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Abstract 13 

New US Environmental Protection Agency regulations for the disposal of coal combustion residues (CCR) 14 

incentivize bottom-up recycling efforts, to convert them into value-added applications. This study examines 15 

producing lightweight ceramic aggregates from CCR for concrete/geotechnical applications. More 16 

specifically, we argue that industrial residues such as coal bottom ash, despite their heterogeneity and 17 

diversity, are apt feedstock materials to constitutively design melt ceramics via high temperature recycling. 18 

A lot of knowledge on the feedstock (thermal and melt flow properties) is available, because of the historical 19 

interest in (molten) coal ash properties. It is shown how thermodynamics and empirically derived models 20 

and experimental observations on the viscosity, surface tension, heat capacity, enthalpy of fusion and 21 

thermal conductivity can be used to constitutively design melt ceramics. We created a custom model for 22 

the design of spherical porous reactive aggregates (SPoRA) from two different coal bottom ashes, using 23 
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NaOH as an illustrative fluxing agent. To obtain the desired aggregate design, production should occur 24 

above the solidus temperature, yet viscous flow, caused by a low viscosity of the CCR melt, should be 25 

limited. The design method developed is able to discern the influence of various design parameters on the 26 

experimentally produced ceramic aggregates. A proper match between simulations and experimentally 27 

observed object shapes was obtained, allowing to define an operating window (temperature and residence 28 

time as function of fluxing agent addition) constitutively. This work shows how the available knowledge 29 

on coal ash assists the understanding and design of novel ceramic aggregate recycling processes.  30 

Introduction  31 

Almost half of the 107 million tonnes of coal combustion residues (CCRs) generated in the United States 32 

are not beneficially reused, but instead disposed of in surface ponds and landfills [1]. Recently, the United 33 

States Environmental Protection Agency (U.S. EPA) issued new rules on the disposal of such residues, 34 

requiring the closure of unlined surface impoundments within five years or retrofit with a composite liner 35 

consisting of a geomembrane and compacted clay layer, alongside leachate collection and groundwater 36 

control [2, 3], which will significantly increase the disposal cost. The latter also increases the incentive for 37 

recycling efforts on off-spec fly ash and bottom ash.   38 

Two main challenges that need to be considered in the recycling process of CCRs are: (1) the wide range 39 

of chemical varieties in CCRs, and (2) creation of a high value product that is easy to be commercialized. 40 

According to investigation of the composition of 1040 coal ash samples from the U.S. Geological Survey 41 

Coal Quality (COALQUAL) database, CCRs possess a wide variety in elemental concentrations, with SiO2 42 

between 13 % and 80 %, Al2O3 between 1.6 % and 46 %, CaO between 0.12 % and 29 % and Fe2O3 between 43 

0.60 % and 69 %, on a mass basis and expressed as oxides [4]. Faced with this variety, creating a consistent 44 

product from a robust recycling process is challenging, and demands a thorough understanding of various 45 

influences that compositional changes may have on the sintering process. In creating recycling pathways 46 

for inorganic waste streams such as CCRs, a high market value should be sought by solving timely 47 

construction issues, such as cracking of concrete and the demand for lightweight materials, increasing the 48 
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chances for commercialization. In this study, the production of spherical porous reactive aggregates 49 

(SPoRA) from CCRs was evaluated, for use as a construction material for concrete that combines an 50 

amorphous outer shell, to strengthen the concrete’s interfacial transition zone [5], with a high internal 51 

porosity (low density), exploiting the residual carbon of coal bottom ash as a bloating agent. Several 52 

production methods and advantages of ceramic aggregates, such as their ability to immobilize heavy metals, 53 

were described earlier [5-7], yet a design guide to deal with other waste streams such as CCR is lacking.  54 

The production of SPoRA from coal bottom ash (CBA) starts with a water based pelletization, followed by 55 

drying to prevent explosion by expanding steam, and high temperature sintering. Because the CBA has 56 

negligible hydraulic reactivity properties, pozzolanic binding of the pellets, which is required to handle the 57 

dried materials, is done by adding NaOH as an alkali activator. Synergistically, this NaOH reduces the 58 

required operating temperature during sintering, because of its fluxing effect, by interfering with silicate 59 

networks.  60 

The recycling process proposed in this study for converting CBA to SPoRA, which are spherical lightweight 61 

aggregates, hinges on three criteria: (i) the pellets should have a fraction of molten phase, to ensure a glassy 62 

exterior, (ii) the pellets should retain a certain degree of sphericity after melting, and (iii) the generated gas 63 

should be captured effectively to generate pores within the aggregates. In this respect, the viscosity of the 64 

partially molten coal ash should be sufficiently high to limit macroscale deformation (collapse of the ball), 65 

and to minimize the coarsening and eruption of generated gas bubbles. Therefore, the production should 66 

occur at a temperature above the solidus temperature, ensuring the presence of molten phase, yet at 67 

temperature low enough to ensure a high viscosity.  68 

There are several models to predict coal slag viscosities from their composition in a qualitative [8], or 69 

quantitative way [9-11]. These models were developed over the last decades owing to the interest from 70 

integrated gasification combined cycle (IGCC) operators in flow behavior of molten coal slags for tapping 71 

from shell entrained-flow gasifiers [9]. This earlier interest in molten coal ash has introduced new 72 
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knowledge on understanding and predicting the flow/deformation behavior in melt ceramics processing of 73 

CCRs, allowing the creation of a process robust toward feedstock variations.  74 

Because all of the viscosity models developed to date assume Newtonian rheological behavior of 75 

completely liquid slag, we amended the liquid viscosity calculated according to the model of Browning et 76 

al. [10] with an account for solid phase by using the Einstein equation [12]. This requires knowledge of the 77 

formation of mineral phases in CBA as a function of the temperature, including their mass fraction and 78 

composition, which was thermochemically modeled using FactSage [13], as in earlier published reports [8, 79 

14, 15]. With the viscosity of the partially liquid ash known as a function of the temperature, a constitutive 80 

flow model allows to predict the extent of deformation of SPoRA from CBA, at various process conditions; 81 

temperature and residence time. Repeating this procedure for various amounts of fluxing agents (e.g. 82 

NaOH) added, we can tune the final geometry of the envisioned aggregates, by selecting the desired 83 

temperature dependent viscosity. Moreover, our modeling approach allows a priori exploration of feasible 84 

sintering processes as the CBA feedstock changes or use of different (green) fluxing agents (such as waste 85 

glass [5, 16]), with no or limited experiments needed.  86 

  87 
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Materials and methods 88 

Material characterization and preparation  89 

Two distinct types of bottom ash were obtained, one with a relatively high calcium content identified as 90 

“WP”, and a second containing a lower amount of calcium labeled as “NV” (Table 1). The elemental 91 

concentrations were measured using Bruker S8 Tiger Wavelength Dispersive X-ray Fluorescence 92 

equipment, according to ASTM D 4326. The elemental concentrations were converted to corresponding 93 

oxides, for reporting purposes and to facilitate thermodynamic modeling. Quantitative phase analysis of the 94 

samples, crushed into a powder of passing 45 µm size mesh and spiked with 10 % corundum as internal 95 

standard, was done by X-ray diffraction (Bruker D2 PHASER with Cu radiation at 30 kV/10 mA). Scans 96 

were run over the range of 6º-80º with a step size of 0.0152º and a counting time of 1.5 s per step. 97 

Identical, spherical pellets of 16 mm diameter were produced from well-graded (particle size distribution 98 

according to Fuller’s equation [17] to achieve maximum density gradation with n=0.5, with maximum 99 

particle size of 0.3 mm) bottom ash, using a purposely designed 3D printed ABS mold, consisting of a base 100 

and stamp with hemispherical voids. Before molding, the bottom ash was mixed with aqueous solutions 101 

(liquid to solid mass ratio (L/S) of 0.4 for WP ash and L/S of 0.5 for NV ash), with concentrations of NaOH 102 

of 1 M, 2.5 M, 5 M, 7.5 M and 10 M added to provoke alkali activation. The different L/S ratios used 103 

resulted in different NaOH additions on a mass basis; 1.6 %, 4 %, 8 %, 12 % and 16 % for WP ash and 2 104 

%, 5 %, 10 %, 15 % and 20 % for NV ash. After drying at 40 oC and 30 % RH chamber until constant 105 

weight, which was achieved after approximately 30 hours, the dried pellets were placed on a bed of Ottawa 106 

sand in alumina trays (dimension 41 mm x 32 mm x 7 mm), and then were placed into a preheated Mellen 107 

NACCI tube furnace equipped with a 44 mm inner diameter alumina tube. A schematic representation of 108 

the sample in the tube furnace (diagonal cross section) is given in Figure 1. The deformation of the spherical 109 

pellets upon partial melting was monitored following a quench at room temperature after two residence 110 

times; 4 min and 8 min. 111 
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 112 

Figure 1 – Schematic representation of the spherical pellets (SPoRA) on a sand bed in an alumina tray, 113 

placed in a 44 mm (inner diameter), tube furnace (0.3 m heated length, diagonal section).  114 

Constitutive modeling of melt ceramics processing 115 

Figure 2 presents the modeling flow paths used in this study, starting from the coal ash composition. The 116 

new methodology presented for the prediction of final geometries, as a function of the temperature (T) and 117 

residence time (t) of the ceramic process, enables effective addition of fluxing agent (e.g. NaOH), and/or 118 

feedstock blending. For a known ash composition, the temperature dependent phase composition is 119 

determined through thermochemical calculations, using FactSage [13, 18] software (FToxid database), for 120 

different amounts of NaOH added. Based on the calculated composition of the liquid phase, the viscosity 121 

is obtained using empirically derived models [10] corrected for the influence of the solids fraction by the 122 

Einstein equation [12, 19]. The deformation of the partially molten coal ash is constitutively modeled using 123 

finite element solution of the Navier-Stokes flow equation, under influence of gravity, using COMSOL 124 

Multiphysics® 5.2a software.  125 
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 126 

Figure 2 – Schematic summary of the decision methodology on coal ash blending and flux additions. 127 

Factsage calculations render, aside from phase compositions, also the liquid/solid (L/S) ratio, used in the 128 

Einstein equation. The flow model for aggregate deformation depends on the selected temperature (T), 129 

residence time (t), the material’s thermal conductivity (κ) and surface tension (σ).  130 

Phase equilibria through FactSage calculations 131 

The phase equilibria of the coal ash with different amounts of NaOH added were calculated as a function 132 

of temperature (from 800 °C to 1400 °C) using FactSage v7.0 thermochemical software [18]. 133 

Thermodynamic data, used for Gibbs free energy minimization, were obtained from the FToxid database 134 

[18]. To increase the model’s reliability, and because of incomplete thermodynamic data, only the 135 

concentrations of the major oxides were included; SiO2, Al2O3, CaO, Fe2O3, MgO and Na2O.  136 

Viscosity of partially molten coal ash through empirical models  137 

The interest in coal gasification has led to development of models allowing partially molten ash flow 138 

prediction through empirical viscosity models [9-11, 20, 21]. The empirical model of Browning et al. [10] 139 

for coal ash as Newtonian fluids was selected for calculations in this work, for several reasons including 140 

their novelty, experimentally determined lower bias and higher precision compared to the earlier developed 141 
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models such as Watt and Fereday [20] and Urbain et al. [11]. The Browning model (equations 1-4) 142 

calculates viscosity-temperature relations (eq. 1), using a temperature shift (Ts) that is influenced by a 143 

composition parameter (A) (eq. 2). A is the molar ratio of the main element concentrations (eq. 3), which 144 

have to add to unity (eq. 4). Since the method assumes liquid slag in the Newtonian viscosity region, we 145 

use the model only to calculate the viscosity of the liquid (slag) phase (𝜂𝐿), of which composition was 146 

obtained from the aforementioned thermochemical calculations using FactSage. The temperature dependent 147 

composition of this liquid phase for WP ash and NV ash with different amounts of NaOH added is shown 148 

in respectively Table S3 and S4 in the online supporting information (SI). 149 

log (
ηL

T-Ts
)=

14788

T-Ts
-10.931  (1) 150 

Ts=306.63∙ ln(A) -574.31  (2) 151 

 (3) 152 

 (4) 153 

Analogous to the work of Kondratiev and Jak [21], the increase of viscosity by the presence of solids can 154 

be estimated by the Einstein equation (or equivalent) for solid suspensions of rigid spheres with diverse 155 

sizes [12, 19], as presented in equation (5) with 𝜂𝑠, the viscosity of the suspension [22]. The volume fraction 156 

of solids (𝜑𝑠) is assumed equal to the mass fraction, obtained from thermochemical calculations using 157 

FactSage. Other models on the viscosity of suspensions [19, 23-28] were calculated for the investigated 158 

samples, and benchmarked against the Einstein [12] model.  159 

ηs=ηL(1+2.5φs) (5) 160 

 161 

  162 

 

 

A=
3.19 Si4+ + 0.855 Al3+ + 1.6 K+

0.93 Ca2++ 1.50 Fen++ 1.21 Mg2++ 0.69 Na++ 1.35 Mnn++ 1.47 Ti4++ 1.91 S2- 
 

Si4++ Al3++ K++Ca2++Fen++Mg2++ Na++ Mnn++ Ti4++S2-=1 



9 
 

Finite element flow modeling 163 

The local flow of partially molten coal ash was modeled by assuming all of the material, in reality solid or 164 

liquid, to have an existing viscosity, and using the Navier Stokes equation. The viscosity is, as mentioned 165 

above, calculated for the liquid fraction separately, and afterwards adjusted for the solid fraction. A single 166 

viscosity function was calculated by this two-step procedure as a complete material property, rather than 167 

modeling the separate solid liquid interfaces, which would be too computationally intensive. The geometry 168 

of the modeled system closely resembles the experimental setup, with a spherical aggregate supported on a 169 

flat tray inside a tubular furnace, exposed to hot air (a graphical representation of the modeled geometry is 170 

shown in Figure 1). The calculations were performed using COMSOL Multiphysics® 5.2a. A complete 171 

description of the mathematical model can also be found in the online supporting information. The thermal 172 

and flow properties of the air inside the furnace were obtained from the COMSOL library.  173 

The heat capacity (Cp) of the coal ashes is modeled using the weighted (molar basis) average Cp of each of 174 

the oxide constituents (SiO2, CaO, Al2O3, Fe2O3, Na2O, K2O, MgO), as in [29]. Data of individual oxides 175 

were obtained from [30] via NIST Chemistry Webbook. The enthalpy of melting was added as a constant 176 

value of 209.6 J/g, acting as a heat sink at every unit of mass changing from solid to liquid state using the 177 

results from FactSage thermochemical calculations (Figure 3). This value used corresponds to the heat of 178 

fusion of aluminum sodium silicate (NaAlSi3O8), obtained from [31], as this phase corresponds with the 179 

main share of melting ash. Moreover, this value roughly corresponds with experimentally observed 180 

enthalpies of crystallization and melting of different ashes [32-34]. No analytically derived equations exist 181 

for the surface tension of liquid coal ash, so relying on the work of Melchior et al. [35], and the enhancing 182 

effect of sodium in the surface tension of silicate systems [36], an estimated surface tension of 0.5 N/m for 183 

values of the viscosity lower than 104 Pa.s and 0.9 N/m otherwise was used.  184 

The thermal conductivity of the ash is subjected to a wide array of parameters, such as particle size 185 

distribution, porosity, degree of sintering (thermal history), composition (coal type) [29, 37-42]. Therefore, 186 

most predictive models are not generalizable across various CCRs. For instance comparing values of Rezaei 187 
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et al. [38] for CCR and Zoric et al. [43] for fly ash based lightweight aggregates, having similar interparticle 188 

porosity, with thermal conductivities varying about an order of magnitude. Given the exponential 189 

dependence of the viscosity on the material’s temperature, the thermal conductivity is the parameter causing 190 

the highest uncertainty in this study, and should be chosen based on empirical models, observations of 191 

similar ash types, or directly measured at varying temperature. The thermal conductivity decreases with 192 

increasing porosity, and seems to increase with increasing CaO concentration. Given the high porosity of 193 

our ashes (around 0.6, although varying with increasing NaOH addition), we modeled the thermal 194 

conductivity as a linear function of temperature to agree closely with that of ash “A”, as measured by Rezaei 195 

et al. [38]. The thermal conductivity as a function of the temperature used in this study is shown in the 196 

online supporting information.  197 

Results  198 

The elemental composition of both bottom ashes used in this study is shown in Table 1, expressed as oxides. 199 

The NV ash has a relatively high silicon concentration, combined with a very low calcium concentration, 200 

while the WP ash has a relatively lower silicon concentration, and a relatively higher concentration of 201 

calcium (corresponding to 22.5 % CaO). This difference in composition results in different solidus and 202 

liquidus temperatures, subsequently affecting the suspension’s viscosity both through a changed solids 203 

fraction (eq. 5) and through fluxing of the liquid (eq. 3). Additionally, semi-quantitative phase analysis of 204 

the X-ray diffractogram after Rietveld refinement estimated the amount of amorphous phase at 37 % for 205 

WP bottom ash, and 56 % for the NV bottom ash.  206 

  207 
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Table 1 – Composition of the two bottom ash samples (NV and WP) used in this study,  208 

expressed as their oxides on a mass basis 209 

Chemical Composition  

[% m/m] 

Sample Name 

WP ash NV ash 

SiO2 43.1 63.2 

Al2O3 17.1 20.1 

Fe2O3 7.29 6.66 

SO3 0.64 0.39 

CaO 22.5 3.51 

Na2O 1.19 1.43 

MgO 4.10 0.97 

K2O 0.41 1.13 

P2O5 0.91 0.09 

TiO2 1.25 1.03 

Total 98.52 98.53 

 210 

The simplified phase equilibria for both ashes are presented in Figure 3, as a function of temperature and 211 

amount of NaOH added. The amounts of NaOH added, shown in the upper left corner of each graph, varies 212 

between WP and NV ash, because of a different liquid-to-solid ratio (with constant NaOH concentrations) 213 

required for the pelletization process. The solidus temperature for WP ash lies between 1100 °C and 1150 214 

°C, whereas the solidus temperature for NV ash without NaOH addition is about 50 °C higher. For the WP 215 

ash, the solidus temperature, which is already lower, does not decrease significantly with the amount of 216 

NaOH added (only at 16 % added NaOH there is a decrease to between 1050 °C and 1100 °C). In contrast, 217 

the solidus temperature of the NV bottom ash decreases significantly with NaOH added, from above 1150 218 

°C without NaOH to below 850 °C for 20% of NaOH added. Also, at each temperature above the solidus 219 
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temperature, the amount of liquid phase (slag) increases with the amount of NaOH added, and the trend is 220 

more pronounced for NV ash. The thermodynamic model demonstrates the first action of fluxing agents, 221 

i.e. reducing the melt temperatures of silicate systems through interference with the polymeric networks. 222 

To guarantee operation above the solidus temperature, the tube furnace was set at 1200 °C, which 223 

corresponds to a measured temperature (thermocouple) of 1160 °C at the center position of the inserted 224 

aggregate.  225 

WP Bottom Ash NV Bottom Ash 

Temperature [°C] 
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 226 

Figure 3 – Phase composition of the two bottom ash samples (WP and NV) as a function of temperature 227 

calculated using FactSage thermochemical software. The percentage in the upper left corner of each graph 228 

is the amount of NaOH (fluxing agent) added on a mass base. 229 

The composition of the liquid phase (slag) for each pelletized sample changes as a function of temperature, 230 

as in general different solid phases are melting consecutively. The modeled composition of the liquid phase 231 

for each sample at varying temperature is shown in the online supplementary information (Tables S3 and 232 

S4). The changed composition has, as apparent from equations (1) to (4), an effect on the temperature 233 

dependent viscosity of the liquid. In general, an increasing amount of sodium, which mainly originates from 234 

the added NaOH, decreases the viscosity of the slag at each temperature. This decreased viscosity 235 

constitutes the second effect of fluxing agents, aside from the increasing amount of liquid phase. Both 236 
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effects are captured by calculating the viscosity of the suspension, using a combination of the liquid’s 237 

viscosity, via the Browning model [10], and solids fraction effect in the Einstein equation (5). The resulting 238 

viscosity for suspensions as a function of temperature is shown in Figure 4 (log scale) for both ashes, WP 239 

and NV. Both aforementioned effects of NaOH, increasing the liquid fraction and changing its 240 

composition/viscosity, generally coordinate to reduce the viscosity with increasing amounts of flux. There 241 

are however some exceptions, where the change of the liquid’s composition with increasing temperature 242 

are sudden, and the increases are no longer monotonic, causing some viscosity curves to intersect. As a 243 

function of temperature, the viscosity of WP ash suspensions (Figure 4A) decreases monotonically, whereas 244 

the viscosity of NV ash suspensions (Figure 4B) shows some irregularities for mixtures with low amounts 245 

(2 % and lower) of added NaOH at high temperatures, indicating some limits to the combined models 246 

(Browning [10] and Einstein [12]) used. Remark that this study employs a simplified thermodynamic 247 

model, not taking elements with low concentrations (Ti, P, S) into account. Yet, sodium phosphates and 248 

sulfates would be formed alongside silicates [44], potentially changing the amount of liquid at moderate 249 

temperatures. Additionally, the Einstein model is usually limited to low fractions of solids; new viscosity 250 

models, still under development, may be benchmarked against the results of this paper in subsequent 251 

research [45].  252 

  253 
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(a) WP 

 

(b) NV 

 

 254 

Figure 4 – Temperature dependent viscosities (log scale) in [Pa.s] for both WP ash (a) and NV ash (b) 255 

suspensions with different amounts of NaOH, calculated by the Browning et al. [10] model combined 256 

with the Einstein equation (5) [12]. Viscosities are only calculated for temperatures at which an amount of 257 

liquid is present in each sample. The operational temperature observed in experiments (1160 °C) is 258 

indicated by the vertical line. 259 

The melt ceramic deformation model assumes solid materials as liquids with very high viscosities (106 260 

Pa.s), hence deformation of the solid according to the Navier-Stokes flow equations will not be noticeable 261 

on a reasonable time scale. In practice, this means that for the mixtures of both coal ash samples, points 262 

that have no indicated viscosity value in Figure 4, representing solid material, are assigned a viscosity of 263 

106 Pa.s in the model. For the different mixtures of ash with NaOH, the viscosity as a function of 264 

temperature is taken from Figure 4 (see supporting information for the actual model input).  265 

The simulated deformation of spherical pellets in the tube furnace at 1160 °C (set point 1200 °C) after 8 266 

minutes is represented in Figure 5, for both WP ash (left, four exemplary samples corresponding to the 267 

compositions of Figure 3) and NV ash (right, four exemplary samples). The evolution of temperature and 268 

deformation are shown for NV ash with 20 % of NaOH added (corresponding to Figure 5H) in the online 269 
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supporting information. The simulations capture multiple parallel effects; the effect of the composition on 270 

the heat capacity, the liquid fraction on the (latent) heat consumption, the solid fraction on viscosity, the 271 

composition on viscosity, etc., all apparent from Figure 5. The increasing of the heat capacity of the ash 272 

resulting from an increase of the sodium concentration (Figure S3 in SI) is illustrated by the difference 273 

between Figures 5E and 5G, where a colder core temperature is observed for the pellet to which 10% of 274 

NaOH was added as opposed to that without NaOH added. This effect is partially overcome by the 275 

introduction of gravitationally induced flow in the pellet with 20% of NaOH added, creating a slight mixing 276 

effect, as appears from the pellet in near thermal equilibrium with its environment in Figure 5H. This effect 277 

is even more pronounced for WP ash (Figures 5A-D). At a temperature of 1160 °C, all mixtures of NV ash 278 

with 10% of NaOH or less have viscosities exceeding 1000 Pa∙s (Figure 4B), not causing any noticeable 279 

gravitationally induced flow in a reasonable time frame. Therefore, only the pellet in Figure 5H is 280 

significantly deformed after 8 minutes, giving an unwanted, non-spherical aggregate.  281 

The behavior of WP ash pellets is different. The viscosities of all mixtures (up to 16 % of NaOH added) 282 

are lower than 1000 Pa∙s at 1160 °C (Figure 4A), meaning more significant deformation is expected (with 283 

respect to NV ash) after 8 minutes (Figures 5B-D).  284 

[A] WP 0% 

 

[E] NV 0% 

 

[B] WP 2% [F] NV 2% 



17 
 

  

[C] WP 8% 

 

[G] NV 10% 

 

[D] WP 16% 

 

[H] NV 20% 
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 285 

Figure 5 – Simulated deformation of aggregates from WP (0% [A], 2% [B], 8% [C], 16% [D]) and NV 286 

(0% [E], 2% [F], 10% [G], 20% [H]) bottom ash after 8 min sintering at 1160 °C, with various NaOH 287 

amounts added. 288 

The main finding from the thermal and flow simulations, i.e. excessive and unwanted deformation for high-289 

sodium WP and NV ash mixtures (8% and 20% and more NaOH added, respectively), was confirmed by 290 

experimental observations. Figure 6 shows the resulting aggregates of both WP (A, B, C and D) and NV 291 

(E, F, G and H) ash after 8 minutes of heating at 1160 °C. Although aggregates with low NaOH 292 

concentrations retained their spherical shape, enough NaOH addition was needed to significantly lower the 293 

solidus temperature to obtain a glassy outer surface, which is desirable for final product quality. In fact, 294 

purely from visual observation, lowered solidus temperatures for NV ash as seen in Figure 3 are confirmed 295 

in samples NV 10% (Figure 6G) and NV 20% (Figure 6H). Nonetheless, NV ash still retains its spherical 296 

shape with NaOH concentrations added up to 10%. In contrast, perfectly in line with the simulations 297 

reported in Figure 5, WP ash starts to deform significantly even at NaOH additions lower than 8% (Figure 298 

6C and 6D).  299 

[A] WP 0% 

 

[E] NV 0% 
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[B] WP 1.6% 

 

[F] NV 2% 

 

[C] WP 8% 

 

[G] NV 10% 

 

[D] WP 16% 

 

[H] NV 20% 

 

 300 

Figure 6 – Aggregates from NV bottom ash (left) and WP bottom ash (right) after 8 min sintering at 1160 301 

°C, with various NaOH concentrations obtained by varying water-solid ratio and NaOH molarity during 302 

preparation.   303 

  304 
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Discussion 305 

From the experiments, we observe that at a temperature of 1160 °C, 8 % of NaOH added on a mass basis 306 

results in excessive deformation of the aggregates made of WP ash after 8 minutes of residence time. Yet, 307 

sufficient glass forming agent is required to reduce the solidus temperature, to obtain a glassy outer shell, 308 

improving the quality of the final product by maximizing reactivity towards cementitious phases in 309 

concrete. Additionally, NaOH is required in the production process to initiate alkali activated bonding. A 310 

straightforward strategy to limit deformation is shortening the residence time. With the knowledge acquired 311 

by simulating the production of these melt ceramics, it is clear that the use of fluxing agents can be increased 312 

if the residence time significantly decreases, while taking thermal effects (lower heat transfer) into account. 313 

In the presented experimental case, NV ash with 10% NaOH has a solidus temperature low enough to form 314 

a glassy outer shell, yet its viscosity is high enough to not significantly deform in a reasonable timeframe 315 

(8 min).  316 

The strong correspondence between the simulations of Figure 5 and experimental results of Figure 6 is 317 

quantitatively summarized in the graphs of Figures 7(a) and (b) for the WP and NV bottom ash, 318 

respectively. The graphs show a comparison between the maximum horizontal diameters and the vertical 319 

diameters measured along the central axis of the pellet after eight minutes of residence time, with the solid 320 

dots indicating the experimental observations (four replicate samples were considered for any specific 321 

NaOH concentration) and the diamonds denoting the results obtained from the simulations. As it can be 322 

noted, for almost any concentration of NaOH the numerically predicted diameters lie within the range of 323 

maximum variation (defined by the shaded areas) of the experimentally measured ones.  324 

  325 
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(a) WP 

 

(b) NV 

 

 326 

Figure 7 – Experimental versus simulated diameters measured along the horizontal and vertical direction 327 

for the (a) WP bottom ash and (b) NV bottom ash after 8 min sintering at 1160 °C, with various NaOH 328 

concentrations.  329 

 330 

The results of Figure 7 and above have far reaching implications:  331 

1. The final geometry and physicochemical characteristics of melt ceramics in a given production 332 

method (in our case, stationary sintering on a tray in a tubular furnace, as a demonstration system) 333 

hinges on three interconnected parameters: operating temperature, residence time and amount and 334 

type of fluxing agent added. The modeling approach shown in this paper allows making this 335 

selection, and gives insight in the interconnection between the three parameters.  336 

2. Once the simulation is done for a given melt ceramic production system, the experimental 337 

confirmation implies that the main conclusions can be made from a combination of results from 338 

thermochemical (FactSage) calculations (solidus temperature, liquid amount and liquid 339 

composition) (Figure 3) and straightforward empirical viscosity equations (eq. 1-5), resulting in 340 
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Figure 4. For example, to select a combination of operating temperature, residence time and fluxing 341 

agent concentration, the following criteria should be taken into account for the envisioned SPoRA 342 

application: (i) a liquid phase should exist, and (ii) the viscosity of the composite phase should well 343 

exceed 1000 Pa.s.  344 

3. In real-world recycling processes, NaOH will not be used as fluxing agent because of its cost and 345 

associated environmental impact. The modeling approach presented in this paper allows to scan 346 

environmentally preferable alternatives, such as waste glass [5], through constitutive design rather 347 

than trial-and-error. Nevertheless, on top of fluxing, alkali activation is required in the SPoRA 348 

production process. Therefore a combination of alkali activator and waste glass might be used.  349 

Conclusions 350 

By constitutively modeling the deformation of spherical coal ash pellets in a melt ceramic production 351 

process, we have shown that the extensive knowledge of this waste generated over the past decades makes 352 

it a suitable resource for the design of various melt ceramic products. By coupling empirical models on heat 353 

transfer with thermodynamics and slag viscosity predictions, an operating frame (desired combinations of 354 

temperature, residence time and fluxing agent concentration) for the production of melt ceramics could be 355 

defined. In the case study presented, NaOH should be added to obtain a glassy outer shell, to yield highly 356 

reactive aggregates, at an operating temperature above the solidus temperature. Yet, the amount of NaOH 357 

is limited by unwanted deformation, yielding non-spherical aggregates beyond addition rates ranging 358 

between 8 % and 20% by mass, depending on the initial composition of the coal ash.  359 

In extension to earlier work on the development of lightweight aggregates from ash, largely starting from 360 

qualitative physical-chemical relations with experimental validation, our work initiated the quantitative 361 

understanding of chemical and process influences on melt ceramic product design. In extension of this 362 

work, other fluxing agents, different ash mixtures and other product geometries can now be more easily 363 

used, without the need for extensive upfront experimental work.  364 
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1. Modeling the two-phase system 8 

 9 

1.1 Dynamic viscosity 10 

After modeling the viscosity of the liquid phase, using the Browning model [1], an apparent viscosity 11 

of the two-phase system can be calculated using adjusted equations of Einstein’s groundbreaking work 12 

[2]. A variety of models published throughout the past century were considered, of which the relation 13 

between the apparent viscosity (viscosity of the two-phase system, or suspension, 𝜂𝑆) is given in Table 14 

S1, with 𝜂𝐿 the viscosity of the liquid, 𝜂𝑟 the ratio of the suspension’s viscosity over the pure liquid’s, 15 

Φ the volume fraction of the solid particles in the suspension, and Φ𝑚 the maximum volume (degree 16 

of filling) the solid particles can occupy. Because the investigated suspensions are composed of solid 17 

ash in a molten ash fraction, it may be assumed that the density of the two phases is similar and therefore 18 

a volumetric fraction equals the mass fraction calculated using FactSage.  19 

Table S1 – Models used for the viscosity of suspensions 20 

Reference Equation(s) Number in 

Table S2 

Einstein (1906)[2] 

 

A 



Einstein-Roscoe (1952)[3] 
 

B 

Mooney (1951)[4] 

 

C 

Krieger-Dougherty (1959)[5] 

 

D 

Eilers (1941)[6] 

 

E 

Chong et al. (1971)[7] 

 

F 

Frankel-Acrivos (1967)[8] 

 

G 

Brouwers (2010)[9] 

 

H 

Mendoza-Santamaria (2009)[10]  

 

I 

 21 



Results of the calculated final viscosities of the two phase system, for both ashes (WP in left column, 22 

NV in right column) are shown in Table S2. In the various graphs, points for solid material, having an 23 

infinitely high viscosity, are not shown. In general, the viscosities according to the different models do 24 

not vary strongly. Yet, as explained in the paper, some models result in very strong fluctuations of the 25 

suspension’s viscosity, which is due to the incompleteness of the FactSage thermochemical model, 26 

toward which the various models are variously sensitive.  27 

Table S2 – Comparison of different models for the viscosity of suspensions (see table S1 for 28 

descriptions) 29 

Ref WP ash NV ash 

A 

  

B 
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 30 

Further modeling efforts showed that the influence of the viscosity is limited to that of orders of 31 

magnitude: only a significant drop from well over 10000 Pa.s to values below about 1000 Pa.s, roughly 32 

corresponding to peanut butter, results in visually observable deformations of the aggregates in a 33 

reasonable time frame of several minutes. All described models yield a sudden drop of the viscosity in 34 

that region similarly, i.e. around the same temperature.  35 

 36 

 37 

(a) NV ash     (b) WP ash 38 
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 39 

Figure S1 – Viscosity of the semi-molten ash suspensions for the (a) NV and (b) WP ash, 40 

calculated using the liquid’s viscosity, melt fraction and Einstein’s model.  41 

 42 

1.2 Liquid fraction 43 

The phase equilibria of the coal ash with different amounts of NaOH added were calculated as a function 44 

of temperature (from 800 °C to 1400 °C) using FactSage v7.0 thermochemical software. 45 

Thermodynamic data, used for Gibbs free energy minimization, were obtained from the FToxid 46 

database. To increase the model’s reliability, and because of incomplete thermodynamic data, only the 47 

concentrations of the major oxides were included; SiO2, Al2O3, CaO, Fe2O3, MgO and Na2O. The 48 

resulting amounts of liquid phase (slag) for NV ash and WP ash are shown in Figure S2 below, as a 49 

function of temperature for various NaOH amounts added. The resulting composition of this liquid 50 

phase, expressed as oxides, is shown in Tables S3 and S4. 51 

  52 



(a) NV ash     (b) WP ash 53 

 54 

Figure S2 – Liquid fraction of the semi-molten ash suspensions for the (a) NV and (b) WP 55 

ash. 56 

 57 

Table S3 – Composition of the liquid (slag) phase of NV ash at various temperatures between 800 °C 58 

and 1400 °C, modeled using FactSage software 59 

 

      
 Slag NV 0% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 0.0 0.0 0.0 0.0 0.0 0.0 

1200 6.4 14.3 78.0 0.6 0.7 0.1 

1250 3.6 19.1 65.6 4.4 6.3 1.4 



1300 2.0 19.7 63.4 4.9 9.2 1.3 

1350 1.7 19.8 65.9 4.1 7.8 1.1 

1400 1.5 20.4 66.8 3.7 7.1 1.0 

 

      
 

      
 Slag NV 2% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 7.0 14.2 78.1 0.4 0.3 0.0 

1200 6.4 14.3 78.0 0.6 0.7 0.1 

1250 3.7 19.0 66.0 4.2 6.1 1.3 

1300 3.0 19.2 66.3 3.7 7.1 1.0 

1350 3.0 20.5 65.4 3.6 6.9 1.0 

1400 2.9 20.8 65.3 3.6 6.9 1.0 

 

      
 

      
 Slag NV 5% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 



950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 7.5 14.3 77.7 0.3 0.1 0.0 

1150 7.0 14.2 78.1 0.4 0.3 0.0 

1200 6.9 15.6 76.0 0.7 0.8 0.1 

1250 5.6 19.3 67.1 2.8 4.3 1.1 

1300 5.2 20.3 63.6 3.5 6.7 1.0 

1350 5.2 20.3 63.7 3.5 6.7 1.0 

1400 5.2 20.3 63.7 3.5 6.7 1.0 

 

      
 

      
 Slag NV 10% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 9.6 15.6 71.3 0.7 0.3 2.6 

1150 10.1 17.5 69.1 1.3 0.5 1.7 

1200 9.9 18.7 67.4 2.0 0.8 1.2 

1250 9.2 19.9 65.0 3.1 1.9 1.0 

1300 8.8 20.1 63.4 3.5 3.5 1.0 

1350 8.6 19.7 61.8 3.4 5.8 0.9 

1400 8.6 19.6 61.5 3.4 6.5 0.9 



 

      
 

      
 Slag NV 15% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 15.1 20.8 60.1 1.4 0.1 0.0 

1050 13.6 20.8 61.5 2.6 0.1 0.0 

1100 12.5 20.0 62.9 3.5 0.2 0.0 

1150 12.5 20.0 62.8 3.5 0.3 0.0 

1200 12.4 19.9 62.7 3.5 0.6 1.0 

1250 12.4 19.9 62.4 3.5 1.0 1.0 

1300 12.3 19.7 62.0 3.4 1.7 1.0 

1350 12.1 19.4 61.1 3.4 3.3 0.9 

1400 11.8 18.9 59.3 3.3 6.3 0.9 

 

      
 

      
 Slag NV 20% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 21.8 13.0 60.1 0.4 0.0 4.6 

850 20.3 15.6 60.3 0.6 0.0 3.3 

900 18.7 17.5 60.4 1.0 0.0 2.4 

950 17.1 19.3 60.5 1.1 0.0 2.0 

1000 16.3 20.1 61.0 1.5 0.1 1.0 

1050 15.9 19.7 60.8 2.5 0.1 0.9 



1100 15.6 19.3 60.6 3.4 0.2 0.9 

1150 15.6 19.3 60.5 3.4 0.3 0.9 

1200 15.6 19.2 60.4 3.4 0.5 0.9 

1250 15.5 19.2 60.2 3.3 0.9 0.9 

1300 15.4 19.0 59.8 3.3 1.6 0.9 

1350 15.2 18.7 58.8 3.3 3.3 0.9 

1400 14.8 18.2 57.3 3.2 6.0 0.9 

 60 

  61 



Table S4 – Composition of the liquid (slag) phase of WP ash at various temperatures between 800 °C 62 

and 1400 °C. modeled using FactSage software 63 

       

 

Slag WP 0% 

T(C) Na2O Al2O3 SiO2 CaO Fe2O3 MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 7.0 18.0 52.9 19.1 0.4 1.9 

1200 2.4 14.6 49.8 25.8 1.2 3.3 

1250 1.4 15.3 45.6 24.2 2.2 5.0 

1300 1.3 17.8 45.4 23.7 2.7 4.4 

1350 1.3 18.0 45.4 23.6 3.2 4.3 

1400 1.3 18.0 45.4 23.7 3.7 4.3 

       

       

 

Slag WP 1.6% 

T(C) Na2O Al2O3 SiO2 CaO FeO MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 



1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 7.0 18.6 50.3 20.9 0.3 2.1 

1200 4.0 16.7 48.3 24.0 0.9 3.7 

1250 2.5 17.2 44.8 23.5 2.0 4.4 

1300 2.5 17.8 44.8 23.3 2.4 4.3 

1350 2.5 17.8 44.8 23.3 2.9 4.3 

1400 2.5 17.8 44.9 23.4 3.4 4.3 

       

       

 

Slag WP 4% 

T(C) Na2O Al2O3 SiO2 CaO FeO MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 7.8 19.6 49.7 19.7 0.3 2.1 

1200 5.3 18.3 46.5 22.7 0.9 3.8 

1250 4.2 17.5 44.0 22.9 1.7 4.2 

1300 4.2 17.5 44.0 22.9 2.1 4.2 

1350 4.2 17.5 44.0 22.9 2.5 4.2 

1400 4.2 17.5 44.0 22.9 3.0 4.2 

       

       

 

Slag WP 8% 

T(C) Na2O Al2O3 SiO2 CaO FeO MgO 



800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 0.0 0.0 0.0 0.0 0.0 0.0 

1150 11.2 21.6 49.4 15.1 0.3 1.8 

1200 8.6 19.3 45.7 19.4 0.8 3.3 

1250 7.0 16.9 42.7 22.2 1.3 4.1 

1300 7.0 16.9 42.7 22.2 1.7 4.1 

1350 7.0 17.0 42.7 22.2 2.1 4.1 

1400 7.0 17.0 42.7 22.2 2.5 4.1 

       

       

 

Slag WP 12% 

T(C) Na2O Al2O3 SiO2 CaO FeO MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 17.8 19.7 48.9 11.3 0.1 2.0 

1150 14.7 20.9 47.6 14.3 0.2 1.7 

1200 12.4 19.7 44.5 17.6 0.6 2.9 

1250 9.7 16.5 41.5 21.6 1.1 3.9 

1300 9.7 16.5 41.5 21.6 1.4 3.9 



1350 9.7 16.5 41.5 21.6 1.7 3.9 

1400 9.7 16.5 41.5 21.6 2.1 3.9 

       

       

 

Slag WP 16% 

T(C) Na2O Al2O3 SiO2 CaO FeO MgO 

800 0.0 0.0 0.0 0.0 0.0 0.0 

850 0.0 0.0 0.0 0.0 0.0 0.0 

900 0.0 0.0 0.0 0.0 0.0 0.0 

950 0.0 0.0 0.0 0.0 0.0 0.0 

1000 0.0 0.0 0.0 0.0 0.0 0.0 

1050 0.0 0.0 0.0 0.0 0.0 0.0 

1100 21.0 19.0 44.3 12.1 0.1 2.6 

1150 17.2 19.9 44.1 15.2 0.2 2.2 

1200 13.4 17.2 41.4 19.6 0.6 3.3 

1250 12.2 16.0 40.3 21.0 0.9 3.8 

1300 12.2 16.0 40.3 21.0 1.1 3.8 

1350 12.2 16.0 40.3 21.0 1.4 3.8 

1400 12.2 16.0 40.3 21.0 1.7 3.8 

 64 

  65 



1.3 Heat capacity at constant pressure 66 

The heat capacity 𝐶𝑝(T) used in the model for each coal ash (Figs. S3(a)-(b)) is assumed as the average 67 

value of the corresponding single oxide constituents. For further information, the reader is referred to 68 

the main paper. 69 

 70 

(a)  NV ash     (b) WP ash 71 

 72 

Figure S3 – Heat capacity at constant pressure of the semi-molten ash suspensions for the (a) 73 

NV and (b) WP ash. 74 

 75 

1.4 Latent heat of fusion 76 

The enthalpy of melting 𝐿 is assumed to be constant and equal to 209.6 kJ/kg for both ashes. 77 

1.5 Thermal conductivity 78 

The thermal conductivity 𝑘(𝑇) for both ashes is reported in Fig S4(a) and corresponds to the following 79 

piecewise linear law: 80 

𝑘(𝑇) [W/(m. K)] = {
0.4   𝑇 < 100 °C

0.4 + 0.00125𝑇  100 ≤ 𝑇 ≤ 1800 °C
1.8  𝑇 > 1800 °C

 81 



Additional information on the main assumptions made as well as the effect of the oxide constituents, 82 

porosity and degree of sintering on 𝑘(𝑇) can be found in the paper. 83 

1.6 Surface tension 84 

The adoption of a specific law for the surface tension presents several challenges due to the different 85 

phases and materials involved in the process. As explained in the main paper, the surface tension for 86 

the liquid coal ash/air system was therefore estimated as a viscosity-dependent step law: 87 

𝜎(𝜇(𝑇)) [N/m]  = {
0.5  𝜇(𝑇) ≤ 104 Pa. s

0.9  𝜇(𝑇) > 104 Pa. s
 88 

The law is depicted in Fig. S4(b) while the ranges of corresponding to 𝜎(𝜇(𝑇)) = 0.5 N/m and 89 

𝜎(𝜇(𝑇)) = 0.9 N/m are represented in the dynamic viscosity diagrams of Figs. S1(a)-(b) by the dark 90 

grey and light grey shaded areas, respectively. 91 

 92 

(a) Thermal conductivity   (b) surface tension 93 

 94 

Figure S4 – Thermal conductivity and surface tension of the semi-molten ash suspensions for 95 

the NV and WP ash and any percentage of NaOH. 96 

 97 

2. Finite Element modeling 98 



During the sintering process, the coal ash pellet undergoes a self-collapse mechanism induced by creep 99 

effects in which the dynamic viscosity, whose value decreases with increasing temperature (see Sec. 1), 100 

leads to a distribution of the internal shear stresses in the pellet that is progressively incapable to sustain 101 

the self-weight. The creep behavior of the pellet can be predicted using a Finite Element model that 102 

implements the laws of the dynamic viscosity, thermal conductivity, heat capacity and liquid fraction 103 

described in Secs. 1 and 2. 104 

Since the fluid flow due to heat exchange represents a highly nonlinear process and poses several 105 

numerical challenges, a Finite Element package implementing different physics and able to account for 106 

complex geometries and materials is typically needed. In this work, the Finite Element model has been 107 

implemented in Comsol Multiphysics® 5.2a. The geometry of the model is shown in Fig. S5(a)-(b) and 108 

consists of an axisymmetric description of the pellet in contact with the alumina sand bed and resting 109 

on the ceramic slit (for additional information, the reader is referred to the “Materials and methods” 110 

section of the paper). In addition, the surrounding air is also modeled. The external circular termination 111 

of the computational domain represents the walls of the furnace, where the temperature is controlled by 112 

the user.  113 

 (a) 114 

 115 



(b)                                                                                         (c) 116 

     117 

Figure S5 – (a) 3D geometry, (b) axisymmetric geometry and (c) finite element mesh 118 

 119 

 120 

In Fig. S5(a), the fluid domain Ω𝑓 and the gas domain Ω𝑔 are represented by the coal ash pellet and air, 121 

respectively, while their interface is denoted with 𝜕Ω. The sand (domain Ω𝑠) and the ceramic slit 122 

(domain Ω𝑐) are treated as solids due to their negligible creep effects. 123 

The fundamental variables for the fluid and gas domains at a specified position 𝐱 = [𝑟, 𝑧]T are the time-124 

dependent particle velocity  𝐮(𝐱, 𝑡) = [𝑢𝑟, 𝑢𝑧]T, pressure 𝑝(𝐱, 𝑡) and temperature 𝑇(𝐱, 𝑡), while for the 125 

solid domains only the temperature 𝑇(𝐱, 𝑡) is considered. 126 

In the remainder of this Section, the fluid flow is assumed to be laminar and incompressible, i.e. 127 

𝜕𝜌/𝜕𝑡 = 0, where 𝜌 is a generic material density, while the liquid and gas phases are immiscible. The 128 

temperature-dependent material constants used in the FEM model described in the following are listed 129 

in Table S3 for each specific domain. 130 

 131 



Table S5 – Material properties for the fluid, gas and solid domains. 132 

 Coal ash (Ω𝑓) Air (Ω𝑔) Sand 

(Ω𝑠) 

Ceramic 

(Ω𝑐) 

Density, 𝜌 (kg/m³) 1300 * 1630 3500 

Dynamic viscosity, 𝜇 (Pa·s) Fig. S1 * - - 

Thermal conductivity, 𝑘 (W/m·K) Fig. S4(a) * 1 30 

Heat capacity at constant pressure, 𝐶𝑝 (J/kg·K) Fig. S3 * 750 790 

Ratio of specific heats, 𝛾 (1) 1 * 1 1 

Surface tension, 𝜎 (N/m) Figs. S1 and S4(b) ** ** 

Latent heat of melt, 𝐿 (kJ/kg) 209.6 ** ** ** 

Liquid fraction, 𝑓𝑙 (1) Fig. S2 ** ** ** 

*Time- and temperature-dependent material properties for air are imported from the Comsol Multiphysics® built-in material 133 

library. 134 

** Neglected in the analyses or not applicable 135 

 136 

2.1 Moving liquid-gas interface: Level Set Method 137 

Since the liquid and gas phases are considered to be immiscible and the fluid flow incompressible, 138 

the so called Level Set Method can be used to keep track of the evolution in time of 𝜕Ω due to 139 

the underlying,  thermally-induced flow field 𝐮(𝐱, 𝑡) [11,12]. Such method is based on the definition 140 

of a global function 𝜙(𝐱, 𝑡), the level set function, which describes the evolution of 𝜕Ω in an Eulerian 141 

frame of reference. 142 

At any time instant 𝑡, the level set function 𝜙(𝐱, 𝑡) is assumed to be equal to 0 and 1 everywhere on  Ω𝑓 143 

and Ω𝑔, respectively, except for a small region of thickness 𝜖𝑓𝑔 across 𝜕Ω, where it undergoes a smooth 144 

transition and becomes equal to 0.5 at any 𝐱 ∈ 𝜕Ω. As the fluid-gas interface moves, i.e. for 𝑡 > 0, any 145 

generic temperature-dependent material property 𝜓𝜙(𝑇) at a fixed spatial point 𝐱 ∈ (Ω𝑓⋃Ω𝑔) and 146 

specific time instant 𝑡, hereby denoted with the pedix (. )𝜙,  can be expressed as 147 

𝜓𝜙(𝐱, 𝑡, 𝑇) = 𝜓𝑓(𝑡, 𝑇) + 𝜙(𝐱, 𝑡)[𝜓𝑔(𝑡, 𝑇) − 𝜓𝑓(𝑡, 𝑇)],     (1) 148 



with the level set function satisfying the following transport equation 149 

𝜕𝜙

𝜕𝑡
+ 𝐮 ∙ ∇𝜙 = 𝛾∇ ∙ (𝜖𝑓𝑔∇𝜙 − 𝜙(1 − 𝜙)

∇𝜙

|∇𝜙|
),      (2) 150 

in which 𝛾 is a reinitialization parameter that ensures the regularity of 𝜙 during the numerical 151 

computations. For the analyses presented in this work, the interface thickness parameter has been 152 

assumed equal to 𝜖𝑓𝑔 = ℎ𝑚𝑎𝑥/2, where ℎ𝑚𝑎𝑥 is the local maximum element size in the region through 153 

which the interface 𝜕Ω passes, and 𝛾 = 0.001. 154 

The domains of application of Eqs. (1) and (2) are indicated in Fig. S6(a), while Figs. S6(b) and S6(c) 155 

show the two boundary conditions (BCs) applied. The first BC (Fig. S6(b)) is used to enforce the 156 

symmetry of 𝜙(𝐱, 𝑡) and 𝐮(𝐱, 𝑡) along the edge belonging to the 𝑧-axis. The second BC (Fig. S6(c)), 157 

−∇ ∙ 𝐍𝜙 = 0, is applied to the remaining boundaries and represents a no-flow boundary condition.  158 

 159 

(a)                                                        (b)                                                          (c) 160 

 161 

Figure S6 – (a) Domains of application of Eqs. (1) and (2), (b) axial-symmetric BC and (c) no-flow 162 

BC 163 

 164 



2.2 Two-phase laminar flow 165 

The two-phase laminar and incompressible flow is governed by the Navier-Stokes equations [13], 166 

representing the conservation of momentum, 167 

𝜌𝜙(𝐮 ∙ ∇)𝐮 = ∇ ∙ [−𝑝𝐈 + 𝜇𝝓(∇𝐮 + (∇𝐮)T)] + 𝐅𝐺 + 𝐅𝑆𝑇,    (3) 168 

and the complementing continuity of mass, 169 

𝜌𝜙∇ ∙ 𝐮 = 0,         (4) 170 

where 𝜌𝜙(𝐱, 𝑡) and 𝜇𝝓(𝐱, 𝑡, 𝑇) follow from Eq. (1) and the viscosity laws listed in Table S2, while 𝐅𝐺 =171 

−𝜌𝜙𝑔�̂� and 𝐅𝑆𝑇 = ∇ ∙ [𝜎(𝐈 − 𝐧𝐧T)𝛿] represent, respectively, the vectors of gravitational and capillary 172 

forces, in which 𝑔 = 9.81 m/s² is the gravitational acceleration, �̂� stands for the unit vector in direction 173 

𝑧, 𝐈 is the unitary matrix, 𝐧 represents the normal at the liquid gas interface 𝜕Ω and 𝛿 indicates the 174 

Dirac’s delta. The domains of application of Eqs. (3) and (4) are shown in Fig. S3(a). 175 

In order to ensure the uniqueness of the solution, Eqs. (3) and (4) are also complemented with two 176 

different sets of boundary conditions. The first BC (Fig. S7(b)) is used to enforce the symmetry of 177 

𝐮(𝐱, 𝑡) along the boundary belonging to the 𝑧-axis and reads 𝐮 ∙ �̂� = 0, where �̂� denotes the unit vector 178 

in the radial direction 𝑟. The second BC applies to the remaining boundaries of the domains indicated 179 

in Fig. S7(c) and represents a no-slip wall condition, i.e. 𝐮(𝐱, 𝑡) = 𝟎. This condition assumes that the 180 

air has zero velocity relative to the wall of the furnace. Although this condition is generally more 181 

suitable for viscous fluids, it has been found to lead to satisfactory results for the present case due to 182 

the very small magnitude of the velocity field (and therefore Reynold numbers) induced by the pellet 183 

deformation process in the air domain, while improving the convergence rate of the model at the same 184 

time.  185 

  186 



 (a)                                                       (b)                                                          (c) 187 

 188 

Figure S7 – (a) Domains of application of Eqs. (3) and (4), (b) axial-symmetric BC and (c) no-slip 189 

BC 190 

 191 

2.3 Heat transfer 192 

The fundamental equation for thermo-fluidic transport in presence of melting for a Newtonian, 193 

laminar and incompressible flow is given by [14] 194 

𝜌𝜙𝐶𝑝𝜙𝐮 ∙ ∇𝑇 − ∇ ∙ (𝑘𝝓∇𝑇) = −𝜉 [
𝜕(𝜌𝜙𝐿𝑓𝑙𝜙)

𝜕𝑡
+ ∇ ∙ (𝜌𝜙𝐮𝐿𝑓𝑙𝜙)],    (5) 195 

in which 𝜌𝜙(𝐱, 𝑡), 𝑘𝜙(𝐱, 𝑡), 𝐶𝑝𝜙(𝐱, 𝑡, 𝑇) and 𝑓𝑙𝜙(𝐱, 𝑡, 𝑇) are obtained from Eq. (1) and Table S2, while 196 

𝜉 = 1 if 𝜙(𝐱, 𝑡) = 0 and 𝜉 = 0 otherwise (the source term on the right hand side of Eq. (5) is only 197 

evaluated on the coal ash domain Ω𝑓). As it can be seen from Fig. S8(a), Eq. (5) is applied to the 198 

whole computational domain (Ω𝑓, Ω𝑔, Ω𝑠, Ω𝑐) and is complemented with three BCs, the first being 199 

the usual symmetric condition (Fig. S8(b)), the second enforcing the thermal insulation on the 200 

walls of the furnace (Fig. S8(b)), −𝐧 ⋅ 𝐪 = 0, and the third representing the user controlled 201 

temperature 𝑇 on the walls of the furnace, which is equal to 1160 °C.  202 



 (a)                                                       (b)                                                          (c) 203 

 204 

Figure S8 – (a) Domains of application of Eqs. (3) and (4), (b) axial-symmetric BC and (c) no-slip 205 

BC 206 

 207 

2.4 Simulation and results 208 

The numerical analyses presented in the paper as well as the remainder of this section have been 209 

carried out in Comsol Multiphysics® 5.2a for the different ashes and percentages of NaOH using 210 

the so-called Generalized Alpha method as preferred time-marching scheme. The total simulated 211 

time for each simulation is 480 s, with a controlled time step of 0.1 s maximum. For all cases, the 212 

finite element mesh shown in Fig. S5(c) has been used, in which all fluid and solid domain are 213 

discretized by triangular elements with quadratic shape functions. The total number of degrees of 214 

freedom of the mesh, which account for velocity, temperature, pressure and the level set variable, 215 

is 43387. 216 

The temperature and coal-air interface evolution for the NV ash with 20% NaOH and the WP ash 217 

with 16% NaOH is shown in Figs. S9 and S10, respectively. The coal ash pellet is assumed to be 218 

introduced in the furnace at 𝑡 = 0 s. At this time instant, the pellet is at room temperature (20 °C) 219 

while the furnace is at the regime temperature of 1160 °C. With these initial assumptions, a very 220 



sharp temperature gradient would be expected in proximity of the coal-air interface. However, a 221 

smooth gradient (observable in the first frame of Figs. S9 and S10) was instead pre-processed and 222 

used at the beginning of the analysis for two reasons. The first reason is that, in the experiment, 223 

the pellet is gradually introduced into the furnace, with a consequent perturbation of the 224 

temperature in the surrounding air. The second reason is of numerical nature. Due to the high 225 

nonlinearities of the model, a sharp gradient of the temperature field across the coal-air interface 226 

would require very small initial time steps and a fine, possibly adaptive, tuning of the time 227 

marching scheme. Yet, the model would often fail to converge, especially in the early steps of the 228 

analysis. The introduction of a smooth gradient not only dramatically improves the convergence 229 

of the solution during these steps, but also realizes a more realistic, experimental-like initial 230 

distribution of the temperature in the system. As additional remark, it is stressed that, due to the 231 

long simulated times, the distribution of the initial temperature has no effect whatsoever on the 232 

final deformed shape of the pellet. 233 

The rapid evolution of the temperature field during the early stages of the analysis can be observed 234 

in the first four frames of Figs. S9 and S10. Furthermore, it can be noted that the temperature 235 

evolution for both NV and WP ashes is almost identical during the first 120 seconds, in which the 236 

pellets do not experience significant deformations. At 𝑡 = 180 s, the overall shape of the NV ash 237 

pellet is still almost preserved, with a maximum vertical displacement along its axisymmetric 238 

centerline of less than 0.5 mm, whereas the WP ash displacement is about 1.5 mm. After the third 239 

minute mark, the difference between the deformation rates of the two pellets becomes more 240 

pronounced. This is mainly due to the behavior of the dynamic viscosity for the two ashes at 241 

temperatures higher than 1000 °C (see Figs. S1(a) and S1(b)), with the dynamic viscosity of the 242 

WP ash being typically an order of magnitude lower than that of the NV ash for the same 243 

temperature values. Such behavior results in the WP ash experiencing a vertical deformation of 244 

2.0 mm at 𝑡 = 240 s against the 0.3 mm of the NV ash pellet at the same time instant. At 𝑡 = 300 245 

s, the values of the internal temperature for the NV ash pellet are lower than those of the WP, with 246 

the former reaching a total vertical displacement of 1.0 mm and the latter approaching 4.1 mm. At 247 



𝑡 = 360 s, the difference in displacement between the two pellets along their axisymmetric 248 

centerline keeps increasing, with the NV ash pellet reaching 1.5 mm against the 5.8 mm of the WP 249 

ash pellet. It can be observed how, at this stage, the internal temperature of the WP ash pellet is 250 

homogenous and approximately equal to 1100 °C, while the NV ash pellet has an average internal 251 

temperature of 950 °C. At 𝑡 = 480 s, the NV ash pellet finally reaches a total vertical displacement 252 

of 3.4 mm and an average internal temperature of 1080 °C. At the same time instant, the average 253 

internal temperature of the WP ash pellet reads 1135 °C while its vertical displacement is 254 

consolidated to 6.0 mm. 255 
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 271 

Figure S9 – Temperature and coal-air interface evolution for the NV ash with 20% NaOH content in 272 

the time interval 0-480 s.  273 
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Figure S10 – Temperature and coal-air interface evolution for the NV ash with 20% NaOH content in 278 

the time interval 0-480 s. 279 
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