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Abstract

A differential equation for the Dirac density matrix γ (r, r′), given ground-state electron- and kinetic energy-densities, has been derived by
March and Suhai for one- and two-level occupancy. For ten-electron spin-compensated spherical systems, it is shown here that γ ≡ γ [ρ, tg]
where ρ and tg are electron- and kinetic energy-densities. The philosophy of March and Suhai is confirmed beyond two-level filling. An important
byproduct of the present approach is an explicit expression for the one-body potential of DFT in terms of the p-shell electron density.
© 2007 Elsevier B.V. All rights reserved.
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In earlier work, Howard et al. [1] have written the formal
Dirac density matrix γ (r, r′) for a ten-electron central field gen-
erated inhomogeneous electron liquid as

(1)γ (r, r′) = Γ (r, r ′) − 3f (r)f (r ′)|r − r′|2.
Here Γ (r, r ′) as indicated is a function only of |r| and |r′|, as
are the factors f appearing also in Eq. (1). Such a form (1) was
anticipated by March and Santamaria [2], who wrote the Dirac
matrix γ (r, r′) for filled K plus L shells, but now generated by
the bare Coulomb potential energy −Ze2/r . We shall return to
this example below, following a more general discussion.

A first-order non-linear differential equation satisfied by γ

was given very recently by March and Suhai [3] for general one-
and two-level occupancies for molecules and clusters. However,
for these limited occupancies they stressed the functional form
γ ≡ γ [ρ, tg] where tg is the (positive definite) single-particle
kinetic energy related to γ by

(2)tg(r) = 1

2

∂2

∂r′ · ∂r
γ (r, r′)

∣∣∣∣
r′=r

.
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Let us next use the definition (2) plus the form of γ (r, r′) in
Eq. (1) to obtain tg(r) for the present ten-electron systems. To
do so, let us follow Ref. [1] and write Γ (r, r ′) more explicitly
as

(3)Γ (r, r ′) = Γ0(r, r
′) + 3f (r)f (r ′)

(
r2 + r ′2)

where Γ0(r, r
′) is simply the s-state (� = 0) density matrix. It

follows from Eqs. (3) and (1) that

(4)Γ (r, r ′)
∣∣
r′=r ≡ ρ(r) = ρ0(r) + 6r2f 2(r),

where ρ0(r) is the s-wave component of the total electron den-
sity ρ(r). Denoting similarly the p-wave (� = 1) density by
ρ1(r), Eq. (4) immediately relates f (r) to ρ1(r) by

(5)ρ1(r) = 6r2f 2(r).

Howard et al. [1] also demonstrate that the 1s and 2s wave
functions, ψ10 and ψ20 respectively, which in turn determine
the s-state matrix Γ0(r, r

′) in Eq. (3), are both calculable from
knowledge of ρ1(r). Hence, it follows that, formally at least,
Γ (r, r ′) in Eqs. (1) and (3) is determined by the p-wave den-
sity ρ1(r). But f (r) is also fixed by ρ1(r) from Eq. (5) and it
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therefore follows from Eq. (1) that

(6)γ ≡ γ
[
ρ1(r)

]
.

To make explicit contact with the ideas of March and Suhai [3],
we next require to rewrite the functional form (6) in terms of the
total ground-state electron density ρ(r) and the kinetic energy
tg(r) defined in Eq. (2). Inserting Eq. (1) into Eq. (2), and then
utilizing Eq. (3), it is a straightforward matter, though involving
some manipulation, to confirm that tg(r) takes the form

(7)tg(r) = tgs(r) + 9f 2(r) + 6rf (r)
∂f (r)

∂r
+ 3r2

(
∂f (r)

∂r

)2

.

But as already discussed above, tgs(r) is determined, at least
in principle, by the p-wave density ρ1(r). Hence tg(r) is fixed
also by ρ1(r) since f (r) and ρ1(r) are related by Eq. (5). But
the most direct conclusion from Eq. (7) is that the kinetic energy
density tgp(r) of the p-shell in the ten-electron systems under
discussion is determined explicitly by f (r), since

(8)tgp(r) = tg(r) − tgs(r).

But f (r) is determined from Eq. (5) solely by the p-state den-
sity ρ1(r), and this allows the explicit relation determining tp
to be written as

(9)tp = ρ1

r2
+ ρ′2

1

8ρ1
.

Furthermore, from Eqs. (A1.1) and (A2.1) of Ref. [1] it follows
readily by subtraction that an alternative route to the kinetic
energy density tp(r) is via the relation

(10)−∂V

∂r
= 2

r2ρ1

∂

∂r

(
r2tp

) − ρ′′′
1

4ρ1
− ρ′′

1

2rρ1
− 3ρ′

1

2r2ρ1
− 2

r3

where V (r) is the one-body potential of DFT [4]. By combin-
ing Eqs. (9) and (10) the force −∂V/∂r in such central field
systems can be expressed solely in terms of the p-state elec-
tron density ρ1(r), a result that is complementary to Eq. (6)
above. This force is most compactly written in terms of the
von Weizsäcker-like kinetic energy density tW1, defined by
(1/8)ρ′2

1 /ρ1, as

(11)−∂V

∂r
= 2t ′W1

ρ1
+ 4tW1

rρ1
− ρ′′′

1

4ρ1
− ρ′′

1

2rρ1
+ ρ′

1

2r2ρ1
− 2

r3

which is an important byproduct of the present approach. Let
us return at this stage to the special case of the bare Coulomb
potential energy, namely

(12)V (r) = −Ze2/r.

Then March and Santamaria [2] exploited the fact that the Dirac
density matrix γ (r, r′) depends only on two scalar coordinates,
say x and y, defined by

(13)x = r + r ′ + |r − r′|
and

(14)y = r + r ′ − |r − r′|
which can be traced back to the Runge–Lenz vector [5] being
an additional constant of motion for the bare Coulomb potential
(12). Or one can take linear combinations of x and y, namely,
r + r ′ and |r − r′|, to bring Eq. (1) into the more explicit form

(15)γ (r, r′) = ρ

(
r + r ′

2

)
+ F

(
r + r ′

2

)
|r − r′|2.

Immediately Eq. (15) reduces to γ (r, r′)|r′=r = ρ(r), the
ground-state electron density, as required. Furthermore, the ex-
plicit form of F(r) is [2]:

(16)F(r) = − 1

64π

(
Z

a0

)5

exp

(
− Z

a0
r

)
: a0 = h̄2

me2
.

But with Eq. (15) inserted into Eq. (2) we readily find for the
Coulomb potential (12) that

(17)tg(r) = h̄2

2m

[
1

4

∂2ρ(r)

∂r2
− 6F(r)

]
.

Hence substituting Eq. (16) for F(r) into Eq. (15) we obtain an
explicit form for the March–Suhai functional γ ≡ γ [ρ, tg] for
this example as (putting h̄ = m = 1):

(18)

γ (r, r′) = ρ

(
r + r ′

2

)

+
[

1

24

(
∂2ρ(s)

∂s2

)
− tg(s)

3

]
s= r+r′

2

|r − r′|2.

To sum up, the main achievement of this Letter is to demon-
strate, for the ten-electron central field systems under discus-
sion, that the idempotent Dirac density matrix γ (r, r′) can be
characterized by the ground-state electron density and the ki-
netic energy density tg(r), that is

(19)γ ≡ γ [ρ, tg].
Of course, the theorems of density functional theory (DFT)
[4] tell us that tg ≡ tg[ρ] but unfortunately, to date, this func-
tional remains unknown. However, tg is related to the density
matrix γ via Eq. (2), and so the known formal result of DFT
that γ ≡ γ [ρ] is then recovered from Eq. (16) The philoso-
phy of March and Suhai [3], based previously on one- and
two-level filling and embodied in Eq. (19), is here extended to
ten-electron central field systems. Neon-like atomic ions repre-
sent one area of application, plus the almost spherical molecule
CH4. The class of molecules GeH4, SiH4 and CH4 were treated
by the writer in early work [6] using the simplest form of DFT,
namely the Thomas–Fermi statistical method (see also [7] and
[8]). Further work on the Dirac density matrix for CH4 would
seem worthwhile in the context outlined above.
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