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1. Introduction

To a finitely generated algebraA over C (or any other algebraically closed field
characteristic zero) one can associate the set of all left ideals of codimensionn. This set
can be turned into a scheme, called the Brauer–Severi schemeBSn(A).

In [11] M. Van den Bergh showed how one can constructBSn(A) using geometric
invariant theory. Consider the variety of couples of a representation and a cyclic vec

brauern A := {
(ρ, v) | ρ :A → Matn×n(C), ρ(A)v = Cn

} ⊂ repn A × Cn.

To every point(ρ, v) in this variety we can associate an ideal of codimensionn, namely
the kernel of the mapa �→ ρ(a)v. on the other hand, given an idealm we can choose
basis forA/m to obtain a representation and the associated cyclic vector will be 1 mm.

All these identifications depend on the choice of a basis, so there is a natural ac
GLn onbrauern A given by

g.(ρ, v) := (
gρg−1, gv

)
.

The orbits for this action are closed inbrauern A but notrepn A×Cn (see [10]) and we
can make the geometrical quotient of this action to obtain the Brauer–Severi variety

BSn(A) := brauern A/GLn .

The GLn-action onrepn A on the other hand has only a categorical quotient as no
orbits are closed. We will denote this quotient byissn A. It is a well-known fact that it
classifies the isomorphism classes of semisimplen-dimensional representations ofA, i.e.

issn(A) := repn A//GLn .

Because of the compatibility of the actions ofbrauern(A) andrepn A, there is a natura
map

π : BSn(A) → issn A.

This fibration carries a lot of information about our original algebraA and therefore it is
an interesting question to ask to what extent we can describe the geometry of the m
its fibers.

The construction described above can also be transferred to the setting of orde
more generally Cayley–Hamilton algebras. Recall that anth Cayley–Hamilton algebra i
a finitely generated algebraA equipped with a trace, that is aZ(A)-linear map tr :A →
Z(A), such that for alla, b in A

• tr(ab) = tr(ba),
• tr 1= n,
• χn,a(a) = 0,
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whereχn,a(X) is thenth Cayley–Hamilton identity expressed in the traces of powersa.
The matrix algebra Matn×n(C) with the natural trace is the simplest example of suc
Cayley–Hamilton algebra. For a Cayley–Hamilton algebra, we can define the set o
preserving representations as

trepn A := {ρ ∈ repn | tr◦ρ = ρ ◦ tr},

which is a closed subset ofrepn A. The quotienttrissn A := trepn A//GLn can in this
case be identified with the spectrum of the centerZ(A). Changingrepn A intotrepn A in
the above definition of the Brauer–Severi variety, we obtain the trace preserving B
Severi variety, which we will again denote byBSn(A), and the corresponding fibratio
π :BSn A → trissn A. These notions were also introduced in [11].

Orders are special cases of Cayley–Hamilton algebras in the following way. LetR be
a commutative Noetherian integrally closed domain with fraction fieldF and algebraic
closureF̄ . If A is anR-order in the central simple algebra∆ then we can turnA into
a Cayley–Hamilton algebra using the trace function of the matrix algebra∆ ⊗R F̄ . On
the other hand ifA is Cayley–Hamilton algebra such thattrissn A is an irreducible and
normal variety and contains simple representations, thenA is anC[trissn A]-order in
∆ = A ⊗C[trissn A] C(azun A), with

azun A := {ρ ∈ trissn A | ρ is simple}.

Cayley–Hamilton algebras are quite geometrical in nature as they can be recons
from their representation variety as the ring of covariant matrix valued functions (see

A ∼= {
f :trepn A → Matn×n(C) | f (g · x) = gf (x)g−1}.

Because of this geometrical aspect, it is natural to call a Cayley–Hamilton algeb
order) smooth iftrepn A is a smooth variety. However, the smoothness oftrepn A does
not imply that the quotient is smooth and singularities that occur intrissn A will be
referred to as central singularities.

From now on we will assume thatA is a smooth order. This class of algebras has
advantage that the étale locale structure of the natural mapstrepn → trissn A and
BSn A → trissn A can be described using (marked) quiver settings (see [7]). In Sec
we will recall how this is done and then use these techniques for a closer study of the
Severi fibration.

In Section 3, we describe the flat locus of a Brauer–Severi scheme associate
smooth order, i.e. the points intrissn A for which the fiber has minimal dimensio
In Section 4 we determine all possible central singularities for which the Azumaya
does not coincide with the flat locus and in Section 5 we give a description of the
over points in the flat, non-Azumaya locus near such central singularity. As an appli
we indicate how this description is an extension of a result of Artin in the case of ma
orders over a smooth curve. Finally, in Section 6, we show how these fibers can be
toric varieties and we use this to compute their cohomology.
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2. Preliminaries

We begin by introducing the notions and results we will need throughout the rest o
paper.

2.1. Definitions and notations

Definition 1 (Quivers).

• A quiver is a four-tupleQ = (Q0,Q1, h, t) consisting of a set ofverticesQ0, a set of
arrows Q1 and two mapst :Q1 → Q0 andh :Q1 → Q0 assigning to each arrow it
tail respectively its head:

a

h(a) t (a)
.

• A marked quiverQ• is a quiver together with a subset of the loops (these are the a
for whichh(a) = t (a)), these loops are called the marked loops and are labeled w
black dot.

• A dimension vectorof a quiverQ is a mapα : Q0 → N and aquiver settingis a couple
(Q,α) of a quiver and an associated dimension vector. The dimension vector wh
equal to 1 on all vertices is denoted by1.

• Fix an ordering of the vertices ofQ. TheEuler form of a quiverQ is the bilinear form

χQ :N#Q0 × N#Q0 → Z

defined by the matrix havingδij −#{a ∈ Q1 | h(a) = j, t (a) = i} as element at locatio
(i, j).

• A quiver is calledstrongly connectedif and only if each pair of vertices in its verte
set belongs to an oriented cycle.

• A path in a quiver setting will be calledquasiprimitiveif it does not runn + 1 times
through a vertexv with α(v) = n. A quasiprimitive path from vertexv to vertexw is
depicted asv w .

• A quiverQ is called aconnected sumof two subquiversR andS in vertexv if

Q0 = R0 ∪ S0, R0 ∩ S0 = {v}, Q1 = R1 ∪ S1 and R1 ∩ S1 = ∅.

• A quiver setting is calledprime if it is not a connected sum of two quiver settings in
vertex with dimension 1, and the prime components of a quiver setting are its ma
prime subquiver settings.

A quiver setting is graphically depicted by drawing the quiver and listing in each
tex v either the dimensionα(v), in which case the vertex is encircled, or the name of
vertex itself.
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Definition 2 (Representations of quivers).

• An α-dimensional representationV of a quiverQ assigns to each vertexv ∈ Q0 a
linear spaceCα(v) and to each arrowa ∈ Q1 a matrixV (a) ∈ Mα(h(a))×α(t (a))(C). We
denote byrep(Q,α) the space of allα-dimensional representations ofQ. That is,

rep(Q,α) =
⊕
a∈Q1

Mα(h(a))×α(t (a))(C).

In the case of marked quivers we ask that the marked loops are represented by tr
matrices.

• We have a natural action of the reductive group

GLα :=
∏

v∈Q0

GLα(v)(C)

on a representationV defined by base change in the vector spaces. That is

(gv)v∈Q0.
(
V (a)

)
a∈Q1

= (
gh(a)V (a)g−1

t (a)

)
a∈Q1

.

• The quotient space with respect to this action classifies all isomorphism clas
semisimple representations and is denoted byiss(Q,α). The quotient map with re
spect to this action will be denoted by

πQ :rep(Q,α) � iss(Q,α).

• The fiber ofπQ in πQ(0) is called thenullconeof the quiver setting and is denoted
Null(Q,α).

2.2. The étale local structure of the Brauer–Severi fibration

In this section we briefly recall how (marked) quivers can be used to describe the
structure of a smooth order and its Brauer–Severi fibration. The results stated in this
are taken from [7].

We want to determine the étale locale structure near a pointp ∈ trissn A. The pointp
corresponds to a semisimple representation with a decomposition in simple represen

S
⊕e1
1 ⊕ · · · ⊕ S

⊕ek

k .

From this decomposition we construct the following data.

• A (marked) quiverQp with k vertices indexed by the different simple compone
The number of (marked) arrows from theith to thej th vertex can be determined fro
the normal spaceTp repn A/Tp GLn ·p (for a more detailed construction see [7]).

• A dimension vectorαp assigningei to theith vertex.
• A dimension vectorγp assigning dimSi to theith vertex.
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From this data we obtain an étale local description oftrissn A.

Theorem 1. There is an étale neighborhood ofp ∈ trissn A that is isomorphic to an
étale neighborhood of the zero iniss(Q,α).

We will call (Qp,αp) the local quiver setting ofp and(Qp,αp, γp) the local quiver
data ofp.

To describe the Brauer–Severi fibration we modifyQp,αp andγp in the following way:

• To Qp we add a new vertexv0 andγp(v) arrows fromv0 to v for eachv ∈ (Qp)0. The
new quiver is denoted bỹQp.

• We extendαp to α̃p by givingv0 dimension one.
• We extendγp to a characterθp of GLα̃p

by puttingθp(v0) = −n andθp|Q0 = γp.

The character can now be used to defineθp-semistable representations:

Definition 3. An αS -dimensional representationS of Q̃p is calledθp-semistable if and
only if αS · θp = 0 and for all subrepresentationsT ⊂ S we have thatαT · θp � 0.

The open subvariety ofθp-semistable representations of dimensionα̃p will be denoted
by ressθp (Qp, α̃p).

Theorem 2. Given a Brauer–Severi schemeBS(A) and a pointp ∈ trissn A, we have

π−1(p) = (
Null(Q̃p, α̃p) ∩ ressθp (Q̃p, α̃p)

)
/GLα̃p

.

Moreover, the dimension vectorαp is such that there exist simple representations
rep(Qp,αp).

Remark. As we are only considering representations in the nullcone (all traces are
the distinction between marked and unmarked loops is superfluous and will be omit

This theorem reduces the study of the fibers of the Brauer–Severi fibration to the
of moduli spaces of nullcones of quiver settings that have simple representations.
a criterion for the existence of simple representations of dimension vectorα was given.

Theorem 3. Let (Q,α) be a quiver setting such that for all verticesv we have that
α(v) � 1. There exist simple representations of dimension vectorα if and only if

• Q has exactly one vertex, at most one loop andα = 1;
• Q is of the extended Dynkin form̃An

with α = 1;
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∀v ∈ Q0: χQ(α, εv) � 0 and χQ(εv,α) � 0.

Hereεv(w) := δvw for all w ∈ Q0.

If α(v) = 0 for some verticesv, (Q,α) has simple representations if(Q′, α′) has sim-
ple representations, where(Q′, α′) is the quiver obtained by removing all verticesv with
α(v) = 0.

3. The flat locus of the Brauer–Severi fibration

In this section, we will determine the flat locus of the Brauer–Severi fibration

BS(A) � X,

using the quiver description recalled in Section 2. We have

Theorem 4. Let (Q,α,γ ) be the local quiver data of a pointξ ∈ X, then

dimπ−1(ξ) = dimNull(Q,α) + n − dimGL(α).

Proof. Let γ = (d1, . . . , dk) and letθ be the corresponding character forQ̃, then by The-
orem 2 we know that

π−1(ξ) = (
Null(Q̃, α̃) ∩ repθ (Q̃, α̃)

)
/GL(α̃).

Also

Null(Q̃, α̃) = Null(Q,α) × An

because any choice of a representation for an arrow with tailv0 belongs to the nullcon
by a straightforward application of Hilbert’s criterion. Now for any irreducible compo
C of Null(Q,α) we have thatrepθ (Q̃, α̃) ∩ (C × An) �= ∅ only containsθ -stable rep-
resentations which have stabilizerC∗ so whenC is an irreducible component of maxim
dimension we obtain

dim
(
Null(Q̃, α̃) ∩ repθ (Q̃, α̃)

)
/GL(α̃) = dimC + n − (

dimGL(α̃) − 1
)

= dimNull(Q,α) + n − dimGL(α). �
Let us recall the definition of a cofree quiver setting from [3].
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Definition 4. A quiver setting(Q,α) is calledcofreeif its quotient spaceiss(Q,α) is
smooth and its nullconeNull(Q,α) has minimal dimension, i.e.

dimNull(Q,α) = dimrep(Q,α) − dimiss(Q,α).

We have

Corollary 5. A pointξ ∈ X belongs to the flat locus of the Brauer–Severi fibration ofX if
and only if its corresponding local quiver setting is cofree.

Proof. The fibers of the Brauer–Severi fibration over an Azumaya point are isomorp
Pn−1 so have dimensionn − 1. This means that in order to have minimal dimension
must have dimπ−1(ξ) = n − 1. This is exactly the case when

dimNull(Q,α) = dimGL(α) − 1= dimrep(Q,α) − dimiss(Q,α).

In combination with the fact that the flat locus of the Brauer–Severi fibration is cont
within the smooth locus of the Brauer–Severi fibration by an application of the P
conjecture for quiver representations (see [12]) we obtain the claim.�

In combination with Theorem 2, this means that in order to find the flat locus o
Brauer–Severi fibration ofX, we have to classify all cofree quiver representations
have simple representations.

A characterization of cofree representations was given in [3]. Byreduction stepRc
I

we mean the construction of a new quiver from a given quiver by removing a vertex
connecting all arrows) in the situation illustrated below, wherek is not smaller than the
number of quasiprimitive cycles throughk .

i1 . . . il

k

a

1

Rc
I−→

i1

b1

. . . il

bl

1

We now have

Theorem 5. A quiver setting(Q,α) is cofree if and only if it can be reduced usingRc
I to a

setting whose prime components are in the list below.

(i) strongly connected quiver settings(P,ρ) for which
(1) there is a vertexv ∈ P0 such thatρ(v) = 1 and through which all cycles run,
(2) ∀w �= v ∈ P0: ρ(w) � #{v w} + #{v w} − 1,
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(ii) quiver settings(P,ρ) of the form

1

u1 . . . up

lq · · · l1

with p � 1, q � 0, such that there is at most one vertexx in the path u1 up

which attains the minimal dimensionmin{u1, . . . , up, l1, . . . , lq},
(iii) quiver settings of extended Dynkin typeÃn with cyclic orientation,
(iv) quiver settings(P,ρ) of the form

u1 u2 . . . up

cs . . . 2 . . . c2 c1

l1 l2 . . . lq

with p,q � 0 andui, lj � 2 for all 1 � i � p, 1 � j � q and all ck � 4 except for a
unique vertex with dimension2.

Theorem 6. A pointξ ∈ X belongs to the flat locus of the Brauer–Severi fibration ofX if
and only if the prime components of its local quiver are of the form

1

d . . . d

d−1 · · · d−1

d

1 d
...

d

d−1

1 d
...

d−1

(1)

2 2

... 2
...

2 2

1 1

1 1

1 1

(2)

Proof. As ξ belongs to the flat locus of the Brauer–Severi fibration, we know its l
quiver setting must have simple representations. Now note that for a dimension
to have simple representations, the vertexk in reduction stepRc

I must have dimensio
k = 1. This means there runs only one quasiprimitive path through this vertex, wh
only the case if the quiver setting to which the vertex belongs to, is a connected s
cyclic quivers with dimension vector1. All other cofree quiver settings with simple repr
sentations cannot be reduced by reduction stepRc

I and hence must have prime compone
as described in Theorem 5.
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The conditionχQ(α, εv) � 0 andχQ(εv,α) � 0 means that for any given vertexv,

∑
a∈Q1, h(a)=v

α
(
t (a)

)
� α(v) �

∑
a∈Q1, t (a)=v

α
(
h(a)

)
. (∗)

Consider the prime components of Theorem 5 described in (iv). Only a uniqueci can
have dimension 2, sos = 1 by condition(∗) and by the same conditionui = 2 andlj = 2
for all i, j . This yields a connected sum of cyclic quivers with dimension vector 2.1. The
component described in (iii) (the cyclic quiverÃ) must obviously have dimension vector1
by Theorem 3. The same argument used for the components listed in (iv) applies
components described in (ii), which means they only have simple representations
they are of the forms in (1).

Finally, consider the components described in (i). Letv be a vertex withα(v) = 1
through which all cycles run. Because of this condition, there is a vertexw0 that has only
incoming arrows fromv. Shouldα(w0) > 1, the existence of simple representations
plies there areα(w0) arrows fromv to w. The second condition onw then implies there is
only one arrow leaving, and this to a vertexw1 with dimensionα(w1) = α(w). As all cycles
run throughv, this vertex also has only one arrow leaving to a vertexw2 with dimension
α(w2) = α(w). This argument can be repeated until we find a vertexwk that is connected
to v with exactly one arrow, so all verticeswi for 0 � i � k must haveα(wi) = 1. This
means the quiver setting has a prime component that is a cyclic quiver setting with d
sion vector1. Removing this prime component then yields by induction on the numb
vertices that the quiver setting we started with was a connected sum of cyclic quiver
dimension vector1. �

4. Central singularities and the flat locus

In this section, we give a classification of all reduced (in the sense of [2]) centra
gularities where the flat locus of the Brauer–Severi fibration does not coincide wit
Azumaya locus. This translates into finding all reduced non-cofree quiver settings(Q,α),
which have a local quiver setting that is cofree. Recall from [6] the construction of a
quiver setting(Qp,αp) from a quiver(Q,α): for a given semisimple representation

S
⊕a1
1 ⊕ · · · ⊕ S

⊕ak

k

of the quiver(Q,α), whereSi has dimension vectorai (and a combinatorial property o
simplicity described in Theorem 3), we construct the local quiver(Qp,αp) by the follow-
ing data:

• (Qp)0 consist ofk vertices.
• The number of arrows between verticesu andv is given byδuv − χQ(αu,αv).
• αp := (a1, . . . , ak).
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We will use this combinatorial description to obtain the desired classification. From
on, we will call a quiver setting simple if it has simple representations.

The following is a characterization of reduced quiver settings (with at least 2 verti

Definition 6. A strongly connected quiver setting(Q,α) with at least 2 vertices is calle
reduced if and only if

• every vertext with no loop hasχQ(α, εt ) � −1 andχQ(εt , α) � −1,
• every vertext with one loop hasχQ(α, εt ) � −2 andχQ(εt , α) � −2,
• all vertices with dimension 1 do not have loops.

Lemma 1. A non-cofree quiver setting with a cofree local quiver has at least2 vertices.

Proof. From [3] we easily deduce that a non-cofree quiver setting with one vertex h
least 2 loops and dimension at least 3 or at least 3 loops and dimension at least 2.
cases one easily verifies that too many arrows appear in the local quivers.�

From now on we assume(Q,α) is a reduced quiver setting with at least 2 vertices (
implies that(Q,α) is not cofree). We first determine the possible local quiver settings

Lemma 2. A cofree local quiver setting of(Q,α) can never have2 or more loops at a
vertexv with dimensionα(v) = k � 2.

Proof. The only situation of Theorem 6 where two loops occur is

2 . (3)

Suppose one can find a reduced quiver setting(Q,α) with n vertices such that it has (3) a
a local quiver. Then we know that 2 dividesαi for all i. Since(Q,α) is reduced,

−χ(α, εi) � 1 and − χ

(
α

2
, εi

)
� 1.

But then the number of loops of the local quiver is

1− χQ

(
α

2
,
α

2

)
= 1−

n∑
i=1

α

2
χQ

(
α

2
, εi

)
� 3. �

Lemma 3. (Q,α) is simple andχQ(α,α) = 0 if and only ifQ = Ãn andα = (1, . . . ,1).

Proof. By linearity of χQ, it is clear thatχQ(α,α) = 0 is equivalent toχQ(α, εt ) = 0 for
all t . Looking at the vertex with minimal dimension, one easily deduces that all dimen
must be the same. The only strongly connected quiver allowing this is anÃn. The simplicity
condition gives us dimension vector(1, . . . ,1). �
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Theorem 7. Suppose(Q,α) has a cofree local quiver setting(Qp,αp), then (Qp,αp)

is always a connected sum ofÃi , where every vertex has dimension1 (and a number o
loops).

Proof. Suppose we have a cofree local quiver with a vertex of dimensionk � 2. This
vertexv corresponds to a simple quiver setting(Qv,αv), with Qv a subquiver ofQ andαv

a sub-dimension vector ofα, non-zero onQv and zero elsewhere. From Lemma 2 and
fact that the number of loops in vertexv is given by

1− χQ(αv,αv)

(and therefore is at least 1), we know that vertexv has exactly one loop. This also impli
by Lemma 3 that

(Qv,αv) = (Ãn,1).

The number of non-loop arrows arriving in vertexv is given by∑
w �=v

−χQ(αw,αv) = −χQ(α − kαv,αv)

= −χQ(α,αv) + k χQ(αv,αv)︸ ︷︷ ︸
=0

= −
∑

t∈(Qv)0

χQ(α, εt )αv(t) � 2

where the last inequality holds because(Q,α) is reduced. A situation with one loop an
2 more incoming arrows in a vertex with dimension greater thank can never be cofree b
Theorem 6.

We find that all vertices of the local quiver setting must have dimension 1. The
possibilities left are, according to Theorem 6, connected sums ofÃi having dimension 1
on each vertex. �

Now that we have found all possible local quiver settings, let us look at all pos
reduced quiver settings that have a connected sum ofÃi , with dimension vector1 as local
quiver.

Theorem 8. Let (Q,α) be a reduced quiver setting with a local quiver(Qp,αp) given by
a connected sum of̃Ai with dimension vector1 andnv loops on each vertexv.

Then(Q,α) is of the following shape: take(Qp,αp) and replace every vertexv and its
loops by a simple quiver setting(Qv,αv) with

1− χQv (αv,αv) = nv,

in such a way that thẽAi -arrows only start and end in a vertex with dimension1.
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We illustrate this theorem with an example:

1 2 1 1 1

1 1 1 1

1 1 1

2

local−−−→
quiver

1

7

15 1 1 2

1

8

.

Proof. We first show that the quivers described in the theorem have a local quiver th
connected sum of̃Ai with dimension 1 on every vertex.

Assume(Q,α) of the form

1
simple

1 1
simple

1

1
simple

1 1

···

simple
1

with α = (α1, α2, . . . , αn) whereαj is the dimension vector of the simple subquiver pla
at vertexj of Ãn.

The Euler form of this quiver setting is given by the block matrix




A1 ε21 0 0 · · · 0

0 A2 ε32 0 · · · 0

0 0 A3 ε43 · · · 0

0 0 0 A4
. . . 0

...
...

...
. . . εn,n−1

ε1n 0 0 0 0 An




whereAj consists of the Euler matrix of the simple quiver at vertexj of Ãn andεij is the
matrix with−1 as entry(i, j) and zeroes elsewhere.

If we construct the local quiver by splitting the dimension vectorα in n components

(α1,0, . . . ,0) ⊕ (0, α2,0, . . . ,0) ⊕ · · · ⊕ (0, . . . ,0, αn)
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we get a local quiver that hasn vertices and, with exception of loops, the only arro
occurring are exactly the same as in theÃn. This results in

1

ln

1

l1

1

ln−1

1

l2

which is the first case of the cofree simple quivers of Theorem 6.
More generally, we start with a connected sum ofÃi , where every vertex is replaced b

a simple subquiver and thẽAi -arrows always start and end in a vertex with dimension 1.
construct a local quiver in the same way as above. The simple subquivers will be p
in 1 vertex and for the same reason as above, we get a local quiver that looks exa
same as the original, replacing the simple subquivers by vertices with dimension 1,
number of loops. We find a connected sum of cyclic quivers.

Remains to show that these quiver settings are the only possible reduced quiver s
that have a cofree local quiver. This result is an immediate consequence of the fac
is impossible for 2 simple components of the local quiver to have a common vertex
non-zero dimension.

To see that it is impossible to have a common vertex, we use, as before, only re
quiver settings(Q,α) with at least 2 vertices. Suppose(Q,α) has a local quiver with a
least 2 components that overlap in a vertext ∈ Q0 (there exist componentsu andv with
αu(t), αv(t) � 1). We will show that the local quiver(Qp,αp) always has a subquiver o
the form

(i) 1 1 (ii)

1

1

1

(iii)
1 1

1 1

(where in (iii) the two left vertices may coincide) and therefore the local quiver cann
a connected sum of̃Ai ’s.

For a set of vertices of the local quiver, sayΩ , we define the function

κt (Ω) :=
∑
u∈Ω

−χQ(αu, εt ).

If we takeΩ = (Qp)0, by Definition 6,κt (Ω) � 1 andκt (Ω) � 2 if there is at least 1 loop
in t . If we remove verticesu from Ω with −χQ(αu, εt ) � 0,κt (Ω) still has the same lowe
bound.

Our next objective is to remove vertices fromΩ in such a way thatΩ has exactly 2
verticesui with αu (t) > 0.
i
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We start withΩ = (Qp)0 and remove verticesu with −χQ(αu, εt ) � 0 andαu(t) > 0
from Ω . We stop removing vertices if there are only 2 componentsui with αui

(t) > 0 left
in Ω . If it is not possible to reach anΩ with 2 componentsui with αui

(t) > 0 by this
procedure, we just remove vertices until no vertexw with χQ(αw, εt ) � 0 andαw(t) > 0
exists inΩ . We call the resulting setΩt .

If Ωt has at least 3 componentsui with αui
(t) > 0, each of theseui has−χQ(αui

, εt ) � 1
and the number of arrows betweenui anduj is given by

−χQ(αui
, αuj

) =
∑
s∈Q0

−χQ(αui
, εs)αuj

(s) � −χQ(αui
, εt )αuj

(t) � 1

where the first inequality is obtained by simplicity of the components of the local qu
This result in a subquiver ofQp looking like (ii).

If Ωt has 2 such componentsu andv, three situations may occur, but they all will le
to a situation (i), (ii) or (iii).

(A) (Qu)0 �⊂ (Qv)0 and(Qv)0 �⊂ (Qu)0. The number of arrows fromu to v is given by

−
∑

s∈(Qu)0∩(Qv)0

χQ(αu, εs)αv(s) −
∑

s∈(Qv)0\(Qu)0

χQ(αu, εs)αv(s). (4)

By simplicity of (Qu,αu), the first sum is always� 0, and because there exist vertices
(Qv)0\(Qu)0, the second sum is always at least 1. So we have at least 1 arrow fromu to v

and, by the same argument, we have an arrow in the other direction. Sinceκt (Ωt ) � 1, we
have

−χQ(αu, εt ) − χQ(αv, εt ) +
∑

w∈Ωt\{u,v}
χQ(αw, εt ) � 1. (5)

If the first term of (5) is at least one we get an extra arrow fromu to v due to the first sum
of (4), so we are left withu �⇒ v in our local quiver. If the second term is at least one
getv �⇒ u in our local quiver. If the third term is at least one, we get the situation (ii)

(B) (Qu)0 � (Qv)0. If Qu has exactly one vertex, the number of vertices betweenv and
u is given by−χQ(αv, εt )αu(t) and the condition onκ(Ωt ) translates to

−χQ(αv, εt ) +
∑

w∈Ωt\{u,v}
χQ(αw, εt ) � 2

(this is independent of the number of loops int) and we see that all possible situations le
to a subquiver of(Qp) of the form (i), (ii) or (iii).

If Qu has at least 2 vertices, we can look at Eq. (4) from situation (A), for arrows
u to v. We also use (5), to see we get another arrow fromu to v or vice versa, or an arrow
to u andv from another vertexw. Let us now look at another vertext1 of (Qu)0 ∩ (Qv)0. If
here too we haveκt1(Ωt ) � 1 this leads to another arrow fromv to u. If κt1(Ωt ) = 0, there
exists one vertexw′ of the local quiver which we have removed while constructingΩt .
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This vertex has−χQ(αw′ , εt1) and this leads to an arrow fromw′ to bothu andv. Again
we have a subquiver of(Qp) of the form (i), (ii) or (iii).

(C) (Qu)0 = (Qv)0. If (Qu)0 has 1 vertex, the same argument as in (B) holds. Sup
(Qu)0 has at least 2 vertices. Again, relation (5) gives us another arrow fromu to v or the
other way round, or an arrow tou andv from another vertexw. Using the same strateg
as in (B), we get, for another vertext1 in the intersection, another arrow. If the intersect
consist of 3 or more vertices, we get situation (i)–(iii). The last possibility to consid
the case where we have 2 verticest, t1 in the intersection. By the same arguments as be
t and t1 each give one arrowu to v or a reverse arrow, or an arrow fromw to u andv.
All cases give (i) to (iii), except when we have exactly one arrow fromu to v and vice
versa. However, this is impossible because it yields−χQ(αu, εt ) � 1, −χQ(αv, εt ) = 0,
−χQ(αv, εt1) � 1 and−χQ(αv, εt1) = 0, and the only way to obtain this is that(Qu,αu)

or (Qv,αv) are not simple quiver settings.�

5. The Brauer–Severi fibration over the flat locus

From the previous section, we know the only flat, non-Azumaya settings that can
near a central singularity are cyclic quiver settings with dimension vector1. In this section,
we give a description of the fibers of the Brauer–Severi fibration over these points
flat locus.

Lemma 4. Let (Q,α) be a quiver setting that is a connected sum ofk cyclic quiversÃni
,

1� i � k, with dimension vectorα = 1,

Q = Ãn1 #v1 · · · #vk−1 Ãnk

thenNull(Q,α) has(n1 + 1) · · · (nk + 1) irreducible componentsTi , each of which is a
tree that is a connected sum ofk quivers of typeAni+1.

Proof. We know that a representationV lies in the nullcone if and only if all traces alon
oriented cycles inQ become zero. This condition is equivalent to choosing at least
arrow in each component that gets assigned to 0 byV . But then choosing one arrow
each component gives a closed irreducible subset of the nullcone, and permuting th
chosen to be zero yields a covering of the nullcone by irreducible subsets, none of
lies in the union of the others.�

Now let ξ ∈ flat(Q,α) with a local quiver setting(Qξ ,1) that is a connected sum o
cyclic quivers and withγξ = (d1, . . . , dX). By Theorem 2 we know that each irreducib
componentC of π−1(ξ) is described by the moduli spacemossθ (T̃ ,1) whereT is an
irreducible component ofNull(Qξ ,1) and hence by the previous lemma a tree. In
remainder of this section we will describe these components. In order to do so, we
some additional definitions.
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Definition 7. Let (T ,1) be a quiver setting of which the underlying quiver is a tree.

(1) A vertexv ∈ T0 is called aroot vertexif it is a sink, that is, there are no arrowsa ∈ T1
such thatt (a) = v.

(2) A rooted treeis a quiverT that is a tree and for which there exists a unique root ve
(3) For a root vertexv, we denote byT (v) the maximal rooted subtree ofT with root

vertexv.
(4) For a vertexw in T (v), we let theroot distance tov be the length of the path connecti

w to v, and denote this byDv(w).
(5) For a rooted subtreeT (v) we let hv := max{Dv(w) | w ∈ T (v)0} and call this the

heightof the subtreeT (v).

Now letv be a root vertex in the irreducible componentT of Null(Qξ ,1), then we will
assign a graph toT (v) as follows. Assign to each vertexw ∈ T (v)0 the projective spac
PNw with

Nw =
∑

w u

du − 1.

For each vertexw in T (v) fix an ordering on the arrows enteringw, denoting them
aw

1 , . . . , aw
rw

. Denote the vertices at root distances by ws
i with i numbering the vertice

at the fixed root distances, grouping tails of arrows with the same head together. We
construct a series of projection maps

PNv

π1

P
Nv

(v)

ϕv
1 . . .

ϕv
rv

∏
w∈Qp(v)0,Dv(w)=1

PNw

π2

P

N
w1

1

(w1
1)

×

. . .ϕ
w1

1
1

ϕ
w1

1
r
w1

1

. . .
×

P

N
w1

rv

(w1
rv

)

. . .

∏
w∈Qp(v)0,Dv(w)=2

PNw

π3

P

N
w2

1

(w2
1)

×
. . .

×
P

N
w2

r
w1

1

(w2
r
w1

1

)

. . .

. . . . . .

. . .

πhv

. . . . . . . . . . . .

. . .

. . .

∏
w∈Qp(v)0,Dv(w)=hv

PNw
P

N
w

hv
i

(w
hv

i )

×
. . .

×
P

N
w

hv
M

(w
hv

M )
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where

πi =
∏

w∈Qp(v)0,Dv(w)=i−1

πw
i with πw

i =
rw∏

j=1

ϕw
j

whereϕw
j is the projection on the projective coordinates numbered from 1+∑j−1

k=1(Naw
k

+1)

to
∑j

k=1(Naw
k

+ 1). We will denote the graph of this collection of rational maps byΓ (v).
Let v andw be two root vertices, then their rooted subtrees must have a common

quiver, denoted byT (v)∩T (w) which is again a rooted tree. Denote the root vertex of
tree byv ∩ w. We then have

Theorem 9. Let ξ ∈ flat(Q,α) with local quiver data(Q,1, γ ) whereQ is a connected
sum of cyclic quivers. Let(T ,1) be the quiver setting of an irreducible component
Null(Q,1). Now let the rooted subtrees ofT be connected as follows(we list the roots of
the rooted subtrees):

v0

v01 . . . v0r0

v011 . . . v2
01r01

. . . . . .

. . . . . . . . . . . . . . . . . . . . .

v...1 . . . v...r...

That is,T (v0) has common subgraphs withT (v0i ) for 1 � i � r0 but not with any other
T (w) for w /∈ {v01, . . . , v0r0}, likewise forT (v01), and so on. Now let

F0 = (
. . .

((
Γ (v0) ×Γ (v0∩v01) Γ (v01)

) ×Γ (v0∩v02) Γ (v02) . . .
) ×Γ (v0∩v0r0) Γ (v0r0)

)
,

F1 = (
. . .

((
F0 ×Γ (v01∩v011) Γ (v011)

) ×Γ (v01∩v012) Γ (v012) . . .
)

×Γ (v0r0∩v0r0r0r0
) Γ (v0r0r0r0

)
)
,

...

Fn = (
. . .

((
Fn−1 ×Γ (v01...1∩v01...11) Γ (v01...11)

) ×Γ (v01...1∩v01...12) Γ (v01...12) . . .
)

×Γ (v0r0∩v0r0r0r0
...r0r0r0r0

...
) Γ (v0r0r0r0 ...r0r0r0r0

...
)
)
,

then the irreducible component ofπ−1(p) corresponding toT is equal toFn.
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Proof. We must describemossθ (T̃ , 1̃). We will first describeressθ (T̃ , 1̃) and then see
what the action of GL(1̃) on this subspace of semistable representations does. First
let v be a root vertex inT and letT̃ (v) be the subquiver iñT corresponding to the roote
subtree ofv. It is obvious that a representationV is semistable for this setting if and on
if each vertex inT is reached byV . For a given vertexw ∈ T (v) this means that th
representation must be non-zero along at least one of the paths fromv0 to w, and this for
eachw. For any vertexw, denote the arrows fromv0 to w by xw

1 , . . . , xw
γw

. By abuse of
notation, we will use the same notation for both the arrowa and the value assigned to
by V . Now define for a top vertext

t := (
xt

1, . . . , x
t
γt

) ∈ Cγt

and define inductively for any vertexw with incoming arrowsa1, . . . , aiw

w := (
xw

1 , . . . , xw
γw

, a1t(a1), . . . , aiw t(aiw)
) ∈ CNw+1.

Then the semistability condition forV yields thatw �= 0 for all w. Moreover, we may iden
tify V with its image in

∏
w∈T T0

CNw+1 under the mapV �→ (w)w∈T0. The action of GL(1̃)

onV translates in the natural action of
∏

w∈T0
C∗ on

∏
w∈T0

CDw+1 by left multiplication.

This means the orbit ofw corresponds to a point in
∏

w∈T0
(P)Nw . Denote byw ∈ PNw

the projective coordinates obtained fromw, then the orbit ofV is aM-tuple of projective
points (withM the number of vertices inT ):

OV = (
. . . ,v, t(av

1), . . . , t(av
nv

), . . . ,w, t1, . . . , tnw , . . .
)
.

For the rooted subtree with root vertexv, the points corresponding to the rooted subt
may be depicted as

t1

aw
1

. . . tnw

aw
nw

. . .

w = (
xw

1 : · · · : xw
dw

: aw
1 t1 : · · · : aw

nw
tnw

)

. . . . . . . . . . . . . . .

t(av
1)

av
1

. . .

. . .

t(av
nv

)

av
nv

v = (
xv : · · · : xv : avt(av) : · · · : av t(av )

)

1 dv 1 1 nv nv
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This corresponds exactly to a point inΓ (v), so for any root vertexv in T the restriction
of (the orbit of)V to T (v) yields a point inΓ (v). Now let v1 andv2 be two root vertices
with connected rooted subtreesT (v1) andT (v2). Assume these rooted subtrees coinc
on a subquiverS, then this subquiver again is a tree with root vertexw. The points inOV

corresponding tov1 andv2 coincide on all vertices ofS, thus yielding a point in

Γ (v1) ×Γ (w) Γ (v2).

Repeating this argument until all root vertices are accounted for then precisely yi
point inFn. �
Remark. These fibers are examples of framed quiver moduli as described by M
Reineke in [9]. The results here however were obtained independently and through
methods than the results presented in [9].

The result above is a natural extension of [1]. In this paper M. Artin describes the
of a Brauer–Severi variety of a maximal order over a smooth curve.

Theorem 10 (Artin). LetA be a maximal order in a central simple algebra of dimensionn2

over a Dedekind domainR. If p ∈ specR is a ramification point with ramification inde
m then the fiber of the Brauer–Severi fibration atp consists ofm copies of the graph of th
rational maps

Pn−1 → Pm−1
m

n−1 → ·· · → P 1
m

n−1 :
(x1, . . . , xn) �→ (x1, . . . , xm−1

m
n
,0, . . . ,0) �→ · · · (x1, . . . , x n

m
,0, . . . ,0)

intersecting transversally.

Proof. The only strongly connected local quiver data for which this hold are(Ãk,1, n
k+11).

The structure of the quiver and the dimension vector follow from the fact thatissαp Qp

must be of dimension 1, the fact thatγp must be a multiple of1 is a consequence of th
maximality of the order. The numberk + 1 can be identified with the ramification indexm

of the point.
Lemma 4 gives us the correct number of components. Every component corresp

a tree which is in this case an ordinary Dynkin quiverAk , having a unique maximal roote
subtreeT (v) being the quiver itself. The component is thus just the graph of the sequ
of maps indicated above because all thedw are equal ton

m
. �

6. Toric varieties and the Brauer–Severi fibration

We can also get a nice description of the fibers using toric geometry. This discu
closely follows [5].
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In the set of semistable representations of the quiver we can embed the big toruTQ =
(C∗)#Q1 as an open subset. On this torus there is an action ofTα = GLα = (C∗)#Q0, so that
the moduli space contains a torusT = TQ/Tα = (C∗)#Q1−#Q0+1 (the extra 1 comes from
the fact that the action is not free).

Let v = v0 be the special source vertex and choose for every other vertexw an arrow
aw from v to w. Denote the set of all other arrows byP . We can identifyT with (C∗)#P

by choosing for each point inT the unique representative whose values at theaw is 1.
The space in which we are going to construct our fan is then Hom(C∗, T ) ⊗ R ∼= RP .

A well-known fact in toric geometry is that one can reconstruct the cones from the v
using one parameter subgroups (1PSGs).

The space of one-parameter subgroups Hom(C∗, T ) = ZP can be identified with
Hom(C∗, TQ)/ Im(Hom(C∗, Tα) → Hom(C∗, TQ)) = ZQ1/ZQ0−1. So every 1PSḠλ of
T corresponds to an equivalence class of vectorsλ :Q1 → Z that differ by a vector of the
form

ξ :Q1 → Z :a �→ ζ
(
h(a)

) − ζ
(
t (a)

)
whereζ :Q0 → Z is a character ofTα .

Lemma 5. In every equivalence class ofZQ1/ZQ0−1 there is a representant with on
non-negative coefficients.

Proof. Suppose thatλ ∈ ZQ1 is a vector with some negative coefficients. Choose an a
a such thatλ(a) < 0 and letV1 be the set of vertices that are targets of paths containina.
Let V0 be the complement of this set. Note thats(a) ∈ V0 because the quiver has no cycl

Consider the characterζ :Q0 → Z mapping the vertices inVi to i. This character give
a vectorξa that maps every arrow to something non-negative because there are no
from V1 to V0. Moreoverξa(a) = 1 so the vector

λ′ = λ −
∑

a,λ(a)<0

λ(a)ξa

has no negative entries.�
The previous lemma implies that limz→0 λ̄(z) contains a representation that assign

every arrow either a 1 (for the zeroes in the vector) or a 0 (for the strictly positive valu
the vector). Also this limit representation must be semistable, so there exists a pathv
to every vertexw containing only arrows with value 1.

Two such different limit points cannot belong to the same GLα-orbit, because the GLα-
action can never change a zero into a one or vice versa.

Moreover, every semistable representation with values 0 or 1 can be seen as
point of a 1PSG (nl. one coming from a vector with zero’s on the arrows with value 1
positive values on the arrows with value 0). We can conclude that

Lemma 6. There is a one-to-one correspondence between the limit points of1PSGs and
subquivers ofQ which connectv to all other vertices inQ.
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Proof. We identify such subquivers with the representation ofQ that maps the arrows o
the subquiver to 1 and the others to 0.�

From toric geometry (see, e.g., [4]) we know that the poset of cones in the fan of a
variety is isomorphic to the poset of limit points under degeneration. The identific
goes as follows: to every limit pointp we assign the semigroup

{
λ̄ ∈ Hom(C∗, T ) | ∀a ∈ Q1: pa = 0⇒

(
lim
z→0

λ̄(z)
)

a
= 0

}
.

This semigroup comes from the cone

σp :=
{
η ∈ RP | ∀a ∈ Q1: pa = 0 ⇒ η(a) −

∑
a,η(a)<0

η(a)ξa = 0

}
.

We know the fiber is smooth so this poset comes from a simplicial set. Therefore w
conclude

Theorem 11. The set of subquivers ofQ such thatv can be connected to all other vertic
forms a poset under the reverse inclusion. This poset is simplicial and the set of con

σQ′ :=
{
η ∈ RP

∣∣ ∀a ∈ Q′
1: η(a) −

∑
a,η(a)<0

η(a)ξa = 0

}

form a fan. Its corresponding smooth toric variety is isomorphic to the component
Brauer–Severi fiber.

We will now use this identification to compute the cohomology of the fibers. This
homology can in some ways be used as a shortcut to check certain properties of th
without having to go through the rather lengthy explicit description of Theorem 9.

For this we use the theorem by Fulton which allows one to compute the cohom
ring from the one-dimensional cones in the fan:

Theorem 12. For a smooth toric variety with fan∆ the cohomology is given by the quotie
of the polynomial ring generated by the one-dimensional conesDi = Nvi by the relations:

• Di1 · · ·Dik if Nvi1 + · · · + Nvik is not contained in a cone of∆.
• ∑

i〈u,vi〉Di for all possibleu ∈ Hom(T ,C∗).

In order to translate this statement to the setting of this paper, we first of all note th
one-dimensional cones correspond to the subquivers that lack one arrow of the o
However, not all arrows correspond necessarily to a cone because it might be th
representations that map this arrow to zero is not semistable. This happens only ifa = aw

for some vertex and no arrow inP terminates inw. Let us postpone this case for a mome
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So suppose that there are at least two paths fromv to every other vertex. For every arro
a let Da be the corresponding cone. The vector corresponding toDa has the following
form: if a ∈ P thenva :P → Z :b �→ δab, if a = aw for some vertexaw then

va :P → Z :b �→
{−1, h(b) = w,

1, t (b) = w,
0, otherwise.

The second set of relations now becomes∑
a

va(b)Da for all possibleb ∈ P.

These relations imply that for two arrowsa, b starting inv and ending in the same vertexw,
Da = Db inside the homology ring. Let us denote this generator byDw. For arrows tha
do not start inv we have thatDa = Dh(a) − Dt(a), so theDw are the generators of th
homology ring.

Now let us determine what happens with the first set of relations. A representation
semistable if there is a vertex that is not the target of a path fromv. So the product of som
Da is zero as long a the corresponding set of arrows meets all paths fromv to a certain
vertexw. As there are arrows fromv to every other vertex this also implies that such a
of arrows must meet all the arrows terminating in a given vertex. Therefore the rel
can be rewritten as∏

a,h(a)=w

Da or
∏

a,h(a)=w

(Dh(a) − Dt(a)) for all verticesw andDv := 0.

So we can conclude that

Theorem 13. The cohomology ring of the component of the fiberπ−1(ξ) associated toQ
is isomorphic to the ring

Z[Dw: w ∈ Q0]
/( ∏

a,h(a)=w

(Dh(a) − Dt(a)): w ∈ Q0 \ {v},Dv

)
.

Proof. For the case where there are at least two paths fromv to every other vertex thi
follows immediately from the discussion above.

If there is a vertexw with a unique arrowa that terminates in it, we can construct a n
quiver setting by removing this vertex and arrow like this

v w
... �→ v

...
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of
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e sees

etry,

–395.
search/

98.
) 585–

4815–

ovem-

bra 184

in Ring

515–
The moduli space of this new quiver is the same as the old one because the valuea is
invertible and can be set to 1 using the action inw. The homology ring of the new quive
can be calculated as above, but if one calculates the relations for the old quiver on
that these relations are the same becauseDw = 0 by the relation inw. �
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