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How precise can atoms of a nanocluster be located in 3D using a tilt series of scanning
transmission electron microscopy images?
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Abstract

In this paper, we investigate how precise atoms of a small nanocluster can ultimately be located in three dimensions (3D) from a tilt
series of images acquired using annular dark field (ADF) scanning transmission electron microscopy (STEM). Therefore, we derive
an expression for the statistical precision with which the 3D atomic position coordinates can be estimated in a quantitative analysis.
Evaluating this statistical precision as a function of the microscope settings also allows us to derive the optimal experimental design.
In this manner, the optimal angular tilt range, required electron dose, optimal detector angles, and number of projection images can

be determined.
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1. Introduction
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Nanoclusters play key roles in a wide range of materials and
devices because of their unique physical and chemical proper- ,
ties [1]. These properties are determined by the specific three-
dimensional (3D) morphology, structure and composition [2]. "
It is well known that extremely small changes in their local -
structure may result into significant changes of their proper- o

ties [3—5]. Therefore, development of techniques to measure
the atomic arrangement of individual atoms down to (sub)-

picometre precision is important. This allows one to fully un- .
derstand and greatly enhance the properties of the resulting ma- o

terials, increasing the number of applications.
Electron tomography using aberration-corrected scanmng

transmission electron microscopy (STEM) is considered as one .
of the most promising techniques to achieve atomic resolu- "

tion in three dimensions.
phy, a series of images is acquired by tilting the sample over
a large angular range, with an increment of typically 1 or 2

In conventional electron tomogra- o

degrees. After alignment of the projection images, the tilt se- o
ries is combined into a 3D reconstruction of the original ob-
ject through a mathematical algorithm [6-8]. High-angle annu- o
lar dark field (HAADF) STEM [9, 10] has become a popular o
technique for materials characterisation in 3D because of its so- o
called Z-contrast. In this imaging mode, the images scale with o

the atomic number Z and the specimen thickness.

For many “

years, the ultimate goal has been to achieve electron tomogra- o

phy with atomic resolution. Although this is not yet a standard

58
possibility for all structures, significant progress has recently .

been achieved using different approaches [11-13].

5
Once the
60

atoms can be resolved in 3D, the next challenge is to refine the o
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atom positions in a quantitative manner [14, 15]. However, the
answer to the question how precise these measurements are, is
still open. Ultimately, a precision in the (sub)-picometre range
is desired. The subject of this paper is to investigate if this goal
is within reach.

In this paper, we investigate the theoretical limits with which
atoms of a nanocluster can be located in 3D based on the ac-
quisition of a tilt series of ADF STEM images. Ultimately, the
reliability with which one can measure the atom positions is
limited by the unavoidable presence of electron counting noise
in the acquired projection images, which is the so-called Pois-
son noise or shot noise. This sets fundamental limits to the
precision that can be obtained. Use of the concept of Fisher in-
formation allows us to determine an expression for the highest
attainable precision with which positions of atoms can be lo-
cated in 3D, or equivalently, an expression for the lower bound
on the attainable variance. It is essential to remark that this
lower bound is independent of the estimation method used. In
this context this means that the CRLB is independent of the
tomographic reconstruction algorithm. The expression for the
lower bound on the variance not only helps to compute the pre-
cision that can ultimately be achieved but also to determine the
optimal angular tilt range, required electron dose, optimal de-
tector angles, and number of projection images. Since we are
interested in the theoretical limits, we assume an ideal experi-
mental setup for the computation of the ultimate precision. This
means that we assume that scan noise and alignment errors can
be avoided or can be corrected for [16—18] and that the sample
is a perfect free-standing nanocluster. Therefore, beam dam-
age, the re-arrangement of the nanocluster, and the effect of a
sample support for the nanocluster are not considered in this
theoretical study.

Furthermore, it is important to note that this concept of pre-
cision is different from the well-known concept of resolution,
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expressing the possibility of perceiving separately two pointis
sources. Resolution is interpreted in many ways since it is notios
unambiguously defined. Therefore, several resolution criteria,zo
including Rayleigh’s [19] have been proposed in the past. Such
classical resolution criteria are concerned with calculated im-
ages, that is, noise-free images exactly described by a known
parametrised model. However, these criteria do not take the
signal-to-noise ratio into account and disregard the possibility
of using this prior knowledge about the image intensity dis-21
tribution to extract numerical results from the observations by1z2
model fitting using parameter estimation methods. For experi-12s
mentally acquired images, model fitting never results in a per-
fect match in the presence of noise such that the component
locations can only be estimated with limited statistical preci-
sion [20, 21]. This statistical precision will be quantified in this
paper for the coordinates of the central atom of a nanocluster.

This paper is organised as follows. In section 2, the para-
metric models for the intensity observations are described. In
section 3, an expression is derived for the attainable precision
with which atoms can be located in 3D. Section 4 describes
how images of gold nanoclusters have been simulated and the
approximations that have been made. In section 5, the depen-
dence of the attainable precision on the choice of experimental
settings is studied. In section 6, conclusions are drawn.

2. Parametric model for the intensity observations

A parametric model, describing the expectations of the in-
tensities observed when recording a tilt series of ADF STEM
images, is needed in order to derive an expression for the attain-
able precision. In this section, such a model will be derived us-izs
ing both the multislice method and the Gaussian approximation
model proposed by Curley et al. [22]. Although the multislice”™
method is more accurate to describe the electron-object inter-""*
action, it is very time-consuming, especially when sirnulating127
a tilt series of images. Therefore, the Gaussian approximation128
model will be used as well in order to perform fast, albeit ap-129
proximate, simulations that will allow us to get insight into the'™
precision that can be attained to locate atoms in three dimen-""

. 132
s10ns.
133

2.1. Rotation of a nanocluster ::

A tilt series of ADF STEM images of a nanoclusteris
needs to be modelled, where the positions of the N atomsis
correspond to the elements of the parameter vector 8
(Bx1>By15Bz15 - - - - Bxns Byw» Bv). In the reference coordinate sys-1se
tem, we assume that the origin is located at the position of theiso
central atom of the nanocluster. In this paper, single-axis to-ias
mography is assumed in which two-dimensional images are ob-1s2
tained when tilting a nanocluster around a fixed tilt axis. The tiltis
axis corresponds to the y-axis and the electron beam is assumediss
to be parallel to the z-axis as indicated in Fig. 1. For a rotationiss
over [-90, 90] degrees, the x- and z-axis become equivalent foris
a symmetric structure around the rotation axis y. Furthermore,s
the tilt angles 6/, j = 1,...,J are equidistantly sampled in theuss
interval [—a, +a] corresponding to a full angular tilt range ifis

—138

2

a = m/2. At each tilt angle ‘9/ , the locations of the N atoms
Bl = il,. ;1,,821,..., iN,ﬁ;N,ﬁ’;N) with respect to the refer-
ence coordinates system are then given by:

ﬂfa cost’ 0 sind’ |[Bu
Bil=| o 1 o lla M
B cos® 0 —sind’||B.

In the following subsections, the Gaussian approximation
model and the multislice method will be used in order to simu-
late images for each tilt angle 6/.

Figure 1: Cross-section of a nanocluster indicating the x-, y- and z-axis, the
central atom (red atom), and the atoms of the central plane (orange atoms).

2.2. The multislice method

The multislice method is known as an accurate manner to
model the quantum mechanical electron-object interaction [23—
26]. Its aim is to describe the electron wave function by solving
the high energy Schrodinger equation. Therefore, the sample
potential is divided into many slices perpendicular to the elec-
tron beam. Each slice is chosen thin enough such that it can
be considered as a phase object, which only modifies the phase
of the incident wave. The potential between consecutive slices
is considered to be zero and the propagation of the electron
wave within the slice is approximated by the Fresnel propa-
gator. By repeated application of the phase object transmission
and vacuum propagation, the electron wave can be calculated
at any depth. Especially when simulating ADF STEM images,
not only dynamical scattering but also thermal diffuse scatter-
ing needs to be taken into account. Indeed, electrons scattered
toward the ADF detector, may also have undergone a phonon
scattering event. An efficient multislice formulation that does
include phonon scattering is the frozen phonon method [27], in
which multiple multislice calculations are performed for differ-
ent thermal displacements of the atoms. The resultant intensity
in the detector plane is then averaged over the different con-
figurations. The frozen phonon method is known as the most
complete method for the computation of ADF STEM images.
However, modelling an ADF STEM image is computationally
very expensive. Indeed, the intensity in the detector plane must
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be summed over the detector geometry, and this calculation re-17s
peated for all probe positions rg = (x,y;) in the image. To7
simplify these calculations to some extent, the absorptive po-i7s
tential multislice method has been suggested by Allen et al.i7
[28] and Ishizuka [24]. In this method, an imaginary term iniso
the atomic potential is included to account for absorption. Itiss
has been shown that for nanoparticle systems and thin layered
specimens, the absorptive potential multislice method agrees
with full frozen phonon calculations [29, 30].

In this paper, absorptive potential multislice calculations
have been carried out with the STEMsim program [31] express-
ing simulated images as a fraction fk]Z of electrons recorded by
the detector ( k’l < 1). The indices (k, /) and j correspond to the
probe located at the position (xx,y;) and tilt angle 6/, respec-
tively. In these simulations, the finite size of the source is taken
into account by a two-dimensional convolution with the inten-
sity distribution of the source image, which can be modelled as
a Gaussian distribution [32].

182
2.3. The Gaussian approximation model 183

The Gaussian approximation model is based on the assump-
tion of kinematic scattering of electrons and has been proposed
by Curley et al. for monometallic systems [22]. In this model,'®*
the ADF STEM image intensity of a nanocluster is described
as a linear combination of image contributions of all atoms'®
constituting the object under study. When assuming a three-'¢
dimensional Gaussian function for each atom, the contribution'®”

of atom i to a projection image is given by [33]: 188
189

N (% = BL)* + G = BL)?

(1) = 2 exp| -y ————— @

! 192

where (xi, y;) is the position of the probe and (,8£ " ﬁi ;) is the po-'*
sition of the ith atom in projection at tilt angle 6/. Furthermore,::
v is an atom type dependent constant, determining the decay of196
the electron scattering as a function of the distance to the cen-
tre of the projected atom, Z; and r; are the atomic number and198
atomic radius of the ith atom, respectively, and ¢ is a scatter-
ing constant depending on the collection angle of the detector.200
Realistic values for the parameters ¢ and y can be obtained by, .
fitting the model given by Eq. (2) to an image of a single atom_
obtained by averaging and rescaling multislice simulations for203
an appropriate range of thicknesses. For all atoms N of the

nanocluster contributing to the image, the intensity at the pixel

(xz,yy) at tilt angle @/ is then given by: 204
N . 205
J — A}
=2 () 3
i=1 207
208
2.4. The image recording 209

In ADF STEM imaging, a focused electron probe is scannedzro
across the sample in a raster fashion and the transmitted elec-ar
trons are collected by an annular detector placed in the backe:»
focal plane. The image is thus recorded as a function of thezis
probe position (xy, y;). Therefore, the position of the probe di-21s
rectly corresponds to an image pixel at the same position. Thears

3

recording device consists of K X L equidistant pixels of area
Ax X Ay, where Ax and Ay are the probe sampling distances in
the x- and y-direction, respectively. Pixel (k,/) corresponds to
position (xg, y;) = (x;+(k—DAx, y+(I-1)Ay) withk =1,..., K
and/ = 1,...,L and (x1, y;) represent the position of the pixel
in the bottom left corner of the field of view.

The number of incident electrons per probe position N, is
given by the following expression:

“

with [ the probe current in ampere, 7 the recording dwell time
for one pixel, and e = 1.6 x 107!° C the electron charge. The
expected number of detected electrons per pixel position (k, [)
at tilt angle 6/ equals
; T
= f )
with k]l the fraction of electrons expected to be recorded by the
detector [34].

3. Statistical measurement precision

In the preceding section, parametric models for the inten-
sity observations made at three-dimensional nanoclusters were
derived. These models describe the expected number of elec-
trons arriving at the STEM detector and are parametric in the
locations S of all atoms constituting a nanocluster. In what
follows, it will be shown how these location parameters en-
ter the probability density function of the statistical observa-
tions. From this parametrised probability density function, the
so-called Cramér-Rao Lower Bound (CRLB) may be computed
[35, 36], which is a lower bound on the variance of the param-
eters. It is important to notice that this lower bound is inde-
pendent of the estimation method used, i.e. independent of the
tomographic reconstruction algorithm. For the purpose of this
paper, the most important parameters are the three-dimensional
positions of the atoms in a nanocluster. Therefore, an expres-
sion for the CRLB on the variance of the positions will be de-
rived in subsection 3.2 based on the joint probability density
function of the observations, which will be derived in subsec-
tion 3.1.

3.1. The joint probability density function of the observations

In any STEM experiment, sets of observations made un-
der the same conditions differ from experiment to experiment.
These fluctuations have to be specified, which is the subject
of this section. The usual way to describe this behaviour is to
model the observations as stochastic variables. Stochastic vari-
ables are defined by probability density functions [36]. In a
STEM experiment the observations are electron counting re-
sults. The fluctuations of these observations are denoted as
electron counting noise, Poisson noise, or shot noise. The cor-
responding probability density function can be modelled as a
Poisson distribution.



216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

ﬁ = (ﬂxlaﬁyl’ﬁzl,-n,

Consider a set of stochastic observations wil, k=1,...,K,s
I=1,...,L,and j=1,...,J. Then the vector w defined as 247
248

W= (Wi, Whep) (6)

represents the column vector of these observations of dimension
K x L x J, where K x L corresponds to the dimension of each
projection image and J corresponds to the number of images
in the tilt series. The observations are assumed to be statisti-
cally independent and have a Poisson distribution. Therefore,
the probability that the observation Wiz is equal to wil is given

by [37] |
/l]j(‘ )“’iz

!
wkl

exp (=] z) @)

with /l,{, the expected number of detected electrons at pixel (k, [)
at tilt angle 6/ for which an expression is given by Eq. (5). Since
the observations are assumed to be statistically independent, the
probability P(w, ) that a set of observations is equal to w =
(w!,..., w0} is the product of all the probabilities described
by Eq. 7:

j J 249
wkl

®

250

(17

k=1 I=1 ‘U

P(w,B) =
J

J
exp (—4; ,)
j=1
This function is called the joint probability density function
of the observations. Note that the location parameters 8 enter
P(w; B) via the expression /lkl, given by Eq. (5). Indeed, from
section 2, it follows that in order to compute the expected num-
ber of detected electrons, use is made of absorptive potential
multislice calculations or the Gaussian approximation model,
which both require the positions of all atoms present in the
nanocluster as an input. In the following subsection, it will
be shown how this expression for the joint probability density
function can be used in order to compute the CRLB.

3.2. The Cramér-Rao Lower Bound CRLB

In this subsection, the CRLB is discussed, which is a theo-
retical lower bound on the variance of any unbiased estimator.
Therefore, this expression can be used in order to determine
the attainable precision with which the location parameters of
all atoms present in a nanocluster can be estimated. Suppose
that an experimenter wants to measure the position parameters
BxnsByn,Bon) of a set of N atoms of a
nanocluster in a quantitative manner from a set of projection
images acquired using a tomography experiment. For this pur-
pose, one can use many estimators. An estimator is a function
of the observations that is used to compute the parameters. In
this context, an estimator can be a tomographic reconstruction
algorithm. The precision of an estimator is represented by the
variance or by its square root, the standard deviation. Gener-
ally, different estimators will have different precisions. It can
be shown, however, that the variance of unbiased estimators
will never be lower than the CRLB, which is independent of
the used estimation method. Fortunately, there exists a class of
estimators (including the maximum likelihood estimator) that

achieves this bound at least asymptomatically, that is, for the
number of observations going to infinity. For details of this
lower bound we refer to [35, 36].

The CRLB follows from the concept of the Fisher in-
formation. The Fisher information matrix F for estima-
tion of the position parameters of a set of N atoms S

(Bx15By1,Bz1s - - - Ban, Byn, Bov) is defined as
B 0% In P(w; B)
= _E[ popT ] ®

where P(w;f) is the joint probability density function of the
observations given by Eq. (8) and
0% In P(w; B)
apapT

is the 3N X 3N Hessian matrix of In P(w; ) of which the (p, g)th
element is defined as:

(10)

0% InP(w; B)
08,08,

where §, and B, correspond to the p and gth element of the
vector 3, respectively.

Suppose that 8= (Bu1. By1.Bets - - - » Bxns Byn» Bev)” is an unbi-
ased estimator of 5. The Cramér-Rao inequality then states that
(38]

an

cov(,@,ﬁ) > F!

where cov(B, 3) is the 3N x 3N variance-covariance matrix of
the estimator /3, defined by its (p, g)th element cov(3 s ,/S’q). Its
diagonal elements are thus the variances of the elements of /.
The matrix F~! is called the Cramér-Rao lower bound on the
variance of 8. The Cramér-Rao inequality (12) expresses that
the difference between the left-hand and right-hand member is
positive semi-definite. A property of a positive semi-definite
matrix is that its diagonal elements cannot be negative. This
means that the diagonal elements of cov(B,3) will always be
larger than or equal to the corresponding diagonal elements of
the inverse of the Fisher information matrix. Therefore, the
diagonal elements of F~! define lower bounds on the variances
of the elements of 3

12)

var(8,) = F~'(p, p) (13)

where p = 1,...,3N and F~!(p, p) is the (p, p)th element of the
inverse of the Fisher information matrix. The elements F(p, q)
may be calculated explicitly using Egs. (5)-(11) [34]:

1 aaf 6/l’

J K L
F = 0,000 38, 38,

j=1 k=1 1

(14)

Eq. (14) is derived from the definition of the Fisher information
given by Eq. (9) using the knowledge of the joint probability
density function of the observations. This joint probability den-
sity function and the expectation values of the observations are
the only requirements to be able to compute the ultimate pre-
cision for locating the atoms in 3D. The derivative of /l’ with
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respect to 3 in Eq. (14) may be calculated from the parametric
model of the intensity observations described in section 2. For
the multislice method, this derivative needs to be computed nu-
merically, as will be discussed in more detail in subsection 5.1.
Unlike the multislice method, the derivatives can be calculated
analytically for the Gaussian approximation model leading to a
rule of thumb. Following the approach of [34], it can be demon-
strated using Egs. (1), (2), and (14) that the attainable precision
of the x-, y-, and z-coordinate of a single atom modelled as a
Gaussian function equals:

0')26 = 0'? N
pr
2
7 T
o (15)
Y 2yN,

corresponds to the Gaussian width, r equals the™

21\1/2
where ( 5 )
Y 284

atomic radius, y is a constant dependent on the atom type, and
. . 285
N, is the total electron dose. This total electron dose equals:

Z5r?
yAxAy

N,=nJ

where J denotes the number of projections, Z the atomic num-
ber, { a scattering constant depending on the collection an-
gle of the detector, and Ax and Ay the pixel size in x- and y-
direction. For larger clusters, the precision o of the x-, y-, and
z-coordinate can be described by the sum of the precision for
one atom given by Eq. (15) and a power law describing the de-
pendence on the cluster diameter.

4. Simulation settings

Simulations for four gold nanoclusters of different sizes have
been performed as illustrated in Fig. 2. The bulk structure of
gold is an FCC structure. However, for small nanoclusters, the
atomic structure deviates from this ideal FCC lattice. In this pa-
per, nanoclusters with a Mackay icosahedral morphology have
been considered [39]. The interatomic distance in these nan-
oclusters equals 3.0 A. As discussed in section 2, both the mul-
tislice method and a Gaussian approximation model have been®”
used to simulate tilt series of images. The expression of the®
Gaussian approximation model is given by Eq. (3), where an®*
expression for the fractional intensities f, of single atoms is**
given by Eq. (2). Numbers for the parameters { and y are ob-
tained by fitting this expression to an image of a single atom,s,
inferred from averaging and rescaling the multislice simulated
images of the central column of the four clusters along the [001]2%2
zone axis. Use has been made of the STEMsim program [31] to
perform multislice calculations under the absorptive potential
approximation. Furthermore, the finite source size is modelled
by convolving the resulting image with a Gaussian distribution.
In Appendix A, it is demonstrated that this is a good approxima-
tion for the computation of the precision of the central atom of a
nanocluster. The settings used for the multislice simulations are
summarised in Table 1; for the spherical aberration and defocus
the Scherzer settings have been chosen [40, 41]. Furthermore, it

286

Table 1: Overview of simulation settings.

Slice thickness 20A
Debye-Waller factor 0.63 A”
Acceleration voltage 300 kV
Defocus -88.74 A
Spherical aberration 0.04 mm
Convergence angle 21.06 mrad
FWHM of the source image 0.7 A
Pixel size in the STEM image 0.15A
Pixel size of the numerical grid ~ 0.032 A
Beam current 10 pA
Dwell time 2 us
Incident electron dose per image 5555 e /A?

is shown in Appendix B that it is suitable to use the same value
for the Debye-Waller factor of all the atoms in the nanocluster
when computing the precision of the central atom.

Cluster 1 Cluster 2 cluster 4 STEM image

13 atoms 55 atoms STEM image with Poisson
(diameter=6 A)  (diameter = 12 A) (Multislice ) noise

Cluster 3 Cluster 4 cluster 4 STEM image

147 atoms 309 atoms STEM image with Poisson
(diameter = 18 A) (diameter = 24 A) (Gaussian) noise

Figure 2: The four smallest gold nanoclusters with icosahedral structure and a
comparison between the Gaussian model and multislice simulation without and
with Poisson noise.

For each simulated image of the electron tomography tilt se-
ries, a super cell is created of which the dimension in the x- and
y-direction equals the diameter of the nanocluster under consid-
eration plus 10 A extra to avoid wrapping around effects. The
dimension in the z-direction equals the diameter of the cluster.

5. Results and discussion

5.1. Calculation of the attainable precision

In this subsection, we will discuss and describe the steps fol-
lowed in order to quantify the attainable precision of the 3D
atomic position coordinates of the central atom inside a gold
nanocluster. The attainable precision, i.e. the lower bound on
the standard deviation o, is given by the diagonal elements
of the inverse Fisher information matrix F, given by Eq. (14).
From this expression, it is clear that the elements of the Fisher
information matrix have to be calculated by using the deriva-
tives of the parametric model for the intensity observations A
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with respect to the 3D atomic coordinates. The parametric mod-szs
els for the intensity observations A are given by the simulatedsso
2D projection images using either the Gaussian approximationss:
model or multislice simulations. For the Gaussian approxi-as
mation model, these derivatives can be calculated analytically,sss
since this model is parametric in the atomic coordinates. How-sss
ever, for the multislice simulations, the derivatives cannot besss
calculated analytically, since the simulation results from a nu-

merical solution of the high energy Schrodinger equation. In or-**
der to calculate the partial derivatives for the multislice method,*’
an additional set of multislice simulations is required in which**
a single atom of the nanocluster is shifted along an axis. For ex-**
ample, for the derivatives of the central atom with respect to the®*
x-coordinate, the central atom of the nanocluster is displaced®"
along the x-axis. The partial derivatives are then approximated®?

using the finite difference quotient: 343
344

(1 6)345

346
where h denotes the shift of the atom. Similarly, the deriva-s.
tives with respect to the y- and z-axis, for the other atoms, andsss
for the different projected images of the tilt series can be calcu-ss
lated. The calculation of all the derivatives for a nanocluster ofsso
N atoms for J tilt angles thus requires J(3N + 1) simulations. s
In order to test if the number of simulations needed for the cal-ss.
culation of the Fisher information matrix can be reduced, thesss
Gaussian approximation model will be used. This will be dis-ss
cussed in subsection 5.2. Furthermore, the optimal tilt rangesss
and the optimal number of projections will be evaluated forsss
the Gaussian approximation model in subsections 5.3 and 5.4.s57
Next, in subsections 5.5 and 5.6, multislice simulations will besss
used in order to determine the optimal detector angles of thess
annular STEM detector and the attainable precision for locatingseo
the central atom of the four nanoclusters. Finally, in subsectionse
5.7, the method is applied for the determination of the mini-s.
mally required electron dose in order to attain a pre-specifiedass
precision to locate the atoms in 3D. a64

Ax) — Ax — h)

A'(x) = A

365

5.2. Determination of the number of simulations for the com-3ss
putation of the attainable precision 37

In this subsection, the attainable precision for locating a nan-
ocluster in 3D is evaluated as a function of the number of pa-:j:
rameters that is included in the calculation of the Fisher in-
formation matrix. From Eq. (14), it can be seen that the cal-""
culation of the Fisher information matrix requires the deriva-
tives of the expectation model A, with respect to all the po-*"
sition coordinates of the atoms of the nanocluster, i.e. § =sms
Bx1,By1,Bz15 - - - BxN> Byn>Bon), 3N parameters where N de-sm
notes the number of atoms in the cluster. Here, we investigate ifars
the attainable precision is affected when the number of param-s7s
eters is reduced. It is important to note that the inverse of thesr
Fisher information matrix does not equal the inverse of the el-azs
ements of the Fisher information matrix, especially in the pres-s7
ence of significant correlations between the parameters. Thissso
means that the attainable precision of e.g. the central atom isss:
influenced by the presence of neighbouring atoms. In practice,ss2

6

2

this means that e.g. the precision of the central atom will be
lower when the exact location of the other atoms is unknown
and should be estimated simultaneously. In order to investi-
gate the importance of the number of parameters for the attain-
able precision for locating the central atom of a nanocluster,
the attainable precision will be computed using three different
approaches:

1. using all the atoms: the derivatives with respect to all the
position coordinates as described by Eq. (14) are calcu-
lated,

2. using the atoms of the central plane (orange atoms in Fig.
1): the derivatives with respect to the position coordinates
of the atoms of the central plane, i.e. parallel to the incident
beam and perpendicular to the rotation axis, are calculated,

3. using the central atom only (red atom in Fig. 1): the deriva-
tives with respect to the x-, y-, and z-coordinate of the cen-
tral atom are computed.

The CRLB has been computed for these three different
approaches using the Gaussian approximation model for 31
projection images over a tilt range of [-90,90] degrees. An
incident electron dose of 5555 ¢~ /A2 per image will be used,
which corresponds to a beam current of 10 pA, a pixel dwell
time of 2 us, and a pixel size of 0.15 A. The results for the
precision are shown in Fig. 3 as a function of the cluster
diameter. Note that the values for the precision for 1 atom
(cluster diameter equal to 0) in this figure can be approximated
by the rule of thumb given by Eq. (15) and that the precision
as a function of the cluster diameter can be approximated by
the sum of the precision for one atom given by Eq. (15) and a
power law. From this figure, it can be seen that the precision
is not significantly affected when reducing the number of
parameters for the calculation of the Fisher information matrix.
Therefore, it is allowed to use only the central atom, i.e. the
derivatives with respect to the position coordinates of the
central atom, in order to evaluate the attainable precision.
Throughout the rest of this paper, the precision will therefore
be calculated using the derivatives with respect to the position
coordinates of the central atom only. This means that the
number of simulations needed for the numerical approximation
of the derivatives of the Fisher information matrix when
computing the precision for the accurate multislice simulations
can be reduced drastically from J(3N + 1) to 4J.

5.3. The optimal angular tilt range

In this subsection, the lower bound on the standard deviation
for locating the central atom of a nanocluster in 3D is evaluated
for different tilt ranges for a fixed number of projection images,
such that the total electron dose is kept constant. Due to the
rotation of the nanocluster, the precision with which the atoms
can be located in the z-direction will improve. Therefore, it is
important to evaluate the attainable precision as a function of
the tilt range of the nanocluster. In Fig. 4, the precision o of the
x-, y-, and z-coordinate for locating the central atom is shown
as a function of the angular tilt range for a fixed number of 31
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Figure 3: The precision o of the x-, y-, and z-coordinate for locating the central
atom in a nanocluster as a function of the cluster diameter using all the atoms
(all), the atoms of the central plane (cp), or the central atom only (1at) based on
simulations using the Gaussian approximation model for 31 projection images
over a tilt range of [-90, 90] degrees, and an electron dose of 5555 e~ /A2 per
image.

projection images and an incident electron dose of 5555 e~/ Azm
per image. From this figure, we can see the precision for lo-_
cating the atoms in the z-direction improves significantly when,,
increasing the angular tilt range. As expected, the precision for,
locating the atoms in the y-direction does not change signifi-
cantly when increasing the angular tilt range, since it mainly,
depends on the number of projection images in the tilt series.
For the precision for locating the atoms in the x-direction, a
small increase in precision is observed when increasing the tilt
range. This can be derived from the fact that when rotating the
cluster around the y-axis, information on the z-coordinate will
be gained, but some information on the x-coordinate will be lost
when keeping a fixed number of projection images. This can
be understood better from the following: if you have included
in this tilt series of 31 images, the projection images from the
structure tilted over —90 and +90 degrees, there is no informa-
tion on the x-coordinate available in these 2 projection images,
decreasing the total information on the x-coordinate from the
whole tilt series as compared to a tilt series with the same num-
ber of projection images and a smaller tilt range. Based on the
results of this analysis presented in Fig. 4, an angular tilt range
of at least [-70, 70] degrees can be suggested. This corresponds
to the standard tilt range for conventional tomography experi-
ments.

9
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5.4. The optimal number of projection images

In this subsection, the lower bound on the standard deviation
for locating the central atom of a nanocluster in 3D is evaluated
as a function of the number of projections. In Fig. 5, the result*®
is shown for a nanocluster with 309 atoms using a tilt range ofuzs
[-90, 90] degrees. The nanocluster was tilted in this range withazr
a constant tilt increment for each number of projection images.szs
An electron dose of 5555 ¢~ /A2 per image has been used forazs
the tilt series of 31 images corresponding to the electron dosesso
that has been used in the previous subsections. For the compu-ss:
tation of the precision as a function of the number of projectionss
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Figure 4: The precision o of the x-, y-, and z-coordinate as a function of the
angular tilt range for locating the central atom of a nanocluster with 309 atoms
based on simulations using the Gaussian approximation model using a fixed
number of 31 projection images for an incident electron dose of 5555 e~ /A?
per image.

images, the total incident electron dose has been kept constant,
and the electron dose has been rescaled corresponding to the
number of projection images. As expected, Fig. 5 shows that
the precision improves when increasing the number of projec-
tion images. Beyond a certain value, the gain in precision is
marginal. Therefore, more than 20 projection images can be
suggested as an appropriate values.
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Figure 5: The precision o of the x-, y-, and z-coordinate as a function of the
number of projection images for locating the central atom of a nanocluster with
309 atoms based on simulations using the Gaussian approximation model with
a tilt range of [-90, 90] degrees and a fixed total electron dose.

5.5. The optimal detector range

Using the expression for the CRLB, the optimal experiment
design for locating the central atom of a nanocluster in 3D can
also be optimised in terms of the inner and outer angle of an an-
nular STEM detector [34, 42—44]. In order to evaluate the pre-
cision as a function of the detector angles of the annular STEM
detector, multislice simulations have been performed with vary-
ing detector angles. From the evaluation of the precision as a
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function of the outer angle, it follows that the optimal outer de-ass
tector radius should be as large as possible in the experiment.sss
The inner angle has been varied between 15 mrad and 90 mrad.«7
Figure 6 shows the precision as a function of the inner detectors
radius using the multislice simulations using 31 projection im-«z
ages, a tilt range of [-90,90] degrees and an electron dose ofazs
5555 ¢~ /A2 per image. The optimal inner angle equals 21 mradazs
which equals the convergence angle used in the simulations. Inas
this manner, dark field images can be acquired with the highestszs
possible detected dose resulting in the highest attainable preci-47
sion. It is important to note here that the experimental designszs
for which the precision is optimal does not necessarily corre-zs
spond to the experimental settings leading to the highest signal-4so
to-noise ratio or the best image contrast. Here, the evaluation ofas
the precision as a function of the inner detector radius suggestsas
low angle annular dark field STEM imaging. Since in this imag-sss
ing mode also coherent scattering contributes to the detectedas
signal, this signal will be more sensitive for strain and defects.sss
The here-presented analysis can also be applied to structuressss
including defects and strain as this may have an influence onss
the choice of the proposed detector settings. Nevertheless, thisass
result, where the optimal inner detector radius is equal to theass
convergence angle, gives a general guideline for the choice ofsso
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Figure 6: The precision o of the x-, y-, and z-coordinate as a function of the
inner detector radius for locating the central atom of a nanocluster with 309
atoms based on multislice simulations using 31 projection images, a tilt range
of [-90, 90] degrees and an incident electron dose of 5555 e~ /A? per image.

5.6. The attainable precision for locating the central atom

In order to quantify the attainable precision for a set of realis-
tic experimental settings, we used the suggested values obtained
in the previous subsections, i.e. a tilt range of [-72, 72] degrees,
25 projection images, an inner detector radius of 21 mrad, and
an incident electron dose of 5555 ¢ /A2 per image. For these
settings, multislice simulations have been performed for the
four gold nanoclusters. These simulations take into account the**
channelling effects. These channelling effects start to play ansoo
important role for the largest clusters and influence the deriva-so:
tives which are needed for the calculation of the attainable pre-se

8

cision. Therefore, using the multislice simulations the results
for the attainable precision will be more realistic. In Fig. 7, the
attainable precision of the x-, y-, and z-coordinate for locating
the central atom of a nanocluster in 3D is shown for the exper-
imental settings as a function of the cluster diameter for both
the multislice simulations (MS) and the Gaussian approxima-
tion model (GM). From this figure, it is clear that the central
atom of a small nanocluster can be located more precisely in
3D than the central atom of a larger nanocluster. Furthermore,
it is shown that a precision of a few picometres is feasible in
the presence of electron counting noise only. In addition, by
comparing the values from the multislice simulations and the
Gaussian approximation model, it can be concluded that the
Gaussian approximation model is a reliable model for evalu-
ating the attainable precision, since the calculated values for
the attainable precision based on the Gaussian approximation
model and the multislice method are very comparable. Ex-
perimentally, atomic resolution reconstructions have recently
been obtained [11-15]. The precision with which the three-
dimensional atom coordinates can be measured from these re-
construction is still an open question. In [15], it is mentioned
that the three-dimensional coordinates of the atoms have been
determined with a precision of 19 pm. Obviously, scan noise,
alignment errors, the effect of a sample support, the rearrange-
ment of surface atoms, and similar will significantly deteriorate
the attainable precision, explaining the larger experimentally
obtained precision. However, in this study, the purpose is to
investigate the ultimate precision that can be attained. There-
fore, it is assumed that scan noise and alignment errors can be
avoided or can be corrected for in this analysis [16—18] and an
ideal sample is assumed.
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Figure 7: The attainable precision o of the x-, y-, and z-coordinate as a func-
tion of the cluster diameter based on realistic multislice simulations (MS) and
the Gaussian approximation model (GM) using the suggested experimental set-
tings. A precision of w few picometres is feasible.

5.7. The precision as a function of the incident electron dose

The actual value of the precision does not only depend on the
choice of the tilt range, the number of projection images, or the
annular STEM detector range, but also on the incident electron
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dose. In a STEM experiment the number of electrons per pixelsss
is determined by Eq. (4). In Fig. 8, the precision of the x-, y-,ss
and z-coordinate for locating the central atom of a nanoclustersso
in 3D is shown as a function of the incident electron dose whensa:
using 25 projection images over a tilt range of [-72, 72] degreess:2
for a nanocluster of 309 atoms based on realistic multislice sim-s«
ulations. It is clear from this figure that, as one could expect,ss
the precision increases, i.e. the standard deviation o decreases,ss
for an increasing electron dose. The precision is proportionalss
to the incident electron dose as V/N,. If a precision of a few pi-s«
cometres is desired, then an electron dose of at least 10° e~/ Ass
per image would be necessary. This evaluation can be of greatsss
importance if one wants to reduce beam damage but at the samesso
time still obtain an acceptable precision to locate the atoms insss
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Figure 8: The precision o of the x-, y-, and z-coordinate as a function of the
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nanocluster with 309 atoms based on realistic multislice simulations with 2554,
projection images over a tilt range of [-72, 72] degrees. 568
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6. Conclusions o2

In this work, the theoretical limits with which the atoms of
a nanocluster can be located in 3D based on the acquisition
of a tilt series of ADF STEM images was investigated. Us-5,
ing the concept of the Cramér-Rao lower bound, a theoreticals,s
lower bound on the variance, quantitative measurements were
obtained for the precision of the x-, y-, and z-coordinate whenszs
locating the central atom of a nanocluster in 3D. Furthermore,sr
the here-described method is put forward as a powerful toolsss
that can be used to optimise the design of an experiment. Forszs
this goal, the precision has been evaluated for locating the cen-ss
tral atom of a gold cluster as a function of the incident electronss
dose, the angular tilt range, the number of projection images,ss2
the annular STEM detector range, and the cluster diameter. Ob-sss
viously, the exact optimal experiment design and the exact val-sss
ues for the precision will depend on the material under study.sss
Nevertheless, the conclusions from the study conducted in thissess
paper give some general guidelines on optimal experiment de-ss7
sign for extracting the location of the atoms in 3D using a tiltses
series of STEM images. 589

9

Using approximate STEM simulations, based on a Gaussian
approximation model, the calculation of the precision was opti-
mised, since this approach allows a full analytical computation
of the precision. This reduces drastically the required number
of simulations for the computation of the precision for accurate
multislice simulations, where the precision is computed numer-
ically. Using the Gaussian approximation model, suggestions
for the angular tilt range and number of projection images could
be obtained in an efficient and rapid manner. An angular tilt
range of at least [-70, 70] degrees and a minimal number of 20
projection images was found. In addition, it was shown that
the precision for locating the central atom of a nanocluster is
better for small nanoclusters. The optimisation of the detector
angles requires multislice simulations. From this study, it could
be concluded that an inner detector radius of the STEM detec-
tor equal to the convergence angle is optimal for locating the
atoms of a nanocluster in 3D. Furthermore, simulations using
the accurate multislice method are most appropriate for quanti-
fying the ultimate precision that can be attained. In this paper,
we demonstrated using accurate multislice simulations that a
precision in the picometre range for locating the atoms in 3D
is feasible in the presence of electron counting noise only, as-
suming ideal experimental conditions. In addition, the general
framework presented in this paper to locate atoms in 3D from a
tilt series of images can be applied to any structure of interest,
such as more complex structures consisting of more than one
atom type.
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Appendix A. The effect of the finite size of the source on the
precision

In realistic STEM simulations, the finite size of the source
is taken into account by a two-dimensional convolution with
the intensity distribution of the source image. This intensity
is often modelled as a Gaussian distribution with a FWHM of
around 0.7 A for an aberration corrected transmission electron
microscope [29, 45]. However, it is known that the shape of
the source image deviates significantly from a Gaussian profile
[46, 47]. Measurements of the exact shape of the source size
distribution show considerable longer tails as compared to a
simple Gaussian profile. In order to study the effect of the shape
of the source size distribution, the precision has been evalu-
ated for 3 different values of the FWHM taken from Ref. [47].
The precision when using a simple Gaussian profile for taking
into account source size broadening has been compared with
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Figure A.9: The precision o of the x-, y-, and z-coordinate (from left to right) as a function of FWHM of the source size profile for two different shapes of the
source size for locating the central atom of a nanocluster with 13 atoms based on multislice simulations using 31 projection images, a tilt range of [-90, 90] degrees,
an inner detector radius of 21 mrad, and an incident electron dose of 5555 ¢~ /A2 per image. The subscripts G and GC refer to a simple Gaussian distribution and a
linear combination of Gaussian and bivariate Lorentzian/Cauchy distribution, respectively, for the source size broadening profile.

the precision when using a linear combination of a Gaussian
and a bivariate Lorentzian/Cauchy distribution. The precision
for locating the central atom has been evaluated for a nanoclus-627
ter of 13 atoms based on realistic multislice simulations using
31 projection images, a tilt range of [-90,90] degrees, an in-_,
ner detector radius of 21 mrad, and an incident electron dose of
5555 e~ /A2 per image. As expected, Fig. A.9 shows that the:z:
precision improves when decreasing the FWHM of the source
size. Moreover, this figure shows that when the FWHM of the632
source size is small that the Gaussian profile is a good approx-
imation for taking into account source size broadening when634
computing the precision of the central atom of the nanoclus-
ter. The source size used in the paper has a FWHM of 0.7 A.
For this value, we expect that the difference between the twoss

methods is negligible.
636
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Appendix B. The effect of the Debye-Waller factor on thes»

precision 640
641

642

In this section, it has been investigated if the assumptiones
of the same Debye-Waller factor for all the atoms of a nan-6
ocluster is reasonable while evaluating the precision of therZ
three-dimensional coordinates of the central atom of this,,
nanocluster. For this purpose, the precision of this approachsss
has been compared with the precision calculated based on®®
multislice simulations using a different Debye-Waller factorzz?
for each atom. The smallest cluster has been chosen sincess,
for this cluster the effect would be the most pronounced. Insss
order to obtain the Debye-Waller factors for each atom of the®*
gold nanocluster with 13 atoms, molecular dynamic (MD)EZZ
simulations were performed at 7 = 300 K. The simulation hases,
been performed by using the LAMMPS software [48] and asse
potential calculated by G. Grochola has been used [49]. Using®*
the root mean square atomic displacements obtained from this:?
MD simulation, the following values for the Debye-Waller fac-ec
tor (10\2) could be calculated, where the first value correspondsess
to the central atom and the other to the surface atoms of thisz:
cluster: o6
667
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0.59 — central atom
3.10 3.82 391
3.81 329 3.90 — surface atoms
3.77 326 3.82
3.81 392 3.03

Next, the precision based on the multislice simulations with
these different Debye-Waller factors for each atom has been
calculated for the central atom of the cluster and compared
with the precision obtained from the multislice simulations
with the same Debye-Waller factor (DWF) of 0.63 A2

different DWF  same DWF
o, (pm) 1.1801 1.1399
oy (pm) 0.7925 0.7735
o, (pm) 1.0898 1.0633

From this values it can be concluded that the difference in pre-
cision is very small since the Debye-Waller factor of the central
atom does not change a lot with respect to the value which is
used when using the same Debye-Waller factor for all atoms of
the nanocluster.
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