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The binding energy for charged excitons �X− and X+� is calculated within the single-band effective mass
approximation including effects due to strain for rectangular, triangular, and V-shaped quantum wires. Both X−

and X+ are found to be bound in rectangular InAs / InP quantum wires and V-shaped GaAs /Al0.32Ga0.68As
quantum wires. We found an appreciable dependence of the trion binding energy on the size and shape of the
quantum wire. We compare with available experimental data.
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I. INTRODUCTION

Negative �X−� and positive �X+� trions result from the
binding of an exciton �X� with an extra electron or hole,
respectively. The existence of two kinds of trions was first
suggested by Lampert.1 Due to the relatively small binding
energy of trions in bulk semiconductors, they can only be
observed at very low temperatures �T�10 K�. Recent
progress in semiconductor growth techniques has made it
possible to fabricate low-dimensional nanostructures. The re-
duced dimensionality considerably increases the binding en-
ergy of trions, and thus facilitates the formation of X− and X+

in semiconductor quantum wells �QWs�, quantum wires
�QWRs�, and quantum dots.2–16 It was shown that well width
fluctuations in QWs will trap the trion and lead to a large
increase of its binding energy.17–19

The purpose of this work is to investigate the stability of
charged excitons �trions� in a QWR. Our work is motivated
by the recent observation of negatively and positively
charged excitons in V-shaped GaAs /Al0.32Ga0.68As QWRs.20

We will also study the formation of trions in self-assembled
rectangular InAs / InP QWRs which were experimentally in-
vestigated in Refs. 21 and 22. In our model, we include the
true geometrical shape of the V-shaped and rectangular
wires, the influence of strain on the particle confinement po-
tentials in the self-assembled wires, as well as the mass mis-
match between the wire and the barrier materials. We assume
that the single particle energies due to the radial confinement
are much larger than the Coulomb energies between the con-
stituents of the trion. This allows us to use the adiabatic
approximation which reduces the problem to the solution of
a two-dimensional �2D� effective Schrödinger equation. The
2D calculations are based on a finite element method within
the single-band effective mass approximation.

In previous work on trions confined in a QWR, a para-
bolic confinement potential was assumed.23 Such an assump-
tion considerably simplifies the calculations but it is not able
to model effects that result from the shape of the QWR.
Recently, trions were also studied24 in circular freestanding
wires. Effects due to the dielectric mismatch that renormalize
the Coulomb interparticle interaction are very important in
this system. The latter can be neglected in the present study
of embedded wires where the well and barrier materials have
almost the same dielectric constant.

The paper is organized as follows. In Sec. II, we describe
our theoretical model and we give details about the approxi-

mations that are used to solve it. In Sec. III, we present our
numerical results. Our conclusions are given in Sec. IV.

II. THEORETICAL MODEL

The InAs / InP self-assembled QWR is modeled as a 2D
rectangular quantum box with height h and width w, as sche-
matically shown in Fig. 1�a�. We identify the crystallo-

graphic axes �110�, �001�, and �11̄0� with the x, y, and z axes
of the wire.25–27 The height h will be expressed in monolay-
ers �MLs�, and 1 ML=3.03 Å.26,27 For the simulations of the
V-shaped GaAs /Al0.32Ga0.68As QWR, we use a profile with
heights h and H, and the base length w �indicated by the
white line in Fig. 1�b��, as suggested by the transmission
electron microscopy �TEM� image of the wire in Ref. 28. We
base our geometry for V-shaped QWRs on this TEM image,
as similar QWRs were considered in Ref. 20 in which the
binding energy of charged excitons was experimentally ob-
tained. We will compare our numerical results later with the
two QWRs considered in Ref. 20: the thick one with h
=70 Å, and the thin one with h=30 Å. The width of both
QWRs was not given in Ref. 20, but based on the profile of
the TEM image �indicated by the white line in Fig. 1�b�� of
Ref. 28, we choose the widths of w=510 Å for the thick
QWR and w=210 Å for the thin QWR. In order to investi-
gate the effect of the shape on the trion binding energies, we
also consider triangular QWRs with height h and width w.

We assume that the conduction and highest valence bands
are decoupled, which is a reasonable approximation for the

FIG. 1. Schematic view of �a� our model of rectangular self-
assembled InAs / InP QWR with height h and width w. �b� Geom-
etry of V-shaped QWR with thicknesses h and H at its center, and
the base length w, as suggested by TEM micrography in Ref. 28.
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two considered types of wires because of the large direct
band gap of the InAs and GaAs materials. The full Hamil-
tonian of a negative trion in a QWR, within the single-band
effective mass approximation, is given by

HX− = He1 + He2 + Hh −
e2

��re1 − rh�
−

e2

��re2 − rh�
+

e2

��re1 − re2�
,

�1�

where e1 and e2 indicate the two electrons and h the hole.
He1�2� is the Hamiltonian of the confined first �second� elec-
tron, Hh is the hole Hamiltonian, e is the free-electron
charge, and � is the dielectric constant taken as the average
value of the one of the wire and the barrier. The last three
terms in the full Hamiltonian are the electron-hole and
electron-electron Coulomb interactions. Note that the Hamil-
tonian �1� is nine dimensional �9D�. We are allowed to sepa-
rate the z motion from the lateral motion in the xy plane
because of the strong confinement in the xy plane while there
is no confinement for the particles along the wire direction �z
direction�. In other words, we assume that the Coulomb in-
teraction does not affect the xy motion of the particles, so
that we can separate the electrons and hole wave functions.
In this case, the negative trion wave function can be written
as

�X−�re1,re2,rh� = �e1�xe1,ye1�

��e2�xe2,ye2��h�xh,yh���ze1,ze2,zh� ,

�2�

where �e1�xe1 ,ye1�, �e2�xe2 ,ye2�, and �h�xh ,yh� are the
electron and hole wave functions in the lateral directions,
respectively, and ��ze1 ,ze2 ,zh� is the wave function of the
negative trion along the wire direction. Next, we averaged
the 9D Schrödinger equation over the single particle wave
functions �e1, �e2, and �h in the confinement directions x
and y and we are left with a differential equation describing
the z motion of the three particles. Then, we introduce the
relative coordinates between the electrons and hole z1�2�=zh

−ze1�2� and the center-of-mass �c.m.� coordinate Z= �m
e1
* ze1

+m
e2
* ze2+m

h
*zh� / �2m

e1
* +m

h
*�. The center-of-mass momentum

Kc.m. is an integral of motion, which allows us to decouple
the slow motion of the center of mass from the fast relative
motion

��ze1,ze2,zh� = �X−�z1,z2�exp�iKc.m.Z� . �3�

Finally, we obtain the effective 2D Schrödinger equation for
the relative motion of the negative trion

�−
�2

2�z
��z1

2 + �z2

2 � −
1

m
h
*�z1

�z2
+ Uef f

�e1−e2��z1 − z2�

− Uef f
�e1−h��z1� − Uef f

�e2−h��z2���X−�z1,z2� = EX−�X−�z1,z2� ,

�4�

where �z1
=�z2

=�z is the reduced mass of the electron and
hole, which is equal to the reduced mass of a neutral exciton
�z. EX− and �X−�z1 ,z2� are the total energy and the relative

wave function of the negative trion, respectively. The proce-
dure of calculating the effective potentials Uef f�z1−z2�,
Uef f�z1� and Uef f�z2� is identical to the one for the single
exciton which we discussed previously in Ref. 27. Note that
the problem is now reduced to solve a 2D differential equa-
tion. The latter was numerically realized by using the finite
element method.

Similarly, we obtain the corresponding equation for the
relative motion of the X+

�−
�2

2�z
��z1

2 + �z2

2 � −
1

m
e
*�z1

�z2
+ Uef f

�h1−h2��z1 − z2�

− Uef f
�e−h1��z1� − Uef f

�e−h2��z2���X+�z1,z2� = EX+�X+�z1,z2� ,

�5�

where EX+ is the total energy of the positive trion. Note that
in this case the definition for the relative positions of the first
and the second hole with respect to the electron position,
namely, z1=zh1−ze and z2=zh2−ze, and for the center-of-
mass coordinates Z= �m

e
*ze+m

h1
* zh1+m

h2
* zh2� / �m

e
*+2m

h1
* � are

different from those for the X−.
The input parameters used in our calculations are given in

Table I. The values of the parameters have been taken from
Ref. 35, or indicated otherwise. We include strain effects and
the conduction band nonparabolicity following our earlier
theoretical approaches of Refs. 27 and 36. The mass of the
heavy hole is taken the same in each direction, i.e., �

h
*

TABLE I. Input material parameters for InAs / InP and
GaAs /Al0.32Ga0.68As QWRs used in the calculations: lattice con-
stant a0, band gap Eg, electron mass m

e
* �Refs. 29–31�, Luttinger

parameters 	1 and 	2, nonparabolicity parameters 
 �Refs. 32–34�,
the hydrostatic deformation potential for the conduction band ac,
the deformation potentials of the valence band av, b, and d, strain
coefficients C11 and C12, and dielectric constant �. For AlxGa1−xAs
material parameters, the first-order interpolation formula is used:
parameter �AlxGa1−xAs�=parameter�GaAs��x�parameter�GaAs�-
parameter�AlAs��.

Parameter InAs InP GaAs Al0.32Ga0.68As

a0 �Å� 6.058 5.869

Eg �eV� 0.417 1.424 1.519 1.918

m
e
* �m0� 0.023 0.077 0.067 0.094

	1 20 5.08 6.98 5.95

	2 8.5 1.6 2.06 1.66


 �eV−1� 1.4 0.64

ac �eV� −5.08

a� �eV� 1

b �eV� −1.8

d �eV� −3.6

C11 �GPa� 83.29

C12 �GPa� 45.26

� 15.15 12.5 12.9 12.0
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=m0 / �	1−2	2�. The numerical calculations are based on the
finite element technique on a variable size grid.

III. NUMERICAL RESULTS AND DISCUSSIONS

Before discussing the trion binding energies in a rectan-
gular InAs / InP quantum wire, we present the results for the
exciton binding energy. In Fig. 2, the height of the wire h is
varied between 3 ML and 10 ML and the width is fixed to
180 Å, the exciton binding energy increases because of the
diminishing of the electron and the hole wave function radii
when h becomes smaller. However, for the very thin quan-
tum wires, the opposite behavior for the exciton binding en-
ergy is found, namely, when h decreases up to 3 ML the

exciton binding energy decreases with decreasing h. The rea-
son for this behavior is the electron wave function spillover
effect26,27 �compare the upper insets of Fig. 2, the contour
plots of the electron wave functions for h equal to 10 ML and
3 ML�. Note that for InAs / InP QWR with height h=15 Å
and width w=180 Å, we obtained a slightly higher binding
energy EX

B=17.69 meV than the one found in our earlier
work27 EX

B=13.79 meV, because in the present calculations
we use the nonparabolic mass of the electron.

Further, we investigate the stability of the trions in self-
assembled rectangular InAs / InP QWRs. The possibility of
observing the negative �positive� trion depends on its stabil-
ity against dissociation into an exciton and a free electron
�hole�. Therefore, we calculate the binding energies EX−

B and
EX+

B for both negative and positive trions. The trion binding
energy is defined as the energy of the trion EX− or EX+ minus
the energy of the exciton �including the energy of a free,
unbound electron or hole�. We found that the binding energy
of the negative and the positive trion �see in the central inset
of Fig. 2 the curves with the triangles and the squares, re-
spectively� has the same dependence on the wire height as
the binding energy of the exciton mentioned above. Besides,
we conclude that the observed binding energy for X+ is
nearly 1.3 times larger than the one for X−, and they are in
the range between 1.8 and 2.5 meV. At present, there are no
experimental results on X� in this system to compare with.

In Figs. 3 and 4, we show the trion wave function of the
ground and the first excited state for InAs / InP QWR with
height h=15 Å and width w=180 Å. As we can see from
Fig. 3�b�, the antisymmetric wave function of the first ex-
cited state of X− is unbound; as on a large computational grid
of 2000�2000 Å2, the wave function is nonzero only near
the axis and vanishes only at the edges of the grid. When we
increase the dimensions of the grid, the situation does not
change. Nevertheless, the wave function of the first excited
state of the positive trion is well confined inside the QWR
with respect to the zh1 and zh2 axes �see Fig. 4�b��. From this,
we conclude that the X− has only one bound state for the

FIG. 2. �Color online� The exciton binding energy as a function
of the height h of the InAs / InP QWR with w=180 Å �see the
curves with the circles �green��. The insets show the binding energy
of the positive trion X+ �see the curves with the squares �red�� and
the negative trion X− �see the curves with the triangles �blue�� as a
function of the height h of the InAs / InP QWR, and the contour
plots of the electron wave functions when h are 3 ML and 10 ML.

FIG. 3. �Color online� The wave function for relative motion of the ground �a� and the first excited �b� state for a negative trion X− in a
self-assembled InAs / InP QWR with height h=15 Å and width w=180 Å.
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chosen parameters of the QWR. Note from the contour plots
that the ground state wave function has twofold symmetry
and is symmetric with respect to the lines z1=z2 and z1=
−z2. The X− ground state is more spread out than the X+ and
the latter is almost zero along z1=z2 which implies that in the
X+ ground state the probability to find both holes at the same
spatial position is almost zero, while this is not the case for
the two electrons in the case of the X−. The wave function of
the first excited X� state is symmetric with respect to z1=
−z2 and antisymmetric with respect to z1=z2 where the wave
function exhibits a node. The X+ excited state is clearly
bound with binding energy 2.61 meV.

Next, we examine the exciton and trion binding energy
for a more complicated confinement geometry as realized in
the V-shaped GaAs /Al0.32Ga0.68As QWR. In Ref. 20, the
thickness h of the V-shaped QWR, measured at its center,
was determined to be 70 Å for the thick QWR sample. In
order to investigate the dependence of the exciton energy on
the height, we varied the GaAs /Al0.32Ga0.68As QWR height
h in the range between 55 and 130 Å. In Fig. 5, we investi-
gate the effect of the shape of the confinement potential by
comparing the results for a V-shaped GaAs /Al0.32Ga0.68As
QWR �see the curve with the full circles �green� in Fig. 5�
with those of a triangular shape of the GaAs /Al0.32Ga0.68As
QWR �see the curve with the open circles �red� in Fig. 5�.
The exciton binding energy decreases as the height h be-
comes larger in the case of a triangular shape of the wire.
Such behavior of the exciton binding energy can be easily
explained, since the electron �as well as the heavy hole
which has a larger effective mass� is well confined inside the
wire and its wave function becomes larger in size as the
height of the wire h increases, as shown in the top two
graphs in the inset of Fig. 5. However, when we consider the
V-shaped GaAs /Al0.32Ga0.68As QWR, we found the opposite
behavior for the exciton binding energy up to h=100 Å, and
beyond that point the binding energy slightly decreases when
h approaches the value of 130 Å. The reason is that for the
wire with a smaller cross section �i.e., smaller h and fixed
width w�, the electron �and the heavy hole� wave function is

more strongly confined along the height direction, but less
squeezed along the width direction �see the bottom two
graphs in the inset of Fig. 5�, which results in a decrease of
the exciton binding energy.

Further, we discuss the formation of charged excitons in
V-shaped GaAs /Al0.32Ga0.68As QWR. In Fig. 6, we show the
binding energy of the positive and negative trions as a func-
tion of the height h of the GaAs /Al0.32Ga0.68As QWR with
width w=510 Å. Similar to the binding energy for the exci-
ton, we observe different behaviors for the binding energy
for X− and X+ depending on the shape of the wire. The bind-
ing energy of both negative and positive trions diminishes
for the larger wires in case we consider a triangular-shaped
wire. The binding energy of X− and X+ increases for heights

FIG. 4. �Color online� The same as Fig. 3 but now for the positive trion X+.

FIG. 5. �Color online� The exciton binding energy as a function
of the height h of the GaAs /GaAs /Al0.32Ga0.68As QWR with w
=510 Å. The curves with the open �red� and closed �green� circles
correspond to the theoretical results when using a triangular and V
shape of the wire, respectively, as shown in the insets. The insets
show the contour plots of the electron wave functions for h equal to
55 and 114 Å.
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in the range between 50 and 100 Å in case of the V-shaped
GaAs /Al0.32Ga0.68As QWR. Moreover, in Fig. 6, we can see
that the binding energy for X+ is larger than the one for X−,
which means that the positive trion is more stable than the
negative trion in GaAs /Al0.32Ga0.68As QWR.

In Ref. 20, the binding energies of the positive trion X+

and negative trion X− were measured for the thin QWR. For
the thick QWR, only the binding energy of the negative trion
X− was determined. The measured binding energies are listed
in Table II. When comparing the calculated binding energies
of X+, we found that the thin wire results EX+

B =2.85 meV is
in good agreement with the experimental binding energy.
However, for X−, we obtained in the case of the thin �thick�
QWR a binding energy of 2.25 meV �1.29 meV�, respec-
tively, which is about two times smaller than the experimen-
tal one 4.6 meV �2.8� �see Table II�. A possible reason for the
enhanced X− binding energy is that the X− is probably local-
ized along the unconfined wire direction as a consequence of

width and/or height fluctuations. Such fluctuations have been
shown to enhance the X− binding energy with about a factor
of 2 in quantum wells.18,19 The effect of such fluctuations on
X− is much more pronounced than on X+ because electrons
are lighter; therefore, they will be more strongly influenced
by such local fluctuations than holes. However, this cannot
explain the discrepancy in the trend that experimentally X−

has a larger binding energy than X+ which is opposite to that
found from our calculation. This is still an unsolved problem
and will need further study.

IV. CONCLUSIONS

We calculated the binding energy and wave function of
trions in a QWR. Our numerical results predict the formation
of negative and positive trions in self-assembled InAs / InP
QWRs. We theoretically confirm the stability of both trions
X� in V-shaped GaAs /Al0.32Ga0.68As wires and compared
the binding energy to those experimentally measured. We
found a strong dependence of the X� binding energy on the
shape and the size of the QWR. The experimentally found
larger binding energy for the X− than for the X+ is not con-
firmed by our theoretical calculations and needs further in-
vestigation.
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