree, Nt takes values that range from 1 to h and Mt = m or u. {(Xt, Nt,Mt), t ≥ 0} is a
tree-like process with marked time epochs if the transition probabilities are of the following
form, for y = m and u:

P [(Xt+1, Nt+1,Mt+1) = (J ′, j, y)|(Xt, Nt) = (J, i)] =
f̄ i,j,y J ′ = J = ∅,
b̄i,j,y J ′ = J 6= ∅,
d̄i,j,yk J 6= ∅, f(J, 1) = k, J ′ = J − f(J, 1),
ūi,j,ys J ′ = J + s, s = 0, . . . , d,
0 otherwise.

Notice, the value of Mt+1 is affected by (Xt, Nt) and (Xt+1, Nt+1), but not by Mt (given
(Xt, Nt)); hence, the value of M0 is irrelevant. Next, define the h × h matrices D̄y

k, B̄y, F̄ y

and Ūys , for y = m and u, in the obvious manner. Furthermore, let

D̄k = D̄m
k + D̄u

k ,

B̄ = B̄m + B̄u,

Ūs = Ūms + Ūus ,

F̄ = F̄m + F̄ u,

for 0 ≤ k, s ≤ d. Remark that {(Xt, Nt), t ≥ 0} is a tree-like process characterized by
the matrices D̄k, B̄, F̄ and Ūs. We state that the t-th time epoch of this tree-like process
is marked if and only if Mt+1 = m. Therefore, the nonnegative matrix D̄m

k contains the
probabilities that (Xt, Nt) = (J + k, i), while (Xt+1, Nt+1) = (J, j) and time epoch t gets
marked. D̄u

k contains the probabilities for the same event, but without marking time t. A
similar interpretation can be given for the other matrices. Whether a time epoch t is marked
therefore depends on the transition from time t to time t + 1. We refer to the initial time
epoch as time t = 0 and when performing the transient analysis we limit ourselves to the case
where the tree-like process is in the root node at time t = 0, that is, the probability that we
start in state (∅, i) is given by the i-th entry of the stochastic vector αini.

Apart from the introduction of this new framework, one of the main contributions in this
chapter lies in the development of efficient algorithms to compute the system state, either
in an exact or approximated manner, of the MC {(Xt, Nt,Mt), t ≥ 0} at the n-th marked
time epoch. As a byproduct we will also derive the average time at which this n-th marking
occurs, which is often an important performance measure on its own. For this purpose, we
will generalize the concepts of a discrete Erlangization and a reset Markov chain to the class
of tree-like processes.

8.3.2 Discrete Erlangization and Reset Markov Chains

The idea of applying a discrete Erlangization and constructing a reset Markov chain was dis-
cussed in Chapter 7, where the transient behavior of a QBD MC was analyzed. Nevertheless,
to increase the readability of this chapter on its own, we will include a general discussion of
these concepts, not purely focusing on the differences of the implementation in the context of
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tree-like processes. Denote the i-th entry of the 1 × h vector πmn (J) as the probability that
the Markov chain {(Xt, Nt), t ≥ 0} is in state (J, i) at the n-th marked time epoch. The key
property of a discrete Erlangization is that we can approximate the system state at the n-th
marking tm(n) by considering the system state at the Zl,n-th marked time epoch tm(Zl,n),
where Zl,n is a negative binomially distributed (NBD) random variable with l phases and
a mean n, for l(≤ n) sufficiently large. Recall, setting l = n would result in exact results,
however, l cannot always be set to n as the reset MC might become periodic. Using the NBD
as a reset time implies, among others, that the transition blocks of the reset MC presented
below have a special structure that can be exploited when computing the MC’s steady state
probabilities. Remark, in this chapter we will use the variable l to refer to the number of
phases of the NBD random variable instead of the classical notation k, since k is typically
used as an index for the different matrices when referring to the k-th child of a certain node.

The transient problem of computing the system state at time tm(Zl,n) can be reformulated
into a steady state analysis by constructing a reset Markov chain. Consider the stochastic
process that evolves according to {(Xt, Nt,Mt), t ≥ 0}, but that is repeatedly reset when
leaving the Zl,n-th marked time epoch (meaning a transition occurs to state (X0 = ∅, i,m)
with probability (αini)i). Hence, if we perform a Bernoulli trial with parameter p = l/n each
time we have a transition out of a marked time epoch, the system is reset whenever l successes
have occurred.

We define the reset counter as being the number of pending successes before the next reset
event. It is clear that this reset counter takes values in the range {1, 2, . . . , l}. When we add
this reset counter as an additional auxiliary variable to the tree-like process {(Xt, Nt), t ≥ 0},
we obtain a Markov chain {(Xt,Nt), t ≥ 0}, where Nt has the set {(i, j)|1 ≤ i ≤ l, 1 ≤ j ≤ h}
as its range. Remark, if we succeed in computing the stationary behavior of the expanded
MC (Xt,Nt), we can easily find the system state just prior to a reset event, which is exactly
the system state at time tm(Zl,n). The transition probabilities of the reset MC can be written
as

P [(Xt+1,Nt+1) = (J ′, (i′, j′))|(Xt,Nt) = (J, (i, j))] =

f i,j,i
′,j′ J ′ = J = ∅,

bi,j,i
′,j′ J ′ = J 6= ∅,

di,j,i
′,j′

k |J | > 1, f(J, 1) = k, J ′ = J − f(J, 1),
ci,j,i

′,j′

k |J | > 1, f(J, 1) = k, J ′ = ∅,
di,j,i

′,j′

k + ci,j,i
′,j′

k J = k, J ′ = ∅,
ui,j,i

′,j′
s J ′ = J + s, s = 0, . . . , d,

0 otherwise,

where |J | represents the length of the string J . Let di,j,i
′,j′

k , ci,j,i
′,j′

k , bi,j,i
′,j′ , f i,j,i

′,j′ and
ui,j,i

′,j′
s be the ((i − 1)h + j, (i′ − 1)h + j′)-th entry of the lh × lh matrix Dk, Ck, B, F and
Us, respectively. One readily establishes that these matrices are given by:

Dk = (I ⊗ (D̄u
k + (1− p)D̄m

k )) + (I− ⊗ pD̄m
k ),

B = (I ⊗ (B̄u + (1− p)B̄m)) + (I− ⊗ pB̄m),
Us = (I ⊗ (Ūus + (1− p)Ūms )) + (I− ⊗ pŪms ),
Ck = M l

1 ⊗ pT̄mk eαini, (8.1)
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where

T̄mk = D̄m
k + B̄m +

d∑
s=0

Ūms . (8.2)

Recall from Chapter 7, the l × l matrix M l
1 has only one entry different from zero, being the

last entry on the first row, which equals one. The matrix F that governs the transitions from
the root node to itself can be written as

F = (I ⊗ (F̄ u + (1− p)F̄m)) + (I− ⊗ pF̄m) +

(
M l

1 ⊗ p

(
F̄me+

d∑
s=0

Ūms e

)
αini

)
. (8.3)

Consider the reset MC {(Xt,Nt), t ≥ 0} and define its transition matrix P l,n of infinite
(countable) size such that the strings are ordered lexicographically – that is, J < J ′ if either
|J | < |J ′| or there exists an k > 0 such that the J−f(J, k) = J ′−f(J ′, k) and the (|J |−k+1)-
th entry of J is smaller than that of J ′. Except for the first balance equation, the block
matrix P l,n has the same structure as that of any tree-like process (see [15]), therefore, the
components πl,n(J), defined as

πl,n(i,j)(J) = lim
t→∞

P [Xt = J,Nt = (i, j)],

πl,ni (J) = (πl,n(i,1)(J), πl,n(i,2)(J), . . . , πl,n(i,h)(J)),

πl,n(J) = (πl,n1 (J), πl,n2 (J), . . . , πl,nl (J)),

of its stationary probability vector have the same form as those of a tree-like process, i.e.,

πl,n(J + k) = πl,n(J)Rk, (8.4)

except for πl,n(∅) (see Section 2.1.3). In this equation Rk = Uk(I − V )−1, where the lh× lh
matrix V is the smallest nonnegative solution to

V = B +
d∑
s=1

Us(I − V )−1Ds. (8.5)

Hence, we can easily compute the necessary components of

πl,n = (πl,n(∅), πl,n(1), πl,n(2), . . .)

once V , and the vector πl,n(∅) are obtained. As lh can be considerably large, we will speed
up their computation by exploiting the structure of the Dk, B, Us and Ck matrices. Three
such algorithms to determine V are presented in the next section. A sufficient condition for
the existence of πl,n is that the average reset time of {(Xt,Nt), t ≥ 0} is finite, irrespective
of whether the MC {(Xt, Nt), t ≥ 0} is ergodic. The finiteness of the average reset time
is often obvious from an operational point of view. If not, it can be verified rigorously by
checking whether the special radius of R = R0 + . . .+Rd is less than one (the Gk matrices of
{(Xt,Nt), t ≥ 0} need not to be stochastic due to the reset events).
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8.3.3 Computing the V -Matrix

8.3.3.1 A First Approach

The lh× lh matrix V is the smallest nonnegative solution to Eqn. (8.5) and can be computed
by a standard fixed point iteration [15]. That is, the matrix V is obtained as limN→∞ V [N ]
from the recursion

V [N + 1] = B +
d∑
s=0

Us(I − V [N ])−1Ds, (8.6)

where

V [0] = B.

We can however benefit from the structural properties of the B, Us and Ds matrices involved
to make this recursion faster. The matrices B, Us and Ds, for 0 ≤ s ≤ d, are all lower block
bidiagonal matrices (see Eqn. (8.1)). Let us denote the blocks on the main diagonal of a lower
block bidiagonal matrix X as X(0) and the blocks below the main diagonal as X(1). Hence,

B(0) = B̄u + (1− p)B̄m, B(1) = pB̄m,

U
(0)
s = Ūus + (1− p)Ūms , U

(1)
s = pŪms ,

D
(0)
s = D̄u

s + (1− p)D̄m
s , D

(1)
s = pD̄m

s .

The lower block bidiagonal structure implies that V has a btbT structure. Since, in this
section a lot of matrices with subscripts have been (and will be) used, we will represent the
blocks of a btbT matrix Y as given by

Y =


Y (0) 0 0 · · · 0
Y (1) Y (0) 0 · · · 0
Y (2) Y (1) Y (0) · · · 0

...
. . . . . . . . .

...
Y (l−1) Y (l−2) · · · Y (1) Y (0)

 .

As a consequence, it suffices to determine the first block column of V in order to know the
entire matrix. Notice also that the btbT structure is preserved by every operation used in
Eqn. (8.6), meaning all V [N ], Gk and Rk matrices are also btbT. Making use of Eqn. (2.6–
2.9), we can calculate matrix V [N + 1] from matrix V [N ] using block column vectors only
as presented in Algorithm 8.1. Hence, the amount of memory needed by this algorithm to
compute the matrix V is only linear in l as opposed to square.

8.3.3.2 Recursive Computation of the Blocks in V

In each iteration step of the previous algorithm, we computed the V -matrix entirely, i.e.,
we calculated its entire first block column as this fully determines V . A second approach
is to compute the blocks V (0), . . . , V (l−1) that characterize the btbT matrix V recursively
as discussed in Algorithm 8.2. In this algorithm we start with the computation of V (0) and
afterward V (i) can be deduced from V (0), . . . , V (i−1) using one of the two iterative approaches
presented in step 4 of Algorithm 8.2.
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Algorithm 8.1 Computing the matrix V [N + 1] from V [N ]

1. Define the btbT matrix

W [N ] = (I − V [N ])−1,

which can be calculated in a the time and memory complexity of O(l2h3) and O(lh2),
respectively. The time complexity can be further reduced to O(lh3 + l log(l)h2) by
making use of fast Fourier transforms (see [71, Chapter 2]). The block W (i)[N ] can be
expressed in terms of the blocks V (k)[N ], 0 ≤ k ≤ i, and the blocks W (k)[N ], 0 ≤ k < i,
as follows:

W (0)[N ] = (I − V (0)[N ])−1, (8.7)

W (k)[N ] =
k∑
i=1

(W (0)[N ])(V (i)[N ])(W (k−i)[N ]), for k > 0. (8.8)

2. Using this definition, set

R
(i)
k [N + 1] =

{
U

(0)
k W (0)[N ] i = 0,

U
(0)
k W (i)[N ] + U

(1)
k W (i−1)[N ] i > 0.

3. Now, compute V [N + 1] as

V (i)[N+1] =

{
B(0) +

∑d
k=0R

(0)
k [N + 1]D(0)

k i = 0,∑d
k=0(R(i)

k [N + 1]D(0)
k +R

(i−1)
k [N + 1]D(1)

k ) + 1{i=1}B
(1) i > 0.

The second iterative procedure requires the solution to a Sylvester matrix equation of
the form X + AXB = C, for which we can use Algorithm 7.2. This algorithm has a time
complexity of O(h3). It is easy to implement as for instance each of the decompositions
required is a Matlab built-in function. Moreover, the ‘\’ Matlab command to solve the h
linear systems recognizes the Hessenberg structure and solves each of the systems in O(h2)
time. Notice from Eqn. (8.14) that we only need to perform the Hessenberg and the Schur
decomposition once because A = U

(0)
0 W (0) and B = W (0)D

(0)
0 are both independent of i and

N .

8.3.3.3 Comparison of the Two Approaches

When we compare the two iterative approaches presented in step 4 of Algorithm 8.2, the
Sylvester scheme will typically result in fewer iterations, however, more time is needed to
perform a single iteration, making the first approach often the fastest. Compared to the
algorithm presented in Section 8.3.3.1 both schemes discussed in 8.3.3.2 tend to be significantly
faster. However, as reported in [15], the convergence of (8.13) and (8.14) is not guaranteed,
as opposed to the convergence of Algorithm 8.1. For the application discussed in Section 8.4
we experienced no convergence problems for both (8.13) and (8.14).
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Algorithm 8.2 Computing the blocks of the V -matrix recursively

1. If we consider only the first block row of Eqn. (2.9), we get

V (0) = B(0) +
d∑
s=0

U (0)
s (I − V (0))−1D(0)

s . (8.9)

As V (0) has size h× h only, we can rely on the standard fixed point iteration presented
in Eqn. (8.6) for its computation.

2. Define the btbT matrix W as W = (I −V )−1. Recall from step 1 of Algorithm 8.1 that
W (i) can be expressed in terms of V (k), 0 ≤ k ≤ i, and W (k), 0 ≤ k < i. Then, compute

Ki = 1{i=1}B
(1) +

d∑
s=0

[
U (1)
s W (i−1)D(0)

s + U (0)
s W (0)

(
i−1∑
k=1

V (k)W (i−k)

)
D(0)
s

+
(
U (1)
s W (i−2)1{i>1} + U (0)

s W (i−1)
)
D(1)
s

]
. (8.10)

Notice, having computed V (0), . . . , V (i−1) allows us to compute Ki as these suffice to
compute the W (k) matrices, for k < i, that characterize the btbT matrix (I − V )−1.

3. Due to (2.9) we can establish the following equation for V (i), for i > 0:

V (i) = Ki +
d∑
s=0

U (0)
s W (0)V (i)W (0)D(0)

s . (8.11)

4. Two iterative approaches [15] can be followed to retrieve V (i) from Eqn. (8.11). Both
start by setting

V (i)[0] = Ki. (8.12)

(a) A first iteration consists in generating the sequence V (i)[N ] as

V (i)[N + 1] = Ki +
d∑
s=0

U (0)
s W (0)V (i)[N ]W (0)D(0)

s . (8.13)

(b) The second one generates a sequence by solving the Sylvester matrix equation

V (i)[N + 1]−U (0)
0 W (0)V (i)[N + 1]W (0)D

(0)
0 = Ki +

d∑
s=1

U (0)
s W (0)V (i)[N ]W (0)D(0)

s .

(8.14)
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8.3.4 Calculating the Probability Vectors πmn (J)

Having obtained the lh × lh matrix V , we are now in a position to compute the stationary
measure πl,n of the reset MC (Xt,Nt). Consider the Markov chain obtained by censoring
(Xt,Nt) on the states of the root node (∅, (i, j)). Its transition matrix P l,n∅ can be written as

P l,n∅ = (F + V −B) + (e− (F + V −B)e)(e(l) ⊗ αini). (8.15)

The matrix F covers the single step transitions, whereas V −B holds all the paths from the
root node to itself that start with a transition to one of its child nodes without the occurrence
of a reset event as Eqn. (2.8) implies that

d∑
s=0

Us(I − V )−1Ds = V −B.

The return state (i, j) of all the remaining paths from ∅ to itself is of the form (l, j) and is
determined by αini as the final transition of these paths is a reset event.

The vector πl,n(∅) corresponding to the root node ∅, is the invariant vector of P l,n∅ , nor-
malized as

πl,n(∅)(I −R)−1e = 1.

The matrix P l,n∅ has a special structure, which we can exploit when computing πl,n(∅). More
precisely, it is the sum of a btbT matrix (F + V − B) and an lbC matrix, where an lbC
matrix is a matrix with its nonzero entries all positioned in the last block column. In order
to compute πl,n(∅) efficiently, we can therefore rely on Algorithm 7.3, the time and space
complexity of which equal O(h3l2) and O(h2l), respectively. The remaining components of
the stationary measure πl,n for the nodes of the form J + k are given by

πl,n(J + k) = πl,n(J)Rk,

where Rk = Uk(I−V )−1 (with 0 ≤ k ≤ d), as expressed in Eqn. (2.7). Fast Fourier transforms
can be used to speed up the computation of the components πl,n(J + k), because of the btbT
structure of Rk (see [111, Section 5] for details).

We now indicate how the probability vector πmZl,n(J), used to approximate the system
state πmn (J) at the n-th marked time epoch, can be obtained from πl,n(J). The j-th entry of
the vector πmZl,n(J) holds the probability that the MC (Xt,Nt) is in state (J, (1, j)) provided
that a reset event occurs, hence,

πmZl,n(∅) =
(πl,n1 (∅).φ0)p

c
,

πmZl,n(J + k) =
(πl,n1 (J + k).φ1,k)p

c
.

Here, φ0 and φ1,k are the transposed vectors of F̄me+
∑d

s=0 Ū
m
s e and T̄mk e respectively and

‘.’ denotes the point-wise matrix product. The normalization constant c, which guarantees
that ∑

J

πmZl,n(J)e = 1,
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is identical to the probability that a reset event occurs at an arbitrary time instant. It can
be verified, using the structural properties of πl,n, that c = γe, where the 1 × h vector γ is
given by

γ/p = πl,n1 (∅).φ0 + πl,n(∅)(I −R)−1

(
d∑

k=0

R
(∗)
k .(ehlφ1,k)

)
, (8.16)

where R
(∗)
k represents the first block column of the btbT matrix Rk. Notice, in order to

calculate the normalization constant c, it suffices to know the probability vector corresponding
to the root node of the reset MC.

Remark 12. The average time after which the Zl,n-th reset event takes place

t̄n = 1/c,

which may be regarded as an approximation to the average time at which the n-th marking
occurs, is thus found as a byproduct and is often of particular interest on its own. Exact
results can be generated provided that setting l = n does not cause periodicity in the Markov
chain (Xt,Nt).

8.4 Transient Analysis of the CTM Protocol with Free Access

In this section we make use of our framework tree-like processes with marked time epochs to
analyze the transient behavior of the celebrated Capetanakis-Tsybakov-Mikhailov protocol for
random multiple access communication. We will restrict ourselves to the basic binary CTM
algorithm with free access. Other protocol variations are also within reach of our framework
as their behavior can often be captured by a tree-like process (see [112]).

8.4.1 Protocol Definition

The following standard assumptions are made [11, 75]. A single channel is shared among
an infinite population of users that transmit packetized messages. A user is said to becomes
active as soon as he has a message ready for transmission. Users refrain from generating
new messages while being active. The time is slotted and each slot has a fixed duration,
equal to the length of a packet. Transmissions of a packet are assumed to occur at the
beginning of a time slot and each transmission is within the reception range of every user.
Binary feedback (collision/no collision) is immediately available at the end of each time slot.
Simultaneous transmissions are destructive, in the sense that all packets involved become
corrupt. However, a discrete-time batch Markovian arrival process (D-BMAP) is used to
model the user activity, which greatly relaxes the standard Poisson assumption. Some of the
other standard assumptions can be further relaxed if necessary.

The D-BMAP process is more general compared to the D-MAP in the sense that it allows
batch arrivals (see Section 2.2.1). To use an unambiguous notation, in this chapter we will
denote the sequence of h∗×h∗ matrices characterizing the D-BMAP process as Dn, for n ≥ 0.
These matrices have the following probabilistic interpretation. If the D-BMAP is in state i
(1 ≤ i ≤ h∗) at the start of slot t, n users become active and the state of the D-BMAP equals
j (1 ≤ j ≤ h∗) at the beginning of slot t+ 1 with a probability given by the (i, j)-th entry of
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Figure 8.1: The CTM protocol for random multiple access communication

Dn. The arrivals are assumed to occur on the boundary of time slot t− 1 and t, meaning the
n users that became active can transmit their packet as early as time slot t. How one checks
the stability of the CTM protocol under D-BMAP arrivals is explained in [106].

The CTM protocol is a collision resolution algorithm in which users continue to retransmit
a packet until it is correctly received. Apart from the immediate feedback, users do not
exchange any information about their activity on the channel, as a consequence contention
has to be resolved without any additional information. In order to resolve contention the
CTM protocol divides the users involved in a collision into two groups GR(1) and GR(2).
The users of the first group GR(1) retransmit their packet in the next time slot, while users of
the second group GR(2) wait until the first group is resolved (meaning all messages belonging
to GR(1) have to be transmitted successfully and the users of GR(2) need to be aware
of this). The algorithm has a recursive nature, in the sense that if GR(1) causes another
collision, GR(1) is split into two groups GR(1a) and GR(1b), and so on. Notice, in this
case the users of GR(2) need postpone any retransmission attempts until both GR(1a) and
GR(1b) have been resolved. The channel access protocol is assumed to be the free access
protocol. This means that users that become active immediately – that is, at the start of the
next slot boundary – access the channel. The operation of the CTM protocol is illustrated in
Figure 8.1. In this figure, CO denotes a collision and NC denotes no collision. By allowing the
immediate participation of new arrivals in the contention tree, this problem can be regarded
as a dynamic tree algorithm. The asymptotic behavior of tree algorithms that do not support
this dynamic feature were studied in [88, 74]. Some transient statistics on these (nondynamic)
tree algorithms can also be derived from our setting as will be illustrated in Section 8.4.3.

In the CTM protocol each active user maintains an integer value, referred to as the current
stack level, as indicated in the boxes of Figure 8.1. A user that became active during slot t−1
initializes his current stack level for slot t at zero. A user is allowed to send his packet during
the current time slot if his current stack level equals zero. The current stack level of a user is
updated as follows. If slot t does not hold a collision, all users with a current stack level for
slot t equal to i > 0 set their current stack level for slot t+1 to i−1. If slot t holds a collision,
the current stack level for slot t + 1 is set to i + 1, while users with a current stack level for
slot t equal to zero are divided into two groups. A user joins the first (resp. the second) group
with a probability q (resp. 1− q) and sets his current stack level for time t+ 1 to zero (resp.
one). Remark, the current stack level maintained by a user may be regarded as the number
of pending groups that require resolution before the user is allowed to retransmit.
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8.4.2 Analytical Model

Let us now briefly indicate how to model the CTM protocol as a tree-like process (for more
details see [106]). Consider the Markov chain {(X̃t, Ñt), t ≥ 0}. Let X̃t be the string holding
the current stack level for slot t for all backlogged stations, i.e., stations with a current stack
level (for slot t) larger than zero. The sample space of the random variable X̃t is

Ω1 = {∅} ∪ {J : J = sk . . . s1, sj ≥ 0, 1 ≤ j ≤ k, k ≥ 1}. (8.17)

For instance, if X̃t = sk . . . s1 there are
∑k

i=1 si backlogged stations and the current stack
level equals i for si of the backlogged stations. The auxiliary variable Ñt holds both the
number of active stations with a current stack level for slot t equal to zero and the state of
the D-BMAP at the start of slot t+ 1. Its sample space is given by

Ω2 = {(n, j) : n ≥ 0, 1 ≤ j ≤ h∗}. (8.18)

The Markov chain {(X̃t, Ñt), t ≥ 0} (with state space Ω1×Ω2) has a tree structure, but each
node has an infinite number of children. To reduce this MC to a tree-like process one can
approximate {(X̃t, Ñt), t ≥ 0} by a bivariate Markov chain {(X̃d

t , Ñ
d
t ), t ≥ 0}, obtained by

setting a maximum value d on the number of stations that can have a same current stack
level for slot t. In this way, each node of X̃d

t has only (d + 1) children and the variable Ñd
t

has a finite range of size h = h∗(d + 1). The introduction of the value d as a restriction on
the number of stations having the same current stack level, implies that some packets get
dropped whenever a situation occurs in which more than d packets attain the same current
stack level value. The CTM protocol does not drop packets, thus, d has to be chosen large
enough such that number of dropped packets can be neglected (e.g., < 10−10). In practice,
setting d = 10 or 15 often suffices.

For further use, we will now quickly reintroduce the matrices D̄k, Ūs and F̄ that fully
characterize the tree-like process {(X̃d

t , Ñ
d
t ), t ≥ 0}. The matrices D̄k cover the transition

probabilities from state (J + k, (i, j)) to the state (J, (i′, j′)). This happens when slot t does
not hold a collision, which implies

D̄k((i, j), (i′, j′)) =


(Di′−k)j,j′ i ≤ 1, i′ ≥ k, i′ < d,∑

n≥d−k(Dn)j,j′ i ≤ 1, i′ ≥ k, i′ = d,

0 otherwise.

(8.19)

The matrices Ūs hold the transition probabilities of going from state (J+k, (i, j)) to the state
(J + ks, (i′, j′)), which happens when a collision occurs in slot t. Hence,

Ūs((i, j), (i′, j′)) =


Cisq

i−sq̃s(Di′−(i−s))j,j′ i > 1, i ≥ s, i′ ≥ i− s, i′ < d,

Cisq
i−sq̃s

∑
n≥d−(i−s)(Dn)j,j′ i > 1, i ≥ s, i′ ≥ i− s, i′ = d,

0 otherwise,

(8.20)

where q̃ = 1 − q and Cis denotes the number of different possible combinations of s from i
different items. Finally, the transition probabilities that the process goes from state (∅, (i, j))
to the state (∅, (i′, j′)) are given by the matrix F̄ . This matrix is given by

F̄ ((i, j), (i′, j′)) =


(Di′)j,j′ i ≤ 1, i′ < d,∑

n≥d(Dn)j,j′ i ≤ 1, i′ = d,

0 otherwise.

(8.21)

We are now in a position to apply our framework to assess some transient performance
measures of the CTM protocol.
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Figure 8.2: Throughput in slot n under Poisson arrivals

8.4.3 Performing a Transient Analysis

Let us first take a look at the transient throughput of the CTM algorithm. The throughput
Tn in slot n equals the probability that a packet is successfully transmitted in slot n. This
happens when there is exactly one station with his current stack level equal to zero for slot
n. We can apply our framework by marking all time epochs, i.e.,

Du
k = Bu = Uus = F u = 0,

as this probability is readily available from the system state at time n. More specifically, we
have

Tn =
h∗∑
j=1

πmn (1, j),

where

πmn (i, j) =
∑
J

πmn (J, (i, j)),

and πmn (J, (i, j)) are the obvious h = h∗(d + 1) components of the vector πmn (J). A simple
expression for Tn can be found from the 1×h vector γ = (γ0, γ1, . . . , γd), defined by Eqn. (8.16),
with γi = (γi(1), . . . , γi(h∗)). That is, γi(j)/c equals the probability that, at the n-th marking
there are i stations with a current stack level equal to zero, while the state of the D-BMAP
process is j. Hence,

Tn =
h∗∑
j=1

γ1(j)
c

.

We first present some results in case the user activity is modeled as a Poisson arrival process,
that is, we set

Dn =
e−λλn

n!
, for n ≥ 0.
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Flajolet and Jacquet [33] have shown that the CTM algorithm with free access (with q = 0.5)
is stable under a Poisson flow of arrivals if the arrival rate λ < 0.360177. We refer to this
value as the maximum stable throughput (MST) of the random access algorithm. That is,
in the standard information theoretical setting, the MST is defined as the highest possible
(Poisson) input rate for which a packet has a finite delay with probability one.

Figure 8.2(a) depicts some approximations T ln for the transient throughput Tn for different
values of l, the number of phases of the negative binomial distribution used to setup the
reset process. T ln is computed in the same manner as Tn, except that the vectors πmn (J)
are approximated by πmZl,n(J). The rate of the Poisson process λ = 0.3. As mentioned

earlier, in some cases we cannot set l equal to n as this causes the MC {(X̃t, Ñt), t ≥ 0} to
become periodic. Marking all time epochs will always cause periodicity, therefore the best
approximation we can realize is by setting l equal to n−1. Figure 8.2(a) indicates that smaller
values of l will result in a larger underestimation of the throughput Tn, however, for relatively
small values of l we still obtain a quite accurate approximation of the throughput compared
to letting l = n − 1. Working with a smaller l value implies that less time and memory is
needed for the computation of the matrix V and the probability vectors πmZl,n(J). For l = 100,
the computation time, as given by the Matlab Profiler, is close to 30 seconds using an Intel
Pentium M 1.70GHz processor with 1GB of memory. The Windows Task Manager indicated
a peak memory usage of 80Mb for the entire Matlab session during the calculation of this
figure.

In Figure 8.2(b) we compare the transient throughput for different arrival rates λ. For
λ = 0.3, we notice that the transient throughput rapidly converges to the input rate λ. When
we take the arrival rate λ closer to the MST (e.g., λ = 0.36), the throughput grows more
slowly over time, but still seems to reach the input rate for n large enough. One can also
observe that taking values for λ above the MST, does not seem to result in an output rate
that is above the MST. Actually, for slot n = 107 we have T 100

n = 0.35996 and T 100
n = 0.35812

for λ = 0.36 and λ = 0.365, respectively. For such arrival rates a somewhat higher throughput
is often achieved in the first few slots, as shown in Figure 8.3. After this initial phase during
which several stations get backlogged, the number of collisions increases as the new arrivals
need to compete with some of these backlogged stations. However, output rates above the
MST can be achieved by some other random access mechanisms, e.g., FS-ALOHA [111].
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Figure 8.4: Average time until the n-th event under Poisson input

Next, we will calculate the average time t̄suc(n) at which the n-th successful transmission
takes place. To apply our framework, it suffices to mark all time epochs that correspond to a
successful transmission. The matrices D̄m

k , Ūms and F̄m that mark a time epoch are retrieved
from the matrices D̄k, Ūs and F̄ , given by Eqns. (8.19–8.21), as follows:

D̄m
k ((i, j), (i′, j′)) =

{
D̄k((i, j), (i′, j′)) if i = 1,
0 otherwise,

for k = 0, . . . , d and

F̄m((i, j), (i′, j′)) =
{
F̄ ((i, j), (i′, j′)) if i = 1,
0 otherwise.

The entries of the matrices Ūs are equal to zero for i = 1, hence, Ūms = 0. When computing
t̄suc(n), we can set l equal to n to generate exact results. Recall,

t̄suc(n) = t̄n = 1/c,

where c is the normalization constant defined in Section 8.3.4.
Figure 8.4(a) shows the mean time t̄suc(n) that passes until the n-th successful transmis-

sion occurs, for n = 50, 100 and 200. If the arrival rate λ is low, the number of slots needed
to transmit n packets successfully is relatively high. When λ increases t̄suc(n) decreases up
to some point where a minimum is reached, afterward t̄suc(n) increases again. This can be
understood as follows. When λ is low, the total number of packets generated is small and
therefore a considerable amount of time is required to generate n packets, most of these pack-
ets are successful during their first attempt. Higher values of λ reduce the time required
to generate n packets, but at the same time also increase the mean number of transmission
attempts needed. When the arrival rate becomes too large, the effect of the increased collision
probability starts to dominate, which causes the minimum. Our results indicate that for large
values of n, the rate λ for which t̄suc(n) is minimal, can become larger than the MST.

Similarly, define t̄col(n) as the average time at which the n-th collision takes place. To
determine t̄col(n) we can apply our framework with

D̄m
k = F̄m = 0 and Ūms = Ūs.
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Remark, each time epoch where at least two stations have a current stack level equal to zero
are marked, as these stations will transmit their packet in the next time slot causing a collision.
The average time until the n-th collision is depicted in Figure 8.4(b), for n = 50, 100, 200. As
one can expect, this average time decreases as the Poisson arrival rate increases.

Although we mainly focus on tree algorithms that allow new arrivals during the contention
resolution period, we can also deduce some results for tree algorithms that do not support
this feature. For instance, by assuming Poisson arrivals with λ = 0 and by considering a
conflict of size n as the initial state, we can compute the mean time until the i-th success (for
i ≤ n) of a size n conflict. By repeatedly resetting the tree-like process at the i-th success,
exact results can be realized for limited values of n. The results presented in Figure 8.5 show
that one typically observes a linear growth as a function of i. Also, keeping i constant, a
larger value of n results in a (slightly) larger mean time until the i-th success. Finally, one
can observe that the end of the curves deviate from the linear trend since there will be no
collision if there is only one active customer left on the channel.

Until now, we assumed that the users become active according to a Poisson process. As a
final result, we will consider a two-state Markov modulated Poisson process (MMPP) as well.
When in the first (the second) state, stations become active according to a Poisson process
with rate λ1 (λ2). Transitions between the two states take place with a probability 0.001 at
the end of each time slot, that is, the average sojourn time in both states is 1000 slots. We
assume that the system is initialized in state 1. Figure 8.6 shows the transient throughput
for different values of l for λ1 = 0.5 and λ2 = 0.1. Therefore the matrices Dn are given by

Dn =
[

0.999eλ1λn1/n! 0.001eλ1λn1/n!
0.001eλ2λn2/n! 0.999eλ2λn2/n!

]
.

As can be seen in Figure 8.6, during the first 1000 to 1500 slots the throughput decreases,
after which it slowly starts to grow toward the arrival rate λ = 0.3. This is in line with
the previous observations: initially we have an overloaded system as λ1 = 0.5 which causes
the initial decrease as explained before. On average, after about 1000 slots, the state of the
D-BMAP will change to λ2 = 0.1, allowing the backlogged stations to access the channel
more often. As the CTM protocol is still stable under this arrival process, the throughput
will eventually converge to λ = 0.3 as n goes to infinity.
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This example concludes not only our study of the transient behavior of the CTM protocol,
but also the last chapter of this thesis. Recall, our framework is not limited to random access
mechanisms. It can be applied to any problem that can be modeled as a tree-like process.
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[19] A. Bobbio, A. Horváth, and M. Telek. Matching three moments with minimal acyclic
phase type distributions. Stochastic Models, 21:303–326, 2005.

[20] O. Boxma, D. Denteneer, and J. Resing. Delay models for contention resolution in
closed populations. Performance Evaluation, 53:169–185, 2003.

[21] A. Brandt and M. Brandt. On the M(n)/M(n)/s queue with impatient calls. Perfor-
mance Evaluation, 35:1–18, 1999.

[22] L. Breuer. An EM algorithm for batch Markovian arrival processes and its comparison
to a simpler estimation procedure. Annals of Operations Research, 112:123–138, 2002.

[23] J.I. Capetanakis. Tree algorithms for packet broadcast channels. IEEE Transactions
on Information Theory, 25(5):319–329, 1979.

[24] R.M.L.R Carmo, E. de Souza e Silva, and R. Marie. Efficient solutions for an approx-
imation technique for the transient analysis of Markovian models. Technical report,
IRISA Publication Interne N 1067, 1996.

[25] G. Casale, E.Z. Zhang, and E. Smirni. Characterization of moments and autocorrelation
in MAPs. Performance Evaluation Review, 35(2), 2007.

[26] E. Cinlar. Introduction to Stochastic Processes. Prentice-Hall, 1975.

[27] E. Coffman and L. Kleinrock. Feedback queueing models for time-shared systems.
Journal of the Association for Computing Machinery, 15:549–576, 1968.
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Deze thesis beschrijft verschillende wachtlijnmodellen en bijbehorende algoritmes om ze te
analyseren. De modellen stellen typische onderdelen van een telecommunicatiesysteem voor,
waar klanten een bepaalde verwerking krijgen. Voor het opstellen van de modellen en de
bijbehorende algoritmes maken we gebruik van matrix analytische methodes, een techniek
die kort wordt besproken in Deel I. We zullen de structuur van de matrices die berekend
moeten worden zoveel mogelijk benutten. Door rekening te houden met deze structuur, kun-
nen we namelijk aanzienlijk efficiëntere algoritmes ontwikkelen om de performantie van een
systeem te analyseren. Deel I bevat ook een korte inleiding tot wachtrijtheorie. Intüıtief
bestaat een wachtrijsysteem uit klanten die op willekeurige tijdstippen aankomen en worden
verwerkt, waarna ze het systeem terug verlaten. Als klanten niet onmiddellijk kunnen wor-
den verwerkt, worden ze in een wachtrij geplaatst, of dienen ze het systeem te verlaten als
er geen plaats meer is in die wachtrij. Als een klant zijn bediening beëindigt, wordt bepaald
welke wachtende klant als volgende bediend zal worden. Dit gebeurt aan de hand van een
zogenaamd scheduling mechanisme. We bespreken kort enkele van deze scheduling mechanis-
men, alsook een aantal frequent gebruikte aankomst- en bedieningsprocessen. Tenslotte wordt
er in dit inleidende stuk ook een definitie en enkele basisprincipes van Markov ketens gegeven.

Er wordt in de thesis een onderscheid gemaakt tussen twee grote gehelen. In Deel II
wordt de stationaire toestand van bepaalde systemen besproken, terwijl onze aandacht in
Deel III uitgaat naar het transiënte gedrag. In Hoofdstuk 3 wordt een methode voorgesteld
om de verdeling van de responstijd van ongeduldige klanten in een D-MAP/PH/1 wachtrij
te bepalen. Dit is de totale tijd die een klant in het wachtrijsysteem doorbrengt, vanaf het
moment dat hij aankomt tot hij dit terug verlaat na volledig bediend te zijn. De methode
maakt gebruik van een Markov keten, gebaseerd op de leeftijd van de klant die wordt bediend.
Er worden drie types ongeduldige klanten beschouwd: klanten die altijd ongeduldig zijn,
klanten die enkel ongeduldig zijn tijdens het wachten en klanten die hun bediening uitsluitend
mogen aanvangen wanneer ze deze ook effectief kunnen beëindigen vooraleer hun geduld is
verstreken. Buiten het berekenen van de responstijd, laat onze methode ook toe resultaten
te bepalen in verband met de verdeling van het aantal klanten in de wachtrij. Omdat de
uitvoeringstijd van dit algoritme een kwadratische functie is in de maximale hoeveelheid
geduld van een klant, wordt er een reductie voorgesteld van deze Markov keten naar een quasi-
birth-death proces, waardoor de tijdscomplexiteit van het algoritme drastisch gereduceerd kan
worden ten koste van slechts een kleine hoeveelheid extra geheugen. Dankzij de tridiagonale
structuur van de transitiematrix van de overeenkomstige Markov keten, heeft het resulterende
algoritme een tijdscomplexiteit die slechts lineair is in de maximale hoeveelheid geduld. Dit
wordt gëıllustreerd aan de hand van enkele numerieke voorbeelden waarin we nagaan welke
invloed de verdeling van het ongeduld heeft op de responstijd van klanten.
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Deze voorbeelden suggereren een mogelijk verband tussen de variantie in de verdeling van
de hoeveelheid geduld en het aantal klanten dat het systeem dient te verlaten ten gevolge
van een volledig gevulde wachtrij. In Sectie 3.3 onderzoeken we of er inderdaad sprake is
van een dergelijk verband. Om een algemene conclusie te kunnen trekken, veronderstellen we
hier wel een eenvoudiger aankomsten- en bedieningsproces. Voor een wachtrijsysteem waarin
zowel de aankomst- als de bedieningstijden een geometrische verdeling volgen, kunnen we
bewijzen dat er minder klanten het systeem zullen verlaten zonder volledig verwerkt te wor-
den als de verdeling van hun geduld kleiner is in de convexe ordening betekenis. Dit wordt
zowel aangetoond voor klanten die geduldig zijn eens ze worden bediend als voor klanten die
voortdurend ongeduldig blijven. Ook wordt er voor een wachtrijsysteem met geometrische
bedieningstijden aangetoond dat er minder klanten gedwongen het systeem verlaten wanneer
ze enkel ongeduldig zijn tijdens het wachten en niet meer tijdens hun bediening.

Hoofdstukken 4 en 5 handelen over prioriteitssystemen. In dergelijke systemen wordt er
een onderscheid gemaakt tussen verschillende soorten verkeer, waarbij het belangrijke verkeer
voorrang krijgt op het minder belangrijke verkeer. In Hoofdstuk 4 beschouwen we een systeem
waarbij er twee verschillende klassen worden onderscheiden, één met hoge en één met lage pri-
oriteit. In vele analyses worden de buffers in het systeem oneindig verondersteld, terwijl we in
werkelijkheid natuurlijk altijd te maken hebben met eindige buffers. De reden voor deze keuze
is dat het wiskundig vaak eenvoudiger is om te werken met oneindige buffers dan met eindige.
Door uit te gaan van oneindige buffers en een veel voorkomende benadering te hanteren die
gebruik maakt van het staartgedrag van de bezetting van de lage prioriteitsbuffer, kunnen er
echter eigenaardige effecten optreden die we niet verwachten wanneer we werken met eindige
buffers. In Hoofdstuk 4 wordt besproken hoe de kansen dat een klant verloren gaat omdat de
buffer volledig bezet is, exact kunnen worden berekend door in de analyse gebruik te maken
van eindige buffers. Tevens wordt er onderzocht hoe groot de invloed is als we één of beide
buffers oneindig veronderstellen. Om de invloed van het al dan niet eindig nemen van de
buffers duidelijk te kunnen identificeren, wordt er gewerkt met bedieningstijden die voor alle
klanten gelijk zijn aan één tijdsslot. Voor de verschillende gevallen wordt er dan een algorit-
me voorgesteld om de verlieskansen van de lage prioriteitsklanten te bepalen. Een numeriek
voorbeeld toont aan dat de benadering van deze verlieskansen die we krijgen door de buffers
oneindig te veronderstellen niet altijd even accuraat is. Het blijkt dat we een overschatting
van de verlieskansen voor de lage prioriteitsklanten krijgen wanneer we veronderstellen dat de
overeenkomstige buffer oneindig is. Het al dan niet werken met een oneindige buffer voor de
hoge prioriteit heeft echter een kleine invloed op de verlieskansen van lage prioriteit. Onder
de veronderstelling van een eindige buffer voor de hoge prioriteit is er ook geen opmerkelijk
verschil tussen de resultaten gebaseerd op het asymptotisch staartgedrag en degene die we
bekomen, gebruik makende van de stationaire kansen. Foutieve resultaten kunnen wel worden
bekomen wanneer beide buffers oneindig worden verondersteld en wanneer we gebruik maken
van het asymptotisch staartgedrag. Deze fouten komen vooral voor in de omgeving van het
zogenaamde transitiepunt dat de scheiding aangeeft tussen de gevallen die een geometrisch
staartgedrag vertonen en degene waarbij dit niet het geval is.

In Hoofdstuk 5 wordt er een alternatieve wijze voorgesteld om een prioriteitssysteem te
modelleren. In sommige gevallen kan het namelijk nuttig zijn om meer dan twee klassen
verkeer te identificeren. In een netwerk kan er bijvoorbeeld een onderscheid worden gemaakt
tussen spraak, video en ander verkeer zoals e-mail, websites, enz. De eerste twee zijn erg
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gevoelig voor vertragingen en krijgen dus bij voorkeur prioriteit over het andere verkeer. Er
is echter een groot verschil tussen videopakketten en spraakpakketten wat betreft de groot-
te. Als gevolg hiervan vergen de laatste beduidend minder verwerkingstijd en kan het dus
interessant zijn om deze de hoogste prioriteit te geven, waardoor we reeds drie verschillende
klassen hebben gëıdentificeerd. We beschouwen in Hoofdstuk 5 een algemener aankomsten-
en bedieningsproces dan in Hoofdstuk 4. Het aankomende verkeer wordt beschreven door
een zogenaamd Markov aankomstenprocess met gemarkeerde jobs en de bediening van de
klanten volgt een Phase-Type verdeling, die verschillend kan zijn voor de verschillende pri-
oriteitsklassen. Het wachtrijsysteem bevat K prioriteitsklassen en wordt genoteerd als een
MMAP[K]/PH[K]/1 wachtrij. Om een dergelijk systeem te modelleren, is een andere aanpak
nodig dan diegene die werd gebruikt in Hoofdstuk 4. Het vraagt namelijk zeer veel geheugen
als we voor elke klasse, het aantal klanten van deze klasse in de queue moeten bijhouden. De
dimensies van de matrices die in het algoritme voorkomen, zouden te groot zijn om de ge-
wenste eigenschappen te kunnen berekenen binnen een aanvaardbare tijd en met een redelijk
gebruik van geheugen. Daarom wordt er in Hoofdstuk 5 gebruik gemaakt van een boomge-
structureerde Markov keten. We onthouden slechts van bepaalde klassen het aantal klanten
in de wachtrij, terwijl de andere klanten tijdelijk worden opgeslagen in een stack. In tegen-
stelling tot de andere hoofdstukken in deze thesis, beschouwen we dit systeem in continue
tijd. Dit vereenvoudigt de analyse enigszins aangezien gelijktijdige gebeurtenissen die kunnen
voorkomen wanneer we in discrete tijd werken, worden uitgesloten in continue tijd. Via een
zogenaamde uniformization kan het continue-tijd systeem worden omgezet naar discrete tijd.
Door een aantal extra toestanden toe te voegen, kan het algemene boomgestructureerd proces
worden gereduceerd tot een tree-like proces. De extra toestanden zorgen ervoor dat er geen
transities mogelijk zijn waarbij meer dan één klant op de stack wordt geplaatst, of hiervan
wordt verwijderd. Deze toevoeging heeft als gevolg dat de verschillende matrices een interes-
sante structuur krijgen, die we kunnen uitbuiten om de berekeningen te vereenvoudigen en te
versnellen.

Bij prioriteitssystemen wordt de klasse van een klant bepaald bij aankomst. Dit is echter
niet altijd mogelijk. Als we bijvoorbeeld verschillende taken beschouwen die ieder een bepaal-
de verwerkingstijd vergen, zouden we de voorkeur kunnen geven om korte taken eerst af te
handelen en daarna pas de langere te verwerken. Op deze manier zouden we de gemiddelde
responstijd van een taak kunnen minimaliseren. Helaas kennen we de duur van een bepaalde
taak in het algemeen niet op voorhand en zullen we dus een scheduling moeten toepassen die
op de één of andere manier voorrang tracht te geven aan kortere taken. In diverse bestu-
ringssystemen wordt hiervoor gebruik gemaakt van zogenaamde multilevel feedback queues.
Deze bepalen de prioriteit van een taak aan de hand van de reeds verworven bedieningstijd.
Hierdoor krijgen taken die reeds langer werden bediend een lagere prioriteit toebedeeld dan
taken die tot op heden een kortere bedieningstijd kregen. In dit geval is prioriteit dus geen
statisch gegeven, maar wordt de prioriteit van een job dynamisch aangepast op basis van de
reeds verworven bedieningstijd. In Hoofdstuk 6 wordt een dergelijk scheduling mechanisme
gemodelleerd aan de hand van een subklasse van de boomgestructureerde Markov ketens,
namelijk de quasi-birth-death processen op een binomial-like tree. Een dergelijke boom heeft
als eigenschap dat elk i-de kind van een knoop zelf i kinderen heeft. Na het invoeren van
deze nieuwe klasse processen, tonen we hoe een multilevel feedback queue op die manier kan
worden gemodelleerd. Op basis van dit model worden er methodes opgesteld om onder andere
de gemiddelde responstijd van een taak en de verdeling van de lengte van de verschillende
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wachtrijen te bepalen. We illustreren de methodes aan de hand van enkele numerieke voor-
beelden waarin we de invloed onderzoeken van (i) de verdeling van de batch grootte en (ii)
de verdeling van de verwerkingstijden op (a) de gemiddelde lengte van de wachtrij en (b) de
variatiecoëfficiënt van de verdeling van de wachtrijlengte.

In Deel III bestuderen we het transiënte gedrag van twee soorten processen. We zijn met
andere woorden gëınteresseerd in de toestand van het systeem op een relatief korte tijdsspan-
ne. In verscheidene situaties kan een dergelijke analyse worden verkozen boven een stationaire
studie. Bepaalde systemen hebben namelijk geen stationaire toestand, of indien deze er wel
is, kan het zeer lang duren vooraleer hij wordt bereikt. In tegenstelling tot de modellen die
in Deel II worden opgesteld, beperken we ons hier niet tot de analyse van één welbepaald
systeem, maar stellen we algoritmes op die kunnen worden toegepast op elk systeem dat
gemodelleerd kan worden als een quasi-birth-death Markov keten of als een tree-like proces.
Hoofdstuk 7 beschrijft hoe het transiënte gedrag van quasi-birth-death processen geanaly-
seerd kan worden door gebruik te maken van een quasi-birth-death proces met gemarkeerde
tijdstippen. De kracht van deze aanpak ligt in de mogelijkheid om transiënte problemen over
een grote tijdschaal te bekijken, wat voor vele algoritmes onmogelijk is aangezien de tijds-
complexiteit hiervan stijgt in functie van het tijdstip waarin we zijn gëınteresseerd. In onze
aanpak is dit niet het geval omdat we het transiënte probleem omzetten naar het bepalen van
het stationair gedrag van een gerelateerde Markov keten. We bereiken dit door een discrete
Erlangisatie toe te passen en een reset Markov keten op te stellen.

Daar de initiële toestand bij een transiënte studie een noemenswaardige invloed kan heb-
ben op het bekomen resultaat, is er nood aan een manier om de resultaten voor verschillende
initiële toestanden met elkaar te vergelijken. Het zou echter zeer inefficiënt zijn als voor elke
starttoestand alle berekeningen opnieuw gemaakt zouden moeten worden. Daarom wordt er
in Hoofdstuk 7 een algoritme gëıntroduceerd dat gebruik maakt van een recursie per initiële
level. Eerst worden de resultaten bepaald voor alle initiële toestanden die deel uitmaken van
level nul, waarna deze worden gebruikt voor de berekeningen voor toestanden van level één,
enz. Cruciaal in deze berekeningen is het bepalen van een verzameling R-matrices. Voor level
nul moeten we hiervoor een kwadratische matrixvergelijking oplossen. Dit kan echter worden
vereenvoudigd tot het oplossen van een kwadratische matrixvergelijking met een veel kleine-
re dimensie en een aantal Sylvester matrixvergelijkingen. In de recursieve stap moeten we
slechts één nieuwe blokrij berekenen van één van deze matrices. De andere matrices kunnen
we rechtstreeks uit de reeds bepaalde R-matrices halen. Dit kan worden ingezien aan de hand
van de probabilistische interpretatie van deze matrices. De matrix Ri bevat namelijk het ver-
wacht aantal bezoeken aan level i+ 1 vooraleer terug te keren naar level i. De reset Markov
keten wordt door de toevoeging van een aantal artificiële toestanden herleid tot een quasi-
birth-death vorm, waardoor elke reset een transitie naar level nul veroorzaakt. Als gevolg
hiervan worden de transities vanaf een bepaalde level r onafhankelijk van de level waarop zij
voorkomen en zijn alle Ri-matrices identiek voor i > r. Bovendien laat onze aanpak toe dat
de berekeningen voor alle initiële toestanden van eenzelfde level simultaan kunnen gebeuren.
Op het einde van Hoofdstuk 7 wordt de efficiëntie van onze recursie gëıllustreerd aan de hand
van een numeriek voorbeeld.

Tenslotte wordt in Hoofdstuk 8 het transiënte gedrag van een boomgestructureerde Markov
keten onderzocht. Analoog aan de methode uit Hoofdstuk 7, voeren we het concept tree-like
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proces met gemarkeerde tijdstippen in. Het struikelblok bij het oplossen van een boomgestruc-
tureerde Markov keten, is het bepalen van de matrix V . Hiervoor worden twee algoritmes
besproken en met elkaar vergeleken op basis van convergentie en complexiteit. Eén van de
mogelijke toepassingen van boomgestructureerde Markov ketens zijn de multiple access al-
goritmes die toelaten dat verschillende gebruikers eenzelfde link delen. Als twee of meer
gebruikers op hetzelfde ogenblik data willen versturen, treedt er een botsing op en zal de
data niet correct worden ontvangen. We bestuderen het zogenaamde Capetanakis-Tsybakov-
Mikhailov protocol dat na een dergelijke botsing de gebruikers opdeelt in twee groepen en
op basis hiervan beslist wanneer deze opnieuw hun data mogen sturen. Zo kunnen we onder
andere bepalen hoe groot de kans is dat een pakket succesvol kan worden verstuurd in een
bepaald slot, alsook de gemiddelde tijd tot het n-de succes of tot de n-de botsing.
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