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We consider the problem of sparse interpolation of an approximate
multivariate black-box polynomial in floating point arithmetic.
That is, both the inputs and outputs of the black-box polynomial
have some error, and all numbers are represented in standard,
fixed-precision, floating point arithmetic. By interpolating the
black box evaluated at random primitive roots of unity, we
give efficient and numerically robust solutions. We note the
similarity between the exact Ben-Or/Tiwari sparse interpolation
algorithm and the classical Prony’s method for interpolating
a sum of exponential functions, and exploit the generalized
eigenvalue reformulation of Prony’s method. We analyse the
numerical stability of our algorithms and the sensitivity of
the solutions, as well as the expected conditioning achieved
through randomization. Finally, we demonstrate the effectiveness
of our techniques in practice through numerical experiments and
applications.
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1. Introduction

When computing with numerical multivariate polynomials and polynomial systems, it is often
effective and even necessary to work with an implicit representation. That is, we represent a
polynomial by its values at a sufficient number of points. Computationally, a black box for a
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multivariate polynomial is a procedure that, for any given input, outputs the evaluation of the
polynomial at that input. Black boxes may also represent “approximate polynomials”, where we
expect that the evaluations may have error or noise. In this case we might think of the coefficients (in
the power basis) as being approximate values as well, though the number of non-zero terms generally
remains fixed. In this paper we demonstrate robust numerical algorithms for the sparse interpolation
problem for approximate black-box polynomials: how to reconstruct an accurate representation
of the polynomial in the power basis. This representation is parameterized by the sparsity — the
number of non-zero terms — and its cost will be proportional to this sparsity (instead of the dense
representation size). Multivariate polynomial interpolation is a component in recent approximate
multivariate factorization algorithms (see Corless et al. (2002), Gao et al. (2004) and Sommese et al.
(2004)) and in the decomposition of approximately specified polynomial systems (Sommese et al.,
2005, 2001). Numerically robust interpolation methods for sparse polynomials are important for
the speed and reliability of these methods, especially when there are more than two variables. Our
prototypical situation is when there is an implicit underlying polynomial which can be evaluated,
with noise, and auxiliary information that it has a sparse representation in the standard basis. Our
goal is to identify this representation in a numerically robust manner, with as few evaluations as
possible. We will speak of this as an interpolation technique for recovering an existing sparse (and
exact) polynomial, though to mitigate the effects of the noise, we will also address approximation
methods in Section 4.8.

Suppose we have a black box for a multivariate polynomial f € C[x1, ..., X,] which we know to
be t-sparse, that is,

di. d; .
f= Z X, %, 2 X e Clxy L Xl (1.1)
1<j<t
wherecy, ..., ¢ € C,(dj,, ..., d;,) € Zg aredistinct for 1 < j < t,and t is “small”. Evaluating
ay =f(), 0 =f(2),...,ac =f(v),

at our own choice of points vy, v,, ...y, € C", where x = O(t), we would like to determine the

coefficients ¢y, ..., ¢, € C and the exponents d;,, ..., d;,, for 1 <j < t, of f. If the evaluation points
are not exact, this may not be possible, so we ask that our algorithms are numerically robust: if the
evaluations oy, . . ., &, are relatively close to their true values, we want the coefficients¢;, ..., ¢ € C

that we compute to also be relatively close to their values in the exact computation. Of course, if
the polynomial is not sparse (i.e., t is large) then we are left with a standard interpolation problem,
and should apply to techniques appropriate to that problem. The fact that a polynomial is sparse is
significant structural information both algebraically and geometrically and our problem is capitalizing
on this algorithmically.

Black-box polynomials appear naturally in applications such as polynomial systems (Corless et al.,
2001) and the manipulation of sparse polynomials (e.g., factoring polynomials (Diaz and Kaltofen,
1998; Kaltofen and Trager, 1990)). Sparsity with respect to the power (or other) basis is also playing an
ever more important role in computer algebra. As problem sizes increase, we must be able to capitalize
on the structure, and develop algorithms whose costs are proportional only to the size of the support
for the algebraic structures with which we are computing. A primary example is that of (exact) sparse
interpolation of f as in (1.1), reconstructing the exponents d;, and non-zero coefficientscy, . . ., ¢; from
a small number of evaluations of f. The best known exact interpolation methods that are sensitive to
the sparsity of the target polynomial are the algorithms of Ben-Or and Tiwari (1988) and of Zippel
(1979). Although both approaches have been generalized and improved (see Grigoriev et al. (1990),
Kaltofen and Yagati (1988), Zilic and Radecka (1999) and Zippel (1990)), they all depend upon exact
arithmetic.

With recent advances in approximate polynomial computation, we are led to investigate the
problem of sparse interpolation in an approximate setting. Black-box polynomials can capture an
implicit model of an object which can only be sampled approximately. Moreover, sheer size and
complexity require that we exploit sparsity and use efficient (i.e., IEEE floating point) arithmetic in
a numerically sound manner.
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The problem of multivariate polynomial interpolation is not new, with early work going back
at least to Kronecker (1895). See Gasca and Sauer (2000) for a survey of early work in this area.
More recently there has been much activity on the topic, of both an algorithmic and mathematical
nature. See Lorentz (2000) for a good survey of the state of the art. To our knowledge, none of the
previous numerical work has considered the problems of identifying the (sparse) support and sparse
multivariate interpolation. Sparsity is considered in a different, bit-complexity model, using arbitrary
precision arithmetic by Mansour (1995), who presents a randomized algorithm for interpolating a
sparse integer polynomial from (limited precision) interpolation points (wherein bits of guaranteed
accuracy can be extracted at unit cost). The algorithm guarantees an answer with controllably high
probability, though its cost is dependent on the absolute size L of the largest coefficient in f, as well
as the sparsity t and degree. Moreover, it would also seem to be quite expensive, requiring about
0((logL)® - t log deg f) bit operations.

In Section 2, we present the algorithm of Gaspard Riche, Baron de Prony, from 1795 (Riche, 1795)
(generally referred to as “Prony’s algorithm”) for interpolating sums of exponential functions. We
show that it is very similar to the algorithm for sparse polynomial interpolation of Ben-Or and Tiwari
(1988). In Section 3 we adapt Ben-Or and Tiwari's method to floating point arithmetic and identify
the numerical difficulties encountered. We also adapt a recent, and much more stable, variant of
Prony’s algorithm given by Golub et al. (1999) and Milanfar et al. (1995) to the problem of polynomial
interpolation. This algorithm, developed for the shape from moments problem, makes use of generalized
eigenvalues for added numerical stability. Our goal is a numerically stable algorithm in the sense of
Wilkinson, or normwise backward stability as defined by Higham (2002, Section 7.6). Ultimately, we
will not quite achieve this, but obtain an algorithm which is a composition of two stable steps.

In Section 4, we give a detailed analysis of the numerical behaviour of our algorithms and sensitivity
of the underlying problems. In particular, we show that the stability of our algorithms is governed by
(IV=1112/ min Icjl, where V is a (hidden) Vandermonde matrix of the support terms of the polynomial
evaluated at the sample points. Here, and throughout, ||A|| = ||A]|; is the matrix 2-norm of the
matrix A, unless otherwise indicated by a subscript (i.e., ||A]|; is the 1-norm of A, etc.) The coefficients
c1, ..., Ce are intrinsic to the problem, and in some sense having one of them too small may indicate
an incorrect choice of t. On the other hand, the condition of V (as indicated by ||V ~!|| or perhaps more
exactly by a structured condition number) is really a property of the method, and we address this
directly. Note that we consider only the unstructured condition number, and will ultimately show
that this is small with reasonable probability (and hence our algorithms are stable). The unstructured
condition number may well be smaller still, but we will not analyse this further in this work.

A key technique in this regard is the use of evaluation points at roots of unity, and the random
choice of such roots. The use of roots of unity for interpolation is well-established, and adds numerical
stability by reducing large variations in magnitude incurred by evaluating polynomials of high degree.
In particular, the Vandermonde matrix V discussed above will have entries which are roots of
unity. Still, difficulties can arise when the values of different terms in the target polynomial become
clustered, and a naive floating point implementation of Ben-Or/Tiwari may still be unstable, even
when evaluating at roots of unity (Beckermann et al., 2007). We show that by randomly choosing a
primitive root of unity we can avoid this clustering with high probability. Choosing random evaluation
points is, of course, a well-established method in symbolic computation (e.g., Zippel (1979)) and
symbolic-numeric computation (e.g., Corless et al. (1995) and Kaltofen et al. (2007)).

We prove modest theoretical bounds to demonstrate this improvement by exhibiting a bound on
[IV=1|| which is dependent only on the sparsity (and not on the degree or number of variables in f).
Moreover, we show that in practice the improvement in stability is far more dramatic, and discuss
why this might be so.

In Section 5, the numerical robustness of our algorithms is demonstrated. We show the effects of
varying noise and term clustering and the potential numerical instability it can cause. We demonstrate
the effectiveness of our randomization at increasing stability dramatically, with high probability, in
such circumstances.

An extended abstract of some of this work appears in Giesbrecht et al. (2006).
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2. Prony and Ben-Or/Tiwari’s methods for exact interpolation

In this section we describe Prony’s method for interpolating sums of exponentials and the Ben-
Or/Tiwari algorithm for multivariate polynomials. We show that these two algorithms are closely
related.

2.1. Prony’s method

Prony’s method seeks to interpolate a univariate function F(x) as a sum of exponential functions.
That is, it tries to determine ¢y, ..., ¢ € Cand w1, ..., 4t € Csuch that

t
F(x) = e"* withc # 0. (2.1)
j=1

Since there are 2t unknowns, one would expect to need a system of at least the same number of
equations in order to determine these unknowns. If b; = e/, by evaluating F(0), F(1), ..., F(2t — 1)
we can obtain a non-linear system of 2t equations relating the 2t variables w1, ..., t¢, €1, ..., Ct.
Prony’s method solves this non-linear system by converting it into a problem of root finding for a
single, univariate polynomial, and the solving of (structured) linear equations. Let A(z) be the monic
polynomial having the b;’s as zeros:

t
Az) = H(Z - bj) =7z + )\[712[_1 + Az + Ao
j=1

It is straightforward to derive that Ao, . .., A;_1 satisfy
F(0) F(1) ... F(t-—-1) Ao F(t)
F(1) F2) ... F(t) M F(t+ 1)
F(t—1) F(t) ... FQt—2)] i1 FQ2t—1)
After solving the above system for coefficients Ag, ..., A;_1 of A(z), by, ..., b; (and hence also
M1, ..., M) can be determined by finding the roots of A(z). The remaining unknown coefficients
1, ..., C: can then be computed by solving the transposed Vandermonde system:
1 . 1 (] F(0)
b] e bt Cy F(])
. . L= . (2.2)
bflfl oo BT Ct F(t —1)
While Prony’s method is relatively well-known, it has largely been abandoned in the numerical
literature due to its numerical instability. Indeed, at evaluation points 0, 1, ..., 2t — 1 as above the

problem is highly ill-conditioned. Recent developments in Golub et al. (1999) and subsequent work
have revived interest in the shape from moments problem, and we will examine these advances below.

2.2. The Ben-Or/Tiwari method

For a given black-box polynomial f with n variables, in exact arithmetic the Ben-Or/Tiwari method

finds coefficients ¢; and integer exponents (d;,, . . ., d;j,) such that
t d: d
FGe ) =D X, (2.3)
Jj=1
d; ;
for1 < j < t,withcy,...,cc # 0. Let Bj(xXq,...,%) = xl“ ---xi’” be the jth term in f. The

interpolation method assumes that f is defined over a unique factorization domain D. Select elements
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w1, ..., w, € D, with the sole condition that they be pairwise relatively prime. The polynomial f will
be evaluated at powers of (w1, ..., w,). Define

d; d;
bj = ﬁj(wla ce, ) = w1“ cog"

and note that b = gj(«f, ..., ) for any power k.

If we define a function F on integer values by F(k) = f (a)’l‘, e a)’;), then the Ben-Or/Tiwari
algorithm solves for the b; and the ¢j, much as is done in Prony’s method, from evaluations of
F(0), F(1), F(2), .... That is, it finds a generating polynomial A(z), determines its roots, and then
solves a Vandermonde system. In addition, once the individual terms b; are found as the roots of
A(z) = 0, the exponents (d;,, ..., d;,) are determined by looking at their unique factorizations:

bj = a)?“ a)sjz cee a)ﬂj" , which can be easily achieved through repeated division of b; by w1, ..., wp.
We note that, as an alternative which we employ in the our algorithms in the next section, we
could also choose wy, ..., @, to be roots of unity of relatively prime order (i.e., a)fi =1, a)f # 1 for
1 <j < p;andp; > deg, f, gcd(p;, pj)) = 1 whenever i # j). Then, given bj;, we can again uniquely
determine (d;,, ..., d;,).

3. Numerical methods for sparse interpolation

In this section we present two methods for black-box interpolation of sparse multivariate
polynomials in floating point arithmetic. One is a straightforward modification of the Ben-Or/Tiwari
algorithm, while the other method makes use of a reformulation of Prony’s method using generalized
eigenvalues (Golub et al., 1999).

3.1. A modified numeric Ben-Or/Tiwari algorithm

If the steps of the Ben-Or/Tiwari algorithm are directly implemented in floating point arithmetic,
then difficulties arise at various stages of the computation. The first difficulty is that the subroutines
employed for linear system solving and root finding in the Ben-Or/Tiwari algorithm need to use
floating point arithmetic. Hence, they may encounter significant numerical errors. The second
difficulty is that we can no longer employ exact divisions to recover the exponents of each variable in
a multivariate term.

While it is well-known that Hankel and Vandermonde matrices can often be ill-conditioned, this is
particularly true when the input is real, as it is in the Ben-Or/Tiwari algorithm. For example, when
all the coefficients of f are positive, the Hankel matrix in Prony’s algorithm is positive definite,
and its condition number may grow exponentially with the dimension (Beckermann, 2000). The
Vandermonde structured condition number may be better, and a structured analysis of a related
Vandermonde system is presented in Beckermann et al. (2007).

Instead, our modified numeric Ben-Or/Tiwari algorithm uses evaluation points at appropriate
primitive (complex) roots of unity. This turns out to reduce our conditioning problems with the Hankel
and Vandermonde systems encountered (see Section 4.1), and has the added advantage that it allows
us to recover the exponent of each variable in a multivariate term. We also assume that we have an
upper bound on the degree of each variable in f; this is necessary to recover the correct exponents.
Let f be as in (2.3). Choose p1, ..., pn € Z- pairwise relatively prime such that p, > deg, f for
1 < k < n. The complex root of unity w, = exp(2mi/py) has order p, which is relatively prime with
the product of other p;’s. Now consider the following sequence for interpolation:

s = f(w], 0, ..., o)) for0<s<2t—1, (3.1)

with w, = exp(2mi/py). Setting m = p;---p, and @ = exp(2wi/m), we see that w, = ™P* for
1<k<n.

Each term Bj(x1, ..., X,) in f is evaluated as Bj(w1, ..., wy) = %, and each d; can be computed
by rounding log,, (%) = log,,(Bj(w1, ..., wy)) to the nearest integer. Note that this logarithm is
defined modulo m = p; - - - p,. Because the p’s are relatively prime, the exponent for each variable
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(dj,, ..., dj,) € Z7, can be uniquely determined by the reverse steps of the Chinese remainder
algorithm (see, e.g., Geddes et al. (1992)). That is, we have d; = d;, mod p; for 1 < k < n and

m m
d=d -|[— +"'+d‘n'<*>~ (3.2)
! n (P]) ! Pn

We present our modified Ben-Or/Tiwari algorithm.

Algorithm: ModBOTInterp
Input: » afloating point black box f: the target polynomial;

» t, the number of terms in f;
» Di,..., Dn: Dk = deg(ka)-

) d; dj . .
Output:» ¢and(d;,, ..., d;,)for1 <j < tsuchthat Z;zl cjxlJl ... x;" approximately interpolates f.

(1) [Evaluate f at roots of unity.]

(1.1) Choose pq, ..., pn pairwise relatively prime and p; > Dj. Letm = p;---py, @ =
exp(2i/m), and wy = exp(2mi/pr) = w™/Pk,
(1.2) Evaluate o5 = f(w}, @5, ..., }),0 <s <2t — 1.

(2) [Recover (d;,, ..., d;,).]

(2.1) Solve the associated Hankel system

o7} e Opq Ao (043

o ... o A (o 7a

= (3.3)
Qo1 ... o] LA Q21
Ho

(2.2)Find roots by, ..., b for A(z) = z8 + X128 14+ + 2o = 0.

(2.3) Recover (dj,, ..., d;,) from d; = round(log, b;) via (3.2) by the reverse Chinese
remainder algorithm.

(3) [Compute the coefficients c;.]

. dj dj = .
Solve an associated Vandermonde system (now B; = x;’' - - - X" are recovered, b; can be either
b]‘ or ﬂj(é{)], ey wn)):

1 1 G Qo
by by G o
= (3.4)
Bf]—l e 5;—1 Ct o1

3.2. Interpolation via generalized eigenvalues

We now give another algorithm which avoids the solving of a Hankel system and the subsequent

root finding. This is done by using a reformulation of Prony’s method as a generalized eigenvalue
problem, following Golub et al. (1999). In our subsequent analysis we will show that in fact both

me
eig

thods are theoretically numerically robust. In practice, the method below using generalized
envalues is generally more resilient to “unlucky” random choices.
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As before, consider f as in (2.3) evaluated at primitive roots of unity as in (3.1). Define Hankel
systems

(0 7)) s o1 (041 e (073
H() = .. s and Hl = :
Q1 -+ 0t Qr ... 021
Let bj = Bj(ws, ..., wn). If we set Y = diag(bs, ..., b;), D = diag(cy, ..., ¢;),and
1 1 .. 1
bs b, ... b
V= . . . . , (3.5)
q q ’ q
BB LB
then
Ho = VDV', and H; = VDYV". (3.6)
The solutions for z € C in the generalized eigenvalue problem
(Hi — zHo)v = 0, (3.7)
for a generalized eigenvector v € C'*!, are bj = Bj(w1,...wy) for 1 <j < t.Ifw;, ..., w, are chosen
as described in the previous subsection, we can also recover the multivariate terms Sj(x1, ..., X,)

through the same method. To complete the interpolation, we need to compute the coefficients, which
requires the solving of a transposed Vandermonde system over a numerical domain. The cost of the
entire procedure is bounded by the cost of solving the generalized eigenvalue problem, which can be
accomplished in a numerically stable manner with O(t®) operations using the QZ algorithm (see, e.g.,
Golub and Van Loan (1996)).

The algorithm for sparse interpolation using generalized eigenvalues is the same as ModBOTInterp
with the exception of step (2), which we present here.

Algorithm: GEVInterp (Step 2)

(2) [Recover (dj,, ..., d;,).]
(2.1) Find solutions by, ..., b; for z in the generalized eigenvalue problem Hyv = zHyv.
(2.2) Recover (dj,,...,d;,) from d; = round(log, b;) via (3.2) by the reverse Chinese

remainder algorithm.

4. Sensitivity analysis and randomized conditioning

In this section we focus on the numerical accuracy of the sparse interpolation algorithms presented
in the previous section. We also introduce a new randomized technique which will dramatically
improve the expected numerical stability of our algorithms.

Both the Ben-Or/Tiwari algorithm and the generalized eigenvalue method first recover the
polynomial support. That is, they determine which terms are non-zero in the target polynomial. We
look at the numerical sensitivity of both techniques, and link it directly to the choice of sparsity t and
the condition of the associated Vandermonde system V. After the non-zero terms are determined,
both methods need to separate the exponents for different variables and recover the corresponding
coefficients, again via the Vandermonde system V. Finally, we show how randomization of the choice
of evaluation points can substantially improve the conditioning of V, and hence improve the stability
of the entire interpolation process.

4.1. Conditioning of associated Hankel system

Consider the modified numeric Ben-Or/Tiwari algorithm described in Section 3.1. In order to
determine coefficients for the polynomial A(z) = z' + X1z~ 1 +- - - 4+ A, we need to solve a Hankel
system as in (3.3). In general, if the polynomial f is evaluated at powers of real values, the difference
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between the sizes of varying powers will contribute detrimentally to the conditioning of the Hankel
system. This problem of scaling is avoided in our method, since our Hy is formed from the evaluations
on the unit circle.

The following proposition links the condition of Hy directly to the condition of V and to the
size of the reciprocals 1/]|c;| of the coefficients ¢; in the target polynomial (for 1 < j < t). It s
useful to recall from Section 3.2 the definitions of Hy, Vandermonde matrix V, and diagonal matrix
D = diag(cy, . .., ¢;) such that Hy = VDVT.

—1)2
Proposition 4.1. (i) |[Hy'l| > T max; ﬁ,and IHy || = %
(if) 11HG Il < IV I2 - maxg .

Proof. Define W = VD2, where D'/? = diag(\/c1, ..., /<), choosing some fixed (possibly
complex) square root of each ;. Thus, we can write Hp = WW" and H;' = W~"W ™. We note
that |[Hy '[| = [[W ||,

For (i), let Dl/2

VDj/ is singular for 1 < j < t. By the Eckart-Young theorem, and the fact that the b;’s are on the unit
circle, we obtain

be the matrix derived from D'/? by replacing the jth diagonal element by 0. Then

1
——— = min{||W — A||, Asingular } < min{||VD — VD;||}
[W=1i A j
= m,in{IIV(D =D} = 1, by, ... b1l - 1/ < /el
and ||Hy = ||W 12 > (1/t)- maxj(1/|c]|) Similarly, letV be singular such that ||V — V|| is minimal,
so VD'/2 and VDV are singular, and ||V — V|| = 1/[V~|. Then
N N N D1/2
< WD VD2 = (v — D)D) < v — 7 02 < 1P
Iw=1 v=11’
and |Hy 'l = W12 = [V7HI2/ X Il since D22 = 37 |gjl.
For (ii), write HO_] =V~TD-1v~1 and note
_ _ _ _ 1
IHy "I < VP07 = [IV-I* - max —. O
J |Cj|
Thus, bounds for [|Hy 1| involve both the (inverses of) the coefficients of the interpolated
polynomial ¢y, . . ., ¢, and the condition of the Vandermonde system V. In some sense the coefficients
1, ..., Ce are intrinsic to a problem instance, and having them very small (and hence with large

reciprocals) means that we have chosen t too large. The Vandermonde matrix V, on the other hand,
is a construction only of our algorithm (and not intrinsic to the problem), and we will address its
conditioning, and methods for improving this conditioning, in the following sections.

4.2. Root finding on the generating polynomial

In our modified numeric Ben-Or/Tiwari algorithm, for recovering non-zero terms in f, we need
to find the roots of A(z) = 0. In general, root finding can be very ill-conditioned with respect to
perturbations in the coefficients (Wilkinson, 1963).

However, all the roots bj = Bj(ws, ..., wy) as in (2.3) are on the unit circle by our choice of
evaluation points. Using Wilkinson’s argument for points on the unit circle, the following theorem
shows that the condition can be improved, and related to the separation of the roots by, ..., b;.

Theorem 4.1. Let A(z) be a polynomial with roots by on the unit circle. Let 71(2) = A(z) +€l'(z) bea
perturbation of A(z) with roots by. Then

~ |
b — Bl < <T@ e

4.1
[ [T(bx — byl &1
ik
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Proof. From Wilkinson (1963, Page 39), we know that
XD
| A (b

where A’ is the first derivative of A and K is some constant. Since A(z) = [],(z — bx) we know that
A(by) = ]_[j;ék(b,< — bj). Assume I'(z) = Zj yjzf. Then, since the b’s are on the unit circle, we have

t .
> bl
j=1

giving us the desired inequality. O

b — byl < e +Ke?,

t t
<Y b < vl = 1T @l
1

j= j=1

| (b)| =

Note that € - ||I"(z)]|; is an upper bound for the perturbation of the polynomial A(z) evaluated
on the unit circle, which is also a measure of the size of a perturbation in the solution of the Hankel
system (3.3). The value of | ]_[j 5,ék(bk — bj)| is directly related to the condition of the Vandermonde
system (3.5), and depends on the distribution of b;’s on the unit circle (see Section 4.6).

We remark that the above results may be improved though a characterization in terms of pseudo-
zeros (see Corless et al. (2007)). This will not be necessary for our purposes here, though it is certainly
worthy of further pursuit.

4.3. Error bounds for generalized eigenvalues

We can further analyse the generalized eigenvalue approach described in Section 3.2. In particular,
we once again link the sensitivity directly to the condition of V, that is, to |V~ ||, and to the magnitude
of the smallest coefficient. Along similar lines to Golub et al. (1999), we can prove the following:

Theorem 4.2. Assume the generalized eigenvalue problem in (3.7) has generalized eigenvalues

bi, ..., b; € Cand corresponding eigenvectors vy, ..., v, € Ct*1. Consider the perturbed problem

((Hy + € Hy) — z(Ho + € Hp)) v =0 (4.2)
for € > 0 and normalized perturbationsNﬁo, ﬁ1 € C™>" with ||ﬁ0|| = ||Ho|| and ||ﬁ1 || = ||Hq||. Then (4.2)
has solutions (generalized eigenvalues) by, . .., b, € C, with

~ 2t2 - (e, ..., G v

By <e. 2@ @l IV

(o

for1<j<t.

Proof. Assume that
(Hi +€H)(v +€D) = (z + €2)(Ho + € Ho) (v + € D),

where z € C is an eigenvalue of the unperturbed system (3.7) and v € C**! is its corresponding
eigenvector,andZ € C and v € C**! are (scaled) perturbations. Then

(H] —ZHo)’U\: (Z\Ho +Zﬁ0 —ﬁ1)v. (43)
Following Golub et al. (1999), we premultiply both sides of (4.3) by v™ and rearrange, to obtain
VT (Hy — zHo)v 712 - (I + IHo 21

zZ= , andhence |Z] <
UTH()U |UTHOU|
Note that ||z|] = 1 since all the nodes lie on the unit circle, and that |D|| = ||(c1, ..., ¢t)|lco and
[[Y|l = 1 since they are diagonal matrices, and that ||V || < t since all the entries have absolute value

1. Then from (3.5), we see that

IHoll = IVI'DV|| < -IVI]* - ID]| < ¢* - [(c1, - .-, c)lloo,  and

44
IHL = VDYV < [VI2 - Y- D] < € - [(c1 - . ) loc. (44)
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Now recall that any eigenvalue z = b; € C of (3.7) has eigenvector v; = (VT)*lej. We thus see that

v-THovj = vTVDVij = .

Substituting a spec1f1cz = b; (for some 1 < j < t) into the above inequalities, and letting b; = Z, wi
see that any eigenvalue b =bj+ b of (4.2) satisfies

~ - 1(cty s )lloo - VTP
|bj|=|bj—bj|§6- )
[a]
asrequired. O
4.4, Separation of powers
After computing approximations 31, ... ,E[ for the term values by, ..., b;, we still need to

consider the precision required for correctly recovering the integer exponents (with respect to w =
exp(2i/m)) by taking the logarithms of b = w% (with respect to ), for 1 =Jj =tasin(32)
Since each b; lies on the unit circle, we really negd oan cq£151der the argument of b; in determining its
logarithm with respect to w (i.e., we normalize b; := b;/|bj|).

Two consecutive mth roots of unity on the unit circle are separated by an angle o radians, and
the distance between these two points is bounded below by twice the sine of half the angle between
them. Thus, in order to separate any two such points by rounding, one must have the computed values
by, ..., b of by, ..., b, correct to

f 2z

~ 1 b b4
b =Bl < > [2sin(Z)| <=, and m=p;-py,
2 m m
for1 <j <t,wherepy > degf,, for1 <k <n.
We note that 7 /m is not a particularly demanding bound, and is easily achieved (for fixed-
precision, floating point numbers) when H is well-conditioned, for reasonable size m. In particular,

we need only O(log m) bits correct to identify the non-zero terms in our target sparse polynomial.

4.5. Recovering the coefficients

Once the values of by, ..., b;, and hence the exponents of the non-zero terms, have been
determined, it still remains to compute their coefficients cy, ..., ¢;, which can be done in a number
of ways. Most straightforwardly, we can solve the Vandermonde system V in Eq. (3.4) (Step 3 in
algorithm ModBOTInterp) to determine the coefficients cy, ..., ¢;. The main issue in this case is
the condition of V, which is not obviously good. We examine this in Section 4.6. If the terms are
determined as general eigenvalues in (3.7) by the QZ algorithm, the computed eigenvectors vy, . . ., v;
can be used to reconstruct the coefficients. See Golub et al. (1999).

4.6. Condition of the Vandermonde system

While Vandermonde matrices can be poorly conditioned, particularly for real number data
(Beckermann, 2000; Gautschi and Inglese, 1988), our problem will be better behaved. First, all our
nodes (by, ..., b;) lie on the unit circle. For example, in the case of t x t Vandermonde matrices as in
(3.5), the 2-norm condition number has the optimal value of 1 when the nodes are all the mth roots of
unity (Gautschi, 1975, example 6.4). A slightly less uniform sequence of nodes is studied in Cérdova
etal. (1990), where the nodes are chosen according to a Van der Corput sequence, to achieve a 2-norm
condition number of +/2¢ of a t x t Vandermonde matrix (for any t). While we have no way of choosing
our nodes to be in a Van der Corput sequence, this result suggests the possibility of well-conditioning
of complex Vandermonde matrices, especially when the spacing of the nodes is relatively regular. See
also Higham (2002, Section 22.1).

When by, ..., b, are all mth roots of unity (for m > t) we have the following bounds for ||V 1|
from Gautschi (1975):
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1/4/t 2L/t
max /7“[ < V7' < max 7‘[. (4.5)
1<kst [ |bj — byl 1=k=t [] |bj — byl
J#k ik
These bounds may still be dependent exponentially on t and m, particularly if by, . . ., b; are clustered.

In the worst case, we find

V_] i <m>tl
v (o)

For a more general discussion, see Beckermann et al. (2007).

This indicates that as m, as well as t, gets larger, the condition of V can get dramatically worse,
particularly if m is large. As an example, if m = 1000 (which might occur with a trivariate polynomial
of degree 10 in each variable) with 10 terms, V could have condition number greater than 106, This
is quite worrisome, as m is proportional to the number of possible terms in the dense representation,
and in particular is exponential in the number of variables n. Moreover, the bound seems surprisingly
bad, as one might hope for better conditioning as m gets larger, when there is greater “opportunity”
for node distribution. This is addressed in the next subsection.

4.7. Randomized reconditioning

We now demonstrate how a small amount of randomization ameliorates the problem of potential
ill-conditioning in the Vandermonde matrix dramatically.

Suppose py, ..., p, are distinct primes, p, > deg,, f, and w = exp(2wi/m) form = py---py. If
the target polynomial f is evaluated at powers of (w1, .. ., wy) for wy = w™P (cf. Section 3.1), the
distribution of term values on the unit circle is fixed because the polynomial terms are fixed. We may
well end up in a situation where the Vandermonde matrix is ill-conditioned as discussed above. To
eliminate this possibility with high probability, we will introduce a randomization as follows. Instead
of using wy = w™Pk = exp(2mi/py), the principal pyth primitive root of unity, we choose a random
prth primitive root of unity, wy, = exp(2miry/py), for some 1 < r, < py. Equivalently, we choose a
single r withr = r, mod py, 1 < r < m, so that w, = w™/Pk (see (3.2)).

To analyse the distribution of term values, instead of the multivariate polynomial f =
2;21 cjx?“ . ~xgj”, we equivalently consider the univariate polynomial f(x) = Z;zl cjxdf where
di = dj,(m/p1) + -+ + d;,(m/py) (cf. Section 3.1). The term values are w1, ..., 0%, and the
stability of recovering the d;’s depends upon the condition of the Vandermonde matrix V on the nodes
o, ..., »%. This is inversely related to the product of differences |w% — w%]| for1 <j < k < t as
described in (4.5).

For each interpolation attempt, we pick an r uniformly and randomly from 1...m — 1. The
condition number of the new Vandermonde matrix V, with nodes b; = % for 1 < j < t,is now
inversely related to the differences |rd; — rdi| = r|d; — di| mod m. In some sense we are multiplying
each difference by (the same) random number r, and hope to minimize the chance that there are many
small differences. Once the Hankel matrix Hy is constructed, we can check the conditioning, and if it is
poor, we can choose another random r and repeat the process. The next theorem, and especially the
following discussion, gives us some assurance that we do not have to do this very often.

Theorem 4.3. Let py,...,p, > t2/2 be distinct primes as above, with m = p;...p; and ® =
exp(2mi/m). Let 0 < dy,...,d; < m — 1 be distinct. Suppose r is chosen uniformly and randomly
from1,...,m — 1and let V be the Vandermonde matrix on nodes b; = ™. Then, with probability at
least 1/2,

- th t—1
V=" < ﬁ(*) .
T
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Sparsity (%)
0.1 il 2 5} 10
101 | 3098.7  3098.7 66372.  2.1285e7 2.5308¢10
& 211 | 13531  605760. 6.8249e8 1.05477el2 2.5710el12
é‘ip 503 | 76903. 1.4432e11 1.0677el3 9.7621e12 2.3882e¢l13
= 701 {149370. 8.0213e12 1.0877el3 9.75178el12 3.4346e13
1009|309460. 4.6234¢12 2.9241el12 2.1191el3 9.9263el13

Fig. 4.1. Worst case condition number of V, without randomization.

Proof. For 1 < j < k < t,let Aj = |d; — d;| mod m. There are at most (}) < t2/2 distinct values
of Aj. Fix £ := m/t?, and let ¢ € {1, ..., £). For each Aji there is at most one r € Zy, such that

rAj = ¢ mod m. Thus, there are at most t2/2 - £ = m/2 values of r such that for any Aji and any
cef{l,..., £} wehaverAy # cmodm.

Assume that the chosen rissuch thatrAy # 1,..., £ Thenforall1 <j < k <t we have
|wrdj _ wrdk| — |a)r(dj7dk) _ 1| > |a)1‘l‘l/l’2 _ 1| — |eZ7Ti/t2 _ 1|
— 2sin(r/?y > 2 (% — L W
- ="\e2 e8) T2
Using (4.5) this yields

~ 2t—1 2[.2 t=1
IV <vt-max ——— <Vi|=—) . O

15k§[ l_[ |a)dj — wi| T
J#k

This eliminates any dependence upon m, and hence any dependence upon the size of the dense
representation of the polynomial. However, we believe that this is probably still far from optimal.
Considerable cancellation might be expected in the sizes of the entries of V!, though bounding these
formally seems difficult. See Higham (2002) for a recent exposition on Vandermonde conditioning.

We have conducted intensive numerical experiments which suggest that the bound (in terms of t)
on the condition number (of H and V') is much lower. For the experiments, we assume the worst case
before the randomization (Fig. 4.1), with nodes clustered as w, w?, . .., »'. We assume that we are
in the univariate case, where m is prime. Neither of these assumptions has any substantial effect on
the results of the experiments. We ran the experiment 100 times for each value of m and sparsity
percentage t, and report the median condition number (Fig. 4.2).

In the first set of experiments we consider the condition number of V in the worst case and in
the median case. In the median case, with randomization, we can expect the condition number of
V to be less than that stated in the table with probability at least 50%. Recall that the condition
number of Hy from (4.4) is directly related to the condition of V. We can restart the interpolation at
a different random root of unity should ill-conditioning be encountered. A slightly greater tolerance
for ill-conditioning can reduce this need for restarting considerably.

The actual condition number appears to be remarkably small, and a (perhaps naive) conjecture
might be that it is linear in t. In any case, the condition number is low, and in practice this makes for
a very stable recovery process from V. This will be fully validated in the upcoming Section 5.

A difficult problem that we have not addressed thus far is the determination of the sparsity t.
While we do not offer a complete solution to this, we note that randomization is of potential help. In
particular, the randomization appears to ensure not only that Hy and H; are well-conditioned with
high probability, but also that in fact all leading minors of H; are well-conditioned. This leads us to
a possible way to identify the sparsity t of f by simply computing ¢, a1, ... (at a random root of
unity) until the constructed H; becomes ill-conditioned. This can be determined efficiently with the
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Sparsity (%)
0.1 1 2 5 10

101 |2.2137 2.1942 3.6469 9.9189 26.974
211 |2.2551 3.6963 6.9576 25.279 69.442
g 503 [2.3136 9.4414 22.311 80.068 247.65
701 |2.2000 16.363 38.664 164.16 439.31
1009|2.3247 29.810 72.378 481.44 765.84

Degree

Fig. 4.2. Median condition number of V with randomization.

Sparsity(%)
0.1 1 2 b 10

101 |2.6115 3.0043 4.9854 18.374() 36.318(3)
211 [2.6987 5.8008  9.0093 49.780(Y 224.68(1)
503 |2.8743 17.180 44.820(7 400.97(3) 1488.0("
701 |3.1494 24.4883) 86.874(7) 384.208) 2113.1012)
1009{2.9034 46.154¢) 231.89(6) 766.000) 3779.2(8)

Degree

Fig. 4.3. Median condition number of H; with randomization. Superscripts indicate the percentage of H;'s with condition
number less than median which have a leading minor of condition number more than five times the median (entries with
no superscripts encounter no such exceptions).

algorithm of Cabay and Meleshko (1993) along with the system solution, and with high probability
should identify t.

Numerical evidence suggests much better conditioning of the leading minors of H;, and hence
quite a strong criteria for identifying the sparsity of f. For these experiments we choose a random D
with coefficients between 0.5 and 1.5, and perform 10 random selections per choice of D. We note (in
superscripts) the percentage of random trials for which the condition numbers of any of the leading
minors is greater than five times the condition number of H; itself (Fig. 4.3).

Theoretical evidence supporting this is provided by Kaltofen and Lee (2003, Theorem 4), where it
is shown that all leading minors of H; are non-singular with high probability. (This may be true for
Hp under an additional condition that Z}:l ¢; # 0, but we do not have a proof, and hence work with
H;.) This is clearly a necessary condition for the leading minors to be well-conditioned. The proof of

Kaltofen and Lee (2003, Theorem 4) makes use of the factorization of the leading k x k minor Hl(k) of Hy,
H](k) — V(k)DY(V(k))T,

where matrix V® e C**t, consisting of the first k rows of V. Since Theorem 4.3 can easily be general-
ized to the k x t matrix V®, a well-conditioned V® provides an explanation for a well-conditioned

H®.

4.8. Oversampling for improved conditioning

When ill-conditioning is encountered we can use over oversampling — choosing more than the
minimally required number of sample points — to improve the stability of the sparse interpolation
problem. This is regarding our problem more as one of approximation than interpolation, though this
is potentially due to noise in the samples and not a difference in the underlying sparse model.
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Consider our modified numeric Ben-Or/Tiwari interpolation of a (univariate) t-sparse polynomial

fx) = 21;1 ijdf evaluated at 2T points o; = f(w') fori = 0, ..., 2T —1with T > t (the multivariate
case follows as in Section 3). We can find the generating polynomial A(z) = z' +A_1z" 714+ -+ A9
of the sequence «y, a1, . .. as the least squares solution of the rectangular Hankel system
(675} e (7] )\.0 Ot
o e (07 )L] 07 =N
= — (4.6)
Qr—t—1 ... Oar—a] [Arq asr_1
Ho
After approximating the roots w1, ..., % of A, we can determine the coefficients of f by solving
another least squares problem that makes use all the polynomial evaluations obtained so far:
1 . 1 ¢ o
(Jt)d1 a)df Cy o1
wdldrq) L wd[(Z.Tfl) C.t Qo7 1
War

While in general the condition of the least squares problems (4.6) and (4.7) can be larger than the
conditions of Hy and W,y respectively (they can vary quadratically with these quantities), when the
residual is small in these systems the sensitivity of the corresponding least squares problem varies
only linearly with the condition of Hy and W)y (see, e.g., Golub and Van Loan (1996), Section 5.3).

Note that the rectangular Hankel matrix Hy in (4.6) factors similarly to Hy in (3.6) as Hp = WDV
for

1 ... 1
wdt i
Wr =
ol T=D . Hpde(T=D)

Thus, a larger number of samples should improve the overall stability due to the better conditioning
of Wr and W5r. This is justified theoretically in Bazan (2000), which shows that if N = mt for some m,
then the condition number of Wy improves linearly with /m. This improvement is consistent with
our initial experimental results.

We remark that since there are at least 2t evaluations for our sparse interpolation, the least squares
problem (4.7) can always be used for recovering the t coefficients ¢; in f.

5. Experiments

For our experiments we have tested both the modified Ben-Or/Tiwari and the generalized
eigenvalue methods. Our computational environment is the computer algebra system Maple 10 using
hardware arithmetic (IEEE floating point).

Our algorithms interpolate multivariate polynomials. However, during the computation, a
multivariate polynomial is regarded as a univariate polynomial on the unit circle through the
(reverse) steps of the Chinese remainder algorithm (essentially variable substitution; see Section 3.1).
Therefore, we concentrate our tests on sparse univariate examples. Since the stability of our
algorithms is directly dependent upon the condition of the underlying Vandermonde system, we
arrange our tests by the condition of this system. We look at the case when it is well-conditioned,
and when it starts off poorly conditioned, and examine how randomness generally avoids the poorly
conditioned case.
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Term values evenly distributed on the unit circle

This is the best and “easiest” case, wherein the Vandermonde system is well-conditioned. We
randomly generated 100 univariate polynomials, with the number of terms between 10 and 50, and
roughly evenly distributed the term degrees between 0 and 1000. When the non-zero coefficients
are randomly distributed between —1 and 1, the following table reveals the performance of both
interpolation algorithms. Robustness is evaluated as the 2-norm distance between the interpolation
result and the target polynomial. For this we list both the mean and median for the performance of
the interpolation of these 100 random polynomials.

Random noise Ben-Or/Tiwari Generalized eigenvalue
0 Mean .12050598e—11 | .12059459%—11
Median | .13384107e—11 | .13363611e—11
+10712-107° | Mean .58139807e—9 | .58139847e—9
Median | .58207511e—9 .58207779e—9
+107°-10"% | Mean .57076380e—6 | .57076380e—6
Median | .56946777e—6 .56946777e—6
+1075-1072 | Mean .57797593e—3 | .57797593e—3
Median | .58339174e—3 .58339174e—3

As the above table illustrates, well-conditioned Vandermonde systems give excellent interpolation
results, and the amount of the input noise is proportional to the error in the output. We also note
that there is little gain in using the generalized eigenvalue algorithm in this case (and indeed, it is
considerably slower). This should not be particularly surprising given Proposition 4.1.

Clustered term values

For a second experiment, we interpolate polynomials with terms x°, x3, x%, xl&==2!%

2.994 (t—3)-994 . .
xtUe=z %6 xT=2 I8 at powers of w = exp(27/1000), in which terms x°

to each other while the remaining terms are relatively evenly distributed.

In our test, we encounter a (numerically) singular system when the (random) noise is in the range
of £107°-107%. We list the mean and median of all the non-singular results. We also note that 11 of
the 99 non-singular results are of distance less than or around 0.0001 from the target polynomial.

,x3, and x° are close

Random noise Ben-Or/Tiwari | Generalized eigenvalue
0 Mean .13690795e—9 | .13784763e—9

Median | .10103809e—9 | .10515025e—9
+10712-107° | Mean | .11819143e—6 | .11819222e—6

Median | .70040445e—7 | .70045526e—7
+1079-10- Mean .71372850 .71089183

Median | .64123838 .64123838
+1076-1073 Mean .84367533 .84366247

Median | .75434586 75434586

In this experiment, good interpolation results may still be obtained for Vandermonde systems with
a few nodes clustered on the unit circle. However, such results tend to be very sensitive to noise.
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Effective randomization to ameliorate term value accumulation

In our third set of tests we consider the effect of randomization to improve the numerical
conditioning of the interpolation problems. Here we consider polynomial interpolation associated
with a Vandermonde system with three terms clustered. That is, the 100 random univariate
polynomials, with the number of terms between 10 and 50, all have terms x°, x, and x. All other
remaining terms are roughly evenly distributed with the term degrees between 3 and 1000.

We interpolate the polynomial at powers of exp(27i/1009). As the following table shows, the
clustering greatly affects the effectiveness of both interpolation algorithms.

Random noise Ben-Or/Tiwari | Generalized eigenvalue
0 Mean 92.801972 92.801972
Median | 73.482353 73.482353

However, after randomization, that is, instead of interpolating at powers of w = exp(2wi/1009),
we interpolate at powers of w = exp(2rmi/1009) for a random r € {1, ..., 1008}; for the same set
of random polynomials, we have the following results.

Random noise Ben-Or/Tiwari | Generalized eigenvalue
0 Mean 27.998330 30.602222

Median | .24279377e—7 | .24273472e—7
+10712-107° | Mean | .86965287 .86342432

Median | .17078161e—6 | .17079019e—6

In addition, when the random noise belongs to +1072-107%, a singular system is encountered in
our test, and 22 among the 99 non-singular results are of distance less than 10~* after randomization.

Notice that, although we do not obtain good interpolation results each time, the error at the median
is generally quite good (a terribly conditioned randomization can affect the mean dramatically). In
practice, upon obtaining an ill-conditioned result, we would simply re-randomize and repeat the
computation. Theorem 4.3 provides assurances that we should not have to restart this many times
before achieving a well-conditioned Vandermonde matrix, and hence obtaining reliable results.

The full Maple code along with a broader range of experiments (including the examples mentioned
in Sommese et al. (2004), can be found at the web site http://www.scg.uwaterloo.ca/~ws2lee/
sparse-interp.

Acknowledgments

We thank Erich Kaltofen for his encouragement and comments, Bernhard Beckermann for his help
(particularly on Section 4.1), and Bernard Mourrain. We also thank Annie Cuyt and Brigitte Verdonk
for pointing us to recent related works, and the anonymous referees for their careful and insightful
comments.

The authors would like to thank NSERC and MITACS Canada for their support of this work. Wen-
shin Lee also thanks the University of Antwerp (visiting postdoctoral grant 1015), the FWO (research
grant on Rational Modeling ), and Projet GALAAD at INRIA Sophia Antipolis.

References

Bazan, F.S.V., 2000. Conditioning of rectangular Vandermonde matrices with nodes in the unit disk. SIAM J. Matrix Anal. Appl.
21(2),679-693.

Beckermann, B., 2000. The condition number of real Vandermonde, Krylov and positive definite Hankel matrices. Numer. Math.
85,553-577.

Beckermann, B., Golub, G.H., Labahn, G., 2007. On the numerical condition of a generalized hankel eigenvalue problem. Numer.
Math. 106 (1), 41-68.

Ben-Or, M., Tiwari, P., 1988. A deterministic algorithm for sparse multivariate polynomial interpolation. In: Proc. Twentieth
Annual ACM Symp. Theory Comput. ACM Press, New York, NY, pp. 301-3009.


http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp
http://www.scg.uwaterloo.ca/~ws2lee/sparse-interp

M. Giesbrecht et al. / Journal of Symbolic Computation 44 (2009) 943-959 959

Cabay, S., Meleshko, R., 1993. A weakly stable algorithm for Padé approximants and the inversion of Hankel matrices. SIAM J.
Matrix Anal. Appl. 14 (3), 735-765.

Cérdova, A., Gautschi, W., Ruscheweyh, S., 1990. Vandermonde matrices on the circle: Spectral properties and conditioning.
Numer. Math. 57, 577-591.

Corless, RM., Galligo, A., Kotsireas, I.S., Watt, S.M., 2002. A geometric-numeric algorithm for absolute factorization of
multivariate polynomials. In: Proc. 2002 Internat. Symp. Symbolic Algebraic Comput., ISSAC'02, ACM Press, New York, NY,
USA, pp. 37-45.

Corless, R.M., Gianni, P.M., Trager, B.M., Watt, S.M., 1995. The singular value decomposition for polynomial systems, In: Proc.
1995 Internat. Symp. Symbolic Algebraic Comput., ISSAC'95, pp. 96-103.

Corless, R.M., Giesbrecht, M., Kotsireas, ., Watt, S.M., 2001. Numerical implicitization of parametric hypersurfaces with linear
algebra. In: Roanes-Lozano, E. (Ed.), Artificial Intelligence and Symbolic Computation: International Conference AISC 2000,
Springer-Verlag, Heidelberg, Germany, pp. 174-183.

Corless, R.M., Rezvani, N., Amiraslani, A., 2007. Pseudospectra of matrix polynomials that are expressed in alternative bases.
Math. Comput. Sci. 1(2), 353-374.

Diaz, A., Kaltofen, E., 1998. FoxBox a system for manipulating symbolic objects in black box representation. In: Proc. 1998
Internat. Symp. Symbolic Algebraic Comput., ISSAC'98, pp. 30-37.

Gao, S., Kaltofen, E., May, J., Yang, Z., Zhi, L., 2004. Approximate factorization of multivariate polynomials via differential
equations. In: Proc. 2004 Internat. Symp. Symbolic Algebraic Comput., ISSAC'04, pp. 167-174.

Gasca, M., Sauer, T., 2000. On the history of multivariate polynomial interpolation. J. Comput. Appl. Math. 122, 23-35.

Gautschi, W., 1975. Norm estimates for inverses of Vandermonde matrices. Numer. Math. 23, 337-347.

Gautschi, W., Inglese, G., 1988. Lower bounds for the condition numbers of Vandermonde matrices. Numer. Math. 52, 241-250.

Geddes, K.O., Czapor, S.R,, Labahn, G., 1992. Algorithms for Computer Algebra. Kluwer Academic Publ., Boston, MA, USA.

Giesbrecht, M., Labahn, G., Lee, W.-s., 2006. Symbolic-numeric sparse interpolation of multivariate polynomials. In: Proc. 2006
Internat. Symp. Symbolic Algebraic Comput., ISSAC'06, pp. 116-123.

Golub, G.H., Milanfar, P., Varah, J., 1999. A stable numerical method for inverting shape from moments. SIAM ]. Sci. Comput. 21
(4), 1222-1243.

Golub, G.H., Van Loan, C.F.,, 1996. Matrix Computations, third edn. Johns Hopkins University Press, Baltimore, MD.

Grigoriev, D.Yu., Karpinski, M., Singer, M.F., 1990. Fast parallel algorithms for sparse multivariate polynomial interpolation over
finite fields. SIAM J. Comput. 19 (6), 1059-1063.

Higham, N.J., 2002. Accuracy and Stability of Numerical Algorithms, second edition. Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA.

Kaltofen, E., Lee, W.-s., 2003. Early termination in sparse interpolation algorithms. J. Symbolic Comput. 36 (3-4), 365-400.

Kaltofen, E., Trager, B., 1990. Computing with polynomials given by black boxes for their evaluations: Greatest common divisors,
factorization, separation of numerators and denominators. J. Symbolic Comput. 9 (3), 301-320.

Kaltofen, E., Yang, Z., Zhi, L., 2007. On probabilistic analysis of randomization in hybrid symbolic-numeric algorithms. In: Proc.
Internat. Workshop on Symbolic-Numeric Comput., SNC'07, pp. 11-17.

Kaltofen, E., Yagati, Lakshman, 1988, Improved sparse multivariate polynomial interpolation algorithms. In: Proc. 1988 Internat.
Symp. Symbolic Algebraic Comput., ISSAC'88, pp. 467-474.

Kronecker, L., 1895. In: Hensel, H., Kroneckers Werke, L. (Eds.), Uber einige Interpolationsformeln fiir ganze Funktionen
mehrerer Variabeln, Lecture at the Academy of Sciences, December 21, 1865, vol. . Teubner, Stuttgart. Reprinted by Chelsea,
New York, 1968.

Lorentz, R., 2000. Multivariate Hermite interpolation by algebraic polynomials: A survey. J. Comput. Appl. Math. 122, 167-201.

Mansour, Y., 1995. Randomized approximation and interpolation of sparse polynomials. SIAM ]. Comput. 24 (2), 357-368.

Milanfar, P., Verghese, G.C., Karl, W.C., Wilsky, A.S., 1995. Reconstructing polygons from moments with connections to array
processing. [EEE Trans. Signal Process. 43 (2), 432-443.

Riche, Gaspard Clair Frangois Marie, 1795. Baron de Prony. Essai expérimental et analytique sur les lois de la Dilatabilité
des fluides élastique et sur celles de la Force expansive de la vapeur de I'eau et de la vapeur de I'alkool, a différentes
températures. ]. de I'Ecole Polytechnique 1, 24-76.

Sommese, A., Verschelde, J., Wampler, C., 2004. Numerical factorization of multivariate complex polynomials. Theoret. Comput.
Sci. 315 (2-3), 651-669.

Sommese, A., Verschelde, J., Wampler, C., 2005. Introduction to numerical algebraic geometry. In: Solving Polynomial Equations:
Foundations, Algorithms, and Applications. In: Algorithms and Computation in Mathematics, vol. 14. Springer-Verlag,
pp. 339-392.

Sommese, AJ., Verschelde, ]., Wampler, C.W., 2001. Numerical decomposition of the solution sets of polynomial systems into
irreducible components. SIAM J. Numer. Anal. 38 (6), 2022-2046.

Wilkinson, J.H., 1963. Rounding Errors in Algebraic Processes. Prentice-Hall, Englewood Cliffs, NJ.

Zilic, Z.,Radecka, K., 1999. On feasible multivariate polynomial interpolations over arbitrary fields. In: Proc. 1999 Internat. Symp.
Symbolic Algebraic Comput., ISSAC'99, pp. 67-74.

Zippel, R., 1979. Probabilistic algorithms for sparse polynomials. In: Proc. EUROSAM '79. In: Lecture Notes in Comput. Sci., vol.
72. Springer-Verlag, Heidelberg, Germany, pp. 216-226.

Zippel, R., 1990. Interpolating polynomials from their values. J. Symbolic Comput. 9 (3), 375-403.



	Symbolic--numeric sparse interpolation of multivariate polynomials
	Introduction
	Prony and Ben-Or/Tiwari's methods for exact interpolation
	Prony's method
	The Ben-Or/Tiwari method

	Numerical methods for sparse interpolation
	A modified numeric Ben-Or/Tiwari algorithm
	Interpolation via generalized eigenvalues

	Sensitivity analysis and randomized conditioning
	Conditioning of associated Hankel system
	Root finding on the generating polynomial
	Error bounds for generalized eigenvalues
	Separation of powers
	Recovering the coefficients
	Condition of the Vandermonde system
	Randomized reconditioning
	Oversampling for improved conditioning

	Experiments
	Acknowledgments
	References


