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We present calculations of single inclusive jet transverse momentum and energy spectra at forward 
rapidity (5.2 < y < 6.6) in proton-lead collisions with √sN N = 5.02 TeV. The predictions are obtained 
with the KaTie Monte Carlo event generator, which allows to calculate interactions within the High 
Energy Factorisation framework. The tree-level matrix element results are subsequently interfaced with 
the CASCADE Monte Carlo event generator to account for hadronisation. The effects of the saturation of 
the gluon density, leading to suppression of the cross section, are investigated.
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1. Introduction

The measurement of single inclusive forward jet production al-
lows to study various aspects of hadron–hadron scattering. Jets re-
sulting from a hard parton interaction are produced in the forward 
direction if the incoming partons have a large imbalance in their 
longitudinal momentum component inherited from the hadrons. 
Therefore, such processes are ideal to test theoretical approaches 
aimed at studying both high-x and low-x phenomena [1,2].

In particular, the saturation of gluons in hadrons is still one 
of the challenging problems in QCD and is a subject of intensive 
studies (see [3–8] and references therein). It is required by the the-
ory in order to guarantee unitarity of the QCD evolution equations, 
and follows from constraints on the rate of growth of the cross 
section as the energy of the collision increases. Microscopically, 
saturation is an outcome of the competition between gluon split-
ting and gluon recombination processes, and can be theoretically 
modelled by nonlinear QCD evolution equations [9–13]. For nu-
clei, the saturation scale is expected to grow with the third inverse 
power of the atomic number, which is why collisions between pro-
tons and lead nuclei are a more promising environment to look for 
saturation than proton–proton collisions. Phenomenological stud-
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ies of various processes suggest that saturation indeed occurs in 
nature [14–19,66].

In this paper, we present calculations of the differential cross 
section for the production of single inclusive jets as a function 
of transverse momentum and energy within the rapidity interval 
5.2 < y < 6.6 in proton-lead collisions at 

√
sN N = 5.02 TeV. The 

chosen rapidity range corresponds to the acceptance of the CASTOR 
calorimeter, installed only on one side of the nominal interaction 
point (−6.6 < η < −5.2) of the CMS experiment [20], which has 
collected proton–proton and proton-lead collision data at the LHC 
at various centre-of-mass energies. In our setup, the phase space 
is defined such that in proton-lead collisions the proton hosting 
the high-x initial state parton moves towards the negative rapid-
ity hemisphere, where the CASTOR detector resides. This allows to 
probe the structure of the lead ion, that moves away from CAS-
TOR and hosts a very low-x parton. All results are presented in 
the centre-of-mass frame and need to be boosted to the laboratory 
frame for comparisons with data measurements.

The spectra are calculated using High Energy Factorisation 
(HEF), extending this framework to allow for nonlinearities in one 
of the colliding hadrons [21,22]. In this approach, matrix elements 
for single inclusive jet production can be given at leading order as 
a 2 → 1 process, with one of the incoming partons being off-shell. 
This is in contrast to collinear factorisation, where the matrix el-
ement for the 2 → 1 process vanishes at leading order and, thus, 
one has to use matrix elements of higher order in αS to account 
for the finite transverse momentum of the jet.
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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2. Single inclusive jet production in High Energy Factorisation

The single inclusive jet production process can be schematically 
written as

A + B → a + b → jet + X (1)

where A and B are the colliding hadrons, each of which provides 
a parton, respectively a and b, and X corresponds to undetected 
real radiation. The beam remnants from the hadrons A and B are 
understood to be implicitly included in the above equation.

The longitudinal kinematic variables can be expressed as

x1 = 1√
sN N

pT e y, x2 = 1√
sN N

pT e−y, (2)

with sN N = (pA + pB)2 the total squared energy of the colliding nu-
cleons, while y and pT are the rapidity and transverse momentum 
of the leading final state jet, respectively.

The HEF1 formula applicable for the rapidity range that we ad-
dress in this paper reads [39]

dσ

dy dpT
= 1

2

π pT

(x1x2sN N)2

×
[∑

q(q̄)

|Mg∗q(q̄)→q(q̄)| 2
x1 fq(q̄)/A(x1,μ

2)F F
g∗/B(x2, p2

T,μ
2)

+ |Mg∗g→g|2 x1 gg/A(x1,μ
2)F A

g∗/B(x2, p2
T,μ

2))

]
,

(3)

where F F (A) is the unintegrated gluon density parametrising the 
target, which can be a proton or a lead nucleus, respectively in 
the fundamental and adjoint color representations. These functions 
depend on the longitudinal momentum fraction x, the transverse 
momentum pT and on some hard scale μ. The matrix elements 
squared respectively represent the scattering of an off-shell gluon 
with an on-shell quark and an off-shell gluon with an on-shell 
gluon, and are averaged over initial state helicities (indicated by 
the bar) and summed over final state helicities [40,41]. As input in 
the formula above we use the following unintegrated gluon densi-
ties:

• KS-linear, which is a solution of the momentum space ver-
sion of the extended BFKL equation [42–44] and, as such, 
does not include saturation effects. It is obtained following 
the Kwiecinski–Martin–Stasto (KMS) prescription [45]. The ex-
tended splitting function respectively reduces to the BFKL 
splitting function in the low z limit and to the DGLAP split-
ting function for strong ordering in transverse momentum. The 
prescription uses a specific kinematical constraint that limits 
the phase space for real gluon emission. This assures that vir-
tuality of the exchanged gluon is dominated by its transverse 
momentum. It also takes into account the contribution of split-
ting to quarks and effects from the running coupling strength. 
The gluon density is normalised to the number of nucleons.

• KS-nonlinear, which is a solution of the momentum space ver-
sion of the BK equation [9,10] with modifications according 
to the KMS prescription [46]. As such, it accounts for satura-
tion effects. The initial conditions of the equation are modified 

1 The formula is at leading order accuracy. There is ongoing activity to advance 
it to NLO level [23–25]. For a review see [26], and for recent applications of HEF 
framework to other processes see [27–38] and references therein.
to account for the difference between a proton and a nu-
cleus as explained in [19]. This gluon density is used for both 
color representations, to stay in HEF approximation. Similarly 
as above the gluon density is normalised to the number of nu-
cleons.

• KMRW-lead, obtained using the Kimber–Martin–Ryskin–Watt 
(KMRW) prescription. This is a gluon density obtained from a 
collinear gluon density by resumming virtual and soft emis-
sions via the Sudakov form factor [47,48]. The underlying 
parton density functions (PDF) from which we construct the 
transverse momentum dependent (TMD) PDF are the nPDFs 
obtained in [49,50].

As for the high-x parton, which is taken to be on the mass-shell, 
we use the CT10 collinear PDFs [51]. As already mentioned, in our 
calculations we take ymin = 5.2 and ymax = 6.6, which corresponds 
to the acceptance of the CASTOR calorimeter.

3. Numerical results

All samples used in this section are obtained with the KaTie 
Monte Carlo event generator, which can produce tree-level matrix 
element calculations in HEF [52]. In this particular case, gg∗ → g
and qg∗ → q processes at 

√
sNN = 5.02 TeV are generated with 

the initial gluon being off-shell. The minimum pT of the final-state 
jet is set to 1.4 GeV. The renormalisation and factorisation scale 
is set to be the transverse momentum of the final state jet. Fi-
nally, the aforementioned CT10 NLO is used as collinear PDF for 
the on-shell parton, and the specific KS-linear, KS-nonlinear and 
KMRW-lead unintegrated gluon PDFs for the off-shell parton. The 
resulting samples are analysed with Rivet [53] where the jets are 
clustered with FastJet [54] using the anti-kT algorithm with dis-
tance parameter equal to 0.5 [55]. To obtain the hadron level sam-
ples, the output from KaTie is fed to the CASCADE 2.4.13 Monte 
Carlo event generator [56] that employs an adopted version of the 
Lund string fragmentation model (as used in Pythia) to account for 
hadronisation.

3.1. Transverse momentum and energy spectra

The observable that conveniently reveals the partonic dynam-
ics in which we are interested is the inclusive jet transverse mo-
mentum spectrum: in particular, when the jet is produced in the 
forward direction, its pT has to be sufficiently small for it to po-
tentially carry information about the saturation phenomenon. In 
Fig. 1 (left) we plot the parton level cross section as a function 
of pT, while in Fig. 1 (right) it is presented as a function of the 
energy of the jet. Predictions obtained using KaTie with KS-linear, 
KS-nonlinear and KMRW-lead parton densities are compared. The 
result with the KS-nonlinear PDF is obtained when the nonlinear 
suppression term is multiplied by a parameter equal to 0.75. Since 
this is a free parameter that needs input from data, additional sce-
narios where the nonlinear suppression term is multiplied by 0.5 
and 1.0 are included as fine dotted curves in Fig. 1 (and all other 
following figures in the paper). Although this choice is arbitrary, 
it does indicate the sensitivity of the observable if the nonlin-
ear suppression is altered by ±33%. We see that, as expected, at 
lower pT and lower energy the saturation effects can be substan-
tial, since the KS-nonlinear result is suppressed as compared to 
KS-linear. In addition we see that KMRW-lead, which follows from 
DGLAP evolution equations and does not account for nonlinear ef-
fects during the evolution but accounts for nuclear shadowing [57], 
is very close to KS-linear. In Fig. 2 we add hadronisation effects 
by combining the output of KaTie with CASCADE (following meth-
ods developed in [58]), which leads to a significant decrease of 
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Fig. 1. Parton level predictions of KaTie for KS-linear, KS-nonlinear and KMRW-lead gluon densities. Differential jet cross sections as a function of jet pT (left) and energy 
(right) are presented for proton-lead interactions. The fine dotted lines represent the upper and lower uncertainty in the nonlinear suppression factor. (For interpretation of 
the colours in the figure(s), the reader is referred to the web version of this article.)

Fig. 2. Hadron level predictions of KaTie+CASCADE for KS-linear, KS-nonlinear and KMRW-lead gluon densities. Differential jet cross sections as a function of jet pT (left) and 
energy (right) are presented for proton-lead interactions. The fine dotted lines represent the upper and lower uncertainty in the nonlinear suppression factor.
the overall cross section and slightly changes the shape of the 
distributions as well. Nevertheless, a clear difference in the pre-
dictions remains at lower pT and energy values, which makes the 
observable suitable for comparisons with measurements from data 
corrected to particle level.

3.2. Nuclear modification ratio

In order to quantify the strength of nonlinearities as one goes 
from proton–proton to proton-lead, it is convenient to calculate a 
quantity called the nuclear modification ratio R p A . For a generic 
observable O, it is defined as

R p A = σp Pb(O)

A σpp(O)
. (4)

On one hand, in absence of any effects like saturation in the low-x
evolution equations, the ratio would be just consistent with unity 
(since one considers gluon dominated observables). On the other 
hand, if saturation effects are present, they would be visible to us 
in the nuclear modification ratio as a deviation from unity within 
some range, for instance in the transverse momentum spectra of 
the measured jets. In the low-x approach the suppression is di-
rectly linked to a denser partonic system (and therefore larger 
contribution of the nonlinear term) as one goes from proton to 
lead. In the DGLAP approach the possible suppression is due to 
shadowing, which is implemented by fitting parton densities to 
data without accounting for any additional dynamical effects that 
may happen when going from a proton to a nucleus.2

In Figs. 3 and 4 we compare parton and hadron level pre-
dictions of the nuclear modification ratios as obtained using KS-
nonlinear and KMRW-lead parton densities. It shows a significant 
suppression for KS-nonlinear at low values of pT, which indicates 
that the saturation of the gluon density in lead is large compared 
to the saturation in the proton. At high values of pT the results ob-
tained with KS-nonlinear and KMRW-lead converge, which shows 
that nonlinear suppression is negligible in this region. Both do 
not converge to unity however, which can imply that other sup-
pression effects coming from the nuclei are present. The results 
obtained using the KMRW-lead gluon density exhibits a different, 
more constant, behaviour as it does not include saturation effects. 
However, the nuclear shadowing can, even at pT = 10 GeV, be sub-
stantial since at the considered energies the nuclear PDF is probed 
at x = 10−5.

2 In general, in absence of any nuclear effects and saturation, the small deviation 
from unity is due to the difference between proton and neutron PDFs that con-
tribute to a nuclear PDF.
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Fig. 3. Parton level predictions of the nuclear modification ratio R p A as function of the jet pT (left) and jet energy (right). The fine dotted lines represent the upper and 
lower uncertainty in the nonlinear suppression factor.

Fig. 4. Hadron level predictions of the nuclear modification ratio R p A as function of the jet pT (left) and jet energy (right). The fine dotted lines represent the upper and 
lower uncertainty in the nonlinear suppression factor.
The nuclear modification ratio as a function of jet energy shows 
a similar behaviour, although the effects are somewhat washed 
out, leading to an overall different slope and normalisation of the 
KS-nonlinear and KMRW-lead predictions. Looking at the fine dot-
ted curves in Figs. 3 and 4, it is seen that the uncertainty due 
to saturation is large, indicating a high sensitivity of these ob-
servables to saturation effects. Even though the variations can 
be significant, there is always a clear difference with respect to 
KMRW-lead, which does not include such effects. Therefore a mea-
surement of the nuclear modification factor of forward, low pT jets 
is ideal to disentangle linear from nonlinear effects and to con-
strain the amount of suppression in the cross section.

In order to better understand this suppression mechanism of 
the cross section, we also plot the ratio of the unintegrated gluon 
densities for lead ions (UGDPb) and protons (UGDp) as a function 
of k2⊥ in Fig. 5 (left), evaluated at different values of x. We see that 
at larger values, x = 10−3, the suppression is much reduced and 
the ratio converges quickly to unity. At very low values, x = 10−5, 
we see a similar behaviour as reported before. This is consistent, 
since the production of low pT jets within 5.2 < y < 6.6 reaches 
values of x as low as 10−6.

In addition, Fig. 5 (right) shows parton level predictions of R p A

for jets within the default rapidity range, 5.2 < y < 6.6, range and 
for jets that are produced more centrally in 4.0 < y < 5.0, for both 
KS-nonlinear and KMRW-lead parton densities. This confirms the 
dependence of the nonlinear behaviour on different probed rapid-
ity regions, and shows that parton densities that do not incorpo-
rate nonlinear dynamics such as KMRW-lead are less sensitive.

4. Conclusions

In this paper we have calculated transverse momentum and en-
ergy spectra of single inclusive forward jets in the rapidity region 
of 5.2 < y < 6.6, which corresponds to the CASTOR detector accep-
tance at the CMS experiment. The HEF calculations have been per-
formed using the KaTie Monte Carlo event generator supplemented 
with KS-linear, KS-nonlinear, and KMRW-lead parton densities, and 
interfaced to the CASCADE Monte Carlo event generator in order to 
account for hadronisation effects. We observe that the energy and 
transverse momentum spectra of KS-linear are overall consistent 
with KMRW-lead spectra. The nonlinear dynamics as encoded in 
KS-nonlinear distributions predicts a suppression of the cross sec-
tion for values of pT smaller than 8 GeV. The energy spectrum, 
which can be measured in the CASTOR calorimeter, is affected by 
the nonlinear effects in the whole range. We also calculated nu-
clear modification ratios that measure the change of the dynamics 
as one increases the nuclear mass number. A clear difference be-
tween linear and nonlinear evolutions is observed with decreasing 
pT or x, as expected from saturation effects. In order to improve on 
this, one needs formal calculations with higher order accuracy both 
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Fig. 5. Ratio of KS-nonlinear unintegrated gluon densities for lead and proton evaluated at different values of x. The fine dotted lines represent the upper and lower 
uncertainty in the nonlinear suppression factor (left). Parton level comparison of the nuclear modification ratio R p A for jets within 5.2 < y < 6.6 and, more centrally, in 
4.0 < y < 5.0 for both KS-nonlinear and KMRW-lead (right).
of the hard matrix elements [25] as well as to account for first 
principles calculations of resummed higher order corrections to the 
gluon density including effects like: collinear resummation [59], 
running coupling and quarks contribution relevant at moderate 
and large x [60,61]. This is also because the NLO corrections [62]
introduce instabilities, as pointed out in [63]. Furthermore, a gluon 
density valid in the whole kinematical range would increase the 
predictivity of the theory and could be used also to address the 
description of the low energy RHIC data [64–66]. Progress in the 
latter direction can be achieved once a program along the lines 
of [67] is completed.
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