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A NOTE ON UNCONDITIONAL MAXIMUM NORM 
CONTRACTIVITY OF DIAGONALLY SPLIT 

RUNGE-KUTTA METHODS* 
K. J. IN'T HOUTt 

Abstract. In this paper we consider diagonally split Runge-Kutta methods for the numerical solution of initial 
value problems for ordinary differential equations. This class of numerical methods was recently introduced by 
Bellen, Jackiewicz, and Zennaro [SIAM J. Numer. Anal., 31 (1994), pp. 499-523], and comprises the well-known 
class of Runge-Kutta methods. Their results strongly indicate that diagonally split Runge-Kutta methods break the 
order barrier p < 1 for unconditional contractivity in the maximum norm. In this paper we investigate the effect of the 
requirement of unconditional contractivity in the maximum norm on the accuracy of a diagonally split Runge-Kutta 
method. Besides the classical order p, we deal with an order of accuracy r which is relevant to the case where the 
method is applied to dissipative initial value problems that are arbitrarily stiff. We show that if a diagonally split 
Runge-Kutta method is unconditionally contractive in the maximum norm, then it has orders p, r which satisfy 
p <4,r < 1. 

Key words. ordinary differential equations, dissipative initial value problems, maximum norm, diagonally split 

Runge-Kutta methods, Runge-Kutta methods, unconditional contractivity, accuracy 

AMS subject classification. 65L20 

1. Introduction. 

1.1. Dissipative initial value problems. This paper deals with initial value problems for 
systems of ordinary differential equations 

(I.l.a) U'(t = f (t, U(t) (t >_ to) 
(. l.b) U(to) = uo. 

Here to, uo, f are given with to E R, uo E RS, and f : R x R' > R5, whereas U(t) is 
unknown (for t > to). We consider problems (1.1) that are dissipative in the maximum norm. 

Let llx ii denote the maximum norm of any vector x E JRS; i.e., llx ii = maxj=1 2,..SI lj I 
(whenever x =(t, t2, . . . , t)T E RIS) Consider the conditions (cf. Kraaijevanger [14]) 

(1.2.a) f : R x IR > IR is continuous, 
(1.2.b) for each to E IR and uo E IRs problem (1.1) has a unique 

solution U: [to, x) > IR, 
(1.2.c) for each to E JR any two solutions U, U to (I.1.a) satisfy 

11U(t)-U(t)11 < 11U(to)-U(to)11 (whenevert > to). 

The class of functions f, which fulfil the conditions (1.2) for some integer s > 1, is denoted by 
YF. If f E Y then f is called dissipative in the maximum norm and the initial value problem 
(1.1) is called dissipative as well. Problems (1.1) that are dissipative in the maximum norm 
arise, for example, from the semidiscretization of initial-boundary value problems for partial 
differential equations; see, e.g., [6], [14]. A characterization for the class Y of dissipative 
functions f can be found in e.g., [14, Theorem 5.1]. 
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1126 K. J. IN'T HOUT 

1.2. Diagonally split Runge-Kutta methods. For the numerical solution of (1.1) we 
consider in this paper diagonally split Runge-Kutta methods. This class of numerical methods 
has recently been introduced by Bellen, Jackiewicz, and Zennaro [2]. 

Consider the splitting function F : R x Rs x Rs RS defined by 

(1.3) Fj(t, y, z) = fj(t, (?ij * . j, j+1 . . ., (s)T) (for j = 1, 2, .. ., s) 
(whenever t E R, y = (r71, 172 ..., 91S)T E 25, Z = (?19?2, *** . s)T E Rs), 

where fj, Fj stand for the jth components of f, F, respectively. Let h > 0 denote a 
given stepsize and let the gridpoints tn be given by tn = tn-l + h (for n = 1, 2, 3, ... 
Then a diagonally split Runge-Kutta method generates approximations un to U(tn) (for n = 
1, 2, 3, .. .) in the following one-step fashion (cf. [2]): 

u 

(1.4.a) Un = Un-l + h E bjF(tn_ + cjh, yj, zj), 
j=l 

where yi, zi (i = 1, 2, .. ., v) satisfy the equations 

v 

(1.4.b) Yi = Un-1 + h EaijF(tn_ + cjh, yj, zj), 
j=l 

(1.4.c) Zi = un-1 + h E wijF(tn_i + cjh, yj, zj). 
j=l 

Here, aij, bj, cj, wij (i, j = 1, 2, ... , v) denote given real coefficients that define the diago- 
nally split Runge-Kutta method. 

We note that a method of type (1.4) can be viewed as the limit of certain numerical 
processes that arise from the solution of (1.1) by the so-called waveform relaxation approach. 
It is, however, not within the scope of this paper to discuss this result. For details, and for results 
on the accuracy of method (1.4), we refer the reader to Bellen, Jackiewicz, and Zennaro [2]. 

In addition to method (1.4), we consider in this paper the underlying Runge-Kutta 
method of (1.4), which is the Runge-Kutta method defined by the coefficients aij, by, cj 
(i, j = 1, 2, ..., v). We let A = (ajj)F1=1, b = (bi, b2, ... , bvj)T, c = (ci, C2, ... ., CV)T 
and denote the underlying Runge-Kutta method by (A, b, c). We also use the notation by the 
tableau 

c A 

bT 

The method (A, b, c) generates approximations un to U(tn) (for n = 1, 2, 3, .. .) by (see, e.g., 
Dekker and Verwer [6], Hairer and Wanner [10]) 

v 

(1.5.a) un = Un-1 + h L bjf (tn-l + cjh, yj), 
j=l 

where yi (i = 1, 2, ..., v) satisfy the equations 

v 

(1.5.b) Yi = Un-I + h L aijf (tn_I + cjh, yj). 
j=1 

Method (1.4) reduces to the underlying Runge-Kutta method (A, b, c) whenever the initial 
value problem (1.1) is scalar (s = 1). 
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CONTRACTIVITY OF DIAGONALLY SPLIT RUNGE-KUTTA METHODS 1127 

Note that if the diagonally split Runge-Kutta method (1.4) satisfies wij = aij (whenever 
1 < i < v, 1 < j < v), then it reduces to the Runge-Kutta method (A, b, c) for general 
problems (1.1). Consequently, it holds that the class of diagonally split Runge-Kutta methods 
includes the class of Runge-Kutta methods. 

1.3. Unconditional contractivity. Suppose that u,-1 in (1.4) is replaced by a (perturbed) 
value - - , and denote the result after one step of the method by - . If the initial value 
problem (1.1) is dissipative, then it is natural to require that IIin-Un 11 < - u,-lI11 

DEFINITION 1.1. Method (1.4) is called unconditionally contractive in the maximum norm 
if jun-Un 11 - < IIun- -un-l 1I whenever h, f are given with h > O, f E F. 

Unconditional contractivity is a very favourable stability property. It implies that any 
(rounding) errors that arise in the numerical process will not increase with n whenever h > 0 
and the initial value problem is dissipative. The property is useful in deriving estimates for 
the global errors U(tn) - un (n = 1, 2, 3, . . .). 

If un_1 in (1.4) is replaced by U(tn-1), and'u denotes the result after one (fictitious) step 
of the method, then the local error 8n (h) is defined by 8n (h) = U(tn)-u1. Method (1.4) is 
said to have classical order p if p is the largest integer such that for each problem (1.1) with 
sufficiently smooth function f, 

An-(h) = ((hP+1) (forh 4 0). 
Spijker [15] investigated contractivity properties of numerical step-by-step processes that 

are obtained when numerical step-by-step methods for initial value problems (1.1) are applied 
in the case where the differential equation (1. .a) is linear and autonomous. The results of 
Spijker [15] reveal that, unfortunately, many classes of numerical methods for problems (1.1) 
are subject to the severe order barrier p < 1 for unconditional contractivity in the maximum 
norm. This order barrier holds, for example, for the class of Runge-Kutta methods (cf. also 
Dekker and Verwer [6], Hairer and Wanner [10], Kraaijevanger [14]). To date, no numerical 
step-by-step method for (1.1) is known that is unconditionally contractive in the maximum 
norm and has a classical order p > 1. Bellen, Jackiewicz, and Zennaro [2] recently showed, 
however, that diagonally split Runge-Kutta methods of classical order p > 1 exist which are 
unconditionally contractive in the maximum norm on a large subclass F of F. An example 
of a function f : R x RIS i Rs which does not belong to F (cf. [2, cond. (5.1)]), but does 
belong to F (cf., e.g., Hairer, N0rsett, and Wanner [9, Thms. 1. 11.1, 1. 10.5] or Kraaijevanger 
[14, Thm. 5.1]), is given by 

fi (t, y) = -271 + 772, 
fj(t,y)=i7j_1-2i7j+i7j+1 (forj=2,3,...,s-1), 

fs(t, y) = 7s-1 - 2?7s 

(whenever t E R, y = (771, r12 ..., 7s)T E Rs). The results in [2] strongly suggest, however, 
that diagonally split Runge-Kutta methods break the order barrier p < 1 for unconditional 
contractivity in the maximum norm. 

1.4. Scope of this paper. In this paper we investigate the effect of the requirement of 
unconditional contractivity in the maximum norm on the accuracy of the diagonally split 
Runge-Kutta method (1.4). Besides the classical order p, we deal with an order concept for 
method (1.4) that is relevant to the case where the method is applied to dissipative problems 
(1.1) that are arbitrarily stiff. 

Consider initial value problems (1.1) of the type 

(1.6.a) U'(t) = g(tU), -g(t)) + g'(t) (t > to), 
(1.6.b) U (to) = g (to),9 
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where g : -R +R is a given smooth function and A IR -> R i-s given and continuous 
and satisfies A(t) < 0 (whenever t E R). Each problem of the type (1.6) is dissipative and 
has solution U: [to, co) -> R given by U(t) = g(t) (for t > to). Method (1.4) is called 
B-consistent of order r on the problem class (1.6) (cf., e.g., Dekker and Verwer [6], Frank, 
Schneid, and Ueberhuber [8], Hairer and Wanner [10]) if r is the largest integer such that for 
each problem (1.6) with sufficiently smooth function g, the local error 8a (h) of the method 
satisfies 

8- (h) = 0(hr+l) (for h > 0), 

where the 0-constant is not affected by the stiffness of the problem; i.e., it holds uniformly in 
the function A. In this definition we have tacitly assumed that method (1.4) is always feasible 
in the case of scalar dissipative problems (1.1); cf. ?2.1. Clearly, it holds that the order of 
B-consistency of method (1.4) (on the problem class (1.6)) is completely determined by the 
coefficients of the underlying Runge-Kutta method (A, b, c). 

We arrive at conclusions about the possible orders p, r of the diagonally split Runge-Kutta 
method (1.4) under the requirement of unconditional contractivity in the maximum norm by 
studying the impact of this requirement on the accuracy of underlying Runge-Kutta method 
(A, b, c). We consider two orders of accuracy for (A, b, c). The first is the classical orderfor 
scalar problems (1.1), which we denote in this paper by q. It is defined in the same way as the 
classical order (cf. ? 1.3), but with the (obvious) assumption that problem (1.1) is scalar. The 
second order of accuracy that we consider for (A, b, c) is the stage order, which is defined 
(see, e.g., [6], [10]) as the largest integer - such that the conditions B(p), C(p) hold, where 

v 1 
k- B() bj =-c (fork= 1,2, ......,ak 2...,p), 

j=1 
v1 

C(p): E~~aij c j- C.ei (for i = 1, 2, ............ , vandk= 1,29 ...... ,p) 
j=j 

In ?2 we first derive a (stability) condition on the underlying Runge-Kutta method (A, b, c) 
which is necessary for unconditional contractivity in the maximum norm of method (1.4). Next, 
we show that if the Runge-Kutta method (A, b, c) fulfils this condition, then it has orders q, 
p satisfying q < 4, p < 1. Finally, as a consequence of these results, we obtain that if the 
diagonally split Runge-Kutta method (1.4) is unconditionally contractive in the maximum 
norm, then it has classical order p < 4 and order of B-consistency r < 1. 

2. Unconditional contractivity of diagonally split Runge-Kutta methods. 

2.1. Preliminaries. In this paper ei denotes the ith unit vector in Rv (for i = 1, 
2, ..., v) and e denotes the vector in Rv all of whose components equal 1. Further, I de- 
notes the v x v identity matrix, and for any given numbers xj (j = 1, 2, .. ., v) we denote by 
diag(xi, X2, ... , xv) the v x v diagonal matrix with diagonal entries Xl, x2, ... ., xv. We al- 
ways assume that xj E IR (for j = 1, 2, .. ., v). We write diag(xi, X2, .. . , xv) < 0 if x <_ 0 
(whenever 1 < j < v). 

Throughout this paper we make the following (minor) assumptions on method (1.4): 

(2. 1.a) (I - AX) is invertible whenever X = diag(xi, X2, ... , xv) < 0O 
v 

(2.1.b) ci =E aij (for i = 1, 2, ..., 1v), 
j=l 

(2.1.c) ci Cj (wheneveri :# j). 
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We put Cl < C2 < ... < cv. We note that condition (2.1 .a) can be regarded as an assumption on 
the feasibility of method (1.4) in the case of scalar dissipative problems (1.1). More precisely, 
it can be seen that if (2.1.c) holds, then condition (2.1.a) is equivalent to requiring that the 
system of equations (1.5.b) always has a unique solution Yl, Y2, . . ., Yv whenever h > 0 and 
f is a scalar dissipative function (cf. Hundsdorfer [12, Rem. 4.3.7]). 

2.2. A necessary condition on the underlying Runge-Kutta method (A, b, c). The 
following theorem gives a necessary condition for unconditional contractivity in the maximum 
norm of the diagonally split Runge-Kutta method (1.4). 

THEOREM 2.1. If method (1.4) is unconditionally contractive in the maximum norm, then 
the underlying Runge-Kutta method (A, b, c) satisfies 

(2.2) J 1 + bTX(I -AX)-'el + IbTX(I -AX)-'dl < 1 
I whenever X = diag(xi, x2, .x . , Xv) < 0, d E RV, lldjI < 1. 

Proof Let X: IR -D R and ut: -R > IR be arbitrary, but fixed, continuous functions with 
X(t) + Ij (t)I < 0 (whenever t E R). Define f: R x >2 - 2 by 

fl(t, y) = X(t)771 + /L(t)772, f2(t, y) = 0 

(whenever t E R, y = (r71, 72)T E R2). Then it can be verified (apply, e.g., Hairer, N0rsett, 
and Wanner [9, Thms. 1. 1 1.1, 1. 10.5] or Kraaijevanger [ 14, Thm. 5.1]) that f E fF. 

We consider application of method (1.4) in the case of problem (1.1) with f given above. 
We have (see (1.3)) 

F,(t, y, z) = X(t)i71 + /(t) 2, F2(t, y, z) = 0 

(whenever t E DR y = (771' 72)T E z = (Z ' (2)T E R2). Applying (1.4.a) yields 

v 

UnJ = Un-1,1 + h bj {X(tn-l + cjh)yj,l + ,u(tn_i + cjh)zj,2}, 
j=1 

Un,2 = Un-1,2 

and (1.4.b), (1.4.c) yield 

v 

Yij = Un-1,1 + h Eaij{X(tn_i + cjh)yj,l + 11(tn_j + cjh)Zj,2}, 
j=1 

Zi,2 = Un-1,2 

(for i = 1, 2, . .., v). Here we have written Un = (Un,i, Un,2)T E -2 y, = (Yi,1 Yi, 2)TE R2 
etc. Let X = diag(xi, X2, . . . xV) and d = (d1, d2, ... . dv)T E Rv be such that 

xj = h X(tn - + cjh) (whenever 1 < j < v), 

dj = 1t(t(i + 1hj) (whenever 1 < j < v, X (tn + cjIh) :A 0). 
X(tn-l + cjh) 

Then, by using that X (t) = 0 => /u(t) = 0 (for any t E IR), we obtain 

Unj = (1 + bTX(I - AX)-e)un-11 + bTX(I - AX)-'dun-1,2 

Un,2 = Un-1,2 

From Definition 1.1 and (2. l.c) it follows that condition (2.2) must hold. O 
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Condition (2.2) appears as an assumption in the unconditional contractivity result for 
method (1.4) by Bellen, Jackiewicz, and Zennaro [2, Thm. 4.4]. The condition (2.2) was 
investigated in Bellen and Zennaro [1] and Zennaro [16]. Following the terminology in [1], 
[2], [16], the Runge-Kutta method (A, b, c) is called ANf (0)-stable whenever (2.2) is fulfilled. 
Observe that ANf (0)-stability of (A, b, c) is equivalent to unconditional contractivity in the 
maximum norm of (A, b, c) on the class of dissipative functions considered in the proof of 
Theorem 2. 1. 

In the following we derive an algebraic criterion for condition (2.2). We remark that 
such a criterion has already been obtained by Bellen and Zennaro [1, Rem. 3.22] (see also 
[16, Rem. 4.11]). In our derivation we shall use ideas similar to those in [1], [16], but our 
formulation is different from [1], [16]. 

First, we have (cf. [1, Prop. 3.18], [16, Prop. 4.6]) Lemma 2.2. 
LEMMA 2.2. Condition (2.2) is equivalent to 

(2.3) Ii + bTX(I - AX)-'e > 0 and bTX(I - AX)-lei < 0 
( whenever X = diag(x,,x2, .. ., xv) < 0, i = 1, 2, ..., v. 

Proof. Let X = diag(x,, x2, x . , Xv) < 0. Define vT = (vi, V2, . . ., v^) = bTX(I- 
AX)-'. We have 11 + vTel + IvTdl < 1 (whenever d E ]Rv, lldll < 1) if and only if 
1 + vT"el + EZ9=- lvi I < 1. The latter condition is equivalent to 1 + vTe > 0, vi < 0 (for 

i=1,2,...,v). [ 
For any matrix M E RvIv, let det[M] denote the determinant of M. For any vector v E RvY 

and any i E 11, 2, ..., v}, let M < E vT denote the matrix obtained from M by replacing the 
ith row by vT. Finally, for any nonempty set S c 1, 2, ... I v), let M(S) denote the submatrix 
of M that lies in the rows and columns indexed by S. Recall that a principal minor of M 
is the determinant of a matrix M(S) (whenever S c f 1, 2, ... . v}, S nonempty). We have 
(cf. Berman and Plemmons [3] for related results) the following lemma. 

LEMMA 2.3. LetM E Rvxv, v E Rv, and i E {1, 2, ..., v}. Then 
(a) The following statements are equivalent: 

(i) det[I - MX] > 0 whenever X = diag(x, x2, .x) < 0, 
(ii) all principal minors of M are nonnegative. 

(b) The following statements are equivalent: 
(i) det[(I - MX) i (vTX)] < 0 whenever X = diag(x, ,x2, ... , xv) < 0, 
(ii) det[(M <-i VT)(S)] > 0 whenever S c {1, 2, .. ., v}, i E S. 

Proof. The proofs of parts a and b are analogous. We confine ourselves to proving part b 
below. 

Assume (i). Choose X = diag(xi, x2, . .. , xv) with xj = 0 (for j V S) and xj = x (for 
j E S). Then det[(I - MX) <-i (vTX)] = det[((I - xM) < xvT)(S)] < 0. By considering 
the case x -* -oo, it follows that det[(M <-i vT)(S)] > 0. 

Assume (ii). We have det[(I - MX) ?-i (vTX)] = ES det[((-MX) (VTX))(S)], 
where the summation is over all sets S c { 1, 2, . .., v } with i E S. Each term in the summation 
satisfies det[((-MX) i (vTX)) (S)] =-det[(M ?_, vT) (S)] det[-X (S)] < 0, and thus 
(i) follows. 0 

Combining Lemmas 2.2 and 2.3, we obtain the following criterion. 
THEOREM 2.4. Condition (2.2) holds if and only if all principal minors of each of the 

matrices (A - ebT), (A *-i bT) (i = 1, 2, . . ., v) are nonnegative. 
Proof Using Cramer's rule (see, e.g., Horn and Johnson [11]), it can be verified that 

bTX(I - AX)'e = det[I - (A - ebT)X] 1 + bTX(I-AX)det[I - AX] 
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bTX(I - A e = det[(I - AX) < i (bTX)] 
det[I - AX] 

(for i = 1, 2, ..., v). From Lemma 2.2 and assumption (2. l.a) it follows that condition (2.2) 
holds if and only if I det[I - (A - ebT)X] > 0 and det[(I - AX) i (bTX)] < 0 

(whenever X = diag(xi, X2, ... , xv) < 0, i = 1, 2, ... , v). 

By Lemma 2.3 this is equivalent to 

I all principal minors of (A - ebT) are nonnegative, and for each i E {1, 2, ..., v 

it holds that det[(A i bT)(S)] > 0 whenever S c 11, 2, ..., v}, i E S. 

If i E { 1, 2, ..., v} and S c {l1, 2, ..., v} are such that i ' S, then det[(A ?i -bT)(S)] = 

det[A(S)]. We can write det[A(S)] = det[(A - ebT)(S)] + EjEsdet[(A < j bT)(S)], and 
the equivalence of the theorem follows. [1 

Remark 2.5. The criterion of Theorem 2.4 guarantees that assumption (2. 1.a) is fulfilled. 
This can be seen from det[I - AX] = 1 + E>s det[A(S)] . det[-X(S)], where the summation 
is over all nonempty S c {1, 2, .. ., v}, and by using the above expression for det[A(S)]. 

Remark 2.6. It is easily verified that the criterion of Bellen and Zennaro [1, Rem. 3.22] 
is equivalent to our criterion of Theorem 2.4. 

Remark 2.7. Condition (2.2) also arises in the stability analysis of Runge-Kutta methods 
when adapted to initial value problems for delay differential equations; see Bellen and Zennaro 
[1], in 't Hout [13]. 

2.3. Order barriers for the underlying Runge-Kutta method (A, b, c). In this section 
we derive conclusions about the orders p, q of the Runge-Kutta method (A, b, c) under the 
assumption of condition (2.2). The following lemma (see Berman and Plemmons [3, p. 149], 
Fiedler and Ptak [7]) forms a key result in our analysis. 

LEMMA 2.8. Let M e vxv. Then the following statements are equivalent: 
(i) all principal minors of M are nonnegative, 
(ii) ifv = (V1, 1V2, . .., VV)T E Rv \ 101 and w = Mv = (W1, W2, ..., WV)T, then there 

exists an index i E {1, 2, ..., v} such that vi :A 0 and vi wi > 0. 
By a combination of Theorem 2.4 and the above lemma, we arrive at Theorem 2.9. 
THEOREM 2.9. Assume (2.2) holds. Then the stage order of the Runge-Kutta method 

(A, b, c) satisfies 
- 

< 1. Furthermore, if - = 1, then cv > 1. 
Proof Suppose p > 2. Let M be the matrix in RvIxv with ith row equal to the ith row of 

(A - ebT) (whenever ci < 1) and equal to bT (whenever ci > 1). Then from Theorem 2.4 it is 
easily seen that all principal minors of M are nonnegative. Next, let v = (v ), V2, ..., vv)T = 
c-eandw = Mv = (w1, W2, ..., WV)T. FromtheconditionsB(2), C(2) (see?1.4)itfollows 
that v :A 0, and vi wi = (Ci - 1)3 (whenever ci < 1), vi w = - (ci - 1) (whenever ci > 1). 
If i E {1, 2, ..., v} is such that vi 0 0, then viwi < 0. By Lemma 2.8, this is a contradiction. 
Consequently, - < 1. 

If p = 1, then a similar argument as above, but with M = A - ebT and v = e, yields that 
cv> 1. [ 

There exist Runge-Kutta methods that satisfy (2.1), (2.2) and have stage order p = 1. 
Examples of such methods are given by 

0 0 
(2.4) 1 9 

This content downloaded from 146.175.11.111 on Tue, 23 Jul 2013 04:56:01 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1132 K. J. IN'T HOUT 

where 0 > 1. This is easily verified by using the criterion 6f Theorem 2.4. Moreover, it 
follows that the condition 0 > 1 is necessary for (2.1), (2.2). 

Since q > 1 implies - > 1, we immediately obtain Corollary 2.10. 
COROLLARY 2.10. Assume (2.2) holds and the classical order of the Runge-Kutta method 

(A, b, c) for scalar problems (1.1) satisfies q > 1. Then, c, > 1. 
We note that, for the case where the matrix A is invertible, the result of Corollary 2.10 

also follows from Zennaro [16, Thm. 4.12]. 
THEOREM 2.1 1. Assume (2.2) holds and bj $ 0 (for j = 1, 2, . . ., V). Then the classical 

order of the Runge-Kutta method (A, b, c) for scalar problems (1.1) satisfies q < 4. 
Proof. Suppose q > 5. From the order conditions for Runge-Kutta methods in the case 

of scalar problems (1.1) (see Butcher [5], Hairer, N0rsett, and Wanner [9, p. 154]), and by 
using assumption (2. l.b), it is easily seen that the following identity due to Butcher (see, e.g., 
[9, p. 186]) is still valid: 

v v C2 2 

Lb ajkCk - 0. 
j=1 k=1 

From Theorem 2.4 we obtain that bj > 0 (for j = 1, 2, v), and, consequently, condition 
C(2) must hold. Further, the order conditions [5] imply that B(2) must hold. Hence, the stage 
order p.' > 2, but this contradicts the previous theorem. Therefore, q < 4. [ 

We recall that the classical order of the Runge-Kutta method (A, b, c) equals the classical 
order q for scalar problems (1.1) whenever q < 4 (see Butcher [5]). The Runge-Kutta 
methods (2.4), which satisfy the conditions (2.1), (2.2), all have a classical order equal to 1. 
Zennaro [16] constructed the following Runge-Kutta method, which satisfies the conditions 
(2.1), (2.2), and has classical order 3: 

0 - -2 - 2 2 2 
1 -1 2 -1 

1 1 2 1 
6 .. 

1 2 1 
6 3 6 

At this moment it is not known if the upper bound q = 4, given by Theorem 2.11, is attained 
by some Runge-Kutta method. 

Remark 2.12. The question arises whether the assumption in Theorem 2. 1 1 that bj 0 0 
(for j = 1, 2, . .., V) can be replaced by the assumption that the Runge-Kutta method (A, b, c) 
is DJ-irreducible. We recall that the Runge-Kutta method (A, b, c) is called DJ-reducible 
(see, e.g., [6], [10]) if there exist disjoint sets S, T with S nonempty and SU T = { 1, 2, ..., VI 
such that bj = 0 (whenever j E S) and aij = 0 (whenever i E T, j E S). Otherwise, the 
method is called DJ-irreducible. If a Runge-Kutta method is DJ-reducible it is equivalent 
to a Runge-Kutta method with a number of stages v* < v. Here, v* is equal to the number of 
elements in the set T. Our question concerning Theorem 2.11 is still open. We remark that, 
contrary to other cases of (stability) conditions for Runge-Kutta methods (see, e.g., [6], [10], 
[14]), the assumption of DJ-irreducibility in the case of condition (2.2) does not automatically 
imply that bj 5$ 0 (for j = 1, 2, ..., v). This can be seen from the family of Runge-Kutta 
methods given by 

1 -0 1 -0 
1 1 0 

1 0 

where 0 > 0. Note that all of these methods are of a classical order at most equal to 2. 
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2.4. Order barriers for the diagonally split Runge-Kutta method (1.4). In the follow- 
ing we turn our attention to the diagonally split Runge-Kutta method (1.4). Before formulating 
the main result of this paper, we show Lemma 2.13. 

LEMMA 2.13. Assume method (1.4) is unconditionally contractive in the maximum norm 
and bj = 0 (for j = 1, 2, . .., V). Then method (1.4) is B-consistent of order r (on the 
problem class (1.6)) with r = p, where - is the stage order of the underlying Runge-Kutta 
method (A, b, c). 

Proof. The local error An (h) of method (1.4), in the case of problem (1.6), can be written 
in the form (cf., e.g., Burrage and Hundsdorfer [4], Hairer and Wanner [10]) 

an(h) = Ao(h) + bTX(I - AX)-'A(h), 

where X = diag(hX(tn_j +clh), hX(tn-,+ c2h), . . ., hX(tn_ + cvh)) - O and Ao(h), A(h) = 
(A1(h), A2(h),..., Av(h))T are given by 

v 

g(tn) = g(tn-,) + h E bjg'(tn-l + cjh) + Ao(h), 
j=1 

v 

g(tn-l + cih) = g(tn-,) + h ,aijg'(tn-l + cjh) + Ai(h) 
j=1 

(fori=1,2,...,v). 
Theorem 2.1 yields that Ev 1 IbTX(I - AX)ei I < 1, and, hence, 

I5,n(h)I < IIA(h)jj + IAo(h)j. 

From the Taylor series expansion and the conditions B(p), C(p) it follows that 

Ai (h) = 0(h0+1) (for h > O, i = O, 1,9 ... ., v), 

where the 0-constant depends only on the coefficients of the Runge-Kutta method (A, b, c) 
and on an upper bound for Ig(P+ )(t)I (t E R). Consequently, r > p. 

The fact that r = p follows from a straightforward adaptation of ideas in Burrage and 
Hundsdorfer [4] by choosing g(t) = tP+' (for t E IR). Here, the assumptions (2. .c), bj 0 0 
(for j = 1, 2, . . ., v) are used. 0 

THEOREM 2.14. Consider a given method (1.4) with the properties (2.1), bj :A 0 (for 
j = 1, 2, .. ., v). Assume the method is unconditionally contractive in the maximum norm. 
Then the classical order p satisfies p < 4, and the order of B-consistency r (on the problem 
class (1.6)) satisfies r < 1. Furthermore, if p > 1 or r = 1, then cv : 1. 

Proof The theorem is a consequence of Theorems 2.1, 2.9, Corollary 2.10, Theorem 
2.11, Lemma 2.13, and the fact that p < q, where q is the classical order of the underlying 
Runge-Kutta method for scalar problems (1.1). [ 

The bound r < 1 in Theorem 2.14 is sharp. The value r = 1 is attained by the diagonally 
split Runge-Kutta methods (1.4) that coincide with the Runge-Kutta methods given by (2.4). 
The result that these methods are unconditionally contractive in the maximum norm can be 
found in, e.g., Kraaijevanger [14]. 

We do not know whether the bound p < 4 is sharp. Clearly, classical order p = 1 can 
be achieved, viz. by the methods (2.4). The results by Bellen, Jackiewicz, and Zennaro [2] 
make plausible that also orders p = 2, p = 3 can be achieved. 

Remark 2.15. Theorem 2.14 extends to a class of methods much more general than (1.4). 
For example, let F be any (splitting) function that satisfies the (natural) conditions 
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(i) F: R x Rs x RS 3,> Rs 
(ii) F(t, y, y) = f (t, y) (whenever t E IR, y E RS), 
(iii) fj (t, y) =_ O X Fj (t, y, z)=-O0 (whenever j = 1, 2, . .., s), 
(iv) Fj (t, y, z) is independent of the jth component of z (whenever t E iR, y E Rs, 

z E IRS, j = 1,2, ... s). 
Then, it is easily seen that (1.4) still reduces to the Runge-Kutta method (A, b, c) whenever 

the initial value problem (1.1) is scalar. Therefore, the order relations p < q, r = p (see 
Lemma 2.13) remain valid. Further, it is easily verified that the method reduces to (A, b, c) 
whenever (1.1) is of the type considered in the proof of Theorem 2.1. Therefore, also Theorem 
2.1 remains valid, and, consequently, the result of Theorem 2.14 still holds. 

A further generalization of method (1.4) is obtained by considering formulas for zi other 
than (1.4.c). If the following (natural) condition is satisfied, 

(v) fj(t,y) -- =X zi,j = u,1j (wheneveri = 1,2,...,vandj = 1,2,...,s), 
where U,_ l, j, Zi, i stand for the jth components of Un- 1, zi, respectively, then it is easily seen 
that Theorem 2.14 still holds. 

Acknowledgment. I would like to thank M. N. Spijker and J. F. B. M. Kraaijevanger for 
valuable discussions on the topic of this paper. 
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