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Hexagonal-shaped monolayer-bilayer quantum disks in graphene: A tight-binding approach
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Using the tight-binding approach, we investigate confined states in two different hybrid monolayer-bilayer
systems: (i) a hexagonal monolayer area surrounded by bilayer graphene in the presence of a perpendicularly
applied electric field and (ii) a hexagonal bilayer graphene dot surrounded by monolayer graphene. The
dependence of the energy levels on dot size and external magnetic field is calculated. We find that the energy
spectrum for quantum dots with zigzag edges consists of states inside the gap which range from dot-localized
states, edge states, to mixed states coexisting together, whereas for dots with armchair edges, only dot-localized
states are observed.
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I. INTRODUCTION

Quantum dots (QDs) in monolayer [1,2] and bilayer [3–5]
graphene have been the subject of a considerable number
of both theoretical and experimental studies. Such QDs
are expected to benefit from the exceptional properties
of graphene, such as high carrier mobility and long spin
coherence time for electronic and spintronic applications.
However, the absence of an electronic band gap in both
monolayer (MLG) and bilayer graphene (BLG) spectrum is
the main obstacle preventing straightforward fabrication of
graphene QDs, using electrostatic potential [6]. Nevertheless,
in the case of BLG, it is known that a perpendicular electric
field realized by external gate potentials applied to the
different layers can open an energy gap [7]. Recent theoretical
[8–11] and experimental [12,13] studies demonstrate electron
confinement in gate-defined QDs created by tailoring the gap
in BLG.

QDs in MLG have been fabricated by direct etching of
pristine graphene sheets into small flakes. In these structures,
the shape and edges of the sample can strongly influence
the confined states. The electronic and transport properties of
such QDs with different shapes and different edges have been
investigated extensively [14–21]. Some theoretical studies
have considered BLG flakes in which, in contrast to gate-
defined QDs in BLG, edge disorder can also influence the
electronic properties of the dot significantly [22–25]. For
instance, the unbiased spectrum of AB-stacked BLG QDs
with zigzag edges exhibits the well-known edge states, with
a 2(N − 1) fold-degenerate zero-energy level and a bunch
of zero-energy states for the triangular and hexagonal QDs,
respectively. In the presence of an electrostatic potential, the
energy levels of BLG QDs with zigzag edges exhibit unusual
states inside the gap, which correspond to the confinement at
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the edges: for hexagonal dots, these states are localized at the
noninterlayer-connected zigzag edges and oscillate as either
the dot size or the bias potential (V0) increases, whereas for
triangular dots, these states stem from the E = V0 level that
penetrates into the gap and resemble the nodal eigenstates of
a quantum well along the zigzag edges of the system [24].
Under the influence of both electrostatic and a perpendicular
magnetic field, the energy levels present different regions in the
spectrum with respect to the crossing point between the lowest
electron and hole Landau levels (LLs) of a biased BLG sheet
that correspond to electron states localized at the center, edge,
or corner of the BLG QD. For circular QDs, quantum Hall
corner states are found to be absent, since those states appear
only for geometries with corners. In contrast to the hexagonal
BLG QDs, the energy spectrum of zigzag triangular BLG QDs
do not preserve the electron-hole symmetry in the presence of
an external gate potential [25].

Few layer graphene samples extracted from graphite are
often found to contain patches of both MLG and BLG. Mea-
surements have demonstrated the importance of monolayer-
bilayer interface states for the transport and electronic proper-
ties of quantum structures based on such samples [26–31].
Monolayer-bilayer interface states have been theoretically
investigated for a system of two semi-infinite MLG and BLG
sheets with both zigzag- and armchair-terminated junctions
in the absence [32,33] and presence [34,35] of an external
magnetic field.

The existence of both monolayer and bilayer islands in
exfoliated graphene samples motivated us to propose hybrid
graphene QDs consisting of both MLG and BLG. In this paper,
we study the confined states of the two different systems
schematically depicted in Fig. 1: (a),(c) a hexagonal MLG
dot surrounded by a hexagonal biased BLG region and (b),(d)
a hexagonal BLG dot surrounded by a hexagonal region of
MLG. The outer boundaries of the systems are assumed to
be terminated by armchair (ac) edges, in order to avoid the
influence of edge states corresponding to the outer hexagonal
dot. For large enough samples, the QD states obtained are
therefore not significantly influenced by the finite size of the
total system and can be considered to be representative of
an infinite system. Using the nearest-neighbor tight-binding
formalism, we obtain the energy levels of these QDs for
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FIG. 1. Sketches of the studied systems, composed by hexagonal
shaped QDs of side length L in BLG created by (a),(c) cutting out
atoms in the inner region of the top layer and (b),(d) with the top
layer being smaller than the bottom one. In both cases, the outer
edges are taken as armchair forming a large size hexagonal dot and
the inner edges are (a),(b) armchair and (c),(d) zigzag, respectively.
Cross-sectional views of the dots are presented at the bottom of each
system. We took d ≈ 10 nm, which is sufficient for having confined
states not affected by the finite size of the outer layer.

both zigzag (zz) and armchair terminated monolayer-bilayer
interface. The results are obtained in both the absence and
presence of a perpendicular magnetic field.

The paper is organized as follows. In Sec. II, we briefly
discuss the tight-binding approach used in our numerical
calculations. In Secs. IIIA and IIIB, we present our results for
the energy levels of the QDs illustrated in Figs. 1(a),1(c) and
1(b),1(d), respectively, at zero magnetic field. In Secs. IVA and
IVB, we investigate the influence of an external magnetic field
on the electronic spectra of the proposed systems sketched in
Figs. 1(a),1(c) and 1(b),1(d), respectively. Finally, we present
our concluding remarks in Sec. V.

II. NUMERICAL METHOD

In order to describe electrons in AB-stacked BLG, we apply
the tight-binding approximation, with the nearest-neighbor
Hamiltonian,

H =
∑

i �=j

(τij c
†
i cj + H.c.) +

∑

i

(εi + Vi)c
†
i ci , (1)

where τij = t = −2.7 eV (τij = t⊥ = 0.4 eV) is the in-
tra(inter)layer hopping energy term, the ci (c†i ) operators
annihilate (create) an electron at site i, and εi is the on-site
energy. We included only the most significant interlayer
hopping term, which is between the dimer sublattices A and
B, i.e., between the atoms located directly on top of each
other. The other interlayer hopping parameters γ3 and γ4

describe interlayer skew couplings between nondimer atoms
A and B, and between dimer and nondimer atoms A and

A or B and B, respectively. A tight-binding description for
bilayer graphene considering only the perpendicular interlayer
hopping yields a quadratic and isotropic energy dispersion that
is valid near the Dirac points (|E| � t⊥). At high energies
and momentum far from the K point, trigonal warping effect
and electron-hole asymmetry are observed. These influences
in the energy spectrum are produced by the nonstrictly
vertical hopping parameters γ3 and γ4, respectively [7,36–38].
From experimental papers reported in the literature, the
parameter values, that fit the band structure predicted by
the tight-binding model, have been obtained by comparison
with observations from photoemission [39], Raman [40,41],
and infrared spectroscopy [42–46]. The fitting tight-binding
parameters in the vicinity of the corners of the Brillouin zone,
that are commonly used in theoretical works, are given by γ3 ≈
0.3 eV and γ4 ≈ 0.14 eV. Hence we neglect the influence
of those second-nearest-neighbor parameters γ3 and γ4 that
describe the nonorthogonality of adjacent atoms, since they
have a small influence at low energy |E| � t⊥ and are prevalent
just near the � point at the center of the Brillouin zone.
The on-site potential Vi is included only for the systems
shown in Figs. 1(a) and 1(c), where we considered Vi = −V0

and Vi = V0 for the bottom and top layers, respectively,
which induces a gap in the electronic spectrum. The tight-
binding approach for BLG has been discussed [7,38,47] and
successfully used [22–24,48] in many previous works in the
literature, as well as in the theoretical treatment of the interface
between MLG and BLG [32,35].

III. ZERO MAGNETIC FIELD

Let us first investigate the energy spectrum for zero
magnetic field. In both cases, we show the dependence of
the energy levels on the type of edge of the inner dot, i.e.,
zigzag or armchair.

A. Bilayer antidot

Figure 2 shows the energy spectrum as function of the
antidot length L for hexagonal BLG QDs with armchair
edges as sketched in Fig. 1(a). The potential −V0 (+V0)
with V0 = 0.1 eV is applied to the bottom (top) layer such
that it opens a gap in the spectrum, as shown in Fig. 2(a).
The spectrum exhibits an increasing number of energy levels
inside the gap that are decreasing as function of the antidot
length L. These energy levels correspond to states that are
confined inside the monolayer. Outside the gap, the spectrum
is continuous in the limit of an infinite bilayer system, i.e.,
d → ∞. The total probability density function for the states
indicated by points 1 and 2 in Fig. 2(a) are strongly localized
(red color) around the center of the dot, i.e., monolayer region,
as shown in Fig. 2(b), and the number of nodes increases
for higher energy levels, as for conventional semiconductor
quantum dot states. The reason for the states inside the gap is
linked to the interplay between the electrostatic and structural
confinements. The energy levels above (E > V0) and below
(E < −V0) are spread out over the BLG region. There is a
transition between dot-localized states that are found inside the
gap (|E| � V0) and states for which the probability density is
spread along the outer hexagonal bilayer dot (|E| > V0). These
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FIG. 2. (a) Energy spectrum of hexagonal MLG-BLG hybrid
QDs with armchair edges as a function of dot side length L in
the presence of electrical bias with V0 = 0.1 eV for the system
represented in Fig. 1(a). (b) Total probability density for the states
labeled by 1 and 2 in (a). Blue (red) color represents low (high)
density.

energy levels can be seen immediately below E ≈ V0 and
above E ≈ −V0. They are almost independent of L and their
probability densities (not shown here) exhibit confinement in
both monolayer and bilayer regions. The fact that the opened
gap in the spectrum of Fig. 2(a) is not exactly equal to 2V0

can be linked to the mexican-hat shape of the band structure of
biased BLG, where the actual value of the band gap is not 2V0,
since the minimum separation between the bands is not exactly
at the K/K ′ points, but occurs at nonzero value of momentum
away from the K/K ′ points [7,38].

The energy spectrum as a function of the antidot length
L for hexagonal MLG-BLG hybrid QDs with zigzag edges is
shown in Fig. 3. In the quest to obtain an energy spectrum with
dot-localized states, as in the armchair case, a gate potential
−V0 (+V0) with V0 = 0.1 eV is applied to the bottom (top)
layer. In fact, due to the presence of zigzag edges, we obtain
much more energy levels inside the gap, as compared to
the armchair case. This is a characteristic signature of the
zero energy states observed in monolayer graphene QDs with
zigzag edges [14,49]. Note that if one superimposes the results
of Fig. 2(a) on the spectrum of Fig. 3, it is seen that the
anticrossing regions inside the gap of Fig. 3 match to a very
good agreement. The additional states observed in Fig. 3 for
hybrid MLG-BLG antidot with zigzag edges as compared to
the armchair spectrum Fig. 2(a) suggest an interesting usage as
a convenient tool for identifying zigzag and armchair samples

FIG. 3. Energy spectrum of hexagonal MLG-BLG hybrid QDs
with zigzag edges as a function of dot side length L in the presence
of a symmetric electrical bias with V0 = 0.1 eV for the system
represented in Fig. 1(c). An enlargement of the yellow region is
shown to emphasize the behavior around the anticrossing of different
states.

with similar geometric sizes, since those results have shown
that the zigzag antidots possess a larger number of states inside
the gap than for the armchair case. Another important remark
about Fig. 3 is related to the anticrossings that appear in the
spectrum, as shown in the enlarged region (yellow circle)
around L ≈ 11 nm. The corresponding electron probability
densities for the points labeled by 1 to 15 in the enlarged
circle are shown in Fig. 4, which demonstrate the following.
(i) The almost threefold degenerate levels with increasing
energy indicated by points 1, 2, and 3 correspond to states that
are confined at the zigzag edges near the MLG-BLG junction
[see Fig. 4(a)]. Even though the bottom layer does not present
explicit edges close to the middle of the system, the electron
can nevertheless be influenced by the upper layer edges
due to the interlayer coupling near the MLG-BLG junction.
(ii) The levels corresponding to states 4, 5, 11, and 12 are
states localized inside the dot and their energies decrease as the
antidot size increases [see Fig. 4(b)]. (iii) At the anticrossing
(points 6, 7, 9 and 10) the electrons are confined due to the
interplay between edge states corresponding to the zigzag
edges and inside the dot owing to bias voltages, as presented
in Fig. 4(c). (iv) The same kind of confinement as in points
1–3 was observed for the points 8–13 and 14,15 as shown in
Figs. 4(d) and 4(e), respectively. Each set of points, formed by
(a) 1, 2, and 3, and (d) 8 and 13, have the same symmetry and
all of them are edge states whose only difference is the fact
that they are rotated by π/3 due to the C3 symmetry brought
by the hexagonal geometry.

B. Bilayer quantum dot

Here, we study the dependence of the energy levels of the
system sketched in Figs. 1(b) and 1(d), i.e., a hexagonal BLG
QD surrounded by MLG, as a function of the BLG flake of

035415-3



D. R. DA COSTA et al. PHYSICAL REVIEW B 94, 035415 (2016)

(a) (b) (c) (d) (e)

FIG. 4. Total probability density for the states labeled in Fig. 3 by (a) 1, 2, 3, (b) 4, 5, 11, 12, (c) 6, 7, 9, 10, (d) 8, 13, and (e) 14, 15. The
wave functions corresponding to the states represented in the same panel have the same symmetry, but differ by a rotation with respect to each
other and are therefore not shown. Blue (red) color represents low (high) density.

length L with BLG QD edges being (b) armchair and (d)
zigzag, respectively. This analysis is done in the absence of
any external potential, since for this case an applied electric
field is not needed to confine carriers.
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FIG. 5. Energy spectrum of hexagonal BLG QDs surrounded by
a MLG flake with (a) zigzag and (b) armchair edges as a function of
dot side length L for the system represented in Figs. 1(d) and 1(b),
respectively. The dashed black lines are the energy levels of the
monolayer system that has the same dimension as the bottom layer
for the bilayer system sketched in Figs. 1(b) and 1(d). (c) The
corresponding total probability density for the states labeled by 1
and 2 in (a) for the zigzag case and 3 and 4 in (b) for the armchair
case. Blue (red) color represents low (high) density.

A general feature of this kind of system is that the energy
spectrum for QDs formed by both zigzag and armchair edges,
shown in Figs. 5(a) and 5(b), respectively, does not change for
sizes L � 2.5 nm (L � 4 nm) for the zigzag (armchair) case.
This is due to the fact that for small sizes of the BLG dot,
the energy spectrum forms plateaus converging to the energy
levels of the outer hexagonal MLG QD with armchair edges
[see the black dashed lines in Figs. 5(a) and 5(b)]. These levels
are independent of the edges at the MLG-BLG junction. As the
size of the BLG QD increases, the degeneracy of the energy
levels is lifted and the plateaus become less pronounced.
For both edge terminations, the energy levels decrease as L

increases, though differing in two aspects: (i) for the zigzag
case, more confined states are observed and their energies
decrease with L, converging to zero energy and forming
plateaus at energies that match the MLG energy levels and
(ii) the energy gap in the armchair spectrum stays open even
for large dot sizes. In Fig. 5(c), we show the total probability
density for the points 1,2 and 3,4 labeled in Figs. 5(a) and 5(b),
respectively. As shown in the zoomed circle in Fig. 5(a) around
L ≈ 10 nm, three states that are decreasing in energy, two
of them being approximately degenerate (E ≈ 0.02150 eV
and E ≈ 0.02159 eV). It was verified that these two states
arise from the same initial plateau; hence their wave functions
display the same behavior and symmetry, as shown in panel
1 of Fig. 5(c). Both levels are essentially edge states and only
differ by a rotation of π . The other energy level, panel 2
in Fig. 5(c), with energy E ≈ 0.02556 eV, is a combination
of two edge states, as in panel 1, and a less pronounced
center-localized state. The probability densities for the ground
state of the armchair spectrum are shown in panels 3 and
4 of Fig. 5(c). Point 3 corresponds to the first plateau with
L ≈ 2.272 nm and, since the BLG region is much smaller than
the single layer region, the total probability density approaches
the ground state for a hexagonal MLG QD [18]. This state is
clearly not a QD state of the proposed BLG system, being just
a consequence of the finite size of the simulated system. On
the other hand, for large dot size, e.g., L ≈ 9.94 nm (point 4),
one finds a dot-localized state, with |ψ |2 confined in the BLG
area.

IV. MAGNETIC FIELD EFFECT

In this section, we investigate the influence of an external
magnetic field, with possible addition or not of a bias voltage
for the system sketched in Figs. 1(a) and 1(c) and the
unbiased case for the system illustrated in Figs. 1(b) and 1(d).
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The effect of an external magnetic field is incorporated
in the tight-binding model via the Peierls substitution, i.e.,
a phase is included in the intralayer hopping parameters,
such that τij → τij exp [i e

�

∫ i

j
	A · d	l], where 	A is the vector

potential that corresponds to the applied magnetic field. We
choose the Landau gauge 	A = (0,Bx,0), for a magnetic field
perpendicular to the plane of the sample 	B = Bẑ. For the
chosen gauge, the Peierls phase becomes zero and exp [ 2πixφ

3aφ0
]

in the x and y directions, respectively, where a = 0.142 nm
is the lattice parameter of graphene, φ0 = h/e is the quantum
of magnetic flux, and φ = 3

√
3a2B/2 is the magnetic flux

through one carbon hexagon. The magnetic field has no effect
on the interlayer hopping t⊥. In this section, the results for the
zigzag and armchair edges are obtained for antidots [the system
shown in Figs. 1(a) and 1(c)] and dots [the system shown in
Figs. 1(b) and 1(d)] with sides, respectively L ≈ 4.919 nm
and L ≈ 5.254 nm, corresponding to N = 20 and N = 13
hexagonal carbon rings on each side.

A. Bilayer antidot

In Fig. 6 we show the results for the unbiased energy
spectrum of hexagonal MLG-BLG hybrid QDs with (a)
armchair and (b) zigzag edges as a function of the magnetic
flux (φ/φ0). In general, for both edge terminations, as the
magnetic flux increases, the energy levels approach the Landau
levels (LLs) of an unbiased BLG sheet [11,50], shown by the
red dashed lines. The results show that the energy spectrum
exhibits electron-hole symmetry, i.e., Eh = −Ee, where h(e)
index denotes hole (electron). Comparing Figs. 6(a) and 6(b),
one notices that the energy levels are similar, except for the
low energy limit where (i) the spectrum for zigzag QD exhibits
a number of states near zero energy that correspond to edge
states, not present in armchair QDs, whereas (ii) the spectrum
for armchair QD exhibits a small gap around E = 0, as shown
by the insets in Figs. 6(a) and 6(b). As the magnetic flux
increases, the degeneracy of the energy levels is lifted, resulting
in a closing of the energy gap in the spectrum of armchair
QD. These two features are reminiscent of the energy spectra
of zigzag and armchair QDs in MLG under the influence of
an external magnetic field (see Refs. [17], [49], and [51]).
The interplay between confinement by the magnetic field and
QD-localized states leads to the appearance of several branch
crossings and anticrossings for both zigzag and armchair cases,
as shown by the magnification in Fig. 6(a). They consist of two
groups of states: (i) the levels decreasing with magnetic flux,
which correspond to the quantum Hall edge states confined at
the edges of the outer armchair hexagonal dot (consequently,
these states are not QD states) and (ii) the quantum Hall edge
states pertinent to the confinement at the MLG-BLG junction.
This is verified in Fig. 6(c), where the total electron density
for the states labeled as 1 [chosen from group (i)] and 2
[chosen from group (ii)] are shown. This way we can state
that the presence of the branches that increase (decrease) in
energy as shown in the inset of Fig. 6(a) can be attributed to
the existence of quantum Hall edge states along the external
(internal) edges. In a semiclassical view, these edge states
correspond to skipping orbits that lead, for the external edge,
to a current that generates a magnetic moment parallel to the
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FIG. 6. Energy spectrum of hexagonal MLG-BLG hybrid QDs
with (a) armchair and (b) zigzag edges as a function of magnetic flux
in the absence of electrical bias for the system represented in Figs. 1(a)
and 1(c). The red dashed curves correspond to the LLs of an unbiased
infinite BLG. The insets in (a) and (b) show a zoom around E = 0.
(c) The total probability density for the states corresponding to the
points labeled by 1 and 2 in (a). Blue (red) color represents low (high)
density.

magnetic field, whereas for the internal edge the magnetic
moment opposes the external field.

Figures 7 and 8 display the effect of a bias potential (V0 =
0.1 eV) on the magnetic spectra of hexagonal MLG-BLG
hybrid QDs for antidots with armchair and zigzag edges,
respectively. The energy spectra for both edge terminations
approach the LLs of an infinite biased BLG sheet, shown
by the red dashed curves [50,52,53]. A striking feature of
these results is that the energy levels have a nonmonotonic
dependence on the magnetic field, which is not found for the
unbiased case. The lowest electron and hole LLs are found
to intersect at E = 0. As discussed in Refs. [50] and [25],
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FIG. 7. (a) Energy spectrum of hexagonal MLG-BLG hybrid
QDs for the antidot with armchair edges as a function of magnetic
flux in the presence of electrical bias with V0 = 0.1 eV for the system
represented in Fig. 1(a). The red dashed curves correspond to the LLs
of an infinite biased BLG. (b) The total probability density for the
points labeled by 1–4 in (a). Blue (red) color represents low (high)
density.

the crossings between the two lowest LLs for a biased BLG
occur at larger values of the magnetic field as the bias
increases. One important consequence of the presence of a
magnetic field together with the electrostatic confinement is
the breaking of inversion symmetry, i.e., the spectrum is no
longer electron-hole symmetric (Eh �= −Ee). For small values
of φ/φ0, the spectra for both edge terminations exhibit a large
gap around E = 0. Similar to the decreasing levels inside the
gap in Figs. 2(a) and 3, the states inside the energy gap range,
at fields lower than that where the crossing between the two
lowest zeroth biased LLs occurs, exhibit the same feature: a
centered-peak localized state, as the one shown in panel 1 of
Figs. 7(b) and 8(b), respectively for antidots with armchair
and zigzag inner edges. In addition to the QD confined states,
the zigzag spectrum in Fig. 8(a) shows subbands of energies
composed by three states, which are weakly dependent on the
magnetic field. These energy levels are edge states as shown in
panel 2 of Fig. 8(b), and they have the same symmetry, albeit
rotated by a phase of π/3 from each other, respecting the C3

21
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FIG. 8. Same as in Fig. 7, but now for hexagonal MLG-BLG
hybrid QDs with zigzag antidot edges [as sketched in Fig. 1(c)].

symmetry. Similar behavior is observed also for the same states
in the positive part of the zigzag biased QD spectrum. The total
probability density of one of these states is shown in panel 4 of
Fig. 8(b) and presents confinement at the QD edges, just like
the one in panel 2 in Fig. 8(b). For higher magnetic flux, away
from the crossing point between the two lowest biased LLs,
two groups of states are found: pure corner states [see panels
3 in Figs. 7(b) and 8(b)] and states confined along the antidot
boundaries [see panels 2 in Fig. 7(b)]. In our recent work [25],
we investigated similar corner states and found that they are
absent in circular BLG QDs. For the states with higher energy,
more peaks are observed in the delocalized probability density,
as shown in panel 4 of Fig. 7(b) for one of the states composing
the upper zeroth LL, whose probability density exhibits two
peaks in the monolayer region of the system. States labeled by
points 3 and 4 in Fig. 7(b) and by point 3 in Fig. 8(b) are not
QD states, being just a consequence of the finite size of the
simulated system.

B. Bilayer quantum dot

In this section, we investigate the influence of a perpen-
dicular magnetic field on the energy levels of hexagonal
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FIG. 9. Energy spectrum of hexagonal BLG QDs surrounded by
a hexagonal MLG flake with (a) armchair and (b) zigzag edges as
a function of magnetic flux in the absence of electrical bias for the
systems represented in Figs. 1(d) and 1(b), respectively. The red
dashed curves correspond to the LLs of an unbiased infinite MLG.
The insets in (a) and (b) show a zoom around E = 0. (c) The total
probability density for the points labeled by 1 and 2 in (a) and (b),
respectively. Blue (red) color represents low (high) density.

BLG QDs surrounded by MLG [the systems are sketched
in Figs. 1(b) and 1(d), respectively, for inner armchair and
zigzag edges]. These results are shown in Figs. 9(a) and 9(b)
for the unbiased case, assuming BLG QD edges as armchair
and zigzag, respectively. As done in Sec. IIB, our study for
the BLG dots is performed in the absence of any applied
electric field, since no external potential is needed for this
case in order to confine the charge carriers. It is important to
point out that for the present case, the energy spectra for both
edge terminations converge to LLs of an unbiased infinite
MLG, whereas the results obtained for MLG-BLG hybrid
QDs shown in the previous subsection (IVA) approach the

unbiased BLG LLs. This is expected, since for large magnetic
fields the effect of the MLG (BLG) region can be regarded
as a small perturbation to the BLG (MLG) LL spectrum for
the MLG-BLG antidot (BLG dot) case, due to the fact that
the magnetic length in this case becomes smaller than the
characteristic size of the MLG (BLG) region. In addition,
although one may expect the situation to be the opposite,
i.e., for the large magnetic field the energy spectra of the
MLG-BLG antidots (BLG QDs surrounded by a MLG) should
approach the MLG (BLG) LLs, one has to keep in mind that the
larger outer systems are BLG (MLG) QDs, and the states that
are following the LLs are those with very high energy, which
in general are states whose total probability density spread
along the whole system, and not only in the central region.
Therefore, it makes sense that these states converge rather to
LLs of the bilayer (monolayer). Some similarities as compared
to the results obtained for the BLG antidots (shown in Fig. 6)
can be observed: (i) the energy spectra exhibit electron-hole
symmetry, (ii) for small magnetic flux the armchair spectrum
presents a small gap around E = 0 [see inset in Fig. 9(a)],
(iii) the zigzag spectrum has a bunch of zero energy states
corresponding to edge states [see inset in Fig. 9(b)], and
(iv) the states that decrease in energy are quantum Hall edge
states along the external edges, i.e., they spread along the MLG
edges for the present case. Note that the E > 0 electron states
whose energy increase with magnetic flux and are below the
first LL consist of pure QD-localized states for the armchair
case and a mix of QD-localized states and quantum Hall edge
states that is pertinent to the confinement at the MLG-BLG
junction for the zigzag BLG QD. The total electron densities
for these states are shown in Fig. 9(c) labeled by 1 and 2 for
the armchair and zigzag BLG QDs, respectively.

V. CONCLUSIONS

We presented a theoretical study of the energy levels within
the tight-binding approach for two different types of QD
systems that are realized through MLG-BLG junctions. They
consist of hexagonal BLG QDs created by (i) cutting out atoms
in the inner region of the top layer, forming an hexagonal BLG
antidot, or (ii) a hexagonal BLG QD at the top layer surrounded
by a hexagonal region of MLG. We have numerically obtained
the energy spectra for both QDs with armchair and zigzag
edges and discussed localization of carriers in these hybrid
MLG-BLG QDs, analyzing the energy spectra in the presence
of an external magnetic field and a gate potential.

In the absence of magnetic field, we have demonstrated that
the antidot BLG system exhibits localized states in MLG in
the presence of bias potential. For the case of zigzag edges, we
found additional states inside the gap region which increase
with size and correspond to edge states. Another feature
observed in this case is the appearance of anticrossings in
the spectrum, related to the interplay between the zigzag edge
states near the MLG-BLG junction and states inside the dot
confined by the bias voltage.

In the presence of a perpendicular magnetic field for the
case of BLG antidot, we found that the energy levels approach
the BLG LLs for both edge terminations, whereas for the BLG
QD surrounded by a MLG we observed that the energy spectra
converge to the MLG LLs for large magnetic flux. Similar to
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the hexagonal MLG QDs, we demonstrated that the energy
spectrum as a function of the magnetic flux exhibits a gap
for smaller values of magnetic flux in the armchair dot case
and many additional zero energies making a bunch of edge
states for the zigzag QD. Furthermore, the energy spectrum
for the unbiased case exhibits (i) electron-hole symmetry and
(ii) several crossing and anticrossings for both edge termina-
tions that can be linked to the interplay between the magnetic
field confinement and the QD confinement.

We found that the biased MLG-BLG hybrid QD spectra
present regions with different regimes with respect to the
intersection point between the lowest electron and hole LLs.
We showed that those different regimes correspond to states
confined at the center, the edge, and the corner of the BLG
QD. Another important consequence of the combination of
magnetic field and an electrostatic confinement is that it breaks
the inversion symmetry of the bilayer system and consequently
the electron-hole symmetry is not preserved in the energy
spectrum.

The hybrid QDs proposed in this paper could be realized
experimentally by employing block copolymer lithography

[54–56] or by involving standard electron beam lithogra-
phy [57–59] to etch the antidot pattern in the upper layer,
and the control of the antidot edge termination can be realized
by heat treatment [58] or selective etching [59]. Although
we have shown the results for the hexagonal geometry,
our paper presents a proof of concept that hybrid systems
as the ones defined by MLG and BLG can in fact be
used as quantum confined devices that manipulate electrons
in graphene based nanostructures, and such are attractive
candidates for nanoelectronics applications [12,29–31].
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