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Abstract

In this paper we give a number of arguments why, in approach theory, the notion of compa
which from the intrinsic categorical point of view seems most satisfying is 0-compactness, i.e., mea-
sure of compactness equal to zero. It was already known from [R. Lowen, Kuratowski’s m
of noncompactness revisited, Quart. J. Math. Oxford 39 (1988) 235–254] that measure of co
ness has good properties and good interpretations for both topological and metric approach
Here, introducing notions of closed and proper mappings in approach theory, which satisfy
intrinsic categorical axioms put forth in [Clementino et al., A functional approach to topolog
M.C. Pedicchio, W. Tholen (Eds.) Categorical Foundations Special Topics in Order, Topology,
bra, and Sheaf Theory, Cambridge University Press, 2003], we prove fundamental results con
these concepts, also linked to 0-compactness, and we give a Kuratowski–Mrówka-type chara
tion of 0-compactness.
 2005 Elsevier B.V. All rights reserved.
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1. Preliminaries

For all categorical notions we refer to [1,4]. Given a setX, U(X) stands for the se
of all ultrafilters onX. Unless otherwise mentioned all spaces in this paper are ass
to be approach spaces and we refer to [6–9] for the basic theory. For such a sp
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generic notations for its distance, limit operator and gauge are, respectively,δ, λ andG.
If necessary we may give these symbols sub- or superscripts, but in general it w
clear from the context on which space they are defined. In [9] all necessary tran
formulas for going from one structure to another can be found. However, whenever w
a particular formula, we will recall it shortly prior to using it. Themeasure of compactne
(of X) is defined as

µc(X) := sup
U∈U(X)

inf
x∈X

λU(x)

= sup
ϕ∈GX

inf
Y⊂X
Y finite

sup
z∈X

inf
x∈Y

ϕ(x)(x, z).

For metric spaces this notion originally goes back to Kuratowski [5] and it was e
sively studied in the setting of approach spaces in [6].

We will call an approach spaceX 0-compactif µc(X) = 0. Note that this is not the sam
as saying that the topological coreflection ofX [9] is compact. This latter property is, i
general, stronger and is referred to as beingcompact, this in keeping with our conventio
to say that an approach space has a topological property if and only if the topol
coreflection (or underlying topological space) has that property.

Using respectively the first and second expression forµc the following is easily seen t
hold.

Proposition 1.1 [6]. A topological approach space is0-compact if and only if it is compac
and a pseudometric approach space is0-compact if and only if it is totally bounded.

It was also shown in [6] that measure of compactness itself satisfies a general f
the Tychonoff theorem.

Theorem 1.2 (Tychonoff) [6]. For a family of approach spaces(Xj )j∈J the following
formula holds:

µc

(∏
j∈J

Xj

)
= sup

j∈J

µc(Xj ).

As a consequence of Theorem 1.2 a Tychonoff theorem of course also holds
compactness.

Corollary 1.3 (Tychonoff). The product of a family of approach spaces is0-compact if and
only if each member of the family is0-compact.

The following result was also shown in [6].

Proposition 1.4 [6]. If f :X → Y is a surjective contraction thenµc(Y ) � µc(X).

And this too has an immediate corollary for 0-compactness.

Corollary 1.5. If f :X → Y is a surjective contraction andX is 0-compact thenY is
0-compact.
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We recall that ifA ⊂ X then θA denotes the indicator ofA, i.e. the [0,∞]-valued
function which takes on the value 0 onA and ∞ outside ofA. We also recall tha
given a functionf :X → Y , µ ∈ [0,∞]X and ν ∈ [0,∞]Y the image ofµ is defined
as f (µ)(y) := infx∈f −1(y) µ(x) and the preimage ofν is defined asf −1(ν) := ν ◦ f .
The functionsf −1(ν) and f (µ) define a pair of adjoint mappings and so one is co
pletely determined by the other via the relation which says that for allµ ∈ [0,∞]X and
ν ∈ [0,∞]Y : ν � f (µ) ⇐⇒ f −1(ν) � µ.

2. Closed and proper contractions

Approach spaces form a topological construct [9], denotedAp. The morphisms are so
called contractions. Given approach spacesX and Y , a functionf :X → Y is called a
contraction if for allx ∈ X andA ⊂ X we haveδ(f (x), f (A)) � δ(x,A) or shortly, if
for all A ⊂ X we haveδf (A) ◦ f � δA. It is therefore not surprising that a concept
closed map inAp should involve a form of expansiveness, as opposed to contractive
The same is true for a notion of open maps, but we will not be concerned with this
present paper. Note that the characterization of contractions above can also be wr
f −1(δf (A)) � δA or, equivalentlyδf (A) � f (δA).

Definition 2.1. Given approach spacesX andY , a functionf :X → Y is calledclosedif
for all A ⊂ X we havef (δA) � δf (A).

Proposition 2.2. If X and Y are topological approach spaces then a mapf :X → Y is
closed if and only if it is closed in the topological sense.

Proof. Immediate from the definition. �
Proposition 2.3. Given approach spacesX andY , and a functionf :X → Y the following
are equivalent:

(1) f is an injective closed contraction,
(2) f is an embedding such thatδf (X) = θf (X).

Proof. If f is an injective closed contraction then it follows immediately from the de
tions that for allx ∈ X andA ⊂ X

δ
(
f (x), f (A)

) = δ(x,A),

and hencef is an embedding. Moreover,δf (X) = f (δX) = f (θX) = θf (X). Conversely, if
f is an embedding andδf (X) = θf (X) thenf is obviously injective and a contraction. L
A ⊂ X andy ∈ Y . If y ∈ f (X) andx ∈ X is the unique point such thatf (x) = y then

f (δA)(y) = δ(x,A) = δ
(
f (x), f (A)

) = δf (A)(y),

and ify /∈ f (X) then

f (δA)(y) = ∞ = θf (X)(y) = δf (X)(y) � δf (A)(y).
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the
Hencef (δA) � δf (A) which shows thatf is closed. �
For a category with a given factorization structure(E,M), satisfying properties

(F0)–(F2) in [2], Clementino, Giuli and Tholen formulate three further axioms whi
classF of morphisms has to fulfil for it to be a viable class of closed morphisms in
category. We first recall the axioms (F0)–(F2):

(F0) M is a class of monomorphisms andE is a class of epimorphisms and both are clo
under composition with isomorphisms,

(F1) every morphismf decomposes asf = m ◦ e with m ∈ M ande ∈ E ,
(F2) everye ∈ E is orthogonal to everym ∈M, that is, given any morphismsu andv such

thatm ◦ u = v ◦ e there exists a unique morphismw making the following diagram
commutative

· u

e

·
m

· v

w

·

The axioms onF are:

(F3) F contains all isomorphisms and is closed under composition,
(F4) F ∩M is stable under pullbacks,
(F5) wheneverg ◦ f ∈ F andf ∈ E theng ∈F .

Note that in the abstract categorical setting these axioms necessarily are formul
terms of morphisms, whereas our notion of closedness also makes sense for an a
function, hence the supplementary (and required) condition in Corollary 2.6.

In our case, we consider (one of) the usual factorization structure(s)(E,M) on Ap,
whereE are the epimorphisms (i.e., the surjective contractions) andM are the extrema
monomorphisms (i.e., the embeddings). As in any topological construct, this factoriz
structure satisfies the aforementioned conditions (F0)–(F2). From now on,

F := the class of all closed contractions.

That isomorphisms are closed and that closed contractions are stable under comp
is evident from the definition. This implies thatF satisfies axiom (F3).

We will now point out thatF also satisfies the remaining two axioms with regard to
given factorization structure.

Proposition 2.4. F ∩M is stable under pullbacks.

Proof. Consider the pullback diagram

P
f̄

ḡ

B

g

f

A C
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wheref is a closed embedding. We mention that, as in all topological constructs, w
takeP = {(a, b) ∈ A × B | f (a) = g(b)} whereA × B carries the product structure andP

the subspace structure and wheref̄ andḡ are the restrictions of the projections. SinceM
is stable under pullbacks we already obtain thatf̄ is an embedding. Hence it remains
show thatδf̄ (P ) = θf̄ (P ). Sinceg is a contraction we have that

θf̄ (P ) = θg−1(f (A))

= g−1(θf (A))

= g−1(δf (A))

� g−1(δgg−1f (A))

� δg−1(f (A))

= δf̄ (P ).

Since the other inequality always holds, again by Proposition 2.3, this proves thatf̄ is in
F ∩M. �

This proves that axiom (F4) is fulfilled.

Proposition 2.5. If g ◦ f is closed andf is a surjective contraction theng is closed.

Proof. Let f :X → Y , g :Y → Z be as stated and letB ⊂ Y . Then we have

g(δB) = g ◦ f
(
f −1(δB)

)
� g ◦ f (δf −1(B))

� δg◦f (f −1(B))

= δg(B),

which shows thatg is closed. �
Corollary 2.6. If g is a contraction,g ◦ f ∈F andf ∈ E theng ∈ F .

This proves, finally, that also axiom (F5) is fulfilled.
From [2] we adopt the following definition of proper morphism.

Definition 2.7. A contractionf :X → Y is called aproper contractionif it belongs stably
to F , i.e., whenever

W
f̄

ḡ

Z

g

X
f

Y

is a pullback diagram,̄f ∈F .
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In view of the following property, verifying properness of a contraction can be don
the simple criterion in 2.9, [2].

Proposition 2.8. F is stable under restrictions.

Proof. Let f :X → Y be a closed contraction, letZ ⊂ Y and consider the restriction

g := f |f −1(Z) :f −1(Z) → Z.

Let A ⊂ f −1(Z) andy ∈ Z, then

g(δA)(y) = inf
x∈g−1(y)

δA(x) = inf
x∈f −1(y)

δA(x) � δf (A)(y) = δg(A)(y),

which shows thatg is closed. �
Proposition 2.9. A contractionf :X → Y is proper if and only if for each approac
spaceZ the mapf × 1Z :X × Z → Y × Z is closed.

From now on, the class of proper contractions will be denoted byF∗. From the de-
finition, it is immediately clear thatF∗ ⊂ F . The following results are also immedia
consequences of the general results proved in [2].

Proposition 2.10. The class of proper contractions fulfills the following stability prop
ties:

(1) Proper contractions are stable under composition.
(2) Closed embeddings are proper contractions.
(3) F∗ is the largest pullback-stable subclass ofF .
(4) If g ◦ f is a proper contraction andg is an injective contraction, thenf is a proper

contraction.

Proposition 2.11. If X and Y are topological approach spaces then a contract
f :X → Y is proper if and only if it is proper in the topological sense.

Proof. Immediate from the fact thatTop is concretely reflective inAp. �

3. Proper contractions and 0-compactness

We consider the following ultrafilter spaces. Fix a setX and an ultrafilterU onX. Take
ω /∈ X, let XU := X ∪ {ω} and putUω the ultrafilter onXU generated byU . The following
defines a topology onXU ; the only convergent ultrafilters are the point filters, which c
verge to their defining points and the filterUω which converges toω. The approach spac
generated by this topology has as limit operator (on ultrafilters)

λUV(x) :=
{

0 (V = stackx andx ∈ X) or (V = Uω andx = ω),

∞ all other cases,
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δU (x,A) :=
{

0 x ∈ A or (A ∈ Uω andx = ω),

∞ all other cases.

This gives a special (albeit topological) case of the approach spaces also considere
We recall the following formulas which will be required in the sequel [9]. IfU is an ultrafil-
ter thenλU = supU∈U δU and conversely ifA ⊂ X thenδA = inf{λU | U ∈ U(X), A ∈ U}.
If (fj :X → Xj)j∈J is a source inAp then the initial structure is characterized via its lim
operator by the formulaλG = supj∈J λjfj (G) ◦ fj , for any filterG onX.

Proposition 3.1. If for a one-point spaceP the unique morphismπ :X → P is proper
thenX is 0-compact.

Proof. Let U be an ultrafilter onX, let λ stand for the limit operator onX, and letλ(U)

andδ(U) stand for the limit operator and distance on the product spaceX ×XU , whereXU
is the ultrafilter space defined above. Consider the diagram below, wherei is the evident
isomorphism:

X × XU
pr2

π×1XU

XU

P × XU

i

Sinceπ is a proper contraction, it follows thatπ × 1XU is closed and hence so is pr2. This
implies that

pr2
(
δ
(U)
∆

)
(ω) � δUpr2(∆)(ω),

where∆ := {(x, x) ∈ X × XU | x ∈ X}. For the right-hand side of this inequality, sin
X ∈ Uω, we clearly have

δUpr2(∆)(ω) = δU (ω,X) = 0.

We now calculate the left-hand side.

pr2
(
δ
(U)
∆

)
(ω) = inf

(x,y)∈(pr2)−1(ω)
δ
(U)
∆ (x, y)

= inf
x∈X

δ
(U)
∆ (x,ω)

= inf
x∈X

inf
V ultra
∆∈V

λ(U)V(x,ω)

= inf
x∈X

inf
V ultra
∆∈V

λpr1V(x) ∨ λUpr2V(ω).

Note that the only wayλUpr2V(ω) can be different from∞ (and then necessarily equ
to 0) is if pr2V = Uω. This happens precisely whenV = U∆ whereU∆ is the filter generate
by {(U × U) ∩ ∆ | U ∈ U}. Hence we find that
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pr2
(
δ
(U)
∆

)
(ω) = inf

x∈X
λpr1U∆(x)

= inf
x∈X

λU(x).

Thus infx∈X λU(x) = 0, which by the arbitrariness ofU shows thatX is 0-compact. �
Lemma 3.2. If A ⊂ X is 0-compact andU is a filter onX then

inf
x∈A

sup
U∈U

δ(x,U) = sup
U∈U

inf
x∈A

δ(x,U).

Proof. One inequality is clear. To prove the other inequality suppose
supU∈U infx∈A δ(x,U) < l. Then it follows that for eachU ∈ U we can finda ∈ A such
thatδ(a,U) � l, i.e. U(l) ∩ A �= ∅. This implies that{U(l) ∩ A | U ∈ U} generates a filte
onA. SinceA is 0-compact it follows that, for anyε > 0, there existsx ∈ A such that

sup
U∈U

δ(x,U) � sup
U∈U

δ
(
x,U(l)

) + l

� sup
U∈U

δ
(
x,U(l) ∩ A

) + l

� ε + l,

which by the arbitrariness ofε proves the lemma. �
Proposition 3.3. For approach spacesX andY andf :X → Y the following are equiva
lent:

(1) f is a proper contraction,
(2) f is a closed contraction and for eachy ∈ Y , f −1(y) is 0-compact,
(3) for eachU ∈ U(X): f (λU) = λf (U).

Proof. That (1) implies (2) follows at once from Propositions 2.10(3) and 3.1 by con
ering the pullback diagram

f −1(y)
f |

f −1(y){y}

X
f

Y

To prove that (2) implies (3) letU ∈ U(X). Note that one inequality follows at onc
from the fact thatf is a contraction. To show the other inequality lety ∈ Y then, invoking
Lemma 3.2

f (λU)(y) = inf
x∈f −1(y)

sup
U∈U

δ(x,U)

= sup
U∈U

inf
x∈f −1(y)

δ(x,U)

= supf (δU )(y)

U∈U
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� sup
U∈U

δf (U)(y)

= λf (U)(y).

To prove that (3) implies (1) note thatf is clearly a contraction. To prove that it is
proper contraction letZ be an arbitrary approach space and consider the mapf ×1Z :X ×
Z → Y × Z. First, for any ultrafilterU onX × Z and(y, z) ∈ Y × Z we have

f × 1Z(λU)(y, z) = inf
x∈f −1(y)

λU(x, z)

= inf
x∈f −1(y)

λpr1U(x) ∨ λpr2U(z)

= f (λpr1U)(y) ∨ 1Z(λpr2U)(z)

� λ(f pr1U)(y) ∨ λ(1Zpr2U)(z)

= λ
(
pr1(f × 1ZU)

)
(y) ∨ λ

(
pr2(f × 1ZU)

)
(z)

= λf × 1Z(U)(y, z).

Then, ifA ⊂ X × Z and(y, z) ∈ Y × Z it follows that

f × 1Z(δA)(y, z) = inf
x∈f −1(y)

δ
(
(x, z),A

)

= inf
x∈f −1(y)

inf
U ultra
A∈U

λU(x, z)

= inf
U ultra
A∈U

f × 1Z(λU)(y, z)

� inf
U ultra
A∈U

λ(f × 1ZU)(y, z)

� inf
W ultra

f ×1Z(A)∈W
λW(y, z)

= δf ×1Z(A)(y, z). �
Proposition 3.4. If f :X → Y is a surjective proper contraction thenµc(X) = µc(Y ).

Proof. One inequality follows from Proposition 1.4. The other inequality follows from

µc(X) = sup
U∈U(X)

inf
x∈X

λU(x)

= sup
U∈U(X)

inf
y∈Y

inf
x∈f −1(y)

λU(x)

= sup
U∈U(X)

inf
y∈Y

f (λU)(y)

= sup
U∈U(X)

inf
y∈Y

λf (U)(y)

� sup
W∈U(Y )

inf
y∈Y

λW(y) = µc(Y ). �
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Corollary 3.5. If f :X → Y is a proper contraction then for every0-compact subsetB ⊂ Y

alsof −1(B) is 0-compact.

Proof. Let f :X → Y be a proper contraction and letB ⊂ Y be 0-compact. Then in view
of Proposition 2.10

f |f −1(B) :f −1(B) → B

is proper. Consider the proper contractionπ :B → P whereP is a one-point space. The
applying Propositions 3.3 and 2.10 also the compositionπ ◦ f |f −1(B) is proper. In view of
Proposition 3.1 this implies thatf −1(B) is 0-compact. �
Theorem 3.6. An approach spaceX is 0-compact if and only if for any one-point spaceP

the unique morphismπ :X → P is a proper contraction and consequently the notion
0-compactness coincides withF -compactness in the sense of[2].

Proof. Sinceπ :X → P is always a closed contraction this follows at once from Prop
tion 3.3. �
Theorem 3.7 (Kuratowski–Mrówka). An approach spaceX is 0-compact if and only if for
any approach spaceZ the projectionprZ :X × Z → Z is closed.

Proof. Any pullback ofπ :X → P , whereP is a one-point space, is given by a diagram

X × Z
prZ

prX

Z

π

X
π

P

and hence the result follows at once.�
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