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Both the trapping geometry and the interatomic interaction strength of a dilute ultracold fermionic gas can
be well controlled experimentally. Adapting the interaction strength between the fermionic atoms allows tuning
the gas from a molecular condensate to a Bardeen-Cooper-Schrieffer superfluid. We adopt a functional integral
point of view to investigate how the superfluid properties vary during this crossover. In particular, the critical
superfluid velocity for flowing through an optical lattice is derived. The observation of undamped motion in an
optical lattice constitutes a hallmark of superfluidity, also in the fermionic systems. We discuss our theoretical
results for the critical velocity of a fermionic superfluid in comparison to the experimental results for a bosonic
superfluid in an optical lattice.

DOI: 10.1103/PhysRevA.72.063601 PACS number�s�: 03.75.Lm, 03.75.Ss

I. INTRODUCTION

The observation, ten years ago, of Bose-Einstein conden-
sation �BEC� in a dilute gas of bosonic atoms has raised the
challenge to achieve superfluidity in a gas of dilute fermionic
atoms. The search for a superfluid Fermi gas has been helped
to a large extent by the possibility to use Feshbach reso-
nances to alter the interaction strength between the atoms
�1�. When the interaction between fermionic atoms is attrac-
tive, a Bardeen-Cooper-Schrieffer �BCS� state can result be-
low a critical temperature. Alternatively, the Feshbach reso-
nance can be used to populate a bound state of a closed
scattering channel, thus forming bosonic molecules that can
Bose condense. In the crossover region near the Feshbach
resonance, there is a strong coupling between the closed
channel and the open scattering channel, so that the molecu-
lar state is strongly dressed �2�. As a result, the closed chan-
nel amplitude is typically small in the regions experimental-
ists are interested in �3�.

The experimental realization of superfluidity in a Fermi
gas in the molecular BEC regime came in 2003, when Zwi-
erlein et al. �4� succeeded in creating a condensate of mol-
ecules formed out of fermionic atoms. The detection of su-
perfluidity in the Bardeen-Cooper-Schrieffer �BCS� regime is
much more subtle. In an initial experiment �5�, the superfluid
behavior was derived from the hydrodynamic nature of the
expansion of the cloud, as compared to a ballistic expansion
expected for a nonsuperfluid weakly interacting Fermi gas
�6�. However, this did not constitute unambiguous proof,
since the Fermi gas was in the strongly interacting regime.
Subsequent experiments probed pairing by mapping the pair
density onto a molecular condensate density �7� or by spec-
troscopically measuring the gap �8�. Although these experi-
mental methods clearly demonstrate pairing, they do not un-
ambiguously demonstrate superfluid behavior.

The very recent observation of a lattice of quantized vor-
tices in resonant Fermi gases �9� constitutes the first clear
demonstration of superfluidity in the BEC-BCS crossover
regime. Observation of these vortices deep in the BCS re-
gime may be difficult since the fermionic density penetrates
in the core of the vortex in the BCS regime, leading to a loss
of contrast in direct imaging �9–11�. Another possibility to

demonstrate superconductivity is through the observation of
the Josephson effect �12� in optical lattices. These optical
lattices are periodic potentials formed by two counterpropa-
gating laser beams, for example, in the z direction

Vopt�z� = sER sin2�2�z/�� , �1�

where � is the laser wavelength, ER=h2 / �2m�2� is the recoil
energy, and s is the laser intensity expressed in units of the
recoil energy. Typically, s=0.1–20, �=795 nm. The atoms
collect in the valleys of the optical lattice and form a “stack
of pancakes.” Typically, there are a few 100 “pancakes” with
on the order of 1000 atoms each. When a superfluid is loaded
in such an optical lattice, the system corresponds to an array
of Josephson junctions. In such an array, the superfluid gas
can propagate whereas the normal state gas is pinned. This
has already been demonstrated for bosonic atoms �13�, and
has been predicted theoretically for fermionic atoms �12,14�.
In this contribution, we derive and discuss the critical Jo-
sephson current for the flow of the superfluid component
through an optical lattice. For this purpose, we base our-
selves on the �one-channel� path-integral description as ap-
plied by Sá de Melo, Randeria, and Engelbrecht �15,16� to
the BEC-BCS crossover model of the high-Tc superconduct-
ors.

II. EFFECTIVE ACTION IN THE OPTICAL POTENTIAL

The path-integral method has been applied before to de-
scribe vortices in a superfluid Fermi gas �11�, and to describe
the propagation of a superfluid Fermi gas in an optical po-
tential �12�. When an optical lattice �1� is present along the z
direction, we can decouple the free motion in the x ,y plane
from the tunneling motion in the z direction. Taking this
point of view, the system consists of a collection of two-
dimensional �2D� Fermi gases, indexed by a layer index j,
and coupled to each other by the interlayer tunneling of at-
oms. The partition function of the system can then be repre-
sented as a functional integral over Grassmann variables

�̄ j,� ,� j,� describing fermions, in layer j, with hyperfine spin
�= ↑ ,↓,
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Z =� D�̄ j,��r�D� j,��r�exp�− S/�� , �2�

with r= �x ,y ,�� and

S = �
j

S j + �
j

S j→j+1
tunnel . �3�

The action functional is written as a sum of layer contribu-
tions S j and tunneling contributions S j→j+1

tunnel . The action func-
tional for the fermions in layer j is given by

S j = �
0

��

d�� dx�
�

�̄ j,��r�	��

��
−

�2�x
2

2m
− Vj − �
� j,��r�

+ �
0

��

d�� dxg�̄ j,↑�r��̄ j,↓�r�� j,↓�r�� j,↑�r� . �4�

Here, m is the mass of the fermions, � is the chemical po-
tential fixing the total number of fermions, and x= �x ,y� is
the �2D� position vector. Fermions in different hyperfine
states interact through a contact potential with strength g. An
external potential Vj acts on each layer; this can be a para-
bolic potential in addition to the optical potential itself. The
tunneling of atoms from one layer to another is described by

S j→j+1
tunnel = �

0

��

d�� dxt1�
�

��̄ j,��r�� j+1,��r�

+ �̄ j+1,��r�� j,��r�� , �5�

where the tunneling energy t1 bringing an atom from one
well of the optical potential to the next was derived in Ref.
�17�:

t1 = sER��2

4
− 1�e−s��/2�2

. �6�

For this particular decomposition of the action functional in
intralayer contributions and tunneling contributions, we can
perform the same analysis as described in Ref. �12�. A
Hubbard-Stratonovich �HS� transformation gets rid of the
four-operator term and allows us to introduce collective
quantum fields �	 j� ,
 j for the order parameter and the phase
in each layer �18�. After making a saddle-point approxima-
tion for these fields, the integration over the Grassman vari-
ables can be performed. The final result for the effective
action can again be written as the sum of contributions inde-
pendent of t1 and tunneling contributions

Seff = �
j

Seff,j + �
j

Seff,j→j+1
tunnel . �7�

The effective action for layer j is

Seff,j = − � tr�ln	− Gsp
−1

�

� − �

0

��

d�� dx
�	 j�2

g
, �8�

with

− Gsp
−1 = �0	�

�

��

 + �3	−

�2

2m
�x

2 − Vj − �
 − �1���	 j�� ,

�9�

where � j are the Pauli matrices. The tunneling contributions
in the effective action �7� can be treated perturbatively. In
that framework, the saddle-point values �	 j� can be extracted
from the gap equation obtained by extremizing �8� in each
layer separately. The chemical potential � is obtained from
the number equation. In each layer j, there is an “effective”
chemical potential Vj +� fixing the local density � j. Based on
these results for decoupled layers, the lowest-order perturba-
tive expansion of the action with respect to the tunneling part
�t1� yields

Seff,j→j+1
tunnel = − �

0

��

d�� dxTj→j+1 cos�
 j+1 − 
 j� �10�

with

Tj→j+1 =
t1
2� j

2��2� j/m + Eb
, �11�

where Eb is the binding energy of the molecule. This molecu-
lar binding energy can be derived from the scattering theory
for the two-dimensional Fermi gas. It is given by �19�

Eb
2D = 0.583sER exp	 1

2�

�

s−1/4as

 , �12�

where as is the interatomic s-wave scattering length. It is
important to note that the binding energy depends on the
intensity and wavelength of the lasers generating the optical
potential. More intense laser beams or smaller wavelengths
confine the gas more strongly in the optical lattice and alter
the binding energy of the resonant molecules. A more de-
tailed determination of the molecular binding energy in an
optical lattice, taking into account molecules formed from
atoms in neighboring lattice sites, is given in Ref. �20�.

The equations of motion for the remaining variables �den-
sity � j and phase 
 j in layer j� can be derived from the
effective action �7�–�10� through the extremum conditions
�Seff /�
 j =0 and the number equation. This leads to the same
equations as reported by the present authors and Wouters in
Ref. �12�

��t
� j�x�

2
= −

�
 j � � j

4m
+ Tj,j−1 sin�
 j − 
 j−1�

− Tj+1,j sin�
 j+1 − 
 j� , �13�

and

− ��t

 j

2
=

��
 j�2

8m
+ Vj − � −

�Tj+1,j

�� j
cos�
 j+1 − 
 j�

−
�Tj,j−1

�� j
cos�
 j − 
 j−1� . �14�

Here, we investigate the case with a constant phase differ-
ence 
 j+1−
 j =	
 and a smoothly varying density � j+1�� j.
This situation corresponds to a uniform flow of superfluid
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through the lattice. Such a situation can ideally only be
achieved for an infinite lattice or in an optical lattice ring
�21�. However, for large enough systems, boundary effects
are negligible. Then Eqs. �13� and �14� simplify to

��t
� j

2
=

t1
2

2��2� j/m + Eb
� j sin�	
� �15�

− ��t
	


2
= � j�Vj� −

t1
2Eb

�2��2� j/m + Eb�2 cos�	
� . �16�

In the BEC case, Eb�2� j /m and we get the equations that
describe a conventional Josephson junction array. However,
on the BCS side, the tunneling coefficients start to depend on
� j, as Eb and �2� j /m become comparable.

III. CRITICAL JOSEPHSON CURRENT AND CRITICAL
VELOCITY

Equation �15� states that the current density J is propor-
tional to sin�	
�. This is similar to the first Josephson equa-
tion

J = Jc sin�	
� .

The second equation �16� fixes the time derivative of the
phase difference to the differences in potential energy of the
gas in the different wells. Near 	
=0,� /2 Eq. �16� yields
the second Josephson equation −�d�	
� /dt=	U where 	U
is the difference in energy between consecutive wells for the
molecules. From the first Josephson equation we can extract
a critical current by setting 	
=� /2, as has been done for
bosonic atoms in the optical lattice in Ref. �22�. This yields a
critical current density for the Josephson tunneling from
layer to layer

Jc =
2

�

t1
2

2��2� j/m + Eb
� j . �17�

The layers are separated by a distance � /2. From Jc we can
then extract the critical velocity for the fermionic atoms
through the optical lattice

vc =
t1
2

2��2� j/m + Eb

�

�
. �18�

The critical velocity of the fermionic superfluid depends
on the scattering length as, via the binding energy of the
Feshbach resonant molecule, Eb. The critical velocity also
depends on the density �or, equivalently, the Fermi wave
vector�. In Fig. 1 we show the results for the critical velocity
�expressed in microns per millisecond� as a function of kF
and of the interaction parameter 1 / �kFas�. Here kF refers to
the Fermi wave vector in the two-dimensional layer, so it is
linked to the two-dimensional density of fermionic atoms in
each layer and not to the overall three-dimensional density.
In the region 1/ �kFas��0 we are in the molecular BEC re-
gime, and Eb�2� j /m. The critical velocity in the BEC re-
gime is roughly proportional to t1

2 /Eb. In the region
1/ �kFas��0, the BCS regime of Cooper pairs arises, and the

result for the critical velocity becomes nontrivial. For each
fixed value of 1 / �kFas��0, there appears a maximum as a
function of kF. This maximum occurs when Eb��2� j /m,
minimizing the denominator in �18�. Figure 2 shows the par-
tial derivative of this critical velocity with respect to the
Fermi wave vector, at a constant value of the interaction
parameter 1 / �kFas�. The maxima of the critical velocity as a
function of kF are located on the contour �vc /�kF=0, shown
as a thick curve in Fig. 2.

Although superfluid gases of bosonic atoms have already
been studied in optical lattices �13,23�, superfluid Fermi
gases have not to this moment been loaded in optical lattices.
Also no molecular condensates have been placed in optical
lattices. For atomic condensates, a critical velocity could be

FIG. 1. The critical Josephson velocity through the optical lat-
tice, in �m/ms, is shown as a function of the interaction strength
parameter 1 / �kFas� and the Fermi wave vector of the 2D fermi gas
in the valleys. In the upper half �as�0� of the figure the BEC
regime develops, and in the lower half �as�0� the BCS regime
appears. The optical lattice parameters are �=795 nm and s=0.5.
The atom parameters correspond to 40K atoms in the �9/2 ,−7/2�
and �9/2 ,−9/2� hyperfine states, having a Feshbach resonance at
B=202.1 G.

FIG. 2. The partial derivative of the critical velocity �in
�m2/ms� with respect to the Fermi wave vector, at constant value
of the interaction parameter 1 / �kFas�, is shown as a function of the
interaction parameter 1 / �kFas� and the Fermi wave vector. The op-
tical lattice parameters are �=795 nm and s=0.5. The atom param-
eters correspond to 40K atoms in the �9/2 ,−7/2� and �9/2 ,−9/2�
hyperfine states, having a Feshbach resonance at B=202.1 G.
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determined experimentally �23�, and was found to vary
between 0.2 and 1.2 �m/ms for 87Rb atoms. This is compa-
rable to the velocities that we predict for �fermionic� 40K in
the same �=795 optical potential. Thus, the superfluid re-
gime of paired fermionic atoms in an optical lattice should
be accessible experimentally. Note that for the wave numbers
shown in Fig. 1, at s=0.5, the Fermi energy is smaller than
the bandwidth of the Bloch band of the Fermi gas in the
normal state, so that only the lowest Bloch band is occupied.
When the laser intensity is increased, the Fermi wave vector
that corresponds to the width of the Bloch band becomes
smaller �for example, if s=3, then EF�� occurs at
kF�2 �m−2�.

IV. CONCLUSIONS

The path-integral description of ultracold fermionic atoms
interacting through a tunable contact potential allows to de-
scribe various non-ground-state configurations through a ju-
dicious choice of saddle point. We apply this formalism to
the case of a fermionic gas in an optical potential. When the
fermionic gas is in the superfluid regime, the layers of gas in

the optical potential form a Josephson junction array. Equa-
tions of motion for the density and phase in each layer are
obtained and applied to the case where the phase difference
between consecutive layers is constant. This permits the deri-
vation of a critical velocity of the superfluid flow through the
optical potential. Although these results are strictly speaking
derived for T=0, in the experiments the temperature can
typically be brought down well below the degeneracy tem-
perature so that we believe our results will be relevant to the
experiments with optical lattices.
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