


You never climb the same mountain twice, not even in memory.
Memory rebuilds the mountain, changes the weather,
retells the jokes, remakes all the moves.

— Lito Tejada-Flores



The application of numerical continuation
to track quantum mechanical
resonances and bound states

Proefschrift voorgelegd op 24 mei 2011 tot het behalen van de graad van

Doctor in de Wetenschappen – Wiskunde, bij de faculteit Wetenschappen,

aan de Universiteit Antwerpen.

ADVISORS:

Prof. dr. Jan Broeckhove
Prof. dr. Wim Vanroose

Przemysław Kłosiewicz

RESEARCH GROUP COMPUTATIONAL

MODELING AND PROGRAMMING

TOEGEPASTE WISKUNDE &
NUMERIEKE ANALYSE





Dankwoord

Hoewel een doctoraatsverhandeling maar al te vaak wordt gezien als een individuele
taak, de doctorandus zit tenslotte meestal met eigen handen in het haar, vormt de
bijdrage van een groot aantal mensen de echte basis van het onderzoek. Graag zou
ik deze mensen dan ook terecht in de bloemen willen zetten.

Q Q Q

Op de eerste plaats wil ik mijn twee promotoren prof. dr. Jan Broeckhove en
prof. dr. Wim Vanroose bedanken voor hun steun en bijdrage tot dit onderzoek,
maar vooral voor mijn ontwikkeling als nieuwsgierige en kritische wetenschapper.

Jan, je stond telkens klaar met goed advies en ervaring. Jouw ideeën, suggesties
en meningen hebben mij veel bijgebracht en veel deuren geopend. Tegelijk had je
steeds een luisterend oor voor al mijn plannen en bedenkingen, zowel wat betreft
onderzoek als onderwijstaken.

Wim, in de voorbije jaren kan ik mij geen enkel moment herinneren waarop
je geen tijd zou hebben voor een interessante en enthousiaste discussie, ongeacht
plaats en tijdstip. Jouw aanstekelijke nieuwsgierigheid, veelzijdige vakkennis en
kunst van multitasking zijn een voorbeeld voor mij.

Q Q Q

Bijzondere mensen verdienen een bijzondere vermelding. Ik ben mijn ouders en
mijn zus dan ook zeer dankbaar voor de kansen die ze mij geven, de nodige steun die
ze mij onvoorwaardelijk gunnen en de tolerantie waarmee ze al mijn uitspattingen
opvangen. Wielkie dzięki!
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Samenvatting
Numerieke continuatie toegepast op parameterafhankelijkheid van
kwantummechanische resonanties en gebonden toestanden

Parameterafhankelijkheid van resonanties en gebonden toestanden speelt een belangrijke rol
in de studie van kwantummechanische modellen. Het interactiegedeelte, de potentiaal in de
Schrödingervergelijking, wordt daarom voorzien van een veranderende parameter. Men is
dan vaak geïnteresseerd in de evoluties van de oplossingen van de Schrödingervergelijking in
functie van variaties in die potentiaalparameter.

Een concreet voorbeeld van zo een parameter is de internucleaire afstand in een molecule
bestaande uit twee atomen. De oplossingen van de Schrödingervergelijking, die in dit geval
het gedrag van elektronen beschrijven, zijn op natuurlijke wijze afhankelijk van veranderingen
in de internucleaire afstand. Kennis van die afhankelijkheid wordt vervolgens gebruikt in de
studie van de nucleaire dynamica van de molecule.

In de studie van dynamische systemen worden efficiënte methoden gebruikt om op-
lossingen van parameterafhankelijke niet-lineaire systemen te onderzoeken. Technieken
voor zogenaamde numerieke continuatie laten toe om op efficiënte en automatische wijze
oplossingsverzamelingen van ondergedetermineerde stelsels van vergelijkingen te vinden. Bij
dynamische systemen komen tevens verschillende soorten speciale oplossingen voor waarbij
oplossingscurves complexe vertakkingen kunnen vertonen.

Het onderzoek naar de toepasbaarheid van numerieke continuatietechnieken bij de stu-
die van parameterafhankelijkheid van resonanties en gebonden toestanden is het onderwerp
van dit werk. Zowel de robuuste detectie van speciale oplossingen als de efficiëntie van deze
methoden komen aan bod. De interacties tussen gebonden toestanden en resonanties geven
namelijk aanleiding tot zulke speciale punten. De computationele complexiteit van het nood-
zakelijk veelvuldig oplossen van de Schrödingervergelijking zorgt ervoor dat de efficiëntie van
numerieke continuatie een bijkomend voordeel wordt.

Dit werk introduceert eerst de nodige begrippen uit de fysica en dynamische systemen
en geeft een algemeen kader van toepasbaarheid. Vervolgens worden modelproblemen van
steeds verhogende complexiteit beschouwd, beginnende van een radiële Schrödingervergelij-
king met een aantal interessante potentialen, tot systemen met gekoppelde vergelijkingen en
een tweedimensionaal modelprobleem. De inherente numerieke aspecten en alternatieve
methoden voor de identificatie van gebonden toestanden en resonanties worden tevens
behandeld.

Deze thesis is een eerste stap naar het gebruik van numerieke continuatie in de studie van

kwantummechanische resonanties. Een aantal vraagstukken blijven daarom onbeantwoord.

De mogelijke richtingen voor verdere studies worden in het werk meermaals aangehaald.
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CHAPTER 1
Introduction

and problem setting
I insist upon the view that ‘all is waves’.
— Erwin Schrödinger

1.1 Introduction

Numerical simulation of complicated chemical reactions plays an increasingly im-
portant role in the study of chemical compounds. Since virtually all scientific fields
are impacted by the ever growing advances in computational research, the vast field
of chemical physics benefits from new numerical developments as well. Simulations
of reaction experiments are an important tool in the study of interactions between
atoms and molecules.

Broadly speaking, this thesis summarizes the first efforts at making an efficient
numerical technique, which first appeared in the study of dynamical systems, useful
in the field of computational quantum chemistry and physics. Specifically, this
work studies the applicability of efficient numerical continuation methods to the
problem of parameter-dependence of bound and resonant solutions of the quantum
mechanical Schrödinger equation.

How this fits in the wider picture of the computational study of chemical reac-
tions will be explained in the following paragraphs.

Rather than provide a complete toolset for the interested chemical physicist, this
work points towards ideas and methods that have never been used previously in this
field.

1.2 The radial time-independent Schrödinger equation

A central object of study in (non-relativistic) quantum physics and chemistry is the
radial time-independent Schrödinger equation for the l th partial wave (in atomic
units: × = µ= 1; i.e. both the reduced Planck’s constant and the particle mass are

9



10 CHAPTER 1. INTRODUCTION & PROBLEM SETTING

equal to one and will be omitted from now on.)(
−1

2

d 2

dr 2 + l (l +1)

2r 2 +V (r )

)
︸ ︷︷ ︸

H

ψl (r ) = Eψl (r ), (1.1)

on the domain r ∈R+, where l ∈N is the angular momentum and V (r ) is the poten-
tial energy. H is the Hamiltonian operator and ψl (r ) is the l th partial wave function
with the associated energy E . See chapter 2 and section 4.2.1 for a more detailed
explanation of the origins of this equation. An important remark is that the potential
V (r ) has a limited range, say r0, such that it vanishes for r > r0. More details on the
range of the potential will be provided in further chapters. For now, it is interesting
to see that in the asymptotic region beyond r0 equation (1.1) reduces to(

−1

2

d 2

dr 2 + l (l +1)

2r 2

)
ψl (r ) = Eψl (r ). (1.2)

Therefore, and because (1.1) is a second order ordinary differential equation, the
solutions of (1.1) outside the range of the potential can be written as a combination
of two fundamental solutions such as the spherical Riccati-Hankel functions ĥ±

l

∀r > r0 ψl (r ) = αĥ+
l (kr )+βĥ−

l (kr ). (1.3)

Usually ĥ±
l (kr )

r→∞−−−−→ e±(kr−lπ/2), see appendix C, are called the outgoing (+) and
incoming (−) waves.

In its nature, equation (1.1) is an eigenproblem. The solutions ψl (r ) with as-
sociated real energies E are called the stationary states of the described system.
Although the boundary condition at the origin is always ψl (0) = 0, depending on the
desired type of solutions different boundary conditions at infinity will be used. A
detailed summary of the three interesting types of eigenstates and the connections
between them follows.

1.2.1 Bound states

For real energies E < 0 (k =p
2E is positive imaginary) it is required that the wave

function decays exponentially at infinity, which in the radial case translates to

ψl (r )
r→∞−−−−→αĥ+

l (kr ). (1.4)

If any, states that meet this condition are called bound states. Usually the resulting
wave function ψl (r ) is normalized such that

∫ ∞
0 |ψl (r )|2 dr = 1. The bound state

with the lowest energy is called the ground state.
Although there may be infinitely many bound states in a system, they are always

the discrete part of the spectrum of H .
Since it is well known [1, 2, 3] that the time evolution of a stationary state is

described by
ψl (r , t ) =ψl (r )e−ıEt , (1.5)

it holds that the density ρ(r , t ) = |ψl (r )e−ıEt |2 = |ψl (r )|2 is constant in time.
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1.2.2 Scattering states

For real energies E > 0 the general asymptotic behavior is

ψl (r )
r→∞−−−−→αĥ+

l (kr )+βĥ−
l (kr ). (1.6)

A proper (probabilistically sound) normalization is therefore impossible. An example
of an often used “regular” condition for s-waves (l = 0) to ensure uniqueness of the
solutions is ψ′

l (0) = 1 but many others can be used as well.
Scattering states are the continuous part of the spectrum of H : for every real

positive energy a suitable ψl (r ) can be found.
Just as in the case of bound states, it holds that ρ̇(x, t ) = 0.

1.2.3 Resonant states

In the scattering continuum E ∈ R+ certain discrete states exhibit a dramatically
different behavior. The ratio of outgoing (ĥ+

l ) versus incoming (ĥ−
l ) waves suddenly

becomes infinite for very specific energies. In terms of boundary conditions on
equation (1.1), these states can be found by imposing the pure outgoing waves
boundary condition at infinity. In radial case, this means

ψl (r )
r→∞−−−−→αĥ+

l (kr ), (1.7)

with the additional property that the energy can be a complex number E ∈C (hence
k ∈C as well).

The introduction of states with complex energy has important implications. E is
traditionally decomposed in its real and imaginary parts as

E = ER − ıΓ

2
, (1.8)

where ER ∈ R represents the proper resonance energy and Γ is the width of the
resonance. Inserting ER − ıΓ

2 in the time evolution of the state gives the density

ρ(r , t ) = |ψl (r )|2e−Γt . (1.9)

Therefore, a resonance is a long-lived state with the “real” energy ER . Its life time is
the inverse of its width Γ. This time decay is a physically measurable and important
property of a resonance.

Note that condition (1.7) is identical to the one used for bound states, extended to
complex energies. The fact that both bound states and resonances can be described
uniformly by the same boundary conditions will prove very convenient.

Remark: An equivalent definition of bound and resonant states will make use of
the so-called S-matrix or scattering matrix which is defined as the ratio α/β of the
outgoing wave to the incoming wave in the wave function ψl at infinity (i.e. outside
the potential range). Purely outgoing states will appear as energies where the S-matrix
is singular. The inverse holds as well.

However, as is known from literature [4, 5], the precise notion of a physical reso-
nance is not fully covered by these definitions. There are degenerate cases of systems
with resonances that do not appear as poles of the S-matrix, and vice versa. Never-
theless, it is generally accepted that almost all resonances are correctly described this
way [4]. This definition will be used in the remainder of this work.
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1.3 Example

To illustrate the different solutions of the Schrödinger equation we consider a brief
example with l = 3 and

V (r ) = −λe−r 2
, (1.10)

with λ= 40. This system has one bound state at E ≈−6.644, shown in figure 1.1 as
the red curve. The same figure also shows a scattered state for E = 5 (blue curve).
The green curve illustrates a resonance with ER ≈ 0.503 and Γ≈ 0.062.

0 1 2 3 4 5 6 7 8

−10

−5

0

5

10

15

r

Figure 1.1: Overview of some states of the l = 3 Gaussian potential example. The
dashed black line is the “effective” potential V (r )+ l (l+1)

2r 2 . The states are drawn as

|ψ(r )|2 shifted by their respective energies, shown as dashed lines. The red line is
the ground state. The blue line shows a scattering state for E = 5. The green line
illustrates a resonance at ER ≈ 0.503. Notice the significantly higher probability
of staying within the range of the potential, even though the energy is positive.
(normalization is arbitrarily chosen for visual presentation)

Traditionally in quantum physics the effect of a resonance can be seen as a sharp
peak in the scattering cross section1. These are effects that can be measured in
various scattering experiments, see figures 1.3 and 1.4.

In the vicinity of a resonance ER − ıΓ
2 the behavior of the cross section σl (E) is

often modeled by the Breit-Wigner distribution (the factor 4π(2l +1)/E is left out in
this discussion)

σl (E) ∝ σBW
l (E) = (Γ/2)2

(E −ER )2 + (Γ/2)2 , (1.11)

which peaks at ER . Γ represents the full-width at half-max value of the peak. For the
example system used in this section a comparison of the calculated partial cross
section and its Breit-Wigner fit that demonstrate the resonance at ER ≈ 0.503 is
shown in figure 1.2.

1Leaving aside rigorous definitions, the scattering cross section measures the amount (or density) of
scattering events for a given incoming energy, see [4, 3].
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Figure 1.2: The calculated partial cross section (red) and the Breit-Wigner curve
(blue) demonstrate a resonance peak at ER ≈ 0.503 with a width Γ≈ 0.062 for the
example system in 1.3.

(a) Example of an experimentally measured
cross section and a numerical calculation.
This particular figure depicts the cross section
for the excitation of the lowest Fermi dyad (up-
per Fermi level).

(b) Cross sections calculated for different val-
ues of a parameter (symmetric stretch coordi-
nate of CO2 in a linear nuclear geometry). The
resonance peak “moves” and its width changes
with variations of the parameter.

Figure 1.3: Examples of cross sections taken from a recent study of the e−+CO2

reaction [6].
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Figure 1.4: Example of fitted cross section measurements of 55Mn performed at Oak
Ridge National Laboratory. Several isolated resonance peaks are visible. Image taken
from [7].

1.4 The Schrödinger equation as a dynamical system

In a nutshell, this thesis will describe efficient methods to track bound states and
resonances when the potential is varied. A potential parameter, such as λ in (1.10) is
introduced and we will study how bound and resonant states “move” in the energy
plane as λ is varied.

Similar questions arise in the traditional study of dynamical systems. For exam-
ple, given a linear system

∂

∂t
u(x, t ) =L (λ)u(x, t ), (1.12)

the spectral properties of the linear operator L (λ) determine the stability of the
solutions. It is now interesting to know how the spectrum of L (λ) (i.e. the stability
of solutions) depends on λ.

If one writes the time-dependent Schrödinger equation to fit the form (1.12)

∂

∂t
ψ(x, t ) =−ı H(λ)ψ(x, t ), (1.13)

the spectrum of −ı H(λ) will be of interest. Since we already have established the
spectral properties of the Hamiltonian operator, we will see how these translate to a
more general study of equations like (1.12).

Figure 1.5 shows the energies of the different solutions: bound states, scattering
states and resonances in the complex energy plane. Both eigenstates of H(λ) and
−ı H(λ) are shown for comparison. Since bound and scattering states of H , multi-
plied with −ı , lie on the imaginary axis (figure 1.5b), they are the stationary solutions
of (1.13). Resonances are located left from the imaginary axis and represent stable
solutions with a finite time decay.

Figure 1.5c illustrates the spectrum of H(λ) shown in the complex momentum
plane k ∈ C. This representation will be often used to present the trajectories of
bound and resonant states as parameters in the system are varied.
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(a) σ(H(λ)) in E-plane
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ℑ(E)
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(b) σ(−ı H(λ)) in E-plane

ℜ(k)

ℑ(k)

0

(c) σ(H(λ)) in k-plane

Figure 1.5: Schematical comparison of the spectra of H(λ) and −ı H(λ). The former
is shown in the E- and k-plane, the latter only in the E-plane. Bound states are red,
scattering continuum is shown in blue, resonances are green.

This work follows conventions most commonly used in physics and depicts
bound/resonant solutions and trajectories in the E- and k-planes as eigenstates
of the operator H and not −ı H as would be more common in the study of general
time-dependent PDEs.

In later chapters on coupled channel systems also the complex u-plane will
be used to represent the bound/resonant trajectories. Refer to chapter 5 for more
details on this transformation.

1.4.1 Numerical continuation

In the study of dynamical systems, eigenvalues often transition between stable
(ℜ < 0) and unstable regimes (ℜ > 0) depending on a parameter. Although the
transitions in our application are different (bound states transition into resonances
and vice versa) the methods to follow these are identical.

Both problems of tracking interesting solutions in terms of a parameter can be
rewritten as finding the solution set ker( f ) ⊂Rn+1 of a nonlinear function

f : Rn+1 −→Rn (1.14)

(u,λ) 7−→ f (u,λ). (1.15)

Numerical continuation methods [8, 9] construct an approximation of this solution
set starting from a known solution f (u0,λ0) = 0.

Generally the evaluation of f is computationally expensive. Therefore methods
such as pseudo arc-length continuation try to minimize the number of evaluations
of f . This emphasis on efficiency is an important advantage in our applications.
Moreover, different solution branches often exhibit complex connections through
branch points. Efficient methods to deal with these difficulties have been developed
in the framework of numerical continuation and will also prove necessary in our
problems.

More specific details about pseudo arc-length continuation will be given in the
following chapters.
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1.5 Applications

Recent developments in efficient numerical methods to solve equations such as the
Schrödinger equation and the wide availability of computational resources allow
the simulation of chemical and physical systems with increasing complexity and
accuracy.

An interesting group of reactions are electron-molecule collisions. For example,
the excitation of a CO2 molecule by electron impact: e−+CO2. Generally speaking
such calculations are complicated, multi-step procedures that involve profound
knowledge of the involved physics. Although in the end they all try to solve the
Schrödinger equation, there are no black-box, “one size fits all” methods to do this
and many different strategies can be followed.

One attempt at effectively matching calculated cross sections to experimental
outcome is studied in [6]. The article describes a multi-step procedure at “solv-
ing” the e−+CO2 reaction that follows the so-called Born-Oppenheimer procedure
closely, see Appendix B for a broad overview of the technique. The nuclear geometry
of the polyatomic structure O−C−O is described by two coordinates: the stretching
coordinate and the bending angle. A two-dimensional potential energy surface is
constructed through repeated solution of the Schrödinger equation for a range of
parameters and the application of a fitting procedure. The final dynamics of the
collision is then solved on the pre-calculated energy surface.

This article clearly demonstrates that multidimensional approaches are nec-
essary for the study of such complex reactions. The construction of the potential
energy surface is a significant computational effort in that case and an automated
and robust method to do this is desirable.

1.6 Scope of this work

This work has the ultimate goal of providing fully automatic and efficient methods to
create parameter dependent trajectories of bound and resonant states in quantum
systems by using numerical continuation. This would prove beneficial in applica-
tions such as the aforementioned study of CO2 to replace the tedious procedure of
repeated calculations and fitting to obtain the potential energy surface.

Since numerical continuation focuses both on efficiency and robustness of
following complicated bifurcating branches, we believe the study of its applicability
in quantum mechanics is motivated.

An important limitation of the methods described in this thesis is the omission
of so-called long-range interactions. As will be restated more rigorously in separate
chapters, this work focuses on systems with potentials that vanish sufficiently fast
when the distance increases. Since long-range Coulombic potentials play an im-
portant role in the study of realistic problems, this is a desirable future research
direction. Although an extension of our methods was attempted, numerical dif-
ficulties with the evaluation of Coulomb functions with complex arguments and
inconsistent normalizations prevented a further study at the time.
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1.7 Structure of this work

The order of different chapters roughly reflects the logical evolution of the developed
methods starting from the first working example and advancing to more complex
problems, occasionally taking a sidestep in related directions.

• Chapter 2 combines a first publication [10] on the subject with preliminary
results and a proof-of-concept implementation with a more elaborate writing
published in [11] that puts more focus on the numerical aspects of the contin-
uation process. Additionally, a proof is given for the validity of the regularizing
precedure that alleviates trouble of threshold passing at the origin. Elaborate
examples of successful continuation runs are demonstrated. First numerical
example originates from [10], where the model problem consists of a radial
Schrödinger equation with a Gaussian potential well. A single bound state
p-wave is being tracked into the resonant regime as the potential strength
weakens. The two other examples, as published in [11], describe an extension
of the first system and an analytically solvable model.

• Chapter 3 highlights some of the numerical properties of the S-matrix and
issues we encountered. It is possible to calculate the S-matrix only in a specific
region of the complex energy plane. This has a limiting effect on the range
of the states that can be used for continuation. It appears that the size of the
computational domain and the order of accuracy of the numerical method
used to obtain the solutions of the Schrödinger equation play the major role
here.

• An extension of the original idea to coupled-channel systems is provided
by chapters 4 and 5. The road taken makes a logical extension to coupled
channels with equal thresholds first. These can be handled quite analogously
to the one-channel case. This is described in chapter 4. Adding different
channel thresholds, however, imposes more difficulties: the geometry of the
S-matrix is more involved and requires a somewhat different approach, see
chapter 5.

• The results from chapter 5 allowed us to tackle a model problem pointed out by
prof. dr Nimrod Moiseyev. He studied how bound states and resonances evolve
in a system of two coupled channels when the energy separation (difference in
thresholds) is varied. Chapter 6 is a working note that summarizes the results
with that particular problem.

• Previous chapters described radial Schrödinger equations, possibly coupled.
A natural extension is to look at higher dimensional problems. Chapter 7
describes first successful attempts at applying continuation techniques to
2D problems that can be asymptotically reduced to systems with two cou-
pled channels. Extraction of the S-matrix is similar to methods developed in
chapter 5, while the interaction region is solved in the full 2D space.

• In chapter 8 a different approach at identifying resonant and bound solu-
tions is considered. Equivalently to poles of the S-matrix, eigenvalues of the
Schrödinger equation subject to so-called Siegert boundary conditions also
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define the bound and resonant solutions. This chapter discusses how numer-
ical continuation can be used to track these Siegert states and presents the
results of a first implementation.

• Finally, chapters 9 and 10 summarize the contributions this work aims to
make to the current state-of-the-art and concludes with an outlook of open
research questions and interesting future directions.

• Some minor notational remarks and an example of how complex functions
are visualized in this thesis are summarized in Appendix A.

• This introduction mentions a procedure recently applied to solve the e−+CO2

reaction as a possible application for numerical continuation in quantum
physics. Appendix B summarizes briefly how the parameter dependence
appears in the context of the Born-Oppenheimer approximation used to study
this reaction.

• Appendix C gives a brief summary of the notations and conventions for the
various special functions used throughout the chapters. This is relevant if one
aims at reproducing the results obtained in this work.



CHAPTER 2
Numerical Continuation

of the solutions of the
radial Schrödinger equation

The contents of this chapter have been published in Journal of Computa-
tional and Applied Mathematics as “Applying numerical continuation to
the parameter dependence of solutions of the Schrödinger equation” by
Jan Broeckhove, Przemysław Kłosiewicz and Wim Vanroose [11].

Abstract

In molecular reactions at the microscopic level the appearance of reso-
nances has an important influence on the reactivity. It is important to predict
when a bound state transitions into a resonance and how these transitions
depend on various system parameters such as internuclear distances. The dy-
namics of such systems are described by the time-independent Schrödinger
equation and the resonances are modeled by poles of the S-matrix.

Using numerical continuation methods and bifurcation theory, techniques
which find their roots in the study of dynamical systems, we are able to develop
efficient and robust methods to study the transitions of bound states into reso-
nances. By applying Keller’s Pseudo-Arclength continuation, we can minimize
the numerical complexity of our algorithm. As continuation methods generally
assume smooth and well-behaving functions and the S-matrix is neither, special
care has been taken to ensure accurate results.

We have successfully applied our approach in a number of model problems
involving the radial Schrödinger equation.

2.1 Introduction

Over the last couple of decades several reliable numerical methods have been devel-
oped for continuation of solutions and bifurcation analysis for dynamical systems
[12, 13, 8, 14]. In this contribution we investigate the application of these methods

19
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in the context of quantum physics. In particular, we use numerical continuation
to trace the dependence of the energy and width of resonances on the system pa-
rameters. This is relevant e.g. in low energy electron-molecule scattering where the
occurrence and structure of the resonance depend on the internuclear distance in
the molecule.

Our system of interest fits the radial Schrödinger equation, a subclass of Sturm-
Liouville boundary value problems. For these types of problems, there exist several
very accurate methods that find the bound state eigenvalues [15, 16]. In many
physical systems, however, it is also valuable for finding the resonant states that
have a complex valued energy.

We define resonances and bound states as solutions of the Schrödinger equation
for an energy where the S-matrix has a pole [4, 3, 17]. The S-matrix is a function of
the complex momentum k that can be extracted from the solution at the end of the
domain. It also depends on the system parameters. We introduce a regularization
procedure that transforms the poles into zeros and smoothes the behavior near the
origin in the k-plane. This allows the application of the pseudo-arclength continua-
tion method to trace the trajectory of the zeros, and hence the poles, as the system
parameter changes.

The outline of the paper is as follows. In section 2.2 we present an overview of
the concepts underlying the numerical method that constructs a solution set of a
non-linear equation with the help of numerical continuation. As indicated in the
application in section 2.4, we use an implementation of these methods provided
by the AUTO package [18]. In section 2.3 we review the concepts related to the
Schrödinger equation, its solution through the renormalized Numerov method and
the extraction of the S-matrix from the numerical wave function. It is the poles of
the S-matrix that are subjected to the numerical continuation methods of section
2.2. Finally, in section 2.4 we demonstrate our approach on two models describing
a single-particle in three dimensions in a spherically-symmetric potential. Using
partial wave expansion, these scattering problems reduce to a radial Schrödinger
equation.

2.2 Numerical continuation methods

Numerical continuation methods approximate the solution set of some non-linear
equation F (u,λ) = 0 that depends on a system parameter λ:

F : Rn+1 −→Rn : (u,λ) 7−→ F (u,λ), (2.1)

where u ∈Rn . The Implicit Function Theorem states that under certain continuity
conditions the solution set is a one-dimensional manifold and can be parameterized
by some real parameter s. The choice of that parameter is an important one and
depends on the method used. Generally, we are interested in the evolution of the
solutions u in terms of λ and this suggests to take λ as the continuation parameter.
However, this choice may result in difficulties when the solution path passes through
a fold. The pseudo-arclength continuation [12] deals with these situations gracefully.

We introduce several notations used throughout this paper. When the distinction
between the function variables u and the parameterλ is irrelevant, we write x = (u,λ)
and xi = (ui ,λi ) for the subsequent points on the solution curve. The continuation
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Figure 2.1: Graphical representation of one predictor-corrector step in pseudo-
arclength continuation as discussed in section 2.2.

curve is denoted by x(s), which emphasizes the dependence on the continuation
parameter s. The initial point on the curve is associated with s = 0 and written as
x0 = x(0). Numerical continuation methods use this point on the curve, along with
an initial direction of continuation to construct a sequence of points

{xi | i = 0, . . . , N and F (xi ) = 0} , (2.2)

that approximates the solution curve.

2.2.1 Pseudo-Arclength Continuation

The algorithm follows a predictor-corrector scheme to construct, starting from an
initial solution point x0, the successive points on the solution curve.

The predictor step is an Euler predictor that uses the unit length tangent vector
ẋi to the curve at a solution point xi (thus satisfying F (xi ) = 0) and a step size ∆s to
predict a guess xp

i+1 for the next point on the curve:

xp
i+1 = xi +∆sẋi . (2.3)

The corrector step improves the guess xp
i+1 with a Newton iteration on the aug-

mented system to obtain a new solution point xi+1. This augmented system has,
in addition to the constraint F (xi+1) = 0, the requirement that xi+1 must lie on the
hyperplane through xp

i+1 perpendicular to ẋi , the tangent to the previous solution.
This translates to {

F (xi+1) = 0(
xi+1 −xp

i+1

) · ẋi = 0.
(2.4)

This system is a map from Rn+1 to Rn+1 and defines, under some conditions that
are usually met, uniquely the next point on the solution curve. It is the point of
intersection between the hyperplane and the curve shown in figure 2.1. These steps
are common to other Euler-Newton like methods and other approaches to define
the next point on the curve are discussed in [19].

The tangent vector for the next step is computed by solving:(
Fu(xi+1) Fλ(xi+1)

u̇T
i λ̇i

)(
u̇i+1

λ̇i+1

)
=

(
0

1

)
, (2.5)
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and normalizing ||ẋi+1|| = 1. The right-hand side of equation (2.5) is a column vector
consisting of zeros except on the last row.

Note that the Jacobian, Fx(xi+1), is required both for the calculation of the tan-
gent direction ẋi+1 and for the calculation of the Newton corrections. In our applica-
tion we only have F numerically so we need to approximate the Jacobian. This is
done using finite differences. The j th column of the Jacobian matrix is found by a
central difference and requires two solutions with slightly different arguments:

(Fx(xi+1)) j =
F (xi+1 +εe j )−F (xi+1 −εe j )

2ε
, (2.6)

where is e j is the j th unit vector. A discussion on the optimal choice of ε given the
machine precision is found in [20].

2.2.2 Regular and singular solutions

An important notion is the regularity of a solution point [14, 8]: a point xi ∈Rn+1 on
the solution curve is a regular solution of F (x) = 0 if the Jacobian matrix, Fx(xi ), has
maximal rank. Otherwise the solution is singular. Since Fx(xi ) has n rows and n +1
columns, its maximal rank is n.

Another important notion is bifurcation. The solution is said to bifurcate [21]
from the solution ut at a parameter value λt if there are two or more distinct so-
lutions which approach ut as λ tends to a threshold value λt . A more rigorous
definition of a bifurcation point can be found in [22].

The connection between these two definitions is that a bifurcation point xi of
F (x) = 0 must be a singular solution which means that:

rank(Fx(xi )) < n, (2.7)

and consequently (rank-nullity theorem):

dimker(Fx(xi )) ≥ 2. (2.8)

In case the equality in (2.8) holds, we call xi a simple bifurcation point [22]. We
assume this is the only type of bifurcation that occurs in the systems we study here.

Following [22] we detect these bifurcation points by looking at the sign of the
determinant of the augmented Jacobian matrix. When traversing a solution branch
a simple bifurcation point lies between two solutions xi and xi+1 if and only if

sgndet

(
Fx(xi )

ẋT
i

)
6= sgndet

(
Fx(xi+1)

ẋT
i+1

)
. (2.9)

This allows to find the bifurcation point accurately with a straightforward yet rather
slow convergence procedure. Note that xi and xi+1 must be close to each other to
avoid “overshooting” bifurcation points.

2.2.3 Branching

When two solution curves meet in a simple bifurcation point xt , the dimension of
the nullspace of Fx(xt ) is two. This nullspace is then spanned by two orthonormal
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vectors t1 and t2. At the same time, the left nullspace of Fx(xt ) is one dimensional
since F is a function from Rn+1 to Rn . It is spanned by a vector n1.

The two tangent vectors to the curves that depart from the bifurcation point can
now be written as a linear combination ẋt =αt1 +βt2 of the vectors that span the
nullspace. Since the curves fit F (x(s)) = 0, we can differentiate twice to s and find
that the tangent directions fit

Fxxẋt ẋt +Fxẍt = 0. (2.10)

Projection on n1 leads to the algebraic bifurcation equation [8, 23]:

C11α
2 +2C12αβ+C22β

2 = 0, (2.11)

with C11 = nT
1 Fxxt1t1, C12 = nT

1 Fxxt1t2 and C22 = nT
1 Fxxt2t2. In addition we have

α2 +β2 = 1, since the tangent vectors are normalized.
The construction of this equation requires a numerical calculation of the Hessian

in the bifurcation point and the determination of the vectors that span the nullspaces.
The solution of the algebraic bifurcation equation gives us the tangent vectors to the
curves that depart from the bifurcation point.

2.2.4 Implementation

During initial prototyping we have implemented the above methods in MATLAB. For
the development of production code we have relied on the well-known implementa-
tion of these algorithms in the AUTO package [18, 24]. An alternative implementa-
tion is available in the LOCA package which is part of the Trilinos project [25].

2.3 Quantum scattering concepts

In this section we review some of the concepts related to the solution of the time-
independent Schrödinger equation through partial wave analysis and to the S-matrix
and its properties.

2.3.1 The radial Schrödinger equation and the S-matrix

The time-independent Schrödinger equation(
−1

2
4+V (r ,λ)

)
ψ(r ) = Eψ(r ), (2.12)

describes the states of a quantum system with potential V at energy E . We let the
potential depend on a parameter λ. How the potential depends on the parameter λ
is arbitrary. Any choice is acceptable provided the λ-dependence is smooth. One
possible choice is to scale the potential with a strength λ as in V (r ,λ) =λV (r ).

In almost all physically relevant situations, V is spherically symmetric, i.e. a
function of the radial coordinate r = ∣∣r ∣∣ only. One then transforms equation (2.12)
to spherical coordinates (r ,θ,ϕ) and applies the method of separation of variables —
partial wave analysis in physics parlance — to solve as [26, 27]:

ψ(r ) =∑
cl m

ψl (r )

r
Ylm(θ,ϕ), (2.13)
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The spherical harmonics Ylm are the solutions to the angular equation that is in-
dependent of V . The integer l is the angular momentum. For each l the ψl is
determined by a radial equation of the following form:(

−1

2

d 2

dr 2 +V (r ,λ)+ l (l +1)

2r 2

)
ψl (r ) = Eψl (r ), (2.14)

One refers to the sum of V and the l -dependent term as the effective potential. This
equation belongs to a subclass of Sturm-Liouville boundary value problems with
p(x) = 1, w(x) = 1 and q(x) equal to the effective potential.

We assume that for V (r ,λ) the following holds

V (r ,λ) =O (r−3−ε) for r →∞ and ε> 0

V (r ,λ) =O (r−2+ε) for r → 0 and ε> 0,
(2.15)

V decays faster than r−3 at infinity and is less singular than r−2 at the origin. The
requirement at infinity limits us to so-called short-range potentials. Extending our
approach to the class of long-range interactions requires substantial modifications
and is an important direction for future work.

The solution ψl of (2.14) needs to fit the homogeneous Dirichlet boundary con-
dition at r = 0. Because of the short range of the potential, the solution becomes at
r →∞ a linear combination of the two fundamental solutions of the free Schrödinger
equation (i.e. without potential term V )(

− d 2

dr 2 + l (l +1)

r 2 −k2
)
ψl (r ) = 0, (2.16)

where k = p
2E ∈ C is the complex momentum. The fundamental solutions are

the spherical Riccati-Bessel and Riccati-Neumann functions [28, 4]. Thus, in the
asymptotic region we have for the solution of (2.14)

ψl (r ) → Al (k,λ)ĥ+
l (kr )+Bl (k,λ)ĥ−

l (kr ) for r →∞, (2.17)

with Al (k,λ),Bl (k,λ) ∈C. These constants depend on the momentum k and system
parameter λ. The ĥ±

l are Riccati-Hankel functions of the first (+) and second (−)

kinds. These functions behave asymptotically (up to a phase) as e i kr , an outgoing,
and e−i kr , an incoming wave. The solution is then interpreted as a superposition of
an incoming (ĥ−

l ) and an outgoing (ĥ+
l ) wave.

As the solution is only defined up to an overall normalization, we can renormalize
it as follows [4]:

ψl (r ) = i

2

(
ĥ−

l (kr )−Sl (k,λ)ĥ+
l (kr )

)
, with Sl (k,λ) =− Al (k,λ)

Bl (k,λ)
. (2.18)

This introduces the S-matrix, a function of the momentum k and depending on λ.
It determines the phase of the outgoing, scattered wave w.r.t. the incoming wave.

2.3.2 Resonances and bound states as poles of the S-matrix

It is well established and discussed in several textbooks that poles of Sl (k,λ) with
ℑ(k) > 0 correspond to bound states with energy k2/2 and poles with ℑ(k) < 0
correspond to resonances.
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ℜ(k)

ℑ(k)

0

Figure 2.2: Schematic trajectories of the poles of the S-matrix for the Gaussian well
example with l = 1. The four parts of the solution meet in the origin of the complex
k-plane for λ≈ 6.0497. In this article this point is interpreted as a bifurcation point.

Indeed, if E is a negative real number where Sl diverges, it means that the
solution is asymptotically a multiple of ĥ+

l only. Since E < 0, the momentum k is

purely imaginary and ĥ+
l becomes a decaying exponential that fits the zero boundary

conditions as r →∞. The solution then fits the boundary conditions ψ(0) = 0 and
ψ(∞) = 0 and is then a bound state solution of the boundary value problem.

On the other hand, if E is a complex number with ℑ(k) < 0 where Sl has a pole,
the state is classified as a resonance. Again the asymptotic solution is a multiple of
ĥ+

l , an outgoing oscillating wave, only.

Furthermore, as the system parameters change, the poles can move from the
upper part towards the lower of the complex plane along a continuous curve and
the solutions then transition from bound to resonant state. A thorough discussion
on such trajectories of poles is given in [4, 3, 17].

In mathematical terms, we are faced with the problem of finding k(λ) : R→C,
the solution set of

Sl (k,λ)−1 = 0. (2.19)

When we treat its real and imaginary parts as independent variables, Sl (k,λ) is a
function from R3 to R2. It is a non-linear function and only for a few potentials it is
available as an analytical expression. In general, the value of the S-matrix for a given
ℜ(k), ℑ(k) and λ is only found through the numerical solution of the Schrödinger
equation with methods such as the R-matrix [29], J-matrix [30], ECS [31], shooting
methods [32] and others. Given a numerical expression for the wave function, we
extract the Al (k,λ) and Bl (k,λ) from the solution with the help of the Wronskian
W at the asymptotic boundary R of the domain. More specifically, from (2.17) we
derive:

Al (k,λ) = W
(
ψl (R), ĥ−

l (kR)
)

W
(
ĥ+

l (kR), ĥ−
l (kR)

) (2.20)

Bl (k,λ) =− W
(
ψl (R), ĥ+

l (kR)
)

W
(
ĥ+

l (kR), ĥ−
l (kR)

) . (2.21)
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This then leads to the following expression for the S-matrix:

Sl (k,λ) = W
(
ψl (R), ĥ−

l (kR)
)

W
(
ψl (R), ĥ+

l (kR)
) , (2.22)

that can be computed numerically, provided the first derivative of the wave function
at R, the asymptotic boundary of the domain, can be computed.

Note that the different solution curves of (2.19) can meet each other in a single
point. For a radial equation with l = 1, for example, the situation is well understood
and we illustrate this with the help of figure 2.2. As λ→λt , the critical system param-
eter where a bound state becomes a resonance, the pole moves down on the positive
imaginary axis towards the origin. At the same time, another pole corresponding to
the virtual state, approaches the origin along the negative imaginary axis from below.
At λt the two poles of the S-matrix coalesce into a single double pole in the origin.
For system parameters beyond λt there are again two separate poles corresponding
to resonances. They lie in the third and fourth quadrant of the complex k-plane.

2.3.3 Transforming poles into zeros

The numerical method discussed in section 2.2 requires some smoothness condi-
tions on the function F (x) to work in a reliable and fast way. To achieve a quadratic
convergence rate during the Newton correction it is well known that the Jacobian Fx

needs to be locally Lipschitz continuous.
We intend to apply the continuation method to track the path of the zeros of

Sl (k,λ)−1 as λ varies. Unfortunately, this function is meromorphic for the potentials
of interest [4] and does not fit these smoothness requirements, especially for |k|¿ 1.
Indeed, the scattering matrix has the property that Sl (k∗,λ) = Sl (k,λ)−1, where k∗
is the complex conjugate of k. This means that if Sl (k,λ)−1 has a zero in some k0, it
will also have a pole in k∗

0 . And as λ approaches λt , k0 moves towards the origin. In
this situation a zero in k0 and a pole in k∗

0 approach each other and at the critical
parameter λt they will coalesce. It is clear that in a neighbourhood around the
critical point, |k0| ¿ 1 and |λ−λt | ¿ 1, the derivatives of Sl (k,λ)−1 cannot satisfy
these smoothness conditions.

In order to desingularize Sl (k,λ)−1, i.e. to avoid this deteriorating behavior
as |k| → 0, we transform to a new function, related to the S-matrix, but having
polynomial behavior for |k|→ 0. This function is defined as

Fl (k,λ) = k2l+1

Sl (k,λ)−1
, (2.23)

with l the angular momentum. It is clear that for k 6= 0, Fl will have a zero if and only
if Sl has a pole.

Furthermore, we can show that this function is proportional to the Jost function
Fl (k,λ), familiar from scattering theory [4, 33, 34]. It is related to the ratio of the
regular solution ϕl (k,r ) and the normalized solution ψl (k,r ) and which is an ana-
lytic function for a wide class of potentials and behaves as a polynomial around the
origin of the complex plane. To show this proportionality we use equations (11.19)
and (12.145) from [3]. We have that

Sl (k,λ) = 1−4i k−1
∫ ∞

0
dr kr jl (kr )V (r ,λ)ψl (k,r ), (2.24)
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where ψl (k,r ) is the solution to equation (2.14). This wave function is proportional
to the regular solution ϕl (k,r )

ψl (k,r ) = k l+1ϕl (k,r )

Fl (k,λ)(2l +1)!!
. (2.25)

where !! indicates the double factorial [27].
For l = 0 this ϕl (k,r ) fits equation (2.14) with boundary ϕ(k,0) = 0 and ϕ′(k,0) =

1. In the case l > 0 the condition is: limr→0 r−l−1ϕl (k,r ) = 1.
With the help of [3], it is clear that

Fl (k,λ) = k2l+1

Sl (k,λ)−1
= Fl (k,λ)

C
, (2.26)

where

C = −4i

k l+1(2l +1)!!

∫ ∞

0
dr kr jl (kr )V (r ,λ)ϕl (k,r ). (2.27)

This constant is bounded. Indeed, we have the bound from [4] and [35]

|kr jl (kr )| ≤C1

( |k|r
1+|k|r

)l+1

e |ℑ(k)|r , (2.28)

and in a similar way from [3] we have

|ϕl (k,r )| ≤C2

( |k|r
1+|k|r

)l+1

e |ℑ(k)|r |k|−l−1, (2.29)

with constants C1 and C2. So we get

|C | ≤C3

∫ ∞

0
dr

(
r

1+|k|r
)2l+2

|V (r ,λ)|e2|ℑ(k)|r . (2.30)

This bound is finite if the integral over the potential is finite. As we can see from
(2.27) it is clear that as k → 0, C is only zero for very specific potentials. We conclude
that Fl (k,r ) is bounded for a wide range of problems.

Note that tracking the zeros of Al (k,λ) or Bl (k,λ) is not an alternative since these
functions also suffer from the presence of poles. These poles are removed by taking
the S-matrix, the ratio of the Al and Bl .

Remark: In section 4.8 in chapter 4 an analogous derivation for coupled channel
systems is presented. Both proofs essentially follow a very similar structure, except for
the conditions on the potential(s).

2.3.4 The tangent directions in the bifurcation point

An advantage of working in the k-plane, instead of the E-plane, is that the tangents
to the solutions that emerge from the bifurcation point are orthogonal for problems
with l ≥ 1.

Indeed, around k = 0, the Jost function can be expanded in the form [3]

Fl (k,λ) = a1(λ)+a2(λ)k2 + . . .+b1(λ)k2l+1 +b2(λ)k2l+3 + . . . (2.31)



28 CHAPTER 2. NUM. CONT. – THE RADIAL SCHRÖDINGER EQUATION

where the coefficients are real functions of the system parameter. Around (0,0,λt ),
with l ≥ 1 this can further written as

F (k,λ) =α(λ−λt )+βk2 +O (k3)+O
(
(λ−λt )2) , (2.32)

where α,β ∈R. When we write k = x + i y and define the function

G : R3 → R2

(x, y ,λ) 7→ (ℜ(F (x + i y ,λ)),ℑ(F (x + i y ,λ))
)

,
(2.33)

this equation G(x, y ,λ) = 0 follows the full problem up to order k3 and (λ−λt )2.
The Jacobian in the point (x, y ,λ) is then

Gx(x) =
(

2βx −2βy α

2βy 2βx 0

)
, (2.34)

which obviously reduces to the following rank one matrix at the bifurcation point
xt = (0,0,λt )

Gx =
(

0 0 α

0 0 0

)
. (2.35)

A basis for the ker(Gx(xt )) is then

ker(Gx(xt )) = span


 1

0

0

 ,

 0

1

0


 , (2.36)

and for ker(GT
x ) it is

ker
(
Gx(xt )T )= span

{(
0

1

)}
. (2.37)

The Hessians are then

Gxx =
( (

2 0 0

0 2 0

)
,

(
0 −2 0

2 0 0

)
,

(
0 0 0

0 0 0

) )
(2.38)

The coefficients of the algebraic bifurcation equation (2.11) are then C11 = 0, C12 = 2,
C22 = 0 what leads to the equation to be solved:

αβ= 0 and α2 +β2 = 1. (2.39)

The solutions, which are (α,β) = (0,1) or (1,0) then lead to two tangent directions
at the bifurcation point: ẋt ,1 = (1,0,0)T and ẋt ,2 = (0,1,0)T . The direction ẋt ,1 corre-
sponds to the two resonances that leave along the real axis and ẋt ,2 is the direction
along the imaginary axis from which the bound and anti-bound states approach the
threshold. These tangent vectors are indeed orthogonal.

If we would use numerical continuation in the E-plane, these two tangent direc-
tions would coincide.

Note that AUTO solves, when it detects a bifurcation point, the algebraic bifurca-
tion equation numerically.
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2.4 Numerical application

2.4.1 Implementation

For testing purposes we have developed an implementation of the algorithm de-
scribed. It consists of two main parts:

1. A solver for the Schrödinger equation and the associated routines to obtain
a numerical approximation of the S-matrix. As indicated in section 2.3.2
many solvers are possible, each suitable for a range of potentials, domains
or dimensionality of the problem. For the two examples we present, dealing
with the radial Schrödinger equation, the Numerov method has proven very
successful.

The Numerov method [36, 32] is a shooting method that exploits the absence
of first order terms in the Schrödinger equation to arrive at a fairly straightfor-
ward algorithm, with equidistant steps, that is of fourth order.

In [32] the renormalized Numerov method was proposed, a reformulation
of the algorithm in terms of the ratio of the wave function in successive grid
points. We have implemented this algorithm in C++ code.

The first derivative of the wave function, required to compute the ratio of the
Wronskians in (2.22) is determined with a formula given in [32] and retains the
order O (h4). We have tested this convergence behavior in our implementation
and found that it holds except for potentials with discontinuities, such as the
square well. However, this does not prevent the application of the method: it
simply lowers the convergence rate.

2. A routine that performs the numerical continuation process with detection
of branches. For this purpose, we use the well-known library for numerical
continuation AUTO [24]. The numerical routines for the necessary compu-
tation of the Jacobian matrix are also provided by AUTO and use a second
order central difference scheme. A comparative study with other continuation
libraries is under consideration.

2.4.2 Gaussian potential (l = 1)

Remark: This first example can not be found in the originally published version of
this article but is taken from the initial publication [10] on the subject and has been
included for completeness and to illustrate differences in results between systems
described by the same potential (Gauss) with different angular momenta (l = 1 and
l = 3 in the next section).

This example illustrates bound/resonant paths of p-waves in a Gaussian poten-
tial. The angular momentum is l = 1 and the potential is

V (r ,λ) =−λe−r 2
, (2.40)

where λ> 0 represents the depth of the potential well.
We solve the radial equation using the renormalized Numerov method [32],

a fourth-order shooting method. The integration interval is [0,4] with 2000 grid
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ℜ(k) ℑ(k) λ |Fl (k,λ)|
0 8.251327e-01 7.432579e+00 2.57e-13
0 5.416193e-01 6.738418e+00 2.48e-13
0 -1.592538e-08 6.049601e+00 2.44e-11

3.618424e-01 -6.708697e-02 5.577766e+00 1.14e-09
7.003083e-01 -2.972954e-01 4.136770e+00 5.19e-11
8.875510e-01 -5.609236e-01 2.672270e+00 1.31e-09

Table 2.1: Numerical results for several points on the continuation curve for the
problem from section 2.4. The values for the branching point are highlighted.

points. The method is started with the boundary condition at r = 0, ψl (0) = 0. The
Wronskians, required for the calculation of the numerical S-matrix, are extracted
at the right end of the integration interval, where the potential V (r ,λ) with λ = 8
drops below 10−6. The tolerance of Newton convergence was set to 10−7. Finally,
all calculations were done in MATLAB with double precision arithmetic, central
difference schemes for all derivatives of F and using ε= 3.0 ·10−6 and ε= 10−6 for,
respectively, first and second derivatives.

For λ = 8, the system has one bound state with energy E ≈ −0.52 (k ≈ 1.02i ).
Decreasing λ shifts the bound state energy towards zero. This gives us the initial
point on the continuation curve:

x0 = (ℜ(k0),ℑ(k0),λ0) = (0,1.02,8),

and we take ẋ0 = (0,0,−1) as the starting direction. The step size is∆s = 0.15. After 16
continuation steps the bifurcation point is reached with a critical value λt ≈ 6.0496.
After branching off in the bifurcation point we continue the process and obtain 41
points of solution curve.

The solution of the algebraic bifurcation equation in the bifurcation point gives
us two tangent directions ẋ1

t = (1,0,0)T and ẋ2
t = (0,1,0)T . The first vector is aligned

with the real k-axis and ±ẋ1
t point to the two resonant curves that depart from

(0,0,λt ). The second vector points along the imaginary k-axis: ẋ2
t is the direction of

the bound state curve and −ẋ2
t is the direction of the virtual state curve. We continue

the process to obtain a total of 15 points on the bound state branch, 15 points on the
virtual state branch and 25 points on the resonance branch (the other is symmetric).
Figure 2.3a shows continuation of these four branches.

Translating these results to the complex E-plane gives us the potential curve,
section 2.3, and the result is shown in Figure 2.3b. Some points of the solution curve
are given in Table 2.1.

To obtain 41 continuation points (15 bound states, 1 bifurcation, 25 resonances)
the wave function had to be computed 1658 times (number of evaluations of Fl (k,λ)).
In every continuation step the number of Newton corrections was between 1 and 3,
which shows the efficiency of the continuation method used. Still, a great amount of
time was spent to find the bifurcation point. This can be further optimized.

In order to avoid rounding errors as k → 0 we use a power series approximation
to ĥ±

l when we extract Al (k,λ) and Bl (k,λ) from the numerical solution with the
help of the Wronskian. See appendix C for more technical details.
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Figure 2.3: Results for the Gaussian well examples from section 2.4. The depth of the
Gaussian well is shown on the vertical axis. Actual continuation points are encircled.
The dotted symmetric branch is drawn for completeness.

2.4.3 Gaussian potential (l = 3)

As a first model problem we take the third partial wave (l = 3) in a Gaussian potential
well:

V (r ,λ) =−λe−r 2
. (2.41)

For potential strength λ = 188 the system has 6 bound states. Decreasing the
potential strength pushes these bound state energies towards zero and transforms
them successively into resonances. For the renormalized Numerov solver an inte-
gration grid r ∈ [0, 4.8] with 8192 points was used. At the end of this interval, the
influence of the Gaussian potential is smaller than 10−7 and is considered negligible.
The shooting method is started with the boundary condition at r = 0, ψl (0) = 0.

The starting points x = (kℜ,kℑ,λ) for the six branches were chosen on the positive
imaginary axis of the k-plane, in a region close to the origin to ensure convergence
of the solver. They are presented in table 2.2. To confirm our renormalized Numerov
values we have also computed them using the CPM{16,14} method implemented in
MATSLISE [16]. There are no significant differences.

Continuation was started in these points in the direction of the origin with an
initial prediction step ∆s = 10−2 which may vary dynamically between 10−4 and
5×10−2. The critical transition points, where the continuation branches off, were
found at the origin of the k-plane for threshold values for λ given in table 2.3.
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ℑ(k)

n λ Ren. Numerov MATSLISE

0 25 9.343034507158935e-01 9.343034516458660e-01
1 46 1.226422927658922e+00 1.226422927676387e+00
2 72 1.207656897946988e+00 1.207656897794478e+00
3 104 1.174028026341686e+00 1.174028025751143e+00
4 142 1.125495438561443e+00 1.125495437195381e+00
5 188 1.294921256799873e+00 1.294921252331416e+00

Table 2.2: Starting points for the six continuation branches in the Gaussian well
example. ℜ(k) = 0 for all points.

n λ ℜ(k) ℑ(k)

0 2.35539E+01 1.06202E-31 1.35574E-05
1 4.28137E+01 -1.05730E-33 -5.66429E-07
2 6.81625E+01 1.75863E-30 4.32438E-07
3 9.96592E+01 -2.41634E-32 1.02708E-04
4 1.37339E+02 1.69583E-25 -1.79228E-05
5 1.81223E+02 3.64142E-26 6.92222E-06

Table 2.3: Branching points of the six branches in the Gaussian well example.

The resulting trajectories of the continuation process are shown in figures 2.4a,
2.4b and 2.5. The time to compute each trajectory is of the order of several seconds
on modern desktop computer hardware, depending on the step size and the number
of continuation points.

2.4.4 Square potential well

As a second example we use a s-wave (l = 0) in a square potential well:

V (r ,λ) =
{
−λ r < a

0 r ≥ a
(2.42)

For our purposes we choose a = 1.
Analytical results for such potentials are well known and were extensively studied

in [37]. We use them as reference for our numerical studies.
The grid used for the renormalized Numerov solver was r ∈ [0, 1.1] with 2048

points and the step size ∆s was the same as in the previous example. The first three
bound states were used for the continuation and the starting points of these three
branches are given in table 2.4. As in the Gauss potential case, the continuation
was performed from these points in the direction of the origin resulting in branches
shown in figures 2.6a, 2.6b and 2.7. As follows from theoretical considerations in
[37], the ground state of this potential does not transform into a resonance. All other
states n > 0 do branch off into resonances at k =−i . The real part of k tends to ±nπ
as ℑ(k) →−∞ and λ→ 0, which again, corresponds to theoretical results.
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Figure 2.4: Projections of trajectories of the S-matrix poles representing the first six
bound/resonant states for (l = 3)-waves in a Gauss potential.

n λ ℑ(k)

0 5 2.15040e+00
1 15 2.02173e+00
2 32 8.25262e-01

Table 2.4: Starting points for the three continuation branches in the square potential
well example, obtained with the renormalized Numerov method. ℜ(k) = 0 for all
points.
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Figure 2.5: Schematic view of the full trajectories of the S-matrix poles representing
the first three bound/resonant states for (l = 3)-waves in a Gauss potential shown in
the k ×λ space along with projections on the various planes.

2.5 Discussion and Conclusions

Changing system parameters in the potential of a Schrödinger equation can turn
resonances into bound states or vice versa. This transition is usually marked with a
double pole of the S-matrix. We have interpreted this double pole as a bifurcation
point where different states meet.

In this article we have reviewed the key numerical and mathematical methods
that allow us to track these poles and detect the bifurcation point in an automatic
way. These methods, originally developed by the dynamical systems community, are
based on predictor-corrector methods and are directly applicable to the problem
at hand. What is needed is a numerical routine that solves the radial Schrödinger
equation for a given complex k and system parameter λ. The continuation method
then calls this routine multiple times with appropriate arguments k and λ and
constructs with this information the complete continuation curve.

Our contribution is the insight to apply the method to a function proportional to
the Jost function instead of the numerical S-matrix. The latter suffers from nearby
zeros and poles what can lead to diverging and deteriorating behavior. Another
insight is to apply the method in the k-plane rather than the E-plane. This gives
orthogonal tangent directions in the bifurcation point while in the E-plane these
are aligned and are much harder to treat numerically.

Our approach is quite robust. In addition to the examples provided, we have ap-
plied it to other short-range problems including Morse, Yukawa and Lennard-Jones
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Figure 2.6: Projections of trajectories of the S-matrix poles representing the first three
bound/resonant states for s-waves in a square potential well. Note the theoretically
well-known lack of bifurcation in the ground-state branch. The other bifurcations
are located at k =−i and not at the origin which is a known result for these types of
s-wave problems.

potentials with l ranging from 0 up to 5. In all cases the program worked without any
modifications. Also for s-wave problems with barriers, where the bifurcation does
not happen at the origin, the program was able to detect the bifurcation point, the
tangent directions and follow the solution curves that emerge from the bifurcation
point. For all these problems the complete curve was found within seconds.

However, we have found it hard to trace resonances when they move far down
in the complex plane into the region with large negative imaginary momenta. In
this region, the fundamental solutions ĥ+

l and ĥ−
l are increasing and decreasing

exponentials with a slight oscillation. In our shooting method that integrates out-
wards starting from r = 0 the exponentially increasing function will dominate over
the decreasing function. This effect becomes more difficult to deal with if R, the
end of the domain, is increased. A possible solution to this problem might be to
use a mismatch function where two shootings, one from the left and one from the
right, are matched. The shooting from the right would then have ĥ+

l (kR) as bound-
ary condition. It is the question, however, if the mismatch function is suitable for
pseudo-arclength continuation near the bifurcation point.

The proposed method is, however, independent of this solver and can be built
around any solver of the radial Schrödinger equation. In addition to the renormal-
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Figure 2.7: Schematic view of the full trajectories of the S-matrix poles for s-waves
in a square potential well shown in the k ×λ space along with projections.

ized Numerov solver, we have tested the method with a finite difference matrix
method with very similar results.

In the future, we will extend the method to problems with unknown asymptotic
solutions that require absorbing boundary conditions such as ECS [31]. This will
allow us to track resonances in multidimensional scattering problems. Note, that
it is then not possible to solve for the S-matrix in the complete complex k-plane.
It is for these large scale problems that our method can prove to be valuable since
other methods, based on interpreting a resonance as an eigenvalue, then become
intractable because they do not scale to a large number of unknowns. Finally, as
indicated in section 2.3 the application of our methods to long-range potentials is
important as well. This would allow us to tackle problems with a broader range of
physical applications and to verify our results with experimental data.



CHAPTER 3
Numerical considerations

regarding extraction
of the S-matrix

The S-matrix can be calculated reliably only in a specific region of the
complex energy plane, depending on various discretization parameters.
This chapter gives some insights in the origin of these limitations.

3.1 Introduction

Numerical continuation is applied to a function F , which is related to the S-matrix
and which is a result of numerical calculations itself. It is therefore important
to understand the origin and behavior of the numerical errors in the numerical
S-matrix as they influence the solution curves.

The wave function and its derivative are used to extract the S-matrix for a given
energy and transform it into the required formulation. A consequence of the nu-
merical errors in ψ and ψ′ is that only a specific region of the complex energy plane
can be used to obtain a sufficiently accurate representation of the S-matrix. This
limits the effective region of the complex energy plane that is suitable for numerical
continuation methods to obtain bound and resonant trajectories.

This chapter briefly summarizes the origin of these numerical errors. As one
attempts to calculate the S-matrix in the complex E-plane numerical errors start to
dominate in certain regions making them completely unusable. A general model for
these errors is constructed to demonstrate their behavior. Unfortunately no solution
to completely alleviate or circumvent these problems has been found yet.

37
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3.2 The continuous equation

The model problem used in this chapter is s-wave scattering in the radial Schrö-
dinger equation on r ∈ [0,R](

−1

2

d 2

dr 2 +V (r )

)
ψ(r ) = k2

2
ψ(r ), (3.1)

with ψ(0) = 0 and absorbing boundary conditions at r = R.

3.2.1 The analytical S-matrix

We know that a solution ψ(r ) of equation (3.1) tends to a linear combination of two
fundamental solutions such as exponential functions

ψ(r )
r→∞−−−−→α−(k)e−i kr +α+(k)e i kr , (3.2)

or, formulated using the S-matrix (ψ(r ) is given up to a multiplicative factor)

ψ(r )
r→∞−−−−→ i

2

(
e−i kr −S(k)e i kr

)
, (3.3)

where

S(k) =−α+(k)

α−(k)
. (3.4)

Thus, given a wave function ψ(r ) that solves (3.1) with a sufficiently fast decaying
potential and with absorbing boundary conditions, the coefficients α±(k) can be
extracted with Wronskians1 at the end of the domain R

W
(
e i kR ,ψ(R)

)
= W

(
e i kR ,α−(k)e−i kR +α+(k)e i kR

)
= −2i kα−(k) (3.5)

W
(
e−i kR ,ψ(R)

)
= W

(
e−i kR ,α−(k)e−i kR +α+(k)e i kR

)
= 2i kα+(k), (3.6)

which gives an expression for the S-matrix

S(k) = W
(
e−i kR ,ψ(R)

)
W

(
e i kR ,ψ(R)

) . (3.7)

Ideally, one would hope to obtain quantity (3.7) without introducing any numerical
errors along the way. Unfortunately errors build up making the result unusable for
further calculations in certain energy regions.

3.3 The discretized equation

Numerical results in most chapters of this thesis have been obtained using the
renormalized Numerov method to calculate the wave functions. This method is
introduced for single channel radial problems in [32]. An extension to coupled
channel systems is described in [38]. Both methods have a cumulative error of the
order O (h4) at a fixed point in the domain.

1Remember that W (ei kx ,e−i kx ) =−2i k
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Parameter Value Note

V (r ) −15e−r 2
Potential

R 5 Rightmost boundary of the domain [0,R]

r0 4.951171875 Extraction point near the end of the domain

h 5/1024 Discretization step size

Table 3.1: Parameters of the system that illustrates the buildup of numerical errors
in S-matrix calculations. The corresponding numerically calculated S-matrix in the
complex k- and E-planes is shown in figures 3.1a and 3.1b.

The calculations also require the first derivative of the wave functions. A fourth
order formula for ψ(r )′ can be found in [32, 36]

ψ̃′(r ) =
(

1
2 + h2

6 (E −V (r +h))
)
ψ̃(r +h) −

(
1
2 + h2

6 (E −V (r −h))
)
ψ̃(r −h)

h
. (3.8)

To compare the influence of discretization orders on the final result, a standard
O (h2) finite-difference discretization for the first derivative of ψ(r ) will be used as
well

ψ̃′(r ) = ψ̃′(r +h)− ψ̃′(r −h)

2h
. (3.9)

3.3.1 The numerical S-matrix

To illustrate the cumulation of numerical errors we turn to a basic model problem
characterized by the parameters given in Table 3.1. The S-matrix in the complex k-
and E-plane has been calculated and is shown in figures 3.1a and 3.1b. Notice the
“curtains” of poles and zeros approximately parallel to the ℜ(k) axis. These have no
physical meaning that could be attributed to the properties of the potential but are
solely the result of discretization errors. This figure suggests that any continuation
curves can only be calculated and trusted for k-values with ℑ(k) ∈ [−2,2]. Repeated
calculations with different discretization parameters confirmed the dependence of
these bounds on the characteristics of the discretization, rather than the potential.

Simplifying the problem to a system with a nonexistent potential (V (r ) = 0) will
help us to form an idea of the origin of these problems. In such a case the only type
of solutions that comply with the boundary conditions are proportional to

ψ(r ) = sin(kr ) (3.10)

= i

2

(
e−i kr −e i kr

)
, (3.11)

such that S(k) = 1 for the whole k ∈C. Note that the renormalized Numerov method
used to obtain the wave function in our calculations normalizes the wave functions
at the end of the domain to ensure that ψ(R) = 1. For this reason, the numerical
wave function ψ̃(r ) will become

ψ̃(r ) = sin(kr )

sin(kR)
+ε, (3.12)
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where ε is the error due to the discretization of the domain.
The numerically obtained derivative ψ̃′(r ) is now

ψ̃′(r ) = k cos(kr )

sin(kR)
+ε′, (3.13)

with ε′ being the error attributed to the discretization of the first derivative of the
wave function.

Given a discretization step h (such as in Table 3.1) both ε and ε′ can be esti-
mated as being of the order O (h4) since we know the order of convergence of the
renormalized Numerov method and the associated derivative.

Explicit calculation of the S-matrix incorporating the error terms gives

S(k) =

∣∣∣∣∣ e−i kr0 ψ̃(r0)

−i ke−i kr0 ψ̃′(r0)

∣∣∣∣∣∣∣∣∣∣ e i kr0 ψ̃(r0)

i ke i kr0 ψ̃′(r0)

∣∣∣∣∣
(3.14)

=
1

sin(kR) W
(
e−i kr0 , sin(kr0)

) +
∣∣∣∣∣ e−i kr0 ε

−i ke−i kr0 ε′

∣∣∣∣∣
1

sin(kR) W
(
e i kr0 , sin(kr0)

) +
∣∣∣∣∣ e i kr0 ε

i ke i kr0 ε′

∣∣∣∣∣
(3.15)

= k + (
ε′+ i kε

)
e−i kr0 sin(kR)

k + (ε′− i kε)e i kr0 sin(kR)
. (3.16)

As long as ℑ(k)(R+r0) is small enough, the exponential terms in equation (3.16) stay
well-behaved and the resulting S(k) is (close to) 1. However, as soon as (approxi-
mately) ∣∣∣max(ε,ε′)ℑ(k)e |ℑ(k)(r0+R)|

∣∣∣ À 1, (3.17)

the exponential terms start to dominate expression (3.16) rendering it unusable.
The product of two factors influences this growth: the discretization errors ε and ε′
and the length of the computational domain R together with the extraction point
r0. Smaller discretization errors and shorter domains result in a wider energy range.
This will be illustrated by the following examples.

3.4 Example 1

For parameters from Table 3.1 (but with V (r ) = 0) the function (3.16) is shown in
figures 3.1e and 3.1f. The numerically extracted S-matrix for the same parameters is
illustrated in figures 3.1c and 3.1d. The striking similarity with figures 3.1a and 3.1b
confirms the proposed model for the numerical errors.

3.5 Example 2

This example illustrates the importance of the order of discretization. A second
order finite-difference approximation scheme for the first derivative of the wave
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(f) Analytical S(E), V (r ) = 0.

Figure 3.1: Numerically calculated and analyticaly estimated S-matrix for V (r ) =
−15e−r 2

and V (r ) = 0. Parameters taken from Table 3.1. Fourth order discretizations
are used. Left: k-plane, right: E-plane.
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function has been used, see equation (3.9). Even though the wave function is still
calculated using the O (h4) renormalized Numerov method, the effect of using a less
accurate version of the derivative is significant. The resulting S-matrix is shown
in the k- and E-planes in Figure 3.2. As can be seen, the previously visible and
reachable resonant poles in the lower part of the complex k-plane can not be found
because the effectively usable region is so limited. This means that relatively wide
resonances can not be tracked.

3.6 Example 3

The third example shows the influence of the numerical domain size R and ex-
traction point r0 on the numerical errors in the S-matrix. Parameters altered with
respect to Table 3.1 are: R = 10 and r0 = 9.951171875. While still h = 5/1024 and
fourth order discretizations are used for both the wave function and its derivative,
the usable energy region is approximately equal to the second example. Figure 3.3
shows the results.

3.7 Discussion

Numerical issues also appear when exterior complex scaling (ECS) is used to locate
bound and resonant eigenvalues of the Hamiltonian operator, see for example [39].

To compare the limitations of ECS with those of S-matrix calculations we con-
sider an example using an ECS grid with parameters that match those in Table 3.1
closely. The real domain is [0,5] with h = 5/1024. The exterior part of the domain is
[5,7.5] and the scaling angle is π/8 (measured from the origin). The Hamiltonian
operator was discretized with a second order finite difference scheme.

Figure 3.4a shows (a part of) the spectrum of the discretized Hamiltonian for
that system in the complex E-plane. The two eigenvalues on the negative real axis
are the bound states. All other eigenvalues are due to the ECS discretization and
have no physical meaning. The region where resonant states can be observed with
ECS is located in the fourth quadrant just below the positive real axis and is bounded
by the line of ECS eigenvalues starting from the origin. More details on spectra of
operators discretized on an ECS grid can be found in [40].

Figure 3.4b is identical to figure 3.2b. Although the reachable resonant region is
similar, one major difference can be noticed: numerical issues with ECS start at the
origin while S-matrix calculations allow for a more accurate study of bound/resonant
transitions at the origin. A more elaborate example of this advantage of S-matrix
calculations will be illustrated at the end of chapter 5.

The numerical problems with S-matrix calculations can be alleviated slightly.
Increasing the order of discretizations and decreasing potential reach (which reduces
the need for a long domain) increases the attainable energy region. Alternative
normalizations of the wave function might help as well. Unfortunately no clear
solution is currently available to avoid these issues entirely.

Although this chapter focuses entirely on a radial model problem with l = 0,
analogous limitations occur in the study of systems with higher angular momenta
and systems with coupled channels. An extension of this model to more complicated
systems might be interesting to explore in the future.
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(f) Analytical S(E), V (r ) = 0.

Figure 3.2: Numerically calculated and analyticaly estimated S-matrix for V (r ) =
−15e−r 2

and V (r ) = 0. Parameters taken from Table 3.1. While fourth order dis-
cretization is used for the wave function, second order discretization is used for the
calculation of ψ̃′(r ). Left: k-plane, right: E-plane.
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(f) Analytical S(E), V (r ) = 0.

Figure 3.3: Numerically calculated and analyticaly estimated S-matrix for V (r ) =
−15e−r 2

and V (r ) = 0. Parameters taken from Table 3.1, except R = 10 and r0 =
9.951171875 (while still h = 5/1024). Fourth order discretizations are used. Left:
k-plane, right: E-plane.
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(b) Numerical S(E). Second order derivative.

Figure 3.4: Comparing numerical limitations of ECS and S-matrix computations to
find resonant states. The blue region shows where resonances can be found using
ECS.
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Numerical Continuation

applied to the solutions of
coupled channel

Schrödinger equations
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resonances and bound states in coupled channel Schrödinger equations”,
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Abstract

In this contribution, we introduce numerical continuation methods and
bifurcation theory, techniques which find their roots in the study of dynamical
systems, to the problem of tracing the parameter dependence of bound and
resonant states of the quantum mechanical Schrödinger equation. We extend
previous work on the subject [11] to systems of coupled equations.

Bound and resonant states of the Schrödinger equation can be determined
through the poles of the S-matrix, a quantity that can be derived from the
asymptotic form of the wave function. We introduce a regularization proce-
dure that essentially transforms the S-matrix into its inverse and improves its
smoothness properties, thus making it amenable to numerical continuation.
This allows us to automate the process of tracking bound and resonant states
when parameters in the Schrödinger equation are varied. We have applied this
approach to a number of model problems with satisfying results.

4.1 Introduction

The appearance of resonances is of ever-growing interest in the study of wave phe-
nomena as they are considered among the most important features of systems

47
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described by wave equations. They appear in systems that are penetrable by an
impacting wave. Such systems allow the interior field to couple to the external
domain which leaves a characteristic fingerprint on the far-field pattern of the scat-
tered wave. Many examples appear naturally in acoustic scattering [41] and in
fluid-mechanical structure interaction [42]. In all cases the appearance of resonant
states has a profound and important influence on the system’s dynamics.

In the context of quantum mechanical scattering, resonant behavior also strong-
ly influences the interactions between microscopic particles, which in turn has its
influence on the reactivity of molecules and atoms described by such quantum
mechanical models. In molecular systems these resonances can easily turn into
bound states if the molecular configuration changes.

In [11] we developed a framework for applying numerical continuation tech-
niques in the context of bound states and resonances in spherically symmetric
short-range potentials. We have shown that numerical continuation methods, origi-
nally developed in the study of dynamical systems, can be applied successfully to
track bound and resonant states efficiently in terms of a varying system parameter.
Moreover, this technique can be used to reveal subtle and interesting transitions
and connections between states automatically.

The present work focuses on the extension of that procedure to coupled channel
short-range systems. This extension is a logical step towards automated, efficient
and robust methods for the study of interactions in scattering experiments. In
all generality, these techniques can be applied to systems of coupled Helmholtz
equations with variable wave numbers, as long as the short-range conditions are
met.

The outline of the paper is as follows. Section 4.2 sets the coupled channel
Schrödinger equations in the context of non spherically symmetric quantum me-
chanical problems. In section 4.3 a regularization procedure is discussed that allows
application of numerical continuation even though the underlying functions that
characterize resonances and bound states are numerically and analytically not very
well-suited. Section 4.4 provides a brief overview of basic numerical continuation
methods and gives some pointers on the available implementations. Finally, in
section 4.5 we present several results obtained with our implementation of the
discussed methods.

4.2 Quantum scattering in coupled channel problems

In this paper we discuss a coupled channel problem that derives from a one particle
Schrödinger equation with a non-spherical potential(

− 1

2µ
∆+V (r,λ)−E

)
ψ(r) = 0, (4.1)

where ∆ is the three-dimensional Laplacian, V (r,λ) is a potential with a system
parameter λ and E is the complex-valued energy of the system. The problem is
such that for all r outside a bounded domain V (r,λ) ≈ 0, i.e. the potential becomes
negligibly small. Formally, the limitation to potentials that are negligible outside a
certain radius is termed as the restriction to so called short-range potentials: V (r,λ)
must decay faster than r−3 as r = |r|→∞ and must be less singular than r−2 in the
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origin r = |r|→ 0 [4]. The long-range Coulomb interaction requires a significantly
different approach and is not discussed here. The boundary conditions that are
appropriate in the short-range case require the solution to be zero at the origin and
force the solution to tend to a linear combination of free waves (i.e. solutions of (4.1)
for V = 0) at infinity [4].

In this section we briefly introduce elements from quantum scattering and
partial wave expansion to arrive at the concept of resonant states. In the subsequent
sections we then focus on applying numerical continuation to study the dependence
of such resonances on the system parameter λ in (4.1). For this reason, we will
faithfully record the λ dependence in our notations, even if it is at times somewhat
cumbersome.

Equation (4.1) can be written in spherical coordinates (r ,θ,ϕ) around the cen-
ter of the system. The differential operator ∆ then splits into angular and radial
differential operators and the solution can be expanded as a sum

ψ(r) =ψ(r ,θ,ϕ) =
∞∑

l=0

l∑
m=−l

ψlm(r )Y m
l (θ,ϕ), (4.2)

where Y m
l (θ,ϕ) are the spherical harmonics, eigenfunctions of the angular differen-

tial operators in the Laplacian. In physics this decomposition is commonly referred
to as the partial wave expansion. The labels (l ,m) are intimately connected to
the irreducible representations of the rotational symmetry groups SO(3) ⊃ SO(2)
of equation (4.1). Each (l ,m)-component of (4.2) is known as a partial wave and
the system is said to be modeled by multiple partial wave channels. We are now
interested in localizing the resonances in such systems.

4.2.1 Single-channel scattering

To introduce some notations and concepts we first briefly look at a spherically
symmetric potential, i.e. V (r,λ) =V (r ,λ). In this case, the partial wave channels are
decoupled and the radial wave function ψl m is identical for all m. Hence we can
drop the index m and equation (4.1) turns into:(

− 1

2µ

d 2

dr 2 + l (l +1)

2µr 2 −E

)
ψl (r ,λ)+V (r ,λ)ψl (r ,λ) = 0, (4.3)

for each l . The boundary condition at r = 0 specifies ψl (r ,λ) = 0 and at large r the
solution must be a linear combination of the spherical Riccati-Hankel functions (see
section 4.7 and Appendix C), the free incoming and outgoing waves:

ψl (r ,λ)
r→∞−−−−→ i

2

(
ĥ−

l (kr )− ĥ+
l (kr )Sl (k,λ)

)
, (4.4)

The spherical Riccati-Hankel functions are the solutions obtained in the absence of
the potential term in (4.3), i.e. when the equation reduces to a Helmholtz equation
with a constant wave number k = √

2µE . The Sl (k,λ) is called the S-matrix for
channel l and it determines the scattering properties associated with potential
V (r,λ).
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4.2.2 Multi-channel scattering

For a non-spherical potential the partial wave channels do not decouple. The
wave function must be represented by a sum as in equation (4.2), which is typically
truncated at an lmax. In most cases of physical interest the potential still has axial
symmetry. It is well known that as a consequence the channels with different m are
decoupled and the solutions can be represented by

ψ(r) =
lmax∑
l=0

ψl m(r )Y m
l (θ,ϕ). (4.5)

Upon substitution in (4.1), this generates a separate set of equations for each m. For
the purpose of our exposition we may, without loss of generality, take m = 0 and
drop the index m in the notation for the radial wave function

ψ(r) =
lmax∑
l=0

ψl (r )Y 0
l (θ,ϕ). (4.6)

This significantly simplifies notations further on in the discussion. Lifting the restric-
tion of axial symmetry presents no fundamental difficulty: the number of channels
increases and summations over m have to be reintroduced. We will however con-
sider only the axially symmetric case with m = 0 as it provides a sufficient basis to
demonstrate that numerical continuation can be used to track resonant states in
multi-channel systems.

Insertion of (4.6) in (4.1), followed by a projection onto each of the partial wave
channels (by multiplying with Y 0

l ′ , integrating over the angular variables and using
the orthonormality of the spherical harmonics) leads to a set of coupled radial
equations (

− 1

2µ

d 2

dr 2 + l (l +1)

2µr 2 −E

)
ψl (r ,λ) +

lmax∑
l ′=0

Vl l ′ (r ,λ)ψl ′ (r ,λ) = 0, (4.7)

for each channel l and where

Vl l ′ (r ,λ) =
∫

sinθdθdϕY 0
l
∗

(θ,ϕ)V (r ,θ,λ)Y 0
l ′ (θ,ϕ), (4.8)

and where ∗ denotes the complex conjugate. For every partial wave ψl the bound-
ary condition at r = 0 is still ψl (r ,λ) = 0 while for large r one formulates lmax +1
independent boundary conditions (one for each l ′)

ψl ′
l (r ,λ)

r→∞−−−−→ i

2

(
ĥ−

l (kr )δl l ′ − ĥ+
l (kr )Sl l ′ (k,λ)

)
, (4.9)

where δl l ′ is the usual Kronecker symbol.
Each boundary condition corresponds to an incoming wave in a different chan-

nel l ′ and gives rise to an independent associated solution with its channel com-
ponents labeled by l . A key difference with the spherical case is that, due to the
non-spherical action of the potential, outgoing wave components appear in chan-
nels other than the incoming channel, as indicated by the S-matrix defined by its
elements Sl l ′ (k,λ).
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We now rewrite the above in terms of matrices by introducing the square matrices
T , V and the identity matrix I with dimensions equal to the number of channels:

(T(r ))l l ′ = δl l ′

(
− 1

2µ

d 2

dr 2 + l (l +1)

2µr 2

)
, (V (r ,λ))l l ′ =Vl l ′ (r ,λ). (4.10)

Eq. (4.7) then is equivalent to

(T(r )−E I +V (r ,λ))Ψl ′ (r ,λ) = 0, (4.11)

where the wave function is a vector function with dimension equal to the number of
channels, corresponding to a solution with (4.9) (easily rewitten in vector format). In
multi-channel calculations it is however customary to introduce the square matrixΨ
whose columns are theΨl ′ (corresponding to (4.9)) for each of the l ′. This then leads
to the set of coupled channel equations and boundary conditions that determine
the full S-matrix which is the focus of our study

(T(r )−E I +V (r ,λ))Ψ(r ,λ) = 0, (4.12)

Ψ(0,λ) = 0, (4.13)

Ψ(r ,λ)
r→∞−−−−→ i

2

(
ĥ−(kr )− ĥ+(kr )S(k,λ)

)
. (4.14)

The matrices ĥ±(kr ) are diagonal matrices with the incoming and outgoing spherical
Riccati-Hankel functions on the diagonal(

ĥ−(kr )
)

l l ′
= δl l ′ ĥ

−
l (kr ),

(
ĥ+(kr )

)
l l ′

= δl l ′ ĥ
+
l (kr ). (4.15)

The multi-channel S-matrix S is the object of interest that we will use to find the
resonant states. We can extract the S-matrix from the numerical solution of (4.12)
with its boundary conditions by evaluating the Wronskian in a point r outside the
range of the potential

S(k,λ) =W
[
Ψ(r ,λ), ĥ+(kr )

]−1
W

[
Ψ(r ,λ), ĥ−(kr )

]
, (4.16)

where W denotes the Wronskian of two matrices defined as

W [A, B] = A
(

d B
dr

)
−

(
d A
dr

)
B, (4.17)

with A, B ∈Cn×n .

4.3 Resonances and regularization

The aim of this article is to develop a robust method to trace the parameter depen-
dence of resonances that appear in multichannel problems. We define a resonance
or bound state to be the solution of equation (4.1) for an energy E ∈ C for which
the S-matrix has a pole. This definition is widely used and it is motivated, amongst
others, in [3, 4].
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It is natural to locate the resonances numerically by searching for the zeros of
S(k,λ)−1. However, it is not the best numerical strategy to search for these zeros
directly. A key property of the S-matrix is the symmetry S(k∗,λ) = S(k,λ)−1, where
k∗ denotes the complex conjugate of k. This makes S(k,λ) unitary for k ∈ R. As
a result a pole of the S-matrix at k is always accompanied by a zero of S(k,λ) at
k∗. This makes the search for the zeros of S(k,λ)−1 a numerically hard problem,
particularly when k ¿ 1. In that case S(k,λ) has zeros and poles close to each
other and it does not satisfy the smoothness conditions required to ensure rapid
convergence if, for instance, Newton iterations are used to find the zeros.

For single-channel radial problems, as in section 4.2.1, it was proposed in [11] to
use a regularized function rather than the S-matrix itself to converge and to track
down bound states and resonances. This function was defined as, per l -channel,

Fl (k,λ) = k2l+1

Sl (k,λ)−1
, (4.18)

with Sl as in (4.4). It was shown that for k 6= 0 this function has a zero iff Sl (k,λ) has
a pole. In addition this function is bounded as long as∫ ∞

0
dr ĵl (kr )V (r ,λ)ψl (k,r ) 6= 0, (4.19)

which does not hold only for very specific potentials.
In this paper we extend this result to the more general class of coupled channel

problems described in the previous section. We introduce, in extension of (4.18),
the (lmax +1) by (lmax +1) square matrix function

F(k,λ) =K (S(k,λ)− I)−1 , (4.20)

where K is a diagonal matrix with elements (K )i i = k2li+1 on the diagonal and
where we extract the S-matrix using (4.16) from the numerical solution of (4.12),
(4.13) and (4.14). The function used for continuation then is

det(F(k,λ)) =
(

lmax∏
l=0

k2l+1

)/
det(S(k,λ)− I). (4.21)

In section 4.8 we show that det(F(k,λ)) has a zero if and only if det(S(k,λ)−1) has
a zero. This means that we can look for the bound states and resonances via (4.21)
and investigate the application of continuation to equation det(F(k,λ)) = 0 . In
addition, the coalescing of zeros and poles that occurs in the S-matrix is now absent.
Unfortunately, we cannot derive a bound for det(F(k,λ)) itself as was possible for
(4.18). See section 4.8 for details.

4.4 Numerical Continuation methods

In the study of dynamical systems one is often interested in the dependence and
evolution of solutions of nonlinear problems in terms of some system parameter.
Generally these solution sets can only be approximated numerically and finding
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those requires efficient and robust techniques. More specifically, numerical contin-
uation techniques are concerned with approximating the solution set {x|F (x) = 0} of
an underdetermined system of nonlinear equations:

F : Rn+1 −→Rn (4.22)

x = (u,λ) 7−→ F (u,λ), (4.23)

that depends on some system parameter λ. Such equations arise for instance in the
study of dynamical systems or parametrized systems of ODEs but virtually every
problem that can be written in the above formulation and that satisfies certain
smoothness conditions can be subjected to those methods.

Due to the computationally intensive nature of many of these problems, ef-
ficiency is one of the main concerns in the numerical study of such dynamical
systems. The number of evaluations of the function F (x) should therefore be kept
to a minimum. Additionally, solution sets often exhibit complex geometries with
intersecting and bifurcating solution branches. Generally, the study of bifurcating
branches involves rigorous stability analysis of the underlying solutions and is a
complicated subject on its own. In this work the only type of bifurcations that can
occur, are so called “simple” bifurcation points. These manifest themselves as two
intersecting solution branches and are characterized by the dimension of the null-
space of the Jacobian Fx(xt ) being 2 in a point xt , which is called a “branch point”. In
many problems, however, the bifurcations are much more involved and a thorough
treatise on bifurcations and stability of solutions can be found in [9, 8, 22, 12].

In the last few decades various techniques for numerical continuation have
been developed. Many of those fall in the category of so called “predictor-corrector”
methods: starting from a known solution point xi (such that F (xi ) = 0), the next one
is found by first taking a guess based on the previous point and correcting that guess
in a second step. As such, starting from one known initial point x0 in the solution set
an approximation {xi |i = 0, . . . ,n with F (xi ) = 0} of that solution set is constructed
by finding subsequent points on the curve.

Many choices can be made for the implementation of both steps. A good
overview can be found in [9, 8, 22, 12]. The popular “pseudo arclength” method
[21] takes a predictor-corrector approach. The predictor step uses the tangent ti
to the solution curve at xi to construct a prediction xp

i+1 for the next point xi+1.
The corrector step consists of Newton iterations on the system of equations F = 0
augmented with an additional equation that constrains the corrector step to a plane
orthogonal to the tangent ti. The Newton iterations then converge to the intersec-
tion of that plane and the solution curve, guaranteeing a unique next point xi+1 in
the continuation [21].

The pseudo arclength algorithm has been implemented in the AUTO [43, 24]
library which we have used in this work. Other well-known implementations of
numerical continuation algorithms include LOCA [44] which is a part of the Trilinos
framework [25], MATCONT [45] (a Matlab implementation) and Multifario [46] which
allows multi-parameter continuation.
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4.5 Numerical Results

The results of this section have been obtained with a renormalized Numerov solver
[32, 38] for the calculation of the coupled channel solutions of equation (4.12).
However, these results are independent of the particular numerical method used to
solve the equations as long as the method is able to extract the S-matrix e.g. through
equation (4.16). Indeed, the regularized function det(F(k,λ)) is the only required
input for the continuation routines.

To demonstrate our approach we have applied numerical continuation to a
number of model problems involving well-behaved short-range potentials. The
numerical implementation of the continuation algorithm itself is provided by the
AUTO-07p Fortran library [24]. The coupled channel renormalized Numerov solver
and the code to obtain the regularized function det(F(k,λ)) are used as driver rou-
tines for AUTO and we have implemented them in C++.

4.5.1 Comparison with analytically solvable models

As a first testing example for the study of numerical code and regularization we
have compared our results thoroughly with a model problem from [47]. There,
among other examples, a short-range two-channel coupling model for the low-
energy electron-CO2 scattering is studied. An analytically solvable expression with
square-well potentials is presented together with resulting bound/resonant pole
trajectories.

The application of numerical continuation on both the analytical expressions
and the numerical solutions of this model matched the results previously published
by the authors.

4.5.2 Gauss potential with s-wave and p-wave coupling

In this section we look at a system of two coupled Gaussian potential wells with
angular momenta l1 = 0 (referred to as s-wave in physics) and l2 = 1 (referred to
as p-wave). The mass is chosen to be µ = 1. The two channel potentials and the
coupling potential are set to:

Vi j (r ,λ) =−λi j e−r 2
,

where i , j ∈ {1,2} and Vi j (r ,λ) =V j i (r ,λ).
Let us first consider each of the two channels separately, i.e. uncoupled (λ12 = 0).

Setting λ11, the strength of the first-channel potential, to 7 gives a system with one
bound state shown in table 4.1(a). Similarly, bound states in the second channel with
λ22 = 20 are shown in table 4.1(b). These results were calculated through Newton
iterations on the function det(F(k,λ)). They compare, see table 4.1, favorably with
results obtained with MATSLISE [16].

The coupled system on the other hand has bound states at positions deviat-
ing from those in table 4.1 as the coupling strength increases. In this case, with
λ12 = 0.5, our results, see table 4.2, are in close agreement with those obtained
through the recently extended CPM{P ,N } method for coupled channel systems
[48, 49] implemented in MATSCS [50]. Reference values obtained with eigenvalue
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ki

i NEWTON MATSLISE

0 2.185562e+00i 2.185562e+00i

(a) First channel, λ11 = 7

ki

i NEWTON MATSLISE

0 3.617543e+00i 3.617478e+00i
1 8.938842e-01i 8.938842e-01i

(b) Second channel, λ22 = 20

Table 4.1: Bound states of uncoupled channels in the s- and p-wave example, ob-
tained with (1) Newton iterations on det(F(k,λ)) (NEWTON) and (2) with MATSLISE.

ki

i NEWTON MATSCS FIN. DIFF.

0 3.623677e+00i 3.623551e+00i 3.623677e+00i
1 2.178012e+00i 2.178012e+00i 2.195645e+00i
2 9.035406e-01i 9.035275e-01i 9.039594e-01i

Table 4.2: Coupled channel bound states in the s- and p-wave example, with Newton
iteration (NEWTON), coupled channel extension of CPM{P ,N } (MATSCS) and finite
differences (FIN. DIFF.)

calculations based on finite difference discretization, although not very accurate,
are also provided.

It is now interesting to see how these bound states evolve in terms of variations in
λ22. Applying numerical continuation with starting values ki (NEWTON) taken from
table 4.2 gives results shown in figure 4.1. The continuation was performed both in
the direction of the origin and away to show as much of the resonant trajectories as
possible.

Details of the underlying numerical procedures are as follows. The integration
interval of the coupled channel Numerov method spans from 0 to 4.6 and contains
4096 points. The tolerance for Newton iterations used by AUTO is of the order 10−6

whereas the length of the continuation steps might vary adaptively between 10−2

and 10−4.
Each of the three continuation branches originates from a bound state and

follows a path towards the resonant region (i.e. the lower half of the complex k-
plane) as the potential strength λ22 is decreased. Near the origin of the complex
plane the second channel potential becomes too weak to hold the bound state and
reaches a threshold value where the state transforms into a resonance. Looking at
the continuation curves in figure 4.1 we can therefore distinguish three regions: the
bound state regime on the positive imaginary axis, the transition into a resonance
around the origin and the resonant regime below the real axis. Their properties are
summarized as follows. (1) The bound states are situated on the positive imaginary
axis and correspond to real, negative (rel. to potential asymptote) energies. In the
neighborhood of the bound states of the first channel, in this case k ≈ 2.2i , “avoided
crossings” can be seen where a relatively big decrease inλ22 has a minor influence on
ki . However, as soon as the lower state ki−1 approaches, the higher one gets pushed
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away from this position and makes place for ki−1. (2) As λ22 passes certain threshold
values, the potential becomes too weak to hold a bound state ki which transitions
into a resonance. For s-waves these transitions happen on the negative imaginary
axis not far from the origin, whereas for higher angular momenta this branching
occurs exactly at 0. In the case of s/p-wave coupling, both effects influence each
other depending on the coupling strength and bound states of the separate channels.
The threshold values for λ22 with the corresponding branch points for the three
states in our example are summarized in table 4.3. (3) In the resonant regime
(Im(k) < 0) the states gain a real part which corresponds to a positive scattering
energy. The negative imaginary part of these states is related to the time delay in the
time-dependent picture. These branches are symmetric but only those in the fourth
quadrant have physical significance. On the negative imaginary axis one also finds
so called virtual states.

i ℜ(ki ) ℑ(ki ) λt
22

1 -1.227997e-12 -7.999927e-04 6.091215e+00
2 6.280509e-13 -1.589331e-02 1.742094e+01

Table 4.3: Branch points at which bound states transition into a resonance for the
Gauss s/p-wave example. The real part of k is negligible whereas the imaginary part
indicates slight off-zero branching discussed in 4.5.2.

The proposed regularization (4.21) plays a significant role near and at threshold
values. Indeed, we have proven in section 4.8 the absence of additional, spurious
zeros of det(F(k,λ)). All λ22-dependent poles (which would otherwise coalesce with
zeros in the origin at threshold values) are eliminated as well which makes continu-
ation through the origin possible. We can not, however, guarantee smoothness of
det(F(k,λ)) over the whole domain as demonstrated by the two stationary poles in
figure 4.2, where we show a comparison of det(S(k,λ)) and det(F(k,λ)).

4.5.3 Gauss potential with p-wave and d-wave coupling

The second model problem also uses Gauss potentials in both channels as well
as the coupling and µ = 1. However, angular momenta for channel 1 and 2 were
chosen to be l1 = 1 and l2 = 2. This choice is motivated by the previously mentioned
distinction between s-waves and waves with higher angular momenta in 4.5.2: In
the l = 0 case the bifurcation does not take place in the origin of the k-plane but
on the imaginary axis below the origin, whereas for l > 0 it does branch off in the
origin [4]. By taking both angular momenta higher than zero we enforce branching
of the coupled channel system in the origin and therefore an essentially different
geometry for testing the regularized formulation than in the previous example.

Setting λ11 = 10, λ22 = 30 and λ12 = 0.3 gives a system with 3 bound states. The
approximations, analogous to the first example, are given in table 4.4.

Again, these values were used as starting points for numerical continuation.
The resulting curves are shown in figure 4.4. The details of the coupled channel
renormalized Numerov solver and AUTO continuation parameters were set to the
same values as in the first example.
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ki

i NEWTON MATSCS FIN. DIFF.

0 3.796532e+00i 3.796472e+00i 3.796532e+00i
1 1.600083e+00i 1.600083e+00i 1.600127e+00i
2 6.599123e-01i 6.599112e-01i 6.603354e-01i

Table 4.4: Bound states of the coupled channel p- and d-wave example. We compare
values obtained by Newton iterations (NEWTON) on det(F(k,λ)), (MATSCS) and finite
differences (FIN. DIFF.)

Also in this case the proposed regularization provides a viable way of removing
poles in the origin at thresholds, hereby allowing continuation of the relevant zeros
through the origin. This is shown in figure 4.3. This figure also shows the sharpness
of nearby poles and zeros of det(S(k,λ)) compared to much smoother behavior of
det(F(k,λ)) which positively influences the convergence of Newton iterations in the
continuation process.

4.6 Discussion and Conclusions

In this article we have applied numerical continuation to track resonant states
in a coupled channel Schödinger equation. In our approach, we track the zeros
of a function that can be extracted from the numerical solutions of the coupled
channel equation. This function, related to the S-matrix by a transformation, has a
zero wherever the S-matrix has a pole and is amenable to numerical continuation.
The analysis has also revealed that the function can have accidental poles which
may slow down the convergence of the Newton iterations. However, for our model
problems, we have not seen any difficulties caused by this.

We have tested this approach and solved a range of two channel model problems
with robust results. The method automatically tracked all the resonant states and
detected the bifurcation points. It also successfully traversed the threshold which
indicates a successful regularization.

Our motivation to develop this method originates from chemical reactions that
are modeled by the Born-Oppenheimer approximation. It is based on slow-fast
separation between the motion of nuclei and electrons that is justified because of
their mass difference. In this approximation the modeling is a two step process. In
the first step the scattering of the electrons in the field of the nuclei is solved with
the positions of the nuclei as parameter in this scattering problem. It is especially
important to identify the resonances in the scattering problem. In the second step
the molecular dynamics of the nuclei, that move on the potential surface given by
the resonances determined in the first step, is solved.

This paper is focused on the first step where the resonances need to be identified
in a family of scattering problems each with a different parameter, which is the
position of the nuclei in these problems.

In our future work we aim to create a robust and reliable tool that scales to
realistic systems.
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4.7 Spherical functions

Various solutions of the free radial wave equation are intensely used throughout
this paper as they can describe the asymptotic behavior of the wave functions that
solve the (non-free) Schrödinger equation. In an attempt to avoid ambiguities we
summarize the used conventions in this section. For a far more thorough treatment
we suggest [51] and [4], where similar conventions are used.

Spherical Riccati-Bessel functions are defined as solutions of the free radial
Schrödinger equation(

d 2

dr 2 − l (l +1)

r 2 +k2
)

u(r ) = 0, k =√
2µE , l ∈N. (4.24)

The different, commonly used particular solutions of this equation are: (x = kr )

• ĵl (x) = x jl (x) =
√

x π
2 Jl+1/2(x), regular solutions, spherical Riccati-Bessel

functions. E.g.: ĵ0(x) = sin(x), ĵ1(x) = 1
x sin(x)−cos(x), . . .

• n̂l (x) = x nl (x) = (−1)l+1
√

x π
2 J−l−1/2(x), irregular, spherical Riccati-Neumann

functions. E.g.: n̂0(x) =−cos(x), n̂1(x) =− 1
x cos(x)− sin(x), . . .

• ĥ±
l (x) = −n̂l (x)± i ĵl (x) Incoming (−) and outgoing (+) spherical Riccati-

Hankel functions. E.g.: ĥ±
0 (x) = e±i x , ĥ±

1 (x) = ( 1
x ∓ i )e±i x , . . .

4.8 Regularization lemma

This section technically describes the proof that the application of the regularizing
procedure in section 4.3 does not introduce any zeros of the continuation function
det(F(k,λ)) that can not be attributed to bound or resonant states. The proof in-
volves the use of some well-known definitions and results from quantum mechanical
scattering and gives a thorough explanation of the procedure yet is not necessary
for the understanding and reproduction of the main results of our contribution. The
conventions and definitions used are mostly those found in [4] and, on occasion in
[3, 52]. Section 4.8.1 summarizes briefly a necessary minimal subset of definitions
for the proof whereas section 4.8.2 proves why the regularizing procedure does not
introduce false resonances or bound states.

For clarity we omit the potential parameter λ in our notations as it does not play
a role in the derivations; unless it is really necessary or clarifying. Following [4] we do
however, indicate the explicit dependence of the wave functions on k, e.g.Ψ(k,r ).

4.8.1 The Jost matrix and the S-matrix

The “regular solution” Φ(k,r ) of equation (4.12) is defined to behave exactly as
ĵ(kr ) at r = 0. This fixes both Φ and its normalization uniquely. At infinity the
regular solution must tend to a linear combination of two other linearly independent
solutions such as the free solutions ĥ±, hence allowing us to write

Φ(k,r )
r→∞−−−−→ i

2

(
ĥ−(kr ) f (k) − ĥ+(kr ) f (k)∗

)
, (4.25)
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which defines the “Jost matrix” f (k) as a diagonal matrix that bundles so called “Jost
functions” fl (k)

f (k) =


f0(k)

. . .

flmax (k)

 . (4.26)

(it is known that fl (k)∗ = fl (−k) and hence f (k)∗ = f (−k)) Since we have already
written the asymptotic form of the “physical solution”Ψ(k,r ) (which is calculated
by the numerical solver) in terms of the S-matrix as in

Ψ(k,r )
r→∞−−−−→ i

2

(
ĥ−(kr )− ĥ+(kr )S(k)

)
, (4.27)

it follows that the S-matrix can be expressed as the ratio of the Jost matrices

S(k) = f (−k) f (k)−1 (4.28)

and thatΦ andΨ are related through the well-known expression1

Ψ(k,r ) =Φ(k,r ) f (k)−1. (4.29)

The previous equations illustrate a widely accepted result of bound and resonant
states being represented, equivalently, by poles of the S-matrix and zeros of the Jost
function. As we can not extract the Jost matrix directly from the numerical solution
of (4.12) but only a function that is proportional the Jost matrix, we have to use the
poles of the S-matrix as the characterization of bound and resonant states.

The physical solutionΨ can also be written as the solution of the coupled chan-
nel partial wave version of the Lippmann-Schwinger equation

Ψ(r ) = ĵ(kr )+
∫ ∞

0
dr ′ G(r ,r ′;k)U(r ′)Ψ(r′), (4.30)

where G(r ,r ′;k) denotes the diagonal matrix of one-channel Green’s functions
G0

li
(r ,r ′;k) = −1

k ĵl (kr<)ĥ+
l (kr>), with r< = min(r ,r ′) and r> = max(r ,r ′) and where

U = 2µV . If we now combine (4.30) with the asymptotic behavior of (4.14) we find

S(k)− I = −2i

k

∫ ∞

0
dr ′ ĵ(kr ′)U(r ′)Ψ(r ′). (4.31)

Inside the integral we replace Ψ with the regular solution Φ through the iden-
tity (4.29) which leads to the equation

S(k)− I = −2i

k

(∫ ∞

0
dr ′ ĵ(kr ′)U(r ′)Φ(r ′)

)
f (k)−1. (4.32)

1Please note the different approaches studied in various reference works on the subject. Some
authors such as [4] prefer the simpler approach of expression (4.29), whereas others like [3] explicitly write
certain factors without incorporating them, for instance, in the Jost function. In the single channel variant

of (4.29) for instance this would result in ψl (k,r ) = kl+1

(2l+1)!!
φl (k,r )

fl (k) . Unless explicitly stated otherwise, we

choose to follow the former convention.
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4.8.2 Bounds on the regularization

Equation (4.32) states that the (lmax+1)×(lmax+1) matrix S(k)− I is proportional to
a matrix of integrals multiplied by the inverse of the Jost matrix. To guarantee that
the regularizing procedure from section 4.3 defined by eq. (4.21) as

det(F(k,λ)) =
(

lmax∏
l=0

k2l+1

)/
det(S(k,λ)− I), (4.33)

does not introduce false bound states or resonances we must prove that zeros
of the Jost matrix f (k) are the only contributors to the poles of expression (4.32)
and as such, to the zeros of det(F(k,λ)). This requires the matrix of integrals in
equation (4.32) to be bounded which is guaranteed by the following lemma.

An important remark has to be made ragarding the regularity constraints of the
potential matrix V . The proof of lemma 1 is a generalization of the one channel
case where coupling terms in the potential do not occur. There, the boundary
conditions that define the regular solution ϕl and the iterative procedure of solving
the one channel analogue of integral equation (4.30) for ϕl indeed would give rise
to proper bounds. Contrary to the one channel case however, the off-diagonal
terms in V that couple channels with different angular momenta result in serious
singularities in the origin r = 0, hereby destroing the possibility for a bound without
very restrictive assumptions on the potentials that would cancel out the singular
behavior in the origin [3, 52]. These restrictions can be lifted to the much more
liberal requirement for the off-diagonal terms

∫ ∞
0 dr r |Vi 6= j (r )| < ∞ by rewriting

the integral equation (4.30) with additional terms. The iterative procedure to solve
the integral equation then gives the same regularity properties of Φ as in the one
channel case.

To retain clarity we demonstrate the bound using the more restrictive assump-
tions for the off-diagonal potential terms, keeping in mind that a similar bound
can be found in the more liberal case of, for instance, the potentials studied in the
numerical examples in section 4.5.

Lemma 1. Let Φ be the regular solution of eq. (4.12) where U = 2µV the potential
matrix satisfies the (restrictive) short range conditions{∫ ∞

0 dr r li+l j +2|Vi j (r )| <∞ ∀i , j∫ ∞
0 dr r−li+l j +1|Vi j (r )| <∞ ∀i , j ,

(4.34)

and let ĵ(kr ) be the diagonal matrix of spherical Riccati-Bessel functions with corre-
sponding li , then the integral

I =
∫ ∞

0
dr ĵ(kr )U(r )Φ(r ), (4.35)

is bounded.

Proof. Because of the particular boundary conditions for r → 0 and the restrictions
on the potential matrix V the regular solution Φ fits the matrix integral equation
(20.19) in [4]

Φ(r ) = ĵ(kr )+
∫ r

0
dr ′ g(r ,r ′)U(r ′)Φ(r ′), (4.36)
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where g(r ,r ′) is a diagonal matrix composed of Green’s functions

gli (r ,r ′) = (1/k)
(

ĵli (kr )n̂li (kr ′)− n̂li (kr ) ĵli (kr ′)
)

, (4.37)

on the diagonal.
This regular solution matrix can be written as a seriesΦ(r ) =∑

nΦ
(n)(r ) with the

first termΦ(0) = ĵ(kr ) and the following recurrence relation betweenΦ(n) andΦ(n−1)

Φ(n)(r ) =
∫ r

0
dr ′ g(r ,r ′)U(r ′)Φ(n−1)(r ′). (4.38)

The integral (4.35) can then be written as

I =
∞∑

n=0

∫ ∞

0
dr ĵ(kr )U(r )Φ(n)(r ) (4.39)

=
∫ ∞

0
dr ĵ(kr )U(r )ĵ(kr )+

∫ ∞

0
dr ĵ(kr )U(r )

∫ r

0
dr1 g(r ,r1)U(r1)ĵ(kr1) (4.40)

+·· ·+
∫ ∞

0
dr ĵ(kr )U(r )

∫ r

0
dr1 g(r ,r1)U(r1)

∫ r1

0
dr2 · · ·

∫ rn−1

0
drn g(rn−1,rn)U(rn)ĵ(krn)+·· ·

(4.41)

Without loss of generality, let us look for example at a 2×2 coupled channel
problem with l1 in the first channel and l2 in the second channel. The integral above
is then

I =
∫ ∞

0
dr

(
ĵl1 (kr ) 0

0 ĵl2 (kr )

)(
U11(r ) U12(r )

U21(r ) U22(r )

)(
ĵl1 (kr ) 0

0 ĵl2 (kr )

)
(4.42)

+
∫ ∞

0
dr

(
ĵl1 (kr ) 0

0 ĵl2 (kr )

)(
U11(r ) U12(r )

U21(r ) U22(r )

)
(4.43)

×
∫ r

0
dr1

(
gl1 (r ,r1) 0

0 gl2 (r ,r1)

)(
U11(r1) U12(r1)

U21(r1) U22(r1)

)(
ĵl1 (kr1) 0

0 ĵl2 (kr1)

)
+ . . . .

(4.44)

When we look at a particular element of this two by two example we see the
contributions

I11 =
∫ ∞

0
dr ĵl1 (kr )U11(r ) ĵl1 (kr )+

∫ ∞

0
dr ĵl1 (kr )U11(r )

∫ r

0
dr1 gl1 (r ,r1)U11(r1) ĵl1 (kr1)

+
∫ ∞

0
dr ĵl1 (kr )U12(r )

∫ r

0
dr1 gl2 (r ,r1)U21(r1) ĵl1 (kr1)+ . . . . (4.45)

We note that Riccati-Bessel functions that appear in the integral both have l = l1.
In a similar way, the matrix element I12 will have the ĵl1 in the beginning of the
integral and ĵl2 at the end.

To show that this integral I11 is finite we make use of the bounds fond in [3, 52, 4].
There exist constants C1 and C2 such that

| ĵl (kr )| ≤C1e |Im(k)|r
( |k|r

1+|k|r
)l+1

(4.46)

|gl (r ,r ′)| ≤C2e |Im(k)|(r−r ′) 1

|k|
( |k|r

1+|k|r
)l+1 ( |k|r ′

1+|k|r ′

)−l

. (4.47)
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After substitution we find

|I11| ≤ k2l1+2
(
C 2

1

∫ ∞

0
dr e2|Im(k)|r

(
r

1+|k|r
)2l1+2

|U11(r )|

+C 2
1

∫ ∞

0
dr e |Im(k)|r

(
r

1+|k|r
)l1+1

|U11(r )|C2e |Im(k)|r
(

r

1+|k|r
)l1+1

×
∫ r

0
dr1 C2e−|Im(k)|r1

(
r1

1+|k|r1

)−l1

|U11(r1)|e |Im(k)|r1

(
r1

1+|k|r
)l1+1

+C 2
1

∫ ∞

0
dr e |Im(k)|r

(
r

1+|k|r
)l1+1

|U12(r )|C2e |Im(k)|r
(

r

1+|k|r
)l2+1

×
∫ r

0
dr1 C2e−|Im|(k)r1

(
r1

1+|k|r1

)−l2

|U21(r1)|e |Im(k)|r1

(
r1

1+|k|r
)l1+1

+ . . .
)

= k2l1+2C11, for some constant C11.
(4.48)

This series can be summed up because the potentials V11, V12, V21 and V22 satisfy
the regularity condition (4.34). In a similar way we can find bounds for the other
elements of I .

In a more general case we have the bound
|I11| |I12| . . .

|I21| |I22|
...

. . .

≤


k2l1+2C11 k l1+l2+2C12 . . .

k l2+l1+2C21 k2l2+2C22

...
. . .

 . (4.49)

This indeed means that the only way expression (4.33) can have a zero is through
a zero of the Jost function, which ensures that no additional false “resonances”
or “bound states” are introduced by using zeros of this function to locate them.
Naturally every zero of f (k,λ) will result in a zero of det(F(k,λ)) which means we are
able to track all resonances and bound states through the use of (4.33). This proves
the equivalence of bound and resonant states and the zeros of det(F(k,λ)).
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(c) Continuation curves in full space with projections along the sides.

Figure 4.1: Continuation curves of the Gauss s/p-wave coupling example. Branches
of different colors originate from different starting points (drawn as black crosses)
in table 4.2: i = 0 (red), i = 1 (blue), i = 2 (green)
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Figure 4.2: Contour plots of |det(S)| (upper row) and |det(F)| (lower row) in the
Gauss s/p-wave example (logarithmic scaling was applied to “flatten” the images).
λ12 = 0.5, λ11 = 7 and λ22 = 17.5 (left) and 17.4 (right). As λ22 is decreased, poles of
the S-matrix move from the bound state and virtual state region through the origin
of the complex k-plane into the resonant regime (i = 2 state becomes resonant).
Arrows indicate poles (P) and zeros (Z).
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Figure 4.3: Contour plots of |det(S)| (upper row) and |det(F)| (lower row) in the
Gauss p/d-wave example (logarithmic scaling was applied to “flatten” the images).
λ12 = 0.3, λ11 = 10 and λ22 = 13.5 (left) and 13.4 (right). As λ22 is decreased, poles
of the S-matrix move from the bound state and virtual state region through the
origin of the complex plane into the resonant regime (i = 1 state becomes resonant).
Arrows indicate poles (P) and zeros (Z).
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(c) Continuation curves in full space with projections along the sides.

Figure 4.4: Continuation curves of the Gauss p/d-wave coupling example. Branches
of different colors originate from different starting points (drawn as black crosses)
in table 4.4: i = 0 (red), i = 1 (blue), i = 2 (green)



CHAPTER 5
Numerical Continuation

of Bound and Resonant States
of the Two Channel

Schrödinger Equation
The contents of this chapter have been submitted to Journal of Physics A:
Mathematical and Theoretical as “Numerical continuation of bound and
resonant states of the two channel Schrödinger equation”, Przemysław
Kłosiewicz, Wim Vanroose, Jan Broeckhove. An electronic version is avail-
able on arXiv.

Abstract

Resonant solutions of the quantum Schrödinger equation occur at complex
energies where the S-matrix becomes singular. Knowledge of such resonances is
important in the study of the underlying physical system. Often the Schrödinger
equation is dependent on some parameter and one is interested in following the
path of the resonances in the complex energy plane as the parameter changes.
This is particularly true in coupled channel systems where the resonant behav-
ior is highly dependent on the strength of the channel coupling, the energy
separation of the channels and other factors.

In previous work it was shown that numerical continuation, a technique
familiar in the study of dynamical systems, can be brought to bear on the
problem of following the resonance path in one dimensional problems [11] and
multi-channel problems without energy separation between the channels [53].
A regularization can be defined that eliminates coalescing poles and zeros that
appear in the S-matrix at the origin due to symmetries. Following the zeros of
this regularized function then traces the resonance path.

In this work we show that this approach can be extended to channels with
energy separation, albeit limited to two channels. The issue here is that the
energy separation introduces branch cuts in the complex energy domain that

67
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need to be eliminated with a so-called uniformization. We demonstrate that
the resulting approach is suitable for investigating resonances in two-channel
systems and provide an extensive example.

5.1 Introduction

The presence of resonances can drastically increase the yield of many quantum
mechanical reactions [54]. A resonance is an intermediate state that is formed when
reagents collide with an appropriate energy and form an excited complex that decays
into reactants or products. In molecular reactions these intermediate states are often
electronic excited states. In the Born-Oppenheimer picture the molecular dynamics
temporarily follows the electronic potential energy surface formed by the resonant
state.

This picture forms the basis of state-of-the-art ab initio calculations where, first,
the position and lifetime of the resonance is determined using electronic scattering
calculations with the nuclei fixed in space. This calculation needs to be repeated
for every possible configuration of the nuclear positions probed by the chemical
reactions and this results in the resonant potential energy surface. In the second
step, the nuclear dynamics is simulated on the resonant potential energy surface
that leads to the reactants. This approach has been successfully used to calculate the
yields of processes such as dissociative electron attachment to the water molecule
[55, 56, 57] and vibrational excitation of carbon dioxide [58, 59], to name a few of the
processes that are mediated by a resonant state.

This work focuses on the first step outlined above, where the potential curves
are calculated as a function of the nuclear degrees of freedom. We will study a
model consisting of a coupled Schrödinger equation and construct, in an automatic
way, the potential curve of a resonance that becomes bound as the parameters
in the equation are varied. The method tracks the resonances accurately, even in
parameter ranges where the resonance is too broad to be tracked with traditional
methods such as complex scaling [39].

In this article, as is regularly done in the literature, a resonance energy is defined
as the complex energy at which the S-matrix has a pole [3, 4]. The real part of the
pole position defines the physical resonance energy and the imaginary part defines
the resonance decay width (or inverse lifetime). The advantage of this approach is
that a bound state energy is also a pole of the S-matrix, albeit with zero decay width
i.e. infinite lifetime. As such, bound states and resonances are both treated in the
same way which makes it more convenient to trace resonant states as they become
bound, or vice-versa, when a problem parameter changes. The poles of the S-matrix
will be found by a Newton iteration applied to a function that is proportional to the
Jost function.

We aim to trace these states with numerical continuation. It is a technique that
has found widespread application especially in the dynamical systems community.
Assume one is given a solution (u0,λ0) of a set of n nonlinear equations F (u,λ) = 0,
where F : Rn+1 → Rn . A second solution (u1,λ1) is then constructed numerically
by applying a predictor-corrector scheme. Repeated application constructs an
approximation of the implicitly defined solution set of F . One of the well-known
numerical continuation techniques is pseudo-arclength continuation proposed by
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H. B. Keller [12]. It has been implemented in computer programs e.g. AUTO [43, 24],
LOCA [44] and other numerical continuation libraries. Because the corrector step
in these methods is based on Newton iterations, the derivatives of the function F
should be Lipschitz continuous to guarantee fast convergence.

A traditional method to find the resonance position and width is complex scal-
ing [39]. In this method, one applies a complex scaling transformation, r → r iθ,
to the reaction coordinate. This turns the resonance wave function into a square
integrable function. After the transformation the resonant state is then part of
the discrete spectrum of the Hamiltonian. The method, and its exterior variant
(ECS) which has the advantage that it leaves the interactions in the inner region
unchanged, have been successfully applied to find resonances in molecular systems
such as HCO [60], NeICL [61] and in many other examples in atomic, molecular and
nuclear physics.

Complex scaling, however, has its limitations. First, in numerical calculations
the resonance position depends slightly on the choice of the rotation angle θ. This
is documented for example in [39]. A second limitation is that only resonant states
in a limited region in the complex energy plane can be found, in particular, a pie
slice between the continuum spectrum, which is rotated 2θ downwards from the
real axis, and the real axis. Virtual states for example, have a purely imaginary wave
number and lie outside this region. As such they are hard to find with this method.

A resonance often transforms, very shortly, into a virtual state before it becomes
a bound state as the parameters of the system change. To understand how reso-
nances and bound states are connected through these states it is necessary to have
a mathematical description that can handle these virtual states.

This paper investigates the application of numerical continuation to trace res-
onant states in a coupled channel Schrödinger equation as the parameters of the
problem change. Unfortunately, the application of numerical continuation to trace
resonant states is not without challenges. For Newton’s method to work efficiently it
requires a function whose derivatives are Lipschitz continuous [20]. The S-matrix
does not satisfy these smoothness conditions. In particular when a resonance makes
the transition to a bound state, a pole and a zero of the S-matrix meet and straight-
forward application of numerical continuation fails to trace the zero of 1/S.

In [11] it was found, for one-dimensional quantum systems, that it is possible to
apply the continuation to a regularized function derived from the S-matrix because
that function does satisfy the necessary smoothness conditions. For several realistic
potentials the resonances were tracked as parameters in the system were varied.

In [53] the method has been extended to one-dimensional, many-channel prob-
lems where all channels have the same asymptotic energy threshold. Applications
have demonstrated the viability of the approach in tracing the parameter depen-
dence of the resonance in the system. However, as it stands, the method does not
apply to systems where the channels have unequal energy thresholds. In this case,
branch cuts occur in the complex energy plane making the method invalid.

This is a significant restriction for certain application areas, e.g. most problems
in molecular dynamics have such unequal energy thresholds. In this paper, we will
investigate this difficulty and show that in the two-channel case it can be overcome
by introducing an appropriate uniformization of the complex plane. In addition we
demonstrate the numerical practice of the method using an extensive example.
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We proceed as follows: In section 5.2 we formulate the equations of interest in
the context of quantum mechanical systems. Section 5.3 describes the so-called
scattering matrix or S-matrix, its relation to resonances and bound states as well
as the complex geometries that occur in the S-matrix of coupled channel systems.
Section 5.4 gives a brief overview of the background and applications of numerical
continuation techniques. Section 5.5 outlines the details of our implementation
of the methods described in the preceding sections. In section 5.6 we present an
excerpt of the results we have obtained and compare with the ECS method and in
section 5.7 we give an outlook for possible applications and future studies.

5.2 Coupled channel Schrödinger equation

The time independent Schrödinger equation for N coupled channels with a spheri-
cally symmetric potential reads(

− 1

2µ

d 2

dr 2 I+ L(L+ I)

2µr 2 +V(r ,λ)+Ξ
)
Ψ(r ;E ,λ) = EΨ(r ;E ,λ), (5.1)

where (r ∈ R+) is the radial coordinate, I is the N × N identity matrix, Ξ is the
diagonal matrix of channel thresholds ξi , L is the diagonal matrix of channel angular
momenta li , V(r ,λ) is the matrix of channel and coupling potentials Vi j (r ,λ) which
depend on a problem parameterλ ∈R and, finally,Ψ(r ) is the matrix of channel wave
functions. Depending on the properties of the potential matrix V(r ,λ) at infinity the
behavior of the solutions Ψ(r ) will differ significantly. We assume so called short
range interactions: Vi j (r ) vanishes faster than r−3 as r →∞ and is less singular than
r−2 in the origin r = 0, see also [4].

Given homogeneous Dirichlet boundary conditions at r = 0 and an incoming
plane wave, the asymptotic (r →∞) solutions behave as:

Ψ(r ;E ,λ) = i

2

[
ĥ−

L (Kr )− ĥ+
L (Kr )K− 1

2 S(E ,λ)K
1
2

]
, (5.2)

where K =√
2µ(EI−Ξ) is the matrix of channel momenta ki =

√
2µ(E −ξi ) and

ĥ±
L (Kr ) =


ĥ±

l1
(k1r )

. . .

ĥ±
lN

(kN r )

 , (5.3)

is the matrix of spherical Riccati-Hankel functions associated with the various chan-
nels. The first term in (5.2) is the partial wave expansion of the incoming plane wave,
the second term represents, for each incoming partial wave, the outgoing wave in all
the channels. The matrix S(E ,λ) is the so-called scattering or S-matrix.

Our main object of interest is S(E ,λ) because it contains all the information
about the scattering process. It can be obtained from the coupled channel wave
functionsΨ through the expression:

S(E ,λ) = K− 1
2 W

[
ĥ−

L (Kr0),Ψ(r0;E ,λ)
]
W

[
ĥ+

L (Kr0),Ψ(r0;E ,λ)
]−1

K
1
2 , (5.4)
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where the W stands for the Wronskian of two functions, whose usual definition

W
[

f (x), g (x)
]= f (x)

d g (x)

d x
− d f (x)

d x
g (x) (5.5)

is extended to matrices of functions as in [62]:

W [A(x),B(x)] = AT (x)
dB(x)

dx
− d AT (x)

dx
B(x), (5.6)

where T is the transpose of a matrix, which vanishes in the specific case of expres-
sion (5.4).

The Wronskians in equation (5.4) are evaluated at a point r0 outside the range of
the potentials, usually near the edge of the computational domain. Therefore, given
a numerical method for solving the Schrödinger equation (5.1), the S-matrix can be
obtained numerically by evaluating matrix expression (5.4) which also involves the
derivative of the wave functions. The details of our numerical implementation are
given in section 5.5.

5.3 Extracting the resonant and bound states from the S-matrix

We are interested in solutions of equation (5.1) that correspond to the bound states
and the resonances of the system. Many characterizations of these special solutions
exist, yet the theoretically fundamental definition describes both bound and reso-
nant states as an eigenstate of equation (5.1) with purely outgoing wave functions at
infinity as the second boundary condition [3, 4].

A consistent alternative definition for multichannel systems interprets these
states as having energies E for which det(S(E ,λ)) exhibits a pole. This is consistent
with the first definition, as is easy to see when one looks at the expression for
the asymptotic wave function (5.2). If det(S(E ,λ)) has a pole, then in at least one
eigenchannel (i.e. the channels defined by linear transformation to diagonalize the
S(E ,λ) matrix) a resonant solution proportional to a purely outgoing wave occurs.
A more formal approach relies on the introduction of Jost functions, for which we
refer to the literature [3, 4].

From the definition of the bound and the resonant states as a pole of det(S(E ,λ))
it is now possible to study the evolution of these states in terms of a changing system
parameter λ ∈R. As λ traverses the parameter space, the bound and resonant states
change position and lifetime. It is of interest for many applications to know the
explicit dependence on the parameter of choice because it leads to the resonant and
bound state potential surface.

It would be straightforward to define resonance trajectories as curves in the com-
plex E-plane parameterized by λ i.e.

{
(E ,λ) ∈C×R ∣∣ det(S(E ,λ))−1 = 0

}
. Although

this is theoretically correct, it is not feasible numerically because of two reasons.
First, in the general case, the coupled channel S-matrix is a multi-valued complex
function of the energy and “lives” on a multi-sheeted Riemann surface with branch
cuts for every threshold value. Second, near threshold parameter values where
bound and resonant states meet, multiple poles and zeros of the S-matrix coalesce,
thereby destroying local smoothness properties. This is a consequence of well known
symmetry properties of the S-matrix [3, 4].



72 CHAPTER 5. NUM. CONT. – 2 CHANNELS, UNEQUAL THRESHOLDS

The presence of branch cuts and the coalescence of zeros and poles have a
strong negative impact on the convergence of the Newton iteration used in solving
det(S(E ,λ))−1 = 0 when calculating the resonance trajectory. A study of specific
cases will give us insight in how these issues can be addressed.

5.3.1 The case of N channels, equal thresholds

This case has been investigated in [53] and we briefly review the results. In eq. (5.1)
the matrix of channel thresholds Ξ is zero (i.e. we take the threshold energy to be
zero in all channels). Consequently, the matrix of channel momenta K becomes kI
with k =√

2µE . This simplifies expression (5.2) to

Ψ(r ;E ,λ) = i

2

[
ĥ−

L (kr )− ĥ+
L (kr )S(E ,λ)

]
, (5.7)

such that (5.4) becomes

S(E ,λ) =W
[
ĥ−

L (kr0),Ψ(r0;E ,λ)
]
W

[
ĥ+

L (kr0),Ψ(r0;E ,λ)
]−1

. (5.8)

Because k =√
2µE , the function S(E ,λ) is defined on a two-sheet Riemann surface

with a branch cut on the negative real axis E ∈R−. This destroys continuity of the S-
matrix near the branch cut and makes numerical continuation difficult. Fortunately,
in this case, one can express the S-matrix in terms of k by introducing S(k,λ), a
single-valued function of k. Afterwards, the results can be easily translated back

to the complex E-plane with E = k2

2µ . In mathematical terms such a procedure of
reparametrization of a multi-valued complex function to a single-valued function is
referred to as a uniformization.

Another issue that has to be dealt with is the coalescence of poles and zeros
near the k = 0 threshold value. This can be circumvented by effecting the numerical
continuation on the function

F (k,λ) = det
(
K (S(k,λ)− I)−1) , (K )i i = k2li+1 (5.9)

= (∏
k2li+1

)/
det(S(k,λ)− I) , (5.10)

instead of directly on the S-matrix. In [53] it is shown that this procedure does not
introduce false solutions, i.e. the zeros of F are precisely the poles of S, and that it
eliminates any singularities at k = 0. This is an extension of a similar result for the
one-dimensional, single-channel systems case [10, 11].

5.3.2 The case of two channels, unequal thresholds

To highlight the difficulties that arise in the case of unequal thresholds we focus on
a two channel model. Each threshold ξi introduces a separate branch cut (−∞,ξi ],
see figure 5.1a. Reparametrization of S in terms of either of the channel momenta
ki does not provide a viable uniformization. In each of the k1 or k2-planes there is
a branch cut at [−b,b] where b = √

2µ(ξ2 −ξ1) (without loss of generality we take
ξ1 < ξ2), as illustrated in figure 5.1b. The cut disappears only when the thresholds
coincide.
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ℜ(E)

ℑ(E)

0

ξ2ξ1

(a) With unequal thresholds,
branch cuts at (−∞,ξi ].

ℜ(k2)

ℑ(k2)

0
−b b

(b) Even in the k1 or k2-plane there
is a branch cut at [−b,b]

Figure 5.1: Branch cuts of S in E- and k-representation for a two channel system.

For two channel systems a uniformization exists, given in [3] and modified
slightly in [62]. One introduces u ∈C such that

E(u) = ξ1 +ξ2

2
−

∣∣∣∣ξ2 −ξ1

2

∣∣∣∣ 1+u4

2u2 . (5.11)

The corresponding expressions for channel momenta k1 and k2 are:

k1(u) = i
√
µ
ξ2−ξ1

2
u2−1

u , (5.12)

k2(u) = i
√
µ
ξ2−ξ1

2
u2+1

u , (5.13)

and the 2×2 S-matrix is now explicitly written as

S(u,λ) =
(

k1(u) 0

0 k2(u)

)− 1
2

W−(u,λ) [W+(u,λ)]−1

(
k1(u) 0

0 k2(u)

) 1
2

, (5.14)

where

W±(u,λ) =
(

ĥ±
l1

(k1(u)r0) 0

0 ĥ±
l2

(k2(u)r0)

)(
d

dr ψ11(r0;E(u),λ) d
dr ψ12(r0;E(u),λ)

d
dr ψ21(r0;E(u),λ) d

dr ψ22(r0;E(u),λ)

)
(5.15)

−
( d

dr ĥ±
l1

(k1(u)r0) 0

0 d
dr ĥ±

l2
(k2(u)r0)

)(
ψ11(r0;E(u),λ) ψ12(r0;E(u),λ)

ψ21(r0;E(u),λ) ψ22(r0;E(u),λ)

)
,(5.16)

where ψi j (r0;E (u),λ) stands for the (i , j )-th element of the matrix wave functionΨ
calculated for a specific parameter λ and evaluated at a point r0.

The effect of this uniformization can be visualized by looking at the different
parts of the u-plane and how they map on the E-plane as illustrated in Figure 5.2.
Four regions (±,±) in the u-plane can be distinguished. They are separated by the
imaginary axis and the unit circle and correspond to the four different sheets of
S(E ,λ) in the E-plane. The region labeled as (+,+) bounded by |u| > 1 and ℜ(u) > 0
is mapped to the physical sheet. Physical bound states E ∈ (−∞,ξ1] are located on
u ∈ [1,+∞). The physical continuum E ∈ [ξ1,ξ2] maps to the quarter unit circle in the
fourth quadrant u = e iθ ,θ ∈ [−π

2 ,0]; whereas the physical continuum E ∈ [ξ2,+∞) is
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ℑ(u)

0−1 1
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(+,+)(+,−)(−,−) (−,+)

Cont.2

Cont.1

BS

Figure 5.2: Uniformization of the four-sheeted Riemann surface of S(E) using the
transformation (5.11) unravels the sheets onto four different regions of the complex
u-plane. The blue region (+,+) corresponds to the physical sheet |u| > 1,ℜ(u) > 0.
Bound states (BS) E ∈ (−∞,ξ1] lie on u ∈ [1,+∞). Scattering states (Cont .1) E ∈
[ξ1,ξ2] map to u = e iθ,θ ∈ [−π

2 ,0]. Scattering states (Cont .2) E ∈ [ξ2,+∞) map to
u ∈ [−i ,−i∞).

mapped to u ∈ [−i ,−i∞). A more detailed description of the different regions in the
u-plane can be found in [62, 3].

Continuation paths can traverse different regions in the u-plane, and as such,
different sheets in the complex energy plane. The focus of this work is concentrated
on finding these trajectories, independently of their precise physical meaning. The
results we obtain are presented in the u-plane. However, they can be translated to
the complex energy plane if one is interested in physically observable quantities.

Note that this uniformization is strictly limited to a two channel case. A similar
procedure for three channel systems is much more involved, as indicated in [3]. To
the knowledge of the authors there is no generalization for N channels. For a thor-
ough discussion of the analytical properties of the S-matrix and related functions in
many-channel problems we refer to [3, 4].

Having established a feasible way of extracting the S-matrix for a specific u ∈C,
we are still faced with the problem of coalescing poles and zeros as discussed in the
previous case of equal thresholds. Fortunately a straightforward extension of the
regularization procedure (5.10) can be applied. Similarly, we create the function

F (u,λ) = det
(
K (S(u,λ)− I)−1) , (K )i i = k2li+1

i (u) (5.17)

=
(∏N

i=1 k2li+1
i (u)

)/
det(S(u,λ)− I) , (5.18)

which in our case reduces to

F (u,λ) = k2l1+1
1 (u) k2l2+1

2 (u)

det(S(u,λ)− I2)
. (5.19)
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This is the function whose solution set will be approximated through numerical
continuation to obtain the trajectories of the resonant S-matrix poles.

5.4 Numerical continuation of resonances

In the previous section we have identified a resonance trajectory starting at (E0,λ0)
as the implicitly defined curve E = E(λ) with

F (E(λ),λ) = 0, E(λ0) = E0, (5.20)

where the function F is defined in equation (5.19). We are now interested in con-
structing such trajectories automatically and robustly.

In dynamical systems similar equations arise in the study of steady states of
parameterized ODEs and efficient methods have been developed to find the solution
curves in terms of varying parameter values. In this context, one is interested in
finding the solution of an under determined system of nonlinear equations

F : Rn+1 −→Rn : x = (u,λ) 7−→ F (x), (5.21)

connected to an initial point x0 = (u0,λ0).
Many of these problems are computationally intensive and efficiency is a key

concern in the numerical studies. In particular, the number of evaluations of the
function F should be kept to a minimum. In addition, the solution components
often have complex geometries with intersections and bifurcations. The study of
bifurcations generally involves rigorous stability analysis of the underlying solutions
and is a complicated subject on its own. In this work only the so called “simple”
bifurcation points can occur. These manifest themselves as two intersecting so-
lution branches and are characterized by the dimension of the null-space of the
Jacobian Fx(xt ) being 2 in a point xt , which is called a “branch point”. In many prob-
lems, however, the bifurcations are much more involved and a thorough treatise on
bifurcations and stability of solutions can be found in [12, 9, 8, 22].

Numerical continuation is the process of solving the equation (5.21) by construct-
ing successive approximate solutions on the path starting at the known solution
x0. A good overview of these techniques can be found in [22]. There are essentially
two different approaches to tracing such paths viz. piece-wise linear methods and
predictor-corrector methods. We will use one of the latter methods. Typically, one
first makes a predictor step (Euler prediction is commonly used) that estimates the
next point by following the tangent ti to the curve at the current point xi for a certain
small distance ∆s as in xp

i+1 = xi +∆s ti . Next, a corrector step is applied to converge

to a solution xp
i+1 −→ xi+1. Quite often Newton iterations are used as a corrector.

One such predictor-corrector method, the one we will use in this paper, is the
pseudo-arclength continuation. Its corrector step consists of Newton iterations
on the system F (x) = 0 augmented with an additional equation that constrains the
iterations to a hyper plane through xp

i+1 and perpendicular to the tangent ti thereby
giving the next point xi+1 on the solution curve (see Figure 5.3).

A robust implementation of numerical continuation that can detect branch
points and continue branching solution curves is provided by AUTO [43, 24], which
we have used in this work. Other well-known implementations of numerical contin-
uation algorithms include LOCA [44] which is a part of the Trilinos framework [25],
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Figure 5.3: Schematic representation of pseudo-arclength continuation.

MATCONT [45] (a Matlab implementation) and Multifario [46] which allows multi-
parameter continuation.

5.5 Numerical implementation

Due to its ability to automatically find and follow bifurcating branches, we have
opted to use AUTO for numerical continuation. Therefore the main component
that has to be provided to implement methods described in previous sections is
the actual code that calculates the numerical values of the function F (u,λ), see
eq. (5.19), for a given u ∈C∼=R2 and λ ∈R.

We have solved equation (5.1) both with a O (h5) renormalized Numerov method
detailed in [38, 32]. We also need the derivative of the numerical wave function
at the end of the computational domain for a specified energy E(u) in order to
calculate the Wronskians in (5.14). We compute this derivative using a technique
also described in [32] and which is of order O (h4). Finally, we need to calculate the
function F given by expression (5.19).

We emphasize that the numerical continuation results are independent of the
underlying numerical solver of the Schrödinger equation and that both O (h5) and
the O (h2) methods give the same qualitative results. However, we have found that
higher order methods for both the wave function and its derivative lead to signifi-
cantly more robust continuation curves and allow for wider energy ranges. For this
reason we selected the higher order renormalized Numerov method to generate
results of section 5.6.

This approach has been implemented in C++ and is used as a driver routine by
the AUTO program.

5.6 Examples and results

As an example of the complicated geometries this method is able to cope with, we
consider a coupled channel s-wave (l1 = l2 = 0) system with Gaussian potential wells
both as the channel potentials and the coupling. The 2×2 potential matrix has the
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λc Channel State Label ℜ(u) ℑ(u) ℜ(E) ℑ(E)

0

1

n0
c1ñ0 -2.2983975e-01 0 -2.1228484e+00 0
c1n0 4.3508575e+00 0 -2.1228484e+00 0

n1
c1ñ1 -4.5199837e-01 0 -3.8737558e-01 0
c1n1 2.2123974e+00 0 -3.8737558e-01 0

2

n0
c2ñ0 2.5892712e-01 0 -1.6228484e+00 0
c2n0 3.8620906e+00 0 -1.6228484e+00 0

n1
c2ñ1 8.8019950e-01 4.7460388e-01 1.1262442e-01 0
c2n1 8.8019950e-01 -4.7460388e-01 1.1262442e-01 0

0.2

1

n0
c1ñ0 -2.2923691e-01 0 -2.1352756e+00 0
c1n0 4.3623083e+00 0 -2.1352854e+00 0

n1
c1ñ1 -4.5179967e-01 0 -3.8789140e-01 0
c1n1 2.2141945e+00 0 -3.8832855e-01 0

2

n0
c2ñ0 2.5963744e-01 0 -1.6127068e+00 0
c2n0 3.8517883e+00 0 -1.6129594e+00 0

n1
c2ñ1 8.7757633e-01 4.7363933e-01 1.1278823e-01 1.1579542e-03
c2n1 8.7757633e-01 -4.7363933e-01 1.1278823e-01 -1.1579542e-03

0.3

1

n0
c1ñ0 -2.2852083e-01 0 -2.1501654e+00 0
c1n0 4.3759865e+00 0 -2.1501849e+00 0

n1
c1ñ1 -4.5155161e-01 0 -3.8853641e-01 0
c1n1 2.2164315e+00 0 -3.8951600e-01 0

2

n0
c2ñ0 2.6048642e-01 0 -1.6006947e+00 0
c2n0 3.8395472e+00 0 -1.6012444e+00 0

n1
c2ñ1 8.7428785e-01 4.7241720e-01 1.1298423e-01 2.6183712e-03
c2n1 8.7428785e-01 -4.7241720e-01 1.1298423e-01 -2.6183712e-03

0.5

1

n0
c1ñ0 -2.2645171e-01 0 -2.1939897e+00 0
c1n0 4.4159879e+00 0 -2.1940286e+00 0

n1
c1ñ1 -4.5076010e-01 0 -3.9060199e-01 0
c1n1 2.2235200e+00 0 -3.9328811e-01 0

2

n0
c2ñ0 2.6297322e-01 0 -1.5661803e+00 0
c2n0 3.8041557e+00 0 -1.5675876e+00 0

n1
c2ñ1 8.6368879e-01 4.6837873e-01 1.1354314e-01 7.3933316e-03
c2n1 8.6368879e-01 -4.6837873e-01 1.1354314e-01 -7.3933316e-03

Table 5.1: Numerical values of the states in the u- and E-planes. Different states with
coupling values (top to bottom) λc = 0, λc = 0.2, λc = 0.3 and λc = 0.5 are shown.
The colored labels are used in figures to make a clear distinction between states.

elements:

Vi i (r ,λi ) =−λi e−
r 2
4 (5.22)

Vi 6= j (r ,λc ) =λc e−r 2
, (5.23)

where λ1, λ2 and λc denote the potential strength of the first, second and coupling
channels respectively. The channel thresholds are chosen ξ1 = 0 and ξ2 = 1

2 and the
mass is µ= 1. Equation (5.1) was solved using the previously mentioned renormal-
ized Numerov method on the domain r ∈ [0,4.8] with 4096 grid points. All of λ1, λ2

and λc will be used as variable system parameters. We will indicate clearly which of
those are fixed and which are used as continuation parameters.

In the uncoupled case (λc = 0), setting λi = 4 gives a system with two bound
states in each channel whose values can be found in the upper part of Table 5.1.
Using these values as starting points we carry out the continuation in terms of
increasing channel coupling λc while keeping λi = 4 fixed. The results in the u-
plane are shown in Figure 5.4. Points corresponding to coupling values 0, 0.2, 0.3
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and 0.5 are highlighted in the figure. Their corresponding numerical values in the u-
and E-planes are summarized in Table 5.1. Notice that for λc = 0, every value of E is
associated with two different points in the u-plane which are located on different
sheets. Following the paths of such two values eventually gives rise to different
values in the E-plane. Therefore, one needs to keep track of all of them. We give
appropriate labels, see Table 5.1, to distinguish different points in the u-plane.

While continuing in λc , only slight variations in state’s energy occur, yet the
seemingly minor coupling has profound effects on the evolution of these states in
terms of potential strengths λ1 and λ2 while keeping the coupling strength constant.

To illustrate this behavior we fix the coupling strength and use the corresponding
u-values of the states as starting points for a continuation in terms of variations of
both potential strengths λ1 and λ2 simultaneously. As λi decreases, we expect these
bound states to move into the resonant regime and influence each other due to the
coupling.
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Figure 5.4: (color online) Continuation paths of bound states of the example system
in terms of increasing channel coupling strength λc projected on three different
planes. As the coupling strength increases, slight repulsion of the states in both
channels can be observed. Circled values indicate starting points used for continu-
ation in channel strengths λi . The values of these points are given in Table 5.1. In
Figure 5.4c the dashed line represents the unit circle.

Although we have performed numerical continuation starting from all states for
all subsequent coupling strengths from Table 5.1, we focus on the case λc = 0.5 as a
highlighted example.

The resulting continuation curves are shown in Figure 5.5 as projections on the
planes ℜ(u)×λi , ℑ(u)×λi and ℜ(u)×ℑ(u). Complex geometries and intersections
are constructed automatically by the continuation method. An attempt to present
those schematically is shown in Figure 5.7 as a connectivity graph. In the range
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c1n1c1ñ1
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Figure 5.5: (color online) Different projections of the continuation curves (λc = 0.5).
The four branch points are highlighted and labeled accordingly. Their numerical
values are summarized in Table 5.2. The connectivity graph in Figure 5.7 gives a
clearer overview of the associated connections.

λi ∈ [0,4] four branch points can be distinguished with values detailed in Table 5.2.
A three-dimensional overview of the continuation curves is shown in Figure 5.6.

We have carried out the same procedure for four different values of the cou-
pling strength using starting values summarized in Table 5.1. As the coupling be-
tween the two channels increases, resonant trajectories undergo major qualitative
changes. See Figure 5.9 for a short comparison of the continuation paths projected
on ℜ(u)×λi . The interpretation of those is beyond the scope of this paper although
an important effect can be observed. In Figure 5.10 a close-up view of two resonant
trajectories is shown. In the uncoupled case (Figure 5.10a) two independent trajec-
tories of c2n0 (and c2ñ0) and c1n1 are shown. Although the green and red curves
intersect they do not share a branch point. The addition of a nonzero coupling in
Figure 5.10b changes this situation drastically: two more bifurcation points appear
and the red and green curves are now fully connected (dashed green/red lines). As
the coupling strength increases in Figure 5.10c the two additional branch points
collide and disappear. For an even higher coupling (Figure 5.10d) one can clearly see
how the curves have rearranged their connections: The c1n1 state is now connected
with c2ñ0 through the dashed green/red line, whereas c2n0 shows a connection with
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Figure 5.6: (color online) Continuation curves (λc = 0.5) shown in the full ℜ(u)×
ℑ(u)×λi space. Both start and end points of the curves are highlighted as points in
respective colors. The four bifurcation points are indicated with big black dots.

the end point of c1n1 from the uncoupled case.
This short example highlights the ability of continuation methods to deal with

subtle and complex connections.

5.6.1 Comparison with Exterior Complex Scaling

To highlight the advantages of the numerical continuation method applied to the
function F (u,λ), we compare its results with those of a calculation with exterior
complex scaling (ECS) [39]. This is done for various choices of the parameter λi .
First, we translate the curves that were obtained by numerical continuation in the u-
plane back to the E-plane. These are shown as the green and blue curves in figure 5.8.
For clarity, the colors are identical to those in the figures depicting the u-plane. Note
that two different blue curves map to the same region in the E-plane. The vertical
axis is the strength λi of the channel potentials, while the bottom plane shows the
complex energy of the resonant state. The real part is the proper resonance energy
and the imaginary part is the inverse lifetime of the resonance. We have found
both the exponentially decaying and exponentially growing states with a negative,
respectively, positive imaginary energy.

A first bound state is formed as λi increases and the potential becomes stronger.
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Figure 5.7: (color online) The connectivity diagram of the different continuation
curves. Curves only intersect at the four points bpi . Dashed (red/green) line con-
nects two states from different channels through bp2. See Figure 5.10 for a more
detailed view of the connections. The end points of the curves are labeled accord-
ingly but do not play a major role and their labels are omitted in other figures.

It starts out as a virtual state on the negative real energy axis and, with increasing λi ,
its real part increases, goes through zero and becomes negative again. This curve is
shown in blue in figure 5.8.

For potential strength λi between 0.33538 and 1.54368 we also have a resonant
state with the real part of the energy between the values of the two thresholds. This
state is a Feshbach resonance related to the second channel that decays through
coupling with the first channel, which is open. This state also originates as a vir-
tual state on the negative real axis at small potential strengths, similar to the state
discussed above. However, it is now shifted up by 0.5, the threshold of the second
channel. Furthermore, because of the coupling to the open channel this virtual state
has a finite lifetime as soon as it lies above the threshold of the open channel. When
we increase the potential strength above 1.55204 this resonance becomes a second
bound state, but before it becomes bound, there is a bifurcation with a virtual state
at parameter strength λi = 1.54368. At this bifurcation point the state has negative
real energy. As we further increase the strength, one of these states becomes a true
bound state after passing through zero at potential strength λi = 1.55204. The other
point that emerges from the bifurcation is a true virtual state that moves down the
negative real axis as a function of λi .

When the resonances are calculated by ECS (shown as red dots in figure 5.8),
we do not resolve all these details. Especially the connections through the virtual
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Label λ1 =λ2 u E

bp1 2.0852303e+00 -1.4443524e+00 -7.0688100e-02
bp2 1.9571562e+00 6.6636568e-01 -8.7009530e-02
bp3 1.5436785e+00 8.8709701e-01 -7.2105286e-03
bp4 4.0009060e-03 -8.6796523e-01 -1.0092983e-02

Table 5.2: Numerical values of the branch points of the resonant trajectories shown
in Figure 5.5. The coupling strength is λc = 0.5.

states are missing from the picture. We discretize the two channel Hamiltonian on a
finite difference grid with grid distance 0.03 and we use an exterior complex scaling
transformation that starts at r = 12 and a rotation angle of π/8. The exterior domain
extends to ℜ(r ) = 15.6.

As expected, at zero potential strength the eigenvalues of the exterior complex
scaled Hamiltonian are the discrete eigenvalues of the kinetic energy operator. These
are related to standing waves on the exterior complex scaled domain. These discrete
continuum states will be rotated over twice the ECS rotation angle. Therefore, for
each threshold we have a series of rotated eigenvalues.

As the potential strength increases, these continuum states are attracted by the
potential and become bound. The first bound state is formed from the smoothest
continuum state associated with the first threshold. It becomes bound at λi ≈ 0.5.
This is in contrast to the numerical continuation results where this bound state
originates from a virtual state. The difference between the numerical continuation
and ECS is most prominent at small potential strengths.

The second bound state in ECS is formed at potential strength λi ≈ 1.57. Al-
though this state should find its origin at zero potential strength in the smoothest
continuum state of the second threshold, an avoided crossing appears instead. The
curve originates from the second smoothest state of the first threshold and passes
through an avoided crossing with the trajectory of the state that starts from the
smoothest state of the second threshold. The former curve partly represents the
bound state, whereas the latter curve partly follows the trajectory of the Feshbach
resonance between potential strengths 0.46 . λi . 1.45. However, as the curves
are disconnected, this calculation misses the bifurcation at λi = 1.54368 and the
subsequent transition through a virtual state. Note that these issues occur near the
line of ECS eigenvalues, starting from the first threshold going twice the ECS angle
downwards the complex plane. Similarly, the deviation of the trajectory around
λi = 0.46, as the Feshbach resonance turns into a virtual state, starts near an analo-
gous line originating from the second threshold. These lines are drawn dashed in
figure 5.8.

5.7 Conclusions and Outlook

An automatic, robust and inherently efficient method for tracking parameter de-
pendent resonant solutions of the Schrödinger equation is desirable since they play
an important role in many quantum mechanical systems. Numerical continuation
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based on pseudo-arclength continuation has a proven track-record in being reliable
and has been used in the study of various dynamical systems.

We have shown earlier that numerical continuation can be applied to track
bound and resonance states in a single and coupled channel Schrödinger equation
with equal thresholds. However, when the thresholds are different additional branch
cuts appear. This leads to numerical difficulties.

In this article we have shown that these numerical difficulties can be avoided
when a suitable uniformization is applied. The channel momenta (i.e. the wave
numbers) are then written as a function of a complex valued parameter. The numeri-
cal continuation is applied to this parameter combined with the variable parameters
of the problem. Unfortunately, this approach cannot be extended easily to systems
with more than two channels because the uniformization procedure becomes too
complex.

We have applied the method to a two channel problem with Gaussian poten-
tials and continued in the strength of the potential for various choices of coupling
strength. Several branch points were detected and the continuation automatically
identified the other branches emerging from these points. Transitions between
bound and resonant states are easily taken by this method. In a similar way we could
have continued in the threshold values or any other parameters starting from any
solution point.

The comparison of the results with an exterior complex scaling calculation shows
significant differences in parameter ranges where the resonance transitions to a
bound state. The numerical continuation results predict that this transition happens
through a virtual state for the model problem. ECS, however, cannot resolve these
virtual states and the resonance transitions directly to a bound state.

In our calculations we have detected several branch points where different
states meet. All the branch points we have identified, however, are bifurcations
on the negative real energy axis where two virtual states meet. This occurs when
a resonance becomes bound through a scenario that was already discussed by
Nussenzveig [37].

In the future we will extend the method to higher dimensional problems with
multiple reaction coordinates.

Another possible future direction of research is to use two parameter contin-
uation and automatically identify the exceptional points [63, 64, 65] where two
resonances coalesce at a complex valued energy that does not necessarily lie on the
real E axis.



84 CHAPTER 5. NUM. CONT. – 2 CHANNELS, UNEQUAL THRESHOLDS

−0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

ℜ(E )

ℑ
(E

)

(a) ℜ(E)×ℑ(E) projection

−0.2

0

0.2

0.4

0.6

−0.1

−0.05

0

0.05

0.1

0

0.5

1

1.5

2

ℜ(E )
ℑ(E )

λ
i

(b) ℜ(E)×ℑ(E)×λi space

Figure 5.8: (color online) A comparison of the results of numerical continuation
with the results of exterior complex scaling. The vertical axis shows the potential
strength of the model problem while the real and imaginary parts of the energy are
shown on the other axes. The blue and the green curves are the translation of the
same curves in the u-plane from figures 5.5 and 5.6. The red dots are the relevant
ECS eigenvalues calculated for a range of λi values. The results of the two methods
differ significantly in the regions where a resonance becomes a bound state. Also for
small potential strengths we see significant deviations since ECS cannot resolve the
virtual states.
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Figure 5.9: (color online) ℜ(u)×λi projections of the continuation curves for differ-
ent coupling strengths λc . Starting values are taken from Table 5.1.
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Figure 5.10: (color online) Closeup view of the continuation curves of c2n0, c2ñ0

and c1n1 obtained for different values of the coupling strength λc . As the coupling
strength increases an interesting effect of reordering of the connections can be ob-
served. Initially the trajectories do not interact. With slight coupling, two additional
branch points appear connecting both curves. As the coupling increases, the branch
points collide and disappear disconnecting the reordered curves.



CHAPTER 6
Numerical Continuation of

resonances in varying
threshold: an application to

coupled Gaussian wells
A short summary of the application of our methods to the problem of
continuing bound and resonant energy curves in terms of a varying
separation between channels.

6.1 Introduction

This note is a response to a discussion between Nimrod Moiseyev and Wim Vanroose
at a workshop in Norway. Moiseyev is interested in how a resonance becomes bound
in a coupled channel problem when the threshold between the channels is varied.
This question is hard to answer with the complex scaling method since it can only
resolve resonances that lie in a limited part of the complex energy plane.

In contrast, the method we introduced in [11], recently extended to coupled
channels with identical thresholds in [53] and which we currently improve for cou-
pled channels with differing thresholds, traces the poles of the S-matrix. Combined
with numerical continuation and branch switching it is a powerful technique that is
able to trace resonances as they become bound.

In this note we discuss a coupled channel problem with two s-wave channels
with potential wells. For four different values of the coupling strength we trace the
resonances as a function of the threshold. When the treshold is small the resonances
become a bound state.

87



88 CHAPTER 6. NUM. CONT. – 2 CHANNELS, VARYING THRESHOLDS

6.2 Problem description

Consider the following system of coupled equations (r ∈R+):(
−1

2

d 2

dr 2 +V1(r )+ t1 −E

)
ψ1(r )+Vc (r )ψ2(r ) = 0 (6.1)(

−1

2

d 2

dr 2 +V2(r )+ t2 −E

)
ψ2(r )+Vc (r )ψ1(r ) = 0, (6.2)

where (see figure 6.1):

V1(r ) =−4e−r 2
V2(r ) =−4e−r 2

(6.3)

t1 = 0 t2 = 0.1 (6.4)

Vc (r ) =λc e−r 2
. (6.5)
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Figure 6.1: Coupled Gaussians (λc = 1, slightly differing thresholds)

6.3 Important remarks on the continuation

• The continuation parameter is called µ and can represent any of the system’s
variables such as potential strength, coupling strength, threshold values, etc. . . .
We are interested in the dependence of bound & resonant states in terms of µ.

• The means to achieve this goal is to construct a function F(E ,µ) :C×R→C that
has zeros in bound/resonant energies at some parameter values. The solution
sets of such functions, provided they fullfill certain continuity & smoothness
requirements, can be found with numerical continuation methods. In our
case the solution sets will represent trajectories of bound & resonant poles in
terms of µ.

• It is known from literature that poles of the S-matrix are directly associated
with bound & resonant states. Therefore calculating the determinant of the



6.4. NUMERICAL EXAMPLE 89

S-matrix for an energy E and parameter µ and taking its inverse is a good
candidate for the continuation function F.

• The complex energy surface in a 2 channel system with unequal thresholds is
known to be a 4-sheeted Riemann surface. To avoid passing through branch
cuts in this landscape a uniformization (as far as I know originally from [3] &
refined in [62]) is used. It is defined as:

E = t1 + t2

2
− t2 − t1

2

1+u4

2u2 , (6.6)

whereas the channel momenta (ki =
p

2(E − ti )) are now:

k1 = i

√
t2 − t1

2

u2 −1

u
k2 = i

√
t2 − t1

2

u2 +1

u
. (6.7)

The continuation function F(u,µ) is therefore expressed in terms of u and
not E . Afterwards the results are transformed back to the complex E plane
through eq. (6.6).

• The previously mentioned continuity & smoothness conditions can not be
verified for the function F as proposed above because the poles of the S-
matrix tend to approach and coalesce with its zeros at certain values hereby
destroying numerical convergence within the continuation procedure. As con-
tinuation function F we propose the following function which partly alleviates
this behavior:

F(u,µ) = det

[(
k1 0

0 k2

)[
S(u,µ)− I

]−1
]

(6.8)

= k1k2

det
(
S(u,µ)− I

) (6.9)

where S(u,µ) is the 2×2 S-matrix and I is the identity matrix.

• The S-matrix is calculated numerically by solving the coupled wave equation
for the wave functions and using the Wronskians of the wave functions with
the free solutions of the equation at the end of the computational domain to
extract the S-matrix.

6.4 Numerical example

We will now study an example for various strengths of the coupling between the
channels. The different models, denoted by A, B , C and D, each have a different
coupling strength.

• Start with t1 = 0, t2 = 0.1 and λc = 0. The uncoupled system has one bound
state in each channel with the following energy values E (i ) and corresponding
values on the physical u-sheet, related to E through (6.6):

• Perform continuation of these two states in increasing coupling strength λc .
Results for this are shown in figures 6.2 and 6.3.



90 CHAPTER 6. NUM. CONT. – 2 CHANNELS, VARYING THRESHOLDS

E (1) = -7.839196725813324e-01 u(1) = 5.772935215728510e+00
E (2) = -6.839196725813324e-01 u(2) = 5.415042346341110e+00

Model λc

A 0
E (1) = -7.839196725813324e-01 u(1) = 5.772935215728510e+00
E (2) = -6.839196725813324e-01 u(2) = 5.415042346341110e+00

B 0.1
E (1) = -8.019230262595195e-01 u(1) = 5.835027880118422e+00
E (2) = -6.666407987917045e-01 u(2) = 5.350766712746952e+00

C 0.5
E (1) = -9.756504455683268e-01 u(1) = 6.403251404371771e+00
E (2) = -5.104032627424775e-01 u(2) = 4.729844674146212e+00

D 1
E (1) = -1.224323764673308e+00 u(1) = 7.138159761608854e+00
E (2) = -3.177173109022144e-01 u(2) = 3.826276027224250e+00

• Choose an interesting value for the coupling λc for the models A, B , C and D
and note the corresponding bound/resonant energies; e.g.:

• Perform continuation in increasing threshold values t2 starting from these
energies for each of the models. Results are shown in figures 6.4 to 6.15.

−3 −2.5 −2 −1.5 −1 −0.5 0
0

5

10

15

Re(E)

λ
c

 

 
E

(1)
(λ

c
)

E
(2)

(λ
c
)

Figure 6.2: Continuation of the bound states E (1) & E (2) in λc . Note that Im(E (i ))
remains 0 and the states remain bound while the coupling strength increases.
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Figure 6.3: Continuation of E (1) & E (2) in λc (closeup of fig. 6.2; energies for partic-
ular coupling strengths used as starting points for continuation in threshold are
indicated)
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Figure 6.4: [Model A] Projections (E-space) of continuation paths in t2 with λc = 0.
The channels are uncoupled and the bound state of the closed channel remains
bound, even if its energy moves above the threshold of the open channel. Lower-
right is a closeup of upper-left.
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Figure 6.5: [Model A] 3D view of continuation paths in t2 with λc = 0
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Figure 6.6: [Model A] Projections (k1-space) of continuation paths in t2 withλc = 0.
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Figure 6.7: [Model B ] Projections (E-space) of continuation paths in t2 with
λc = 0.1. As the bound state of the closed channel moves above the open chan-
nel threshold, the state becomes a resonance. Lower-right is a closeup of upper-left.
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Figure 6.8: [Model B ] 3D view of continuation paths in t2 with λc = 0.1.
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Figure 6.9: [Model B ] Projections (k1-space) of continuation paths in t2 with
λc = 0.1. Although barely visible, the transition of the red state from bound to
resonant regimes happens slightly below the origin of the complex k1-plane due to
the coupling.
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Figure 6.10: [Model C ] Projections (E-space) of continuation paths in t2 with
λc = 0.5. Lower-right is a closeup of upper-left.
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Figure 6.11: [Model C ] 3D view of continuation paths in t2 with λc = 0.5.
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Figure 6.12: [Model C ] Projections (k1-space) of continuation paths in t2 with
λc = 0.5. Note that the k-trajectory bifurcates off the imaginary axis below the origin.
It behaves, for a brief moment, as a virtual state before it becomes bound.



98 CHAPTER 6. NUM. CONT. – 2 CHANNELS, VARYING THRESHOLDS

−2 0 2 4 6 8
0

1

2

3

4

5

6

7

8

Re(E)

t 2

 

 
E

(1)
(t

2
)

E
(2)

(t
2
)

−2 0 2 4 6 8
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

Re(E)

Im
(E

)

 

 
E

(1)
(t

2
)

E
(2)

(t
2
)

−0.1 −0.05 0 0.05 0.1
0

1

2

3

4

5

6

7

8

Im(E)

t 2

 

 
E

(1)
(t

2
)

E
(2)

(t
2
)

−1.5 −1 −0.5 0 0.5 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Re(E)

t 2

 

 
E

(1)
(t

2
)

E
(2)

(t
2
)

Figure 6.13: [Model D] Projections (E-space) of continuation paths in t2 withλc = 1.
Lower-right is a closeup of upper-left.
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Figure 6.14: [Model D] 3D view of continuation paths in t2 with λc = 1.0.
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Figure 6.15: [Model D] Projections (k1-space) of continuation paths in t2 with
λc = 1.0. Note that the bifurcation now happens further down the imaginary axis
compared to the problems with weaker coupling.





CHAPTER 7
Numerical Continuation of
resonances in 2D problems

Extending methods from chapter 5 we study a model problem described
by the 2D Schrödinger equation that can be decomposed in two coupled
channels in the asymptotic region.

7.1 Introduction

An important class of quantum mechanical model problems deals with the solution
of the time-independent Schrödinger equation defined as(

−1

2
∆+V (r1,r2)

)
ψ(r1,r2) = Eψ(r1,r2), (7.1)

with r1,r2 ∈R3. This describes for example scattering processes involving autoionis-
ing resonances that play an important role in many microscopic reactions.

Since the domain of equation (7.1) is six-dimensional, significant computational
requirements are imposed on the numerical solution method. Usually this problem
is simplified by expressing the wave function as

ψ(r1,r2) =
∞∑

l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

ψl1m1,l2m2 (ρ1,ρ2) Yl1m1 (θ1,ϕ1)Yl2m2 (θ2,ϕ2), (7.2)

which after substitution in the original equation and projection on the spherical har-
monics gives a system of coupled equations. The coupling terms in this system can
be often neglected for physical symmetry reasons and one ends up with equations(

−1

2
∆ρ1,ρ2 +

l1(l1 +1)

2ρ2
1

+ l2(l2 +1)

2ρ2
2

+V (ρ1)+V (ρ2)+V (ρ1,ρ2)

)
ψ(ρ1,ρ2)

= Eψ(ρ1,ρ2).

(7.3)

A more detailed explanation of this process can be found in [66]. Note that this
procedure is very similar to the derivation of the coupled partial wave equations
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in chapter 4. Often equation (7.3) is simplified even more to arrive at a coupled-
channel approximation. This will be discussed in more detail.

Tracking resonances and bound states of such systems, both using 2D and
coupled-channel approaches, will be the object of study in this chapter.

7.2 The 2D Schrödinger equation

Assuming l1 = l2 = 0 in equation (7.3), we are presented with the 2D time-indepen-
dent Schrödinger equation

(
−1

2

d 2

d x2 − 1

2

d 2

d y2 +V (x)+V (y)+V (x, y)

)
ψ(x, y) = Eψ(x, y), (7.4)

on the physical domain [0,+∞]2, which can be written in shorthand(
Tx +Ty +Vx +Vy +Vx y −E

)
ψ(x, y) = 0. (7.5)

Tx and Ty are the kinetic energy operators for the x and y directions respectively.
Similarly, the potential energy operator is split up in Vx , Vy and a term that couples
the two directions, Vx y . For clarity, we also introduce the Hamiltonian operators
Hx = Tx +Vx and Hy = Ty +Vy .

The boundary conditions are an extension of the one-dimensional case: homo-
geneous Dirichlet on the boundaries involving the origin of either x or y : ψ(0, y) =
ψ(x,0) = 0. The infinite domain will be truncated to [0,R]2 and absorbing boundary
conditions at the two relevant edges of the domain will be used. We have chosen
to solve this equation using exterior complex scaling as the absorbing boundary
condition.

A suitable right hand side to solve equation (7.5) can be derived as follows: given
that Hy supports n bound states

Hyφi (y) = ξiφi (y), (7.6)

the 2D wave function ψ(x, y) will be written as1

ψα(x, y) = sin(kαx)φα(y)︸ ︷︷ ︸
incoming wave

+ ψsc
α (x, y)︸ ︷︷ ︸

scattered wave

, (7.7)

with
k2
α

2 +ξα = E . Note that this formulation assumes an incoming wave in the x di-
rection, whose y-component consists of the αth bound state in the y direction. This
is analogous to the notion of “incoming” channels in a coupled-channel formulation
which will be illustrated shortly.

1Strictly speaking the incoming wave should be proportional to e−ıkαxφα(y), which does not obey
the BC at the origin. For this reason the regular solution sin(kαx)φα(y) is used. The remaining term
involving the outgoing wave component is incorporated in what is called the scattered wave here. A
similar reasoning holds for the coupled-channel case.
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Substituting this assumption (7.7) in the 2D equation (7.4) gives(
Hx +Hy +Vx y −E

)(
sin(kαx)φα(y)+ψsc

α (x, y)
)= 0 (7.8)

⇔ (
Hx +Hy +Vx y −E

)
ψsc
α (x, y) =−

(
Hx +Hy +Vx y −

k2
α

2
−ξα

)
sin(kαx)φα(y)

(7.9)

⇔ (
Hx +Hy +Vx y −E

)
ψsc
α (x, y) =−(

Vx +Vx y
)

sin(kαx)φα(y). (7.10)

Equation (7.10) is the 2D equation that will be discretized and solved forψsc
α (x, y)

on a 2D ECS grid. The final 2D wave function ψ(x, y) is obtained by adding the
incoming and scattered waves together.

It is the goal of this chapter to apply numerical continuation to track bound and
resonant states of the 2D equation (7.4). Additionally to the full 2D formulation,
this equation will be reduced to a coupled-channel model and bound and resonant
trajectories in both approaches will be compared.

7.3 Coupled-channel approximation

The particular choice of the wave function (7.7) and the fact that a coupled-channel
approach will be sufficient to describe this model have a common origin. In the
region outside the range of both Vx and Vx y the 2D time-independent Schrödinger
equation can be written as (

Tx +Hy −E
)
ψ(x, y) = 0. (7.11)

Separation of variables by introducing ψ(x, y) =α(x)β(y) yields

Txα(x)

α(x)
+ Hyβ(y)

β(y)
= E , (7.12)

such that we can write 
Txα(x) = Exα(x)

Hyβ(y) = Eyβ(y)

E = Ex +Ey .

(7.13)

As is often done in physics, it is assumed here that we are limiting the study to a
specific range of energies E . This will justify why the coupled-channel approach can
be expected to work properly.

Restricting ℜ(E) < 0 and because Ex must be positive in (7.13), it follows that
Ey < 0. This requirement can be met only if β(y) is an eigenstate of Hy . This
motivates why, in the energy region ξ0 < E < 0, it is sufficient to approximate the
total wave function with a coupled-channel formulation that involves only bound
states in the y direction.

As before, we assume that the Hamiltonian operator Hy supports n bound states
φi (y). The coupled-channel approximation now states that the 2D wave function
ψ(x, y) can be approximated by a sum of projections on these bound states

ψ(x, y) ≈
n−1∑
i=0

ψi (x)φi (y), (7.14)
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where
Hyφi (y) = ξiφi (y). (7.15)

As explained, this will be a valid approximation as long as ψ(x, y) describes states
that are stationary in the y-direction as soon as x leaves the range of Vx .

Inserting assumption (7.14) in the 2D equation (7.4) and projecting on the bound
states of Hy will give rise to a system of n coupled equations

∀ j ∈ {0, . . . ,n −1}
∫ ∞

0
φ∗

j (y)
(
Hx +Hy +Vx y −E

)n−1∑
i=0

ψi (x)φi (y)d y = 0. (7.16)

Looking at different terms in equation (7.16) will allow us to simplify it to the familiar
coupled channel structure due to

∫ ∞
0 φ∗

j (y)φi (y)d y = δi j .

∫ ∞

0
φ∗

j (y)Hx

n−1∑
i=0

ψi (x)φi (y)d y =
n−1∑
i=0

Hxψi (x)
∫ ∞

0
φ∗

j (y)φi (y)d y (7.17)

= Hxψ j (x) (7.18)

∫ ∞

0
φ∗

j (y)Hy

n−1∑
i=0

ψi (x)φi (y)d y =
n−1∑
i=0

ψi (x)
∫ ∞

0
φ∗

j (y)Hyφi (y)d y (7.19)

=
n−1∑
i=0

ψi (x)
∫ ∞

0
φ∗

j (y)ξiφi (y)d y (7.20)

= ξ jψ j (x) (7.21)

∫ ∞

0
φ∗

j (y)E
n−1∑
i=0

ψi (x)φi (y)d y =
n−1∑
i=0

Eψi (x)
∫ ∞

0
φ∗

j (y)φi (y)d y (7.22)

= Eψ j (x) (7.23)

∫ ∞

0
φ∗

j (y)Vx y

n−1∑
i=0

ψi (x)φi (y)d y =
n−1∑
i=0

ψi (x)
∫ ∞

0
φ∗

j (y)Vx yφi (y)d y (7.24)

= V j i (x)ψ j (x), (7.25)

with channel (i = j ) and coupling (i 6= j ) potentials

V j i (x) =
∫ ∞

0
φ∗

j (y)Vx yφi (y)d y . (7.26)

(note that V j i (x) =Vi j (x) since the wave functions are real for real energies)
The coupled-channel equation now reads

∀ j ∈ {0, . . . ,n −1}
(
Hx +ξ j −E

)
ψ j (x)+

n−1∑
i=0

V j i (x)ψi (x) = 0. (7.27)

Note that analogous equations have already been studied in chapters 4 (ξi = 0),
5 and 6, although limited to two channels and with explicit formulations for the
potentials V j i .
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For the reasons of consistency, equation (7.27) will be discretized on a 1D grid
with exterior complex scaling, similar to the 2D equation. The construction of the
necessary right hand side follows a very similar approach.

Let α be the incoming channel. The wave function in this channel has a known
incoming and an unknown scattered component, whereas all other channel wave
functions only contain scattered waves. This is written as

∀ j ∈ {0, . . . ,n −1} ψα, j (x) = δ jα sin(kαx)+ψsc
α, j (x). (7.28)

Inserting this form of the total channel wave functions in (7.27) gives the system of
inhomogeneous equations ∀ j ∈ {0, . . . ,n −1}

(
Hx +ξ j −E

)
ψsc
α, j (x)+

n−1∑
i=0

V j i (x)ψsc
α,i (x) =−(

V jα+δ jαVx
)

sin(kαx). (7.29)

This system of n coupled equations will be discretized and solved on a 1D ECS
grid. The final approximation to the 2D wave function ψ(x, y) can be obtained
through

ψα(x, y) =
n−1∑
i=0

(
δiα sin(kαx)φα(y)+ψsc

α,i (x)
)
φi (y) (7.30)

= sin(kαx)φα(y)+
n−1∑
i=0

ψsc
α,i (x)φi (y). (7.31)

7.4 Extraction of the S-matrix

In some physics contexts, only symmetric solutions (i.e. ψ(x, y) =ψ(y , x)) are rel-
evant. We will limit our study to that case: in the remainder of this chapter we
will only consider symmetric solutions. The 2D equation (7.4), including bound-
ary conditions, naturally obeys permutation symmetry (i.e.: x and y can be inter-
changed). Consequently every solution can be written as a sum of a symmetric
and an anti-symmetric solution. In our case, these can be defined as (leaving aside
normalization)

ψS (x, y) = ψ(x, y)+ψ(y , x) (7.32)

ψA(x, y) = ψ(x, y)−ψ(y , x). (7.33)

The aforementioned physical context of our model mandates that only the symmet-
ric solutions are of interest. Simplifying notations, in the remainder of the chapter
these symmetric solutions ψS will be used implicitly at any time ψ is mentioned to
extract observables such as the S-matrix.

Eventually we are interested in calculating the S-matrix from the wave function
for a specific energy. In the case of the coupled-channel wave functions the proce-
dure described in chapter 5 is followed: a two-channel approximation will be used.
Equation (7.29) is solved for two right hand sides with incoming channels α = 0
and 1. The resulting 2 by 2 matrix of wave functions is used to extract the S-matrix
through equation (5.14).

The 2D equation (7.10) is also solved with two right hand sides for α = 0 and
1. In the region outside the range of the potentials Vx and Vx y the resulting 2D
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wave functions can be written as two-channel wave functions by projection on
the eigenstates φ0(y) and φ1(y). As previously, this gives a 2 by 2 matrix of wave
functions and also in this case, (5.14) is used to obtain the S-matrix.

Since the calculation of the S-matrix in both scenarios uses the two-channel for-
mulation of the asymptotic wave function, uniformization of the energy is necessary.
For this reason, the S-matrix is calculated in the complex u-plane. As is the case in
chapter 5, the transformation is

E(u) = ξ0 +ξ1

2
−

∣∣∣∣ξ1 −ξ0

2

∣∣∣∣ 1+u4

2u2 , (7.34)

and

k0(u) = ı

√
ξ1 −ξ0

2

u2 −1

u
, k1(u) = ı

√
ξ1 −ξ0

2

u2 +1

u
. (7.35)

In both cases the regularization procedure (5.19) is also applied. The function
being subjected to numerical continuation is

F (u,λ) = k0(u)k1(u)

det(S(u,λ)− I2)
. (7.36)

7.5 Numerical example

To illustrate the differences2 in results between the full 2D formulation and the
two-channel approximation we will focus on a specific example with the following
potentials

V (x) =−λx e−x2
(7.37)

V (y) =−λy e−y2
(7.38)

V (x, y) =λx y e−(x−y)2
, (7.39)

where it is assumed that λx =λy = 15 and where λx y will be chosen depending on a
specific example. Figure 7.1 shows the full 2D potential Vx +Vy +Vx y with λx y = 4.
The potentials of the coupled channel formulation are

V0(x) =
∫ ∞

0
φ∗

0 (y)Vx yφ0(y)d y (7.40)

V1(x) =
∫ ∞

0
φ∗

1 (y)Vx yφ1(y)d y (7.41)

Vc (x) =
∫ ∞

0
φ∗

0 (y)Vx yφ1(y)d y (7.42)

Figure 7.2 illustrates the “effective” coupled channel potentials which incorporate
the channel thresholds ξi and the Vx potential inside Hx

Remark: Note that prior to obtaining the coupled-channel formulation, the eigen-
states of the Hy operator were found. Indeed, the potential in the y direction supports

2Note that the total waves (7.7) and (7.31) naturally differ only by their scattered part.
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Figure 7.1: Full 2D potential V (x)+V (y)+V (x, y), with λx =λy = 15 and λx y = 4.

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

−20

−15

−10

−5

0

x

Figure 7.2: The effective two-channel potentials derived from the original 2D model
problem with λx y = 4. Red curve is the first channel potential V0(x)+V (x)+ξ0. Blue
curve is the second channel potential V1(x)+V (x)+ξ1. The green curve shows the
coupling potential Vc (x). Dashed lines show the potentials V (x)+ξi in the absence
of coupling.
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ξ0 ξ1

-7.772698e+00 -1.234169e+00

Table 7.1: Energies of the two eigenstates of Hy with λy = 15. These are the channel
thresholds in the coupled-channel formulation.

exactly two bound states which allows a two-channel approximation that follows
the previously discussed derivations. See Table 7.1 for the corresponding energies. A
quick glance at figure 7.2 confirms that ξ0 and ξ1 are the asymptotic values of the
two-channel potentials.

7.5.1 ECS Discretization

All calculations involving an ECS discretization of this example were calculated on a
grid

X = XR∪XC, (7.43)

with a real part

XR =
{

j h

∣∣∣∣ j = 0, . . . ,n; h = R

n

}
, (7.44)

and an exterior part

XC =
{

R + j hE

∣∣∣∣ j = 1, . . . ,nE ; hE = R

n
+ ı

(R +nE h) tanθ

nE

}
, (7.45)

with R = 6, n = 100, nE = 30, π = π
12 . Therefore hE ≈ 0.06+0.0697ı and h =ℜ(hE ).

For 2D calculations, identical grids are used for both directions.

7.5.2 Comparison of wave functions

Disabling the potential Vx y that couples the x and y directions should eliminate any
form of coupling in the two-channel formulation. Indeed, the three potentials V0(x),
V1(x) and Vc (x) become zero such that the effective channel potentials reduce to
V (x)+ξ0 and V (x)+ξ1 and there is no coupling between the channels. Figure 7.3
shows the 2D wave function obtained with the 2D and coupled-channel calculations
for an energy E =−0.5. There are no differences between the solutions of the 2D
and the coupled-channel problems.

As soon as the potential Vx y has nonzero strength, however, coupling effects
start to appear. For λx y = 1 and E = −0.5 the effect of this coupling can be seen
in figure 7.4. Note that the full 2D formulation allows some part of the energy to
dissipate through the y direction, while the coupled channel model forces the wave
function ψ(x, y) to have only bound components in the y direction.

7.5.3 Comparison of eigenstates

It is also valuable to look at the spectra of the two operators

Hx +Hy +Vx y , (7.46)
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Figure 7.3: (E =−0.5) With λx y = 0 there is no difference in solutions of the 2D and
coupled-channel problem for all energies and all incoming waves.

and (
Hx +V0 +ξ0 Vc

Vc Hx +V1 +ξ1

)
, (7.47)

both discretized on an ECS grid.
As with the wave functions, we first consider the trivial caseλx y = 0 expecting the

relevant parts of the spectra to be identical. This is the case as shown in figures 7.5a
and 7.5c. The energies of the bound states are found in table 7.2. The ground state
is labeled as n = 0, the doubly excited state is n = 1,2 and the next excited state is
n = 3.

When the coupling potential strength increases to λx y = 1 all states shift slightly
upwards in real energy, see figure 7.5b. The doubly excited state splits up in two
states and the n = 3 state gains an imaginary component and becomes a resonance.
This is shown in figure 7.5d. The corresponding energy values are summarized in
table 7.2. The most significant difference between the 2D and the two-channel
calculations is the width of the resonance state.

Altough the spectra of (7.46) and (7.47) provide a good overview of the studied
system and suggest some differences between the 2D and two-channel approxima-
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Figure 7.4: (E =−0.5) Setting λx y = 1 gives a significant amount of coupling between
the x and y direction. The 2D formulation allows “escaping” of the wave in the y
direction whereas the coupled-channel formulation only permits bound states in
the y direction.

tions, they will not be used for continuation. In both cases, the wave functions will
be calculated on the ECS grids and the S-matrix will be extracted according to the
procedure described in section 7.4. The regularized version of the S-matrix will then
be used for numerical continuation to obtain the bound and resonant trajectories.

7.5.4 Numerical continuation

Variations of the parameter λx y alter the strength of the “diagonal cusp” in the 2D
potential. In the coupled-channel approximation all channel potentials and the
coupling potentials will be connected to variations in λx y . It is now interesting to
see how changing λx y will influence the bound and resonant states in this system.

Since the S-matrix is calculated in the complex u-plane, it is useful to transform
the spectra of (7.46) and (7.47) to that plane as a reference for the starting values of
the continuation, see figure 7.6. Every energy value corresponds to four values in
the u-plane. Two of those can be identified with poles of the S-matrix and found
through Newton iterations on the function F (u,λ= 1) in (7.36). The u and E values
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Figure 7.5: An overview of the relevant part of the spectra of the 2D (blue) and
two-channel operators (red) discretized with ECS. Upper figures show a broader
picture; lower figures are detailed views excluding the n = 0 state. As the coupling
increases, the doubly excited state splits up slightly and the n = 3 state becomes a
resonance. Dashed lines show the predicted lines of ECS eigenvalues going twice
the ECS angle downwards the complex plane, starting from the two thresholds ξi .

E

λx y n 2D 2CH

0

0 -1.554540e+01 + 1.821191e-16i -1.554540e+01 + 1.117838e-13i
1 -9.006866e+00 + 3.287376e-10i -9.006866e+00 + 3.287287e-10i
2 -9.006866e+00 + 3.287376e-10i -9.006866e+00 + 2.009002e-14i
3 -2.468337e+00 + 6.574751e-10i -2.468337e+00 + 3.287949e-10i

1

0 -1.464864e+01 - 2.263247e-17i -1.464838e+01 + 2.451724e-13i
1 -8.487355e+00 + 2.813073e-07i -8.477744e+00 + 1.930394e-07i
2 -8.385844e+00 + 8.072615e-07i -8.366207e+00 + 3.742600e-07i
3 -1.793255e+00 - 3.761204e-03i -1.782636e+00 - 1.893704e-03i

Table 7.2: Comparison of ECS eigenvalues for the full 2D Hamiltonian (7.46) and the
coupled-channel Hamiltonian (7.47) for λx y = 0 and 1.
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Figure 7.6: Both spectra from figure 7.5 are shown here transformed to the u-plane
according to equation (7.34). ECS discretization eigenvalues (red) for the two-
channel system are plotted for reference. Note that two of the four u-values of
the n = 0 state lie on the real axis outside the plotted region.

of these points for the states n = 1,2 and 3 are summarized in table 7.3. These points
were also used as start values (λ = 1) for numerical continuation of the function
F (u,λ) using AUTO. Both 2D and two-channel calculations were used. The resulting
trajectories in the u-plane are shown as projections in figures 7.7 (2D) and 7.8
(two-channel approx.).

Remark: Note that in the study of dynamical systems dotted lines in figures are
traditionally used to indicate unstable branches. This is not the case here as stability
of solution branches is not under consideration.

An overview of the continuation curves in the full space ℜ(u)×ℑ(u)×λx y is
shown in figure 7.10. The same trajectories, transformed to the complex energy
E are shown in figure 7.11. A detailed comparison of the n = 3 state trajectory
for −1 / λx y / 4 obtained with 2D and two-channel calculations is illustrated in
figure 7.9.

As one would hope, the results of the continuation show qualitative similarities
between the 2D and two-channel approaches. One significant discrepancy is the
trajectory of the n = 2 state for λx y > 5. Another noticeable difference is the width of
the n = 3 state resonance for −7.5/λx y / 2, see figures 7.11 and 7.9.

The application of our methods allows an interesting comparative study of the
2D and two-channel approaches. However, the interpretation of phenomena such
as the aforementioned differences and their precise physical meaning lies outside
the scope of this work and requires problem specific knowledge of the underlying
physics.
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u

n 2D 2CH

1
-1.392533e+00 - 7.152098e-09i -1.358774e+00 + 1.634782e-11i
7.181155e-01 + 3.691208e-09i 7.359578e-01 + 8.866578e-12i

2
1.352063e+00 - 2.296075e-10i 1.345682e+00 - 1.028340e-10i

-7.396107e-01 - 1.255888e-10i -7.431174e-01 - 5.678709e-11i

3
2.921312e-01 - 9.552946e-01i 2.894792e-01 - 9.566365e-01i
2.921739e-01 + 9.553232e-01i 2.895011e-01 + 9.566506e-01i

(a) u-plane

E

n 2D 2CH

1 -8.516194e+00 - 2.390139e-08i -8.406771e+00 + 5.131576e-11i
2 -8.385844e+00 + 7.112220e-10i -8.366207e+00 + 3.144452e-10i
3 -1.793324e+00 - 3.791889e-03i -1.782659e+00 - 1.901455e-03i

(b) E-plane

Table 7.3: Starting values for continuation in 2D and two-channel models in the
complex u-plane. Energy values for the three states are given for reference purposes.
The colors correspond with those in figures 7.7, 7.8, 7.10 and 7.11.

7.5.4.1 Detection of branch points

An important remark must be made about the presented results. Although AUTO
converged near the starting points and constructed the branches successfully, the
points where the branches intersect in the u-plane were not identified originally.
Experiments suggest that setting the ECS scaling angle to zero (hence, effectively
solving the equation with homogeneous Dirichlet boundary conditions on a real
grid) resulted in accurate detection of these bifurcation points and correct following
of the emerging branches without introducing noticeable errors locally.

To highlight the differences between trajectories obtained with scaling angle
θ = 0 and θ = π/12, the former is presented with dotted lines while the latter is
shown with solid lines in figures 7.7, 7.8, 7.10 and 7.11.

Similar behavior, although not documented yet, has been perceived already in
the case of single-channel bound/resonant trajectory tracking when using wave
functions obtained through discretization with ECS to calculate the S-matrix. Also
in that case, setting the complex scaling angle to zero in the neighborhood of the
expected branch points resulted in proper detection of these special points.

We believe a more rigorous study of this phenomenon is necessary to justify this
heuristic approach with hard evidence.

7.5.5 Discussion

The two-dimensional treatment of the interaction area, as opposed to the two-
channel approximation, imposes significant computational requirements if repeated
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Figure 7.7: Resonant and bound trajectories of the n = 1, n = 2 and n = 3 states
calculated using the 2D formulation are presented as projections on different planes.
Start points are drawn as circles in respective colors. Small colored dots are the
transition points between branches calculated with an ECS scaling angle θ =π/12
(solid lines) and θ = 0 (dotted lines), see 7.5.4.1.

calculations are necessary. In this case the efficiency of pseudo arc-length continua-
tion becomes noticeable.

The heuristic approach of setting the complex scaling angle to zero in order to
find branch points correctly is bound to the characteristics of the exterior complex
scaling method used to calculate the wave function and is not a limitation of the
whole approach. Analogous conclusions have been found in the study of the single-
channel radial Schrödinger equations.

More importantly, the approach described in this chapter has obvious limitations
with respect to the applicable model problems. Both the required symmetry of the
system and the restriction to a two-channel system at infinity motivate the search
for alternative methods for the extraction of the S-matrix.

From a more general point of view, a different, more universal approach to
characterize resonant and bound states in such systems would be an interesting
subject of study. The decay of quantum states can be characterized by measuring
the amount of incoming and outgoing wave components at the boundaries of the
physical interaction region inside the computational simulation “box”. Calculating
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Figure 7.8: Resonant and bound trajectories of the n = 1, n = 2 and n = 3 states cal-
culated using the two-channel formulation are presented as projections on different
planes. Start points are drawn as circles in respective colors. Small colored dots
are the transition points between branches calculated with an ECS scaling angle
θ =π/12 (solid lines) and θ = 0 (dotted lines), see 7.5.4.1.

these components requires the computation of a surface- or volume-integral around
the region of interaction and the extraction of observables that characterize the
states of interest. This would be a challenging and interesting direction for future
studies that would scale our methods to higher dimensional problems.
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Figure 7.9: Detail of the S-matrix pole trajectories of the n = 3 state in the complex
energy plane for −1 / λx y / 4. Blue line corresponds with 2D calculations. Red
line represents the two-channel approximation. The points show energy values
from Table 7.2 at λx y = 0 (magenta) and λx y = 1 (red & blue). Note that this picture
describes the transition from figure 7.5c to 7.5d.
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Figure 7.10: Resonant and bound trajectories of the n = 1, n = 2 and n = 3 states pre-
sented in the space ℜ(u)×ℑ(u)×λx y . Start points are drawn as circles in respective
colors. Small colored dots are the transition points between branches calculated
with an ECS scaling angle θ =π/12 (solid lines) and θ = 0 (dotted lines), see 7.5.4.1.
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Figure 7.11: Resonant and bound trajectories of the n = 1, n = 2 and n = 3 states
from figure 7.10 presented in the space ℜ(E)×ℑ(E)×λx y .



CHAPTER 8
Numerical Continuation

of Siegert states
This chapter describes an approach to the continuation of bound and
resonant states of the Schrödinger equation based on the use of Siegert
states.

8.1 Introduction

The problem of finding resonances and bound states of the radial Schrödinger
equation can be formulated in a number of equivalent statements. As noted in
chapter 1, in its most theoretically fundamental definition, resonant and bound
states are uniformly identified as states that are purely outgoing at infinity. This
defines them as eigenstates of the system (r ∈R+)(

−1

2

d 2

dr 2 +V (r )

)
ψ(r ) = Eψ(r ), (8.1)

with the boundary conditions:

• BC0: Homogeneous Dirichlet at origin: ψ(0) = 0

• BC∞: Purely outgoing waves at infinity: limr→∞ψ(r ) ∼= e i kr

Defining bound and resonant states as poles of the S-matrix complies with this
definition as can be seen when the asymptotic form of the wave function is written
down as in [4]:

ψ(r )
r→∞−−−−→ i

2

(
e−i kr −S(k)e i kr

)
. (8.2)

A purely outgoing state must consist solely of the outgoing e i kr component, effec-
tively meaning that S(k) must have a pole for that energy, and vice versa. Given
a numerical scheme that can simulate integration of the wave function at infinity
with an absorbing boundary (such as the complex coordinate method, ECS, Renor-
malized Numerov, . . . ) the S-matrix can be obtained rather easily yielding a proper
formulation of bound and resonant states.

119
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This methodology effectively circumvents boundary condition BC∞ with a con-
dition that is “less knowledgeable” about the energy of the incoming and outgoing
components and more permissive with respect to the allowed solutions. Selecting
from those solutions the ones that additionally exhibit a pole of the S-matrix finally
narrows down the solution set to the proper bound/resonant states.

An alternative approach is to aim for a correct formulation of the second bound-
ary condition directly. Both Siegert and Gamow studied “purely outgoing” waves
at infinity. Around 1939 Siegert was searching for an alternative derivation of the
nuclear dispersion formula [67]. Gamow was concerned with the mechanism of
alpha decay through quantum tunneling effects, which he solved theoretically in
1928 [68]. Moreover, the association of the imaginary part of a resonance’s energy
with its lifetime first found an appearance in his work. As it seems that these purely
outgoing states are more often referred to in literature as Siegert states, we shall stick
to this nomenclature.

Recent revival of techniques explicitly using Siegert states can be found in the
work of O.I. Tolstikhin, V.N. Ostrovsky, H. Nakamura, G.V. Sitnikov, N. Elander and
collaborators through the use of so-called Siegert pseudo states.

Siegert states are defined [67, 68] as solutions of the Schrödinger equation (8.1)
with the usual BC0 and where BC∞ reads:(

d

dr
− i k

)
ψ(r )

∣∣∣∣
r→∞

= 0 (BCS)

Truncation of the range of the potential V (r ) is possible on grounds of physical argu-
ments. Truncation of the numerical integration domain can be expressed properly
and shown to have the correct limiting behavior of the associated solutions, see [69].
This procedure defines Siegert psuedo-states as solutions of eigenproblem (8.1) with
BC0 and a truncated version of (BCS):(

d

dr
− i k

)
ψ(r )

∣∣∣∣
r=a

= 0. (BCpS)

Successful application of this method to find both bound and resonant states of
several systems has been shown, among many others, in [70, 69] and many interest-
ing findings have been done on the spectral properties of Siegert (pseudo-) states.
Although this discussion is limited to a proof-of-concept single-channel example
with l = 0, extensions of these methods do exist for higher angular momenta [71]
and systems with two coupled channels [62].

More general studies on the subject of eigenvalue continuation in parametrized
eigenvalue problems can be found in [12, 72]. A discussion on the similar subject
involving parametrized quadratic eigenvalue problems can be found in a recent
publication [73] and preprint [74].

8.2 Finite Difference Discretization, Method 1

Second order finite difference discretization of (8.1) with BC0 and the condition (BCpS)
on an equidistant grid [0, a] = [r0, . . . ,rn+1] with n internal points and grid distance
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h = a
n+1 yields (grouped by ψi and increasing powers of k):(

1

h2 +V1

)
ψ1 − 1

2h2ψ2 − k2

2
ψ1 = 0, (8.3)

− 1

2h2ψi−1 +
(

1

h2 +Vi

)
ψi − 1

2h2ψi+1 − k2

2
ψi = 0, (8.4)

− 1

h2ψn + 1

h2ψn+1 − i k

h
ψn+1 − k2

2
ψn+1 = 0, (8.5)

where ψi =ψ(ri ), Vi =V (ri ) and where it is assumed that Vn+1 = 0 due to the cutoff.
The discretization (8.5) of the boundary condition in the last point of the grid

goes as follows. In the last point rn+1 the boundary condition is enforced:

ψ′
n+1 = i kψn+1, (8.6)

and from the original equation, we know that:

ψ′′
n+1 =−k2ψn+1. (8.7)

Writing the Taylor expansion of ψn , substituting known terms and some reordering
gives:

ψn =ψn+1 −hψ′
n+1 +

h2

2
ψ′′

n+1 (+O (h3)) (8.8)

=ψn+1 − i khψn+1 − k2h2

2
ψn+1 (8.9)

⇒ 0 =− 1

h2ψn + 1

h2ψn+1 − i k

h
ψn+1 − k2

2
ψn+1. (8.10)

8.2.1 Quadratic Eigenvalue Problem and linearization

The discretization can now be written in the following matrix form (ψ = (ψi )i )

1
h2 +V1

−1
2h2

−1
2h2

1
h2 +V2

−1
2h2

. . .
. . .

. . .
−1

2h2
1

h2 +Vn
−1

2h2
−1
h2

1
h2


ψ−


i k
h

ψ−


k2

2
. . .

k2

2

ψ = 0, (8.11)

and can be reorganized for convenience

2



1
h2 +V1

−1
2h2

−1
2h2

1
h2 +V2

−1
2h2

. . .
. . .

. . .
−1

2h2
1

h2 +Vn
−1

2h2
−1
h2

1
h2


ψ + (i k)(−2)


1
h

ψ + (i k)2 Iψ = 0, (8.12)

or simply (
2H +κ(−2L)+κ2 I)

)
ψ = 0, κ= i k, (8.13)
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where:

H =



1
h2 +V1

−1
2h2

−1
2h2

1
h2 +V2

−1
2h2

. . .
. . .

. . .
−1
2h2

1
h2 +Vn

−1
2h2

−1
h2

1
h2


(8.14)

L =


1
h

 (8.15)

and I is the identity matrix.
Note that eq (8.13) is a quadratic eigenvalue problem which can be linearized

into a general eigenvalue problem (GEP) through the use of the first companion
form [75]: [(

0 I
−2H 2L

)
−κ

(
I 0
0 I

)](
ψ

κψ

)
= 0, (8.16)

which is nothing more than a standard eigenvalue problem:(
0 I

−2H 2L

)(
ψ

κψ

)
= κ

(
ψ

κψ

)
. (8.17)

Now define H =
(

0 I
−2H 2L

)
and ψ =

(
ψ

φ

)
, such that eigenvalues and normal-

ized eigenvectors of H = kψ are equivalent to zeros of the nonlinear function:

f :C2(n+1)+1 −→C2(n+1)+1 (8.18)

(ψ,k) 7−→
(
(H −k I)ψ, ψ

t
ψ−1

)
. (8.19)

Conveniently, the Jacobian matrix of f can be written explicitly as:

J f (ψ,k) =
(

H −k I ψ

2ψ
T

0

)
. (8.20)

This allows for fast Newton iterations on the function f to converge to the eigenval-
ues.

Upon introduction of a real valued system parameter in the potential and split-
ting of real & imaginary parts of k and ψ, an underdetermined system of equations
is obtained which has the structure of a nonlinear function

F : R4n+7 −→R4n+6, (8.21)

and is a suitable candidate for numerical continuation to approximate its solution
set. This solution set contains the paths of Siegert states in terms of system parameter
variations.
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8.3 Finite Difference Discretization, Method 2

An alternative to discretizing equation (BCpS) is to construct a general eigenvalue
problem (GEP) as opposed to the (QEP) used previously. This method is based on
the ideas found in [76].

The wave function in (8.1) can be written as a product of a function f (r ) and an
outgoing wave

ψ(r ) = f (r )e i kr . (8.22)

Substitution into the original equation, eliminating e i kr and some reordering yields:(
−1

2

d 2

dr 2 +V (r )

)(
f (r )e i kr

)
= k2

2

(
f (r )e i kr

)
, (8.23)

⇔
(
−1

2

d 2

dr 2 +V (r )

)
f (r ) = ki

d

dr
f (r ). (8.24)

Boundary conditions for equation (8.24) must reflect the conditions on the original
equation:

• Homogeneous Dirichlet f (0) = 0. This is equivalent to the original condition
BC0: ψ(0) = 0.

• Homogeneous Neumann f ′(a) = 0, which is equivalent to the Siegert bound-
ary condition ψ′(a)− i kψ(a) = 0.

Note that (8.24) is a generalized eigenvalue problem (GEP) whose solution are eigen-
states (k, f (r )) that give rise to the associated bound and resonant Siegert states

( k2

2 , f (r )e i kr ) of the original equation (8.1).
Second order finite difference discretizations of the first and second derivatives

of f at a point ri :

f ′
i =

fi+1 − fi−1

2h
+O (h2) (8.25)

f ′′
i = fi−1 −2 fi + fi+1

h2 +O (h2), (8.26)

are used to discretize equation (8.24) as in (i = 1, . . . ,n):

− 1

2

fi−1 −2 fi + fi+1

h2 +Vi fi = ki
fi+1 − fi−1

2h
(8.27)

For the Neumann boundary condition at a = rn+1 a ghost point rn+2 is used. We
know that (leaving aside discretization order terms)

− 1

2

fn −2 fn+1 + fn+2

h2 +Vn+1 fn+1 = ki
fn+2 − fn

2h
, (8.28)

and
fn+2 − fn

2h
= 0, (8.29)

such that
fn+1 − fn

h2 +Vn+1 fn+1 = 0. (8.30)

Summarizing, the system of equations is
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•
[

1
h2 +V1

]
f1 +

[
−1
2h2

]
f2 = k

[ i
2h

]
f2

•
[

−1
2h2

]
fi−1 +

[
1

h2 +Vi

]
fi +

[
−1
2h2

]
fi+1 = k

([−i
2h

]
fi−1 +

[ i
2h

]
fi+1

)
, (i = 2, . . . ,n)

•
[
−1
h2

]
fn +

[
1

h2 +Vn+1

]
fn+1 = 0,

or in matrix form
A f = kB f , (8.31)

where

A =



1
h2 +V1

−1
2h2

−1
2h2

1
h2 +Vi

−1
2h2

. . .
. . .

. . .
−1
2h2

1
h2 +Vi

−1
2h2

−1
h2

1
h2 +Vn+1


, (8.32)

B =



i
2h

−i
2h

. . .

. . .
. . .

−i
2h

i
2h

0


. (8.33)

The (normalized) eigenstates of equation (8.24) are now the zeros of the nonlinear
function

F :Cn+2 −→Cn+2 (8.34)(
f ,k

) 7−→ (
(A−kB) f , f T f −1

)
. (8.35)

Similarly to the previos discretization, after introducing a potential parameter and
splitting the above function in real and imaginary components one ends up with a
non-linear function of the structure

F : R2n+5 −→R2n+4. (8.36)

The solution set of this function can be approximated with numerical continuation
and the solution curves are directly related to paths of bound and resonant states in
terms of parameter variations.

Note that also in this case the Jacobian matrix can be written explicitly, greatly
simplifying the numerical complexity of the calculations.

8.4 Numerical results

To illustrate the two methods described in this chapter we consider the radial
Schrödinger equation with l = 0 and a square well potential

V (r ) =
{
−Vstr r < 1

0 r ≥ 1
. (8.37)
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ℑ(k)

n i = 0 Vstr = 5 i = 1 Vstr = 15 i = 2 Vstr = 32

D1

100 2.14457e+00 1.99315e+00 7.12556e-01
201 2.14915e+00 2.01569e+00 8.02150e-01
403 2.15146e+00 2.02711e+00 8.47279e-01
807 2.15029e+00 2.02121e+00 8.23277e-01

D2

100 2.14464e+00 1.99404e+00 7.13107e-01
201 2.14917e+00 2.01591e+00 8.02315e-01
403 2.15146e+00 2.02716e+00 8.47323e-01
807 2.15029e+00 2.02123e+00 8.23287e-01

EXACT 2.15039e+00 2.02172e+00 8.25248e-01
REN.NUM. 2.15040e+00 2.02173e+00 8.25262e-01

Table 8.1: Comparison of some of the k values obtained as eigenvalues of (8.17) (D1)
and (8.31) (D2) with different potential strengths Vstr and grid sizes n. i is the index
of the eigenstate: i = 0 is the ground state, i = 1 is the first excited state, etc. . . . Exact
values are solutions of (8.38). Calculations (REN.NUM.) are taken from Table 2.4,
chapter 2. A roughly quadratic order of convergence can be observed.

Analytical solutions of this system are easy to calculate and have been studied
extensively in [37]. This potential has already been used as an example in chapter 2,
which motivates a comparative study. The exact bound and resonant energies of
this system are identified by zeros of the function

RVstr (k) = tan(
√

k2 +2Vstr)+ i

√
k2 +2Vstr

k
. (8.38)

Using a discretization grid

{r1, . . . ,rn+1} , ri = i h, h = R

n +1
, (8.39)

with n = 100,201,403,807 (effectively halving h every step) and R = 1.1 both the
eigenvalue problem (8.17) (which is a linearized version of the (QEP) (8.13)) and
the (GEP) (8.31) were solved for a variety of potential strengths Vstr to compare with
exact results and the method studied in chapter 2. Results for bound states are
shown in Table 8.1. Two resonant eigenvalues are compared in Table 8.2.

A part of the spectra of the discretization (n = 100) of (8.17) and (8.31) for Vstr = 13
and 10.5 is shown in Figure 8.1. The two figures present the transition of the first
excited state (i = 1) from a bound state into a resonance in the complex k plane for
both discretization methods. A (rescaled) contour of the function RVstr (k) is shown
to give an idea of the exact solutions. Eigenvalues on the imaginary k axis and in the
vicinity of the origin approximate the exact solutions very well for both discretization
methods. Although both D1 and D2 start to deviate from the exact solutions at some
point, it seems that the error in the second discretization method could be expected
to behave more consistently.

Numerical continuation was performed with AUTO, starting from states char-
acterized by the values in Table 8.3. The bifurcation at k = −ı was not detected
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k

n i = 2 Vstr = 1 i = 4 Vstr = 0.5

D1

100 7.45270e+00 - 2.50968e+00i 1.42918e+01 - 2.81559e+00i
201 7.42590e+00 - 2.46211e+00i 1.41079e+01 - 3.22010e+00i
403 7.41465e+00 - 2.44880e+00i 1.39295e+01 - 3.33746e+00i
807 7.41962e+00 - 2.44904e+00i 1.38854e+01 - 3.35650e+00i

D2

100 7.45616e+00 - 2.47625e+00i 1.40014e+01 - 3.45454e+00i
201 7.42739e+00 - 2.45468e+00i 1.38978e+01 - 3.38303e+00i
403 7.41509e+00 - 2.44701e+00i 1.38627e+01 - 3.36254e+00i
807 7.41972e+00 - 2.44859e+00i 1.38681e+01 - 3.36191e+00i

EXACT 7.41906e+00 - 2.44813e+00i 1.38692e+01 - 3.34364e+00i

Table 8.2: Comparison of two resonant k-values for Vstr = 1 and 0.5 (for states i = 2
and i = 4 respectively) obtained as eigenvalues of (8.17) (D1) and (8.31) (D2) for
different grid sizes n. Exact values are solutions of (8.38). A roughly quadratic order
of convergence can be observed.

Vstr ℜ(k) ℑ(k) Type

13
0 1.175854e+00 Bound state

0 -3.051863e+00 Virtual state

10.5
5.646324e-01 -1.008136e+00 Resonance

-5.646324e-01 -1.008136e+00 Anti-resonance

Table 8.3: Potential strength and k values of the states used as start points for
continuation of Siegert states.

by AUTO. Therefore, two additional starting points for the (anti)resonant branches
have been used. The resulting curves are shown in Figure 8.2. Overall, discretization
method 2 indeed results in curves that match the analytical results and S-matrix
continuation more closely than method D1.

8.5 Discussion

Although preliminary, the approach discussed in this chapter looks promising for a
number of reasons. Even though the numerical values in Table 8.1 show some dis-
crepancies and the apparent issues with location of the branch points are unresolved
as of now, the simplicity and generality of this approach is valuable.

Similar methods can be applied in other eigenvalue problems of a completely
different nature (acoustics, seismic sciences, structural modeling and other applica-
tions where eigenvalue continuation might be of interest) without resolving to very
problem-specific approaches such as analyzing the inherently complex structure of
the S-matrix.

This approach is also much closer to the methods used in the study of dynamical
systems. Knowledge about stability of solutions and characteristics of bifurcating
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Figure 8.1: Overview of a part of the spectrum of the discretized version of (8.17) (D1)
and (8.31) (D2) for a square well potential. First excited state makes the transition
from a bound state (k ∈ iR) into the resonant regime in the lower half of the complex
plane passing through the branch point k =−i .

branches are already well-studied in this area and could provide significantly more
insight in the study of the Schrödinger equation as a dynamical system.

From the point of view of computational complexity this method is potentially
much cheaper as the Jacobian matrix is known explicitly and the function evaluation
is a sparse matrix-vector multiplication.
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Figure 8.2: Views of the bound & resonant trajectories of the first excited state in
the square well example obtained with continuation of Siegert states. Continuation
starting points are indicated. Branch point −ı was not detected by AUTO using
both discretization methods. Full (physical) and dashed (non-physical) lines are
states obtained with discretization method 2 and they coincide with analytical
solutions. Dotted curves were obtained with method 1 and show discrepance from
the expected values in the lower part of the resonant regime.



CHAPTER 9
Contributions & conclusions

Right now it’s only a notion, but I think I can get the money to make it
into a concept, and later turn it into an idea.
— Woody Allen

The goal of this dissertation is providing first steps towards robust and efficient
methods for the study of parameter dependence of bound and resonant solutions
of the Schrödinger equation. This is achieved through the use of numerical con-
tinuation methods which, although prominent in numerical studies of dynamical
systems, have not been used in the context of the Schrödinger equation yet. The
knowledge of the aforementioned parameter dependence can be used, for instance,
to automatically create potential energy surfaces used in the study of atomic, molec-
ular and nuclear interactions; or any other physical system where construction of
potential energy surfaces plays a role.

The contributions this work hopes to achieve to the field of computational
quantum chemistry and physics are the following.

• It has been shown that numerical continuation methods can be used for the
efficient and automated construction of resonant pole trajectories in model
problems in quantum mechanical scattering.

The application of numerical continuation to such systems is not without
difficulties. For example, the necessary smoothness conditions required for
successful Newton iterations are not satisfied when a naive approach is used.
A transformation that guarantees smoothness to some extent is introduced
and shown to work for model problems of increasing complexity.

Starting from the single-channel radial Schrödinger equation, extending to
coupled-channel equations without and with energy separation, through
coupled-channel problems originating from 2D models and ultimately, asymp-
totically reduced 2D models have been studied.

• The gain in efficiency is twofold: numerical continuation techniques such
as pseudo arc-length continuation minimize the amount of necessary calcu-
lations and provide robust detection and following of complex bifurcating
branches.
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In numerical studies of quantum mechanical resonance trajectories it is still
common practice to construct such solution paths manually by tweaking
input parameters and recomputing the resonance energies. The approach
presented in this dissertation constructs these solution curves automatically,
which reduces the need to repeat calculations for ranges of parameters and
eliminates the error-prone, brute-force, manual search for special solutions.

Numerical continuation methods have an extensive track-record in the nu-
merical study of complicated dynamical systems. Therefore “features” such as
adaptive refinement of the continuation step length to increase detail where
needed and reduce computational effort where possible, are available in state-
of-the-art implementations.

• Two fundamentally different approaches to formulate the problem of finding
resonances and bound states have been investigated. The largest part of this
work focuses on the extraction of the S-matrix as a means of identifying bound
and resonant solutions. This is in accordance with most of the literature on
quantum mechanical resonances. An alternative approach at identifying these
states adapts Siegert boundary conditions and uses the full state information
for the continuation process.

• A commonly used method for calculating resonance energies is exterior com-
plex scaling (ECS). Generally, the energies obtained for bound and resonant
states through this method coincide with the approach that uses S-matrix
poles. However, when numerical continuation is applied, the important re-
gion of transition between bound and resonant states can not be resolved in
full detail when ECS is used. The methods presented in this dissertation that
use S-matrix poles are able to calculate these transitions correctly.

• The appearance of numerical “issues” has been studied in the approach based
on S-matrix poles and models to predict those issues are constructed. These
numerical properties limit the region of application of numerical continuation
since the function used for continuation becomes dominated by exponential
components related to, among others, the order of discretization.

• In all numerical studies presented in this work a great deal of effort was put
in the efficient implementation of the algorithms. State-of-the-art computer
code for numerical continuation was used through publicly available libraries
AUTO and Trilinos/LOCA. The former provides facilities for automatic branch
switching while the latter includes efficient, convenient and modular routines
for various numerical methods.



CHAPTER 10
Future research & outlook

If you want to make God laugh, tell him about your plans.
— Woody Allen

The ultimate goal of the research summarized in this thesis, as mentioned in the
introduction, is the study of efficient methods that will allow fully automated con-
struction bound and resonant trajectories for a realistic chemical reaction. The first
steps towards proving numerical continuation useful for this purpose have been
taken. Naturally, a list of open questions and possible directions for future research
arises.

• Since many realistic problems involve potentials with Coulombic interaction,
a study of such models would be a very natural and relevant extension of
the work. First steps towards the study of these long-range systems were
attempted but issues with already scarcely available computer codes for prop-
erly normalized Coulomb functions for complex arguments suggested setting
priorities elsewhere at that time.

• A numerically more robust procedure for calculating the S-matrix would be
desirable, guided by a thorough study of the numerical limitations pointed
out in chapter 3.

• Adaptation of Siegert states for higher angular momenta and coupled channels
should pose no problems. In contrast, extension to more dimensional systems
still remains an open question. A viable alternative for systems with more
degrees of freedom might be the continuation of eigenvalues obtained with
the exterior complex scaling method, taking into account the limited ability of
ECS to track bound/resonant state transitions in full detail.

• A scalable approach for identifying resonances in higer dimensional systems
through the use of a surface integral around the domain of interaction would
allow tackling more realistic quantum systems.

• This work focuses on the use of direct solvers for the scattering equation. Effi-
cient iterative methods to solve the Helmholtz and Schrödinger equation are
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still an ongoing and active research topic. If the application of such methods
becomes feasible, it will be interesting to integrate those in the continuation
process. In such an approach it would be beneficial to use the full state in-
formation to predict solutions on the solution curve, similarly to methods
detailed in chapter 8.

• A more in-depth study of the time-dependent Schrödinger equation as a
dynamical system will bring more insight in the associated dynamics and
open new possible approaches and applications.

• A more detailed study of the efficiency of the proposed methods would be
interesting, especially with scalability to high-dimensional systems in mind.

• In the introduction of this dissertation the e−+CO2 reaction is used as an
example of relevant parameter dependence studies of resonances. The origi-
nal publication [6] studies resonance energies as a function of two variable
coordinates: the strech coordinate and the bending angle of O−C−O. Re-
cently developed methods for multi-parameter continuation implemented in
codes such as Multifario [46] would allow the construction of potential energy
surfaces in similar reactions that take multiple parameters into account.

• The computer code used to generate results in this work should be bundled,
documented and made publicly available to allow researchers interested in
resonant energy trajectories, yet without extensive technical background in
the numerical methods involved, to experiment with the systems they have
interest in.

• Since some of the presented methodologies (e.g. chapter 8) have a very wide
applicability in unrelated fields, the application of analogous methods in,
for instance, acoustics, structural design and seismic research would be an
interesting idea for related work.



APPENDIX A
Notations and remarks

The saddest aspect of life right now is that science gathers knowledge
faster than society gathers wisdom.
— Isaac Asimov

The mathematical notations used in the chapters of this work that were originally
published are unaltered with respect to their original appearance in literature. There-
fore perfect notational consistency might not be guaranteed across the chapters.

Quite often in this work figures representing complex functions f :C→C : z 7→
f (z) are shown and visualizing such functions can be a difficult task. This work
adapts a method described in [77] where arg( f (z)) is transformed to a color value
and | f (z)| is represented by brightness.

The advantage of this representation is that poles, zeros and their multiplicity
are relatively easy to notice. Possible branch cuts are easy to spot as well.

Since the absolute value of the functions used in this thesis often has a high
dynamic range, some rescaling might be applied to enhance the presentation of
functions with both exponentially growing and decaying parts. See figure A.1 for an
example plot of the function

f (z) = (z2 −1)(z + ı)2

z − ı
. (A.1)
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Figure A.1: The function (A.1) in the complex plane has two zeros (±1) with mul-
tiplicity 1, one zero (−ı) with multiplicity 2 and a single pole at ı . Note that the
argument “turns” twice around the zero with double multiplicity. The absolute value
is rescaled to 4

√| f (z)|.



APPENDIX B
Basic notions of the
Born-Oppenheimer

approximation
No man should escape our universities
without knowing how little he knows.
— J. Robert Oppenheimer

Solving the time-independent Schrödinger equation in the full space of all system’s
coordinates can be a task of biblic proportions, especially in the case of polyatomic
reactions where the number of degrees of freedom grows very rapidly. Since the
beginning of quantum mechanics numerous assumptions, simplifications, and
factorizations were developed to simplify the original equation into forms that are
more advatangeous from the point of view of computational requirements. These
approximations are often quite problem-specific. For example: if the potential
has spherical symmetry, a three-dimensional problem can be simplified to a radial
equation.

For the study of complex atomic, molecular and nuclear systems a widely ac-
cepted and used methodology is the Born-Oppenheimer approximation. This ap-
proach separates the behavior of a system in two parts: the interaction of electrons,
which are considered as relatively light particles; and the interaction of nuclei,
whose mass is orders of magnitude higher than electronic mass. In particular, this
significant difference in mass is the main reason why the Born-Oppenheimer ap-
proximation is so successful at describing many reactions with a relatively high
accuracy.

• The study usually starts with the calculation of the potential energy sur-
face (PES): for every arrangement (or geometry) of the heavy nuclei, an equa-
tion describing the behavior of the surrounding electrons is solved. The results
of these calculations describe how the interaction between the nuclei in the
system is influenced by the interplay between surrounding electrons. This

135



136 APPENDIX B. BASICS OF THE BORN-OPPENHEIMER APPROXIMATION

information, augmented with the mostly repulsive interaction between the
nuclei results in the potential energy surface.

• In a second step the reaction itself can be studied. The previously calculated
PES can be considered as the “playground” of the reaction. External forces
can now be applied and the system transforms according to the “rules” of its
potential energy surface. I.e.: the dynamics of the nuclei is solved, taking into
account the pre-calculated electronic interaction.

This approximation successfully reduces the total number of degrees of freedom,
which limits the number of dimensions of the equations that describe the dynamics.

Taking a more structured and mathematical approach we are presented with a
time-independent Schrödinger equation in the full coordinate space

H(r ,R)ψ(r ,R) = Eψ(r ,R), (B.1)

where the spacial coordinate is explicitly separated in electronic (r ) and nuclear (R)
coordinates. The Hamiltonian operator in equation (B.1) can also be separated in
electronic and nuclear parts coupled by the electron-nuclear potential VeN

H(r ,R) = Te (r )+Ve (r )︸ ︷︷ ︸
electronic

+ TN (R)+VN (R)︸ ︷︷ ︸
nuclear

+ VeN (r ,R). (B.2)

It is now assumed that the total wave function can be written as a product

ψ(r ,R) = ψ(r ;R)χ(R), (B.3)

with ψ(r ;R) a solution of the electronic equation

(Te +Ve +VeN )ψ(r ;R) = E(R)ψ(r ;R), (B.4)

for a fixed nuclear arrangement R.
Substituting assumption (B.3) in equation (B.1) gives

(TN +VN +E(R)+ε)χ(R) = Eχ(R), (B.5)

where ε houses two terms that are proportional to the mass ratio of electrons to
nuclei to some power, see [1]. The Born-Oppenheimer approximation is based on
the assumption that ε is negligible; i.e. the mass of electrons is much smaller than
the mass of the nuclei.

Summarizing, the two steps in the Born-Oppenheimer procedure are:

• Solve the electronic equation (B.4) for every fixed nuclear arrangement R . The
result E(R) together with VN (R) is the potential energy surface.

• Solve the nuclear equation (B.5) with VN (R)+E(R) as the effective potential.
The final solution can be obtained through (B.3).

Although the total cost of computation is greatly reduced using this approxi-
mation, still one major time-consuming process must take place: The electronic
equation needs to be solved for every nuclear arrangement R. The electronic equa-
tion can be reformulated such that the coordinate R becomes a parameter of the
potential. This example illustrates how the parameter dependence of bound and
resonant energies E(R) appears in such systems.



APPENDIX C
Special functions reference

Origin, conventions and some interesting properties of the various special
functions used throughout the preceding chapters.

C.1 Introduction

Throughout all chapters of this work well-known special functions such as the
spherical Bessel functions are being used extensively. Depending on the applications,
these functions might use different normalizations, different constants and different
variants. Therefore the use of uniform and consistent definitions of those functions
is crucial. This chapter summarizes the conventions used for the different special
functions. Some interesting identities are pointed out as well.

Following [78], we start with Bessel’s equation:

x2U ′′+xU ′+
(

x2 −
(
l + 1

2

)2)
U = 0, (C.1)

which can be easily obtained from the radial time-independent Schrödinger equa-
tion:

− d 2u

dr 2 + l (l +1)

r 2 u = k2u, (C.2)

by dividing by k2, setting x = kr and substituting U (x) = 1p
x

u(x).

Particular solutions of this equation are:

• Spherical Bessel functions of the first kind. Sometimes just called spherical
Bessel functions

jn(x) =
√

π

2x
Jn+ 1

2
(x). (C.3)

These are regular functions in the sense that they do not exhibit singular
behavior in the origin.

• Spherical Bessel functions of the second kind. Also called spherical Neumann
functions

nn(x) =
√

π

2x
Nn+ 1

2
(x) = (−1)n+1

√
π

2x
J−(n+ 1

2 )(x), (C.4)
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which are singular at the origin ([51] uses Yn+ 1
2

(x) instead of Nn+ 1
2

(x)).

• Spherical Bessel functions of the third kind, also known as spherical Hankel
functions

h(1)
n (x) =

√
π

2x
H (1)

n+ 1
2

= jn(x)+ i nn(x) (C.5)

h(2)
n (x) =

√
π

2x
H (2)

n+ 1
2

= jn(x)− i nn(x). (C.6)

All these functions might be used in different variants. Two of those are summarized
in the following sections.

C.2 Spherical Bessel functions (of the first kind)

The used conventions are taken from [27].

C.2.1 Standard variant

Defined using Bessel functions of the first kind Jν(x) as

jn(x) =
√

π

2x
Jn+ 1

2
(x). (C.7)

The general form (Raleigh’s formula) reads

jn(x) = (−x)n
(

1

x

d

dx

)n sin x

x
. (C.8)

The first 4 functions are

j0(x) = sin x

x
j1(x) = sin x

x2 − cos x

x
(C.9)

j2(x) =
(

3

x3 − 1

x

)
sin x − 3

x2 cos x j3(x) =
(

15

x4 − 6

x2

)
sin x −

(
15

x3 − 1

x

)
cos x. (C.10)

C.2.2 Riccati variant

This variant is commonly used in this work and defined as

ĵn(x) = x jn(x). (C.11)

The first 4 functions are

ĵ0(x) = sin x ĵ1(x) = sin x

x
−cos x (C.12)

ĵ2(x) =
(

3

x2 −1

)
sin x − 3

x
cos x ĵ3(x) =

(
15

x3 − 6

x

)
sin x −

(
15

x2 −1

)
cos x. (C.13)
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C.2.3 Approximation close to the origin

For small values of x, [27, 17] provide the following polynomial approximation of
jn(x):

jn(x) ≈ xn

(2n +1)!!
= 2nn!

(2n +1)!
xn . (C.14)

Trivially, this translates to the Riccati variant:

ĵn(x) ≈ xn+1

(2n +1)!!
= 2nn!

(2n +1)!
xn+1. (C.15)

C.2.4 Asymptotic form (x →∞)

For big values of x we find in [51] that:

Jl (x) →
√

2

πx
cos

(
x − lπ

2
− π

4

)
. (C.16)

This can be used to obtain the asymptotic form of jl (x) and ĵl (x):

jl (x) →
√

π

2x

√
2

πx
cos

(
x − (l +1/2)π

2
− π

4

)
(C.17)

= 1

x
cos

(
x − lπ

2
− π

2

)
(C.18)

= 1

x

[
cos

(
x − lπ

2

)
cos

(−π
2

)
− sin

(
x − lπ

2

)
sin

(−π
2

)]
(C.19)

= 1

x
sin

(
x − lπ

2

)
. (C.20)

It now follows that:

ĵl (x) → sin

(
x − lπ

2

)
. (C.21)

These formula can also be found in [17] (B.33a).

C.3 Spherical Bessel functions of the second kind (Spherical
Neumann functions)

The used conventions are taken from [27].

C.3.1 Standard variant

Defined as:

nn(x) =
√

π

2x
Nn+ 1

2
(x) = (−1)n+1

√
π

2x
J−(n+ 1

2 )(x). (C.22)

The general form (Raleigh’s formula) reads

nn(x) =− (−x)n
(

1

x

d

dx

)n cos x

x
. (C.23)
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The first 4 functions are

n0(x) =−cos x

x
n1(x) =−cos x

x2 − sin x

x
(C.24)

n2(x) =−
(

3

x3 − 1

x

)
cos x − 3

x2 sin x n3(x) =−
(

15

x4 − 6

x2

)
cos x −

(
15

x3 − 1

x

)
sin x.

(C.25)

C.3.2 Riccati variant

This variant is commonly used in this work and defined as

n̂n(x) = xnn(x) (C.26)

The first 4 functions are

n̂0(x) =−cos x n̂1(x) =−cos x

x
− sin x (C.27)

n̂2(x) =−
(

3

x2 −1

)
cos x − 3

x
sin x n̂3(x) =−

(
15

x3 − 6

x

)
cos x −

(
15

x2 −1

)
sin x. (C.28)

C.3.3 Approximation close to the origin

For small values of x, [27, 17] provide the following polynomial approximation of
nn(x):

nn(x) ≈− (2n −1)!!
xn+1 =− (2n)!

xn+12nn!
. (C.29)

Trivially, this translates to the Riccati variant:

n̂n(x) ≈− (2n −1)!!
xn =− (2n)!

xn2nn!
. (C.30)

C.3.4 Asymptotic form (x →∞)

For big values of x we find in [51] that:

Yl (x) →
√

2

πx
sin

(
x − lπ

2
− π

4

)
. (C.31)

This can be used to obtain the asymptotic form of nl (x) and n̂l (x):

nl (x) →
√

π

2x

√
2

πx
sin

(
x − (l +1/2)π

2
− π

4

)
(C.32)

= 1

x
sin

(
x − lπ

2
− π

2

)
(C.33)

= 1

x

[
sin

(
x − lπ

2

)
cos

(−π
2

)
+cos

(
x − lπ

2

)
sin

(−π
2

)]
(C.34)

=− 1

x
cos

(
x − lπ

2

)
. (C.35)

It now follows that:

n̂l (x) →−cos

(
x − lπ

2

)
. (C.36)

These formula can also be found in [17] (B.33b).
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C.4 Spherical Bessel functions of the third kind (Spherical
Hankel functions)

C.4.1 Standard

As stated before, the standard definitions give

h(1)
n (x) =

√
π

2x
H (1)

n+ 1
2

= jn(x)+ i nn(x) (C.37)

h(2)
n (x) =

√
π

2x
H (2)

n+ 1
2

= jn(x)− i nn(x). (C.38)

The first 3 functions are

h(1)
0 (x) =− i

x
e i x h(2)

0 (x) = i

x
e−i x (C.39)

h(1)
1 (x) =

(
− i

x2 − 1

x

)
e i x h(2)

1 (x) =
(

i

x2 − 1

x

)
e−i x (C.40)

h(1)
2 (x) =

(
i

x
− 3

x2 − 3i

x3

)
e i x h(2)

2 (x) =
(
− i

x
− 3

x2 + 3i

x3

)
e−i x . (C.41)

C.4.2 Riccati variant

Often one can come across this variant (which will not be used in this work)

ĥ(1)
n (x) = xh(1)

n (x) ĥ(2)
n (x) = xh(2)

n (x) (C.42)

ĥ(1)
0 (x) =−i e i x ĥ(2)

0 (x) = i e−i x (C.43)

ĥ(1)
1 (x) =

(
− i

x
−1

)
e i x ĥ(2)

1 (x) =
(

i

x
−1

)
e−i x (C.44)

ĥ(1)
2 (x) =

(
i − 3

x
− 3i

x2

)
e i x ĥ(2)

2 (x) =
(
−i − 3

x
+ 3i

x2

)
e−i x (C.45)

C.4.3 Riccati variant (bis)

[28, 4] uses the following variant of the Riccati-Hankel functions that differs from
the above by an imaginary unit

ĥ+
n (x) = i ĥ(1)

n (x) = i ĵl (x)− n̂l (x) (C.46)

and
ĥ−

n (x) = −i ĥ(2)
n (x) = −i ĵl (x)− n̂l (x) (C.47)

This gives:

ĥ+
0 (x) = e i x ĥ−

0 (x) = e−i x (C.48)

ĥ+
1 (x) =

(
1

x
− i

)
e i x ĥ−

1 (x) =
(

1

x
+ i

)
e−i x (C.49)

ĥ+
2 (x) =

(
3

x2 − 3i

x
−1

)
e i x ĥ−

2 (x) =
(

3

x2 + 3i

x
−1

)
e−i x (C.50)
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In particular ĥ+
l and ĥ−

l are used to represent outgoing resp. incoming partial waves.
For consistency, this work refers to these functions wherever spherical Riccati-
Hankel functions are mentioned.

Remark: A yet another convention is used in [3], which is often cited in this work.
There, spherical Riccati-Hankel functions are w+

l (x) = e iπ(l+1)
(
n̂l (x)− i ĵl (x)

)
. Fortu-

nately this does not introduce any complications in our derivations.

C.4.4 Asymptotic form (x →∞)

From the definition of the spherical Hankel functions and the asymptotic forms of
jl (x) and nl (x) we can conclude:

h(1)
l (x) = jl (x)+ i nl (x) h(2)

l (x) = jl (x)− i nl (x) (C.51)

→ 1

x

[
sin

(
x − lπ

2

)
− i cos

(
x − lπ

2

)]
→ 1

x

[
sin

(
x − lπ

2

)
+ i cos

(
x − lπ

2

)]
(C.52)

= −i

x
e i (x− lπ

2 ) = i

x
e−i (x− lπ

2 ). (C.53)

Riccati variant gives

ĥ(1)
l (x) →−i e i (x− lπ

2 ) ĥ(2)
l (x) → i e−i (x− lπ

2 ), (C.54)

whereas Riccati variant (bis) gives

h+
l (x) → 1

x
e i (x− lπ

2 ) h−
l (x) → 1

x
e−i (x− lπ

2 ) (C.55)

ĥ+
l (x) → e i (x− lπ

2 ) ĥ−
l (x) → e−i (x− lπ

2 ) (C.56)

C.4.5 Derivatives

According to Mathworld1 the derivatives of h(1)
n (x) and h(2)

n (x) are given by two
identical formulas:

d

d x
h(1)

n (x) = 1

2

(
h(1)

n−1(x)− h(1)
n (x)+xh(1)

n+1(x)

x

)
(C.57)

d

d x
h(2)

n (x) = 1

2

(
h(2)

n−1(x)− h(2)
n (x)+xh(2)

n+1(x)

x

)
. (C.58)

Since we know that

ĥ+
n (x) = i xh(1)

n (x), (C.59)

and

ĥ−
n (x) =−i xh(2)

n (x), (C.60)

1http://mathworld.wolfram.com/SphericalHankelFunctionoftheFirstKind.html
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it follows that

d

d x
ĥ+

n (x) = i
d

d x

(
xh(1)

n (x)
)

(C.61)

= i

(
h(1)

n (x)+ x

2

(
h(1)

n−1(x)− h(1)
n (x)+xh(1)

n+1(x)

x

))
(C.62)

= i

(
x

2
h(1)

n−1(x)+ 1

2
h(1)

n (x)− x

2
h(1)

n+1(x)

)
(C.63)

= 1

2

(
i xh(1)

n−1(x)+ i h(1)
n (x)− i xh(1)

n+1(x)
)

(C.64)

= 1

2

(
ĥ+

n−1(x)+ 1

x
ĥ+

n (x)− ĥ+
n+1(x)

)
, (C.65)

and
d

d x
ĥ−

n (x) = 1

2

(
ĥ−

n−1(x)+ 1

x
ĥ−

n (x)− ĥ−
n+1(x)

)
(C.66)

C.4.6 Wronskians

Wronskians involving spherical Riccati-Hankel functions are used quite extensively
in many derivations involving the extraction of the S-matrix from numerically ob-
tained wave functions and have the following important properties.

According to [51] eq. (10.1.7) we know that (for l ∈N):

W
(
h(1)

l (x),h(2)
l (x)

)
= −2i

x2 . (C.67)

Since ĥ+
l (x) = i xh(1)

l (x) and ĥ−
l (x) =−i xh(2)

l (x), we deduce

W
(
ĥ+

l (x), ĥ−
l (x)

)=−W
(
xh(1)

l (x),−xh(2)
l (x)

)
(C.68)

=−
(
−xh(1)

l (x)
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l (x)
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+ d

d x

(
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l (x)
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(C.69)

=−
(
−xh(1)

l h(2)
l −x2h(1)

l

d

d x
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l +xh(1)
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l +x2 d

d x
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(C.70)

= x2
(
h(1)

l (x)
d

d x
h(2)

l (x)− d

d x
h(1)

l (x)h(2)
l (x)

)
(C.71)

= x2W
(
h(1)

l (x),h(2)
l (x)

)
(C.72)

=−2i . (C.73)

Frequently one considers the functions ĥ±
l (kx) with k ∈C constant. The previous

Wronskian is then often used and looks like2

W
(
ĥ+

l (kx), ĥ−
l (kx)

)=−2i k. (C.74)

2Wronskians are n-multilinear maps.
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C.5 Implementation

The spherical functions summarized in this chapter are used in the numerical
implementation of the methods in this work. Evaluation of these functions for
complex arguments is required since complex energies are used extensively. Several
suitable implementations of these functions for complex arguments are available
in computer codes. Our code uses the implementation (including derivatives)
that can be found in the SLATEC Common Mathematical Library [79] available
at http://www.netlib.org/slatec.

http://www.netlib.org/slatec
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