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Let R be a group-graded ring. In this paper we study the relationship between 
injective objects in R-gr and in R-mod. It is well-known that gr-injectives, i.e. injective 
objects in R-gr, need not be injective in R-mod. However, in [lo], the second author 
showed that if R has finite support, then gr-injective modules with finite support are 
injective in R-mod. We generalize this result by showing that the restriction that 
R have finite support is unnecessary. 

Suppose M is a graded R-module with finite support, R also with finite support. In 
the first section we show that although sometimes one can grade M and R by a finite 
group, while preserving the homogeneous components of the grading, this is not 
always possible. Thus the theory of graded rings and modules with finite support does 
not coincide with the theory of finite group gradings. 

In Section 2, the full subcategory Cx of R-gr of graded R-modules with support in 
X s G is introduced. We show that the forgetful function Ux: Cx -+ R-mod, has 
a right adjoint, and if X is finite, also a left adjoint. We determine necessary and 
sufficient conditions for Cx to be equivalent to a module category. If X is finite, either 
Cx is zero or equivalent to be module category, S/I-mod, where S is Quinn’s smash 
product. 

Section 3 uses the category Cx to establish the main result, namely that gr-injectives 
with finite support are injective. As corollaries, we give necessary and sufficient 
conditions for an injective R-modules (injective indecomposable R-module) to be 
gradable if G is finite (supp R is finite). Finally, we show that if G is infinite, supp (R) 

finite and every gr-injective module is injective, then R is left noetherian, thus giving 
a converse to a result of the second author [lo]. 
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0.1. Preliminaries 

All rings are unitary rings and by an R-module we mean a left R-module. Let G be 
a group, multiplicatively written, with identity element 1. When R = @&R, is 
a G-graded ring we denote the identity element of R also by 1, hoping that this will not 
create confusion. The category of R-modules is denoted by R-mod and the category of 
graded R-modules is denoted by R-gr. For full detail on these notions we refer to [ 111. 

Recall from loc.cit. that R-gr is a Grothendieck category. 
For M E R- gr we define the l-suspension of M to be M(A) E R-gr defined by putting 

the following gradation on the R-module M, M(A), = MgA for 2 EG, g E G. If 
M, N E R-gr then an R-linear map f:M -+ N is said to be a morphism of degree g, for 
g E G, if for all h E G we have f (MJ c Mhg. To z E G we associate the exact functor 
(-)e: R-gr + R,-mod, defined by M H M,. To an NE R,-mod we may associate 
a graded R-module Coind(N) constructed as follows: 

Coind(N), = {f E HomRl (R, N), f (I$,) = 0 for h # g-l}, 

Coind(N) = @ Coind(N),, cf. [lo]. 
gsG 

This construction defines the coinduced functor Coind(-). Let T,: 
R-gr + R-gr be the i-shift functor defined by Tn(M) = M(A), then it is known, [lo, 
Theorem 1.11, that T1-l oCoind(-) is a right adjoint of the functor (-)i. 

For an M E R-gr we define the support of M to be the set supp M) = {g E G, M, # 0} 
and M is said to have finite support if supp(M) is finite. An ME R-gr is said 
to be g-faithful for g EG if M # 0 and for every graded non-zero submodule N of 
M we have N, # 0. Full detail on the general theory of graded rings and modules, 
in particular concerning gr-injective modules, may be found in [ll]: notation is as 
in loc.cit. 

1. Groups without finite embedding property 

For G a finite group, many powerful connections between the properties of a graded 
module M as an object in R-mod, R-gr and RI-mod exist; we study when we can use 
this theory to study modules over graded rings with finite support. An optimistic 
approach for dealing with the finite support case would consist in trying to change the 
grading group such that the problem reduces to a problem concerning a gradation by 
a finite group but without changing the homogeneous components of the ring or 
module involved. The property that would allow such a change of gradation is the 
so-called “finite embedding” property. 

Definition 1.1. A group G is an FE-group if for every finite subset X of G there exists 
a finite group (H, *) such that X c H and for every x,y EX such that xy EX we have 
x*y = xy. 



S. D&ca’lescu et al. /Journal of Pure and Applied Algebra 107 (1996) 193-206 195 

Recall that a group G is residually finite if the intersection of its normal subgroups 

of finite index reduces to { 1); G is locally residually finite if every finitely generated 

subgroup of G is residually finite. Examples of locally residually finite groups are: 

abelian groups, poly-cyclic-by-finite groups, nilpotent groups, solvable groups, free 

groups, cf. [ 151. 

Proposition 1.2. A locally residually finite group is an FE-group. 

Proof. Let X be a finite set contained in G. Up to replacing G by the group (X) 

generated by X we may assume that G is residually finite. For any 

z E Y = {xy-’ Ix, y EX and x # y} there exists a normal subgroup N, of G such that 

N, has finite index and z$N,. So we obtain N = nrsY N,, a normal subgroup of finite 

index in G, such that Nn Y = 0. Hence the finite group H = G/N satisfies the 

conditions, up to identifying X with its image in H. 
We also note that there exist FE-groups which are not locally residually finite 

(see [17]). Now let G be an FE-group, R = @,,oR, a G-graded ring of finite 

support X. Assume that H is a finite group with the properties mentioned in 

Definition 1.1, then we may view R as an H-graded ring by putting Rh = 0 when 

h$X and for x EX of course R, is the homogeneous part of degree x. In the case 

of grading by an FE-group the finite support case may be transformed to a case of 

a finite group grading. 0 

An illustration of this is the following. 

Corollary 1.3. Let G be an FE-group, R a G-graded ring offinite support and M an 
R-module, then the following assertions hold: 

1. If RM is Noetherian, resp. Artinian, Semisimple of$nite length, then so is R,M. 

2. If RM has Krull-resp. Gabriel-dimension then so does R,M and moreover the 
dimensions are equal. 

Proof. Reduce to the finite case as pointed out above and apply [3] and [13] 

Remarks 1.4. (1) Let R and G be as before and let M E R-gr have finite support then 

X = supp(R)usupp(M) may be embedded in a finite group and so we may extend 

results of [9], e.g. Theorem 2.1 of loccit., to the case of finite support gradations by 

FE-groups. 

(2) If supp(R) is finite and N E R-mod then we may embed N in the graded 

R-module CoindR(N), that is exactly HomRl(R, N) when considered as an R-module. 

This embedding is given by the R-linear map cp : N + Coind,(N), with q(n)(r) = rn for 

n EN, r E R. This will allow to use the Remark in 1 occasionally. 

(3) Consider an arbitrary graded ring R and an M E R-gr having finite support 

supp(M) = X. Clearly, J = R(&xx-I R,)R is a graded ideal such that JM = 0. 
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The ring S = R/J is G-graded but supp(S) is finite, moreover M E S-gr and the 
lattices of subobjects of M in R-mod, respectively in S-mod, are the same. Therefore, 
problems relating the finiteness conditions on M may again be reduced to the 
situation considered in 1. 

If all groups were FE-groups than the theory of finitely supported gradings would 
be included in the theory of finite group gradings but luckily enough this is not the 
case. The aim of this section was to arrive at the following example. 

Example 1.5. There exist non-FE-groups! 
Let A be an infinite simple finitely presented group, cf. [4]. If A is presented as 

(S, R) with S and R finite then A = F(S)/RFcS’, where F(S) is the free group generated 
by S and R F(S) is the normalizer of the set R in F(S). Let p: F(S) + A be the canonical 
projection and put X = {p(a), a ES or CI is a subword of an element of R}. Suppose 
that X is contained in a finite group (H, *) such that x * y = xy for every x, y E X such 
that xy EX. If rc: F(S) -+ H is the natural group morphism then R c Ker rr and 
therefore RF(s) c Ker rc. Consequently, we arrive at a commutative diagram of group 
morphisms: 

F(S) ’ : H 

I 
. , 

P , ,‘J , 
A” 

Hence Im II/ = A/Ker $, and since S c Im II/ we have Ker $ # A. Therefore, 
Ker II/ = 1 and Im $ N A, contradicting the finiteness of cp. 

2. The category of X-supported modules 

Consider a subset X of G and let %‘* be the full subcategory of R-gr consisting of all 
graded R-modules with support contained in X. Let Ux: Wx + R-mod be the forgetful 
functor. 

It is not hard to see that Vx is a localizing subcategory of the Grothendieck category 
R-gr, hence Vx is a Grothendieck category. Moreover, %7X is closed under direct 
products and thus we may define the radical sx on R-gr by putting s,(M) equal to the 
“smallest” graded subobject of M such that M/sx(M) E Vx, in fact s,(M) = n {K, 
K c M and M/K E%‘~} = R(esCxM,). 

Theorem 2.1. The following assertions hold: 
(i) U, has a right adjoint. 

(ii) If X is$nite then U, has a left adjoint. 



S. Drisccilescu et al. /Journal of Pure and Applied Algebra 107 (1996) 193-206 197 

Proof. The forgetful functor U: R-gr + R-mod has a right adjoint F associating to 
N E R-mod, F(N) = BxsGNX, where {N”, x E G} is a family of copies of N and the 
R-module structure of F(N) is induced by rgnX = (r,n)gx for g E G, rg E R,. On the other 
hand, if u : N --f N’ is R-linear then F(u) is defined by F(u) (nx) = (u(n))x. Now we define 
another functor Fx: R-mod --, Vx, N H F,(N) = 1 {K, K a graded submodule of 
F(N) such that K EWE}, while for u E Hom,(N, N’) we take F,(u) to be the restriction 

F(u) I FxWl. 
(i) For M E gx and N E R-mod we define: 

cp(M, N): HomR(M, N) -+ HomR.JM, F,N)), 
$(M, N): HomR&M, F,(N)) -+ Hom,(M, N), by putting: 

cp (M, N) (4 (mx) = (04)x> for u E Hom,(M, N), XEX, m, EM,, and 

$(M, N) (0) (m,) = n,(v(m,)) for v EHomR_gr(M, F,(N)), x EX, m, E M,, where 
n,: F,(N) -+ N is the projection on the x-homogeneous component. It is not hard to 
verify that +(M, N) o cp(M, N) = Id and cp(M, N) o $(M, N) = Id, establishing that 
Fx is a right adjoint for U, as desired. 

(ii) Assume that X is finite. Note that for any N E R-mod, sx(F(N)) = R(GgcxNg). 
Now we define a functor Tx: R-mod +Vx by T,(N) = F(N)/s,(F(N)) and for 
u E Hom,(N, N’), the graded morphism TX(u): T,(N) + T,(N) is induced by F(u) 

(taking into account that F(u)(s,(F(N)) c sx(F(N’)). 

Consider M E Vx and N E R-mod and define: 6(N, M): Horn&T,(N), M) + 

Hom,(N, M), by 6(N, M)(u)(n) = u(cc(n) modulo s,(F(N))), where u EHom,.,, 

(T,(N), M), n EN and 0) = Lx 2. That 6(N, M) (u) E Hom,(N, M) is easily verifi- 
ed up to verifying that s(N,M)(u)(r,n) = r,6(N, M)(u)(n). 

The latter will follow from cx(r,n) - r,a(n) E~,(F(N)). 

Now 

cI(r,n) - r,cI(n) = 1 (r,n)x - C (r,n)g. 
.xX-TX gtrx-X 

Obviously, if g EZX - X then 

(r,n)g E R @Nh = sx(F(N)). 
( > WX 

On the other hand, if x E X - zX, putting y = z -lx, then zy = x$zX and y$X. Hence 
(r,n)x = r,ny E~,(F(N)). Define q(N, M):Hom,(N, M) + Horn&T,(N), M) by 

rl(N, M)(u) W-module s,(F(N))) = W,, f or n EN, x EX. Let us verify that this is 
well-defined; indeed if nx - p” E s,(F(N)) then nx - px = Cgrx rxgml n”, and IZ - p = 

c g$X rxs-’ 129. Then, v(n), - V(PL = C ggxr,g-~ ~(rz,)~ = 0. That q(N,M) is a graded 
morphism and R-linear is clear. A straightforward verification, yields that Tx is a left 
adjoint of U,. 0 

Corollary 2.2 (Nastlsescu et al. [12]). Zf G is a $finite group then F is a lef and 
right adjoint for U. Consequently, if M E R-gr is gr-injective then M is injective in 

R-mod. 
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Proof. Put X = G and observe; that Fx = Tx = F. Since F is a left and right adjoint it 
is an exact functor. But if U has an exact left adjoint then it carries injective objects to 
injectives (see IV.9.5. of [16] or [2] for the latter implication). 0 

Corollary 2.3. When X isJinite then ‘3X has aJinitely generated projective generator. In 
particular, either %?, = 0 or gx is equivalent to a module-category. 

Proof. By the theorem Tx is a left adjoint by U,. It is clear that T,(R) is projective in 
%‘x and Tx has an exact right adjoint (see [2] again). We have 

T,(R) = F(R)/@‘(R)) g @R@)ls, 
( 

@R@)ls,(R(A)) 
> 

. 
LEG 1EG 

Now we also have 

sx(R(4) = R 1 R(i), = R c R,A. 
sex SU 

Therefore, for any 1$X-’ = {x-r, x EX} we have sx(R@)) = R(A) and T,(R) = 
oxsx Px, P” = (R/A”)(x-‘) with A” = R(Cgex RgX-1) a graded left ideal of R. Since 
T,(R) is now obviously finitely generated we only have to verify that T,(R) is 
a generator of %?x. Given M E Vi and f: R”’ + M an epimorphism in R-mod for some 
set Z then we obtain the epimorphism T,(f): T,(R)“’ + T,(M) in %$, because Tx is 
right exact and commutes with direct sums. But 

T,(M) = F(M)/sx(F(M)) = @ M(4lsx @M(l) = @M(4/s,(M(4) 
ISG ( ) ISG ASG 

and thus M E%~ yields that s,(M) = 0 or M is a quotient object of T,(M) in %& hence 
generated by T,(R). 0. 

Remarks 2.4. (i) For the sake of completeness, we recall by [lo, Theorem 3.21 that if 
X is a subset of G such that G - X is finite, then the quotient category R-gr/%& is 
equivalent to a category of modules. 

(ii) Of course, if M E R-gr is gr-injective then M need not be injective in general, cf. 
[ll], Example 1.2.6. 
The trick of looking for a left adjoint of U cannot be extended beyond the finite group 
case because of the following. 

Proposition 2.5. The forgetful finctor U : R-gr + R-mod has a left adjoint if and only if 
G isJinite. 

Proof. When U has a left adjoint then U commutes with arbitrary direct products in 
the sense that the natural R-morphism f: U(n& Mi) + ni,, U(Mi) is an isomor- 
phism for any set I, and any family of graded R-modules {Mi, i E I}, where 
nzl Mi = @gea(fli,I Mi,g). Put I = G, Mi = R(i-l) for i EG and mi E Mi. Then 
(mi)isl cannot be in Im f when infinitely many different degrees can appear, hence it 
follows that G is finite. 0 
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In the proof of Corollary 2.3 we constructed a family (Px)xcx of projective gener- 
ators for %?x in case X if finite. 

We now will show that in general the same construction still provides a family of 
projective generators, hence if X c G then we introduce 

and P” = (R/A”)(x-l). 

Proposition 2.6. (Dascalescu and Del Rio Cl]). With notation as above, for every 
x E X, P” is projective in Vx and (Px),..* is a family of generators for wx. In particular, 

@XSX P” is a projective generator of gx. 

Proof. Consider an epimorphism u: M + N in gx together with a graded morphism 
f: P” -+ N. Let f (i) = n EN, and choose m EM, such that u(m) = n, then cp: P” + M, 
F H rm is well-defined because A”m = R(CgQx Rgx-lm) is in R(CgCX MS) = 0. Clearly 
cp is a graded morphism satisfying ucp =f: For the second statement consider M E %7X 
and suppose that N is a proper subobject of M. Then there exist x E X, m EM, - N, 
such that the map cp defined above satisfies Im cp c N and this completes the 
proof. 0 

Corollary 2.7. We have gx = 0 ifand only iffor every x E X the following relation holds: 

1 &g-l&l = RI 
94x 

(convention: the sum over an empty index set is 0). 

Proof. We have ex = 0 if and only if P” = 0 for every x EX. However, P” = 0 
happens only if A” = R or (A”), = RI, but the latter is exactly the desired relation. 

If $8 is the category of graded right R-modules having support contained in Y then 
the foregoing construction may be redone completely and again we arrive at r%’ = 0 if 
and only if for every y E Y, 1 g4y RY-lgRg-ly = RI. From this we obtain the left-right 
symmetry with respect to Vx = 0. 0 

Corollary 2.8. We have gx = 0 if and only if x-~% = 0. 

Drawing some inspiration from [6] we may now use the family (Px)xEx in order to 
find out which sets X c G are such that %‘x is equivalent to a category of modules. 

Theorem 2.9. Consider X c G; R a G-graded ring. The following assertions are equiva- 
lent: 

(i) qx is equivalent to a category of modules. 
(ii) There is aJinite subset F of X such that BxsFPX is a non-zero generator of gx. 
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(iii) There is a finite subset F of X such that for every z EX, RI = 
&~XRxS-lRBz-l + CgEFRxg-lRgz-~., and there is Z EX with &XRzS-lRSz-~ # RI 

In case (iii) holds then (for that F appearing in (iii)) we have that BxsFPX is 
a generator of gx. 

Proof. (i) * (ii): If %“x is equivalent to a category of modules then it has a non-zero 
projective small generator, U say. As %?x is a Grothendieck category U must be finitely 
generated in %?x and hence in R-gr. On the other hand, @xsxPx is a generator of +J?~, 
thus there exists a set I and a graded epimorphism (P:(@~~~P~)(‘) + U. Since U is 
finitely generated we may find a finite subset F of X and a graded epimorphism 

cp’: (@XEFPY + U, as claimed. 
(ii) + (i): When Vx has a non-zero finitely generated projective generator, @X6FPX, 

we may apply Mitchell’s theorem and conclude that Vx is equivalent to 

Rn&.&i&PX)-mod. 
(ii) e (iii): Note that the second inequality in (iii) is equivalent to %?x # 0 because of 

Corollary 2.7. Assuming this, then @XEFPX is a generator for qx if and only if for every 
z E X there is a surjective graded morphism cp : (OxoF Px)’ + P”, for some n E N. It is 
easily seen that we have an isomorphism of abelian groups: 

HomR_&P”, P”) N Rx,-l/A:,-1. Hence, up to identifying (@&PX)n and @&PX) 
we may find for every x E F some rxl, . . . ,I-._, E Rx,-1 such that for b = (bJXEF, where 
b, = (&, . . . , &,) with a,i E R and a,i denoting the class modulo A”, we have 

Clearly, cp is surjective if and only if we may find ~~EF~~=i6?~i~~i = 1, or 
1 - CIEFCF= 1 axir,i Ed, what means exactly that 

Finally when the latter relation holds for every x EX there exists n EN and 

(%Ld,i= 1,. ,fi such that the corresponding cp is surjective. 0 

Corollary 2.10 (Dbcalescu and Del Rio Cl]). (1) gx is equivalent to a category of 
modules if and only if x-~V is. 

(2) When X isfinite then either Vx is zero or Vx is equivalent to a category of modules. 

The final point of this section is devoted to the study of Vx for a finite set X such 
that Vx # 0 and G is infinite. In this case Ce, is the module category of 

EndR-&&PX) d an we aim to describe the latter ring in some more detail by using 
the smash product as given by Quinn [14]. 

We denote by M,(R) the set of row and column finite matrices of type G x G with 
entries from R. If A c G then pA is the matrix having 1 in the (~,a)-position for all 
a E A and 0 elsewhere; if g E G then we write pg for ptgi. 
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To r E R we associate the matrix r” having Y_- 1 in the (x, y)-position for any x, y E G. 
In this way we obtain a subring l? = {Y, r E R) in M,(R) and I? is isomorphic to R. The 
smash product of R and G is denoted by R”#G* and it is the subring of Ma(R) 
generated by I? and {pg, g E G}. When G is infinite, r?# G* is a free left and right 
R-module with basis { po} u{ ps, g E G). 

Let us write S for R” # G*. We know that R-gr is isomorphic to the full localizing 
subcategory %?* = {M E S-mod, M = 1 eecpsM} of S-mod. Explicitly: an M E R-gr 
may be viewed as an S-module by putting: fin = rm,p,m = m,, for any m EM, I E R 
and g E G. Conversely if M E V* then the R-module structure of M is obtained by 
restriction of scalars via R --f I? --t S with gradation defined by M, = p,M (for detail 
see also [9]). 

The foregoing isomorphism of categories may be restricted to eX and we then 
obtain a category isomorphism between %‘x and {M E%?*, M = pxM} = {M E 
S-mod,pxM = M} = {M ~S-rnod,p~_~M = 0} = {M ES-mod, IM = 0}, where I is 
the ideal generated in S by poWx,Z = SP,-~S. This leads to an isomorphism between 
%7x and S/I-mod. It is this point of view that is particularly useful when studying 
injective objects in %7x. Indeed, the composed functor 

ux R-mod 
k-,r-J 2-v 
S/I-mod N 

coincides exactly with the restriction of scalars functor, Res: S/Z -+ R-mod. The latter 
has left adjoint S/ZOR- and this allows us to use the classical result concerning right 
adjoint functor and injective objects. 

Proposition 2.11. Let R = &o R, be a G-graded ring and consider afinite subset X of 
G. The following assertions are equivalent: 

(i) Every injective object of Wx is injective in R-mod. 
(ii) S/I is a Jlat right R-module. 

(iii) I is a pure right R-submodule of S. 

Proof. (i)+-+(ii): A consequence of the well-known result concerning right adjoint 
functors and injective objects (cf. [2]). 

(ii)o(iii): A consequence of Proposition 11.1 of [16], considering the exact se- 
quence of right R-modules:0 + I + S -+ S/I -+O and using the fact that S is a free 
R-module. 0 

It follows from the proposition, in the particular case that R is a (Von Neumann) 
regular ring that injectives in Ce, are injective in R-mod. This observation may be 
extended to gr-regular rings; recall that a graded ring R is gr-regular if for any 
homogeneous r E R there exists an a E R such that r = rar. Clearly R is gr-regular if 
and only if every graded R-module is gr-flat; hence we arrive at: 

Corollary 2.12. If R is gr-regular then every injective object in %Zx is injective in R-mod. 
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Proof. Since pc_x(S/Z) = 0 we have p&S/I) = S/I and S/I is a graded R-module 

hence it is gr-flat and therefore flat as an R-module. 

Now if M E R-gr has finite support X and M is gr-injective then M is an injective 

object of ?Zx. The previous observations learn that in certain particular cases the 

gr-injectivity of M will entail the injectivity of M in R-mod. 0 

However, in general (see Example 3.2(ii) later) there may be a considerable differ- 

ence between the property of being injective in Vx and being injective in R-mod. 

3. Finitely supported graded injectives 

Recall from [lo] the following: 

Theorem 3.1. Let R = @ S.GRS be a graded ring ofjinite support and let M E R-gr be 

a gr-injective ofJinite support, them M is injective as an R-module. 

How far can we relax the conditions on M and R in the theorem before gr-injective 

and injective become different properties for graded modules? If we assume R has 

infinite support but M E R-gr has finite support is it then true that gr-injectivity of 

M implies injectivity? In fact, the mere existence of gr-injective M with finite support is 

now not entirely trivial. 

Example 3.2. (i) Let R0 be a commutative semisimple ring having at least two types 

of simple modules (e.g. one can take R0 = k x k, k a field). Let (R,), z 1 be a family of 

simple RO-modules and let N be a simple RO-module not isomorphic to any of the R,, 

n 2 1. The abelian group R = an t 0 R, may be made into a graded ring of type Z by 

putting R_, = 0 for n > 0; rnrm = 0 for any n, m > 0 and Y,,Y, = Y,Y~ defined by the 

R,-module structure of R,. 

Consider M = Coind(N). Then M is gr-injective because N is R,-injective and 

Coind(-) has an exact left adjoint. Since for every n # 0 we have M, = 

Hom,&R_,,, N) = 0 it follows that M has support (0) and this is finite indeed! 

(ii) With notation as before let S be a simple R,-module such that an infinite 

number of the R, are isomorphic to S. Concentrating S in degree zero yields a graded 

R-module S with Y,S = 0 for all n > 0, s ES. Now consider the morphism of graded 

R-modules: 

v(S):S + Coind(S), given by v(S)(s)(a) = aos for any s ES and a E R. In view of 

Proposition 1.1 of [lo] v(S) is essential and obviously, since S is graded-simple v(S) is 

also injective. It follows that Coind(S) is the injective hull of S in R-gr and it has 

infinite support. This establishes an example of a graded module of finite support such 

that an essential extension of it (in R-gr) has infinite support. This example also 

provides an example of an injective object of gfo, I that is not gr-injective and not 

injective in R-mod. 
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When considering a graded ring R with infinite support, we want to give reasonable 
conditions for a gr-injective object to have infinite support automatically. 

Proposition 3.3. (cf. [lo]). Let M E R-gr be gr-injective and g-faithful for some g E G, 
then M, is an injective RI-module and M N Coind(M,)(g-l) as graded modules. 

Lemma 3.4. If M E R-gr hasfinite support then there exists a g E supp(M) and a graded 
submodule M’ in M such that M’ is g-faithful. 

Proof. We proceed by induction on the cardinality of supp(M), noting that the claim 
holds when supp(M) consists of one element only. 

Assume that the result holds when lsupp(M)I < n and consider an M E R-gr with 
Isupp(M)l = n. Choose g ~supp(M); if M is g-faithful we were lucky and stop the 
proof, otherwise there is a non-zero graded submodule N of M such that N, = 0. Then 
lsupp(N)l < lsupp(M)l and the induction hypothesis applied to N yields 
the result. 0 

Corollary 3.5. If M E R-gr is gr-injective and supp(M) is jinite then there exists 
a graded submodule Q of M such that Q is gr-injective and Q is g-faithfulfor some g E G. 

In particular, every injective indecomposable object of jinite support of R-gr is 
g-faithful for some g E G. 

Proposition 3.6. Let R be a graded ring with infinite support and assume that either one 
of the following assumptions holds: 

(i) The set A = (g E G, R, contains a regular element of R} is injinite. 
(ii) The set B = {g E G, R, is a generator in R,-mod} is injinite. 

Then every injective object of R-gr has infinite support. 

Proof. Consider a gr-injective M E R-gr. 
(i) M is gr-divisible, i.e. for any regular homogeneous element rs E R, and any 

m E h(M) there exists a homogeneous y EM such that r,y = m. Choose m # 0 in M,. 
The solution y of rsy = m is non-zero and it belongs to Mg-lr, thus supp(M) 2 A-‘z, 
where A is as above, and consequently supp(M) is then infinite too. 

(ii) If M has finite support then Corollary 3.5 entails that there is a graded 
R-submodule Q in M such that Q is r-faithful for some r E G and Q having finite 
support. 

Then Q N Coind(Q,)(z- ‘) in R-gr and thus Coind(Q,) has finite support. However, 
as abelian groups Coind(Q&I E HomRl(Rg, QJ. Since tR,(RS) = RZR, = RI there 
exist fi, . . . , fn E R,* and x1, . . . , x, E R, such that 1 = x1= ih( Choose m, E Qr, m, # 0 
and u ~Horn~,(Rr, QJ is defined by u(r) = rm,. If uh = 0 for all i then we have: 

(ufi)(xJ = fi(xi)m, = 0, hence I:= J(xi) m, = 0 or m, = 0, contradiction. Therefore, 
uh # 0 for some i and so it follows that HomR,(Rg,Q,) # 0 or Coind(Q&-1 # 0. 

All of this leads to the fact that M could not have finite support. 0 
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For M ER-gr put F(M) = (N,N a graded subobject of M such that N is g-faithful 
for some g E G}. 

Proposition 3.7. Zf M E R-gr has finite support then there is a finite direct sum of 

elements of F(M) which is essential as an R-module in M. 

Proof. Let F(M) = {Nil i EL} and & = {J 1 J G I and the sum CisJNi is direct}. Then 
the inclusion makes d an inductive ordered set, so using Zorn’s lemma we get 
a maximal element J of &. If S = CisJNi is not gr-essential in M, then there is 
0 # N I,, M with SnN = 0. By Lemma 3.4 we can find an i E I with Ni E N, hence 
Ju{i} E &, which is a contradiction. Therefore, S is graded essential, hence also 
essential as an R-module. Since the direct sum of g-faithful graded modules is 
g-faithful the result follows because supp(M) is finite. 0 

Lemma 3.8. Let Q E R-gr be gr-injective ofjnite support and g-faithful for some g E G, 
then Q is injective in R-mod. 

Proof. From Proposition 3.3 it follows that Q, is injective in RI-mod and 
Q = Coind(Qs) (g-i). Now we know: 

Coind(Q& = {f EHomR,(R, Qs), f (R,) = 0 for A # x-i}. 

Since Q has finite support only a finite number of the components Coind(C,), can be 
non-zero. Therefore we arrive at Coind(Qs) = HomK1 (R, Q,) which is injective in 
R-mod hence Q is injective in R-mod too. 0 

Theorem 3.9. If M E R-gr is gr-injective and havingfinite support then M is injective as 

an R-module. 

Proof. Proposition 3.7 provides us with MI@ ... @M, essential in M, with 
Mi EF(M), i = 1, . . . ,n. Let Eg(M,), . . . , Eg(M,) be the injective hulls in R-gr and put: 

E = Eg(M1@ ... @M,) = Eg(M1)@ ... @Eg(M,). 

This inclusion, i: MI @ ... @ M, + M yields a graded morphism f: E + M such that 

fu = i, where u: MI 0 ... @M, + E is the canonical inclusion. Since u is essential f is 
injective. Obviously, f is essential. However, f(E) is gr-injective and essential in M, 

hence f (E) = M and f is a graded isomorphism. 
On the other hand, E’(Mj) has finite support and it is gr-injective, moreover it is in 

F(M) because it is an essential extension of an object in F(M). By Lemma 3.8 it 

follows that M is injective in R-mod and then it also follows that M is injective in 

R-mod. 0 

As a by-product of the proof of the foregoing theorem we actually obtain a structure 

result for gr-injectives of finite support. 
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Corollary 3.10. Let M E R-gr be a gr-injective having finite support then there exist 

91, ... ,&I in supp(M) and N1, . . . , N, injective RI-modules such that: M g 
@T= 1 Coind(NJ (g; ‘). 

Observation 3.11. As in the proof of Theorem 3.9 we obtain for ME R-gr having 

finite support and MI @ . . . 0 M, being a direct sum of modules of g(M) 
which is gr-essential in M, that ES(M) = Eg(MI)@ ... @Eg(M,). Since all 

Mi Ed we arrive at Eg(M) = OF=1 Coind(Ni)(g;‘) for some gi E supp(M), 

i = 1, . . . , n. In particular: ES(M) = Coind(N) for some R1-module N (as R- 

modules). 

Now it becomes possible to obtain information about the gradability of injective 

modules over a graded ring in case the grading group is finite. 

Corollary 3.12. Let G beJinite, R a G-graded ring. 
For an injective R-module the following assertions are equivalent: 

(i) M can be endowed with a gradation of type G 
(ii) M is the injective hull (in R-mod) of a graded R-module 

(iii) There exists an injective RI-module N such that M N Coind(N) = 

HomR, (R, N) as R-modules. 
(Note that (ii) o (iii) is exactly Corollary 1.20 of [S]). 

Corollary 3.13. Let R be graded by arbitrary G but having finite support and let 
M be an injective indecomposable R-module, then the following assertions are 
equivalent: 

(i) M can be made into a G-graded R-module 
(ii) There exists an injective indecomposable RI-module N such that M N 

Coind(N) = HomRl(R, N) as R-modules. 

Proof. (ii) * (i): Clear. 

(i) * (ii): It suffices to observe that the gradation on M makes M into a gr-injective 

indecomposable R-module, hence if the homogeneous m # 0 is chosen in M then M is 

an essential extension of Rm and the latter has finite support. Therefore, M has finite 

support too and we may apply Corollary 3.10. 

Finally, we show that in Theorem 3.1 we cannot drop the condition for M to have 

finite support. Let R be a non-Noetherian ring trivially graded by in infinite G. 

Consider a family or injective R-modules {M,,,, g E G) such that M = @g.GMcS) is not 

injective. Then it is clear that M may be made into a graded R-module (in the obvious 

way) and it is gr-injective but not injective. 

In this observation the fact that R is not left Noetherian was crucial. A result from 

[lo] states that for a graded ring R having finite support and being left Noetherian it 

is true that any gr-injective is injective. Let us conclude this paper by establishing 

a converse for this assertion. 0 
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Theorem 3.14. Het G be an infinite and R a G-graded ring such that any R-module can 
be embedded in a graded R-module (for instance if supp(R) is finite this property is 
satisfied). If every gr-injective left R-module is injective, then R is left Noetherian. 

Proof. Assume that every gr-injective left R-module is injective and R is not left 

Noetherian. Since any left R-module can be embedded in a graded R-module, there 

exists a graded R-module E, which is a gr-injective (hence injective) cogenerator. Since 

G is infinite and R is not Noetherian, then I?” is not injective. Since U is exact, then 

F preserves injectivity and hence F(G) is gr-injective. But E E R-gr, so F(G) is 

isomorphic to @g& E(g) in R-gr. By assumption UF(E) N EC is injective, and this 

yields to a contradiction. 0 

Remark 3.15. Graded rings with the property that any module can be embedded in 

a graded one have been studied in [7]. 
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