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Vortex charges in high-temperature superconductor �HTS� are studied by solving the Bogoliubov–de Gennes
equations based on a model Hamiltonian with antiferromagnetic �AF� and d-wave orders in the presence of the
long-range Coulomb repulsion. For a sufficient strength of the AF order, the negative vortex charge is found.
A sign change between negative and positive may occur by tuning the long-range Coulomb repulsion strength
or the doping parameter. Recent NMR experiments are hopefully understood. We show that the charged vortex
can induce a spin-orbit coupling that is important for superconductors with a short coherence length and a large
value of the energy gap over the Fermi-level ratio. Fractional flux quanta are possible for HTS.
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I. INTRODUCTION

The vortex charge in type-II superconductors has attracted
considerable attention.1–9 In the framework of the BCS
theory, one can show that for an s-wave superconductor the
vortex charge is proportional to the derivative of the density
of states at the Fermi level. In particular, by using the BCS
expression for the transition temperature Tc, the sign of the
vortex charge may be expressed as: sgn�� ln Tc /���. How-
ever, the results of the NMR measurements9 on slightly over-
doped YBa2Cu3O7 �YBCO� and on underdoped YBa2Cu4O8
high-temperature superconductors �HTS� seemed, regarding
the sign and the order of amplitude of the vortex charge, to
be inconsistent with those predicted from the existing BCS
theory. Chen et al.10 suggested that the competition of anti-
ferromagnetic �AF� order with d-wave superconducting or-
der �DSC� may vary the sign of the vortex charge. A negative
vortex charge is predicted for the slightly overdoped sample,
consistent with the NMR measurements.9 However, the
problem remains unresolved for the underdoped case where
the experiment9 tested a positively charged core, whereas the
theory10 yielded the “electron-rich” one. In view of this dis-
crepancy, together with the fact that vortex cores will charge
up due to the Coulomb interaction between conducting elec-
trons for superconductors having a small value of kF�—as
commonly observed in a neutral superfluid system, where kF
is the Fermi wave vector and � is the superconducting coher-
ence length—we introduce the long-range Coulomb repul-
sion in the effective model Hamiltonian for HTS with com-
peting DSC and spin-density wave �SDW� orders.11–15

We investigate the effect of the long-range Coulomb re-
pulsion on the AF order and on the vortex charge. We show,
via the fully self-consistent solution of the model, that the
long-range Coulomb interaction competing with the AF or-
der by expelling electrons out of the vortex core may lead to
a sign change in the vortex charge from negative to positive
even through the on-site repulsion U, that is assumed to re-
spond for the AF-like spin-density wave order, remains large.
The NMR experiments9 are, regarding both the vortex charge
sign and the order of amplitude, hopefully understood when
appropriate model parameters had been used. We emphasize

that the charge accumulation around a vortex core is found to
be 0.1e, which is 3–5 orders larger than that for a typical
type-II metallic superconductor.5,6 Such a large charge accu-
mulation should lead to a strong electrostatic field that would
generate a spin-orbit �SO� coupling. An additional geometric
phase appears in connection with the SO term. Consequently,
the measurable flux carried by the vortex is expected to be
fractional �in units of the flux quanta �0=hc /2e� for HTS.
This may shed light on the long-standing conjecture of time-
reversal symmetry breaking—a state that may relate to the
fractional flux quanta16 and help our understanding about the
high-Tc superconductivity.

II. MODEL

We consider a two-dimensional lattice representing a
YBCO superconductor with M =Mx�My magnetic units.
Each magnetic unit has a linear dimension of N= �Nx�Ny�.
The effective Hamiltonian with competing AF and d-wave
superconducting orders in the presence of a long-range Cou-
lomb interaction is given by

H = − �
i,j,�

tij,�ci�
† cj� + �

i,�
�U�ni�̄� − ��ci�

† ci�

+ �
�i,j�

��ijci↑
† cj↓

† + H.c.� + �
i,�

� Vc

2 �
2�	l−i		5

nl−n̄

	r�l−r�i	
ci�

† ci�
 ,

�1�

where ci�
† �ci�� creates �annihilates� an electron of spin index

� on the ith site, � is the chemical potential, and U is the
on-site repulsion that is assumed to generate an AF-like
SDW order �SDW=U�ci↑

† ci↑−ci↓
† ci↓�. The sum over i , j in the

hopping term includes both the nearest-neighboring and
next-nearest-neighboring �NNN� sites, whereas the pairing
attraction involves only the nearest-neighboring ones. As to
the long-range Coulomb term, the sum over l runs up to its
fifth-nearest neighboring for each ith site within the core
regime to account for the so-called Thomas-Fermi �TF�
screening effect.

The �M �N� dimensional problem can be reduced into the
N-dimensional one. Let us denote the translation vector be-
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tween two magnetic units as R� = �mNxa ,nNya�. Translation
operation on the pairing potential � and the quasiparticle
wave functions uk�,� and 
k�,� gives

T���r��� � ��r� + R� � → ei��r,R���r��

and

�uk�,�,vk�,��r�+R� → eik�·R��ei�/2uk�,��r��,e−i�/2vk�,��r���

with the phase accumulation ��r� ,R� �=2�A� �r�� ·R� /�0−4mn�.
This sets the self-consistent and the periodic boundary con-
ditions for �, u�

�k�, and v�
�k� that reduce the initial problem

to an N-dimensional one.17 We then diagonalize Hamiltonian
�1� by solving the Bogoliubov–de Gennes �BdG� Equation
�2� within one magnetic unit.

�
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The self-consistent conditions are given by: �ij
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wave-function vectors denoted as ui
n= �ui,↑

n ,−vi,↑
n*� and vi

n

= �vi,↓
n ,u

i,↓
n*�, where f�E�=1 / �e�E+1� is the Fermi distribution

function. Vd is the coupling strength. The DSC order param-
eter is defined as �i

D= ��i+ex,i
D +�i−ex,i

D −�i,i+ey

D −�i,i−ey

D � /4 with

�ij
D=�ij exp�i �

�0
�r�i

�r�i+r�j�/2A� ·dr�� and ex,y the unit vector along
the �x ,y� direction. The vortex charge density �in units of
−	e	� is ni= �ci↑

† ci↑+ci↓
† ci↓�= �ni↑�+ �ni↓�. The averaged charge

density is n̄=�i��ci�
† ci�� /N.

In our calculations, the distance is measured in units of
the lattice constant a and the energy in the nearest-neighbor
hopping integral parameter t0. We took the values of U from
1.5 up to 6 such that a reasonable description to the low-
lying quasiparticle states can be expected.18 In addition, un-
like the extreme limits of U /Vd�1 or U /Vd�1 where either
a pure DSC or the SDW states are present, the coexistence of
the SDW and DSC orders is expected for the intermediate
value of U /Vd. For the concentration, we set Vd=1.25 and
the ratio of U to Vd varies in the range of �1.2–2.0�. In the

presence of a magnetic field h� =��A� the hopping integral

can be expressed as tij = t̄ exp�i e
�c�r�j

r�iA� ·dr��. The average field
was estimated as B�25 T ��Hc1�, assuming each magnetic
unit of dimension Nx�Ny =48�24 contains two supercon-
ducting flux quanta �0=hc /2e. We neglect the supercurrent

effect and choose a symmetric gauge A� = 1
2 �−By ,Bx ,0�. The

next-nearest-neighbor hopping t�=−0.20 was selected to
yield a reasonable magnitude of the DSC order parameter.
We report on the results for Vc=e2 / �2�ea

2� in the range of
�0�0.35�, which corresponds to a static dielectric constant
from �e→� to �e�15.19

III. RESULTS AND DISCUSSIONS

We first discuss the effect of the on-site repulsion U with-
out including the long-range Coulomb interaction. For small
U �=1.6� the staggered magnetization Mi= �−1�i�ni↑−ni↓� is
found in the order of 10−3 �Fig. 1�a�� and a pure DSC order
with fourfold symmetry �not shown� has been obtained. The
vortex core is positively charged, as shown in Fig. 1�b�. In
this case, the HTS may be treated as a system with two
electronic subsystems: One of which is superconducting and
the other with the core size in the order of coherence length
remains normal. A chemical-potential difference is present
between these subsystems, which drives the electrons outside
from the core, resulting in a positively charged core. On the
contrary, for a large U �=2.2� the AF order inside the vortex
core becomes significant �Fig. 1�c��, which—competing with
the DSC order through expulsion of the holes from outside
the vortex core—leads to a negative vortex charge �Fig.
1�d��. Hence, the vortex core will be negatively charged for a
slightly overdoped HTS where the AF and DSC orders
coexist,20 whereas positive core charges are expected for
highly overdoped samples where the AF order vanishes
�inconsistent with the experiments and previous theoretical
works�.

We now investigate the influence of the long-range Cou-
lomb interaction on the vortex charge. We consider an AF-
like core by fixing the on-site repulsion strength U=2.2. An
inclusion of the long-range Coulomb repulsion seems to
weaken the on-site repulsion effect. As shown in the expres-
sion below �Eq. �2�� an opposite sign, associated with these
two contributions to the Hartree term, is expected for an
AF-like core with a local charge density nl less than the
average density n̄. Qualitatively, the Coulomb interaction
would lead to somewhat a decline in the chemical potential
of an electronic system. This may be equivalent to an in-
crease in the doping concentration. The AF order then de-
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FIG. 1. �Color online� Spatial variations of the staggered mag-
netization Mi

s and the relative electron density �ni=ni− n̄ in a 24
�24 lattice. The left panels ��a� and �b�� and the right panels
��c� and �d�� are for U=1.6 and U=2.2, respectively. The average
electron density n̄=0.82.
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creases, as inferred from the phase diagram of the HTS sys-
tem. Indeed, the amplitude of both the core electron density
�Figs. 2�a�–2�c�� and the staggered magnetization �Figs.
2�d�–2�f�� or the SDW drops gradually with an increase in Vc
accompanied with sharp spatial variations moving forward
inside the core regime. We believe that it could be correlated
with the destructive interference effect in which the moment
of the spin induced by the on-site repulsion is screened by
the spins of the surrounding quasiparticles.21,22 This is the
analog to the vortex configuration transition from a stripe to
the checkerboard pattern by increasing the NNN hopping
strength. Actually, the resulting checkerboard pattern of the
charge ordering textures can be seen as a lattice of ferromag-
netic polarons or the “ferros” that reside at the intersections
of a crossed array of antiphase domain walls of the AF order
parameter. An increase in the NNN hopping strength seemed
to break more AF bonds and to have larger ferromagnetic
islands to accommodate the holes.23,24 With further increase
in Coulomb repulsion strength up to 0.335, the positively
charged core is observed �Fig. 3�b�� even though the stag-
gered magnetization or the core AF order remains large �Fig.
3�a��. We noticed that the DSC order magnitude �not shown�
is less than that for Vc=0, as expected. These calculations

indicate that the vortex charge sign change may occur by
tuning the long-range Coulomb interaction strength. It is im-
portant to realize that the effective static dielectric constant
increases with hole concentration � in HTS.19 One can then
select a large value of Vc for the underdoped sample, but a
small one for the overdoped one. Therefore, a sign change
from positive to negative is expected as the doping level
increases from the underdoped to the slightly overdoped re-
gime, while the on-site repulsion strength is kept constant.
Consequently, NMR experiments9 can be understood by in-
cluding the long-range Coulomb repulsion in the mean-field
model for a HTS with competing AF and DSC orders.

The charge accumulation around a vortex core was found
to be 0.1e by calculating an integral over the core regime as
presented in Fig. 1�d�, which �in the same order with the
experimental data�9 is several orders larger than that for a
typical type-II metallic superconductor.5,6 This can be under-
stood from basic physics arguments below. �Since there is a
lack of a common consensus about the microscopic theory
for high-Tc superconductivity, we presented our phenomeno-
logical arguments, as one usually does for a metallic super-
conductor.�

Consider the Sommerfeld free-electron model for a metal.
Temperature dependence of carrier density � at fixed chemi-
cal potential � can be expressed as25 ��T��n�0�
�1+ ��2 /8��KBT�2 /�2�. The carrier density increase due to a
finite temperature smearing the Fermi level is estimated in
the order of �����KBT�2�N��� /�� 	� /3. The transition of a
system to superconducting state or the opening of a gap � in
the spectrum yields an analogous smearing in the occupation
probability, leading to the density increase varying with � as
�n��2dN�E� /dE ln���D /KBTC�. Therefore, the chemical
potential increase reads,

���r�� = 1/N��F���N/�E�	�F
ln���D/KBTC��2�r��

= �d ln KBTC/d���2�r� .

�We have used the BCS expression KBTC���D exp
�−1 /N��F�V�.� For a superconductor in the clean limit, we
arrive at ��= ��2 /me�0

2��2 /�2�0
2��d ln KBTc /d ln �̃��2�r��,

where �̃ and �0 are the Fermi level and the energy gap at
zero temperature, respectively, and me is the electron mass. It
is then seen that the vortex charge effect would be enhanced
by 3–5 orders of magnitude over the conventional BCS su-
perconductor due to a short coherence length and a large
value of the energy gap over the Fermi-level ratio in HTS.
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FIG. 2. �Color online� The net vortex charge density �ni=ni

− n̄ and the staggered magnetization for the Coulomb expulsion
strength Vc=0 ��a� and �d��, 0.15 ��b� and �e��, and 0.25 ��c� and
�f��, respectively. The averaged electron density is n̄=0.865.
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FIG. 3. �Color online� �a� Spatial variation of the staggered magnetization Mi
s and �b� the contour plot of the vortex charge density for

the Coulomb expulsion strength Vc=0.335, in resemblance with that for U=1.6 �c�. A sign change in the core charge occurs in comparison
with those for weak Coulomb interaction strengths shown in Fig. 2.
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Such a large charge accumulation should lead to a strong
electrostatic field that would generate a SO coupling term.
An additional geometric phase appears in connection with
the SO term. Consequently, the measurable flux carried by a
vortex is expected to be fractional. This may shed light on
the long-standing conjecture of time-reversal symmetry
breaking—a state that may lead to the fractional flux quanta
in HTS. We address this issue below.

Charged vortices will induce an electrostatic electric field
that provides the necessary force for the circular motion of
quasiparticles and for a stable vortex structure. This field acts
on the quasiparticle of spin �� , mass m, and charge e adding

a SO coupling Ĥso to the Hamiltonian of the system.26 We
assume only the radial component of the electrostatic field Er
and the azimuthal component of the vector potential A�.
Thereby the third component of spin-orbit interaction is nec-
essarily to be included. This assumption is justified since our
model, together with the numerical results, is symmetry un-
der rotation. The SO term reduces to

Hso=−�e� /4m2c2�z� ·E� r�−i��−eA� /c��, with �z= � 1
0

0
−1 �.

Equation �2� will then be broken up into two independent
matrix equations due to the spin-orbit interaction: One is for

the spin-up electron and spin-down hole wave function �̂i,↑
��ui,↑ ,vi,↓� and the other �̂i,↓��ui,↓ ,vi,↑� is for the spin-
down electron and spin-up hole. Each matrix equation has

the same form, and we consider the �̂i,↑. We can prove26 that
the total magnetic flux �� that is quantized in units of the
superconducting flux quanta reads

�� = �
u.c. boundary

A� · dl� + ��q/e��
u.c. boundary

�E� r � dl�� · ẑ

� ��r� + �SO�r� , �3a�

where ��r� measures the magnetic flux penetrating into the
magnetic unit cell �u.c.�, whereas

�SO�r� � ��q/e��
u.c. boundary

�E� r � dl�� · ẑ

= ��q/e�� �
u.c. area

� · E� rds , �3b�

is the flux due to the SO interaction, where �q=e� /4mc.
Therefore, the AB-like magnetic flux ��r�� is quantized when
the SO flux �so is negligible, whereas a sufficiently large
contribution from the SO interaction would lead to a frac-
tional or noninteger magnetic flux ��r��. Substituting Pois-

son’s equation � ·E� =−4�� into Eq. �3b�, we obtain

�SO = 2 · �k
a0� �n�r�;k�� − n̄�dxdy�e2/�c�2, �4�

in units of �0, where a0 is the Bohr radius and �e2 /hc�
=1 /137. The prefactor of two in expression �4� accounts for

contributions from both �̂i,↑ and �̂i,↓ states. Performing the
integral on the charge distribution in Fig. 1�d� and summing
over possible quasiparticle states of the wave vector k

=1,2 , . . . and M =24�48, we obtain �so�0.105�2�10−3,
indicating a noninteger AB-like flux quanta.

We want to stress that vortex charging is general and
should occur in any type-II superconductor in the mixed
state. Our prediction is, however, not in conflict with the flux
quantization in metallic superconductors. We have shown
that the vortex field magnitude is approximately of the order
of ��2 /�0�F�.27 Thus, the charged vortex effect is—in
particular—important in those materials having relatively
large value of �2 /�0�F, e.g., the HTS. Indeed, the core
charge accumulation is calculated in the order of 10−1e,
which is 3–5 orders larger than that for a typical metallic
superconductor.6 It follows from the above discussion that
the spin-orbit flux may be negligible for metallic supercon-
ductors rather than for high-temperature superconductors.
Although an exclusive conclusion needs further experimental
verification, the experiments that demonstrate the presence
of fractional vortices in d-wave superconductors seem to
support our arguments.28

We present a brief discussion about the experimental ob-
servation of the charged vortex effect. We suggest using the
ferromagnet/superconductor structure29 to probe the spin-
Hall effect30 on a nonmagnetic impurity doped HTS strip
Hall cross with its one branch in contact with a ferromag-
netic electrode. As temperature decreases below Tc, the im-
purity site captures a vortex core that may have a very sharp
charge profile. When a spin current is injected out of the
ferromagnetic electrode into one superconducting strip, the
vortex charge induced spin-orbit interaction may lead to
spin-down and spin-up separations. The polarized spins then
flow in both superconducting branches in opposite directions
under the action of the local electrochemical potential, result-
ing in an observable spin-Hall voltage.

IV. CONCLUSIONS

In summary, starting with a model Hamiltonian with com-
peting AF, d-wave superconducting orders, and long-range
Coulomb interaction for HTS, we show that the supercon-
ducting condensate leads essentially to a positive vortex
charge while the AF spin-density wave order favors to a
negatively charged core. The long-range Coulomb interac-
tion shows a mechanism for electron depletion inside the
AF-like vortex core by breaking the AF bonds and by gen-
erating the hole-rich ferros. A first-order transition from
negatively to positively charged vortices may occur by in-
creasing the long-range Coulomb repulsion strength even
though the core AF order remains intuitive. The NMR
measurements9 are well understood. We demonstrated also
that fractional AB flux quanta are expected for HTS where
the spin-orbit flux becomes significant because of a short
coherence length and the large value of the superconducting
gap over the Fermi-level ratio.

The long-range Coulomb interaction is important as
underdoped, or even slightly overdoped HTS materials are
“bad” metals. �Only the overdoped material may be treated
as a metal.� Numerous experimental observations such as
angular resolved photoemission spectra, NMR measure-
ments, scanning tunneling spectra, etc. provide strong evi-
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dences. Furthermore, on theoretical principles, Fetter �Ref.
31� investigated the screening effect in the metallic super-
conductors and showed that Thomas-Fermi �TF�-type screen-
ing is dominant. As is well known, however, the TF approxi-
mation is valid only in the long-wavelength limit since the
short wavelength part of the Coulomb interaction between
conduction electrons that has been shown to be more crucial
for superconductors having a short coherence length is com-
pletely neglected. Actually, Blatter et al.5 discussed the
screening effect with the TF approximation. They found that
it reduces the vortex charge by a factor of ��TF /��2, where
�TF and � are the Thomas-Fermi screening length and super-

conducting coherence length, respectively. It is then seen that
the TF screening effect would significantly reduce for a HTS
with a very short coherence length.
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