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Preface

Few advancements have changed the world as much as the development of the microscope.
Microscopes have forever changed the history of biology and medicine in the XVII century,
by allowing to discover the cells as the constituents of living organisms and germs as the real
vectors of illness and disease, of metallurgy in the XIX century, paving the way to the mass
production of steel, and more.

Also in the XIX century Ernst Abbe determined that the maximum resolution achievable is
limited by the shortest wavelength usable (for visible light 400 nm) and by the maximum angle
that the lenses can transfer (with a theoretical upper limit of π ) [1].

Ernst Ruska tried to overcome the resolution limits by using magnetic lenses to build the
�rst transmission electron microscope [2]. Allegedly, he thought that, being particles, electrons
didn’t have a wavelength, and therefore wouldn’t su�er from Abbe’s resolution limit, but he
wasn’t aware that just a few years before Davisson and Germer had con�rmed the de Broglie
hypothesis, proving the wave nature of electrons [3]. �e wavelength of fast electrons however
was found to be much smaller and these new microscopes allowed to resolve details which were
inaccessible to light–based techniques. �is did not stop the progress in light microscopes, and
just a couple of years later Frits Zernike developed phase contrast microscopy, that allowed to
image transparent samples by phase–shi�ing the sca�ered wave component a�er the interaction
with the sample [4–6].

In the following decades light microscopy, unable to push the traditional techniques past the
Abbe limit, has bene�ted from a much more �exible set of optical devices. �e introduction of
lasers, �uorescence microscopy and spatial light modulators, besides the much simple production
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Preface

of phase plates, has allowed to develop a wide array of “super–resolution” techniques that allow
resolutions down to the tens of nanometers [7–15].

At the same time electron microscopes have gained higher stability, be�er resolution and a
variety of analytical techniques. Atomic resolution microscopy is now a common technique,
and high resolution spectroscopic imaging is routinely performed on state of the art instru-
ments [16–18]. Electron microscopes however are still far from the di�raction limit due to
the very strong aberrations of magnetic lenses, even a�er the recent introduction of spherical
aberration correctors the angles are still very small.

While this leaves plenty of room for the improvement of the electron microscopes with-
out having to resort to more exotic techniques and setups like the ones employed in optical
microscopy, this does not mean that such developments are not possible or super�uous. And
indeed the recent demonstration of electron vortex beams has put the spotlight on the possibility
of studying singular optics in ma�er waves, and on the possibility of using unconventional
probes to obtain information about a sample.

A �rst look into these new possibilities is the central topic of this thesis, studying the funda-
mental ways to manipulate electron waves in the TEM and focusing mainly (but not exclusively)
on the properties of electron vortex beams.

• �e �rst chapter is an overview on the transmission electron microscope. �e optical
characteristics of the various components are explored and compared with their optical
counterparts.

• �e second chapter focuses on beam shaping, presenting the currently available methods
for manipulating the phase and amplitude of an electron wave in a TEM.

• �e third chapter introduces electron vortex beams, listing their main physical properties
and currently proposed applications.

• �e fourth chapter explores the interaction of a vortex beam with a magnetic �eld, recall-
ing theoretical prediction and presenting our experimental studies
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• �e ��h chapter presents the problem of the measurement of the OAM spectrum of an
electron beam and our experimental a�empts in this direction.

• �e sixth chapter veers away from vortex beams to study nondi�racting beams, in partic-
ular Airy and Bessel beams.

• �e seventh chapter takes a look into future developments of this line of research, pre-
senting recent preliminary results into beam shaping for spectroscopic applications.
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Samenva�ing

Er zijn weinig ontwikkelingen die de wereld zo veranderd hebben als de microscoop, en de
impact is met name groot in de biologie, de geneeskunde en de materiaalkunde. Al sinds de
17de eeuw laten ze toe om cellen, de bouwstenen van alle levende organismen, en bacteriën, de
oorzaak van vele ziektes, te bestuderen. Sinds de 19de eeuw hebben ze de weg geë�end voor
onder meer de massaproductie van staal.

In de 19de eeuw bepaalde Ernst Abbe dat de maximale resolutie die kan bereikt worden
begrensd is door de kortst bruikbare gol�engte (voor zichtbaar licht 400 nm) en door de grootste
hoek die de lenzen kunnen overbrengen (met een theoretische limiet van π ) [1].

Ernst Ruska probeerde deze resolutielimiet te doorbreken door gebruik te maken van mag-
netische lenzen om de eerste transmissie-elektronenmicroscoop te bouwen[2]. Naar verluidt
dacht hij dat elektronen geen gol�engte hadden, omdat het deeltjes zijn, en zich daardoor niet
moesten houden aan Abbes resolutielimiet. Hij was zich niet bewust van het feit dat enkele
jaren eerder, de hypothese van de Broglie door Davisson en Germer bevestigd was, waarmee
dus aangetoond was dat elektronen zich ook als golf kunnen gedragen[3]. De gol�engte van
snelle elektronen is echter vele malen kleiner dan die van licht. Deze nieuwe soort microscopen
konden details zichtbaar maken die vroeger niet toegankelijk waren met lichtmicroscopen en
hun ontwikkeling nam een hoge vlucht.

Enkele jaren later ontwikkelde Frits Zernike fasecontrastmicroscopie, wat het mogelijk
maakte om transparante objecten af te beelden door de fase van de verstrooide golfcompo-
nent na interactie te verschuiven[4–6].

In de daaropvolgende decennia kon lichtmicroscopie de vruchten plukken van een grote
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technologische vooruitgang in optische elementen, ondanks het feit dat de Abbe limiet een
beperkende factor bleef. De introductie van lasers, �uorescentiemiscroscopie en spatial light

modulators, met daarnaast de simpele productie van allerlei faseplaten, hebben samen de on-
twikkeling van een breed assortiment superresolutietechnieken mogelijk gemaakt waarmee
de Abbe limiet omzeild kan worden en een resolutie tot op tientallen nanometers kan bereikt
worden[7–15].

Tegelijkertijd werden elektronenmicroscopen verbeterd om betere stabiliteit en resolutie
te krijgen en werden er verscheidene analysetechnieken bedacht. Microscopie met atomaire
resolutie is een veel voorkomende techniek, en hoge resolutie spectroscopische beeldvorming
wordt stelselmatig uitgevoerd op de nieuwste instrumenten[16–18]. Elektronenmiscroscopen
zijn echter nog ver verwijderd van de di�ractielimiet door de sterke aberraties van de gebruikte
magnetische lenzen. Zelfs als men gebruik maakt van de recent geı̈ntroduceerde sferische
aberratiecorrectoren, zijn de bruikbare hoeken nog steeds heel klein.

Dit laat natuurlijk veel ruimte voor de verbetering van elektronenmicroscopen zonder te
moeten grijpen naar de meer exotischere technieken en opstellingen zoals die toegepast worden
in optische microscopie. Dit betekent echter niet dat ontwikkelingen onmogelijk of overbodig
zijn. De recente demonstratie van elektronvortexbundels hee� de schijnwerper gezet op de
mogelijkheid om singuliere optica te bestuderen van materiegolven, alsook de mogelijkheid om
niet-conventionele probes te gebruiken om informatie over een object te verkrijgen.

Een eerste blik op deze nieuwe mogelijkheden is het centrale thema van deze thesis: het
bestuderen van fundamentele manieren om elektrongolven te manipuleren in de TEM met een
focus op vooral (maar niet exclusief) de eigenschappen van elektronvortexgolven.

• Het eerste hoofdstuk is een overzicht van de transmissie-elektronenmicroscoop. De
optische kenmerken van de verschillende componenten worden bestudeerd en vergeleken
met hun optische tegenhangers.

• Het tweede hoofdstuk concentreert zich op “beam shaping”, het vormen van een bundel,
waarbij de huidig toepasbare methodes voor het manipuleren van de fase en amplitude
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van een elektrongolf in de TEM worden gepresenteerd.

• Het derde hoofdstuk onderzoekt de interactie van een elektronvortexbundel met een
magnetisch veld, waarbij de theoretische voorspelling afgetoetst wordt met onze experi-
mentele studie.

• Het vijfde hoofdstuk presenteert het probleem van de bepaling van het OAM spectrum
van een elektronbundel en onze experimentele pogingen in deze richting.

• Het zesde hoofdstuk wijkt af van vortexbundels om niet-di�racterende bundels te onder-
zoeken, speci�ek Airy en Bessel bundels.

• Het zevende hoofdstuk blikt vooruit op toekomstige ontwikkelingen van deze onderzoek-
slijn en presenteert recente resultaten in verband met beam shaping voor spectroscopische
toepassingen.
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1. The Transmission Electron Microscope as
an Optical Bench

Transmission electron microscopy owes its existence to the discovery that particles also pos-
sessed a wave character, and to the intuition that appropriately designed electric and magnetic
�elds could be used to manipulate them in the same way that light waves are manipulated by
lenses and optical system. Indeed for paraxial waves the Schrödinger equation and the paraxial
wave equation that describes the propagation of unpolarized light take the same form. �is has
created the entire �eld of electron microscopy which, owing to the smaller wavelength possessed
by electrons, allowed to reach imaging resolutions far beyond what was allowed by optical
microscopy. In the decades since their �rst invention [2], electron microscopes have grown to
be increasingly complex machines, and can now be used to perform rather complex ma�er wave
optical experiments. �ese advancements were driven both by curiosity and by the strong need
for characterisation techniques with high spatial resolution. In this chapter we will present the
elements that compose a modern transmission electron microscope and outline similarities and
di�erences with the optical systems that can be assembled on a more common light–optical
bench, in the hope to present electron microscopists with a more optically–oriented view of
their instruments, and readers more familiar with light optics with the structure of an electron
microscope and the technical terms involved.
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1. �e Transmission Electron Microscope as an Optical Bench

1.1. Electron optical devices

Electron optics is now a well established �eld and has produced counterparts for many of the
optical elements existing in light optics. We will now brie�y describe some of these, including:

• electron sources

• dipolar magnetic lenses

• multipolar magnetic lenses (including aberration correctors)

• electrostatic biprisms

• magnetic prisms

�ere are however some light–optical elements, such as spatial light modulators, axicons or
beam spli�ers that, to date, do not yet have an electron–optical counterpart.

1.1.1. Electron sources

�e last two decades have seen the rapid expansion of �eld emission guns (FEG) which have re-
placed the previously used thermionic sources thanks to their superior brightness and coherence
and have allowed to push both the resolution of images and the advancement of spectroscopic
techniques. Every source is comprised of a �lament or “tip” that emits electrons, and a few
optical elements to extract and focus these electrons. A comparison of the di�erent sources is
o�ered in table 1.1. In thermionic guns a tungsten hairpin �lament or a lanthanum hexaboride
monocystal are heated to several thousands of Kelvin degrees and emit electrons by thermionic
e�ect. In this type of sources the heating will cause emission not only from the tip but from
the whole �lament, and a negatively biased Wehnelt cap is used to suppress emission from the
�anks of the �lament. Furthermore the repulsion caused by the negative potential focuses the
emi�ed electrons on the optical axis, forming the �rst crossover that acts as the apparent source
of the electrons [17].

10



1.1. Electron optical devices

Units Tungsten LaB6 Scho�ky Cold FEG
Work Function eV 4.5 2.4 3 4.5

Operating Temperature K 2700 1700 1800 300
Current Density A/m2 5 102 105 106

Source Diameter nm 5 × 104 104 15 2
Energy Spread eV 3 1.5 0.7 0.4

Brightness A/m2 sr 1010 5 × 1011 5 × 1012 1013

Emission Current Stability %/hour <1 <1 <1 5
Operating Vacuum Pa 10−2 10−4 10−6 10−8

Table 1.1.: Operational parameters and optical characteristics of di�erent electron sources. [16,
17]

Suppressor

Filament
Crossover

Beam
Current

Gun lens

Anode

Figure 1.1.: Drawing of a �eld emission source. �e extraction anode creates a strong �eld
in the tip region, while the suppressor prevents emission from the rest of the �lament. �e
electrostatic gun lens forms the �rst crossover, a�er which the beam enters the accelerator.
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1. �e Transmission Electron Microscope as an Optical Bench

In cold–cathode �eld emission sources on the other hand, a tungsten single crystal is held at
a negative potential that creates a very strong electrical �eld near the tip, allowing emission of
electrons by tunnelling. �e Scho�ky electron sources present an intermediate case, making
combined use of high extraction �elds and heating, and are the type that was used throughout
this thesis..

�e emi�ing tip in a Scho�ky source (in �g. 1.1) is made of a single crystal tungsten wire
about 1 mm long and 125 µm thick exhibiting a tip sharpened to a radius of 1 µm terminating
with a {100} facet. �e other end of the wire is soldered onto a polycrystalline tungsten heating
�lament, and a ZrOx reservoir is placed about halfway along the tip wire. When the tip is heated
at its operating temperature of ≈1800 K the ZrOx partly melts and covers the free surface of the
tip with the e�ect of greatly reducing the work function of the tip [16]. An electrical extraction

potential with a very strong gradient (0.5 × 109 to 1 × 109 V/m) causes a further lowering of the
potential barrier, but the electrons still need to overcome this barrier through their thermal
energy. In light of this, Scho�ky emission sources are more appropriately called �eld assisted

thermionic guns but are nonetheless generally included among FEGs, as they o�er very similar
performances when compared to ”cold” FEGs. Furthermore, cold FEGs tend to contaminate
during use and need to be ”�ashed” regularly (every few hours or days), being heated up abruptly
for a few seconds to remove contamination, while the emission from Scho�ky sources is stable
over months [16].

In both types of FEGs the tip protrudes from a negatively biased suppressor cap that surrounds
it preventing emission from the sides of the �lament, with a role similar to the one of the Wehnelt
cap but without the focusing e�ect (see �g. 1.1) [18]. �e electrons appear to be emi�ed from
a virtual source inside the �lament tip with a size of a few nanometers. In order to focus the
electrons on the optical axis an electrostatic gun lens is employed (�g. 1.1), forming a crossover
whose position can be changed by varying the lens potential allowing to increase the beam
coherence in exchange for a lower beam current, or vice versa [18].

It should be pointed out that the degree of transverse coherence in a given plane and the
current of the electron beam depend heavily on the exact optical setup and se�ing of the

12



1.1. Electron optical devices

lenses. Typical beam currents used in common TEM experiments vary from 3 to 0.01 nA (about
2 × 1010 to 6 × 107 e s−1), while the coherence is harder to evaluate. In most typical setups a
transverse coherence in the condenser aperture plane of a few microns is su�cient, while in
order to perform accurate ma�er wave optical experiments a coherence in the tens of microns
is required.

1.1.2. Electron lenses

Electron optical lenses can in principle be based on either electrostatic or magnetic forces, and
while the two are perfectly equivalent from an optical point of view, magnetic lenses are the
obvious choice for manipulating fast electrons in the TEM. Electrostatic lenses for electrons at
TEM energies would either require unfeasible electrical �elds or be too large to be contained
in a single room. Electrostatic lenses are employed at lower energy applications such as in
photo–electron microscopes or in Mo� detectors, while magnetic lenses cover a wide range of
applications ranging from electron microscopes (SEMs and TEMs) to cathodic ray tubes and
particle accelerators.

A minimal magnetic lens can be thought of as a short solenoid, producing a magnetic �eld
that is circularly symmetric but not uniform along its radius or its axis due to edge e�ects (see
�g. 1.2a). An electron travelling on axis is unde�ected, while electrons entering the �eld with
a paraxial trajectory but not completely on axis are de�ected by the radial component of the
Lorentz force that exerts a focusing e�ect on the electron trajectories. �e azimuthal component
of the Lorentz force, causes instead the electrons to rotate around the lens axis with a constant
angular speed equal to that of Larmor precession [16, 19]. �e Larmor angular frequency is
given by

ΩL =
дe

2me
B (1.1)

where д is the Landé g–factor, e is the elementary charge, andme is the mass of the electron [20].
While this result is counterintuitive, as one naturally expects the rotatory motion of electrons
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1. �e Transmission Electron Microscope as an Optical Bench

in a magnetic �eld to be described by the cyclotron frequency and orbit, it is in accordance with
the conservation of angular momentum and, as we will see in chapter 4, hides an interesting
piece of insight.

Assuming a shape for the lens �eld that satis�es the appropriate hypotheses (circular symme-
try, vanishing at high distances) it can be shown that the equations that describe the electronic
trajectories assume the same form as the equations describing the behaviour of thick lenses in
light optics with the added e�ect of the Larmor rotation [18]. A few important di�erences, both
physical and practical exist. Magnetic lenses are always converging lenses, and reversing the
current direction through the lens would yield an identical behaviour (with a reversed Larmor
rotation), meaning that it’s impossible to build diverging magnetic lenses. Furthermore, while
in light optics focus variations are obtained by shi�ing in position glass lenses characterized
by a �xed focal length, the focusing planes of a magnetic lens system can be tuned by varying
the currents that run through the lenses which are, in turn, �xed in position. Unlike in light
optics, the capability of magnetic lenses is heavily limited by the strong aberrations from which
they su�er. As was proven by Scherzer [21–23], a magnetic lens will always possess a positive
spherical aberration coe�cient as long as the following conditions are satis�ed:

• �e �elds are circularly symmetric

• �e electron velocity does not change direction

• �e electromagnetic �elds are static

• �ere are no space charges

Furthermore, since the electron paths depend on their energy, magnetic lenses su�er heavily
from chromatic aberrations. All a�empts made to correct these optical aberrations have relied
on breaking one of these hypotheses.

For lower energy applications, up to the 30 keV commonly employed in SEMs, an electron
mirror can be employed to reverse the direction of the electron velocity while, for higher energies
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1.1. Electron optical devices

such as the ones employed by TEMs, aberration correction relies on breaking the circular
symmetry of the �elds by employing magnetic multipoles (�g. 1.2c-d). �is deceptively simple
idea, conceived by Scherzer himself several decades ago [23], has only recently been realized with
success [24–26], leading to a dramatic improvement in the performance of transmission electron
microscopes that have now reached sub-A resolutions [27–29]. While such high resolutions
are certainly impressive it is important to remember that the “very high” convergence angle
of 20 mrad (≈1.15°) that is aberration–free in most modern systems is actually tiny by the
standards of light optics and keeps electron optics well within the boundaries of the paraxial
approximation and leaves still plenty of room for improvement.

1.1.3. Multipolar lenses

�e simplest type of multipolar lens is the quadrupolar lens, constituted by four pole pieces
of alternating magnetic polarity. Since in this lens the �eld is perpendicular to the electronic
trajectories the quadrupolar lens exerts a very strong anisotropic Lorentz force on the electrons.
Its e�ect is that of focusing a point into a line image, similarly to cylindrical lenses in light
optics. Magnetic quadrupoles are routinely used as stigmators to compensate for the imperfect
rotational symmetry in the �elds of magnetic round lenses.

�e correction of spherical aberrations requires multipoles of a higher order, and has originally
been demonstrated with two magnetic hexapoles coupled by transfer doublets (as in �g. 1.2c).
While magnetic hexapoles possess a negative spherical aberration coe�cient their main e�ect
is to induce a strong threefold astigmatism [27, 30]. When two magnetic hexapoles are coupled
by a transfer doublet, they can be set up to cancel out each other’s threefold astigmatism while
the negative spherical aberrations add up, however very high electronic stability and careful
tuning are required in order to neutralize all the parasitic aberrations introduced by this method.
Furthermore the transfer doublets have their own aberrations and while the monochromatic
aberrations can be corrected by the corrector itself, an aberration corrected microscope has
stronger chromatic aberrations than a non–corrected version of the same device [27, 30]. As a
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1. �e Transmission Electron Microscope as an Optical Bench

Cu windings

Fe shell

ray traces

magnetic
field

optical axis

ray traces

hexapole 1

hexapole 2

transfer  1

transfer  2

transfer  3

vF
B

(a) (b)

(c) (d)

Figure 1.2.: Round and multipolar magnetic lenses. (a) Scheme of a common round magnetic
lens. (b) Magnetic �eld lines (in black) in a mangetic quadrupole, and forces (in red) exerted
on electrons travelig toward the page. An electron stigmator is constituted of two tunable
quadrupoles rotated 45° with respect to each other (adapted from http://commons.wikimedia.org/w/

index.php?curid=11117039 by Geek3). (c) Scheme of a double–hexapole aberration corrector, showing
the hexapoles as well as the transfer lenses (adapted from http://commons.wikimedia.org/w/index.php?

curid=16446022 by Materialscientis). (d) Magnetic hexapole from a TEM aberration corrector
(source http://commons.wikimedia.org/w/index.php?curid=16445968 by Materialscientist.)
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1.1. Electron optical devices

side e�ect of this development both the spherical and the parasitic aberrations can be rather
freely tuned opening interesting possibilities for imaging and beam shaping [31–35]. �e
long time that passed between the �rst proposal (due to Scherzer himself [23]) and the actual
realization of the multipole aberration corrector is due to the formidable technological challenges
posed by a�empting to determine the �elds in a region of space by controlling its boundaries.
While it is possible in principle, even slight perturbations in the imposed boundary conditions
can lead to signi�cant di�erences in the induced �elds, requiring a very high degree of accuracy
and stability.

Recently, dodecapolar aberration correctors have been developed for the correction of higher
order and chromatic aberrations in order to reach atomic resolution imaging at lower voltages,
achieving di�raction limited behaviour for angles up to 50 mrad and higher [36, 37].

1.1.4. Electrostatic biprisms

A positively biased thin wire placed transversally along the path of an electron beam will
a�racss the negatively charged electrons de�ecting them and causing parts of the electron wave
passing on the opposite sides of the wire to overlap in its near �eld (�g. 1.3). �is device, known
as a Möllensted biprism, is used to perform electron holographic experiment, and its optical
behaviour corresponds to the one of a triangular biprism in light optics [16] �e electrostatic
biprism also causes the presence of Fresnel fringes due to the di�raction of the electron wave
by the edge of the wire.

1.1.5. Magnetic prisms

Magnetic prisms are used as energy dispersive elements in electron spectrometers and post–
column image �lters. A magnetic �eld orthogonal to the electron velocity causes electron path
to deviate along a cyclotron trajectory. Since the diameter of the trajectory depends on the
electron energy, a�er a 90° rotation along the cyclotron orbit, particles with di�erent energies
end up in di�erent positions at the exit plane of the prism.
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1. �e Transmission Electron Microscope as an Optical Bench
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Figure 1.3.: (a) Electrostatic Möllensted birpism, formed by a positively biased wire. �e electrical
�elds generated by the wire de�ect the electrons’ path causing them to interfere. (b) Magnetic
prism. �e electrons pass through a magnetic �eld orthogonal to their velocity and travel on
di�erent cyclotron trajectories. �e electrons exit the prism separated in energy, and can be
recorded with the use of a CCD.

1.2. The transmission electron microscope

A simpli�ed schematic diagram of a modern double corrected S/TEM such as the FEI Titan3

microscopes employed during this research, is o�ered in �g. 1.4. It is possible to distinguish
at a �rst glance several di�erent sections, the �rst being the electron gun, followed by an
illumination system of several condenser lenses, a sample stage, an imaging system formed by
an objective lens and several projection lenses, and a set of detectors. We will follow the path
of the electrons through the column, illustrating the role of each component, starting from the
gun.

�e wide majority of modern TEMs employ �eld emission guns, either cold FEGs or Scho�ky.

In our case, we employed Scho�ky sources where the electrons appear to be emi�ed from a
virtual source with a diameter of ≈10 nm, with an energy spread of ≈0.8 eV.

A�er being focused by the gun lens the electrons pass through the accelerator stage where the
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1.2. �e transmission electron microscope
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Figure 1.4.: Schemes of a modern double aberration corrected microscope such as our FEI Titan3.
While the scheme in (a) is more complete and shows most of the main optical elements, most
experimental results shown in this work can be understood through the simpli�ed scheme (b).
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1. �e Transmission Electron Microscope as an Optical Bench

high tension drives them to relativistic speeds. Table 1.2 shows the wavelengths and relativistic
corrections for typical acceleration voltages.

High Tension Wavelength λ β = v/c γ

300 kV 1.97 pm 0.777 1.567
200 kV 2.51 pm 0.696 1.393
120 kV 3.35 pm 0.587 1.235

Table 1.2.: �e correct relativistic wavelength is reported for di�erent accelerating voltages. As
can be seen by observing the normalized speed β and the Lorentz factor γ , the electrons travel
at a signi�cant fractions of the speed of light and the relativistic corrections can’t be ignored.

Since the energy dispersion of the extracted electrons is very low compared to the acceleration
potential, the electron beams can be considered highly monochromatic from an optical point of
view in most conditions. Only when the highest spatial resolution is sought the �nite energy
spread becomes a limiting factor due to the strong chromatic aberrations. Also, at this high
velocity and at the low current typically contained in an electron beam, we can consider that only
one electron travels through the column at any given time and there is no mutual interaction
between the consecutive electrons that compose the primary beam1.

�e accelerated beam passes then through the magnetic lenses of the illumination system.
Depending on the microscope this is composed of up to three condenser lenses, which are

used to optically demagnify the source, and to control the illumination conditions of the beam
impinging on the sample. A beam crossover is formed by the �rst condenser lens (C1) and the
second (and third) condenser lens projects the beam on the sample. A beam limiting aperture
is employed a�er C2 in order to limit the angular spread of the electrons hi�ing the sample. By
increasing the strength of C1 the beam crossover is moved closer to the C1 lens and further

1At the beam current of 50 pA, typical for STEM experiments in newer instruments, and at the high tension of
120kV, the average expected vertical separation is ≈56 cm
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1.2. �e transmission electron microscope

from the C2 aperture. his reduces the angular spread of the electrons passing through the C2
aperture, thus demagnifying the source and making the beam more coherent at the price of
a lower beam current (beams at higher angles are blocked by the C2 aperture). �e current
through the C1 lens is not varied other than for this purpose, and the beam forming is then
performed by the successive aperture(s) and lens(es).

In a fully convergent setup the lenses focus the beam on the sample plane, projecting the
Fourier transform of the beam–limiting condenser aperture which is then reciprocal to the
sample plane. If the focal position of the beam is shi�ed above or below the sample plane, the
beam appears unfocused and is described as the Fresnel di�raction pa�erns of the aperture. In
the opposite limit of parallel beam illumination, the sample plane is conjugated to the aperture
plane. �e semi–convergence angle (usually indicated by α and o�en just called convergence
angle) in the convergent setup can be widely varied by changing the size of the beam limiting
apertures, changing the strength of the C2 and C3 lenses (on microscopes where C3 is available)
or of the mini condenser lens, with values in the 0.2 to 150 mrad range with a typical value of
20 mrad for aberration corrected instruments.

�e beam then passes through the objective lens which, generating a �eld of ≈2 T [38], is by
far the strongest lens in the microscope. In all modern TEMs this lens has assumed a twin lens
design where the lens is split in two polepieces and is so strong that both its front focal plane
(containing the sample) and back focal plane (containing the objective aperture) are situated in
the gap between the polepieces.

�e size of the gap is typically in the 3 to 12 mm range, with a value around 5 mm now being
more common, though the gap size is chosen depending on the application of the instrument.
�e twin objective lenses can be considered a close parallel to immersion lenses in light optics
(with, of course, a much smaller numerical aperture).

If the objective lens were the only imaging lens, the magni�cation in the microscope could
not be varied, since the sample and detection plane are �xed. �e purpose of the projection
stage, is precisely that of allowing the magni�cation and imaging to be changed. In modern
microscopes this is comprised of four magnetic lenses, and this high complexity is the result of
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1. �e Transmission Electron Microscope as an Optical Bench

Figure 1.5.: Measurement of the �eld–current characteristic curve of the SuperTwin lens of an
FEI Titan microscope. �e measurement has been performed by mounting a calibrated hall
probe on a specimen holder and then inserting it in the sample position [38]. During operation
the objective lens tipically operates at an exctitation value of about 80%
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1.2. �e transmission electron microscope

the several constraints placed on the imaging conditions.
By keeping a constant objective lens current, it is possible to achieve a higher stability and

this also results in a �xed position of the objective back focal plane and the �rst image plane.
Having these planes in a �xed position is extremely useful as it allows apertures to be placed in
these planes in order to select angles or specimen area.

�is is at the origin of the 4 �xed planes in the microscope imaging system (marked in
�g. 1.4b):

• Objective front focal plane, or sample plane (containing the specimen holder)

• Objective back focal plane, or di�raction plane (containing the objective aperture)

• First image plane, or selected area plane (containing the selected area aperture)

• Detection plane (containing the viewing screen and several detectors)

In modern microscopes two further requests are also imposed on the projection system:

• �at each lens can be used in an optimal se�ing that minimizes aberrations

• �at the image rotations owing to the Larmor rotation e�ect are exactly compensated, so
that the image does not rotate when changing magni�cation.

In order to satisfy these requirements, a set of 4 projection lenses is needed. Despite being
called with di�erent names (di�raction, intermediate, projector 1 and projector 2), all the lenses
are varied when changing magni�cation. One more feature of the projection system is that
it allows the detection plane to be conjugated either to the selected area (SA) plane or to the
objective back focal plane, allowing to observe either the image of the sample (image mode),
or its di�raction pa�ern (di�raction mode). When in di�raction mode the magni�cation of
the pa�ern can be changed, realizing the equivalent of a free–space projection over a larger or
smaller distance. �is equivalent distance is called in electron microscopy equivalent camera
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1. �e Transmission Electron Microscope as an Optical Bench

length. With the added caution that on slightly older microscopes the image rotation can vary
at every magni�cation step, the other considerations remain valid.

�e beam enters then the detection stage of the TEM where it interacts with one (or more) of
the several detectors installed. A modern S/TEM is typically out��ed with a �uorescent screen,
one or more single–pixel counting detectors (o�en with an annular shape), a scintillator based
CCD camera, and sometimes an electron spectrometer. �e �uorescent screen allows to preview
the image/pa�ern without risk of overexposing one of the more expensive detectors but has a
poor imaging resolution due to a very high detection point spread function (PSF), and poor time
response due to the slowly decaying character of the �uorescence process. Most other detectors
will also be placed below this screen, so that using one of the other detectors requires li�ing the
screen, which then doubles as a protection. �e single pixel detectors, that can be placed either
above or below the �uorescent screen, are typically used with the microscope in di�raction
mode so that the annular shape allows to count the electrons sca�ered within a de�ned angular
range from the beam axis. Further below one can �nd a scintillator based CCD camera. A
block of scintillator material (typically Y�rium Aluminium Garnet) is hit by the electrons and
generates photons, which are then guided through optic–�bres to a CCD detector where they
are collected, allowing to record the full image or pa�ern impinging on the detector. Whether
the detector is optimized for resolution or low noise, the image quality is always much be�er
than what can be observed on the �uorescent screen. �e electron spectrometer, where present,
is constituted by a magnetic prism that separates the electrons according to their energy. �e
electrons can then be recorded by projecting the spectrum on a CCD camera, or an image can
be formed with electrons possessing a speci�c energy by selecting an energy range with a slit
and then using a set of aberration correcting and imaging lenses to reconstruct the image.

1.3. Operation

�e two primary modes of operation for a transmission electron microscope are conventional

transmission electron microscopy or CTEM (more o�en called simply TEM) and scanning trans-
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1.3. Operation

Microscope
Modes of

operation
C3 (obj/cond) α (TEM/STEM) Features

Philips CM30 CTEM 0.6 mm/NA 0.2 to 1 mrad Spectrometer

�–Ant–EM
(FEI Titan3)

CTEM/
STEM

corrected/
corrected

0.5 to 3 mrad/
3 to 70 mrad

Spectrometer,
monochromator,
biprism

X–Ant–EM
(FEI Titan3)

CTEM/
STEM

1.2mm /
corrected

0.5 to 3 mrad/
3 to 70 mrad

Spectrometer,
monochromator

Table 1.3.: List of the microscopes used in this thesis, with the main operational parameters and
features. C3 indicates the spherical aberration coe�cient and α the semi–convergence angle.

mission electron microscopy STEM. In the �rst case the sample is illuminated with a wide–�eld,
nearly parallel electron beam. With the projection system in image mode the wave exiting the
sample is projected on the detection plane for recording with a CCD camera. In the second case
the beam is focused on the sample with a “very high” convergence angle and the microscope
is operated in di�raction mode. �e beam is then scanned over the sample through a set of
scanning coils while di�erent signals are acquired on a point by point basis. A brief list of the
microscopes employed in this thesis is presented in table 1.3.

1.3.1. CTEM

�is mode mirrors more closely the traditional wide �eld light microscopy. An electron beam
illuminates an area of the sample and travels through the material. Since the microscope is
used in image mode, the bo�om plane of the sample is optically coupled to the detection plane,
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1. �e Transmission Electron Microscope as an Optical Bench

so that the electron wave exiting the sample is magni�ed and projected on a CCD camera and
recorded. �e resolution in this mode is mainly limited by the coherent aberrations of the
objective lens, and the maximum aberration–free transmi�ed angle. With modern aberration
corrected instruments resolutions down to 0.5 A have been demonstrated [28, 39].

�e image contrast is due to “absorption”, meaning the depletion of the main beam by energy
loss and high angle sca�ering, dynamical e�ects, due to elastic dynamical sca�ering on the
crystalline sample, and phase contrast, due to interference phenomena.

At lower magni�cations (medium resolution) the image contrast is mainly due to absorption
and dynamical e�ects, with phase contrast e�ects being mostly undesired artefacts such as
Fresnel fringes at the edges. At higher magni�cations (high resolution) a �ne structure appears
in the image intensity exposing the crystalline structure of the material which is almost entirely
due to phase contrast. As the electrons travel through a (su�ciently thin) crystalline sample,
with one of the main crystallographic axes oriented along the optical axis of the microscope, the
atomic columns of the sample with the positive electrostatic charges of the atomic nuclei appear
as lower energy channels. �e thin phase object approximation explains the high resolution
atomic contrast as phase contrast due to the di�erent phase acquired by a wave localized on
the nuclei. In reality to fully reproduce the image features a fully dynamical simulation of
the electron propagation through the sample is required, as high resolution contrast is highly
dynamical and heavily in�uenced by the sample thickness, chemical composition, orientation,
strain [40].

By switching the projection system to di�raction mode while keeping a wide �eld illumina-
tion, it is possible to acquire a parallel beam di�raction pa�ern.

1.3.2. STEM

�e main bene�t of STEM over CTEM is the ability to simultaneously acquire di�erent signals
to probe di�erent properties of the materials. In STEM the beam is focused on the sample
(ideally the top surface) with a high convergence angle, typically around 10 to 20 mrad, and the
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1.3. Operation

projection system is normally kept in di�raction mode.
In this condition the condenser aperture plane is a reciprocal plane to the sample plane and

the beam assumes the shape of the di�raction pa�ern of the condenser aperture. For a round
aperture this means an Airy disc, deformed by the residual optical aberration in the condenser
system and convoluted with the incoherent source size broadening pro�le of the source.

�e image is formed by scanning the electron probe formed on the sample and recording
di�erent signals point by point to form a raster image. �e main limit to the resolution in this
mode is due to minimum probe size achievable, which is constrained by the optical aberrations
of the illumination system and by the �nite source size of the electron source, making coherence
of key importance for STEM experiments. Experimental resolutions below 0.5 A have been
shown for STEM images on aberration corrected instruments [29].

In contrast to CTEM, where the imaging system is ideally focused on the bo�om plane on
the sample to collect the exit wave, the imaging of crystalline samples in STEM is optimal when
the probe is focused on the top plane of the sample to channel along the atomic columns of
the sample. For medium resolution and amorphous samples the resolution is optimal when the
probe is focused on the middle plane of the sample.

Since the (convergent beam) di�raction pa�ern is projected on the detection plane, a circular
or ring–shaped detector centred on the optical axis de�nes a precise angular range, which can
also be varied by changing the equivalent camera length. By this means it is possible to collect
signals within de�ned sca�ering angles, the most common case being high angle annular dark

�eld (HAADF). �e HAADF signal can be collected simultaneously to the lower angle medium
angle annular dark �eld (MAADF), annular bright �eld (ABF), or spectroscopic data such as
electron energy loss spectra (EELS) and energy dispersive X–ray (EDX) spectra.

Each type of signal brings its own information. HAADF is chemically sensitive (it is roughly
proportional to Z 1.7) [41–44], MAADF is sensitive e.g. to strain [45–48], high resolution ABF
allows to visualise the position of light element atoms [49–51], and EDX and EELS can provide
accurate chemical compositions with the la�er also being sensitive to optical properties, co-
ordination of atoms, oxidation states and more [52–55]. It is easy to understand how STEM
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1. �e Transmission Electron Microscope as an Optical Bench

imaging has become so prevalent in analytical applications.
Furthermore, at medium resolution the HAADF signal presents reduced dynamical contrast

e�ects, making it ideal for applications such as tomographic imaging where the source signals
are required to be independent of crystalline orientation [56].
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2. Beam Shaping

Wavefront manipulation and sensing in light optics is now widely possible. Phase plates for
light waves are easy to manufacture and holograms, both in the inline and o� axis variant, can
be realized with a resolution below the wavelength. Devices like spatial light modulators and
deformable mirrors also allow the beam shaping to be controlled and varied in real time, while
interferometry, holography and wavefront sensors allow to analyse and detect the phase of
a light wave. In this �eld, electron optics is just now developing the tools needed for beam
shaping experiments and it is not yet possible to freely and arbitrarily tune the wave function
of an electron beam. �ere are however several techniques which allow a limited degree of
control over the electron wave and many of these have already proven useful, despite all their
limitations, in order to expand the �exibility of the TEM or in the developing �eld of singular
electron optics.

In this chapter we aim to give a broad overview of these techniques and their current appli-
cations in various �elds of electron microscopy.

2.1. Electromagnetic fields in free space

As long as we neglect the e�ect of gravity, all interactions undergone by an electron are elec-
tromagnetic in nature. It is however possible to distinguish several categories depending on
the characteristics of the electromagnetic �elds, what generates them, and the properties of the
interaction. �e simplest case is the one of electromagnetic �elds in free space, that is a space
free of charges and currents.
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2. Beam Shaping

When a fast electron encounters a region of space containing an electric potential its wave-
length is shi�ed. When the electron leaves the region of electrostatic potential it has acquired,
compared to an electron travelling the same distance without encountering the potential, a
phase shi� which can be quanti�ed by:

∆ΦE =
πe

λE0

∫
Γ
V (r)dl . (2.1)

where E0 and λ are the energy and wavelength of the impinging electron, e is the elementary
charge, V (r) � E0/e is the electrostatic potential in the position r, and Γ is the electron’s path
(also eV � E0 is assumed and relativistic e�ects are ignored). Indeed, as mentioned previously,
electrostatic optical elements are widespread in lower energy applications such as low energy
and photoemission electron microscopes (LEEMs and PEEMs), and electrostatic aberration
correctors have been devised as well in the form of electron mirrors. While they are impractical
for the manipulation of high energy electrons, tetrode mirror aberration correctors have been
demonstrated to successfully correct spherical and chromatic aberrations in LEEM–PEEMs and
SEMs [27, 30, 57–61].

Similarly, magnetic �elds also in�uence the phase of electron waves. In particular, as dis-
covered by Ehrenberg and Siday and later independently by Aharonov and Bohm [62, 63], the
phase shi� e�ect of magnetic �elds on an electron is best described through the magnetic vector
potential.

�e phase acquired when passing through a region of space with non–zero magnetic vector
potential is given by:

∆ΦAB =
e

~

∫
Γ
A · dl. (2.2)

�is phase is acquired even when the magnetic �eld B = ∇ × A is zero over the whole path
of the electron. Magnetic lenses commonly employed in the TEM can also be explained in the
light of this e�ect, as can multipolar aberration correctors.

�e multipolar corrector aims to determine the phase plate impressed on the beam by manip-
ulating the magnetic �eld by the boundary conditions at the ends of the magnetic poles. �is is
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2.1. Electromagnetic �elds in free space

fundamentally possible because �elds in free space are described by analytical functions, and
as such an entire source free region of space can be entirely described by the properties of its
boundary. While this is certainly true, the level of accuracy and stability required for this type
of manipulation to be e�ective is extremely high, and this was one of the factors that made the
realization of aberration correctors so challenging.

�e phase of an electron probe can also be altered by interacting with light. When a charged
particle is immersed in a strongly varying electromagnetic �eld as found e.g. in laser cavities it
is subjected to a ponderomotive force, which is at the root of the Kapitza–Dirac e�ect where a
collimated electron beam is di�racted by a grating formed by a standing wave of light [64–66]
and which has also recently been proposed as a method to produce electron vortex beams [67].

For an electron passing through the focal point of a laser beam, perpendicular to the electron
propagation, the phase shi� due to the ponderomotive force is [68]:

∆ΦP ∝
Pλ

2βγ , (2.3)

where P and λ are the local energy density and wavelength of the laser, β = v/c and γ =
(1 − β2)−1/2, the Lorentz factors for the relativistic electron. By focusing the laser in the back
focal plane of the objective lens a Zernike phase plate can in principle be obtained [4–6]. In this
case the unsca�ered wave component is phase shi�ed by the strongly varying light intensity in
the focal point of the laser while the sca�ered wave is le� unchanged. E�orts are being made to
implement this technique [69]. Note that also here, the phase plate is de�ned by the standing
optical wave which is determined by its boundary conditions (the cavity) making it far from
trivial to produce a fully versatile phase plate this way.

2.1.1. Phase manipulation using aberration correctors

�e development and commercialisation of aberration correctors for the minimisation of axial
aberrations has been absolutely fundamental in enabling reliable, consistent access to sub–
Angstrom resolution in modern electron microscopes. �e electric and magnetic multipoles

31



2. Beam Shaping

(hexapole, quad/octopole or triple dodecapole systems) of an aberration corrector, can be indi-
vidually addressed and tuned to counteract both the intrinsic spherical (and recently chromatic)
aberration and the remaining parasitic aberrations. Typically, for an electron beam to be consid-
ered “corrected”, there should be a variation of no more than π/4 in the phase, within a given
opening angle. �is leads to a good approximation to a plane wavefront, which can be focused
to produce a small di�raction limited probe for STEM, or an aberration–free lens which can
correctly transfer high frequencies in TEM.

While manipulating the phase of the wavefronts using aberration correctors to closely ap-
proximate the ideal plane wave is very well suited to normal TEM and STEM studies, with
the degrees of freedom given by the free–lens mode of an aberration corrected microscope,
the electron wave can be designed and optimised for the experiment at hand, with structures
available beyond simple plane waves, or Airy disc probes [33, 34].

�e aberration function in Saxton notation is:

χ (θ ,ϕ) =
2π
λ

[
θA0 cos(ϕ − ϕ11)

+
1
2θ

2 {
A1 cos(2(ϕ − ϕ22)) +C1

} (2.4)

+
1
3θ

3 {
A2 cos(3(ϕ − ϕ33)) + B2 cos(ϕ − ϕ31)

}
+

1
4θ

4 {
A3 cos(4(ϕ − ϕ44)) + S3 cos(2(ϕ − ϕ42))

+ C3} + ...

]

where χ is the phase shi� of the wave front at (θ ,ϕ). �e phase plates generated by the
various aberration terms are represented in �g. 2.1.

�e possibilities o�ered by the free tuning of the aberrations have been studied previously
for optimising phase contrast in atomic resolution HRTEM. Lentzen et al. have described how
to combine defocus, third and ��h order spherical aberrations in order to obtain positive or
negative Zernike–type phase contrast by employing a controlled amount of positive or negative
spherical aberration [70, 71]. In particular, the negative spherical aberration imaging (NCSI)
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2.1. Electromagnetic �elds in free space
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Figure 2.1.: Simulated phase plates for individual aberration terms. �e aberration coe�cients
used for the simulations are C1 = A1 = 20 nm, B2 = A2 = 1.5 µm, C3 = S3 = A3 = 10 µm, with
a semi convergence angle α = 20 mrad.

technique has shown a remarkable enhancement of the contrast for light elements such as
oxygen or nitrogen, allowing their direct imaging, while previously their position had been
only accessible by performing exit–wave reconstruction [31, 72, 73].

A further example of probe restructuring using aberration correctors was demonstrated
recently by Clark et. al. [33], wherein free manipulation of the aberrations was combined with
an annular aperture to produce a high intensity vortex beam.

By selecting a single θ value with the annular aperture, and minimising all aberrations
other than the Ai (where A0 is beam tilt and A1...An are the i + 1–fold astigmatisms), we
obtain a Fourier cosine series. It is then trivial to see that we can approximate the phase
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2. Beam Shaping

(a) Phase map imposed by the Ai to
produce a vortex phase, with over-
laid annular aperture.

(b) Resulting simulated wave in the
sample plane. �e colour intensity
indicates the probability density, the
hue indicates the phase.

(c) Experimental intensity in the
sample plane, obtained in an FEI
Titan3 at 300 kV

Figure 2.2.: Creation of an electron vortex through aberration manipulation. A1 and A2 were
optimised. Higher orders of astigmatism were beyond experimental limits. �e annulus has an
average radius of 7 mrad. Both intensity images represent 2 nm by 2 nm. Data from L. Clark,
A. Béché, G. Guzzinati, A. Lubk, M. Mazilu, R. Van Boxem, and J. Verbeeck. “Exploiting Lens
Aberrations to Create Electron-Vortex Beams”. In: Physical Review Le�ers 111.6 (Aug. 2013),
p. 064801

linearly increasing with azimuthal angle (χ ≈ `ϕ) typical of a so–called vortex beam using the
appropriate coe�cients for the cosine series. While this is easily calculated and simulated, not
all the coe�cients obtained fall within the experimental limits of the instruments, and only
the �rst few coe�cients can realistically be employed. �is phase structure, and the resulting
theoretical and experimental intensity pro�les are demonstrated in �g. 2.2. Since the phase
plate is continuous, the total winding number around the annulus is still zero. Nonetheless
locally the new state well approximates a vortex beam, as can be seen in �g. 2.2b, presenting a
central phase singularity surrounded by an intensity ring possessing a spiralling phase. It has
also been shown that the theoretical OAM spectrum calculated within a 1 nm circle around this
singularity is dominated by a very strong ` = 1 component [33].
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2.2. Electromagnetic �elds in ma�er

As a further demonstration of the �exibility of aberration correctors for beam shaping, we used
a similar approach to generate electron non–di�racting Airy beams, as discussed in chapter 6.

2.2. Electromagnetic fields in ma�er

Electrical �elds are ubiquitous in ma�er at the microscopic scale, and even in neutral ma�er the
spatial distribution of the �elds results in a �nite volume average of the electric potential known
as the mean inner potential. When an electron beam passes through a thin weakly sca�ering
sample the amplitude variation is minimal, but a phase modulation is imprinted on the beam. It
is then easy to see from eq. (2.1) that a transparent �lm modulated in thickness acts as a phase
plate modulating the wave with an energy–dependent phase shi�. Phase plates expand the
TEM possibilities and have been studied for several decades now. Zernike phase plates have
been realized preparing a �lm of carbon or silicon nitride of appropriate thickness and milling
a hole in its center through which the unsca�ered component can pass unaltered. �is �lm can
then be inserted into the TEM, in the back focal plane of the objective lens [74]. Although the
approach has been proven to work, the limited lifetime and stability of the phase plates, which
are damaged and contaminated by the irradiation while in use, have until recently prevented
widespread adoption of the technique [75, 76]. Boersch phase plates have been invented in
order to overcome these limitations [77], and have been successfully demonstrated in recent
years. �is type of phase plate aims to introduce a π/2 phase shi� by altering the unsca�ered
wave component rather than the sca�ered one, and is implemented as a tunable electrostatic
lens, which has the advantage of not being speci�c to one single electron energy [78–80].

A further type of phase plates, known as Volta phase plates, employs the e�ect of beam
irradiation on a heated (≈200 ◦C) carbon �lm to generate a phase shi�ing potential [81]. Since
the potential is generated by irradiation of the �lm by the central undi�racted beam, there
is no need for a careful alignment of the phase plate. �e physics underlying the generation
of this potential is not entirely understood, though the heating appears to be necessary to
enable this e�ect as well as to reduce contamination. Despite this, the good reproducibility
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2. Beam Shaping

and stability of this approach has made this one of the �rst commercially available phase plate
technologies [82].

�e Aharonov–Bohm magnetic phase shi� has also been exploited both to create Zernike
and spiral magnetic phase plates.

In the former case, a magnetic ring functions as a Zernike phase plate. Electrons passing
inside the ring acquire a relative Aharonov–Bohm phase shi� ofπ/2 with respect to the electrons
passing outside of the ring [83, 84]. �e thickness and material of the magnetic ring determine
the �ux through its section, which in turn determines the phase di�erence between passing
electron waves.

In the la�er case, the tip of a thin magnetic needle is used to obtain a spiral phase plate.
�e needle is in essence nothing more than an elongated dipole magnet. As schematically
shown in �g. 2.3a, by separating the two ends of this dipole by a large distance, and placing
an aperture over one end, a passing electron beam can be made to experience a magnetic
monopole–like �eld [85]. �ere are some artifacts due to the needle, which is not in�nitely
thin and also has some surface imperfections which a�ect the shape of the resulting �eld. For a
su�ciently thin needle, one can ensure it has the proper magnetic �ux which will spread out
radially in 3 dimensions at the tip. �is local �eld distribution leads to the electron beam gaining
an azimuthally–dependent linear phase, due to the (approximately) spherical distribution of
magnetic �eld lines emanating from the needle’s tip in all directions. �e phase di�erence
between two electron paths is proportional to the �ux enclosed between the two paths, and
thus the shi� between the two edges of the needle is proportional to the magnetic �ux through
the needle, and the ideal 2π phase shi� is obtained for a �ux of exactly one �uxon (or magnetic
�ux quantum = h/2e). So, an ideal needle should carry through its length a constant magnetic
�ux exactly equal to one �uxon, which is a large amount for a nanostructure. For the �ux to
be constant all the �eld lines must remain within the needle, which must then be completely
straight, with a constant cross–section and contain only one single magnetic domain. In order
for the bar to be possess a stable single domain magnetization, it is useful for it to be as thin as
possible in order to have a very large magnetic shape anisotropy. Also, a thinner needle projects
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2.2. Electromagnetic �elds in ma�er

a thinner shadow, reducing the deviation from an ideal monopole. However, the material still
needs to have su�cient cross–section to support one whole �uxon, requiring the material to
possess a high remanent magnetisation at room temperature.

Despite all these challenges, a �rst demonstration of the e�ectiveness of the method was
given with a slightly conical needle [85], and signi�cant advancements have been made since
in perfecting shape and size of the needle, reaching now values of phase shi� between the two
sides of the bar very close to 2π .

�e addition of a copper coil wound around the rod of the sample or aperture holder allows
to reverse the magnetization in a controlled way. It’s worth pointing out the Aharonov–Bohm
phase shi� is independent of the electron energy, and the phase plates based on this principle
are equally e�ective for beams of any energy. Optical de�ection on the other hand does depend
on the energy via the wavelength, which explains why electron lenses need to be speci�cally
tuned for a given acceleration voltage even though the projected phase shi� is independent of
this.

2.2.1. Holographic reconstruction

Ironically enough the simplest way to manipulate the phase of a wave is by manipulating
its intensity through holographic reconstruction with computer generated holography (CGH).
Despite having several limitations this method has been employed extensively in electron
singular optics as it is e�ective, simple to apply and highly general.

At its core, holographic reconstruction is the inverse process to conventional electron holog-
raphy. While the la�er uses interference to encode phase and amplitude in an intensity pa�ern
that can be recorded, the former uses interference from a computed intensity pa�ern to generate
a target waveform with desired amplitude and phase.

�e hologram is calculated from the target wave by superimposing it with a reference wave.

IHolo (x ,y) =
���ΨTarget (x ,y) + ΨRef (x ,y)

���
2

(2.5)
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d e

b c

a

Figure 2.3.: (a) An apertured long dipole as an approximation to a monopole. �e Aharonov–
Bohm e�ect causes a phase shi� between the electrons passing along either side of the needle
(points A and B) is equal to the magnetic �ux through the needle. Due to the continuity of the
wave function over the region C , electrons travelling along paths in this region will obtain an
azimuthal phase. From the symmetry of the monopole–like �eld emerging from the tip of the
needle, this phase will increase linearly when going round the tip from point A to point B. (b–c)
Experimental electron holograms encoding the phase shi� around the needle’s tip in the two
magnetization. (d–e) Phase–plates extracted by analyzing the holograms.
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2.2. Electromagnetic �elds in ma�er

In the most frequent case so far a vortex beam ( ΨTarget ∝ exp (i`φ) ) has been interfered with
a tilted plane wave ( ΨRef exp ikxx ) giving a hologram that appears as a fringe interference
pa�ern with a dislocation. �e hologram so obtained, is then imprinted into an aperture which
is then placed in the TEM. Typical holograms such as the ones in �g. 2.4 and the ones used
in this thesis, have a diameter ranging between 10 µm for optical–bench–like experiments to
30 µm used to generate STEM probes, and are made out of a 500 to 1 µm spu�ered gold �lm
deposited on a commercial 20 nm thick Si3N4 support �lm. �e size of the bars, limited by the
resolution reachable by the focused ion beam (FIB) milling (typically of the same order of the
gold �lm thickness), is about 200 to 300 nm.

�ere are various approaches to encoding the hologram into an aperture. �e e�ect of an
aperture on the beam can be summarized by its transmi�ance:

T (x ,y) = A(x ,y)eϕ (x,y ) (2.6)

where A(x ,y) and ϕ (x ,y) are respectively the phase and amplitude modulation imprinted
by the aperture on the beam. �e amplitude modulation is stronger when heavier materials
are used and is due to a mixture of high angle and inelastic sca�ering that removes electrons
from the forward trajectory usually dubbed as absorption. �e phase modulation on the other
hand is due to the e�ect of the mean inner potential of the material that produces a phase shi�
proportional to the thickness and is the dominant e�ect in thin �lms of light materials.

Either (or in principle both) modulation function can be imprinted with an holographic
pa�ern in order to generate electron vortex beams or other waves, and both amplitude and
phase holograms have been successfully demonstrated.

In the simplest case the hologram is binarized by applying a threshold, as a complete amplitude
modulation is very hard to obtain with available nanofabrication techniques, and then milled into
a thin �lm of a heavy, highly sca�ering metal such as gold or platinum by focused ion beam [86,
87]. �is pure amplitude binary hologram appears as a Bragg grating with a dislocation and is
now ready to be inserted in the TEM, o�en in the position of the condenser (C2) aperture.

When the aperture is illuminated with a su�ciently coherent electron and a lens is used to
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2. Beam Shaping

obtain the far �eld di�raction pa�ern of the aperture, the desired waveform and its complex
conjugate can be observed in the �rst order di�racted beams while higher order di�racted beams
are imprinted with a phase multiple of the target one.

In the case of the forked grating many properties of the di�raction pa�ern can be under-
stood by simply taking a multiple slit di�raction pa�ern as a model. �e size of each beam is
determined by the topological charge and by the convergence angle, their relative distance by
the convergence angle and the number of bars or slits in the mask while the envelope of the
intensities is dominated by the single slit di�raction function and thus by the slit to bar width
ratio. If the bars and slits have the same width, all the even di�raction order are suppressed.

�is method has been used successfully for the creation of electron vortex beams and a
variety of other waves, but presents several shortcomings. �e binary mask blocks a signi�cant
fraction of the intensity (in our case 50%), with the remaining part being subdivided between
the di�racted orders so that the �rst order beam contains at most a mere 10% of the impinging
intensity. �e higher order beams are an e�ect of the binarization of the hologram, since a mask
that reproduces the full sinusoidal intensity would only show �rst order di�racted beams. As
an added obstacle, di�erent beams are in focus on the sample at the same time, generating a
superposition of many signals which is hard to interpret.

To address these limitations, many variations of the method have been demonstrated over
the last few years.

If a spherical wave is used as a reference wave then the hologram obtained takes the form of
a (spiral) zone plate, the various di�racted orders produced are separated along the beam axis
and can be brought into focus one at a time by varying defocus. �is approach has been applied
to the production of vortex beams for STEM imaging as it allows to have only one vortex in
focus on the sample at a given time generating a spatially resolved signal while the other beams
are out of focus and only generate a background [88].

Holograms fabricated with light, electron transparent materials such as carbon or silicon
nitride modulate the electron beam mainly through the phase to minimize the intensity blocked
by the hologram by the e�ect of the mean inner potential, as explained in section 2.2. While
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2.2. Electromagnetic �elds in ma�er

Figure 2.4.: Examples of holographic reconstruction: SEM micrographs of the holograms are
shown alongside the beams they produce when used in a TEM. �e hologram images have
a 2 µm white scalebar, the beam intensities have 20 nm yellow scalebar. (a) Example of ` = 1
fork hologram. �e ` = 0 beam is visible in the center, with the �rst sidebands of ` = ±1 and
the higher order with ` = ±3 at the border of the image. (b) Spiral hologram generated by the
interference of an ` = 1 vortex beam with a spherical wave. �e probes shown on the side are
separated along the beam axis. (c) �e target wave used was the �ower shaped superpositions
between ` = 3 and ` = −3 vortex modes. (d) Higher order ` = ±9 vortex modes.
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with a pure intensity grating the central spot is always the point of maximum intensity in the
pa�ern, by modulating the phase of the beam it is also possible to modulate the strength of
0–th order beam, obtaining an even higher fraction of the di�racted intensity in the 1–st order
beams [89].

Furthermore, if the hologram is given a blazed pro�le the intensity distribution in the far
�eld pa�ern becomes asymmetrical and this has been exploited to enhance the fraction of the
intensity directed in a single �rst order di�racted beam while suppressing the opposite one,
with an experimentally demonstrated e�ciency of up to about 40% [89, 90].

�e phase holograms also have practical limitations. Carbon has a tendency to migrate under
the beam compromising the quality of the hologram and the amount oh phase shi�, while the
Si3N4 �lms tend to charge due to the emission of secondary electrons. A gold or chromium
coating with a thickness of a few nm can be used to reduce the charging, at the cost of a lower
di�raction e�ciency.

As an alternative approach to holographic reconstruction, on–axis holograms have also
been demonstrated. A hologram calculated from the target wave through an iterative Fourier
transform algorithm is imprinted on a transparent �lm to obtain a pure phase mask. While
this approach allows to sculpt the intensity distribution of the beam with a high �exibility, its
e�ciency is low. Due to the physical impossibility of producing subwavelength structures for
electrons at TEM energies, most of the wave intensity still forms an on–axis central spot, which
is about 400 times more intense than the target wave produced, as well as speckling in the
pa�ern and multiple di�raction orders [91].
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Phase vortices are a general feature of wave �elds, and have been demonstrated and studied in
many di�erent �elds. Vortex beams in particular were �rst studied in radio waves and more
recently – and quite successfully – in light waves. It’s only in the last few years that vortex
beams have been demonstrated and studied in electron waves.

Here we will give a quick overview of phase vortices, introduce electron vortex beams and
their main properties and reasons of interest, trying to outline the main challenges that are
encountered in working with them and the application discovered so far.

3.1. Introduction

It was recently predicted, and experimentally demonstrated, that shaping the phase of electron
waves into continuous helical wavefronts, can also introduce a number of particular properties,
enabling new functionality within a conventional transmission electron microscope [86, 92,
93]. �ese restructured electron beams, due to the shape of the wavefronts, are referred to as
electron vortex beams [86, 93]. Accordingly the electron probability current follows a spiralling
path, propagating along the optical axis, with an azimuthal momentum component [94].

Vortices occur across a broad variety of �elds of physics – in classical �uid mechanics, su-
perconductors, ocean tides and collective human behaviour [95–99]. Screw–type phase singu-
larities were �rst discussed as a ubiquitous feature of wave physics in 1974 [100], followed by
studies progressing into the deliberate production of optical beams with the azimuthal phase
dependence[101–103].
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3. Vortex Beams

Following the development of vortex beam theory throughout the later part of the 20th

century, vortex beams of photons, electrons, and acoustic waves, have now found practical
applications in a broad range of �elds. �ey have signi�cant applications in atomic and molecular
manipulation, trapping and rotation, including work with Bose–Einstein condensates [104, 105].
�ey have been demonstrated across a broad range of the electromagnetic spectrum [106–109].
Acoustic vortex beams have been studied by a number of groups [110, 111], while optical vortex
beams are �nding further application beyond typical optics studies in astrophysics [112], and
in telecommunications [104, 113, 114].

Electron vortex beams are electron beams characterized by a phase singularity in their
wavefront that determines their main characteristics [115].

A simple vortex state can be described by

Ψ ∝ f (r ) exp(i`φ) exp(ikzz) (3.1)

where (r ,φ, z) are the cylindrical coordinates, and kz is the forward momentum of the beam,
and f (r ) its radial pro�le. �e order of the vortex is `, wherein the phase changes by 2π` in a
circuit around the vortex core. In this single vortex case, ` is equal to the winding number (also
called topological charge) [116], a key parameter describing the �eld vorticity. �e vortex order
is also related to the orbital angular momentum (OAM) of the beam, a property that has been
of much interest in the �eld of singular optics [117–119], and its other physical properties such
as it magnetic moment.

To visualise such beams easily, the wavefronts of an ` = ±3 vortex beam are of the same
structure as a piece of fusilli pasta, as illustrated in �g. 3.1a.

Along the axis of a vortex beam (r = 0), all phases meet causing an indeterminacy in the phase,
called a phase singularity, or in three dimensions, a vortex line [121, 122]. As a consequence of
the meeting of phases, the intensity on axis is forced to zero as the wave function is a single
values function. Indeed, this is a key indicator of a vortex beam, accessible without phase mea-
surement techniques; the central zero–intensity of a vortex beam remains present throughout
propagation, while in a non–vortex, hollow beam, the central minimum will disappear over
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3.2. Description

Figure 3.1.: a) A common example of the ` = 3 wavefront structure, demonstrated in fusilli
pasta [120]. b) Equiphase surfaces of a plane wave with random smooth distortions. c) Equiphase
surface of an ` = 1 vortex beam. Figure from [115] .

propagation due to constructive interference. A further result of the phase singularity is that
a vortex beam is topologically distinct from a planar or spherical wavefront – no continuous
stretching or warping can cause the creation of a vortex wavefront from planar or spherical
surfaces, as illustrated in �g. 3.1 [116].

3.2. Description

Most phenomena observed in a TEM are conveniently studied and explained in terms of plane
waves. �ey represent a convenient basis set of states to study quantities such as linear mo-
mentum, and are also intimately linked with the Fourier transform, one of the core concepts
in optics and in the sciences in general. In order to study phenomena such as the exchange of
OAM however, vortex beams constitute a more natural basis set.

�e simplest scalar wave function solution describing particles with orbital angular momen-
tum (OAM) is the Bessel beam [123],

Ψ` (r ,φ, z) = exp (ikzz) exp (i`φ)J` (k⊥r ), (3.2)
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which is an exact solution of the time–independent Schrödinger equation and an eigenstate of
the free space Hamiltonian, the longitudinal momentum p̂z , the OAM L̂z , and the transverse
momentum p̂⊥, de�ned by:

p̂2
⊥ = −~2∆⊥ = −~(∂2

x + ∂
2
y ) = −~2 1

r
∂r (r∂r ) +

1
r 2 ∂

2
φ . (3.3)

Here, ~` is the OAM eigenvalue, J` is the `-th cylindrical Bessel function of the �rst kind,
and ~k⊥ is the transverse momentum of the vortex state. �e transverse momentum ~k⊥ is
the eigenvalue of the operator p⊥. Being an eigenstate of transverse momentum, the Fourier
transform of a Bessel beam is a Dirac delta ring of radius k⊥ multiplied by an azimuthal phase
factor (see �g. 3.2a) and can be wri�en as:

Ψ̃(p⊥,ϕ,pz ) ∝ δ (p⊥ − ~k⊥)δ (pz − ~kz ) exp (i`ϕ) (3.4)

where (p⊥,ϕ,pz ) represent the components of the momentum in cylindrical coordinates. Bessel
beams are the formal basis functions of the cylindrical Schrödinger equation, and a single state
as in eq. (3.2) cannot be realized in experiments much the same as a true plane wave can not
exist in experiments. �e Bessel beam intensity pro�les (modulus squared of the wave function
in eq. (3.2)) for several ` are shown in �g. 3.2b.

A circular aperture with spiral phase structure contains a single ` mode Bessel beam super-
position of the following form:

Ψ ∝ exp (i`φ)

∫ kmax
⊥

0
dk⊥k⊥J` (k⊥r ), (3.5)

containing a sum of k⊥ eigenstates up to a maximum kmax
⊥ proportional to the radius of the

aperture. For ` = 0 we recover the typical Airy disc while for other values of ` a slightly broader
vortex beam is obtained for the same kmax

⊥ . �e smallest electron vortex beam diameter obtained
thus far had a diameter of 1 A [124].

�e above solutions of the Schrödinger equation will change signi�cantly in a magnetic
�eld, and depending on the exact form of the external �eld, propagation dynamics and angular
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Figure 3.2.: (a) Fourier space representation of a Bessel beam Ψ1 (see eq. (3.2)). �e radius of
the ring is equal to the transverse momentum ~k⊥. (b) Radial intensity for di�erent topological
charge. For l = 0 we obtain the well known Airy disc, for l , 0 doughnut like intensity
distributions are obtained. Figure from [115] .

momentum, will change [125]. Fully relativistic solutions have been investigated as well by
several authors, but the relativistic e�ects (such as anomalous spin–orbit properties) have been
found to be negligible in the paraxial approximation [126, 127]. �e impossibility of observing
any spin–induced e�ect justi�es the choice of describing electron beams with a scalar wave
functions.

A scalar electron vortex possesses a topological charge de�ned by its winding number

` =
1

2π

∮
dϕ =

1
2π

∮
∇Ψ

Ψ
· ds =

1
2π

∮
j
ρ
· ds . (3.6)

where j is the probability current and ρ is the probability density. �is distinguishes a vortex
wave from a plane wave. Lubk et al. showed that the propagation of an electron vortex is
topologically protected, i.e. a vortex core will not delocalize as rapidly as a conventional ` = 0
probe [116, 128]. One must be careful relating the winding number in eq. (3.6) directly to the
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OAM (measured with respect to the phase singularity) as they are only equal in the case of
an OAM eigenstate, which means the electron density is radially symmetric around the phase
dislocation. For clarity, we will suppose in the following that this condition is always ful�lled.
It is, however, important to point out that in the general case of a phase vortex surrounded by
a more complex intensity distribution, the OAM is generally not proportional to the winding
number and the OAM density does not have a maximum on the singularity [129, 130].

Vortex beam states as discussed in eq. (3.2) are eigenvectors of the OAM operator for which:

〈Lz〉 = ~`. (3.7)

�e current experimental record for electron vortices’ OAM is ` = 3000, although this was in
the weak higher di�raction orders of a holographic fork aperture [87, 131, 132]. Translating and
rotating the OAM axis with respect to the symmetry axis results in a change in the expectation
value of Lz and the decomposition in its components [129, 130, 133]. In sca�ering experiments,
this is an important detail to take into account [116, 124, 134]. Additionally, a sca�ered electron
wave may have its principal OAM axis rotated by the sca�ering event, in which case further
care needs to be taken to calculate and measure the outgoing electron wave [135].

Bessel beams as in eq. (3.2) show a spiralling current approximately equal to [92]:

j(r ) ≈ ρ (r )

(
kzez +

~`
r
eφ

)
. (3.8)

�is current lies perpendicular to the (spiralling) wave front’s equiphase surface. Figure 3.1b–c
compare a continuously distorted wave front’s equiphase surface, and that of a vortex beam. It is
immediately evident that one cannot be simply transformed into the other without introducing
a discontinuity in the phase surface.
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�e electromagnetic �elds of an electron Bessel beam are given by [136]:

E (r ) ∝ −r
[
J2
` (k⊥r ) − J`−1 (k⊥r )J`+1 (k⊥r )

]
er (3.9a)

B = Bφeφ + Bzez (3.9b)

Bφ ∝ r
[
J2
` (k⊥r ) − J`−1 (k⊥r )J`+1 (k⊥r )

]
(3.9c)

Bz ∝
`

r

∫ ∞

r
J2
` (k⊥r

′)dr ′ (3.9d)

�e magnetic �eld in the z direction, Bz , peaks at the center of the vortex. Note that considering
a more realistic wave packet will add fringe �elds which do not appear in the unlocalized and
unnormalized Bessel beam case. It will also remedy the fact that in the above expression, Bz is
always positive and there are no returning �eld lines.

Another interesting feature of electron vortex states (as in eq. (3.2)) is their magnetic moment,
µ, which is proportional to the OAM [125]:

µ =
e~
2

∫
r × jdV∫
ρdV

= `µBez . (3.10)

�is can be arbitrarily tuned by changing the OAM of the beam. �is magnetic moment
also alters the distribution of the emi�ed transition radiation in the collision of the beam
with a metallic sample [137, 138], which makes these waves potential tools to investigate the
fundamental role of the magnetic �eld in this process.

3.2.1. Laguerre–Gaussian beams: radially confined vortex beam states

While Bessel beams have a simple mathematical expression and are a useful tool for theoretical
studies, their wave function is non normalisable. In the intensity pa�ern of the Bessel beams
each concentric ring contains the same integrated probability, which means that they are not
well localized in the radial direction and therefore cannot be considered a good description of a
real beam.

�ere are several other types and forms of vortex beams and the simplest longitudinally
con�ned vortex beams in free space are the di�racting Laguerre–Gaussian beams. �ese beams
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are a complete set of solutions to the paraxial Schrödinger wave equation that are also simulta-
neously eigenstates of the energy and of the z component Lz of the orbital angular momentum
and can be wri�en as:

Ψ`,n ∝

(
r

w (z)

) |` |
L |` |n

(
2r 2

w2 (z)

)
exp

(
−

r 2

w2 (z)
+ ik

r 2

2R (z)

)
ei (`ϕ+kz )e−i (2n+ |` |+1) arctan(z/zR ) (3.11)

where L |` |n are the generalized Legendre polynomials, n is the radial quantum number,w (z) =

w0

√
1 + z2/z2

R is the beam width and R (z) = z
(
1 + z2

R/z
2
)

is the wavefront radius of curvature.
�e scaling of the beam is given by the two parameters, w0 and zR , indicating respectively the
beam waist (or spot size) and the Rayleigh di�raction length.

�is beam isn’t an eigenmode of linear momentum operators and, unlike Bessel beams,
di�racts upon propagation as can be seen in the z dependency in w (z), R (z) and in the last
exponential. In particular, the last exponential contains an extra z–dependent phase whose
change in the beam’s propagation from z << −zR to z >> zR is equal to

ΦG = (2n + |` | + 1) π (3.12)

and is known as Gouy phase anomaly (or just Gouy phase).
Originally discovered in 1890 by L. G. Gouy while studying the propagation of focused

electromagnetic waves, the Gouy phase is a general feature of focused wave beams, that has
been measured in a variety of systems [139–143]. Gouy showed that a converging Gaussian wave
acquires a longitudinal π phase delay with respect to a plane wave travelling the same distance,
a phenomenon that has since then been a subject of interest, including fundamental classical
and quantum interpretations, and has been closely related to the transverse con�nement of a
beam [144–151]. �e Gouy phase plays an important role in the evolution of optical vortex
beams [117, 118]: It is used in cylindrical–lens converters [117, 152, 153] and is observed in the
rotational propagation dynamics of vortex superposition pa�erns [154–156]. It has also been
discussed for ma�er waves [157, 158], although it had been never observed directly.
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3.3. Applications

Despite being a very recent development, the research into vortex beams has already produced
several potential applications, that are however still in a stage of theoretical prediction or
proof of concept [137, 138, 159–161]. Here we will outline a couple of applications that have
been experimentally demonstrated, in particular the use of electron vortex beam to rotate
nanoparticles and to investigate the chiral structure of crystals [105, 162, 163].

3.3.1. Rotation of nanoparticles

Nanomanipulation methods are of fundamental importance in the nanosciences as they allow
to test the properties of a nanostructure, to test its interaction with the environment, or to
build a nanostructure with unusual properties. Examples of these applications are the optical
tweezers which are used to study protein folding [164–166], the atomic force microscope
which is used to study the tribological properties of a nanoparticle on a given substrate, and
the scanning tunneling microscope which is used to build and study quantum corrals and
quantum mirages [167, 168]. However, while translational friction is studied in the AFM, and
while controlled nanoparticle movement in the TEM has been previously demonstrated in the
TEM [169], the control of rotational movement and friction remained unexplored.

As stated in the previous sections, electron vortex beams carry a well–de�ned orbital angu-
lar momentum of `~ per electron, and the OAM is a good quantum number in the circularly
symmetric �elds of the magnetic lenses. When the beam enters a crystal though, radial symme-
try is broken and the angular momentum operator does not commute with the Hamiltonian
describing the interaction with the crystal [134]. Due to this the OAM of the electron’s wave
is not conserved during the beam’s propagation in the sample and the di�erence, by angular
momentum conservation, is transferred to the crystal [105].

�is e�ect has been demonstrated by Verbeeck et al. [105], where a gold nanoparticle with a
diameter of 3 nm is illuminated by an ` = ±1 vortex of comparable size. By looking at the (111)
planes of the gold particle in time, a rotation of 0.01 rad s−1 is measured, as visible in �g. 3.3a.
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3. Vortex Beams

Figure 3.3.: (a)Time series of atomic resolution images of a 3 nm gold particle illuminated by an
` = 1 vortex beam. �e arrow denotes the direction of the (111) planes. From Verbeeck et al.

2013 [105]. (b) Artistic representation of a gold particle illuminated by a vortex beam
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�e direction of this rotation is determined by the sign of ` demonstrating that the rotation
of the gold particle is a consequence of the vortex character of the electrons. �e researchers
simulated the interaction, by propagating numerically propagating a vortex beam through a
model of the nanoparticle and then calculating the expectation value of the OAM of the exit
wave to be ≈ 0.9~ meaning that an OAM of about 0.1~ per electron is transferred to the crystal.
While OAM can also be exchanged inelastically, this sets a lower bound on the transfer rate.
Further simulations also show that the size of this transfer depends crucially on the orientation
of the particle with respect to the beam.

Neglecting friction, this would result in a linearly increasing rotational velocity of approx-
imately 1014 rad/s2 for a typical beam current of 50 pA which would cause the particle to dis-
integrate very rapidly. �e large discrepancy between the simulated and observed behaviour
can be explained by incorporating friction. As mentioned before the literature on rotational
friction is scarce, with the closest match to the case in exam being the theoretical data computed
by Guerra et al. for particles of 36 atoms on a graphite surface ([170]). Extrapolating those
data to the particles employed by Verbeeck et al. (923 atoms) on the hypothesis that friction is
proportional to surface, already allows to predict a stationary rotation velocity of 0.037 rad s−1

is calculated, much closer to the observed value.

�is experiment clearly shows that electrons carrying OAM can be used to rotate nanoparti-
cles, further extending into the nanoscale the possibilities o�ered by optical tweezers, and could
be a useful complement of atomic force microscopy techniques for nanoparticle manipulation
and nanoscale tribological studies [105].

3.3.2. Determination of chirality in crystalline space groups

Recently Juchtmans et al. demonstrated the potential of electron vortex beams for studying
structural chirality in crystals [162]. Chirality (from the Greek χειρ, hand) is the characteristic
of any object that, just like the hand, cannot be superimposed to its mirror image. �e object
and its mirror image are said to be enantiomers. Structural chirality is a general property of
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many systems, and has an important role in determining their properties. �e two enantiomers
of a molecule can possess radically di�erent e�ects, as shown by the infamous example of
thalidomide – one of the two variants is just a mild sedative, the other has a strong terato-
genic e�ect, interfering with foetal development. Structural chirality is also present in some
crystalline space group and determines its optical activity, circular dichroism, and chemical
interactions with chiral molecules. In particular there are 22 helical space groups that form
11 enantiomorphic pair, each space group being associated to a mirrored partner. �ese space
groups are characterized by their high order screw axes.

However, in a transmission electron microscope direct determination of structural chiral-
ity is challenging, as high resolution TEM and STEM images only record a two dimensional
projection of the atomic arrangement. If the sample is mirrored along the projection direction,
the handedness of the material is changed, while the projection remains identical. While all
previous techniques rely on dynamical (multiple) sca�ering to detect the structural chirality of
the sample yielding complex description relying heavily on simulations, the chiral character of
the vortex beam allows the helical space groups to be studied by di�raction in the kinematical
(single–sca�ering) approximation, deriving important constraints on the symmetry of high
order Laue zones of the di�raction pa�ern [162]. If we study a vortex beam of topological
charge ` sca�ering on a Q–fold periodic helix, the v–th order Laue zone is centrosymmetric if:

` − χv = nQ (3.13)

where χ = 1 (χ = −1) for a right–handed (le�–handed) helix and n ∈ Z. For example a vortex
beam of charge ` = 1 impinging on a threefold screw axis Q = 3, the �rst order Laue zone
(v = 1) will be centrosymmetric only for a = 1 (and n = 0), meaning that a right–handed helix
will yield a centrosymmetric FOLZ while a le�–handed won’t. �is has been experimentally
tested by collecting the di�raction pa�ern produced by ` ± 1 vortex beams on a 20 nm thick
sample of Mn2Sb2O7. A schematic drawing of the experiment and the experimental result are
presented in �g. 3.4. �e vortex beam radius has been matched to the distance of the atoms
from the screw axis and pa�erns recorded for opposing topological charges. Despite the sample
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being too thick to ignore dynamical sca�ering, the centrosymmetry appears to obey eq. (3.13).
�e reasons of the robustness of this method in the presence of dynamical sca�ering have been
discussed by Juchtmans et al. [162].
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(a) (b)

(c)

a=1

=1

=1
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Figure 3.4.: Detection of crystal chirality by di�raction of electron vortex beams. (a) Schematic
of the experiment: a vortex beam is focused directly on a screw axis in the sample. �e radius
of the vortex is matched to the distance of the atoms from the screw axis. (b) Experimental
di�raction pa�erns recorded for opposite vortex charge, with the contrast adjusted for optimal
visibility of the FOLZ. As predicted by the theory, the FOLZ is centrosymmetric only if the
topological charge matches the chirality of the screw axis (see text). Figure adapted from R.
Juchtmans, A. Béché, A. Abakumov, M. Batuk, and J. Verbeeck. “Using electron vortex beams
to determine chirality of crystals in transmission electron microscopy”. In: Physical Review B

91.9 (Mar. 2015), p. 094112
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4. Vortex beams in a magnetic field: the
Zeeman and Gouy e�ects in theory and
experiment

In this chapter we’ll study the behaviour of electron vortex beams in a magnetic �eld showing the
structure of the energy levels and resulting phases, and how these are revealed when observing
the propagation of a superpositions of OAM eigenstates. We’ll approach the problem both
from the theoretical and experimental point of view, and while the former is a brief review of
the theoretical calculations present in the literature [125, 171, 172], the la�er is based on our
successful experimental observations, published in:
G. Guzzinati, P. Scha�schneider, K. Y. Bliokh, F. Nori, and J. Verbeeck. “Observation of the
Larmor and Gouy Rotations with Electron Vortex Beams”. In: Physical Review Le�ers 110.9 (Feb.
2013), p. 093601.

4.1. Vortex Beams in a uniform magnetic field and Landau

States

Let’s consider the electronic motion in a uniform magnetic �eld oriented along the z axis B = Bẑ.
�is requires solving the Schrödinger equation for the Hamiltonian:

Ĥ = 1
2m (p̂ − eA)2 , (4.1)
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4. Vortex beams in a magnetic �eld: the Zeeman and Gouy e�ects in theory and experiment

with A being the magnetic vector potential.
Solutions to this problem with de�ned OAM are known as quantized Landau states and have

the form of non di�racting Laguerre–Gaussian beams [125]:

Ψ`,n ∝

(
r

wm

) |` |
L |` |n

(
2r 2

w2
m

)
exp

(
−
r 2

w2
m

)
ei (`ϕ+kz ) (4.2)

wherewm = 2
√
~/|eB | and zm

√
2Em/eB are the transverse magnetic length and the longitudinal

Larmor length, the counterparts of the beam waist and Rayleigh length for the free space LG
beams introduced in section 3.2.1. Recalling the form of the Larmor frequency ΩL it is possible
to rewrite wm and zm as:

ΩL =
дeB

2m , wm =

√
2~

m |ΩL |
, zm =

v

|ΩL |
, (4.3)

where д = 1 for orbital angular momentum.
While it is typical to study Landau levels by eliminating the z–motion studying only the

transverse electron transport, to study particle beams it is useful to consider modes with a �xed
energy and free propagation along the z–axis. �e structure of the Landau levels is determined
by the dispersion relation [125]:

E =
~k2

2m − ~ΩL` + ~
����ΩL

����

(
2n + |` | + 1

)
≡ E ‖ + EZ + EG (4.4)

which can be obtained by calculating the energy of states in eq. (4.2) It is easy to associate
the three terms to the physical properties of the beam. �e �rst term is associated with the
free longitudinal motion, the second to the Zeeman interaction between the beam’s magnetic
moment and the external magnetic �eld, the third one to the lateral con�nement of the beam
and can therefore be associated to the Gouy phase of the di�racting case. While the Gouy term
has a de�ned sign, the Zeeman term can either be positive or negative depending on the signs
of B and `, that is to say to the orientation of the magnetic moment with respect to the magnetic
�eld.
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Since we are studying paraxial electrons (EZ +EG � E andwm � zm ) with a de�ned energy
E the variation of the transverse energy term EZ + EG between di�erent Landau modes must
correspond to a equal and opposite variation of the longitudinal kinetic term E ‖ . �is causes a
phase shi� dependent on the magnetic �eld B and the quantum numbers of the vortex n and `:

∆Φ = −
[
sgn(B)` + (2n + |` | + 1)

] z

zm
. (4.5)

While the direct measurement of this phase shi� is impractical, it can be studied by observing
the image rotation e�ects in a mode superposition. Indeed, while the individual Landau states
are all cylindrically symmetric, in a superposition of two modes the symmetry is broken and
the resulting image rotates upon propagation according to the z–dependent phase di�erence
between the two states.

We will explore three main examples: “OAM–balanced” superposition possessing a zero net
orbital angular momentum, and “OAM–unbalanced” superpositions with either a positive or
negative net angular momentum.

�e simplest case of superpositions with no net orbital angular momentum can be obtained
by interfering two LG modes with the same radial number n but opposite topological charge
±`:

Ψ(0) = Ψ−`,n + Ψ`,n , (4.6)

yielding a superposition pa�ern characterized by a “�ower–like” structure with 2|` | petals [125,
171]. In this case the two states have an identical Gouy energy term and di�er only for the
Zeeman term giving an image rotation equal to:

∆φ (0)
Im = sgn(B) z/zm , (4.7)

which implies that, recalling from eq. (4.3) that z/zm = |ΩL |z/v , the rotation is characterized
by the Larmor frequency.

An example superposition possessing a net OAM can for instance be obtained by interfering
two vortex modes with identical radial number, and topological charges equal to 0 and ` giving:

Ψ(,0) = Ψ0,n + aΨ`,n . (4.8)
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where a is some constant amplitude. In this case the phase di�erence can be wri�en as ∆Φ(,0) =

−(`B + |` |)z/zm , and the image rotation depends on sgn(B`). If sgn(B`) > 0 then

∆φ (>0)
Im = 2sgn(B)z/zm , (4.9)

and the image rotates with a frequency exactly double the Larmor frequency, that is the cyclotron
frequency. If sgn(B`) < 0 then

∆φ (<0)
Im = 0 , (4.10)

and the image does not rotate at all.

4.2. Experimental Observation of Larmor and Gouy Rotations

We experimentally tested these calculations by generating and manipulating superpositions of
vortex beams in the magnetic �eld of a focusing lens in TEM.

In contrast to the uniform–�eld case, where the Zeeman–Larmor and Gouy e�ects act simul-
taneously [125], in a lens �eld they operate at di�erent scales and can be spatially separated:
�e Zeeman phase is gained inside the lens; while the Gouy phase is acquired near the waist
plane of the beam. �e Zeeman phase for vortices manifests itself in the familiar Larmor image
rotation common in all electron lenses (see section 1.1.2), while the Gouy phase causes an
additional OAM–dependent rotation of vortex superpositions. By adjusting the defocusing and
magni�cation parameters, we can independently vary the Larmor and Gouy rotations which
are added or subtracted from each other depending on the OAM sign.

4.2.1. Larmor rotation of the OAM–balanced superpositions

We �rst consider the “OAM–balanced” superposition of two opposite–charge vortex modes
similarly to eq. (4.6), which has zero OAM expectation value, 〈Lz〉 = 0, and is characterized by a
“�ower–like” symmetric pa�ern with 2|` | radial petals : |ψ |2 ∝ cos2 (mϕ) (see �gs. 4.1 and 4.2).
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(a)

(b)

(c)

Figure 4.1.: Evolution of superpositions of Landau states. (a)“OAM–balanced” superposition
as in eq. (4.6), created by superimposing modes with ` = ±3. (b) “OAM–unbalanced” super-
position as in eq. (4.8) created by superimposing modes with ` = 0, 1. (c) “OAM–unbalanced”
superposition as in eq. (4.8) created by superimposing modes with ` = 0,−1. In all three panels
the dimensionless coordinates X = x/wm , Y = y/wm and Z = z/zm are used, and sgn(B) = 1 is
assumed. Image adapted from Bliokh et al. [125]
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106o

In focus Out of focus

(a) (b)
MAG = 55k

MAG = 41k

(c)

Figure 4.2.: (a) Image of the superpositions (eq. (4.6)) of ` = ±3 vortex beams produced via
di�raction on the holographic aperture (diameter 10 µm) shown in (b). Changing of the mag-
ni�cation from 41 × 103 (yellow) to 55 × 103 (white) produces the Larmor rotation (eq. (4.12))
of the image on ∆φ = 106◦, whereas defocusing shown in (c) does not a�ect it. All electron
images are viewed along the z–axis.
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In practice, interfering two vortex beams is a di�cult task. Instead, the desired superposition
state can be obtained using holographic reconstruction through a computer generated hologram
as explained in section 2.2.1. A suitable mask is created by calculating the superposition in
eq. (4.6), interfering it with a tilted plane wave and applying a threshold to the interference
pa�ern to obtain a binary mask [171]. �e resulting mask obtained for ` = 3 is shown in
�g. 4.2b. We placed this mask aperture in the condenser plane of a Philips CM30 microscope
operated at 300 kV and equipped with a �eld–emission gun. �e illumination system of the
TEM projected the wave, which holographically reconstructed the superpositions in the �rst
di�raction sidebands, in the front focal plane of the objective lens. �en we imaged the intensity
pro�le of the beam in this plane through the imaging lenses of the microscope on a CCD camera
(�g. 4.2a).

Changing magni�cation, and hence the magnetic �eld in the imaging lenses, we observed a ro-
tation of the images, as shown in �g. 4.2a. �is is a standard e�ect in electron microscopy where
it is explained via classical cyclotron electron trajectories in a lens �eld [16, 18]. Remarkably, all
these trajectories are focused on the conjugate plane, and the rotation between the object and
its image is determined by the Larmor rotation of electrons with respect to the optical axis [18].
However, it is di�cult to explain all aspects of the image behaviour in a magnetic �eld via the
classical trajectories. Indeed, in a uniform magnetic �eld, classical trajectories show either a
cyclotron orbiting characterized by the frequency Ω = Ωc = 2ΩL , or a rectilinear propagation
along the �eld with Ω = 0. At the same time, the superposition in eq. (4.6) propagating along
the �eld still obeys the Larmor rotation characterized by Ω = ΩL . �is Larmor rotation of
the OAM–balanced superposition image appears due to the quantum Zeeman phase di�erence
between the vortex modes [125, 171]. Indeed, the Zeeman coupling energy between the OAM
and magnetic �eld equals (from eq. (4.4)) EZ = −~ΩL , which results in the additional phase

ΦZ = −m

∫
ΩL (z)

dz

v
, (4.11)

for a vortex mode in a magnetic �eld with varying magnitude B (z). For the mode superposi-
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tion (eq. (4.6)), the di�erence of the Zeeman phases (eq. (4.11)) produces the Larmor rotation of
the image of the angle:

∆φL =

∫
ΩL

dz

v
. (4.12)

We emphasize that while the barycenter of the image demonstrates cyclotron orbiting with
respect to some axis and can be sensitive to the direction of the �eld, the orientation of the
interference pa�ern always shows Larmor rotation with respect to its centre, caused by the
di�erence of the Zeeman phases (eq. (4.11)) [125]. In the lens �eld these two rotations yield the
same Larmor angle (eq. (4.12)) with respect to the optical axis [18], while in a uniform �eld the
situation is more complicated [125].

We also focused and defocused the beam superposition (eq. (4.6)) through the objective lens,
thus imaging di�erent planes of its propagation, but did not observe any rotation of the pa�ern
(�g. 4.2c). �is con�rms that the OAM–balanced superpositions (eq. (4.6)) do not acquire a
Gouy phase di�erence [125, 154] as expected from eqs. (4.5) and (4.7).

It is worth pointing out that these considerations can be applied to a superposition of any
number of vortex beams, as long as the opposite–charge modes have identical weight. Since
vortex beams are a complete basis set, any wave travelling in a TEM can be decomposed into a
superposition of vortex modes:

Ψ(r ,ϕ) =
+∞∑
−∞

a`e
i`ϕρ (r ) (4.13)

where r and ϕ are the plane polar coordinates. In the case of a common post–sample exit–wave
possessing no net OAM a` = a−` , and the Gouy phases cancel each other out leaving only the
Zeeman terms:

Ψ(r ,ϕ) =
+∞∑
−∞

a`e
i`ϕei`ΦZ ρ (r ) =

+∞∑
−∞

a`e
i`(ϕ+ΦZ )ρ (r ) (4.14)

which shows how the well known Larmor rotation of electron lenses is given a simple explana-
tion in the context of electron vortex beams.
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4.2.2. Gouy rotation of superpositions with non–zero OAM

Now we consider “unbalanced” superpositions with non–zero OAM. �e simplest example
is the vortex beamψ` (r), but it has cylindrically–symmetric intensity and no rotation can be
observed in the image. �is can be overcome by creating a defect that breaks the cylindrical
symmetry of the beam [155]. Blocking part of the beam creates a “C–shaped” (truncated) vortex
beam:

ψ (r)��z=za =



ψ` (r)��z=za , ϕ ∈ (0, 2π − δ )

0 , ϕ ∈ (2π − δ , 2π )
(4.15)

where z = za is the aperture stop position and δ is the angular sector cut of the vortex. �e
beam (eq. (4.15)) still has the same OAM expectation value 〈Lz〉 ' ~m per particle 1, but now it
represents a superposition of many vortex modes which interefere with one another leading to
complex di�raction deformations.

In our experiment (schematically shown in �g. 4.3), we produced vortex beams Ψ` (r) with
di�erent ` = ±1,±3, ... using di�raction on a fork holographic aperture in the condenser plane
of the microscope [86, 87]. �en we blocked half of one chosen beam using a sharp knife–edge
aperture placed above the front focal plane of the objective lens, which corresponds to eq. (4.15)
with δ = π . We also used the condenser lens to focus and defocus the truncated vortex beam,
e�ectively moving its waist with respect to the front focal plane of the imaging lens (�g. 4.3).
�is allowed us to image di�erent planes of the beam propagation and study the free–space
di�raction e�ects (small variations in the condenser–lens �eld do not produce noticeable Larmor
rotation).

Figure 4.4a shows images of the evolution of the truncated vortex beams (eq. (4.15)) with
di�erent ` at di�erent planes as the beam propagates through its waist. One can observe the
rotation of the C–shaped pa�erns in the direction determined by sдn(`). On the one hand, this
is explained by the azimuthal vortex current which transports the intensity distribution [155,

1�e OAM of the C–shaped beam (eq. (4.15)) is not purely intrinsic but also has an extrinsic contribution since the
barycenter of the beam is shi�ed o� the vortex axis
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Knife-edge

Beam Waist

Defocus Value

Front Focal Plane

Imaging Lenses

Collected Image

Gouy Rotation

Larmor Rotation

Figure 4.3.: (a) Schematic of the experiment. �e vortex beam is prepared using a holographic
aperture in the condenser plane and then partly blocked with a knife–edge aperture. �e
position of the knife edge is kept �xed, whereas the beam waist position is varied (using the
condenser lens) with respect to the front focal plane of the imaging system that magni�es
the image and projects it onto the CCD camera. Variations in the defocusing distance and
magni�cation produce the observed Gouy and Larmor rotation e�ects.
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Figure 4.4.: Experimental imaging (a) and numerical simulations (b) of the free–space propa-
gation of the focused truncated vortex beams (eq. (4.15)) with ` = −3, 0, 3 through their waist
planes z = 0 (the defocus distance z is indicated below the panels).
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Figure 4.5.: Data extracted from the experimental images of �g. 4.4a. (a) �e width of the |` | = 3
beams versus the defocus distance z. �e gray lines mark z = ±zR , whereas black points indicate
the planes of the measurements. (b) Angles of rotation of the C–shaped pa�erns (measured with
respect to their orientations at z = 0) compared with the theoretical Gouy rotation (eq. (4.17))
for the ` = ±3 and ±5 beams.
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174]. On the other hand, this rotation is produced by the interference of the constituting
OAM eigenmodes acquiring di�erent Gouy phases. Indeed, the Gouy phase of the free–space
Laguerre–Gaussian beam is equal to [117]:

ΦG = −(2n + |` | + 1) arctan
(
z

zR

)
, (4.16)

where n is the radial mode number, z = 0 corresponds to the waist position, and zR = kw
2
0/2 is

the Rayleigh length (w0 is the beam waist). One can see that the propagation of a superposition
of the OAM modes with the same n and sдn(`) brings about a Gouy rotation of the interference
pa�ern of an angle:

∆φG = sдn(`) arctan
(
z

zR

)
. (4.17)

In fact, the beam (eq. (4.15)) contains many OAM modes with di�erent n and sдn(`), which
causes distortions of its shape upon the propagation [175, 176]. Nonetheless, the orientation of
the C–shaped pa�erns of the beams (eq. (4.15)) with |` | > 1 basically follows the Gouy rotation
(eq. (4.17)). (�e ` = 0 beam does not rotate but “passes” instead trough the center.)

Figure 4.4b shows numerical simulations2 of the free–space di�raction of the truncated vortex
beams (using experimental values for the parameters), which appears to be in good agreement
with experimental results of �g. 4.4a.

In �g. 4.5 we plo�ed the experimentally–measured angles of rotation for the beams with dif-
ferent ` versus the defocus distance z, compared to the theoretical Gouy dependence (eq. (4.17)).

In fact, in our setup, the beams were not exactly Gaussian but rather converging spherical
waves. In this case the Gouy phase shows a di�erent behaviour, which nevertheless approaches
the arctan behaviour for trajectories close to the intensity maxima [151].

2Simulations of paraxial wave propagation found in this and the following chapters are performed with a set of
Matlab scripts wri�en by me based on the use of the FFT to simulate far–�eld di�raction and on the Fresnel
propagator to simulate near–�eld di�raction.
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Figure 4.6.: Addition and subtraction of the Larmor and Gouy rotations. First, we changed
the image magni�cation of the truncated `l = ±3 vortex beams to produce a uniform Larmor
rotation. Second, we defocused the beams to compensate the Larmor rotation with the Gouy
e�ect for the ` = −3 beam, which simultaneously doubles the rotation of the ` = 3 beam.
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4.2. Experimental Observation of Larmor and Gouy Rotations

4.2.3. Combination of the Larmor and Gouy e�ects

We have shown in the previous section (section 4.1) that for nondi�racting beams in a uniform
magnetic �eld the Zeeman and Gouy phases appear simultaneously, and the OAM–carrying
state would show, depending on the OAM sign, either no rotation, Ω = 0 or a cyclotron rotation
with Ωc = 2ΩL , which is intimately related to the Landau–level properties. For di�racting
beams in a TEM, however, the picture is rather di�erent, and the Larmor and Gouy e�ects are
spatially separated and practically uncoupled of each other (�g. 4.3). �e Gouy phase is gained
near the beam waist at the front focal plane of the objective; it has the characteristic scale of
the Rayleigh length zR , which is typically ∼10 µm. At the same time, the Zeeman phase has the
characteristic Larmor length, zL = v/|ΩL |, which is typically ∼102 to 103 µm. In our setup the
Gouy and Larmor rotations are tuned independently through the illumination and projective
lenses.

In �g. 4.6 we show an experiment where the Gouy–phase rotation due to the defocusing
(�gs. 4.3 to 4.5) was combined with the Larmor rotation produced by changing the magni�cation
(�g. 4.2). �e parameters were chosen such that the two rotations have the same magnitude,
|∆φL | ' |∆φG |, but the Gouy rotation also depends on the OAM sign. As a result, the negative–
OAM truncated beam remained non–rotating, ∆φL + ∆φG ' 0, while the positive–OAM beam
rotated by the double angle ∆φL + ∆φG ' 2∆φL .

4.2.4. Conclusions

In this chapter we have shown how electron vortex beams relate to Landau levels in a uniform
magnetic �elds, and how the structure of the Landau levels can be observed through the rotation
of superpositions of states. �en we have presented the �rst experimental demonstration of the
Gouy phase for quantum ma�er waves, and explored the Zeeman–Larmor rotation of electron
vortex superpositions. �ese two e�ects are uncoupled for the focused electron beams in
typical lens �elds. �e OAM–dependent Zeeman phase produces an OAM–independent Larmor
rotation, while the OAM–sign–independent Gouy phase results in the sign–dependent Gouy
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rotation. �erefore, the two e�ects can be added or subtracted from each other depending on
the OAM sign. Such non–trivial dynamics of complex quantum electron states in a magnetic
�eld is in contrast to the uniform cyclotron orbiting of classical electrons and to the magnetic–
�eld–independent behaviour of optical vortex beams.

Further work has been done in this area by Scha�schneider et al. [177]. �ey approximated
the behaviour of nondi�racting beams by observing di�racting vortex beams far from the waist
where the Gouy phase can be neglected, then employed a setup similar to the one shown in
�g. 4.3 to observe the rotational dynamic. Indeed, in these conditions they were able to observe
C–shaped beams rotate at a di�erent speed depending on the sign of the OAM, in agreement
with the theoretical predictions shown here, and showed how the TEM can be a powerful tool
to gain insight in the dynamics of Landau states.
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5. First Steps in Orbital Angular Momentum
Detection

Electron vortex beam have a�racted great a�ention in the TEM and material sciences com-
munity as their unique properties make them potential tools to study chiral phenomena such
as magnetism and structural chirality of materials. While the research into di�erent ways to
produce electron vortex beams has made this process reproducible and consolidated [33, 85–88,
93, 178], li�le progress has been made so far in measuring the OAM. Due to the strength of
the interaction between electron beams and sample, the outgoing electron beams can possess
a complex OAM spectrum that, with currently available technology and methods, can’t be
accurately measured.

In this chapter we will address the determination of the orbital angular momentum possessed
by a vortex beam, we will highlight a few fundamental problems in this respect and showcase
our own steps in this �eld. �e experiments shown in this chapter, performed by me, have
resulted in:
G. Guzzinati, L. Clark, A. Béché, and J. Verbeeck. “Measuring the orbital angular momentum
of electron beams”. In: Physical Review A 89.2 (Feb. 2014), p. 025803. and in my experimental
contribution to:
L. Clark, A. Béché, G. Guzzinati, and J. Verbeeck. “�antitative measurement of orbital angular
momentum in electron microscopy”. In: Physical Review A 89.5 (May 2014), p. 053818.
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5.1. The Measurement of Orbital Angular Momentum

Electron Vortex beams have a form of the type

A(r , z) exp(i`ϕ) , (5.1)

where ` is the topological charge, and possess an OAM of `~. �e direct proportionality between
topological charge and OAM is only veri�ed as long as the intensity distribution is cylindrically
symmetric around the phase dislocation [181], meaning that in the general case measuring the
topological charge is not equivalent to measuring the OAM.

On the quantum mechanical level, the OAM of a paraxial wave can be calculated integrating
over the whole plane the orbital angular momentum density, de�ned as r̂ × p̂ϕ where r̂ is the
position operator and p̂ϕ is the azimuthal component of the linear momentum density operator.
An ideal method should be able to measure this quantity independently of the radial component
of p̂, and without hypothesis on the shape of the wave. As we will see, all the methods developed
so far fall short of this strict requirement. Wave propagation, whether free or operated by lenses,
is intimately linked to the Fourier transform and as such allows to e�ciently map px and py

into x and y. �is simple relation lies as the heart of di�ractive techniques, that reveal the linear
momentum spectrum of the outgoing wave in the di�raction pa�ern and use it to study the
reciprocal la�ice of a crystal. If a similar process could be devised for OAM, it would open the
study of a rich variety of phenomena.

By employing a transformation that deforms the plane, turning every circle around a chosen
axis into a straight line, it is in principle possible to transform the `2π azimuthal phase into a
linear phase ramp, causing a shi� in the far �eld intensity proportional to `.

Mathematically this can indeed be done by switching from Cartesian to log–polar coordinates
by performing the substitutions

u = − a arctan
(y
x

)
and v = −a ln(

√
x2 + y2

b
) , (5.2)

where (u,v ) are the output coordinates of the transformation, a scales the transformed image
and b translates it in the u direction.
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�is is indeed possible and the conformal mapping pϕ and pr into px and py through ad–
hoc phase–plates [182] has been demonstrated for photons, but the limitations of phase–plate
technology for electrons currently prevent the use of this method.

�is problem has been studied extensively for optical vortices, and many solutions have
been devised, with sensitivity up to the single photon level [182–185]. �ese methods can’t ,
to this date, be translated to electrons due to the more limited �exibility of electron–optical
elements and all the techniques we demonstrate further on for electrons o�er much lower levels
of generality and detection e�ciency than the ones available in light optics [179].

5.2. Experimental OAM Determination in Electron Beams

Previously measurement of the OAM of electron beams has been performed through the com-
puter generated holograms (CGH) that have been used for the production of vortex beams [86,
186]. An incoming plane wave is di�racted by the CGH into a 1D vortex array. �e OAM of
each di�raction order is ` = nq where q is the dislocation order and n the di�raction order. �e
intensity of the various spots depends on the bar–width/slit–width ratio that determines the
single–slit–envelope of the intensities [1] (see section 2.2.1 for more on CGH).

Illuminating the mask with a vortex beam of OAM `i (see �g. 5.1a) the OAM in the di�racted
spots changes to ` = `i + nq, while the relative intensities of the di�erent di�raction spots are,
to a good approximation, unaltered [186, 187]. �e phase discontinuity is not present in the
` = 0 beam, and so it does not acquire the characteristic doughnut intensity pro�le [188].

We experimentally veri�ed this by placing anq = 1 fork aperture in the illumination system of
an FEI Titan3 microscope operating at 200 kV, and using the resulting vortex beams to illuminate
a second q = 1 fork aperture placed in the projection system. Switching the magnetic–lens
system to di�raction mode projects the far–�eld di�raction of the aperture onto a CCD camera.
�e OAM of the input beam can be deduced observing which di�raction order does not possess
a doughnut intensity pro�le, thus satisfying `i + nq = 0, as illustrated in �g. 5.1b.

As vortex beams possess a central intensity minimum whose width scales with
√
|` |, a pinhole
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Figure 5.1.: OAM measurement with a fork grating. (a) Schematic of the setup. (b) Experimental
images of the di�raction pa�ern produced by the fork for the values of incident OAM ` =
{−2,−1, 0, 1}. Each column represents a recorded pa�ern, the di�raction order of each beam
is indicated on the le�. (c) Simulation of a signal collected by a pinhole positioned on the �rst
di�racted order, as a function of the pinhole width and for di�erent illuminating beams, and
selectivity of the pinhole for dichroic signal de�ned as (I−1 − I1)/(I−1 + I1). �e pinhole size is
normalized to the FWHM of an ` = 0 beam.
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placed in the position of the di�racted beam can discriminate between a vortex or a non–vortex
beam, analogous to the use of a single–mode �bre in light optics [189].

�is method is very ine�cient as the absorption from the mask and the further subdivision
of intensity between di�erent beams leaves only 10% of the initial intensity in the �rst order
di�racted beam, even less in higher orders. Additionally the discrimination is more accurate
for a smaller pinhole, with the result that most of the beam’s intensity is lost.

In order to estimate the discrimination e�ciency of this technique we simulated the intensity
collected by a pinhole. We simulated the di�raction pa�ern produced by an ideal fork mask when
illuminated with vortex beams with ` = {−1, 0, 1}, then we integrated the intensity sca�ered
within a circular aperture centred on the n = 1 di�raction order, and plo�ed the intensity as a
function of the radius of the aperture for the di�erent values of incident OAM. �e intensity is
normalized to the incident intensity in the single ` = {−1, 0, 1} beam, and the pinhole size is
normalized to the FWHM width of an ` = 0 beam. �e selectivity, de�ned as (I−1 − I1)/(I−1 + I1)

where In is the intensity collected from the incoming component with ` = n, is also shown.
We found that if a high selectivity is required, the signal intensity is extremely low. With a

normalized pinhole diameter of 1, the selectivity is ∼ 0.97 and the intensity as low as 5% of the
incident intensity. With a pinhole diameter of 2.5 the collected intensity is increased to 8.5%
but the selectivity decreases already to ∼ 0.27.

For higher order beams the detection e�ciency is even lower due to the weaker intensities
of the Bragg spots.

It should be noted that the applicability of this simulation is limited as the radial shape of
the di�racted beams, and therefore the detection e�ciency, depends on the radial intensity
distribution of the beam incident on the mask. In the extreme case, where the radial distribution
is entirely unknown, the OAM selectivity is achieved only in the very centre of the di�racted
spot, at the cost of an extreme loss of e�ciency.

�is �rst example shows how the phase singularity of a vortex beam determines the di�raction
pa�ern it produces. One might wonder whether replacing the CGH with a di�erent binary
aperture would allow identi�cation of the OAM while conserving a greater fraction of the
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Figure 5.2.: OAM measurement with a triangular aperture. (a) Schematic representation of the
setup. (b) Experimental images, the absolute OAM value can be deduced counting the spots in
the pa�ern, as the triangle’s side will have |` | + 1 lobes.
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incoming intensity. Indeed using geometrically shaped apertures can produce characteristic
di�raction pa�erns that allow the identi�cation of the topological charge of the incident beam
[190–195]. Among the various examples the triangular aperture is particularly interesting due
to its simple analysis.

�e di�raction of a vortex beam by a triangular aperture produces a triangular la�ice in the
far–�eld which is determined by the input topological charge. �e origin of this pa�ern can be
understood recalling that the di�raction of a wave by an aperture is formed by the interference
between the edge waves. �e extra phase in an incident vortex beam shi�s the edge waves,
forming a triangular pa�ern. �e magnitude of the shi� and thus the size of the pa�ern is
determined by the value of |` |. �e handedness of the OAM relates the orientations of pa�ern
and aperture [191].

�is method has been shown to hold also for vortex beams with non–integer topological
charge, and the rotation the pa�ern acquires upon changing the sign of the OAM has been
linked to the Gouy phase [196]. �erefore recording the di�raction pa�ern and analysing the
arrangement and number of intensity maxima allows retrieving both value and sign of the
OAM [191, 196].

We veri�ed this by placing a triangular aperture in a Philips CM30 TEM at 300 kV. �e vortex
beams were created by a forked hologram in the illumination system of the microscope and used
to illuminate the triangle, recording the di�raction pa�ern with a CCD camera (see �g. 5.2a).

�e resulting pa�ern shows the expected characteristics as shown in �g. 5.2b. �e number of
maxima on the edge of the triangle scales as |` | + 1 and the direction reverses upon changing
the sign, allowing easy identi�cation of the OAM. �e �rst limitation of this approach lies in
the fact that the analysis is fundamentally more complicated than simple signal counting as in
the previous case. Furthermore the analysis of such a pa�ern is simple only if the vortex beam
is an OAM eigenstate. A superposition of states produces di�raction pa�erns that deviate from
the triangular la�ice pa�ern and are harder to interpret. An incoherent superposition of two
vortex states generates a pa�ern consisting of the sum of the two di�erent pa�erns. When such
a superposition is formed by modes of di�erent |` | the features of the lower order mode tend to
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be more prominent, as the intensity is concentrated on a smaller area.
Most of the techniques based on geometrical apertures produce a pa�ern that needs to be

recorded and analyzed in order to obtain the OAM. However a knife edge generates a di�raction
pa�ern that lends itself to the development of a counting–based technique.

While we have already shown that a knife edge can be used to reveal the handedness of an
electron vortex beam [173] the possibility for detecting the value of the OAM has only indirectly
been explored [153].

If we block half of a vortex beam with a knife edge at the waist, thus obtaining a C–shaped
beam, we can observe that upon propagation the beam undergoes a deformation of the inten-
sity pa�ern and a characteristic rotation whose direction depends on the sign of the angular
momentum [155, 173]. In the far–�eld we observe that for opposite values of OAM the pa�erns
are rotated by π radians with respect to each other, and possess an asymmetric intensity distri-
bution. Another way to interpret this phenomenon is that while the spiraling current–density
of the vortex mode possesses an average zero value of transverse momentum, blocking half
of the beams breaks this symmetry, and the resulting C–shaped beam has a non zero value of
transverse momentum, leading to a shi� in the di�raction pa�ern.

We veri�ed this experimentally in a Philips CM30 TEM. We selected a single vortex beam
generated by the fork mask using a second aperture, then blocked half of this beam with the
knife–edge (see �g. 5.3a). �e resulting pa�erns, shown in �g. 5.3b, present the expected asym-
metry and mirror symmetry upon changing the sign of the OAM. Additionally the asymmetry
appears stronger for higher OAM.

In order to explore the feasibility of this method, we performed numerical simulations study-
ing the link between the value of OAM and the asymmetry in the di�raction pa�ern. For
this we supposed a knife–edge blocking half of a vortex beam at its waist, then centering the
resulting far �eld pa�ern on a detector. We imagined this detector as divided in two parts with
independent signal output of the impinging current, as in �g. 5.3c. We then calculated the
fraction of the intensity collected by the right–hand–side of the detector, shown in �g. 5.3d. It
was found that this signal depends on the OAM in a nonlinear way, but appears to saturate at a
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Figure 5.3.: OAM measurement with a knife–edge. (a) Schematic of the setup. (b) Experimental
images, the dashed line indicates the direction of the knife edge. (c) Schematic representation
of a detector divided in two parts with the dividing line orthogonal to the knife–edge, and
on which the beam has been centered. (d) �e fraction of he total current that will reach the
right–hand–side of the detector as a function of the OAM.
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maximum value of half the incident intensity (half of the intensity is blocked by the knife edge).
�is shows that this method can only be applied to low values of OAM with reasonable

accuracy. Moreover, if this method is applied to analyze a superposition of states the non–
linearity makes it impossible to uniquely obtain the average OAM or the relative weight of each
mode.

However if the wave is known to be an incoherent superposition of ` = {−`0, 0, `0} a direct
proportionality between signal and ` can be established, enabling OAM measurement.

A step forward in the development of a more general method for the analysis of the OAM
spectrum is the multi–pinhole interferometer (MPI), recently applied for the �rst time to electron
beams by Clark et al. [180]. An MPI is in principle an interferometer comprising a set of small
holes, but for the measurement of OAM it is interesting to consider only the case where the
n pinholes are circularly distributed and evenly spaced. If a wave is projected on such an
interferometer, the far �eld intensity distribution will be determined by the phase relationship
between the pinholes and immediately allow to recognise the value of `. We placed a 5–holes
MPI in the projection system of an FEI Titan3 microscope operated at 200 kV, and collected
di�raction pa�erns for ` = {−2, 0 − 1 − 2} beams centred on the interferometer. One readily
sees to see how the intensity pa�ern is directly determined by the value and sign of `. �e MPI
however, is more than just another type of geometrical aperture, as it can be used to obtain a
quantitative OAM decomposition of the beam, even for more complex situations. If we calculate
the autocorrelation function by employing the Wiener–Khinchin theorem:

A (Ψ) = F −1 ( |F (Ψ) |2) , (5.3)

where A indicates the autocorrelation and F indicates the Fourier transform, which means
that the autocorrelation function of the MPI can be obtained by Fourier transforming the
di�raction pa�erns shown in �g. 5.4b. An example of the experimental autocorrelation function
is shown in �g. 5.4d. SinceA (Ψ) has high value at a position representing the distance between
highly similar features, we can observe peaks at displacements from the center equivalent
to the displacement vector between one pinhole and another, in addition to a central peak
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Figure 5.4.: OAM measurement by multipinhole interferometer. (a) Schematic of the setup (b)
Experimental di�raction pa�erns (c) TEM image of the MPI (d) Example of autocorrelation
function, the colour intensity represents the amplitude while the hue represents the phase. (c)
and (d) are adapted from [180]
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representing the sum of all pinholes. �e value of the phase in the o� centred peaks is related
to the phase di�erence between the two contributing pinhole. Once the phase di�erence
are obtained from the autocorrelation function, it is possible to perform a spiral–harmonic
decomposition to quantitatively obtain the weights of the di�erent vortex modes in the wave
being analysed [180]. While the quantitative analysis is a major step forward, this method
su�ers from a few limitations. �e pinholes need to be small enough that the phase of the wave
can be considered constant inside each one, and distant enough so that the o� centred peaks in
the autocorrelation function do not overlap. Furthermore since we are sampling the wave in
only n points, with n being the number of pinholes, the MPI cannot distinguish between the
vortex mode of order ` and the mode of order ` + n, as they give identical phase di�erences at
the n positions.

While the above methods all employ binary di�raction techniques, in the optical case, the
phase can be directly manipulated to reveal the OAM [182]. Equivalent phase manipulation
techniques within the TEM, are currently not �exible enough to enable a true OAM decompo-
sition; while TEM phase manipulation has been demonstrated in the production of electron
vortices [32, 33]. �ere is however a phase manipulation method of simple experimental re-
alization that allows simple measurement of the topological charge, a method based on the
mode–conversion process also used to produce vortex beams[158].

Typically a higher–order Hermite–Gaussian mode is converted, applying successive astig-
matic phase shi�s, into a higher–order Laguerre–Gaussian beam which carries a phase vortex.
�is is achieved in light optics with cylindrical lenses, or in electron optics using the electron–
optic stigmators [117, 158]. �e order of an LG–like vortex mode can be measured by reversing
this process – applying a quadratic phase–plate divides the doughnut intensity pro�le, into
a number of linearly arranged intensity lobes, where the number of lobes is equal to |` | + 1.
�e orientation of the pa�ern with respect to the phase–plate (angled at π/4 ), reveals the
sign of ` [197, 198]. As demonstrated in �g. 5.5b, the experimental results neatly follow these
predictions. �is method is particularly easy to employ within the TEM, requiring the manual
adjustment of only one parameter, which is freely tunable on any electron microscope. Indeed
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Figure 5.5.: OAM measurement by astigmatic phase. (a) Schematic of the setup (b) Experimental
results.
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this technique can be an ideal way to con�rm the vortex beam order during the preparation
of a more complex experimental set–up and then readjusted to an astigmatism–free condition.
However impure modes would lead to overlapping of the intensity lobes, so this technique only
works for pure vortex states, presenting in this the same limitations as the triangular aperture.
Furthermore the characteristic pa�ern can only be observed close to the beam’s waist.

5.3. Conclusions

In this chapter We have presented and demonstrated several methods for the measurement of
OAM in electron beams. Two of these demonstrations clari�ed the details and generalized the
scope of the methods shown in earlier publications [86, 173, 186] while two additional methods
(the triangular aperture and the astigmatic phase) were demonstrated in TEM use for the �rst
time, introducing additional �exibility in this newly developing �eld [179, 180].

�e methods employing the triangular aperture and the astigmatic phase allow the measure-
ment of any order of topological charge, but require the characteristic pa�ern to be recorded and
analyzed. Alternatively the knife–edge and the fork mask are more suitable for analysis of low
order vortex beams, but potentially allow the measurement to be reduced to a simple counting
which could be automated. However the high versatility in this respect of the fork mask comes
at the expense of a very low detection e�ciency, while if the above mentioned restrictions on
the values to be measured can be imposed, the knife–edge grants a be�er e�ciency [179]. �e
multi–pinhole interferometer, while possessing a limited e�ciency, is the �rst method that
allows the quantitative measurement the OAM spectrum of a superposition of states [180].

�e applicability of these methods is restricted to eigenstates of OAM or in some cases
to incoherent superpositions of these states, and does not translate well to arbitrary beams,
where the outcome in general depends not on the OAM alone but also on the exact form of
the beam [199]. While this sets a target for future development of the detection methods, the
applications can already bene�t from these results. A variety of phenomena can already be
studied within these restrictions such as the EMCD e�ect or the generation of vortex beams by
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magnetic monopoles [85]. We believe that the availability of methods to detecting the OAM
will lead to new and interesting developments, as the role of OAM is considered in phenomena
such as di�raction [200] or elastic propagation of electron beams through ma�er [116, 134].
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6. Nondi�racting electron waves: Airy
Waves and Bessel Beams

We have so far focused mainly on vortex beams and on their properties, but there is a wide
variety of possible beams with interesting characteristics and the development of beam shaping
methods and technologies already allows to generate several of them.

Non di�racting beams such as Airy waves and Bessel beams have a�racted some a�ention in
recent years due to their counterintuitive shape–preserving properties, and have already been
demonstrated in the TEM by means of holographic reconstruction.

In this chapter we will focus on these beam types and demonstrate alternative approaches to
their generation, that eliminate the problem of the multiple di�raction orders, while showcasing
some of the already existing possibilities for beam manipulation [35]. In particular, the method
for the realization of Airy waves is has bee published in:
G. Guzzinati, L. Clark, A. Béché, R. Juchtmans, R. Van Boxem, M. Mazilu, and J. Verbeeck.
“Prospects for versatile phase manipulation in the TEM: Beyond aberration correction”. In:
Ultramicroscopy 151 (Oct. 2015), pp. 85–93

6.1. Airy waves

Airy wave packets were �rst studied in 1979 by Berry and Balazs, who demonstrated that the
free–particle Schrödinger equation can exhibit nonspreading solutions described by the Airy
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function [201]:

ΨA (x , t ) = Ai
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−

t2

4k2x4
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)
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))
. (6.1)

where x0 scales the wave’s transverse modulation, and Ai is the Airy function.

Notably, these nonspreading wave packets preserve their shape in time freely accelerate even
in absence of an external potential, and reconstruct spontaneously if a part of the packet is
absorbed. �ese surprising properties are possible due to the fact that the Airy function is not
normalizable and therefore this solution is not physically acceptable, and the packet’s position
and speed are not clearly de�ned quantities.

�anks to the mathematical correspondence between the Schrödinger equation and the
paraxial equation of di�raction, the same results also apply to optical waves, where the time
evolution is replaced by the spatial propagation along the optical axis and the absence of
spreading in the wave packet results in a nondi�racting behaviour.

Approximations to the Airy waves have been demonstrated in light optics, obtained by trun-
cating the Airy wave with a Gaussian envelope[202], and have found surprising applications
in light microscopy[203, 204]. �ese Gaussian–Airy beams present greatly reduced di�rac-
tion, self–healing, and a main lobe that propagates on a parabolic trajectory thus showing
self–acceleration [202, 205]. �is transverse acceleration remains physically possible as it is
countered by the acceleration of the subsidiary lobes in the opposite direction – and hence the
centre of mass of the whole wavefront maintains a rectilinear trajectory respecting Ehrenfest’s
theorem[206].

Electron Airy waves have also recently been generated in the TEM by use of a computer
generated hologram [205]. Here we show an alternative method for the generation of a single
electron Airy beams that can be applied in an unmodi�ed aberration corrected microscope,
removing the conjugated and higher order beams and the unwanted downtime needed to install
the holograms in the microscope column.
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6.1. Airy waves

�e nondi�racting Gaussian–Airy beam is described by:
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where a << 1 is controls the exponential truncation of the wave. It can be seen that the
Fourier transform of eq. (6.2) is characterized by a cubic phase and a Gaussian truncation
F ∝ exp−ak2 exp ik3/3, hence Airy waves have been generated in optics by illuminating a
cubic phase plate with a Gaussian laser beam.

Similarly in the �rst realization of electron Airy waves a cubic phase was imprinted on the
wave by means of a computer generated binary hologram, an approach that possesses all the
limitations we have seen in section 2.2.1. It is however possible to generate the desired phase
by a controlled misalignment of the spherical aberration corrector. We seek to generate a cubic
phase aberration phase plate:

χ ∝ k3
x + k

3
y , (6.3)

where kx =
2π
λ θ cosϕ and ky =

2π
λ θ sinϕ are the components of the transverse momentum.

�e aberration function, truncated to the cubic terms, is:

χ =
2π
λ

[
θA0 cos(ϕ − ϕ11)

+
1
2θ

2 {
A1 cos(2(ϕ − ϕ22)) +C1

} (6.4)

+
1
3θ

3 {
A2 cos(3(ϕ − ϕ33)) + B2 cos(ϕ − ϕ31)

}
+ ...

]
.

It is easy to see that we need to minimise all aberrations other than three–fold astigmatism
(A2) and third–order axial coma (B2). We adjust their relative strength such that B2 = 3A2 and
relative direction such that Φ31 = Φ33 +

π
3 . A demonstration of this approach can be seen in

�g. 6.1
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Figure 6.1a shows the computed phase distortions for A2 ≈ 5.8 µm and B2 ≈ 17 µm for a
semi–convergence angle α = 9.5 mrad, separately and then added to obtain the cubic phase
plate. �e intensity pro�le generated by this phase plate is then obtained by simulating a �at
illumination of this aperture–limited phase plate and Fourier transforming it. �e simulated
intensity in the sample plane is shown in �g. 6.1b, together with the experimental intensity
pro�le obtained with these parameters in a double corrected Titan3.

As a demonstration of the interesting self–accelerating property of the Airy beam, we
recorded the beam intensity pro�le through a defocus series from 0 nm to +160 nm, in steps
of 10 nm, then transformed it into a three dimensional stack where the intensity represents
the electron probability density. �is is represented in �g. 6.1c, as a three dimensional ren-
dering, where the acceleration of the main lobe is clearly visible in the parabolically curving
trajectory. �e intensity pro�le was obtained by slicing the volume through the plane bisecting
the straight angle in the beam. �e 10 nm stepping in the z direction is smoothed out by the
low–pass �ltering in the rendering so�ware.

6.2. Bessel Beams

In 1987 Durnin observed that a wave beam with a transverse amplitude in the shape of a
�rst order Bessel function [123] would not spread and keep its shape upon propagation, and
reconstruct and “heal” if its shape is disturbed [123, 207]. While true Bessel beams cannot be
created, the �nite power optical Bessel beams have been used extensively in optical microscopy
and optical tweezing, and the recent demonstration of electron Bessel beams shows interesting
potential applications [208].

�e zeroth order Bessel beam, used for most applications in optical microscopy, has the form

ΨB (r , z) ∝ exp (ikzz)J0 (k⊥r ) , (6.5)

One readily sees that it’s the product of a transverse in plane distribution dependent only on
r , and of a pure phase propagation term dependent only on z and is thus nondi�racting. �e
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Figure 6.1.: Generation of Airy waves by aberration manipulation. (a) �reefold astigmatism
(A2 ≈ 5.8 µm) and third order axial coma (B2 ≈ 17 µm) are combined in a cubic phase plate
(semi–convergence angle α = 9.5 mrad , accelerating voltage 300 kV). (b) Simulation and
experiment of the intensity pro�le generated with these aberrations. (c) Demonstration of the
accelerating propagation of the Airy wave. A focal series of the propagation has been recorded
and transformed into a 3D stack, here shown as a 3D rendering and as a 2D slice through the
volume.
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Fourier transform of eq. (6.5) is given by

Ψ̃B (p⊥,ϕ,pz ) ∝ δ (p⊥ − ~k⊥)δ (pz − ~kz ) , (6.6)

where δ is the Dirac delta distribution, showing that the Bessel beam is an eigenstate of trans-
verse momentum, and that it can be considered as a conical superposition of plane waves. �e
�rst consequence of this is that an approximated Bessel beam can be obtained by imprinting
a conical phase on a plane wave, for instance by the use of an axicon (a conical lens) or with
a spatial light modulator or an hologram. �e second consequence is that the self healing
behaviour of the beams becomes intuitive. If we obstruct the central lobe of the beam, we
can easily imagine that the conically converging plane waves will recreate it a�er a certain
propagation distance, which from simple geometric arguments can be estimated as

zrec ≈
ak⊥
2kz

(6.7)

where a is the size of the obstruction [207]. An ideal Bessel beam also has its intensity evenly
distributed between all the concentric rings [123, 209]. All these remarkable properties are
found in approximated Bessel beams, though weakened by the deviation from the ideal Bessel
beam [207, 210, 211]. �e �nite energy beam deviates from the in�nitely thin δ–ring described
by eq. (6.5) to an annular distribution of wave vectors characterized by a �nite width ∆k ⊥.
With ∆k⊥ � k⊥, the beam will be very close to an ideal Bessel, preserving its shape over a
distance much higher than the Rayleigh range, reconstructing its shape more e�ectively, but
possessing only a minor fraction of the intensity in the central lobe.

�ese properties have been exploited in the various applications of optical Bessel beams. In
optical tweezing the Bessel beams have been used to stack up several microparticles in a line or
to manipulate particles contained in separate sample cells several millimeters apart allowing
the performance of parallel tweezing experiments in a single setup [212–214]. In both cases the
extended depth of focus creates a trap for the particles with a large z–extensions, while the self
reconstruction guarantees that the beam will preserve its shape even a�er having interacted
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with several nanoparticles. Higher order Bessel beams contain a phase vortex, and allow the
tweezers to exert a torque [215].

In optical microscopy Bessel beams have found important applications due to the ongoing
push to investigate heterogeneous and thicker tissue samples rather than cell cultures [216,
217]. �e investigation of this kind of samples requires the application of optical sectioning
techniques (the ability to separately image a de�nite depth within the sample while ignoring
the layers above and below) and su�ers greatly from the mismatching optical indices between
di�erent substances which distorts both the illumination and the imaging of a given point [217].

One of the techniques devised for optical sectioning is the so called light sheet microscopy,
where a single plane within the sample is illuminated from the side with a beam that is focused
in the vertical direction, but extended in the horizontal direction (if we call z the direction of the
optical axis, the light sheet lies in the xy plane). �is beam, typically an excitation beam used
to induce �uorescence in marked areas of the sample, is then scanned vertically to separately
image di�erent planes in the sample, while an objective lens is placed orthogonally to the light
sheet to acquire an image of the illuminated section.

In this approach however, the illuminating light sheet is sca�ered by the thick sample, causing
the illumination to spread to other planes and also destroying its horizontal uniformity. As
a result, areas of the sample distant from the illumination source are imaged with inferior
accuracy and the contrast is di�cult to interpret [216].

However, if the light sheet is replaced with an horizontally scanned Bessel beam its non
di�racting character still allows to have an approximately uniform illumination intensity
through the whole �eld of view, which would not be possible with a Gaussian beam, but
the illumination distortion is greatly reduced thanks to the self healing nature of the beam [203,
217, 218]. Furthermore, since higher order Bessel beams are vortex beams possessing the char-
acteristic central dark spot, this technique can be combined with stimulated depletion emission
microscopy (STED) microscopy, to achieve super–resolution. In conventional STED a higher–
order Laguerre–Gaussian depletion beam is projected on the sample together with a concentric
Gaussian excitation beam. �e depletion beam has a longer wavelength than the characteristic
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�uorescence wavelength and stimulates the �uorophores to emit redshi�ed photons, eliminat-
ing emission in the positions where this beam is intense. Due to this e�ect regular �uorescence
is possible only in the central dark spot of the depletion vortex beam, but since this dark spot
is smaller than the FWHM of the Gaussian beam the resolution of the �uorescence image is
enhanced [219]. �is combination of light–sheet and STED microscopies has been predicted
to o�er higher resolution than conventional scanned light sheet microscopy, and much higher
frame rate and reduced photobleaching when compared to regular STED [220].

While none of these techniques is available for electron microscopes, Bessel beams still have
interesting potential applications. Having a very limited angular spread (just a thin ring in
k⊥–space) these beams are less susceptible to the circularly symmetric aberrations (denoted
as Ci in eq. (2.4)) such as spherical aberrations, and also possess the smallest central spot size
for a given convergence angle, o�ering some potential for the improvement of resolution in
non aberration–corrected instruments. �e greatly enhanced depth of focus might be seen
by most electron microscopists as a disadvantage, as it reduces the already low z–sensitivity.
However, Bessel beams might o�er a way to obtain fully–in–focus high resolution images of the
sample in the presence of high position di�erences in the optical axis direction. �is could o�er
interesting possibilities for high resolution tomography of larger samples, the accurate imaging
of features with high aspect ratio in the beam direction, and will probably become more and
more interesting with the availability of higher convergence angles and with the increase in
the pixel–count of images.

�e price to pay for these features however is that the secondary intensity rings cause a
strong delocalized background signal that is superimposed to the spatially resolved signal from
the main lobe, lowering the signal to background ratio.

Electron Bessel beams have recently been demonstrated, by use of a computer generated
phase hologram and have been shown to be both nondi�racting and self–healing in accordance
with theoretical prediction and optical results. �ere are however di�erent ways to generate
electron Bessel beams. For instance the electron optical equivalent of an axicon can in principle
be realized by placing a positive point charge of appropriate strength on the optical axis.
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By far however, the easiest way to generate Bessel beams, optical or electronic, is by placing a
thin annular aperture in the illumination system. �is aperture reproduces the minimal angular
spread of an approximate Bessel beam, and its Fourier transform is a conical superposition
of plane waves with transverse momentum kperp ± ∆k , where ∆k is the angular with of the
angular slit. If we design such an annular aperture for use in a TEM, we have to include support
beams for the central round section. �e support beams will unavoidably further distort the
shape of the Bessel beam causing a star shape to appear, similarly to the e�ect of the support
spikes of the secondary mirrors in astronomical telescopes [221–223].

In �g. 6.2(a) we can observe such an aperture milled out of a gold coated silicon nitride foil
with a diameter of 20 µm and a with of the annulus of 0.8 µm. We installed this aperture in
the X-Ant-Em microscope, a probe–corrected FEI Titan3 installed at the university of Antwerp.
Since this instrument is equipped with an aberration corrector for the condenser system but
not for the imaging system, it can produce probes with a sub-Amain lobe size, but it can’t image
them correctly. �erefore in order to study the shape of the probe we reduced the convergence
angle down to about1 mrad to ensure aberration-free imaging and acquired the intensity pro�le
of the beam, shown in �g. 6.2(b). We also acquired a focal series of our Bessel beam and of a
conventional Airy disc beam, with defocus values −7 to 7 µm in order to study the propagation.
By stacking the images we obtained a three dimensional distribution of the electron probability
density along its propagation. A three–dimensional rendering of the Bessel propagation is
shown in �g. 6.2(c), while in �g. 6.2(d) a couple of two–dimensional xz slices allows to compare
the di�erent propagation of the Bessel–like beam and of the Airy disc.

�e greatly extended focal depth is clearly visible, particularly in comparison to the Airy disc,
as well as its delocalized character. �e Bessel beam maintains, over the studied range, a clearly
con�ned intense central lobe that does not expand but, when moving away from the waist,
progressively loses intensity to the surrounding ripples that increase in width, constituting the
expanding halo visible in �g. 6.2c.

Even though electron microscopists are striving to improve the z–resolution of the instrument,
there are interesting uses for a depth–independent imaging techinique. Alongside their original
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Figure 6.2.: Bessel beams can be generated with an annular aperture. First we milled an annulus
with a diameter of 20 µm and a width of 0.8 µm into a Au-coated Si3N4 �lm (a), then placed
it in the illumination system of a TEM. By using a convergence angle of 1 mrad we imaged
the probe in an aberration free regime (b) then collected a focal series with a defocus ranging
from −7 to 7 µm to study the beam’s propagation. �e images of the series have been stacked
into a three–dimensional dataset. (c) �ree dimensional rendering of the propagation of the
probe from its focal position over a distance of 7 µm. (d) A slice through the volume of the
three dimensional dataset allows to observe the nondi�racting character of the beam over 14 µm
compared to the propagation of a common Airy disc beam (the beam’s focal plane is in the
centre of the image).
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demonstration of electron Bessel beams Grillo et al. showed, through multilisce STEM image
simulations, how these probes could allow to acquire atomic resolution images of highly tilted
samples [208]. In order to explore this possibility we set up the microscope for a convergence
angle of 20 mrad to take advantage of the full resolution of the instrument, and acquired high
resolution STEM images of a FIB–prepared1 lamella of strontium titanate (SrTiO3) with a normal
and a Bessel probe. �e images acquired with the Bessel probe su�er from a much lower contrast
due to the delocalized signal coming from beam’s tails, and the annulus lets through less than 20%
of the current impinging over it, further lowering the signal. �is makes it much more di�cult
for the user to visually �ne tune astigmatism and other aberrations for optimal resolution,
We tilted the crystal 60° around the 〈100〉 direction in order to create a strong di�erence in
z–position across the image. Being now far from a low index zone axis it is impossible to
distinguish single atomic columns, but crystal planes are still clearly visible. Focusing the center
of the images, we can observe that the edges appear to be out of focus due to the strong tilt.
�e resulting images can be seen in �g. 6.3. While the image collected with the Bessel beam
presents a lower contrast, we can visually see that at the top/bo�om edges we observe only a
fading of the contrast, while the lines remain visible.

To con�rm that this is the case we Fourier–transformed each line of the images independently,
thus preserving the vertical direction as a spatial direction. We can indeed observe that the
highest Fourier components appear to extend slightly further across, despite an inferior contrast.
In order to further amplify this e�ect it is necessary to employ a probe closer to an ideal Bessel
beam, which can be generated with a thinner annulus, at the cost of an even lower contrast and
beam current.

1FIB or focused ion beam is a standard method for the preparation of TEM samples by using a focused beams of
(commonly) Ga ions to cut a thin lamella of material out of a wafer.
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Figure 6.3.: High resolution STEM images of a tilted crystal, with a conventional Airy disc probe
(a) and with a Bessel probe (b). Beside each HAADF image is a line–by–line Fourier transform
of the intensity. Contrast and brightness has been tuned for be�er visualization. �e STEM
images are 4 nm wide. In (c) a graphic representation of the experiment is given, and the plot
(d) compares the intensity of the rightmost Fourier component normalized to its maximum. �e
plot has been smoothed for clarity.
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6.2.1. Conclusions

We have given a brief overview of some nondi�racting beams, showing how alternative beam
manipulation techniques allow to bypass the limits of holographic reconstruction. �e Airy
beam generation through aberration correction shows once more how the control of the high
order aberrations opens a range of nontrivial possibilities, while the Bessel production through
an annulus o�ers a simple a general method that does not require specialized knowledge
or complex instruments. Our experimental tests of imaging with Bessel beams, while very
preliminary, appear encouraging. While right now the advantages of nondi�racting beams
might appear limited, as high resolution STEM imaging of larger �elds of view becomes more
common the high resolution tomography of larger samples will be limited by the focal range
of the probe, particularly so when the next generation aberration correctors will allow further
increases in convergence angle. In these conditions the peculiar characteristics of Bessel beams
might outweigh their limitations.
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�is work represents a �rst look into the possibilities of structured beam illumination as work
on this subject is ongoing in several research groups around the world. In this chapter we
illustrate two topics which we believe deserve further research and a�ention.

7.1. Beam shaping for selective detection of inelastic transitions

A�er the �rst demonstrations of electron vortex beams, one of the �rst topic to a�ract a�ention
has been the possibility of detecting the magnetization of single atomic columns by measuring
the EMCD e�ect.

If an electron vortex beam is focused into an atom–sized probe and used to excite inelastic
transitions within the energy levels of an atom the conventional selection rules are altered [153,
160, 224, 225]. While this in principle allows to probe the magnetic state of an individual atom,
in the real case the picture gets much more complicated. �e strength of the dichroic signal gets
much weaker due to elastic sca�ering, both of the impinging vortex and of the inelastic electron,
by the crystalline la�ice, causing the purity of the vortex mode to degrade, and producing a
complicated angular distribution of the inelastically sca�ered electrons [116, 134, 160, 226, 227].
�e necessity of limiting the collection angle results in a limited signal–to–noise ratio which,
even in the best conditions and on state–of–the–art instruments, is usually just enough to
perform high resolution mapping of chemical species or oxidation states. �e further reduction
of signal in EMCD experiments makes them exceedingly di�cult. We will now outline the
theoretical principle behind the selectivity, and show how these can be used to selectively probe
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plasmonic excitations.

7.1.1. Inelastic sca�ering of fast electrons

�e inelastic electron sca�ering process and the formation of images from inelastic electrons
have been studied in depth developing a rigorous treatment that describes the whole process
including the issue of partial coherence [16, 228, 229]. �e main features of these processes
however are easily outlined with a simpler model. Let’s call ki and kf the initial and �nal
wave vector of the fast electron, |0〉 and |n〉 the ground (initial) and �nal states of the sample,
and ~q and E the exchanged momentum and energy. �e inelastic sca�ering amplitude in the
time–dependent �rst order Born approximation, for an impinging plane wave and with the
detection plane in the far–�eld, is [53, 230]:

f0→n (ki ,kf ) = −
me

2π~2

〈
kf ,n

���V
���ki , 0

〉
. (7.1)

withme being the electron rest mass and V the interaction potential. It can be shown that this
yields an angular distribution of the outgoing electrons [53, 230]:

dσn
dΩ
∝

1
k2
i (θ

2 + θ 2
E )

d

dE
дn (q(θ ,ϕ),E) (7.2)

where θ is the sca�ering angle, дn (q(θ ),E) is called the generalized oscillator strength and
depends only on the properties of the sample [53, 230], θE = E/(γmev

2) is a characteristic angle
associated with the energy loss E (γ is the Lorentz factor and v the velocity of the particle).

�is sca�ering distribution, for дn weakly dependent on the energy, is approximated by a
Lorentzian distribution with a full width at half maximum θE , which is typically in the order of
≈1 mrad, the angular dependence ofдn is typically ignored as the signal is azimuthally integrated
by the detection system. While the exact shape of дn does play an important role in de�ning
the total cross section, we ignore it here for simplicity.

Given that the Lorentzian distribution e�ectively suppresses the high frequencies it has
the e�ect of broadening the real–space image of the target, an e�ect that is commonly called
electron delocalisation.
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�e generalized oscillator strength however, is not featureless and contains information on
the states involved in the transition [231, 232]. In the case of a 1s → 3px transition the GOS
will possess an azimuthal modulation ∝ cosϕ, due to the symmetry of the states involved.

�e expression in eq. (7.1), the sca�ering amplitude for an impinging plane wave, is also
called transition matrix.

In a more realistic case the incident beam will be a coherent superposition of plane waves,
which is described by an aperture function A(θ ,ϕ) that in the electron microscope can conve-
niently be associated with the condenser aperture and aberrations, or more in general with the
Fourier transform of the probe beam.

In the general case of aberrated or modi�ed beams, A(θ ,ϕ) is a complex function modulated
both in modulus and phase. �e new sca�ering amplitude can be easily calculated by convolving
the transition matrix (eq. (7.1)) with A(θ ,ϕ).

As an example, in the typical case of a convergent, aberration–free, STEM probe with a
semi–convergence angle α the aperture function is:

A(θ ,ϕ) =



1 for θ < α

0 for θ > α
(7.3)

Due to the (in general) complex character of both the generalized oscillator strength and the
aperture function this convolution can signi�cantly change the characteristics of the outgoing
wave.

It has been predicted that the symmetry between spin-polarized atomic transitions, which
are distributed identically in the detection plane, can be broken by using electron vortex beams.
�e electron causing one or the other atomic transition will then be characterized by di�erent
values of orbital angular momentum and di�erent radial pro�les in the detection plane, and can
thus be physically separated by limiting the collection angle.

By this principle it appears to be possible to selectively detect speci�c transitions by tailoring
the input wave, at the price of limiting the acquisition angles of the detector in order to perform
an angular post–selection of the sca�ered electrons. �e angle of interest will typically be of

105



7. Future Developments

the order of the characteristic angle θE .
Interestingly enough a theoretical study of the e�ect of vortex beams in beam–beam collision

by Ivanov et al., despite studying a very di�erent scenario, reached conclusions that signi�cantly
parallel what explained above. �e author found that the interference between the di�erent
components of a vortex beam allows to detect the phase structure of the sca�ering amplitude,
as long as the detection system possesses a su�cient momentum resolution [159].

7.1.2. Plasmonic excitations

Localised surface plasmon resonances are quantized collective excitations of the conduction
electron gas con�ned in micro and nano–structure of conductive metals. �e electrical �eld
produced by these oscillations shows features of size much smaller than the wavelength of light
in vacuum at the same energy, and its intensity can reach hundreds of times the external �eld
that excited the particle [233, 234]. Each individual mode can, according to the symmetry in
the charge distribution, be associated with a multipole order (see �gs. 7.1 and 7.3d).

�e excitation energies and the �eld and charge distributions can be simulated by employing
any of several approaches (BEM, DDA, FDTD, FEM, and others1) based on the discretization of
the Maxwell equations, and several computational codes are available for this purpose [236–
239]. While simulating the behaviour of any individual case is relatively straightforward, the
electrical �eld distribution and the energy of these localized excitations is highly dependent on
the shape, size and material of the particles, and the interplay of these e�ects in determining
the plasmon modes has only recently been clari�ed by an in depth theoretical investigation [54,
240].

�e investigation of plasmonic resonances is commonly performed in a variety of ways.
An ensemble of these nanostructures (for instance particles in solution) can easily be studied
by optical spectroscopies to determine e.g. absorption or optical activity. If the arrangement

1BEM: Boundary Element Method; DDA: Discrete Dipole Approximation; FDTD: Finite Di�erences in Time
Domain; FEM: Finite Element Method
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Figure 7.1.: EELS measurement and simulation of multipolar plasmons in a silver disc. (a)
Experimental (blue) and simulated (red) electron energy loss spectra collected in di�erent
points of the disc. (b) Experimental EELS maps of the di�erent modes (c) Simulated EELS maps
of the modes, and simulated induced charge density associated to the mode. �e charge si
simulated for the beam position marked by the black x. Image adapted from F.-P. Schmidt, H.
Ditlbacher, U. Hohenester, A. Hohenau, F. Hofer, and J. R. Krenn. “Dark Plasmonic Breathing
Modes in Silver Nanodisks”. In: Nano Le�ers 12.11 (Nov. 2012), pp. 5780–5783
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of the structures is controlled, such as in the case of a transparent substrate pa�erned with
lithograpically produced identical features, the linear polarization of light can be employed to
directionally excite the particles.

�e individual modes of a single particles can however be studied only through techniques
possessing a spatial resolution much below the wavelength of visible light, such as scanning
near–�eld optical microscopy (SNOM) and TEM.

While SNOM allows to study and map the response of the structure to an external excitation
(e.g. a tunable laser), the TEM excites the particles through the fast moving charges in the
electron beam. In particular mapping of the plasmon modes with nanometer resolution has
been demonstrated in the TEM employing cathodoluminescence (CL) and electron energy loss
spectroscopy [52, 54, 241, 242].

�e strength of the EELS signal is approximately proportional to the square the electrical �eld
projected on the beam direction |Ez |2, allowing to map the �eld intensity. However, while the
point–like character of the electron wave packet allows to excite modes of higher multipolarity
as well as so called “dark” plasmonic modes, it is completely blind to the polarization of the
emi�ed light or to the in plane electrical �eld.

�is is why, in order to try to separately probe individual excitations, we have recurred to
probe shaping. Indeed there have been several prediction of possible new measurements with
electron vortex beams [161, 243] but so far been no experimental con�rmations have followed.

7.1.3. The π–waves

In collaboration with Prof. Mathieu Kociak from the University of Paris-Sud we sought to
apply beam shaping in order to obtain selective detection of plasmonic excitations. As outlined
in section 7.1.1 in order to probe speci�c excitations we need to employ shaped beams that
possess the same symmetry, and perform an appropriate post selection of the sca�ered electrons.
�erefore, starting from the simple case of a dipolar plasmonic mode in a metallic nanorod
we will need a beam formed of two lobes opposite in phase. Such beams, though similar in
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character to the Hermite-Gaussian modes known from laser optics, are however only “HG–like”
and therefore we decided to call them π–beams from the π phase di�erence between the two
lobes.

To generate such a beam we need to introduce a phase di�erence of π (or as close as possible)
between the two halves of a round aperture. As we have seen there are many ways to do so and
such beams have indeed been demonstrated previously by covering half of a round aperture
with a Si3N4 of appropriate thickness [158]. In order to avoid charging and contamination
problems however, we opted for the realization of a magnetic phase plate.

By employing the same manufacturing method used for the magnetized needle (see sec-
tion 2.2), we placed a single domain magnetized needle of appropriate thickness across a small
round aperture (�g. 7.2a). In this condition the electrons travelling on the two sides of the
needle acquire an Aharonov-Bohm phase shi� proportional to the magnetic �ux through the
needle. By inserting the aperture in the TEM sample plane and performing electron holography,
the phase was measured to be ≈0.9π rad (�g. 7.2b). To limit angles involved in the sca�ering
(necessary, as we will see, to optimize the measurment conditions) we used an aperture with a
diameter of 5 µm, ten times smaller than what is commonly employed for STEM imaging.

We then inserted this aperture in the condenser aperture plane of a monochromated FEI
Titan3 S/TEM, obtaining the probe shown in �g. 7.2d. �e dark line between the two lobes did
not disappear when under and over focusing, indirectly con�rming the phase di�erence. It is
worth pointing out that since both the aperture and the needle are coated with gold over the
top surface in order to enhance beam opacity and prevent charging, this aperture possesses its
own plasmon resonances and its own characteristic spectrum, which will then be superimposed
to the spectral features produced by the sample.

7.1.4. Current results

In order to test the e�ectiveness of this type of probe, we applied it to an ideal test sample,
produced on our speci�cations by Jerôme Martin at the Université Technologique de Troyes
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5µm

(a)

(b) (c)

Figure 7.2.: Magnetic phase plate for the production of π–waves. �e aperture is made by
placing a ferromagnetic needle, milled out of a nickel �lm, across a round aperture. �e phase
di�erence is measured by holography (b), then the thickness of the needle is re�ned by milling it
further. �e aperture obtained is slightly asymmetrical and with a phase di�erence of≈0.9π . �e
beam produced (c) when this aperture is placed in the condenser plane of a TEM, is constituted
of two lobes in opposite phase, resembling an Hermite–Gaussian laser mode.
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(France) by electron beam lithography (�g. 7.3a). �is sample is formed of aluminium nanos-
tructures deposited on a Si3N4 �lm, in three di�erent shapes (rods, triangles and split–ring
resonators) repeated in 8 di�erent orientations and several di�erent sizes.

�e di�erent sizes allow to test modes with the same multipole order with di�erent spatial
extension and energy, while the orientations allow to vary the relative angle between the
direction of the lobes in the probe and the structure. Aluminium was chosen for its high
resistance (compared to silver) to damage from beam and light exposure and for the fact that
its resonances appear at higher energies (compared to gold).

Figure 7.3b shows and HAADF-STEM image of the rods of size ≈200 nm, while Figure 7.3c
shows its dipolar and quadrupolar excitations mapped in conventional STEM-EELS spectrum
imaging. As can be seen, the plasmonic excitations in this kind of structures are in the eV range,
meaning that the characteristic angles θE are in the order of the µrad, collection angles which
are too small for the normal acquisition conditions of the microscope.

By switching o� the objective lens, however, we managed to achieve both a convergence
and a collection angle of approximately 20 µrad, and by exciting the source monochromator we
achieved an energy spread of the primary beam of 175 meV

We chose a rod aligned with the elongated direction of the π–beam, then acquired spectra
with the beam centred on the rod for both a π and a normal beam. �e results are displayed
in �g. 7.3c a�er the removal of the zero–loss peak (elastically sca�ered electrons) and of the
aperture–generated losses.

�e spectrum acquired with the conventional aperture (Airy disc probe) shows a peak asso-
ciated with the quadrupolar resonance but not the dipolar one. �is is to be expected, since the
beam was positioned exactly over the intensity maximum of the quadrupolar mode, and the
minimum of the dipolar one (�g. 7.3d). With the π -beam this selection rule appears instead to
be altered, showing a very clear dipolar peak, while the quadrupolar one is suppressed.

While this is a very encouraging result and constitutes the �rst experimental demonstration
of selective detection through phase–shaped beams, several features of this phenomenon remain
to be investigated. By the arguments explained above we expect the spectrum acquired with
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a.u.

1.0 2.0 3.0
eV

-beam
Airy-disc 1.4 eV

dipole

2.6 eV
quadrupole

(c) (d)

(b)(a)

Dipole Quadrupole

Figure 7.3.: Plasmon modes of Al sample, and selective detection with π -waves. (a) An overview
of a part of the sample that shows the di�erent structures, orientations, and sizes. (b) Detailed
view of the structures used for the experiment. �e yellow cross marks the beam position. (c)
�e plasmonic spectra acquired for the di�erent beam types. �e selectivity is clearly visible. (d)
Maps of the plasmon modes measured in the spectra, acquired with a conventional STEM-EELS,
spectrum image.

112



7.2. Structured Illumination TEM

the π -wave to depend also on the mutual orientation of probe and rod, and we also expect the
probe to selectively excite modes with higher multipolarity if it is shi�ed along the rod. �e
measurement of these e�ects would be further proofs of the correctness of our interpretation
of the data.

7.2. Structured Illumination TEM

Another area which we would like to investigate further is the possibility of realising super–
resolution in the TEM through structured illumination.

Structured Illumination Microscopy is a method to achieve super-resolution imaging, used in
light microscopy, and might present an alternative to other super-resolution schemes developed
for electron microscopy [244–248].

When a sinusoidal grating pa�ern is projected on the sample, the superposition of this fringe
pa�ern with the spatial frequencies of the sample will give a Moiré e�ect. A Moiré pa�ern is
modulated by frequencies equal to the di�erence between the projected grating’s frequency and
those of the sample. �ese modulation frequencies can be used to recover frequencies above
the optical band limit of the instrument.

By using a grating frequency equal to the upper band limited frequency of the microscope
one can double the instrument’s resolution at the cost of taking more images requiring a
high stability [9, 10, 249]. Di�erent super-resolution imaging methods based on structured
illumination have also been demonstrated in light–optics. It has been shown that employing
speckle pa�erns as illumination pa�erns allows to relax the stability requirements, at the cost
of further increasing the dose [7]. Recently, structured illumination making use of a STEM
probe in CTEM was shown to beat the information limit of a commercial TEM in a technique
termed ISTEM [250]

Structured illumination is also useful for so–called optical sectioning. �e sinusoidal pa�ern
will undergo di�raction as it propagates. If a thick sample is imaged only the part where the
grating is in focus will display the sinusoidal intensity modulation, while parts of the sample
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Figure 7.4.: Achievement of super-resolution through structured illumination. (a) A di�raction
limited microscope allows the investigation of a �nite disc of reciprocal space, represented by
the gray circle. �e black dot represent the three Fourier components of a reference sinusoidal
pa�ern. (b) �e superposition between a reference grating and a frequency too high to be
resolved under normal conditions, causes lower frequency Moiré fringes to appear. (c) �e
Moiré fringes e�ectively represent the higher frequencies within the band limited observable
information disc. By taking several images where the phase of the sinusoidal pa�ern is shi�ed
it is possible to extract and reconstruct the three circles information. (d) By repeating this
procedure for three azimuthal orientations of the sinusoidal pa�ern it is possible to obtain a
doubling of the resolution achieved by the microscope.

above and below appear out of focus. By recording multiple images with a slightly displaced
grating it is possible to extract an optical section of the sample [8, 15].

�e intensity gratings required in order to apply this method in the TEM, however, are too
�ne to be machined with current nanofabrication methods. �e superposition of two electronic
plane waves, tilted with respect to each other by exactly the maximum angle transferable by the
lenses, would give us a very similar condition. Such a setup could be realized in a TEM out��ed
with a tunable biprism in the illumination system, a feature actually found in some systems,
where the angle could tuned as much as desired. �e idea can be explored computationally
through multislice simulation.
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We have shown the state of the art in manipulating the wave function of electron beams.
While the �rst chapter is purely introductory, and the second and third chapter contain a

review of the signi�cant results in this �eld (in many cases coming from this research group),
the last four chapter contain the body of my own achievements, presenting the experiments
contained in my three �rst author publications, along with a few unpublished ones. I have in
fact performed all of the microscopy contained therein, analysed the data and performed most
of the optical simulations presented as well as designed several of the apertures used.

Despite its young age, the �eld of beam shaping and electron singular optics are evolving
rapidly, and many exciting ideas have appeared just during these last 4 years.

�ese new opportunities allow to create and study a variety of new electronic states, e�ectively
employing the TEM as a ma�er–wave–optical–bench.

Among these new waves electron vortex beams are particularly prominent, and are �nally
�nding the �rst applications. We have explored the relation of vortex beams to the Landau
states, the characteristics of their interaction with a uniform magnetic �eld, and experimental
demonstration of such interactions, along with the �rst observation of the Gouy phase in ma�er
waves. Furthermore, with the aim to analyse the OAM spectrum of an electron beam, we have
demonstrated several di�erent methods to detect the order of a vortex beam.

We then have explored non–di�racting beams, which have the potential to extend the depth of
focus in high resolution imaging. We have demonstrated alternative, non holographic methods
for their production, and given the �rst experimental proof of extended depth–of–focus imaging
through the use of Bessel beams.
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General Conclusions

Finally, we have o�ered the �rst experimental demonstration of selective detection of inelastic
transition through beam shaping, an important result with the potential to greatly expand the
amount of information that can be extracted from a sample through EELS.
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A. List of Abbreviations

ABF Annular Bright Field
CCD Charge Coupled Device
CGH Computer Generated Holography

CTEM Conventional Transmission Electron Microscopy
EELS Electron Energy Loss Spectroscopy
EVB Electron Vortex Beam
FEG Field Emission Gun
FIB Focused Ion Beam

HAADF High Angle Annular Dark Field
HRSTEM High Resolution Scanning Transmission Electron Microscopy

HRTEM High Resolution Transmission Electron Microscopy
MAADF Medium Angle Annular Dark Field

MPI Multi Pinhole Interferometer
OAM Orbital Angular Momentum
SEM Scanning Electron Microscope

SNOM Scanning Near–Field Optical Microscopy
STEM Scanning Transmission Electron Microscopy
STED Stimulated Emission Depeletion Microscopy
TEM Transmission Electron Microscope
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B. List of Beam Types

Beam type Properties and Uses Wave function

Bessel
eq. (3.2)

Non–di�racting, self–healing, non–
normalizable. Natural basis func-
tion for circularly symmetric prob-
lems.

e (ikzz )e (i`φ )J` (k⊥r )

Laguerre
Gaussian
eq. (3.11)

Radially con�ned, di�racting, vor-
tex beams. Natural emission modes
of lasers, a vast amount of literature
is available in optics.
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w (z )
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r 2

2R (z )

)
· ...

ei (`ϕ+kz )e−i (2n+ |` |+1) arctan(z/zR )

Non
di�racting
LG eq. (4.2)

Landau levels for electrons travel-
ling parallel to an uniform magnetic
�eld. Not realistic in a TEM

(
r
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) |` |
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(
2r 2

w2
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· ...

e
− r 2
w2
m ei (`ϕ+kz )

Airy disk
Di�raction of a uniformly illumi-
nated circular aperture. Conven-
tional STEM probe.

J1 (k⊥r )

k⊥r

Airy wave
eq. (6.1)

Non–di�racting, self–healing, self–
accelerating, non–normalisable.
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U. Hohenester, J. Verbeeck, S. Bals, and G. Van Tendeloo. “Plasmon Mapping in Au@Ag
Nanocube Assemblies.” In: �e journal of physical chemistry. C, Nanomaterials and inter-

faces 118.28 (July 2014), pp. 15356–15362, IF:4.772, Citations:3.

11. M. Kur�epeli, S. Deng, S. W. Verbruggen, G. Guzzinati, D. J. Co�, S. Lenaerts, J. Verbeeck,
G. Van Tendeloo, C. Detavernier, and S. Bals. “Synthesis and Characterization of Photore-
active TiO 2 –Carbon Nanosheet Composites”. In: �e Journal of Physical Chemistry C

118.36 (Sept. 2014), pp. 21031–21037, IF:4.772, Citations:1.

122

http://dx.doi.org/10.1103/PhysRevLett.111.064801
http://dx.doi.org/10.1103/PhysRevA.87.033834
http://dx.doi.org/10.1103/PhysRevA.87.033834
http://dx.doi.org/10.1103/PhysRevLett.111.173902
http://dx.doi.org/10.1103/PhysRevLett.111.173902
http://dx.doi.org/10.1103/PhysRevA.89.053818
http://dx.doi.org/10.1103/PhysRevA.89.053818
http://dx.doi.org/10.1016/j.crhy.2013.09.014
http://dx.doi.org/10.1016/j.crhy.2013.09.014
http://dx.doi.org/10.1021/jp502584t
http://dx.doi.org/10.1021/jp502584t
http://dx.doi.org/10.1021/jp5067499
http://dx.doi.org/10.1021/jp5067499


C.2. Abstracts

C.2. Abstracts

1. G. Guzzinati. “Observing Image Rotations induced by Larmor and Gouy phase in Electron
Vortices”. In: International Workshop on Spin-Orbit Interaction in Light and Ma�er Waves.
Dresden, 2013, p. 2.

2. G. Guzzinati. “Electron Vortices in a Magnetic Field: Observation of the Larmor and Gouy
Rotations”. In: International Workshop on Singularities and Topological Structures of Light.
Trieste, 2013.
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11. J. Verbeeck, A. Béché, L. Clark, G. Guzzinati, R. Juchtmans, R. Van Boxem, and G. Van
Tendeloo. “Advances in electron vortex experiments in the TEM”. in: 18th International

Microscopy Conference (2014), p. 142.

12. M. Kur�epeli, S. Deng, S. W. Verbruggen, G. Guzzinati, D. J. Co�, S. Lenaerts, C. Detav-
ernier, S. Bals, and G. Van Tendeloo. “TEM study of TiO2 photocatalyst layers deposited
on carbon nanosheet templates by atomic layer deposition”. In: 18th International Mi-

croscopy Conference. Prague, 2014, pp. 2242–2243.
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[77] H. Boersch. “Über die Kontraste von Atomen im Elektronenmikroskop”. In: Z Natur-

forsch A. 2 (1947), p. 9 (cit. on p. 35).

[78] R. Cambie et al. “Design of a microfabricated, two-electrode phase-contrast element
suitable for electron microscopy.” In: Ultramicroscopy 107.4-5 (2007), pp. 329–39 (cit. on
p. 35).

[79] J. Shiue et al. “Phase TEM for biological imaging utilizing a Boersch electrostatic phase
plate: theory and practice.” In: Journal of electron microscopy 58.3 (June 2009), pp. 137–
45 (cit. on p. 35).

[80] D. Alloyeau et al. “Imaging of so� and hard materials using a Boersch phase plate in a
transmission electron microscope”. In: Ultramicroscopy 110.5 (Apr. 2010), pp. 563–570
(cit. on p. 35).

[81] R. Danev et al. “Volta potential phase plate for in-focus phase contrast transmission
electron microscopy.” In: Proceedings of the National Academy of Sciences of the United

States of America 111.44 (Nov. 2014), pp. 15635–40 (cit. on p. 35).

[82] FEI Adds Phase Plate Technology and Titan Halo TEM to Its Structural Biology Product

Portfolio (cit. on p. 36).

[83] C. J. Edgcombe and J. C. Loudon. “Use of Aharonov-Bohm e�ect and chirality control in
magnetic phase plates for transmission microscopy”. In: Journal of Physics: Conference

Series 371 (July 2012), p. 012006 (cit. on p. 36).

[84] C. J. Edgcombe et al. “Characterisation of ferromagnetic rings for Zernike phase plates
using the Aharonov-Bohm e�ect.” In: Ultramicroscopy 120 (Sept. 2012), pp. 78–85 (cit.
on p. 36).
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[268] A. Béché et al. “Progress in probing magnetic information using electron vortices in a
TEM”. In: Material Research Society Spring Meeting. San Francisco, 2015 (cit. on p. 124).

[269] L. Clark et al. “Symmetry-constrained electron vortex propagation”. In: Microscience

Microscopy Conference. Manchester, 2015 (cit. on p. 125).

153

http://dx.doi.org/10.1017/S143192761300888X


Bibliography

[270] J. Verbeeck et al. “Construction of a programmable electron vortex phase plate”. In:
Microscopy Conference. Go�ingen, 2015 (cit. on p. 125).

[271] R. Danev et al. “A Novel Phase-contrast Transmission Electron Microscopy Producing
High-contrast Topographic Images ofWeak Objects”. In: Journal of Biological Physics

28.4 (2002), pp. 627–635.

[272] S. J. Haigh et al. “Recording low and high spatial frequencies in exit wave reconstruc-
tions.” In: Ultramicroscopy 133 (Oct. 2013), pp. 26–34.

[273] C. R. Greenshields, S. Franke-Arnold, and R. L. Stamps. “Parallel axis theorem for free-
space electron wavefunctions”. In: New Journal of Physics 17.9 (Sept. 2015), p. 093015.

154

http://dx.doi.org/10.1023/A:1021234621466
http://dx.doi.org/10.1023/A:1021234621466
http://dx.doi.org/10.1016/j.ultramic.2013.04.012
http://dx.doi.org/10.1016/j.ultramic.2013.04.012
http://dx.doi.org/10.1088/1367-2630/17/9/093015
http://dx.doi.org/10.1088/1367-2630/17/9/093015


List of Figures

1.1. Drawing of a �eld emission source . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.2. Round and multipolar magnetic lenses . . . . . . . . . . . . . . . . . . . . . . 16
1.3. Electrostatic biprism and magnetic prism . . . . . . . . . . . . . . . . . . . . . 18
1.4. Simpli�ed drawings of a double corrected TEM/STEM . . . . . . . . . . . . . . 19
1.5. Field-current characteristic curve of the objective lens . . . . . . . . . . . . . . 22

2.1. Simulated phase plates for individual aberration terms . . . . . . . . . . . . . 33
2.2. Creation of an electron vortex through aberration manipulation . . . . . . . . 34
2.3. A magnetized needle approximating a magnetic monopole . . . . . . . . . . . 38
2.4. Examples of holographic reconstruction . . . . . . . . . . . . . . . . . . . . . . 41

3.1. Comparison of plane wave and vortex beams, through drawings and pasta . . 45
3.2. Representations of Bessel beams, in Fourier and real space. . . . . . . . . . . . 47
3.3. Nanoparticle rotation by electron vortex beams . . . . . . . . . . . . . . . . . 52
3.4. Crystal chirality exposed by di�raction of electron vortex beams . . . . . . . . 56

4.1. Evolution and rotation of superpositions of landau states . . . . . . . . . . . . 61
4.2. Larmor rotation on “balanced” superpositions of electron vortex beams . . . . 62
4.3. Scheme of the vortex cu�ing Gouy rotation experiment . . . . . . . . . . . . . 66
4.4. Gouy rotation e�ect in cut vortex beams . . . . . . . . . . . . . . . . . . . . . 67
4.5. Beam size and Gouy rotation upon propagation . . . . . . . . . . . . . . . . . 68
4.6. Combination of Larmor and Gouy rotations . . . . . . . . . . . . . . . . . . . 70

155



List of Figures

5.1. OAM measurement with a fork grating . . . . . . . . . . . . . . . . . . . . . . 76
5.2. OAM measurement with a triangular aperture . . . . . . . . . . . . . . . . . . 78
5.3. OAM measurement with a knife–edge . . . . . . . . . . . . . . . . . . . . . . . 81
5.4. OAM measurement with multipinhole interferometer . . . . . . . . . . . . . . 83
5.5. OAM measurement by astigmatic phase . . . . . . . . . . . . . . . . . . . . . . 85

6.1. Generation of Airy waves by aberration manipulation. . . . . . . . . . . . . . 93
6.2. Bessel beam generation with an annular aperture . . . . . . . . . . . . . . . . 98
6.3. High resolution STEM images of a tilted crystal, with a Bessel and a conventional

probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.1. EELS measurement and simulation of multipolar plasmons in a Ag disc. From [235] 107
7.2. Magnetic phase plate for the production of π–waves . . . . . . . . . . . . . . 110
7.3. Plasmon modes of Al nanorods, and selective detection with π -waves . . . . . 112
7.4. Super–resolution through structured illumination . . . . . . . . . . . . . . . . 114

156



List of Tables

1.1. Characteristics of di�erent electron guns . . . . . . . . . . . . . . . . . . . . . 11
1.2. Wavelengths and relativistic corrections for di�erent accelerating voltages . . 20
1.3. List of microscopes with features and parameters . . . . . . . . . . . . . . . . 25

157





Thanks

I whish to thank:

Jo for o�ering me the opportunity to work on such an interesting topic. I appreciated both the
scienti�c guidance as well as the amount of freedom I enjoyed. Over the course of my PhD, few
things have been as inspiring as discussing science with him.

Armand for all he has taught me. I think I have learnt more about microscopes, microscopy
and french wines from him than from anybody else.

Laura, Roeland and Ruben for the fruitful collaboration, for allowing me to ra�le their head
every so o�en, and for pu�ing up with my various quirks.

�e members of my jury, Bart Partoens, Paul Scheubders, Milorad Milosěvić, Igor P.
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