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Abstract

Electron vortex beams are a quantum state of free electrons that exhibit novel proper-
ties such as orbital angular momentum (projected along the propagation axis) and
phase vortices. �e physical properties of phase vortices in electromagnetic waves
have been studied both theoretically and experimentally at great length, and this
research is the basis of the current investigation. In optics, vortex beams have been
the building blocks of whole �elds of research such as communication, quantum
computing and many others. Since electron vortex beams have only been properly
described in 2007 and experimentally demonstrated in 2010, their true uses are yet
to be discovered. �is work is the result of an a�empt to understand their funda-
mental properties and how they would interact with ma�er. It is important to keep in
mind that this is a search to see what the phase vortex or orbital angular momentum
changes, and what it does, or can, not change.

�e �rst part is a thorough introduction to all relevant theory as it applies to
electrons in e.g. an electron microscope and provides a means to jump into more
involved concepts. �ese chapters will serve as background and reference in the
following parts, and are limited to those parts that are important to gain a full
understanding of what is done later. Not all aspects of the phase vortex physics is
covered (such as e.g. the topological structure), as the whole subject is too extensive
to be discussed here, and excellent books already exist.

�is introductory information is used in the second part to provide an overview of
the current state of a�airs of electron vortex beam creation in review form, including
an novel and elegant way of producing a high-current pure mode vortex beam using a
thin magnetic needle, which is intuitively explained by linking it to monopole theory.
�is novel discovery applies the somewhat far-fetched idea of electron-monopole
sca�ering and replaces the di�cult-to-�nd monopole by something that approximates
the same magnetic �eld distribution.

�e third and last part focuses on sca�ering of vortex beams with atoms and
crystals. Analytically calculated electron-atom sca�ering amplitudes shed light on
what a vortex beam means for excitations and investigate the details of orbital angular
and transverse momentum in a simpli�ed sca�ering context. �e �nal chapter is
concerned with the semi-analytical electron channelling, which describes dynamical
sca�ering inside crystalline materials. �e possibility of detecting magnetic �elds
inside materials using vortex beams is explored and some more general properties of
electron vortex channelling are described.
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Samenvatting

Elektronvortexbundels beschrijven een kwantumtoestand van vrije elektronen die
ongebruikelijke eigenschappen vertonen zoals orbitaal angulair moment (geproject-
eerd langs de voortplantingsrichting) en fasevortices. De fysische eigenschappen
van fasevortices in elektromagnetische golven zijn al grondig onderzocht, zowel
theoretisch als experimenteel, en het is dit onderzoek dat aan de basis ligt van het
huidige onderzoek. In de optica vormen vortexbundels de bouwstenen voor hele
onderzoeksdomeinen, zoals communicatie, kwantumcomputers en vele anderen. Om-
dat elektronvortexbundels maar sinds 2007 feitelijk beschreven zijn en pas in 2010
experimenteel aangetoond zijn, moeten hun toepassingen nog ontdekt worden. Dit
werk is het resultaat van een poging om de fundamentele eigenschappen ervan te
begrijpen en hoe deze de interactie met materie kunnen beı̈nvloeden. Het is belangrijk
te onthouden dat dit een zoektocht is naar wat de fasevortex of orbitaal angulair
moment verandert in het systeem, en wat het niet verandert, of niet kan veranderen.

Het eerste deel is een diepgaande introductie in al de relevante theorie zoals ze
toepasselijk is voor elektronen in bvb. een elektronenmicroscoop, om de complexere
concepten degelijk te kunnen uitleggen. Deze hoofdstukken dienen als achtergrond
en referentie voor de volgende delen, en omschrijven enkel de theorie die nodig is
om de latere hoofdstukken goed te kunnen begrijpen. Het is onmogelijk om een
uitvoerig onderwerp als fasevortices in zijn totaliteit te omva�en, dus elementen zoals
de topologische structuur, waarover uitstekende boeken zijn geschreven, worden
achterwege gelaten.

Deze informatie wordt gebruikt in het tweede hoofdstuk om een overzicht (review)
te geven van de huidige technologische toestand in elektronvortexbundelcreatie.
Hierbij wordt ook een volledig nieuwe manier om een heel pure elektronvortexbundel
met hoge stroomdichtheid te maken door middel van een dunne magnetische naald,
wat intuı̈tief kan verklaard worden door naar de magnetische monopooltheorie te
kijken. Deze nieuwe ontdekking past het misschien wat vergezochte idee van elektron-
monopool verstrooiing toe, waar de moeilijk te vinden monopool vervangen wordt
door iets dat het magnetische veld ervan benadert.

Het derde en laatste deel concentreert zich op de verstrooiing van vortexbundels op
atomen en kristallen. Analytisch berekende elektron-atoom verstrooiingsamplitudes
laten toe om wat elektronvortexbundels veranderen inzake excitatie en de details van
het orbitaal angulair moment in deze eenvoudige verstrooiingscontext te onderzoeken.
Het laatste hoofdstuk handelt over de semi-analytische elektron-“channelling”, wat
de dynamische di�ractie in een kristallijn materiaal beschrij�. De mogelijkheid om
magnetische velden in materialen op te sporen met vortexbundels wordt onderzocht en
enkele algemene eigenschappen van elektronvortexchannelling worden beschreven.
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A. Béché, A. Lubk, and G. Van Tendeloo. Shaping electron beams for the gener-
ation of innovative measurements in the (S)TEM. Comptes Rendus Physique,
15:190–199, February–March 2014305

Contributed to in part
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Part I

Introduction

Will you understand what I’m going to tell you? . . . No, you’re not going to be

able to understand it. . . .�at is because I don’t understand it. Nobody does.

Richard P. Feynman
1965





1
General Introduction

“�e scienti�c method,” �omas Henry Huxley once wrote, “is nothing but the

normal working of the human mind.” �at is to say, when the mind is working;

that is to say further, when it is engaged in correcting its mistakes.

Taking this point of view, we may conclude that science is not physics, biology,

or chemistry – is not even a ‘subject’ – but a moral imperative drawn from a

larger narrative whose purpose is to give perspective, balance, and humility to

learning.

Neil Postman
1995

�is thesis is a conglomeration of results collected during almost four years of
studying various aspects of quantum physics, all bound by a central theme: singularit-
ies in the phase of the complex electron wave function. Vortex beams, or unidirection-
ally propagating waves carrying these phase singularities, provide a prime example
of a new and topologically distinct type of wave. Its properties strongly in�uence
the electron’s behaviour under interactions. �e most prominent of these proper-
ties is of course internal orbital angular momentum, a purely quantum mechanical
property of an electron wave. �antum mechanics is needed because semi-classical
pictures would result in the mistaken picture of an accelerating spiralling electron
which classically radiates. An electron vortex beam does not radiate any more than a
non-singular beam.

�is thesis is about electron vortex waves, their properties, and their interaction
with ma�er. �eir creation, propagation and sca�ering behaviour on atoms and
crystals will be considered, with primarily applications in electron microscopy in
mind, although most of what is dealt with is not speci�c to this instrument. �is
chapter introduces the general concepts and a�empts to place them in contemporary
physics and electron microscopy research.
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1.1 Singular Optics

�e �eld of physics dealing with electromagnetic radiation corresponding to visible
and near-visible light is called optics. Optics deals with phenomena related to the
physical �elds that make up light, or in some sense de�ne the concept of photons.
Well-understood phenomena such as refraction, re�ection, and di�raction of light are
the building blocks to optical experiments and applications. �e wave nature of light is
an important factor in most modern applications, as the simple particle picture fails to
provide the details needed to describe all but the simplest of its properties. Although
classical descriptions of the wave nature of light work and describe experiments well,
when one brings everything down to the level of single photons, a quantum optical
description is found to be necessary.

�e (quantum) wave nature of light gives rise to a variety of features, one of
which was only fairly recently explored. A wave of light, just like a wave in water, a
sound wave, or even a quantum wave, has an oscillatory character. �ese periodic
oscillations can be described by a space-varying complex-valued wave function, which
contains phase and amplitude information. �e phase of the wave function varies
in space and time, and the periodic nature is captured by the fact that an oscillation
returns to its original state/position a�er one period of change. Usually, this phase
is seen as a time-related phenomenon, as in the radio waves that transmit today’s
news to your local radio receiver. It is equally common to consider space-dependent
periodic phase, of which examples are found in the regular pa�ern of waves on
water at a given moment in time. Remember that surface waves on water are a very
real manifestation of the complex wave concept, and electromagnetic and especially
quantum waves are really quite di�erent.

Instead of only considering linear periodicity, one can imagine a wave whose
phase linearly builds up from the beginning of a spatial period to the end (which is of
course equal to the wave at the position where it “begins”). Now take that straight line
of rising phasea and connect the two end points (which correspond to equal values of
the wave function), transforming the line into a closed loop. Along this line, there is
a linear phase ramp, yet once the loop is closed it seems to have lost any discernible
beginning nor end. To see an example of a wave function that could result from this
construction, see �g. 1.1. �e central point is called an optical singularity, or (phase)

vortex. �e term “singular” applies because the phase of the wave is unde�ned on the
vortex, and the amplitude of the wave function in that point is therefore forced to be
zero. Figure 1.1 shows a �rst order vortex, where a single period is contained in the
circle. Higher order vortices are singularities around which the phase ramp amounts
up to higher (integer) multiples of 2π.

By studying this two-dimensional wrapping of phase in optical beams, an explo-

a Which I am sure is the form that vividly appeared in your mind.
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Figure 1.1: A simple circularly symmetric wave function containing a phase vortex,
represented in phase-amplitude images. On the le�, a discontinuous colour map
is used, which highlights an apparent discontinuity in the wave function, when its
phase jumps from 2π to 0. However, this isn’t a discontinuity at all, as both the real
and imaginary parts are continuous in the azimuthal angle variable φ. Unfortunately,
this visualization is common in literature although it gives a false impression. A
more accurate representation of a complex wave function (which does not show a
pathological and incorrect discontinuity) is shown in the top right, using the hue to
represent phase and the intensity of colour as a measure of the wave’s intensity, |Ψ|2,
determined by the legend shown in �g. 1.2. �e bo�om le� �gure shows the linearly
rising phase along the black circle in the top two �gures. �e bo�om right �gure
shows the continuity of the real and imaginary parts of the wave function.

sion of research has taken place due to not only the fundamental physical interest,
but also numerous direct applications, such as micro-particle manipulation and in-
formation transfer (see § 4.7.1). A seminal paper by Allen et al. 9 discusses the most
important physical implications and provides a good overview of the basic theory
surrounding optical phase vortices. Recently, phase singularities have been trans-
planted into other �elds, such as acoustics, and of course, electrons in the electron
microscope.
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Figure 1.2: Legend for the intensity-phase representation of complex-valued scalar
�elds used throughout this work. Hue is used to represent the relative phase between
two points, and the visual intensity (here given by the “value” of the HSV color
mapping) re�ects the amplitude squared.
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1.2 Electron Microscopy

�e electron microscope is a tool that uses fast electrons to make atomic resolution
imaging possible. �ere are many di�erent variations, so below only a top-level
overview of the high-resolution variants is given. As already mentioned in § 1.1,
vortex waves have been produced in electron microscopes, and in recent years, many
experiments related to phase manipulation have been performed with this instrument.
Some of these experiments are covered in this thesis (see chapters 5 and 6). �is
section will brie�y sketch the possibilities and capabilities of this imaging instrument.

�e wave nature of electrons allows them to be used for imaging in the same way
as light. Due to the strong Coulomb interaction of electrons with ma�er, this is usually
constrained to thin samples (tens to hundreds of nanometres thickness, in (Scanning)
Transmission Electron Microscopes, (S)TEM) or surfaces (in the Scanning/Re�ection
Electron Microscopes, REM/SEM). �e former techniques are routinely employed in
Antwerp, where this work was created, and so will be its underlying focus. �ese meth-
ods allow for direct imaging and di�raction imaging, tomography, and spectroscopy,
all with atomic resolution.

�e primary use of early electron microscopes to view the di�raction pa�erns
for crystals. �is gave tremendous insight in the structure of a material, and gave
rise to a quantitative approach in crystallography. Later, when the resolution of
the electron microscope improved, single-crystal objects could be viewed, and the
structure determination reached a new level of detail. �e principal contribution to
this simple reciprocal image formation is electron-atom sca�ering, for which the
basic quantum theory is found in any text book.

Imaging with an electron microscope can be done in several ways. Among them
is by using a focused probe (STEM), and scanning this over the object, collecting the
high-angle part of the sca�ered electrons at each scan point. Another is the use of a
uniform illumination ((Conventional) TEM). �e la�er works much like a bright-�eld
optical microscope, with the important di�erence that aberrations are tremendously
more signi�cant in the electron microscope. Both cases require simulation due to
non-trivial dependence of the image on sample thickness among other things. As an
additional imaging step, one can spectroscopically analyse the sca�ered electrons
(the technique is called Electron Energy Loss Spectroscopy, or EELS), providing a
nanometre-resolution spectroscopic map of the sample, which allows for false colour
images showing the precise location of individual elements.
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1.3 Situation of this work

�is work combines the two �elds described above and explores the fundamental
quantum mechanical properties of vortex electron waves. It intends to provide crucial
insight into the behavioural properties and interaction of fast electrons carrying
phase singularities in the presence of ma�er. A thorough review of the current
electron vortex production methods is given to provide a su�cient background to
understand the rapid developments in this sub-domain. �e concept is explored
analytically in terms of wave properties and quantum sca�ering, leading to exact
expressions (within the applicable theoretical framework) that are readily analysed
for their properties relating to the important physical variables, hence delivering
crucial insight into the dynamics of the electron vortex state. A semi-analytical model
of electron propagation through crystals is extended to vortex waves, where the
complex dynamical di�raction is reduced to a simple analytical model that requires
limited numerical calculation. �is provides insight in vortex dynamics in a crystalline
environment, that was previously never considered.

�is work forms a solid basis for understanding several key properties of vortex
electrons and their behaviour when interaction with ma�er is involved. �e new
and growing �eld of singular electron optics can build and further improve upon the
calculations and observations presented in this thesis.
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1.4 Structure of this work

�is thesis is structured in a way so that it could be useful to a wide readership. �e
topics that are also available in published form have been signi�cantly extended
as to give an as complete as possible context such that the meaning of what was
done and calculated remains clear at all times. �e work consists of four parts: a
thorough introduction, a part on phase manipulation and vortex beam generation,
and a detailed discussion on the sca�ering of electron vortex beams. �e �nal part
provides general conclusions and an outlook for future research in the �eld.

�e �rst part, the one you are currently reading, provides, a�er this general
introduction, a thorough overview of various theoretical concepts that will be crucial
in understanding the subsequent parts. �e principal reason for this is to establish
notation and conventions on the one hand, and a�empt to ensure the rest of this
text is not inaccessible to the non-expert reader on the other hand. It is by far not a
complete overview of everything, as the topics involved each cover several volumes
in text books, but it should provide the interested reader with enough building blocks
and information to understand all the later chapters. Additionally, several hand-
picked topics are sca�ered over the chapters that are explored a bit more deeply, and
hopefully give an interesting read of mostly standard physicsb. �ese include the
non-relativistic limit of quantum electron theory, geometric algebra as a unifying
mathematical language for physics, especially quantum mechanics, the orbital angular
momentum of wave packets and its relation to phase vortices, and several more small
concepts. �e introduction starts with basic quantum mechanics, quantum sca�ering
theory, then links wave optics to quantum wave propagation, and �nally treats vortex
waves and their properties. Most of the information contained in these chapters
may not be new, but the information was included to be able to form a complete
introductory text to the central theme, which is the interaction of electron vortex
beams with ma�er.

�e second part consists of the application of electron wave optical concepts dis-
cussed in chapter 4 for the generation of vortex beams and other phase manipulation
in the electron microscope. Chapter 5 consists of a current state-of-the-art review of
non-magnetic ways to generate vortex waves and otherwise wilfully manipulate an
electron beam’s phase. �e next chapter discusses set-ups in which magnetic �elds
are directly used to manipulate the wave function, and what is required to produce
electron vortex beams, i.e. magnetic monopole-like magnetic �eld distributions. �is
chapter consists partly of a review of current and past experiments and a discussion
of monopole theory and how the generation of phase vortices in the electron wave
function is linked to a magnetic monopole’s �eld distribution.

b Granted, they may not have a strong direct link to the rest of the work. Nonetheless, I came across them
during my research and feel they are worth sharing in the current context.
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�e third and �nal part discusses the elastic and inelastic sca�ering of electron
vortex beams, and treats in detail the extended textbook results of Coulomb sca�ering.
�e introduction of orbital angular momentum and transverse momentum in the fast
electron’s wave function lead to various peculiar and interesting e�ects, which come
out naturally in the calculations spread out across these chapters. �e �nal chapter
treats a phenomenon called electron channelling, which is an intuitive simplistic (yet
quite accurate) high resolution image simulation theory, from a twisted perspective.
�e e�ect of the vortex phase on several aspects of this theory is discussed, includ-
ing how the channelling is a�ected by the orbital angular momentum, how vortex
channelling is a�ected in magnetic materials, and how the discrete crystal symmetry
in�uences the electron vortex.

�e �nal part provides some general conclusions and an outlook for future re-
search.



2
�antum Mechanics

We must be clear that when it comes to atoms, language can be used only as

in poetry. �e poet, too, is not nearly so concerned with describing facts as

with creating images and establishing mental connections.

Niels Bohr
1920

�is work treats vortex beams of electrons, not some variant to the esotheric
‘vortex physics’ as �rst developed by late 19th century physicists who were trying
to wrap their heads around the atomic structure281. �e idea came to Lord Kelvin
a�er reading Helmholtz’ paper on vortex �laments in hydrodynamics139. �is was a
hopeful a�empt to pour the then-known structure of atoms into a formal mathematical
concept. �e general level of �rst-grade knot theory ends with knowing how to tie
a shoe, so su�ce to say the ‘knot’ approach to atomic physics was unsuccessful.
�is initial spark did give birth to a branch of mathematics called ‘knot theory’,
which treated all kinds of knot-related concepts and their structure270. Much of these
mathematics also apply to vortex waves, but those aspects are largely out of scope of
this work.

Vortex waves arise as a natural solution to the various wave equations describing
several �elds in physics. My focus lies on the quantum variant, which can be directly
used to describe electron waves propagating freely and interacting with ma�er. Nev-
ertheless, many properties described in the second section of this chapter are equally
useful for non-quantum vortex waves, if one translates the various core elements
correctly (wave functions, operators, etc.). To fully appreciate what a phase vortex is,
and more importantly, to understand all the theory you will encounter in this thesis,
I will quickly refresh the quantum theory formalism as to establish some notational
conventions (some of which are discussed in full in appendix A), by example.

11
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2.1 Small �ings Considered

�antum mechanics is a mathematical and physical formalism which provides an
algorithmic description of reality at small scales of the order of an atom and its
constituents. Without going too deep into the mathematical basis on which all of
quantum physics is built, a short overview below will introduce the main concepts used
in the rest of this thesis. �e basic mathematical principle underlying the description
of a physical system is that an equation (with proper boundary conditions) de�nes
the solution space (a Hilbert space in quantum mechanics), which provides a set of
basis functions (o�en in�nite in size) to build a complete solution representing a real
system. In the world of quantum mechanics, these solutions are o�en quantized in
some way due to boundary conditions imposed by a small system, hence the term
‘quantum’ in ‘quantum mechanics’.

2.1.1 Schrödinger equation

Non-relativistic quantum mechanical systems are governed by the Schrödinger equa-

tion. For the general case with electromagnetic potentials given by the four-vector
potential, A = (ϕ,A), one can write it as

i~∂t |Ψ〉 = Ĥ |Ψ〉

=

[
(p̂ − qA)2

2m + qϕ

]
|Ψ〉. (2.1)

Here, q is the charge of the particle under consideration, andm is its mass.
In eq. (2.1), the bra-ket notation was employed. A ket, e.g. |Ψ〉, is an abstract

representation of a statea. A bra, 〈Ψ|, is the dual
b of the corresponding ket. It hides

the details of a certain representation of such a state, and simpli�es dealing with it in
an operator-oriented context (see the next paragraph).

All states that are a solution of eq. (2.1), are an element of the Hilbert space de�ned
by that equation. �is means that any linear combination of solutions to the equation
is again a solution. Furthermore, an orthonormal set of solutions may be de�ned,
forming a basis to constructing any possible con�guration/solution.

To obtain the position representation of a state, i.e. a coordinate space wave
function in the literal sense of the word, one projects onto coordinate space by
le�-multiplying a bra with a position ket,

〈r |Ψ〉 = Ψ(r ). (2.2)

A state is assumed to be normalized, such that, at all times

〈Ψ|Ψ〉 = 1. (2.3)
a Actually, |Ψ〉 represents a pure state, more on that in § 2.3.
b Mathematically, in the sense of the Riesz representation theorem.
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Interpreting the (semi-positive de�nite) squared modulus of the wave function as a
probability, the (local) charge density is given by

ρ (r ) = qΨ∗ (r )Ψ(r ). (2.4)

One can also de�ne the (local) charge current (density) from the wave function,

j =
q

m
Im [Ψ∗ (−i~∇ − qA)Ψ]

= −q~
m

Im(Ψ∗∇Ψ) − q2

m
Aρ . (2.5)

�ese two quantities ful�l a continuity equation,

∂t ρ + ∇ · j = 0, (2.6)

which signi�es there is no loss of charge (and/or probability). Note that this charge
current can be used directly to calculate a generated electromagnetic potential from
these densitiesc:

Aext (r ) =
µ0
4π

∫
d3r ′

j(r ′)
|r − r ′| . (2.7)

�e Schrödinger equation, eq. (2.1), determines what states are valid for a certain
system. �ese solutions live in the Hilbert space of that particular equation, and one
can de�ne an orthonormal (usually in�nite) set of them to describe that system up
to a global phase factor. �is phase factor is unobservable as long as no interference
with another reference wave is measured (such as in the Aharonov-Bohm e�ect, see
chapter 6), and can take any value between 0 and 2π. Any other value wraps around
due to the properties of the phase angle of complex numbers, on which quantum
mechanics builds its constructs.

It goes without saying that it is the actual form of the electromagnetic potential
A that determines the precise structure and properties of the solutionsd. Boundary
conditions are also imposed by a proper electromagnetic potentiale and the continuity
of the wave function and its derivative. �ese will o�en lead to a form of quantization,
in which the set of solutions is spread not continuously over a variable, but change in
discrete steps instead. Between these steps lies nothingness; only solutions that abide
by the relevant boundaries are allowed. �antum theory does not have a monopoly
on discrete step solutions. Systems such as a vibrating string with �xed end points
also result in a discrete set of solutions. �e term ‘quantum’ therefore is somewhat a
misnomer, and comes from the fact that it predicts, or rather describes, previously
supposed continuous objects (such as light, or the electronic energy levels in an atom)

c See e.g. § 5.4 in Jackson 161.
d Observable properties are not in�uenced by a U (1) gauge transformation of the vector potential.
e ‘Proper’ here meaning that the resulting Hamiltonian is a self-adjoint extension of the free space Hamilto-

nian, so that the problem is still well-de�ned within the quantum formalism. �is is especially important
in relativistic quantum mechanics (see § 2.4).
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as quantized, which was surprising at the time. Additionally, quantum theory provides
various tools to simplify analyses of more complex systems. Unfortunately, the
formalism does not provide a direct interpretation of the solutions of the Schrödinger
equation, deferring instead the physical observables to be expectation values of
Hermitian operators.

2.1.2 Operators and eigenvalues

Experiments measure real numbers (in the mathematical sense) with o�en macroscopic
measurement devices and tools. �antum mechanics can make statistical predictionsf

about certain variables. �e mean value of such a series of measurements, called
the expectation value, can be calculated through the operator inner product for that
quantity,

〈Ô〉 = 〈Ψ|Ô |Ψ〉. (2.8)

To obtain a calculable expression in the absence of more abstract relations between
the operators and bra-kets, one can insert complete bases to ‘project’ onto a certain
representation. In position representation, this can be understood as an integral over
space,

〈Ô〉 =
∫

d3r

∫
d3r ′〈Ψ|r 〉〈r |Ô |r ′〉〈r ′|Ψ〉. (2.9)

If the operator in question has a simple form in a certain representation (be it po-
sition, momentum or something else), it might be advantageous to use this if the
states involved can be projected onto that bases as well. A local operator, for which
〈r |Ô |r ′〉 = δ (r − r ′)O (r ), simpli�es this expression to a single integral over space,

〈Ô〉 =
∫

d3r Ψ∗ (r )O (r )Ψ(r ). (2.10)

If the operator is Hermitian, this value is a real number. �is expectation value
then represents the mean value of a series of measurements of the physical quantity
associated with this operator. �e prime example is of course the Hamiltonian itself,
which represents the energy of the state inside a system, 〈Ĥ 〉 = E. �e standard

deviation of a Hermitian operator is de�ned as

σO =

√
〈Ô2〉 − 〈Ô〉2, (2.11)

and provides a measure of the spread of a measurement of that operator around the
expectation value.

Examples of operators (given here in the position representation) are the position
operator itself, which has the simple functional form r , and the momentum operator

f �ere are more ‘deterministic’ interpretations of quantum mechanics, e.g. pilot wave theory, but in the
end, due to the underlying quantum physical nature (or rather, lack of a deeper underlying, deterministic
description), at some point in the calculation of a realistic system, statistics will enter.
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which can be wri�en as −i~∇. Other operators can be de�ned at will, and o�en are
implied by the symmetry of a speci�c problem. To illustrate all this, two distinct types
of solutions will be discussed.

�e �eld-free Schrödinger equation, for which the Hamiltonian, Ĥ = p̂2/(2m),
admits plane wave solutions of the form:

〈r |k〉 = eik ·r

(2π)3/2 . (2.12)

�is type of solution cannot be normalized, but a superposition of these in the form
of a wave packet centred around momentum ~k is o�en used to represent a localized
particle with that momentum. Instead, it is normalized in the more mathematical
orthonormal sense:

〈k ′|k〉 = δ 3 (k ′ − k ). (2.13)

�e plane wave in momentum space is a point. �e other solution will be discussed
in the next section.

2.1.3 Commutation and uncertainty

It is of great interest to �nd the operators of a system which commute with the
Hamiltonian, as these represent conserved quantities,[

Ĥ , Ô
]
= Ĥ Ô − ÔĤ = 0, (2.14)

where the 0 is to be understood as a zero result when the commutator is acting on
a ket. All operators (even those that do not commute with the Hamiltonian) have
corresponding eigenstates within the system. �ese special states are of even greater
interest mathematically speaking, because these are unaltered under the action of an
operator, instead revealing the associated eigenvalue,

Ô |ΨO 〉 = O |ΨO 〉, (2.15)

which makes an eigenstate’s expectation value trivial:

〈ΨO |Ô |ΨO 〉 = O . (2.16)

Commuting variables can be measured exactly simultaneously, whereas quantities
of which the operators do not commute, must abide by an uncertainty relation. �e
prime example of such a relation is provided by the position and momentum operators,
which obey the Kennard inequalityg,177,

[x̂ , p̂x ] = i~ (2.18a)
g �e general Robertson-Schrödinger uncertainty relations read

σAσB ≥
[( 1

2 〈
{
Â, B̂

}
〉 − 〈Â〉〈B̂〉

)2
−

( 1
2i 〈

[
Â, B̂

]
〉
)2]1/2

, (2.17)

where ·, · represents the anticommutator, i.e. (2.14) with a plus, instead of a minus sign.
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⇒ σxσpx ≥
~

2 . (2.18b)

Where the uncertainty is given by the standard deviation, eq. (2.11). States that satisfy
the uncertainty relation’s equality are called minimum uncertainty states

71. �ese
are the quantum states that are closest to their classical counterpart112. On the other
end of the spectrum, plane wave states like eq. (2.12) have a precisely determined
momentum, and thus can never be localized in space (due to eq. (2.18b)), resulting
in an undetermined position. �antum physics fundamentally limits the precision
in which you can obtain both for the same system. Incidentally, Gaussian wave
functions satisfy the equality, i.e. the wave function with position and momentum
representation (here, α is a scaling parameter),

〈x |Ψ〉 = Ψ(x ) = 4

√
2α
π

e−αx 2
, (2.19a)

〈k |ψ 〉 = Φ(k ) = e−k2/4α

4√2πα
. (2.19b)

Calculating the standard deviation for both k and x , one obtains their product as
σxσk = 1/2 (up to the factor ~).

�e uncertainty relation of two variables will not always assume the simple form
of eq. (2.18b). An example of a more complicated uncertainty relation is given by the
angular position and orbital angular momentum operators, and is explained more
deeply in § 4.5.4.

2.1.4 Time dependent solutions

If the electromagnetic potential is static (i.e. time independent), one can easily con-
struct the fully time-dependent solution from the static wave functions by adding an
oscillating energy and time dependent term:

|Ψ〉 = U (t ) |Ψ0〉 = eiH t/~ |Ψ0〉. (2.20)

Here, |Ψ0〉 is the solution of the time-independent Schrödinger equation at some
arbitrary time t = 0. �e time evolution operator U (t ) is unitary, which means
probability/charge/mass is conserved.

With the proper initial conditions, one can determine the complete time evol-
ution of the wave function and its expectation values. If the Hamiltonian is time-
independent and |Ψ〉 is an eigenstate of that Hamiltonian, the time evolution becomes
simply eiEt/~ |Ψ0〉. �erefore, it is not always necessary to obtain a complete solution
of a dynamical problem to acquire time dependent dynamics (or at least the observable
results thereof). One such example is sca�ering, where essentially static solutions
are directly used to obtain the resulting wave function of a wave propagating and
interacting in time with a target.
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Figure 2.1: Wave function of the 1s hydrogen state. �e surface shown is that of
an equal wave function amplitude. �e colour shows the phase, as in �g. 1.2. Figure
taken from Ref. 113.

Figure 2.2: Wave function of the 2s and 2p hydrogen states. �e surface shown is
that of an equal wave function amplitude. �e colour shows the phase, as in �g. 1.2.
Figures taken from Ref. 113.

Figure 2.3: Wave function of the 3s , 3p, and 3d hydrogen states. �e surface shown
is that of an equal wave function amplitude. �e colour shows the phase, as in �g. 1.2.
Figures taken from Ref. 113.

2.2 �e�antum Mechanical Single-Electron Atom

�e atom is a thing of mystery, and will always remain as such. Its behaviour can
be described in various circumstances, and how it reacts to many forms of probing
(some would say torture). It is though impossible (under the current understanding)
to explain exactly what is the atom: there will always be a layer deeper that needs to
be described in an abstract, more approximate sense. Every physicist knows that a
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system of more than three particles cannot be formally solved (not even in classical
mechanics), and let the atom be one of those systems. �e only exception is the
hydrogen atom, which contains exactly two particles; a nucleus and the electron
bound to it by the electrostatic force. A parametrized version of this system can be
used to obtain an approximate analytical description of any atom, providing insight
into phenomena a�ecting compound atomic systems.

A classical hydrogen atom has atomic radius, aB, (see appendix F), and its nuclear
charge is exactly +|e |. By modifying the atom radius to aµ (which depends on the
reduced mass of the atomic system) and taking into account screening of �lled shells by
modifying the nuclear charge to Ze� , one obtains a parametrized atom with hydrogen-
like orbitals. �e derivation of the exact expression is lengthy and messy at best, so it
will be omi�ed to make room for the relevant resulting wave functions so that some
intuition can be developed, easing their use in chapter 8. �e potential describing the
centre of mass single electron atom is given by

V (r ) =
Ze�e

2

r
. (2.21)

�e solutions of this system are given by the following equation,

〈r |n, l ,m〉 = Ψn,l,m (r ) = Nn,lRn,l (r )Θl,m (θ )Φm (φ), (2.22a)

with

Rn,l (r ) = (Zµr )
lL(2l+1)

n−l−1 (Zµr )e
−Zµ r/2, (2.22b)

Θl,m (θ ) = (−1)m
√

2l + 1
2

(l −m)!
(l +m)!P

m
l (cosθ ), (2.22c)

Φm (φ) =
eimφ
√

2π
, (2.22d)

Nn,l =

√
η3 (n − l − 1)!

2n(n + 1)! , (2.22e)

Zµ =
2Ze�
naµ
. (2.22f)

Here, Pml are the generalized Legendre polynomials (see appendix C.7) and L(l )n are
the generalized Laguerre polynomials (see appendix C.6) �e wave function of a
cylindrically symmetrical potential can be split in an azimuthal phase factor multiplied
with a function of the remaining coordinates (r⊥, z) (or equivalently, (r ,θ )),

〈r |n, l ,m〉 = Φm (φ)〈r ,θ |n, l ,m〉

=
eimφ
√

2π
〈r ,θ |ψ 〉, (2.23)
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�e potential given by eq. (2.21) determines not only the wave functions, but also the
energies of the di�erent states, given by

En = −
mec

2Z 2
e�α

2

2n2 = −Z
2
e�Ry
n2 , (2.24)

with the Rydberg, Ry = mec2α 2

2 , the unit of energy in atomic units (see appendix G for
a description and appendix F for all the symbol de�nitions). �is expression needs to
be relativistically corrected for today’s experiments, but when this expression was
�rst derived quantum mechanically, it was indeed a breakthrough for the formalism.

Figures 2.1 to 2.3 show phase-coloured isosurfaces of the hydrogen wave functions,
as determined by eq. (2.22). �is representation makes it clear that atomic wave func-
tions possess phase singularities (see chapter 4), and inspired by that shared property,
the sca�ering of vortex electrons exciting atomic wave functions is considered in
chapter 8.

2.3 Beyond the Wave Function

When considering real physical systems, the wave function alone o�en does not
explain everything. A single state vector (e.g. a wave function) describes a so-called
pure state. A more general formalism (needed for the proper description of e.g. inelastic
sca�ering or partially polarized light or electrons) is provided by the density matrix

h.
Even though most of quantum physics is usually described in terms of a single

wave function, non-pure states appear in all but the most trivial systems. Even though
a proper treatment of any complex system (such as an electron sca�ering on a crystal)
requires the density matrix, decomposing into a set of pure states and working with
a statistical mixture of those, works just as welli.

A relevant and key example of a situation when a density matrix description of a
process is necessary in order to make correct predictions is the inelastic sca�ering
of fast electrons in crystals252–255. �ere, the Mixed Dynamic Form Factor approach
or equivalent numerical description10 is used to account for incoherent components
of the fast electron wave that arise due to the various inelastic interactions that it
experiences. In chapter 8 on Inelastic Sca�ering it is important to remember that each
of the sca�ering events considered there compose a greater whole, which results in a
density matrix description of the complete process as measured in experiments.

Aside from density matrices, there are other reasons to replace the Schrödinger
wave function with more involved objects. An example of this is the Dirac equation,
which combines special relativity with quantum mechanics, and is discussed in the
next section.

h See e.g. Chapter 2 in Ballentine’s excellent book on �antum Mechanics 18.
i �e important thing to remember here is that a pure state is really an oddity, and practically o�en hard to

achieve (or even completely unwanted) in experimental situations.
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2.4 �e Relativistic�antum Electron

Dirac equation

In an a�empt to combine Einstein’s theory of Special Relativity92 and the relatively
newly discovered quantum mechanics, Dirac succeeded in providing an ad-hoc wave
equation for the electron, similar in style to the Schrödinger equation82. In order to
take into account special relativity while maintaining the direct probabilistic interpret-
ation of a ‘wave function’-like entity, the Dirac spinor, he devised a linear equation of
4×4 matrices. �e Dirac equation, with minimal coupling to the electromagnetic �eld,
can be wri�en as (

i~∂µ + eAµ
)
γ µΨ =mcΨ, (2.25a)

and for the Dirac conjugate spinor Ψ = Ψ†γ 0,
(
−i~∂µ + eAµ

)
Ψγ µ =mcΨ. (2.25b)

Here, γ µ are the Dirac γ matrices, which obey the Dirac algebra,

{
γ µ ,γ ν

}
= γ µγ ν + γ νγ µ = 2ηµν , (2.26)

�is expresses that the anticommutator {·, ·} is equal to twice the Minkowski metric
ηµν (which has a 4×4 matrix representation as a diagonal matrix with (+1,−1,−1,−1)
on its diagonal). �e metric is symmetric in µ ↔ ν . An asymmetric counterpart
(which is related to spin) can also be de�ned,

σ µν =
i
2 [γ µ ,γ ν ] = i

2 (γ
µγ ν − γ νγ µ ). (2.27)

Note that the algebraic properties of the symbols γ µ are su�cient to work with the
Dirac equation and their 4 × 4 matrix representation is not mandatory nor unique.

�e Dirac equation, eq. (2.25a), and its solutions, 4-component spinors, describe
electrons astoundingly well, including spin and their interaction with electromagnetic
�elds. �e striking prediction of the positron, made by Dirac in his original paper in
1931, remains one of the most important theoretical discoveries to date. It has found
its way into many, even non-relativistic, descriptions of electronic behaviour, such as
condensed ma�er, where the antiparticle of an electron is not the positron, but a hole,
the physical entity best described as the absence of an electron.

�e Dirac equation’s solutions have a clear interpretation in terms of their current.
�e (probability) four-momentum of a Dirac spinor is given by

j
µ
p = cΨγ

µΨ. (2.28)

From this, one can de�ne the relativistic charge current,

jµ = (ρ, j) = −ecΨγ µΨ, (2.29)
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which gives the charge density in terms of a (semi-positive de�nite) probability density
ρ/e and obeys a continuity equation,

∂µ j
µ = ∂t

j0

c
+ i~∇ · j = 0, (2.30)

just as in the Schrödinger case (see eq. (2.5)).
�e Dirac current can be decomposed into two contributions as follows. Writing

/a = aµγ
µ (a notational convention called Feynman slash notation), where two equal

indices in sub and subscript are implicitly summed over according to the Einstein
summation convention, the following property42,120,130,

/a/b = aµbν

[ 1
2 (γ µγ ν + γ νγ µ ) +

1
2 (γ µγ ν − γ νγ µ )

]
= aµbµ − iaµbνσµν , (2.31)

allows us to derive an expression for the current of a Dirac spinor that lends itself to
further manipulation. Consider an arbitrary vector a and take the sum of eq. (2.25b)
forψ2 times /aψ1 plusψ 2/a times eq. (2.25a) forψ1, one obtains:

2mcψ 2/aψ1 = (−i~∂ν + eAν )ψ 2γ
ν /aψ1 +ψ 2/a (i~∂ν + eAν ) γ νψ1 (2.32a)

⇔ 2mcψ 2/aψ1 = i~
[
ψ 2/a (/∂ψ1) −

(
/∂ψ 2

)
/aψ1

]
+ eψ 2 ( /A/a + /a /A)ψ1 (2.32b)

⇔ aµψ 2γ
µψ1 =

aµ

2mc

{
i~

[
ψ 2 (∂

µψ1) −
(
∂µψ 2

)
ψ1 − iψ 2σ

µν (∂νψ1) − i
(
∂νψ 2

)
σ µνψ1

]
+2eAµψ 2ψ1 − iψ 2 (Aνσ

ν µ +Aνσ
µν )ψ1

}
. (2.32c)

Now taking ψ2 = ψ1 = Ψ, and using σ µν = −σν µ , we obtain from the above the
Gordon decomposition of the Dirac current as a coe�cient of the arbitrary vector a:

jµ = −ecΨγ µΨ

= − ie~
2m

[
Ψ(∂µΨ) − (∂µΨ)Ψ

]
− e2

m
AµΨΨ − ie~

2m ∂νΨσ
µνΨ (2.33)

�e �rst terms of this Gordon decomposition of the current are the so-called Gordon

current (which could be seen as a non-relativistic contribution because its space
components give the normal Schrödinger current, eq. (2.5)), while the �nal term is the
magnetization current purely due to electron spin147. Rewriting its spatial components
in a more physical form242,

jspin =
e~

m
∇ × ΨŝΨ = e~

m
∇ × ρs, (2.34)

where ∇ × s consists of the spatial components of i
2∂νσ

µνΨΨ, and de�nes a spin

vector, s . �is expression turns out to be quite important in consistently deriving the
Schrödinger current (see § 2.4.1 Non-relativistic limit below).

Unfortunately, relativity and quantum mechanics would not go hand in hand
quite so trivially. Because relativistically, energy is equivalent to mass as dictated by
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Einstein’s relation, E2 =m2c4 + p2c2, (and thus, particle creation and annihilation is
possible if the electromagnetic �eld’s energy is above the particle creation threshold),
a single particle description as determined by the Dirac equation, eq. (2.25a), leads
to a seemingly paradoxical result for even the simplest of systems, a scalar potential
well (see § 2.4.2 Boundary conditions and self-adjoint Hamiltonians below). �antum
�eld theory resolves these unfortunate misunderstandings, but that would take us too
far out into the wild, as non-relativistic electron vortex beams already pose enough
intricate problems without the need to grasp for quantum �eld theory.

2.4.1 Non-relativistic limit

�e problems of relativistic particle creation and annihilation described above do
not prevent the Dirac equation from being used in calculations where the number
of particles remains constant, or to derive a non-relativistic limit in case particles
with relatively low energies still show relativistic e�ects (e.g. spin-orbit coupling in
the hydrogen atom). Derivations of such limits can be found in standard literaturej

leading to the Dirac-Pauli equation in second order:

i~∂t |Ψ〉 =

*,
(p̂ + eA)2

2m − p̂4

8m3c2
+- +

1
4mc2∇(eΦ) · ∇

− ~

4m2c2σ · (∇(eΦ) × p) − eΦ
]
|Ψ〉

(2.35)

Dropping the terms of order 1/(mc )2, one retains the usual Pauli equation, which is
basically the Schrödinger equation with spin, including only the Zeeman term which
couples the spin components:

i~∂t |Ψ〉 =
[ 1
2m

(
(σ · (p̂ + eA))2 + qϕ

)]
|Ψ〉

=


(p̂ + eA)2

2m − eϕ + e~

2mσ · B
 |Ψ〉. (2.36)

Here, σ is the vector formed by the Pauli operators, which can be represented by
orthonormal, traceless 2×2 matrices. �is equation predicts, or rather quanti�es, the
Zeeman shi� of atomic energy levels, which is the �rst order relativistic correction
that takes into account the interaction of the electron’s spin with an external magnetic
�eld.

Any number of higher order correction terms of eq. (2.35) can be obtained by
applying the Foldy-Wouthuysen transformation to the Dirac equation99, providing
extra relativistic correction terms like those �rst posited by Darwin, or the spin-orbit
interaction, etc. Now that the relation between the Pauli and Dirac equations, eqs. (2.25)

j See for example section 4.3 in Bjorken and Drell 42, pp. 48–52, Ref. 147, or even the original paper by Foldy
and Wouthuysen 99.
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and (2.35), is clear, it is time for the last step in the non-relativistic limit, and point
out an o�en-overlooked detail that leads to a somewhat troubling conclusion130,140.

�e Schrödinger equation follows from the Pauli equation in the weak or zero
magnetic �eld limit. �e Pauli probability density is given by Ψ†Ψ as expected,
whereas the Pauli charge current density is not given by the simple Schrödinger form
in eq. (2.5), but instead by147

j = − e

m
Im

[
Ψ† (−i~∇ + eA)Ψ

]
+
e~

m
∇ × ρs, (2.37)

where the second term is the spin magnetization current and a purely relativistic
artefact, i.e. it can be derived from the Lorentz transformation of the Pauli probability
density55 or the more correct derivation from the non-relativistic limit of the Dirac
current (although some authors claim it can be derived non-relativistically relying on
a di�erent than standard interpretation of quantum mechanics76). When the magnetic
�eld is small, the Pauli equation becomes identical to the Schrödinger equation, with
solutions of the form

*,
ψ

0
+- and *,

0
ψ

+- . (2.38)

�is implies thatψ is a complex function that obeys the Schrödinger equation and all
associated relations. But this equally shows that the Schrödinger equation actually
describes a spin eigenstate, and not a spin-zero state. Additionally, the charge current
is slightly di�erent than one usually assumes, due to the non-zero value of s in
eq. (2.37). �is extra spin current term does not change the gauge invariance of the
Schrödinger current, because one can always add a term of this form to eq. (2.5), just
as one can always add the gradient of a scalar function to the vector potential without
changing the physics229. From a non-relativistic point of view, this term can be chosen
freely. It is only in the non-relativistic limit of the Dirac equation that one obtains
a single, unique solution, which stems from the additional relativistic symmetry of
the Lorentz group, which isn’t present in any form in the non-relativistic case. Some
authors interpret the presence of the spin current in terms of the “zi�erbewegung” of
the electron141,142,242.

�is di�erence will only ever in�uence the experiment when a strong magnetic
�eld is present, in which case the proper description is (at least) the Pauli equation.
Nevertheless, it is an important detail to remember if the Schrödinger equation is to
be the non-relativistic limit of the Dirac equation.

2.4.2 Boundary conditions and self-adjoint Hamiltonians

An important element to keep in mind, though, is that due to the 4-element structure
of the spinor, boundary conditions do not work out quite as simply as for a Schrödinger
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wave functionk 11. An exemplary system to describe this, is the simple one dimensional
in�nite potential well, which will be discussed now. �e below follows closely Alonso
et al. 11,12.

When imposing boundary conditions on a quantum mechanical wave equation,
one o�en (at least in the case of the Schrödinger/Pauli/Klein-Gordon equations)
imposes boundary conditions on the solution to the �eld-free equation (or at least,
the equation without the boundary-inducing potential). Under the hood, Dirichlet,
Neumann or mixed boundary conditions on the Schrödinger wave function impose the
necessary constraints to keep the wave locked in a box or other con�ning geometry.
�is usually works �ne, but what is actually happening is that the Hamiltonian has
been replaced by a self-adjoint extension which includes said boundary conditions
(because evidently, a di�erential equation without boundary/initial conditions doesn’t
go far in describing a concrete physical system).

To elucidate the issue of selecting a proper self-adjoint extension to the Dirac
Hamiltonian to enforce boundary conditions, a box bounded by an in�nite potential on
the interval [0,L] will be considered. In the Dirac representation, the wave equation

for the bispinor Ψ = *,
ϕ

χ
+- with “large component”, ϕ, and “small component”, χ ,

becomes a set of coupled equations,


−i~cσ · ∇χ +mc2ϕ = Eϕ,

−i~cσ · ∇ϕ −mc2χ = Eχ .
(2.39)

Assuming Ψ = Ψ(x ), and eliminating χ from the above, one obtains:

(∂2
x + k

2)ϕ = 0, (2.40)

where k2 = (E2 −m2c4)/~c . Both components of ϕ, ϕ1 and ϕ2, satisfy this equation
independently. �e small component, χ is determined from these by

*,
χ1

χ2
+- = −

i~c
E +mc2

*,
0 ∂x

∂x 0
+- *,
ϕ1

ϕ2
+- . (2.41)

�e solutions to the individual large components are simple plane waves,

ϕ1 = C1ϕ
(1)
1 + D1ϕ

(2)
1 = C1eikx + D1e−ikx . (2.42)

�ese two solutions respect

ϕ (1)
1 ∂xϕ

(2)
1 − ϕ (2)

1 ∂xϕ
(1)
1 , 0. (2.43)

k I �rst encountered the issue while working on my master’s thesis 292 and believe it is important enough
for another, more extended, mention here.
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Se�ing ϕ (0) = *,
ϕ1 (0)

0
+- = 0 and χ (0) = *,

0
χ2 (0)

+- = 0, the resulting homogeneous

system, 
C1ϕ

(1)
1

���x=0
+ D1ϕ

(2)
1

���x=0
= 0,

C1∂xϕ
(1)
1

���x=0
+ D1∂xϕ

(2)
1

���x=0
= 0,

(2.44)

in light of eq. (2.43), has only the trivial solutionC1 = D1 = 0. �e same thing happens
at the x = L boundary. �erefore, the relativistic Ψ cannot have both the small and
large component vanish at an impenetrable boundary. �e error lies in the fact that
such a boundary condition is not a self-adjoint extension to the Dirac Hamiltonian!

For a one-dimensional box, a solution where,

ϕ1 (0) = ϕ1 (L) = 0, (2.45)

is given by,

Ψ = 2C1

*......,

i sin(kx )
0
0

~ck
E+mc2 coskx

+//////-
, (2.46)

where k = Nπ/L with N ∈ N0. In the non-relativistic limit, this produces the
non-relativistic result. �e current and density verify

ρ (0) = ρ (L), j (0) = j (L) = 0. (2.47)

�ere are numerous other ways of achieving compatibility with eq. (2.47). As explained
above, not all components of the Dirac spinor solution can vanish, and they don’t
have to! Four other examples of conditions on components of Ψ that result in eq. (2.47)
by a self-adjoint extension of the free Dirac Hamiltonian are given below,

ϕ1 (0) = χ2 (L) = 0, (2.48a)

ϕ1 (L) = χ2 (0) = 0, (2.48b)

χ2 (0) = χ2 (L) = 0, (2.48c)
χ2 (L)

ϕ1 (L)
= − χ2 (0)

ϕ2 (0)
= i. (2.48d)

Note that in eqs. (2.48c) and (2.48d), not even the large component of the spinor
vanishes on the boundary. Nevertheless, the current through the boundary is identic-
ally 0. �e symmetry of the system isn’t re�ected in eqs. (2.48a) and (2.48b), and these
alternatives give a di�erent energy spectrum (k = (N − 1/2)π/L in this case). �e
boundary conditions of eqs. (2.45) and (2.48c) cannot in principle be distinguished,
and some authors claim the di�erence falls under the quantum uncertainty limit12.
Additionally, the case of eq. (2.48c) was used in the quark MIT bag model where a non-
vanishing wave function had meaningful implications. �is option does reproduce
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the expected non-relativistic limit though (which makes an intuitive interpretation
more di�cult). All these alternatives have di�erent physical implications (in the
non-relativistic limit)11, and it is important to choose a correct self-adjoint extension
(i.e. one that describes the experiment) on a case-by-case basis.

To conclude, the extra layer of abstraction (or indirection) in Dirac theory requires
a careful consideration of the details that may seem trivial when the interpretation of
the objects you’re dealing with is more direct. As the above shows, these details are
“lost” in the non-relativistic limit, but the exact form of boundary conditions do a�ect
quantities such as the Aharonov-Bohm sca�ering cross-section3.



3
�antum Sca�ering �eory Fundamentals

In a dynamic, rather than static, view of revolution, there is no absolute

‘before’ or ‘a�er,’ with the taking of power as the dividing line.

Pedagogia do oprimido

(Pedagogy of the Oppressed)
Paulo Freire, 1968

A very large part of quantum theory is concerned with collisions and the involved
interactions. �is is due to how quantum sca�ering describes classical interactions
with (multiple) sca�ering of quantum-level constructs. Sca�ering in all its forms, be it
through inelastic or elastic channels, can provide an immense amount of information
about the things being smashed together. It is one of the most used physical principles
in many experiments. In part III, it is extensively treated how a Bessel beam state (see
§ 4.4) sca�ers elastically on an electrostatic potential and inelastically on the directly
related hydrogen-like atom. As you will see, these model systems will bring forth a
great deal of insightful information about electron vortex sca�ering, and how this
helical phase a�ects the most fundamental properties of the resulting sca�ering. �is
chapter consists of a short introduction of quantum sca�ering theory to introduce
some more notation and concepts used in this part of my thesis.

27
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z
Ji

Js

detector

θ

dΩ

Figure 3.1: �e di�erential cross section dΩ for an incoming beam with current Ji
under a sca�ering angle θ . Inspired by Ballentine 18.

3.1 Measuring Scattering: Cross Sections

�e single most important concept in any sca�ering description is without a doubt
the cross section. It forms the link between abstract theory and a measurable quantity,
and forms the basis of the interpretation of the quantum description. When a �ux of
particles, Ji , falls on a target, the number of particles sca�ered to the in�nitesimal
solid angle, dΩ, centred on the angular direction (θ ,φ) (relative to the incoming �ux)
is proportional to this �ux,

Ji
dσ
dΩ (θ ,φ) dΩ . (3.1)

�e proportionality factor, dσ
dΩ , is called the di�erential cross section

a. �is factor can
be wri�en in terms of the �ux of sca�ered particles measured at the detector, Js ,

dσ
dΩ (θ ,φ) =

r 2 Js
Ji
. (3.2)

�e di�erential cross section has the dimensions of area and because the sca�ered
�ux is inversely proportional to r 2, it is independent of the distance r between the
target and the detector. �e total cross section is given by the integral of eq. (3.2) over
all angles,

σ =

∫
dΩ dσ

dΩ (θ ,φ) =

2π∫

0

dφ
π∫

0

dθ dσ
dΩ (θ ,φ) sinθ . (3.3)

�e total cross section is independent of the reference frame used to calculate it,
unlike the di�erential cross section, dσ

dΩ . �e sca�ering angle θ in the centre of mass

a Note that in the case of a complicated incoming wave (i.e. not a simple plane wave), this di�erential cross
section contains information not only of the sca�erer, but also this incoming wave.
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frame transforms to the sca�ering angle in the laboratory frame θlab as

tanθlab =
sinθ

cosθ + β , (3.4)

with β = vCM/v
′ given by the ratio of the centre of mass speed,vCM, and the outgoing

particle’s velocity, v ′. �is leads to the following relation between the di�erential
cross sections:

dσlab
dΩlab

(θlab,φ) =
dσ
dΩ (θ ,φ)

(1 + β2 + 2β cosθ )3/2

|1 + β cosθ | . (3.5)

For particles travelling at relativistic speeds (and which result in a centre of mass
traveling at relativistic speeds), this angle will be modi�ed according to

cosθ = cosθ ′ +vCM/c

1 + (vCM/c ) cosθ ′ , (3.6)

where θ ′ is the uncorrected sca�ering angle. Note that, as shown below, in the case
of electron-atom sca�ering, the speed of the centre of mass di�ers only slightly from
the speed of the sca�ering electron, which in turn means that the sca�ering angle
will only be modi�ed slightly in this case.

3.2 Centre of Mass and Internal State

A system of two interacting, but otherwise free particles is described by the following
Hamiltonian,

Ĥ = p2
1

2m1
+

p2
2

2m2
+V12, (3.7)

where V12 is the interaction potential, which is assumed to be short range,

lim
r→∞ rV (r ) → 0, (3.8)

which means no less than that it decays more rapidly than 1/r in position represent-
ation. Everything that follows below falls under the assumption that the condition
in eq. (3.8) is satis�ed, for simplicity. For a central interaction potential, V ( |r1 − r2 |),
(which are arguably most of all interaction potentials that are worth considering),
one can de�ne the centre of mass (CM) and relative coordinates,

R =
m1r1 +m2r2
m1 +m2

, (3.9a)

r = r1 − r2, (3.9b)

and associated total and reduced masses,

M =m1 +m2,

µ =
m1m2

m1 +m2
.

(3.10)
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Note here that if m1 � m2, as in for example electron-atom sca�ering, µ ≈ m1.
Replacing the single particle coordinates in the Hamiltonian, eq. (3.7), one obtains

Ĥ tot =
P2

2M +
p2

2µ +V (r ). (3.11)

Here, P2 is the centre of mass momentum, and p is the momentum of the relative
motion. �e solutions of this Hamiltonian can be factorized into a part that describes
the centre of mass and another that describes the relative motion. It is the la�er that
interests us, and it is described by an equation of the usual Schrödinger form,

Ĥ |Ψ〉 =
(
p2

2µ +V
)
|Ψ〉 = E |Ψ〉. (3.12)

If the particles aren’t free, but are subject to other forces (such as an electron con-
�ned by a nucleus), the Hamiltonian in eq. (3.12) can be amended with Hamiltonians
ĥ1 and ĥ2 describing the internal degrees of freedom,

Ĥ = p2

2µ + ĥ1 + ĥ2 +V12. (3.13)

Note that the interaction potential can still depend on these internal degrees of
freedom without restriction. �e combined internal state vector, wi , with the sum of
both particles’ energy, Ei , satis�es the equation

(
ĥ1 + ĥ2

)
wi = Eiwi . (3.14)

O�en (and in the relevant cases treated in this thesis), the internal state vector can
be factorized into a product of state vectors for each particle. Energy conservation
between the total initial and �nal states gives

E =
~2k2

2µ + Ei =
~2k ′2

2µ + Ef . (3.15)

�e magnitude of the outgoing momentum, k ′, will be modi�ed according to the
energy transfer, ∆E = Ei − Ef , so that

k ′ =
√
k2 − 2µ

~2 ∆E. (3.16)

Note that in general, the size of the incoming and outgoing momentum di�ers (see
eq. (3.16)), and the size of the momentum transfer is given by

q2 = k2 + k ′2 − 2kk ′ cosθ , (3.17)

where θ is the sca�ering angle as de�ned in § 3.1.
In what follows, the internal state w will be omi�ed from the notation, but all

derivations are valid so that it can be reintroduced at a later stage in chapter 8.
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3.3 Lippman-Schwinger Equation and Scattering Operators

�e previous sections show how a physical sca�ering process translates in the lan-
guage of quantum mechanics, and what the important observables are. We will now
delve into a bit more theory to construct the solution of this problem in a general
wayb.

�e Hamiltonian of eq. (3.12) can be wri�en as

H = H0 +V . (3.18)

Two resolvent operators can be de�ned,

G (z) = (z − H )−1, and G0 (z) = (z − H0)
−1, (3.19)

where the energy parameter, z, is taken to be complex, to prevent the ill-de�ned inverse
when z is equal to an eigenvalue of H or H0. Any use of any of these expressions
for real-valued z can only be as a limit of z approaching the real axis from above (or
below) in the complex plane. �e transition matrix, or t matrix, is implicitly de�ned
from

G = G0 +G0TG0 (3.20)

⇒ T = G−1
0 GG−1

0 −G0

= (z − H0) (GG
−1
0 − 1)

= (z − H0) (GG
−1
0 −GG−1)

= (z − H0)GV .

(3.21)

�e explicit arguments z have been dropped for clarity. Equivalently, even though
the factors themselves don’t commute,

T = VG (z − H0). (3.22)

�is symmetry leads to G0T = GV and TG0 = VG. From this, and eq. (3.20) one can
deduce an iterative expression for G:

G = G0 +GVG0 = G0 +G0VG

= G0 +G0VG0 +G0VG0VG0 + . . .
(3.23)

Identifying this with eq. (3.20) again, an explicit expression for T can be derived,

T = V +VGV

= V +VG0V +VG0VG0V + . . . (3.24)

�is series can be used for systematic approximations (and will result in the Born
series of a sca�ering solution).

b Following § 16.5 in Ballentine 18.
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It is now time to introduce the sca�ering eigenvectors as solutions of eq. (3.12).
Two di�erent boundary conditions can be de�ned by the asymptotic behaviour of
these sca�ering states (for r → ∞). �is leads, naturally to two di�erent sets of
solutions, denoted below by the superscript (±). �e eigenvectors are determined by

(E − H0)
���Ψ(±)〉 = V ���Ψ(±)〉 . (3.25)

Taking |Φ〉 as the solution of the homogeneous equation, (E − H0) |Φ〉 = 0, the
Lippmann-Schwinger equation can be obtained,

���Ψ(±)〉 = |Φ〉 +G0 (E
±)V ���Ψ(±)〉 . (3.26)

�e notationG0 (E
±) implies the limit of the argument of the resolvent asG0 (E± iε ) as

ε → 0 for ε > 0. In all that follows, ���Ψ(+)
〉
= |Ψ〉, which means that we only consider

the outgoing sca�ered wavec.

What makes eq. (3.26) special (over e.g. eq. (3.25)) is that it has the relevant asymp-
totic boundary conditions built in as an inhomogeneous equation. Equation (3.25)
still needs external boundary conditions to provide the speci�c sca�ering solution.
For V = 0, eq. (3.26) devolves into the free particle Schrödinger equation for |Φ〉,
representing the incoming beam. �e solution of eq. (3.26) will therefore be something
of the form,

|Ψ〉 = |Φ〉 + |Ψs 〉, (3.27)

and as shown below, |Ψs 〉 will represent the outgoing sca�ered wave.

In coordinate representation, the Lippmann-Schwinger equation, eq. (3.26), reads
in its perhaps more familiar integral form,

Ψ(r ) = Φ(r ) +

∫
d3r G0 (r ,r

′;E+)V (r ′)Ψ(r ′). (3.28)

�is makes explicit that the resolvent operators de�ned in eq. (3.19) are Green’s

functions. �e Green’s function above is given by

G0 (r ,r
′;E+) =

〈
r ���(E+ − H0)

−1���r ′〉 , (3.29)

and denotes propagation from r to r ′ under the Hamiltonian H0, which we choose as
the free particle Hamiltonian, p2/(2m), with the incoming particle’s energy given by
its eigenvalue, E = ~2k2/(2µ ). Its explicit form can be calculated from the spectral

c For the reasons why this is allowed and what this means exactly, see e.g. § 16.3 in Ballentine, 18.
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representation of the eq. (3.29),

G0 (r ,r
′;E + iε ) =

∫
d3K

〈r |K〉〈K |r ′〉
E + iε − ~2K2/(2µ )

=
2µ

~2 (2π)3

∫
d3K

eiK ·(r −r ′)

k2 + iε − K2

=
2µ

~2 (2π)3 2π
∞∫

0

dK
π∫

0

dΘK2 sinΘeiK |r −r ′ | cosΘ

k2 + iε − K2

=
2µ

~24π2 |r − r ′|

∞∫

0

dK K
eiK |r −r ′ | − eiK |r −r ′ |

i(k2 + iε − K2)
. (3.30)

To calculate this integral, note that the integrand is an even analytical function. �e
lower limit can therefore be extended to −∞ by adding a factor 1/2. �e integral can
then be calculated by contour integration, using the upper and lower half semi-circle
contours for the �rst and second terms in the numerator. In the limit ε → 0, both
contours contain a single simple pole k = ±K , resulting in the Green’s function,

G0 (r ,r
′;E+) = −2µ

~2
eik |r −r ′ |

4π|r − r ′| . (3.31)

�is represents an outgoing spherical waved.

3.4 Asymptotic Far Field Limit

Filling in eq. (3.31) in the Lippmann-Schwinger equation, eq. (3.28), and noting the
integral is now limited to the extent of the potentialV , one can write in the asymptotic
limit for large r , using k |r − r ′| ≈ kr − k ′ · r ′, so that

Ψ(r ) = Φ(r ) − µ

2π~2

∫
d3r ′

eik |r −r ′ |

|r − r ′| V (r ′)Ψ(r ′)

≈ Φ(r ) − µ

2π~2
eikr

r

∫
d3r ′ e−ik ′·r ′V (r ′)Ψ(r ′)

≈ Φ(r ) − µN

2π~2
eikr

r
〈k ′|V |Ψ〉 (3.32)

Here, k ′ = kr/r is the outgoing momentum vectore, and N is an additional normaliz-
ation constant which depends on |k ′〉 and the exact form of |Ψ〉f.

d For ε < 0, this would have been an incoming spherical wave

G0 (r , r
′; E−) = − 2µ

~2
e−ik |r −r ′|

4π |r − r ′ | .

e �is is only true for elastic sca�ering. For inelastic sca�ering, �e magnitude of k ′, given by eq. (3.16),
will also appear in the the Green’s function, eq. (3.31).

f It is somewhat of an artefact which results from the chosen normalizations of the sca�ering state functions,
and explicitly included here to make everything self-consistent. �e normalization of the sca�ering
amplitude can alternatively be kept consistent through the prefactors that “box normalization” introduces.
Unnormalized states are used here, cfr. the remark on p. 437 (in § 16.3) in Ballentine 18.
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�is expression has the intended form of incoming + sca�ered wave. �e la�er
has the form of an outgoing spherical wave, modulated by a factor which depends
on the total wave function and the interaction potential. �is factor is the sca�ering

amplitude:
f [k ′,Ψ] = − µN

2π~2 〈k ′|V |Ψ〉. (3.33)

Including an internal state vector explicitly, one can rewrite eq. (3.33) as

fi→f [k ′,Ψ] = − µN

2π~2 〈k ′|〈f |V |i〉|Ψ〉, (3.34)

where the subscript “i → f ” denotes a transition between initial state |i〉 and �nal
state | f 〉. �is e�ectively introduces a second integration over the internal state, o�en
coupled to the outer integration through V .

�e sca�ering amplitude determines the outgoing �ux, given by

Jb ∼ ~k
′

2µ
��f [k ′,Ψ]��2

r 2 , (3.35)

in the de�nition of the di�erential cross section as in eq. (3.2), and so,

dσ
dΩ =

k ′

k
��f [k ′,Ψ]��2 , (3.36)

which is valid if the incoming �ux can be described as simply as Ji ∼ ~k/m. �is is not
the case for e.g. a vortex beam, where the mean �ux may take this simple form, but
the transverse structure of the beam is more complicated than a simple plane wave
(see chapter 4 for details on vortex beams and chapters 7 and 8 for how sca�ering of
vortex beams can be calculated in the quantum formalism).

3.5 �e Born Series

Perturbative expansion of the potential �e exact Lippmann-Schwinger equa-
tion, eq. (3.26), can be solved iteratively by replacing the |Ψ〉 on the right-hand side
by the whole equation leading to the Born series:

|Ψ〉 = |Φ〉 +G0V |Φ〉 +G0VG0V |Φ〉 + . . . (3.37)

�is leads to an in�nite series in increasing powers of the interaction potential V .
Alternatively, the Born series can be derived using the eq. (3.24), and some proper-
ties related to the resolvent operatorsg leading to the Born series for the sca�ering

g Rewriting the Lippmann-Schwinger equation, eq. (3.26), as [1 −G0V ] |Ψ〉 = |Φ〉, and noting the formal
solution can be wri�en as |Ψ〉 = (1 +GV ) |Φ〉, by using

(1 +GV ) (1 −G0V ) = (1 −G0V ) (1 +GV ) = 1.
�is leads toV |Ψ〉 = (V +VGV ) |Φ〉 = T |Φ〉, which in turn leads to the connection between theT matrix
and the sca�ering amplitude directly:

〈k ′ |T |Φ〉 = 〈k ′ |V |Ψ〉 = − 2π~2

µN
f (θ, φ ).
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Figure 3.2: Multiple interaction interpretation of the
Born series, eq. (3.38).

amplitude,

f [k ′,Φ] = − µN

2π~2 〈k ′|T |Φ〉

= − µN

2π~2 〈k ′|V +VG0V +VG0VG0V + . . . |Φ〉. (3.38)

Physical interpretation �is series has an intuitive multiple interaction interpret-
ation, which is depicted in �g. 3.2, with each term including an extra interaction
event. �e �rst term of this series, which corresponds to replacing |Ψ〉with |Φ〉 on the
right-hand side of eq. (3.32), is termed the (�rst) Born approximation. In the simple case
of an incoming plane wave, the �rst Born approximation of the sca�ering amplitude
turns out to be proportional to the Fourier transform of the potential with respect to
the momentum transfer q (as given by eq. (3.40)),

f (1)Born (k
′,k ) = − µ

2π~2

∫
d3r ′V (r ′)eiq ·r ′, (3.39)

in which the momentum transfer was de�ned, which is nothing more than the mo-
mentum lost by the sca�ering electron in the collision,

q = k − k ′. (3.40)

Equation (3.39) replicates results known from optical Fraunhofer di�raction (see
§ 4.2.1). �is correspondence is discussed in chapter 4.

Validity A general (su�cient) but quite strict criterion for the validity of the Born
approximation is given by the condition that Ψ ≈ Ψ0, i.e. that the sca�ering potential
has no large e�ect on the total wave. Because the potential only really contributes
near r ′ = 0 (due to it being short-range as per eq. (3.8)) this meansh,

| f (1)Born (k
′,k ) | = µ

2π~2

�����
∫

d3r ′
eikr ′

r
V (r )

����� � 1. (3.41)

h See e.g. § 38 in Schi� 257.
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�is will lead to a condition on V related to k , such as those when V is a screened
Coulomb potential discussed in § 7.1.3).



4
Phase Singularities in Electron Optics

In things to be seen at once, much variety makes confusion, another vice of

beauty. In things that are not seen at once, and have no respect one to another,

great variety is commendable, provided this variety transgress not the rules of

optics and geometry.

Sir Christopher Michael Wren
as quoted in ‘�e Viking Book of Aphorisms’

W.H. Auden and L. Kronenberger
1966

�e goal of this chapter is to give a succinct but comprehensible summary of
several optical generalities followed by a thorough introduction to the theory and
practice of structured waves, including singular optics. We will not go into much
detail of the optics itself (that can easily �ll several books on its own), and concern
myself only with the concepts that allow for a functional understanding of structured
waves and their use in the rest of this work. A�er reading this chapter, you should
have a thorough understanding of the basic concepts and some more advanced aspects
of singular optics, and how they relate to electron waves.

Phase manipulation becomes truly fascinating once singularities are introduced,
by proverbially poking holes in the continuous wave function. �ese dislocations in
wave trains, as Nye and Berry’s original treatise calls them230, posses a rich set of
physical properties that have been thoroughly studied in the past 35 years, since their
revival by Allen et al. in a seminal paper on Laguerre-Gaussian laser modes9. �e
orbital angular momentum, which o�en (but not always) accompanies these vortices,
provides a rich ground on which new means of communication, manipulation of
small particles, imaging, quantum computing and various other �elds can make
progress and adopt new ways of overcoming hurdles that might otherwise require
more intrusive workarounds.

A part of this chapter (§ 4.6) was published in a peer-reviewed journal.

R. Van Boxem, J. Verbeeck, and B. Partoens. Spin e�ects in electron vortex
states. EPL (Europhysics Le�ers), 102(4):40010, May 2013294

37
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4.1 Introduction to the Optics of Electrons and Photons

4.1.1 Similarity of the wave equations

�ere is a one-on-one correspondence between the quantum mechanical and optical
wave equations, at least up to some degree of accuracy. In particular, this strict
correspondence holds when neglecting any form of spin or polarization. Although
most wave equations can handle these extra degrees of freedom transparently, the
mathematics becomes overly complicated for the e�ects and systems described here.
Furthermore, in the case of interacting particles such as electrons, the linear wave
description only holds when the constituents of the “beam” don’t interact with each
other. �is type of “single particle beams” occur in e.g. electron microscopes, where
electrons are emi�ed one-by-one from a charged �lament, or for the usual laser, of
which the individual photons don’t in�uence each other. �is single-particle picture
fails in the case of a dense wave such as those in particle accelerators and plasmas.

Scalar electromagnetic radiation �e Maxwell equations can be reduced to a
wave equation for a scalar electric �eld as follows. Starting from the Maxwell equa-
tions, a free electric �eld obeys the following equation (a very similar equation for the
corresponding magnetic �eld can also be obtained from the same Maxwell equations),

(
∇2 − 1

c2 ∂
2
t

)
E (r , t ) = 0, (4.1)

which for a monochromatic wave, E (r , t ) = E (r )eiωt , becomes
(
∇2 +

ω2

c2

)
E (r ) = 0. (4.2)

If the vector character of light can be neglecteda, the three dimensional vector E can
be replaced by a scalar electric potential, which will aptly be named Ψ, anticipating
the Schrödinger equation. Using k = ω/c = 2π/λ as the wave vector, a Helmholtz
equation for scalar light can be wri�en down,

(
∇2 + k2

)
Ψ(r ) = 0. (4.3)

Scalar quantum waves �e Schrödinger equation, as explained in § 2.4.1, uses
a scalar wave function to describe a single spin polarization of a quantum particle,
ignoring any spin interactions. In the absence of electromagnetic �elds, the time-
independent Schrödinger equation, eq. (2.1), for a monochromatic wave,Ψ (r , t ) =

Ψ(r )eiEt/~, takes the following form,

E |Ψ〉 = −~
2

2m ∇
2Ψ(r ), (4.4)

a �is means polarization is ignored, and some near-wavelength features are not be described properly.
Example of such e�ects are the di�raction of light through sub-wavelength gratings, which can produce
vectorial vortex beams 122,226–228, or more complex near-focus behaviour 84,237,241.
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which can trivially be wri�en in the form of eq. (4.3), leading to the equivalence of
the scalar wave equation for photons and electrons:

(
∇2 + k2

)
Ψ(r ) = 0, (4.5a)

with:

k2
e− =

2mE

~2 , (4.5b)

k2
γ =

E

~2c2 =
ω2

c2 =
4π2

λ2 . (4.5c)

From the Helmholtz equation, eq. (4.5), one can deduce a theory of wave di�raction
and image formation, and as is evident from the above, it will apply to both electron
(or other quantum particles) and electromagnetic waves. By extension, it can even be
reformulated for acoustic waves as well. �is correspondence and the limits thereof
is a complicated subject with many intricacies, all of which will be blatantly ignored
to bring forward the main point in § 4.2 that will be used throughout part II.

�e correspondence between optical and quantum mechanical ma�er waves has
been studied at great length throughout the 20th century, including a refractive index
for electrons91 and of course the development of electron optics244. More recently,
with the advent of optical meta materials, the inverse is happening: quantum wave
equations are used to calculate the refractive index required to achieve a certain e�ect.
�is technique is called transformation optics198 and makes use of the correspondence
between the two formalisms to describe the refractive index as a scalar potential for
a Schrödinger light wave.

Scalar wave beams When a scalar wave represents a fast-moving unidirectional
beam-like shape, it is advantageous to simplify the full wave equation, eq. (4.5). If
one assumes the wave to be of the form

Ψ(r , t ) = ψ (r )ei(kzz−ωt ), (4.6)

and thatψ (r , t ) varies slowly with r and t (which implies the wave predominantly
propagates in the z direction with momentum kz ), one can write,

���∂2
zψ

��� � ��kz∂zψ �� . (4.7)

�is approximation can be assumed in any of the spacetime directions (r , t ), but in
light of beam-like scalar wave solutions of the static Helmholtz equation, only the
approximation in eq. (4.7) is relevant. �is means the wave envelope ψ (r , t ) only
varies slowly, and the second order derivative to the propagation direction can be
neglected, which gives the paraxial wave equation,

0 = (∇2 + k2)ψ (r )eikzz
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⇔ 0 = (∇2
⊥ + ∂

2
z + k

2)ψ (r )eikzz

⇔ 0 = (∇2
⊥ + ∂

2
z + 2ikz∂z − k2 + k2)ψ (r )eikzz

(4.7)
=⇒ 0 = (∇2

⊥ + 2ikz∂z )ψ (r ). (4.8)

�ere are many names for the approximation, among which the slowly varying

envelope approximation, high energy approximation, forward sca�ering approximation,
etc. �is approximate form is useful as it describes the fundamental laser modes (see
§ 4.4.2) and provides an accurate description of angle-limited wave optics, because the
angle of deviation from the optical axis, θ , is assumed to be small such that sinθ ≈ θ .
�is angle is directly related to the transverse momentum, k⊥, which in this forward
approximation is also small: k⊥ � kz ≈ k .

4.1.2 Beyond scalar optics

For a proper description of electromagnetic waves, one must of course solve the
full vectorial Maxwell equations. As far as classical electromagnetic radiation is
concerned, these provide the complete relativistic treatment of its behaviour, without
approximation. �e vector equations also capture light’s polarization and the e�ects of
evanescent �elds100. On the other hand, electrons obey the Dirac equation, eq. (2.25a),
which describes a spin-1/2 particle’s behaviour in electromagnetic �elds with amazing
accuracy.

A�empts have been made to further explore the quantum-optical analogies and
approach both light and quantum particle waves from a similar angle. A strong
example of this is the spinor Helmholtz equation143–146. �is construct postulates a
spinor form of circularly polarized light, which obeys a massless Dirac equation. �e
analogy isn’t too far-fetched, if one considers the fact that propagating light waves
only come in two di�erent polarization (spin) states, and that this is exactly what a
spinor describes.

�e reverse analogy of spinor light waves to describe Kirchho� di�raction theory
was explored in the author’s master thesis292, in which Hillion’s mathematical tricks
were used to coerce the Dirac equation into revealing its Kirchho� di�raction formula.
Of course, the “toy”-like nature of the result is evident, especially in light of the
perceived di�culties in the solution’s interpretation with respect to the exact bound-
ary conditions involved40,207. Other a�empts at a description using a “non-native”
physics object can be found in literature, although their presence is sparse and o�en
only remains a remark in a single article. Nonetheless, the spinor photon provides a
nice demonstration of the two-way correspondence between the two distinct �elds of
physics (in a literal sense), and perhaps lights the way to a more uniform description
of both phenomena.
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4.2 Fourier Optics and Holography

Now that the context of the scalar wave equation is clear, Fourier optics will be
introduced through perhaps its most direct physical manifestation: di�raction through
a screen. �e scalar di�raction theory will also be crucial in describing the holographic
generation of structured waves in chapters 5 and 6, so Fourier holography will also
be covered in this section.

4.2.1 Scalar di�raction theory

A nice example to see the power of Fourier transforms in optics is given by the
scalar di�raction theory. A short derivation will be given and some issues with the
boundary conditions used to derive the formula will be highlighted, following closely
Goodman 119. �e general idea is to calculate the e�ect in a point in space at r , of a
disturbance of which the value on an arbitrary, closed surface is known. �is is then
applied to a localized, aperture-like disturbance, from which the di�raction integrals
follow. �e apt reader will recognize a strong similarity of the results of the scalar
di�raction theory below and quantum sca�ering presented in chapter 3. �e reason
is simple: the two formalisms describe the same physics, so it is logical that in the
appropriate limit (and § 4.1.1) the result is the same.

Starting from the scalar wave equation, eq. (4.5), and Green’s theorem,
∫

V

d3r
[
Ψ(r )∇2G (r ) −G (r )∇2Ψ(r )

]

=

∫

S

d2rS [Ψ(rS )∂nG (rS ) −G (rS )∂nΨ(rS )] ,
(4.9)

where Ψ and G are two complex-valued functionsb, S a surface enclosing the volume
V , and ∂n is the directional derivative where n is the outward-pointing unit vector
normal on S , one can derive the scalar di�raction formulas.

Helmholtz-Kirchho� integral theorem

�e next step is to calculate the disturbance Ψ in P in terms of the value on a sur-
rounding surface, S (see �g. 4.1). Because in the next paragraph, free space Green’s
functions will be used as auxiliary function G, special care needs to be taken to
exclude their divergence at P from the integration domain in eq. (4.9). �is can be
done by excluding an in�nitesimal spherical region around P (with radius ϵ) from
the volume, so that it is formally bounded by the union of Sϵ and S (let’s call this S ′,
which encloses volume V ′) as shown in �g. 4.1. Taking the auxiliary function G to

b �ese functions and their �rst and second order derivatives must be continuous in all of V .
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satisfy the homogeneous wave equation, eq. (4.5), the volume integral is identically
zero: ∫

V ′

d3r ′
[
Ψ(r ′)∇2G (r ′) −G (r ′)∇2Ψ(r ′)

]

= −
∫

V ′

d3r ′
[
Ψ(r ′)G (r ′)k2 −G (r ′)Ψ(r ′)k2

]
= 0. (4.10)

Green’s theorem, eq. (4.9), then becomes,
∫

S ′

d2rS ′ [Ψ(rS ′)∂nG (rS ′) −G (rS ′)∂nΨ(rS ′)] = 0. (4.11)

�e integral over S ′ can be split into a part over the outside surface, S , and the inside
surface Sϵ . For the speci�c cases of G which are important herec when taking the
limit of ϵ → 0, the la�er part becomes equal to 4πΨ(r )d, such that the following
(generalized) Helmholtz-Kirchho� integral theorem is derivede,

Ψ(r ) =
1

4π

∫

S

d2rS {∂n [Ψ(rS )]G (rS ) − Ψ(rS )∂n [G (rS )]} . (4.12)

�is is a general form valid for several forms of G, which are, together with their
accompanying boundary conditions, listed below. First, a small intermediate step
needs to be performed so that the optical geometry of the di�raction problem is clear.

Di�raction on a screen

Figure 4.2 shows a general di�raction setup: a source of a disturbance in Ps radiates,
illuminating a screen, S1 + A, which is opaque solely in a region A. �e observer
in P sees the e�ect of the disturbance. Coordinates in the �gure are centred on the
aperture, which eases notation in the rest of this section. �e surface S1 + S2 + A

forms a closed surface so that eq. (4.12) can be successfully applied. �ere are several
options to describe di�raction using these ingredients by choosingG and the boundary
conditions on U . If one assumes

• the �eld under consideration can be described by the scalar wave equation,
eq. (4.5),

• the functions Ψ and G are solutions of that equationf,
c Namely those given by eqs. (4.15) and (4.20).
d �is is due to the continuity of Ψ and its derivatives at P0, and the special forms of G used here.
e Expressions like this, where the value of some physical object is given in terms of a functional dependence

on a boundary o�en appears in many branches of physics. A prime example is the holographic universe
268,

wherein the content of the universe is dictated or described by the properties of its boundary. �e extent
of the analogy might be no more than this, but it does make one think how far the generality of this type
of principle reaches.

f And as indicated before, G is given by any of eqs. (4.15) and (4.20).
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Sϵ

P

S

Figure 4.1: Disturbance at point P ,
with the volume V between Sϵ and S ,
so that G, even if it is singular in P ,
can be free of singularities in the in-
tegration domain of Green’s theorem.

Figure 4.2: Basic di�raction by an aper-
ture: geometry for the derivation of the
di�raction integrals.
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• the Sommerfeld radiation condition,

lim
R→∞

R [(∂nΨ) (R) − ikΨ(R)] = 0, (4.13)

which ensures thatg
“the sources must be sources, not sinks of energy. �e energy

which is radiated from the sources must sca�er to in�nity; no energy may be

radiated from in�nity into . . . the �eld.” �is implies that the contribution of the
integral over S2 will vanish.

the integral theorem, eq. (4.12) becomesh,

Ψ(r ) =
1

4π

"
A+S1

d2rs {∂n [Ψ(rs )]G (rs ) − Ψ(rs )∂nG (rs )} , (4.14)

which is the basis for the further development of a scalar theory of di�raction, de-
pending on the exact boundary conditions used. Below the Fresnel-Kirchho� and
Rayleigh-Sommerfeld solutions will be treated.

g See § 28.2 (page 189) in Ref. 269.
h �is is of course untrue for a completely general G , but for the ones of interest here (eqs. (4.15) and (4.20))

it is.
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Fresnel-Kirchho� di�raction Kirchho� chose to consider the di�raction of a
single spherical source through a screen, schematically shown in �g. 4.2. A source
emanating from Ps radiates, and a solid surface S1 containing an opaque part (the
aperture, A) allows for the disturbance to reach point P . �e surface S2 is taken to
be very far away from the aperture, A, and the point of observation, P . Kirchho�’s
assumptions are:

• the Green’s function,

G (r ′) =
eik |r ′−r |

|r ′ − r | , (4.15)

• the Sommerfeld radiation condition,eq. (4.13), which ensures the di�raction
integral vanishes on S2,

• across the aperture, A, Ψ and ∂nΨ are as they would be without a screen.

• across the back of the screen, S1, Ψ and ∂nΨ are identically zero.

�e last two are o�en called Kirchho�’s boundary conditions, which are inconsistent,
yet miraculously give a very accurate result for the �eld at r , namely

Ψ(r ) =
1

4π

∫

A

d2rA {∂n [Ψ(rA)]G (rA) − Ψ(rA)∂nG (rA)} . (4.16)

Far away from the screen, one obtains the Fresnel-Kirchho� di�raction formula,

Ψ(r ) = A
2π
ik

∫

A

d2rA
eik ( |r −rA |+ |rs−rA |)

|r − rA | |rs − rA |
[

cosθ − cosθ0
2

]
. (4.17)

Taking Ψ0 to be the �eld generated by the source on A, one obtains

Ψ(r ) =

∫

A

d2rA Ψ0 (rA)
eik |r −rA |

|r − rA | . (4.18)

Formally, the form of Ψ0 is only that of a single point source,

Ψ0 (rA) = A
2π
ik

eik |rs−rA |

|rs − rA |
[

cosθ − cosθ0
2

]
. (4.19)

One might imagine the �eld at r being generated by a continuous distribution of point
sources over A, each with their amplitude and phase, described by Ψ0 (rA). Fresnel
assumed this to be true, and later Kirchho� showed this was indeed a valid assumption
for the di�raction of light. �e Rayleigh-Sommerfeld theory shows this result can be
used for an extended source, allowing any (complex) aperture function Ψ0 (rA) to be
used.

An important note to be made here is that Kirchho�’s boundary conditions
are inconsistent with the result above: if a solution of the three dimensional wave
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equation, such as Ψ here, and its derivative both vanish on a �nite surface element,
the function is identically zero everywhere. Additionally, the di�raction formula,
eq. (4.17), fails to reproduce the boundary conditions under which it was derived119.
�erefore, the Rayleigh-Sommerfeld solutions are formally superior, although the
di�erence is negligible in the parameter range where the scalar theory is valid.

Rayleigh-Sommerfeld solutions Two di�erent Green’s functions which both
lead to eq. (4.14), are given by,

G± (rA) =
eik |r −rA |

|r − rA | ±
eik |rs−rA |

|rs − rA | , (4.20)

where a second point source located on the opposite side of the screen, which is the
mirror image of the original source (so that θ = θ0 in �g. 4.2). G± represent point
sources at r and rs which are in (out) of phase. �e normal derivative of G+ vanishes
on the aperture A, whereas the function G− itself vanishes there. �e boundary
conditions Ψ = 0 and ∂nΨ = 0 on S1 are applied in the case G− and G+ respectivelyi.
Armed with this information, the �rst and second Rayleigh-Sommerfeld solutions can
be obtained from eq. (4.14):

ΨI (r ) = − 1
4π

∫

A

d2rA Ψ(rA)∂nG− (rA) = − 1
2π

∫

A

d2rA Ψ(ra )∂nG (rA), (4.21a)

ΨII (r ) =
1

4π

∫

A

d2rA ∂n [Ψ(rA)]G+ (rA) =
1

2π

∫
d2rA ∂n [Ψ(rA)]G (rA). (4.21b)

�e last form of each is expressed in terms of Kirchho�’s choice of Green’s function,
eq. (4.15). Writing these out explicitly for distances far away from the screen, r � λ,
the resulting expressions can be wri�en as follows,

ΨI (r ) = A
2π
ik

∫

A

d2rA
eik ( |r −rA |+ |rs−rA |)

|r − rA | |rs − rA | cosθ , (4.22a)

ΨII (r ) = A
2π
ik

∫

A

d2rA
eik ( |r −rA |+ |rs−rA |)

|r − rA | |rs − rA cosθ0. (4.22b)

Relation between Kirchho� and Rayleigh-Sommerfeld formulas To make a
proper comparison possible, a spherical diverging source is taken at Ps , so that all
three solutions to the di�raction problem can be directly compared because they
assume the following form,

Ψ(r ) =
A

iλ

∫

A

d2rA
eik ( |r −rA |+ |rs−rA |)

|r − rA | |rs − rA | Ξ. (4.23)

i �e other Kirchho� boundary condition in each case is unnecessary, which avoids the inconsistency
present in the Kirchho� theory.
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theory Ξ Ξ for incident plane wave

Kirchho� cosθ − cosθ0
2

1 + cosθ
2

Rayleigh-Sommerfeld (I) cosθ cosθ
Rayleigh-Sommerfeld (II) cosθ0 -1

Table 4.1: Obliquity factors for the Kirchho� and two Rayleigh-Sommerfeld solu-
tions to the di�raction problem.

theory U (rs ) [∂nU (rs )] consistent
Kirchho� 0 0 no

Rayleigh-Sommerfeld (I) 0 undetermined yes
Rayleigh-Sommerfeld (II) undetermined 0 yes

Table 4.2: Boundary conditions used in the derivation of the Kirchho� and two
Rayleigh-Sommerfeld solutions to the di�raction problem.

theory Green’s function

Kirchho� eik |r −rA |

|r − rA |
Rayleigh-Sommerfeld (I) eik |r −rA |

|r − rA | −
eik |rs−rA |

|rs − rA |
Rayleigh-Sommerfeld (II) eik |r −rA |

|r − rA | +
eik |rs−rA |

|rs − rA |

Table 4.3: Green’s functions used in the derivation of the Kirchhho� and two
Rayleigh-Sommerfeld solutions to the di�raction problem.

It becomes obvious that it is the obliquity factor Ξ that di�erentiates the solutions in
the end. Table 4.1 shows them for the three solutions explained above. �e boundary
conditions, listed in table 4.2 are also di�erent. Last but not least, the Green’s functions
di�er as well, as summarized in table 4.3.

It is important to keep in mind all three of these solutions are approximate, and
the internal inconsistency of the Kirchho� theory seems to have li�le in�uence on
the accuracy of its predictions in its range of validity.

Fresnel and Fraunhofer di�raction

By now the reader may wonder why all this belongs in a section called Fourier Optics
and Holography. �e answer lies below. �e �rst Rayleigh-Sommerfeld solution can
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be wri�en as,

Ψ(r ) =
2πz
ik

∫
d2r ′⊥Ψ(r

′)
eik |r −r ′ |

|r − r ′|2 , (4.24)

where the exact relation, cosθ = z
|r −r ′ | , was used, and r ′ is taken to lie on the aperture

surface, de�ned by z ′ = 0.
�e Fresnel approximation consists of approximating the distance |r − r ′| for

small di�raction angles,

|r − r ′| =
√
z2 + (x − x ′)2 + (y − y ′)2 ≈ z

1 + 1
2

(
x − x ′
z

)2
+

1
2

(
y − y ′
z

)2 . (4.25)

Using the above equation for the r in the exponent of eq. (4.24) and using the more
approximate |r − r ′| ≈ z for the denominator (its accuracy is less important for the
correctness of the integral), eq. (4.24) becomes the Fresnel di�raction integral,

Ψ(r ) =
2π
ik

eikz

z

∫
d2r ′⊥Ψ(r

′
⊥)ei k2z [(x−x ′)2+(y−y ′)2]

=
2π
ik

eikz

z
ei k2z (x

2+y 2 )

∫
d2r ′⊥

[
Ψ(r ′⊥)ei k2z (x

′2+y ′2 )
]

e−i kz (xx
′+yy ′) . (4.26)

�is expression yields the optical near-�eld expression for the di�racted wave. It is
certainly valid in the region where

k3z3 � k4

8 max
[
(x − x ′)2 + (y − y ′)2

]2
, (4.27)

but if one considers the in�uence of the Taylor expansion on the value of the integral,
eq. (4.26), as a whole, the expression is valid for signi�cantly smaller values of z.

For large values of z, i.e. when

kz � k2

2 max(x ′2 + y ′2), (4.28)

the quadratic phase factor in eq. (4.26) can be dropped, resulting in an expression for
Ψ in the optical far-�eld, given by the Fraunhofer di�raction integral,

Ψ(r ) =
eikr 2⊥/2z

iλz

∫
d2r ′⊥Ψ(r

′
⊥)e−i kz (xx

′+yy ′) . (4.29)

�is is in fact nothing more than a direct Fourier transform between the scaled
aperture space de�ned by

K⊥ =
k

z
(x ′,y ′), (4.30)

which de�nes the aperture as being in “momentum space”, and the far-�eld coordinates
(x ,y ). �is expression gives a physical meaning to the Fourier transform in wave
optics. Note that there is a quadratic phase factor still present in this expression,
which in�uences the phase pro�le in the far-�eld. It can o�en be ignored depending
on the exact geometry of the system under consideration. As an aside, the Fraunhofer
di�raction formula can also be obtained directly from quantum sca�ering theory, as
explained in § 3.4.
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�e lens as Fourier transform

�e reason all this is important is because the (thin) lens as an optical element performs
a Fourier transform by adding a quadratic phase to a wavefront. �e phase added by
a thin lens of focal length f can be wri�en as a multiplication of a phase factor with
the wave at the lens/aperture plane,

Ψ(r ′⊥) = ψ (r
′
⊥)e
−i k2f (x

′2+y ′2 )
, (4.31)

exactly cancelling the phase factor in the Fresnel di�raction integral, eq. (4.26). �e
thin lens e�ectively brings the far-�eld, which was supposed to lie at some position
“very far away”, to the �nite distance f : Filling in eq. (4.31), in the Fresnel di�raction
integral, eq. (4.26), gives the Fraunhofer di�raction integral, eq. (4.29), i.e. a Fourier
transform.

An alternative viewpoint, which may be more intuitive to those familiar with
geometrical optics, is to decompose the incoming wave into its constituent plane
waves. Each of these plane waves follow their geometrical paths, which means they
get focused into a point at the focal plane of the lens. Depending on the tilt of each of
these plane waves (determined by their spatial frequency!), their focal points shi� in
the transverse direction in the focal plane. �is is of course the underlying idea of
the Fourier transform: it transforms spatial frequencies into transverse shi�s.

4.2.2 Microscope probe formation

A fully detailed treatment of microscope probe formation would lead too far, and
is already described in much detail elsewherej. �e probe formation system will be
described in its simplest mathematical form: an angle-limiting aperture together with
a phase plate introduced by the probe forming lenses, corrected by the aberration
corrector’s phase corrections. �is throws overboard important properties such as
spatial and temporal coherence, and source size broadening303. �is reduces the probe
wave function to a simple Fourier transform, as described in detail above,

Ψprobe (r⊥) =
2πi
kz

eikzeikr 2⊥/z
∫

A

d2k ′⊥eik ′⊥·r⊥Ψaperture (k⊥). (4.32)

Here, the function Ψaperture contains all the information: the aberration phase, de-
scribed below, as well as the shape of the beam blocking aperture.

Ignoring aberrations for the moment, one can imagine the wave function of a
probe being formed by a uniformly illuminated circular/annular aperture of radii (in

j See e.g. Ref. 316 and references therein.
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momentum space) kmin⊥ and kmax
⊥ . According to eq. (4.32), this can be wri�en as:

Ψ0 (r ) =
2πi
kz

eikzeikr 2⊥/z
∫

A

d2k⊥ eik⊥ ·r⊥ =
2πi
kz

eikzeikr 2⊥/z

kmax⊥∫

kmin⊥

dk⊥k⊥J0 (k⊥r⊥). (4.33)

which is the Hankel transform of the step function over the radius of the aperture.
�is makes explicit that every transverse momentum component between kmin⊥ and
kmax
⊥ is contained in the probe’s transverse wave function (cfr. § 4.4.1). One can thus

tune the transverse momentum content of a wave by choosing the lower and upper
limits of a circular aperture. If one adds to the aperture an azimuthal phase, one
obtains vortex beams (see § 4.3) with the same property through the higher order
Hankel transforms:

Ψ` (r ) =
2πi
kz

eikzeikr 2⊥/z
∫

A

d2k⊥ eik⊥ ·r⊥ei`ϕ =
2πi
kz

eikzeikr 2⊥/zei`φ

kmax⊥∫

kmin⊥

dk⊥k⊥J` (k⊥r⊥).

(4.34)
�is is a superposition of Bessel beams (a speci�cally interesting type of vortex beam
further described in § 4.4.1) with transverse momenta between kmin⊥ and kmax

⊥ .

4.2.3 Aberrations

Due to numerous imperfections in the electron optical systems of an electron micro-
scope, an aberration corrector is necessary to achieve optimum resolution. �ese
aberrations can be classi�ed as in usual optics, and linked to the form of the Zernike
polynomials. �e aberrations can be modelled as a phase plate in Fourier space, ex-
pressed in angular coordinates (ϕ refers to the azimuthal angle and θ is the sca�ering
angle of the plane wave component of the beam),

eiχ (θ,φ ) . (4.35)

Ref. 70 follows Saxton 251, which gives the form of χ as,

χ =
2π
λ

[
A0θ cos (ϕ − ϕ11)

+
θ 2

2
{
A1 cos [2(ϕ − ϕ22] +C1

}

+
θ 3

3
{
A2 cos [3(ϕ − ϕ33)] + B2 cos (ϕ − ϕ31)

}

+
θ 4

4
{
A3 cos 4(ϕ − ϕ44) + S3 cos [2(ϕ − ϕ42)] +C3

}

+
θ 5

5
{
A4 cos [5(ϕ − ϕ55)] + B4 cos (ϕ − ϕ51) + D4 cos [3(ϕ − ϕ53)]

}]
.

(4.36)
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parameter name visual

A0 image shi�

A1 axial astigmatism / two-fold astigmatism

C1 defocus

A2 threefold astigmatism / trefoil

B2 axial coma / de�ection astigmatism

A3 fourfold astigmatism / quadrafoil

S3 axial star

C3 spherical aberration Cs

A4 �vefold astigmatism

B4 ��h order coma

D4 three-lobe aberration

Table 4.4: Aberrations as given by eq. (4.36).

�e meaning and visual form of most of the aberration parameters in the above
expression are shown in table 4.4.

�e aberrations are related, but not equal, to the Zernike polynomials, which are
shown in �g. 4.3, which are orthogonal basis functions for the circular disk.

4.2.4 Holography

Using results of Fourier optics as described above in § 4.2.1, one can de�ne a form
of holography in which computer-generated holograms can be used to obtain any
target wave function. �e explanation below is inspired strongly on Goodman’s book
on Fourier optics119.
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Figure 4.3: Zernike polynomials as a representation of the di�erent types of aberra-
tions. Figure adapted from Ref. 1.
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Figure 4.4: Gabor (on-
axis) hologram recording
and reconstruction geo-
metry. Diagram inspired by
Ref. 119.
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Basic principles

�e principles outlined below work mainly for monochromatic (coherent) light, but
can be extended to work for incoherent204,274,284,285 and/or coloured291 sources and
objects.

On-axis holography �e simplest holography set-up is shown in �g. 4.4. �is
is most o�en called on-axis holography, where a plane wave (or more realistically,
a collimated beam) is transmi�ed through a highly transparent object a�er which



52 Phase Singularities in Electron Optics

the phase and intensity information embedded in the wave are recorded in the form
of their interference intensity. It was �rst described by Gabor in the context of
improving the resolution of electron microscopes107. Later, this context was extended
and alternative descriptions of the principle appeared54,108,109. For a plane wave,
Ψref = eikzz , illuminating an object with complex transmi�ance, Ψobj = T (r⊥) =
T0 (r⊥)eiϕ (r⊥) , the recorded hologram contains modulated phase information of the
object,

IG (r⊥) = |Ψref + Ψobj |2 = |Ψref |2 + |Ψobj |2 + ΨrefΨ
∗
obj + Ψ

∗
refΨobj. (4.37)

It is the interference of the transmi�ed (unsca�ered) wave and the sca�ered light
that holds all phase and amplitude information of the object, and this is recorded
into the hologram. Reconstruction is done by removing the object, and illuminating
the recorded hologram by the same (or similar) beam. If the hologram recording
e�ciency is given by ζ , a similar wave’s transmi�ed intensity will be proportional to

|Ψref (r⊥) |2 + ζ |T (r⊥) |2 + ζΨ∗refT (r⊥) + ζΨrefT
∗ (r⊥). (4.38)

�is results in two images (one the complex conjugate of the other), separated lon-
gitudinally and split before and a�er the holographic plate, as determined by the
third and fourth terms. �ese images will be located at the original object distance
which was used during recording and that position mirrored to the other side of the
holographic plate, as show in �g. 4.4. �e images appear inside the region of high
reference beam intensity, so that the holographic reproduction has a large, unwanted
background. �is, together with the high required transmi�ance of the object are
severe limitations to the practical application of this technique. Both can be solved
by using a technique called o�-axis holography described in the next paragraph.

O�-axis holography A closely related holographic set-up was �rst described by
Leith and Upatnieks 196, in which the reference wave is spatially separated from the
object. �is separation is achieved by tilting the reference wave with respect to the
wave containing the object information. Although it was originally conceived for
transmissive objects, the geometry lends itself for re�ective as well as transmissive
holography precisely due to this tilt angle. Now, the recording of the hologram
proceeds with a tilted reference wave, Ψref ∝ eiκx , with the tilt angle θ introducing a
(transverse) spatial momentum κ in the wave,

κ = kz sinθ . (4.39)

�e recorded intensity in this case is,

IL−U (r⊥) = 1 + |T (r⊥) |2 +T (r⊥)eiκx +T ∗ (r⊥)e−iκx

= 1 + |T (r⊥) |2 + 2T0 (r⊥) cos [κx − ϕ (r⊥)]. (4.40)
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Figure 4.5: Leith-Upatnieks (o�-axis)
hologram recording and reconstruc-
tion geometry. A tilted reference wave
(constructed here by a prism), inter-
feres with an object wave onto the
holographic recording medium. �e re-
construction diagram shows spatially
separated virtual/real images, which
can both be observed outside the dir-
ectly transmi�ed beam. Diagram in-
spired by Ref. 119.
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Illuminating this hologram with a reference wave Ψref (which doesn’t have to be
tilted), the transmi�ed intensity is proportional to,

|Ψref |2 + ζ |T (r⊥) |2 + ζΨ∗ref 2T (r⊥)e
iκx + ΨrefT

∗ (r⊥)e−iκx . (4.41)

�e complex exponentials, e∓iκx imprint a transverse motion on the ”image” contribu-
tions to this wave, which results in three distinct spatially separated components. �is
can be made explicit by taking the Fourier transform of eq. (4.41), which translates
these phase factors directly into spatial displacements. �is is sometimes termed a
Fraunhofer hologram

62, in which the object is recorded in Fourier space, and the far
�eld of the illuminated hologram reconstructs the object (and its complex conjugate,
cfr. eq. (4.41)). �e method is o�en called Fourier holography

k. See below for an
k Note that Fourier holography does not require lenses to perform the Fourier transform. Instead, spherical

waves of a certain �xed curvature can be used to record and reconstruct the object and image 273.
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explicit application of this principle to the sculpting of beams.

Fresnel zone plates One can, instead of considering the optical far �eld, use the
near �eld interference to generate speci�c pa�erns. Historically, these types of
holograms were sometimes called Fresnel zone plates. �is method is currently
still used to create di�raction-free beams (see § 4.4.1) within the region of validity
determined by the Fresnel approximation.

Sculpting a target wave using computer-generated holograms

�e use of Fourier holography to create a certain structure in a wave has grown to
almost limitless possibilities, especially in optics. Due to the relative long wavelength
of light, a device called a spatial light modulator, capable of altering the phase and/or
amplitude of an optical wave on a per-pixel basis, can be used to imprint a computer-
generated hologram on a wave on-demand and real-time. Unfortunately, this type of
device is not yet available for fast electrons with wavelengths in the picometer range.
�is does not exclude electron holography from being useful for beam shaping, on
the contrary (see chapter 5). �e idea is easily describable in terms of the discussion
in § 4.2.4, and �rst demonstrated by Brown and Lohmann in the context of spatial
frequency �ltering57, which is essentially what is happening.

If one wants to holographically generate a beam with a speci�c structure, one
can calculate the holographic pa�ern that would appear from the interference of the
reference wave Ψref and target wave Ψt:

M = |Ψref + Ψt |2. (4.42)

If one now were to present this mask, M , as a physical phase/amplitude object to the
impinging reference wave, one obtains

MΨref = |Ψref + Ψt |2Ψref

= ( |Ψref |2 + |Ψt |2)Ψref + Ψt |Ψref |2 + Ψ∗t Ψ2
ref . (4.43)

Notice how the target wave appears twice: once as Ψt and once as its complex
conjugate, Ψ∗t . By choosing Ψref conveniently (such as a tilted, collimated beam as for
O�-axis holography), one can spatially separate the three components in the far �eld
of the hologram plane,

F [MΨref ](r⊥) = F
[(
|Ψref |2 + |Ψt |2

)
Ψref

]
(r⊥) + F [|Ψref |2Ψt](r⊥) + F [Ψ2

refΨt](r⊥).
(4.44)

Consider as an example the tilted plane wave, Ψref ∝ eiκx , which makes an angle
α , equal to arctan κ/kz , with the optical axis. In the far �eld, this factor becomes a
displacement through a Fourier transform, so that the target wave functions Ψ̃∗t , Ψ̃ref

and Ψ̃t are each separated by the same angle α .
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a)

b)

c)

d)

Figure 4.6: Fraunhofer vortex holograms in di�erent variations. In b) and c), the
square root of the amplitude is used to determine the value/lightness of each pixel
in the HSV colour map (see �g. 1.2) in order to maintain visibility of the third order
fringes. �e hologram in a) is phase-only, with constant transmission amplitude. �e
one in b) is an amplitude-only hologram, obtained by taking the square root of M in
eq. (4.42). �e one in c) is a binary hologram where M > maxM−minM

2 . An electron
beam accelerated with a voltage of 300 kV was used here. �e absolute size of the
di�raction spots in the experimental image shown in d) is about 0.1 nm (taken from
Ref. 302). Note that due to source size broadening there is no visible zero in the
experimental vortices at this magni�cation. In a more di�raction limited situation
(lower magni�cation) the source size broadening is rendered inert and the expected
doughnut shape becomes visible302.

Sculpting a structured wave has found many applications, including precise image
scanning using holographically created beams13,68, and many more212. Figure 4.6
shows a fork hologram obtained by mixing a vortex wave (see § 4.3) with a tilted
reference,

Ψref ∝ eiκx , (4.45a)

Ψt ∝ eiφ . (4.45b)

in a full amplitude-phase, amplitude only, and binary amplitude form, with the
associated far �eld di�raction pa�erns obtained by illuminating the hologram with
the reference wave, eq. (4.45a).
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Holography in the electron microscope

First described by Gabor, holography took o� in optics as a extremely useful tool on
the optical bench, especially a�er the invention of the laser. It has quite a di�erent
history in electron microscopy, due to the limited coherence and di�cult set-up.

An important component of o�-axis electron holographic systems is the beam
spli�er. Electron beam spli�ing is accomplished by pu�ing a thin electrically charged
wire in the beam’s path, which acts a biprism or beam spli�er as known from optics.
�e electron beam is split into two (or more) parts, one which interacts with a sample,
and another that acts as a reference wave to induce interference fringes in the resulting
intensity.

Aside from actually predicting the existence of electron vortex beams and their
generation by shooting electrons through a monopole-like magnetic �eld in 1987l,
Tonomura correctly predicted the use of the Aharonov-Bohm phase and electron
holography as a tool to measure microscale magnetic �elds283. When studying
magnetism, the objective lens must be turned o� so that the magnetic material one is
observing una�ected by external �elds. �e strength of the objective lens’s magnetic
�eld lies in the 2 T range, which means it is capable of in�uencing a material’s
magnetization considerably. Additionally, with electron holography, only the in-
plane magnetic �eld can be measured. Resolutions of the order of 5 nm are achievable
with today’s microscopes216.

Magnetic �elds aside, electron holography can also be used to measure strain
�elds. By interfering the di�racted waves of an unstrained and strained la�ice of
the same material, a strain map can be measured, allowing a direct view into the
atomic mechanics of elasticity154,206. �is can be alternatively done by analysing
convergent beam electron di�raction pa�erns328, but a direct comparison of the
la�ice by the interference fringes is a much more a�ractive option (see �g. 4.7 for
an illustration of the technique). In the la�er, the reference beam is shaped such
that an optimal di�erence map can be obtained, which might be seen as a form
of structured illumination (in this case, the di�racted beam is “illuminated” with
a structured reference beam to form the Moiré hologram). See § 4.4.3 for more on
structured illumination as a general set of methods.

4.3 Phase Vortices

4.3.1 Formal de�nition

Phase vortices are singular points in 2D (or lines in 3D) functions or �elds. �e term
‘vortex’ applies because this singularity is the center of a winding phase. Around a
simple vortex, the phase rises linearly with azimuthal angle until it reaches a multiple

l See chapter 6 for a real-world implementation of this concept, which was �rst described in Ref. 282.
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Figure 4.7: Dark-�eld strain holo-
graphy, showing a hybrid on/o�-axis
setup in which the unstrained and
strained la�ice produce Moiré inter-
ference indicative of the strain on that
la�ice. �e xx-component of the strain
tensor (i.e. the x-derivative of the x-
deformation) is shown in the lower
image. Adapted from P. Zhang, A. A.
Istratov, E. R. Weber, C. Kisielowski,
H. He, C. Nelson, and J. C. H. Spence.
Direct strain measurement in a 65nm
node strained silicon transistor by
convergent-beam electron di�raction.
Applied Physics Le�ers, 89(16):161907,
October 2006328, by permission from
Macmillan Publishers Ltd.

of 2π and continuously wraps around to where it began (see �g. 4.8). �e complex
wave function around the point in question has the following form:

Ψ ∝ ei`φ . (4.46)

�e most striking example of a �eld which contains countless phase vortices is
that of a laser re�ected or transmi�ed through a rough surfacem. �ese are di�cult
to predict and control, and do not have the properties a vortex beam typically shows.
�ese speckle pa�erns do provide a rich structure, if approached statistically232 and
topologically80,102,103,231,233. A vortex beam is a focused and/or collimated wave (of
photons, electrons, or even a sound wave) that macroscopically (with respect to
the constituent’s wavelength) displays a phase singularity along the beam direction.
Single-vortex beams usually have a doughnut-like intensity distribution around the
phase singularity.

m Not really countless, but in fact a quite countable, and that is what vortex metrology is all about 314.
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Figure 4.8: Phase singularities in an interference pa�ern generated by the inter-
ference of four plane waves. �e le� panel shows only the phase of the resulting
wave function. Phase singularities can be identi�ed as points where all colours come
together. �ere are twelve in total in this picture. �e right panel shows the amplitude
as well as the phase, as discussed in �g. 1.1. �e la�er shows only intensity blobs
containing somewhat homogeneous phase where the amplitude signi�cantly di�ers
from zero, in contrast to what the phase-only picture would lead you to believe.

Additionally, a vortex wave can be seen as having helically tilted wave fronts
around the singularity. �is naturally requires there is always a non-trivial transverse

momentum distribution. �is is a general property of any type of structured waves,
be it focussed beams or vortex waves or something else. In contrast the mathematical
plane wave which is o�en used to represent particle motion in simplistic descriptions,
has no transverse momentum and has �at wave fronts. Figure 4.9 shows the equiphase
surface of a vortex beam (a Laguerre-Gaussian beam to be exact, see § 4.4.2), shaded
according to its intensity. �e current of a vortex beam lies perpendicular to the
equiphase surfaces, and is of the form

j(r ) ∝ `
r⊥
eφ + kzez , (4.47)

where kz is the forward wave vector of the beam.

4.4 �e Zoo of Structured Waves

Mathematically, there are several interesting solutions to the wave equations to
consider. Remember that (scalar) electromagnetic and quantum particle waves (and
any other type of wave that follows eq. (4.5)) are essentially described by the same
exact equation, as discussed in § 4.1.1, so that everything below is equally applicable
to electrons, photons, and sound waves.
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Figure 4.9: Equiphase surfaces of ` = −1, 0, and +1 Laguerre-Gaussian beams (see
§ 4.4.2). �e color indicates intensity with the same legend as �g. 4.12.

4.4.1 Non-di�racting beams

General non-di�racting beams

De�nition As �rst generally described by Durnin et al., non-di�racting beams are
a class of wave functions that obey the following property87,297:

|Ψ(x ,y , z ≥ 0) |2 = |Ψ(x ,y, 0) |2, (4.48)

i.e. the wave’s intensity does not depend on z. In contrast to what Berry and Balazs
predicted in their pioneering paper on non-spreading wave packets39, there are
several types of beams that are non-di�racting, with some of the most important
examples discussed below.

Properties A non-di�racting wave packet does not spread as it propagates16,39,87.
�is means it maintains its shape, exactly, upon free space propagation. Another
property of non-di�racting beams is self-healing

52,56,87,94,110,298. �is means that even
when (a part of) the wave is obstructed or weakly (in some cases even strongly)
perturbed, it will regain its original transverse shape upon propagation. �is is
illustrated by the experiment shown in �g. 4.10.

Another, more recently discovered property carries the somewhat �amboyant
name self-acceleration

41,171,172,259,330. �is property re�ects the fact that some of these
beams seem to experience a force on propagation, which comes from the fact that
the point of highest intensity follows a (ballistic) parabolic trajectory resembling that
of a free-falling particle in a gravitational �eld267. �is has been shown, however,
to be a shape-preserving e�ect, in which the “acceleration” of the beam’s maximum
is compensated by a low-intensity lobe accelerating in the opposite direction. �e
maximum “accelerates” while the centre of mass of the beam’s transverse pro�le
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b=7.0μm

b=0.0μm
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b=4.2μm

Figure 4.10: Measurements comparing a di�racting Gaussian beam (le�) with a
non-di�racting Bessel beam (right) with opaque objects (illustrated by the dashed
circles) is placed in the beam’s path at a distance b from the beam axis. It can be seen
that the Bessel beam maintains its shape while the Gaussian beam is either de�ected
or destroyed. Adapted from F. O. Fahrbach, P. Simon, and A. Rohrbach. Microscopy
with self-reconstructing beams. Nature Photonics, 4:780–785, September 201094 by
permission from Macmillan Publishers Ltd.

remains on the beam axis at all times. �e simplest of these accelerating trajectories
has a parabolic shape. Other trajectory shapes are also possible, such as prolate
and oblate spheroidal22. To get an idea of what an accelerating beam looks like, a
self-accelerating electron beam is shown in �g. 5.9.

Another important property of non-di�racting beams is that they are not nor-
malizable. �is means the expectation value of their energy is in�nite. �erefore a
true non-di�racting beam can never be made experimentally, much like a plane wave
cannot exist in practice for the same reason. Approximations to the mathematical
purity described by eq. (4.48) can of course be made and this results in beams with
much of the same properties as the exact solution. Examples of these are given below.

Below, the principal example of the Bessel beam is discussed, which is the simplest
(non-trivial) type of a non-di�racting beam. A�er this, several other non-di�racting
beams and their mathematical properties are described.

Bessel beams

De�nition �e full wave equation, eq. (4.5), admits solutions of the following form:

〈r |k, `〉 = eikzz
√

2π
J` (k⊥r⊥)

ei`φ
√

2π
. (4.49)
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�is solution is called a Bessel beam and can be seen as a cylindrical generalized
“plane wave”. �e Bessel beam is an eigenstate of the longitudinal momentum p̂z , the
transverse momentumn p̂⊥, the Hamiltonian Ĥ , and the orbital angular momentum
L̂z with respective eigenvalues ~kz , ~k⊥, E = ~2 (k2

z + k
2⊥ )/(2m), and ~`.

Normalization andmomentum representation �e Bessel beam is not normal-
izable in the usual sense (see eq. (2.3)). �erefore, to produce an exact Bessel beam,
you need in�nite energy. Just like plane waves, it is orthonormalized in the Dirac
delta sense:

〈k ′, `′|k, `〉 = 1
k⊥
δ`,`′δ (k⊥ − k ′⊥)δ (kz − k ′z). (4.52)

In essence, it is the cylindrically symmetric generalization of a plane wave (given by
eq. (2.12)). �is can be seen by observing the momentum representation of eq. (4.49),
which is given by a ring in momentum space,

〈r |k, `〉 = eikzz
∫ d2k⊥

(2π)2a` (k⊥)e
ik⊥ ·r⊥, (4.53a)

〈k ′|k, `〉 = δ (kz − k ′z)a` (k⊥) = (−i)`ei`ϕδ (kz − k ′z)
δ (k⊥ − k ′⊥)

k ′⊥
. (4.53b)

�e Bessel beam is given by a circle of radius k⊥ at o�set kz in the z direction, with
azimuthal phase `ϕ. �is representation is shown in �g. 4.11. It is invalid when
k⊥ = 0. By considering eq. (4.49) directly, one can see that in this case, the Bessel beam
becomes zero for non-zero `, and a plane wave in the z direction for ` = 0, ∝ eikzz .
�e normalization used here di�ers from the relativistic and optical ones156–158,162,163.
�is di�erent normalization makes eq. (4.49)’s integration in Coulomb sca�ering
rather straightforward.

�e astute reader will notice that eq. (4.53a) has the form of a reduced Whi�aker
integral330,

Ψ ∝
2π∫

0

dϕ д(ϕ)eik⊥(x cosϕ+y sinϕ ), (4.54)

with the angular function, д(ϕ) = ei`ϕ . �is representation can be used to formulate
a generalized form of the optical theorem for this type of beam327,330.

Experimental realization As already mentioned, the Bessel beam has in�nite
energy content, and so can not be made by any means experimentally. One can,

n �e transverse momentum operator can be de�ned with the auxiliary step operators,

p̂± = p̂x ± ip̂y , (4.50)

through
p̂2
⊥ = p̂+p̂− = p̂−p̂+ = p̂

2
x + p̂

2
y . (4.51)
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kx

ky

kz

Figure 4.11: Momentum space representa-
tion of the Bessel beam, as given by eq. (4.53).
�e circle is endowed with rainbow colors to
indicate the phase relation between the various
components (in this case ` = 1).

though, make a close approximation to this ideal case. Most of the interesting proper-
ties are maintained, but in a limited range of propagation, depending on the exact
production method189,287. Instead of being non-di�racting, the resulting beams have
an (immensely) extended depth of focus, although they gain a number of Gaussian
characteristics (see § 4.4.2 for what this means).

�e Bessel beam is a basis function of the wave equation, much like a plane
wave. A real beam can thus be described by the superposition of many transverse
momentum components,

|Ψ`〉 ∝
∞∫

0

dk⊥k⊥ϱ (k⊥) |k, `〉, (4.55)

with a square integrable, normalized transverse momentum distribution ϱ (k⊥). �is
will result in a normalized total wave function in the transverse plane: 〈Ψ` |Ψ`〉 = 1.
A real-world example of such a superposition of transverse momentum components
is a beam formed by a circular aperture

|Ψaperture〉 ∝
kmax⊥∫

kmin⊥

dk⊥k⊥|k, `〉, (4.56)

for an (annular) aperture with inner and outer radii kmin⊥ and kmax
⊥ (see eqs. (4.30)

and (4.33)). �e former is o�en zero, but can be non-zero in the case of an annular
aperture20,70). �e full beam pro�le of such a band-limited superposition will include
additional propagation factors in the z direction due to the wave equation, and in
general these depend on the exact from of ϱ (k⊥). Incidentally, a very thin annulus
was used to generate the �rst reported Bessel beam87. An example of a well-known
superposition which is o�en used in optics is discussed below in § 4.4.2.
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Other non-di�racting beams

Aside from Bessel beams, there are other non-di�racting beams. One of them, the
Airy beam, actually preceded the more natural Bessel beam in its �rst description39.
Various other groups have since experimented with Airy beams64,266, and some even
produced electron Airy beams264,309. Besides the Bessel beam, there are some other,
more recently discovered solutions, like the Pearcy beam243, Airy-Gauss-Kummer
beams331, and even non-paraxial solutions172, all examples of accelerating wave
packets. All these beams can optionally contain phase vortices64, and thus can in
principle carry orbital angular momentum.

4.4.2 Di�racting Gaussian beams

Pla(i)n(e) Gaussian beam

When considering beam-like solutions, i.e. those waves that move strongly in one
direction, the paraxial wave equation, eq. (4.8), provides several interesting features.
A solution of this equation is the fundamental Gaussian beam, which is a beam type
o�en generated directly by lasers. It is given by

〈r |k,w0〉 = ΨG =

√
2
π

1
w (z)

e−r
2/w2 (z )Ln

(
2r 2

w2 (z)

)
e−ikr 2/2R (z )eiζ (z ) . (4.57)

�is may seem like a daunting formula, but it is quite well-behaved, and has some
curious properties. As a di�racting (and focusing) beam, its width w is z-dependent,

w (z) = w0

√

1 +
(
z

zR

)2
, (4.58)

with the Rayleigh distance,

zR =
πw2

0
λ
, (4.59)

determining the confocal parameter or depth of focus, b = 2zR , for a given beam waist,
w0 = w (z = 0), and wavelength, λ = 2π

k . �e radius of curvature,

R (z) = z

[
1 +

(zR
z

)2]
, (4.60)

indicates the curvature of the wave fronts comprising the beam. �e Gouy phase,

ζ (z) = arctan z

zR
, (4.61)

shown in �g. 4.13, is the on-axis longitudinal phase delay of the beam, with respect
to a plane wave with the same wave vector, k . �is extra phase shi� indicates the
beam goes through focus and is an additional phase the wave gains over a plane
wave propagating over the same distance. Below follow some examples of common
Gaussian beam shapes.
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Figure 4.12: Cross-sectional
plot of the focusing of a Gaus-
sian beam determined by its
analytical formula, eq. (4.62),
in the (x , z) plane, normalized
to 1.
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Gouy phase Figure 4.13: �e Gouy
phase as a function of dis-
tance from focus, normal-
ized to the Rayleigh dis-
tance, zR .

Laguerre-Gaussian beams

De�nition In sharp contrast to the in�nite energy, non-di�racting and unrealizable
Bessel beam, there is an equally useful wave form, albeit slightly more complicated to
handle analytically. It lies much closer to reality and is called the Laguerre-Gaussian
beam. It is the generalization to higher (azimuthal) order of the plain Gaussian beam,
which appears as the fundamental laser mode in optics and is an exact solution to the
paraxial wave equation. �e wave function is given by

〈r |k,w0,n, `〉 = ΨLG (r ) =
Cn, `

w
*,
r
√

2
w

+-
|` |

e−r
2/w2

L |` |n

(
2r 2

w2

)
e−ikr 2/2Rei`φei(2n+ |` |+1)ζ .

(4.62a)
Several transverse pro�les at z = 0 are shown in �g. 4.14.

�e normalization constant can be determined by calculating the beam’s inner
product with itself, using a simple substitution, x = 2r 2/w2, as follows,

〈k,w0, `
′,n′|k,w0, `,n〉

=
C2√2 |` |+ |`

′ |

w2+ |` |+ |`′ | ei[(n−n′)+ |` |− |` |′]ζ

×
∞∫

0

d2r r |` |+ |`
′ |+1e−2r 2/w2

L |`
′ |

n′

(
2r 2

w2

)
L |` |n

(
2r 2

w2

) ∫
dφ ei(`−`′)φ
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Figure 4.14: �e zoo of Laguerre-Gaussian beam pro�les, arranged according to
their orbital angular momentum index, `, horizontally, and the Gouy phase and energy
(cfr. a harmonic oscillator) index N = 2n + `.

=
C2

4 ei2(n−n′)ζ 2πδ`,`′
∞∫

0

dx x |` |e−xL |` |n′ (x )L
|` |
n (x )

=
C2π

2
(n + |` |)!

n! δ`,`′δn,n′

⇒ Cn,l = δ`,`′δn,n′

√
2
π

n!
(n + |` |)! . (4.62b)

In the last step the orthogonality of the generalized Laguerre polynomials, eq. (C.29),
was used.

Properties All the Gaussian beam properties of eq. (4.62) are determined by the
Gaussian envelope summarized in �g. 4.12. Laguerre-Gaussian beams carry orbital
angular momentum in addition to linear momentum (see § 4.5 for an extended discus-
sion).

Hermite-Gaussian beams

De�nition An alternative to the Laguerre-Gaussian beams of the previous section,
which can be wri�en as a superposition of Laguerre-Gaussian beams, are the Hermite-

Gaussian modes, which are also higher order laser modes276 due to laser cavity
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Figure 4.15: Transverse pro�les of Hermite-Gaussian beams in the z = 0 plane,
arranged according to their (harmonic oscillator) energy parameter N = nx + ny .
Each diagonal has constant nx or ny , the values of which can be seen to be the number
of zero lines in the x or y direction present in the wave functions.

window geometry, and given by

〈r |k,w0,m,n〉 = Cm,n

w
Hm *,

√
2x
w

+-Hn *,
√

2y
w

+- e−(x
2+y 2 )

(
1
w2 +

ik
2R

)
−ikz−i(m+n+1)ζ

. (4.63)

�e transverse pro�les of these modes for z = 0 are shown in �g. 4.15. �ese
modes exhibit the same propagation dynamics as Laguerre-Gaussian beams, and their
normalization constant is given by the following calculation, using X =

√
2x/w2 (and

the same for y),

〈k,w0,m
′,n′|k,w0,m,n〉 = C2

m,n


+∞∫

−∞
dx Hm′ *,

√
2x
w

+-Hm *,
√

2x
w0

+- e−x
2/w2


×


+∞∫

−∞
dy Hn′ *,

√
2y
w

+-Hn *,
√

2y
w0

+- e−y
2/w2


=
C2
m,n

2


+∞∫

−∞
dX Hm′(X )Hm (X )e−X


×


+∞∫

−∞
dY Hn′(Y )Hn (Y )e−Y

2


=
C2
m,n

2 π2m+nδm,m′δn,n′
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⇒ Cm,n = δm,m′δn,n′

√
2
π

1
m!n!2m+n . (4.64)

Properties As with the Laguerre-Gaussian beams in the previous section, most of
the properties of a Hermite-Gaussian beam are determined by the Gaussian envelope
summarized in § 4.4.2 and �g. 4.12.

Other di�racting beams

All the non-di�racting beams listed above can be approximated by imprinting their
phase mask on a Gaussian beam287. �is results in structured beams such as Bessel-
Gaussian beams258, Ince-Gaussian beams21, Pearcy beams243 and other variations of
the theme.

Experimental realization

Laguerre-Gaussian (and their Cartesian brethren, the Hermite-Gaussian beams) can
all be generated by two general methods. �e �rst, and perhaps easiest, is the use of a
spatial light modulator or other phase manipulation device to imprint a certain phase
relation on a plane, Gaussian beam. �e second, not as tunable, yet not less common
method of building a laser cavity to emit these types of waves has been used for a
long time. Depending on the geometry of the laser’s resonance cavity, Laguerre- and
Hermite-Gaussian “transverse modes” are formed.

Because a Hermite-Gaussian mode is o�en created by a laser, simple set-ups such
as using a cylindrical lens to transform this into a vortex beam have been used with
great e�ciency2,32,72,256. In recent years, where optical polarization has become one
of the primary concerns in structured light physics, the birefringent liquid crystal
q-plate

50,174,210 has taken precedence over most other techniques as a general vector
vortex mode generation element. Such a device does not exist yet for electrons due to
the speci�c nature of the interaction which is used, but there are theoretical advances
made in that direction (this is discussed brie�y in § 6.2.6).

4.4.3 Generally structured waves and their uses

Structured light has many applications, and recently, more and more uses surface
for non-electromagnetic structured waves. A good review on structuring light in
microscopy was wri�en by Maurer et al. 212.

More mechanical applications include optical tweezers48,66,73,193,194,221,265, and
optical conveyor belts310, but the real nice applications are in imaging. For example, a
three dimensional surface can be reconstructed using a single image279, shapes can be
measured in high resolution329, and with single-pixel cameras85,275. As an extension,
the application of structured illumination by a vortex beam received part of the
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2014 Nobel Prize in Chemistry, for the achievement of “super-resolved �uorescence
microscopy”315. �is technique relied on stimulated emission depletion (STED), i.e.

saturating a region of the sample but keeping a small hole (usually the core of an
optical vortex depletion beam322) unsaturated. In this way, a resolution be�er than
the optical wavelength can be achieved. Extensions to this technique can be found in
e.g. STED lithography178.

Structured illumination also �nds applications in electron microscopy. In the
previously discussed example of strain holography portrayed in �g. 4.7, a beam is
structured by an unstrained sample, and interferes with a part of the beam that passed
through a strained sample, to produce Moiré interference between the unstrained
and strained distorted beams. Various examples of contrast enhancement in electron
microscopy by (simple) structured phase manipulation are shown in chapter 5. As
the �eld of structured electron waves is, at least with that name and the a�ached
concepts, relatively new, not a lot of applications exist. As an example, at the time of
writing, a colleague, Giulio Guzzinati, is working on structured electron illumination
for the selective measurement of plasmon excitations131.

Note that this overview is only a peek at what is possible and being developed.
Many more exciting applications have been found, or are still being thought of, but
including all of them here would be too much.

4.5 Orbital Angular Momentum

4.5.1 De�nition

Unlike the usual plane waves and to some extent Gaussian beams, structured waves
possess (projected) orbital angular momentum (OAM). Beams and other propagating
waves always have a preferential direction, so when “OAM” appears in this text, it
is really the OAM projection on the propagation axis (which is usually the z axis). In
general, the orbital angular momentum density is de�ned in terms of the local current
(density) (given by eq. (2.5)),

L(r ) = r × j(r ). (4.65)

Local orbital angular momentum densities can be de�ned as well, as the local value
of the operator r × p, such that the (projected) OAM density is given by

Lz (r ) = −i~Ψ∗ (r )∂φΨ(r ). (4.66)

An important point to keep in mind is that phase vortices do not carry orbital
angular momentum38. �is may seem so in light of the beam-type solutions presented
in § 4.4 earlier, where a single phase vortex is indeed associated with a de�nite OAM.
�e association cannot be generalized, and this becomes obvious when one looks at
the OAM density, and the current and wave vector vorticity densities of an arbitrary
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wave �eld. Because the OAM density is coupled to the scalar current, eq. (2.5), of the
wave in that point, it is zero along the vortex lines. �e magnitude of the OAM density
is highly dependent on the intensity pa�ern of the wave, rather than the precise
location of the phase vortices in the �eld. In contrast, the wave vector vorticityo ,
given by

Ωk = ∇ × k (r ), (4.68)

is only non-zero on the vortex lines, and zero everywhere else. It is also quantised in
terms of the vortex strength, and thus truly re�ects the position of the phase vortices.
�e scalar current vorticity, given by,

Ω(r ) = ∇ × J (r ), (4.69)

has absolutely no absolute relation to the phase vortices of the �eld, although scalar
current density maxima usually lie near a vortex core.

To make ma�ers worse, the true nature of OAM depends on the total physical
system being considered and isn’t as black and white one may assume at �rst, as
explained in the next section.

4.5.2 OAM spectrum

�e OAM power spectrum of a beam describes the di�erent OAM components in a
wave �eld. �is spectrum depends on the origin and orientation of the measurement
(see § 4.5.3). �e OAM decomposition of a wave is given by218:

Ψ(r ) =
1√
2π

+∞∑

`=−∞
a` (r⊥, z)ei`φ , (4.70a)

a` (r⊥, z) =
1√
2π

2π∫

0

dφ Ψ(r )e−i`φ . (4.70b)

�e power (or energy, or intensity) of one OAM component is given by the square of
the OAM projection, a` , integrated over the radial coordinate:

C` =

∞∫

0

dr⊥ r⊥|a` (r⊥, z) |2. (4.71)

�ese coe�cients are normalized to 1,
+∞∑

`=−∞
C` = 1. (4.72)

o �e local wave vector k (r ) needs to be distinguished from the local current j (r ),

k (r ) =
j (r )

|Ψ(r ) |2 , (4.67)

which is nothing more than the gradient of the wave’s phase. �ese quantities share the same streamlines,
but J (r ) is a smooth function, zero at the vortices, whereas k (r ) shows divergent behaviour at these
singularities 38. �e physical signi�cance of these quantities is explained in Ref. 38.
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Figure 4.16: �e OAM spectrum of various beams. Le� is a sum of two Laguerre-
Gaussian beams with ` = ±1, which is the π-beam described in § 6.2.4. �e center
�gures display the sum of plane waves used to generate �g. 4.8, with an additional
Gaussian radial dampening. Note the OAM spectrum aliases onto itself due to the
�nite range of ` included in the decomposition. �e rightmost example is a sum of
three Laguerre-Gaussian beams with unequal weighting as shown directly in the
OAM spectrum.

�e OAM of the full wave is then given by

〈Lz〉 = ~
+∞∑

`=−∞
`C` . (4.73)

Example OAM spectra are shown in �gs. 4.16 and 4.17. For a displacement of the
beam axis, one obtains a symmetric spreading, which maintains the expectation value
(see § 4.5.3). �e same happens for an on-axis tilt300. Both tilt and shi� combined
have a more complicated e�ect on the OAM spectrum.

�is type of analysis can be performed readily in numerical simulations, and there
is a well-developed and rather accurate method to measure optical OAM35,36,217,236.
Even though the vortex phase is a property of coherent waves, there exist methods
to measure the OAM of partially coherent light using the cross-spectral density
function239,323. �ere are also methods that claim to measure the topological charge105,
but are actually relying on the relation between the angular variable and the OAM
(see § 4.5.4).

For electrons, there is currently no good method to measure a full OAM spectrum
with su�cient accuracy to be useful for any practical purpose. �ere have been
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Figure 4.17: �e OAM spectrum of a Laguerre-Gaussian beam, for di�erent o�-
centre shi�s with respect to the OAM calculation axis. Note that the mean value of
OAM is constant under this displacement.

investigations into adapting existing methods in optics for this purpose, but most
focus on single mode beams133, and the only one that doesn’t, is not capable of
properly quantifying the OAM for o�-centred and asymmetric beams due to the strict
limitations imposed by the measurement scheme69.

4.5.3 Intrinsic and extrinsic angular momentum

O’Neil et al. goes through great detail on the character of OAM in a beam of light235.
Much, if not all, of his �ndings apply to electron beams as well. �e question if
OAM is intrinsic to a wave or extrinsic is somewhat academic, but it has important
consequences on the discussion of vortex waves interacting with ma�er. Intrinsic
angular momentum, e.g. spin angular momentum, does not depend on the choice of
reference frame. Extrinsic angular momentum does depend on the choice of reference
frame (i.e. calculation axis), although some peculiarities do arise. As is explained
below, orbital angular momentum of a wave lies somewhere between the two.

A measurement of an optical wave’s spin will usually not depend on where in
the wave you are measuringp, which is in sharp contrast to a measurement of the
OAM. Experiments have shown that misaligning or tilting a beam will change the
OAM spectrum of that beam with respect to a �xed measurement axis300. Although

p For an exception to this simple situation, see e.g. vectorial vortex beams described in Refs. 122,226–228.
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the spectrum will change (components will shi�, the spectrum will broaden), the
expectation value 〈Lz〉 over the full wave remains the same under displacement of
the measurement axis. �is means that although the underlying parts change, the
macroscopic (integrated) OAM remains unchanged. �erefore it makes sense to call
OAM semi-intrinsic.

O’Neil et al., Zambrini and Barne� 235,326 a�empt to quantify this discrepancy.
�e expectation value for (projected) OAM of a wave in a transverse plane can be
wri�en as

Lz =

"
d2r⊥Ψ∗ (r × p)zΨ. (4.74)

Displacing the axis of measurement (or equivalently, the beam) by r0⊥ = (x0,y0), a
second contribution appears:

∆Lz = x0

"
d2r Ψ∗pyΨ + y0

"
d2r⊥Ψ∗pxΨ. (4.75)

�e orbital angular momentum is only “intrinsic” when ∆Lz = 0. �is is the case if
the total transverse orbital momentum (again, “total” here means the expectation
value) given by the integrals in eq. (4.75) is zero. �is condition is satis�ed for e.g.

a perfect Laguerre-Gaussian beam, or such a beam that is symmetrically apertured.
�e mindful reader will notice that this condition does not match with the de�nition
given above. Indeed, due to the spatially varying nature of the OAM spectrum, it can
never be fully intrinsic. Only the mean value can be an intrinsic property of the wave,
hence the term semi-intrinsic.

�is can also be understood by the Bessel addition theorem (see eq. (C.19)), which
is used in chapters 7 and 8 to displace an incoming beam, e�ectively decomposing the
beam in an in�nite set of components of o�set OAM, centred on the original, central
value of OAM.

4.5.4 Complementary operator of the angular position variable

As described brie�y in § 2.1.3, there is a fundamental uncertainty when measuring two
complimentary variables. One would expect the orbital angular momentum, having
the indicative position representation, −i~∂φ , has some relation to the variable φ (just
like the linear momentum,−i~∂x has to the variable x ). �e orbital angular momentum
and angular position variable indeed do form a Fourier transform pair164,324:

Φ̃(`) =
1√
2π

φ0+2π∫

φ0

dφ Φ(φ)e−i`φ , (4.76a)

Φ(φ) =
1√
2π

+∞∑

`=−∞
Φ̃(`)ei`φ . (4.76b)



4.5. Orbital Angular Momentum 73

Naively, one would write,
∆φ∆Lz ≥ ~2 . (4.77)

�e reason why the above fails and the development of a rigorous well-behaved
solution has been described in much detail by Barne� and Pegg 23. It can be understood
by realizing that the maximum value of ∆φ is a �nite number23,168. More precisely, a
uniform distribution over an angular interval [φ0,φ0 + 2π] (such as, e.g. an angular
momentum eigenstate) has as root mean square deviation,

σ 2
φ = 〈φ2〉 − 〈φ〉2

=
1

2π

φ0+2π∫

φ0

dφ φ2 − *..,
1

2π

φ+2π∫

φ0

dφ φ
+//-

2

=
4π2

3 − π2 =
π2

3 . (4.78)

�is derivation is �ne for probability distributions, but a fully quantum mechanical
derivation requires a proper angular position operator, among other things. Indeed,
the simple form of eq. (4.77) fails because it assumes −i~φ is self-adjoint on an in�nite
domain. �e azimuthal momentum operator is only self-adjoint when restricted to a
�nite domain where the functions it operates on are periodic in that domain. �is
theory was developed as early as 1964 169 in light of the phase operator in quantum
mechanics, only to be largely reformulated in the wake of singular optics in 1990 23.
Equation (4.78) is derived using the proper quantum formulation of angular position in
appendix D. In the end, the �nal theory of quantum rotation angles results in a correct,
yet somewhat less elegant expression for the angular uncertainty principle23,101:

∆φφ0∆Lz ≥
~

2 |1 − 2πP (φ0) |. (4.79)

Here, φ̂φ0 is the angular position operator which has eigenvalues in the interval
[φ0,φ0 + 2π], and P (φ0) is the angular probability density at the boundary, φ0, of the
chosen range.

For example, the minimum uncertainty states for OAM and angular position have
the following form101:

Φ(φ) =
(λ/π)

1/4

√
erf

(
π
√
λ
) ei ¯̀φe−

λ
2 (φ−φ̄ )2 . (4.80)

�is function is normalized over an angular range that for notational simplicity will
be chosen as [−π, π), and the mean value of `, denoted by ¯̀, must be an integer due
to periodic continuity constraints in φ. �e uncertainty in angular position is then,

∆φ =
1√
2λ

√√√
1 − 2

√
πλe−π2λ

erf
(
π
√
λ
) . (4.81)
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�e angular Fourier transform of eq. (4.80),

Φ̃(`) =
1√
2π

+∞∫

−∞
dk sinc (kπ)e−

( ¯̀−`−k )2
2λ , (4.82)

and satis�es the equality in eq. (4.79). �is relation can be measured and simulated
directly by looking at the OAM spectrum of angularly limited beams101,164,324.

4.6 Relativistic and Spin E�ects in Electron Vortex Beams

It is to be expected that the scalar description contained in this chapter including the
explicit beam wave functions in § 4.4 do not form an accurate physical description
for the relativistic regime. For one, there is no mention of spin, which as a natural
relativistic e�ect (at least for electrons) cannot be captured in a scalar wave function
determined by the wave equation eq. (4.5). As the optics literature is �lled with papers
on vectorial vortices and other vectorial e�ects on the focusing and structuring of
optical beams84,122,226–228. It is quite di�erent, on a fundamental physical level, from
electron polarization, so only the e�ects of spin on free electron vortex beams will be
discussed here.

For this, consideration of the Dirac equation, eq. (2.25a), is a must. �e earliest
occurrence of explicit cylindrical solutions can be found in an unpublished manuscript
by Balantekin and DeWeerd 17. �e �rst published reference is a treatise of a rotation
of spatial Dirac electron states in a cylindrical potential due to spin-orbit interaction
q,195. More recently, the electron vortex community has picked up on the relativistic
electron vortex solutions, discussing the beam properties of the equations43,138,294.

�e Dirac equation in cylindrical coordinates admits solutions (in Dirac repres-
entation) of the formr (only those �nite at the origin, i.e. beam-like solutions are

q I based part of my Master’s thesis on these two papers 292.
r For all the intricacies of the Dirac equation and its solution in non-Cartesian orthonormal coordinate

systems, I strongly encourage you to read my Master’s thesis 292 which contains a detailed calculation
for the �eld-free case, and many references to solving the Dirac equation in more exotic orthonormal
coordinate systems for various types of potentials.
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considered, and negative energy solutions are also ignored):

ψ` (r , t ) ∝ ei(kzz−Et/~)



*........,

J` (k⊥r⊥)ei`φ

0
kz
E+m J` (k⊥r⊥)ei`φ

ik⊥
E+m J`+1 (k⊥r⊥)ei(`+1)φ

+////////-
: Jz = ` +

1
2 , Lz ≈ `, Σz ≈ + 1

2 ,

*........,

0

J` (k⊥r⊥)ei`φ

−ik⊥
E+m J`−1 (k⊥r⊥)ei(`−1)φ

−kz
E+m J` (k⊥r⊥)ei`φ

+////////-
: Jz = ` − 1

2 , Lz ≈ `, Σz ≈ − 1
2 .

(4.83)
�ese solutions are eigenstates of the Dirac Hamiltonian, Ĥ , the longitudinal mo-
mentum, p̂z , the (projected) total angular momentum, Ĵ z , and the transverse mo-
mentum, p̂⊥, with respective eigenvalues E, ~kz , ~

(
` + 1

2

)
, and ~k⊥. �ese are actually

superpositions of the transverse helicitys eigenstates17,195 that reduce directly to the
Bessel beam described in § 4.4.1 in the non-relativistic limit. Helicity eigenstates can
be argued to be less natural for massive particles. �is is due to on the one hand the
non-relativistic limit in which the above superpositions reduce to the non-relativistic
eigenstates, and on the other hand that the helicity eigenstates show a large non-zero
edge component in case a strong boundary condition is enforced (see § 2.4.2).

In the Dirac representation, the in�uence of spin on the relativistic wave is
evidenced by the oddity of an “o�-by-one” small component (the ` ± 1 order Bessel
function and associated vortex phase factor in the third and fourth components of
eq. (4.83)). Unfortunately, for any realistic electron beam, the range in which this
o�-by-one component in�uences observables such as the density is experimentally
inaccessible294. �e term “spin-orbit coupling” is used by Bliokh et al. 43 to describe
this e�ect, but it is too strong, as other spin-orbit couplings also go hand in hand with
a strongly varying scalar potential. �is name implies some sort of interaction that is
an interplay of a somehow con�ned electron’s movement and spin degrees of freedom.
In an atom, the scalar potential (i.e. the electric �eld) provides this con�nement and
like with other spherically symmetric potentials, its gradient determines the strength
of the spin-orbit interaction,

Espin−orbit ∝ 1
r
L · S ∂rV (r ). (4.85)

Here, though, there is only an electron without atomic potential, and due to the
additional transverse orbital motion of the electron associated with the phase vortex,

s �e transverse helicity is formally de�ned as

ĥ⊥ = γ 5γ 3 Σ · p⊥
|~k⊥ . (4.84)
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its spin is forced to rotate accordingly. �is “conversion” of spin to orbital angu-
lar momentum appears only in relativistic non-paraxial beams (i.e. the transverse
momentum k⊥ is not negligible with respect to the forward momentum kz ), and
disappears when k⊥ → 0 and/or k⊥ � kz and/or k⊥ � E. Note that the o�-by-one
components also introduce boundary value issues as discussed in § 2.4.2.

Hayrapetyan et al. and Karlovets have both treated Dirac vortex electrons in
intense laser �elds138,176. �e la�er focuses on the properties of the orbital angular
momentum in high energy relativistic sca�ering processes, which leads too far from
the core of this discussion. �erefore only Ref. 138, who discusses possible e�ects
in the kinematical regime accessible in an electron microscope, will be considered
here. Solving the Dirac equation in the magnetic �eld of a linearly polarized laser, one
obtains the Dirac-Volkov solutions, which show a transverse shi� of the electron’s
probability density due to the magnetic �eld coupling to its orbital angular momentum.
It remains in the paraxial limit, but disappears in the plane wave limit (` = 0, k⊥ = 0).
�is femtosecond oscillation of the beam centre induced by the laser �eld makes it
so that there is an increased change of detecting electrons in the dark vortex core.
�e realization of this experiment requires a pulsed laser to be coupled to an electron
microscope (with synchronization of the laser pulses and electron emission), and has
not yet been performed to date.

4.7 Structured Waves in Other Fields of Physics

4.7.1 Electromagnetic waves

Much of the discussion in this chapter can be traced back to optics literature. �e
reason is simple: an optical bench, some lenses and mirrors, a spatial light modulator,
and a CCD is all you need to experiment with structured light. �erefore it is only
logical that most of the research in this direction was performed on an optical bench.
�e earliest applications of vortex beams or �elds containing vortices have also
spawned in the electromagnetic domain. Of course, there is a large amount of literature
and patents dedicated to antenna beam shaping for radio communication. �is �eld
does not seem to be directly involved in the issue at hand (optical beam shaping),
although it is physically the same concept.

�e earliest reference to laser beam shaping that could be located is Ref. 277,
although there are earlier patents claiming similar light modulation devices165. �e
�rst experiments producing non-di�racting beams were done in 1987 87. �is was
swi�ly followed by several others reproducing that result63,121,155,189,262,287,290. Soon
a�er, a number of special beam shapes and applications of beam modulation were
developed59,127,306.

A small revolution came about when an old theory paper by Nye and Berry 230
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was picked up and optical vortex beams were wilfully produced and described in
terms of their OAM9, followed by a series of papers describing various aspects of
vortex beams25,26,137. Early experiments with these newly rediscovered optical vortex

beams were primarily concerned with proving the additional angular momentum
of the beam by developing numerous setups where the rotation of the beam was
transferred to macroscopic particles221. Applications in all sorts and �avours of optical
micro-manipulation ensued shortly therea�er66,73,124,188,194,208,238,265,307,325. Note that
optical tweezers received new abilities over the previously applied methods250 due
to either the doughnut-shaped intensity pro�le (and the optical gradient force48) or
the transfer of OAM to the particles being controlled. A great deal of e�ort was of
course also devoted to producing these beams, including the use of holograms, phase
plates33,286, and mode conversion32, some of which have already been reapplied in
electron optics (see chapters 5 and 6 for more details on that).

Later, a�er several demonstrations of the three-dimensional structure of optic-
ally shaped beams and their applications187,193,246, focus shi�ed on the nature of the
OAM. A�er analysing the (behaviour of) OAM power spectrum of optical vortex
beams218,236,299,300, including the measurement of a single photon’s OAM35,36,190–192

(even with the presence of incoherence239,323), a quantum theory of the angular posi-
tion operator was developed23 to properly formulate a very intuitive OAM uncertainty
principle101 (see § 4.5.4) for the OAM and angular position variables.

Currently, research is focusing on information transfer and quantum optics in the
direction of quantum computing in which the orbital degree of freedom in vortex states
of light can be exploited to carry quantum information. Various studies focussing on
entanglement studies, and if the entanglement between spin and OAM of two photons
is really entanglement or not have been published97,214,219,272. Additionally, free-space
communication117,180 and �bre optics53,248 are a hot topic still. Even though the focus
has long shi�ed on developing and perfecting real-world applications, fundamental
questions such as the speed of structured light118 and the exact de�nition of the
(angular) momentum density of light (if there even is such a thing)38,45,46,199, still live
in the community.

4.7.2 Hydrodynamics

Dolphin bubble rings, also known as toroidal vortices, can not only be used to entertain
visitors of Seaworld93, but also extinguish oil well �res6–8. �ese are but a few
applications found in the hydrodynamics literature on vortices, which includes a
veri�cation of the energy-to-OAM ratio of vortex waves79, investigations into vortex
shock waves58, and the transfer of OAM to �uids148 and chiral objects320. �is list is
far from exhaustive, and will likely grow in the future still as the �eld grows.





Part II

Phase Manipulation

Genius is the ability to see things invisible, to manipulate things intangible, to

paint things that have no features.

Joseph Joubert
French essayist and moralist

1883





5
Electrostatic Phase Manipulation

It is well known that theoretical physicists cannot handle experimental

equipment; it breaks whenever they touch it.

�irty Years �at Shook Physics: �e Story of �antum �eory

George Gamow
1966

For electrons, �exible phase manipulation is still in its infancy. In optics, there have
long been several extremely accurate ways to manipulate the phase of a beam of light,
the lenses in an electron microscope have remained strongly aberrated. Only fairly
recently have some of the more crucial microscope aberrations been corrected150. �e
electron microscope functions in high vacuum, where space is in short supply and
the manoeuvrability of components such as lenses and apertures is severely limited.
Nonetheless, it is possible to introduce electron optical devices at key places in the
electron propagation path, so that the devices mentioned in this chapter are able to
properly manipulate the phase of the electron wave.

Electrostatic phase manipulation has primarily been investigated in light of image
contrast creation and enhancement. Image contrast and formation in the electron
microscope is not the subject of this thesis, and discussing the performance of these
elements would bring us too far away from my central theme, which remains electron
vortex beams. Current and past implementations of electrostatic phase manipulation
devices for electrons (in the electron microscope) will be discussed, thereby giving a
correct overview of their potential and give a brief discussion of the limitations of
these electron optical elements in the electron microscope.

�e �rst section discusses the general physical principles on which these phase
plates are based. �e second section a�empts to give a wide overview of various
practical implementations in the from of a short literature review. A third section
concentrates on the drawbacks and limitations of these devices. �e focus will lie on
those devices that result in phase vortices and vortex beams.

81
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5.1 Principles

To understand how the electron optical phase plates shown in the next section work,
a small introduction to the physics behind them is in order. Electrostatic phase
manipulation can be modelled by introducing an electrostatic �eld in the Schrödinger
equation, eq. (2.1). �is electric �eld takes on the form of a scalar potential V . Aside
from con�nement, this potential can also induce direct phase changes as well, as will
be described in this section. Both of these options will now be discussed in light of
the discussion in chapter 4.

5.1.1 Weak potentials

A weak electrostatic potential only negligibly in�uences the amplitude of a passing
wave. What this means is that the phase manipulation is caused by an optical weak

phase object. �ere are two ways to accomplish this: an electrically charged device that
produces a speci�c electrostatic �eld, or a material with varying thickness. Examples
of both in the literature will be given in § 5.2.1.

�e general expression for the phase acquired by an electron passing through a
region of non-zero electrostatic potential is given by

φES =
em

~2k

∫
dzV (z). (5.1)

�is comes from the time-dependent phase factor, e−iEt/~, where E is replaced by
E + eV in the region with non-zero electrostatic potential, resulting in the above
expression when assuming a constant speed, v = dz

dt =
~k
m , for the electron.

A material with varying thickness can directly in�uence the phase of a passing
electron (and leave the amplitude nearly untouched) only when it is thin, and usually
amorphous. Amorphicity is required to prevent strong Bragg sca�ering, which
would in�uence the wave in unwanted ways. It was this type of electrostatic phase
manipulation that, perhaps serendipitously lead to the �rst observation of electron
vortex beams289. �is method is based on the “mean inner potential” of a material, i.e.

the mean electrostatic potential caused by the atoms inside that material. When an
electron passes through a region of electrostatic potential, it acquires a phasea,

φMIP = k
Ui

U

ERel
2ERel − eU ∆z, (5.2)

whereUi is the element-dependent inner potential (see table 5.1),U is the acceleration
voltage of the fast electron, ERel = mc2 + eU is the relativistic energy of the fast
electron, and ∆z is the thickness of the slab material the wave passes through. Note
that eq. (5.2) is just a specialisation of eq. (5.2). In principle, by varying the object
thickness and composition spatially, any phase structure can be imprinted on the
electron beam.

a See e.g. § 3.1.3 in Kohl and Reimer’s book 179.
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Be 7.8 Au 22
C 7.8 Si 11.5
Al 12.5 Ge 15.6
Cu 22 W 23.4
Ag 20 ZnS 10.2

Table 5.1: Approximate values of Ui for various
elements (expressed in volt) as needed by eq. (5.2).
�e exact errors on these values and their sources
can be found in § 3.1.3 of Ref. 179. A detailed explan-
ation on the experimental and theoretical determ-
ination of the mean inner potential can be found in
e.g. Ref. 182.

5.1.2 Strong potentials

By a strong electrostatic potential, what is meant is such an electrostatic �eld such
that electrons are completely expelled from certain regions. In e�ect, indirect phase
manipulation can be achieved by amplitude pa�erning a plain electron beam. By using
pa�erned apertures, a speci�c amplitude pro�le can be imprinted on the electron
beam, which is then translated into phase pa�erns in the optical far-�eld of this
aperture by means of scalar di�raction (see § 4.2.1). �e simplest realization of this
e�ect is achieved by a binary hologram placed instead of a normal circular aperture.

Strong electrostatic potentials can be achieved either by very strong electric �elds
or slabs of opaque material that absorbs most if not all electrons instead of sca�ering
them. �e former has no known implementations in the electron microscopeb. �is
method imposes speci�c boundary conditions on the wave in the aperture plane, that
propagate into an according phase pa�ern. Due to the nature of free space (wave
optical) propagation, a target wave function can be created by choosing the aperture
shape and pa�ern properly. �is is explained in detail in § 4.2.4, and examples of
binary and blazed holograms are discussed in § 5.2.2.

5.2 Real-world Implementations

5.2.1 Weak potentials

Electrically charged devices

Several devices using a persistent electrical charge have been described in literature.
�e earliest must be the electric biprism described by Möllenstedt and Düker in
1955 220, which uses electrostatic �elds to split coherent electron beams by in e�ect
adding an opposite phase ramp to two halves of the beam. Other devices have
been designed to more precisely manipulate phase. �e earliest occurrences of this
type of device are from 1981, where it is used to enhance phase contrast19,51 and
deconvolve holographic images186. Some examples include the Zach phase plate104,261,

b But the idea of using light produced by a pulsed laser as a di�raction grating (relying on the Kapitza-Dirac
e�ect 173) has surfaced in the current context 136.
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Figure 5.1: Electrostatic Boersch phase
plate. Reprinted from E. Majorovits,
B. Barton, K. Schultheiß, F. Pérez-Willard,
D. Gerthsen, and R. Schröder. Optimizing
phase contrast in transmission electron mi-
croscopy with an electrostatic (Boersch)
phase plate. Ultramicroscopy, 107(2–3):213
– 226, February–March 2007. ISSN 0304-
3991209, by permission of Elsevier.

Figure 5.2: Electrostatic Zernike phase
plate. Reprinted from S.-H. Huang, W.-J.
Wang, C.-S. Chang, Y.-K. Hwu, F.-G. Tseng,
J.-J. Kai, and F.-R. Chen. �e fabrication and
application of Zernike electrostatic phase
plate. Journal of Electron Microscopy, 55(6):
273–280, January 2007152, by permission
of Oxford University Press.

the Boersch phase plate209, and the Zernike phase plate152. All these have been used
to enhance image contrast in transmission electron microscopy measurements, by
changing the relative phase of various parts of the transmi�ed wave function with
respect to each other. Figures 5.1 to 5.3 shows several reported phase plates in
literature. �e inner conducting layer of these multi-layer devices can be charged
electrically, such that the central, non-di�racted beam acquires a phase shi� of π/2 with
respect to the sca�ered (non-central) part of the beam. �e fact that an electrically
charged ring can produce a constant phase delay has been rigorously proven211.
�e function of this multilayer structure is to produce an “einzel lens”, a so-called
unipotential lens, so that the beam energy is unaltered by the device.

A way to create electron vortex beams with an electrically charged device has
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Figure 5.3: Electrostatic Zach phase plate
using a single rod with coated charged con-
ductor.Reprinted from K. Schultheiss, J. Zach,
B. Gamm, M. Dries, N. Frindt, R. R. Schröder,
and D. Gerthsen. New electrostatic phase plate
for phase-contrast transmission electron micro-
scopy and its application for wave-function re-
construction. Microscopy and Microanalysis, 16:
785–794, December 2010. ISSN 1435-8115261,
with permission from Cambridge University
Press.

not yet been reported, but a patent application exists301. �ere is no fundamental
physical reason why this should not be possible, but the relative de�ective nature of
these devices makes them poor candidates to be used for this purpose.

Mean inner potential

By using (structured) thin �lms as phase plates, many of the electrostatic �elds
generated by the devices in the previous section have an uncharged variant. �ese, like
their electrically charged counterparts, o�en �nd applications in biological imaging,
where e.g. Volta75, and Zernike74,223 phase plates of this form have been reported. �e
earliest occurrence of this type of device used as a phase plate, is from 1970, where a
carbon �lm was used to enhance contrast15. An example of a thin �lm Zernike phase
plate is shown in �g. 5.4, and a Hilbert phase plate is shown in �g. 5.5. �ese devices
a thin �lm with a hole or a thin �lm with varying thickness to imprint the wanted
phase.

Since the discovery of electron vortex beams, thin �lms have been used to make
vortex beam generators. As an improvement over the binary holograms discussed in
§ 5.2.2, the more recently developed blazed holograms use nanoscale thickness and
spatial variations to a�ain a much larger e�ciency (25-37 %) in the di�raction orders
of interest125,126. Alternatively, an electrostatic spiral phase plate has been developed
within EMAT, which uses amorphous SiN arranged in the shape of a spiral staircase,
as such inducing an azimuthally increasing phase delay on the electron wave30. �e
vortex-generating phase plates are shown in �gs. 5.6 to 5.8.

5.2.2 Strong potentials

As exempli�ed in § 4.2.4, holography can be used to generate a speci�c target wave
using a simple reference wave as input with relatively easily fabricated binary holo-
grams. Figure 4.6 shows how the binary nature of these holograms introduce higher
order di�raction spots. �ese can be used to generate very low-intensity, but very
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Figure 5.4: �in �lm Zernike
phase plate. �e right panel shows
contamination a�er several meas-
urements using this phase plate
were performed. Reprinted from
R. Danev and K. Nagayama. Trans-
mission electron microscopy with
Zernike phase plate. Ultramicro-

scopy, 88(4):243 – 252, September
2001. ISSN 0304-399174, with per-
mission from Elsevier.

Figure 5.5: �in �lm electron phase plate (le�). �e right side of the �gure shows a
comparison of experimentally obtained image contrast in an unstained thin section
of a resin-embedded P. Pastoris cell, where the Hilbert phase plate shows a decisive
improvement in image contrast. Reproduced from B. Barton, F. Joos, and R. R. Schröder.
Improved specimen reconstruction by Hilbert phase contrast tomography. Journal

of Structural Biology, 164(2):210 – 220, November 2008. ISSN 1047-847724, with
permission from Elsevier.

Figure 5.6: Graphene stack as a spiral
phase plate. �e le� shows an overfocused
TEM image of spontenaously stacked
graphene, the right shows a zoomed in
region near the centre. Adapted from
M. Uchida and A. Tonomura. Generation
of electron beams carrying orbital angular
momentum. Nature, 464:737–739, April
2010289, with permission from Macmillan
Publishers Ltd.
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Figure 5.7: Blazed fork hologram
grating which shi�s intensity from the
non-di�racted beam into higher dif-
fraction orders to increase beam shap-
ing e�ciency. Reprinted with permis-
sion from V. Grillo, G. Carlo Gazzadi,
E. Karimi, E. Mafakheri, R. W. Boyd,
and S. Frabboni. Highly e�cient elec-
tron vortex beams generated by nan-
ofabricated phase holograms. Applied

Physics Le�ers, 104(4):043109, January
2014125, AIP Publishing LLC.

Figure 5.8: Various weak potential electro-
static phase masks for dedicated beam shaping.
A and B show the result of the masks B and
D, respectively. e-g show phase masks respect-
ively for reference Bragg di�raction, Hermite-
Gaussian mode generation, and vortex beam
generation. Reprinted from R. Shiloh, Y. Lereah,
Y. Lilach, and A. Arie. Sculpturing the electron
wave function using nanoscale phase masks. Ul-

tramicroscopy, 144:26 – 31, September 2014. ISSN
0304-3991263.

high-order vortex beams215, but mostly they get in the way of generating a pure
vortex beam302 which can be used to make dedicated measurements. Binary holo-
grams have been used to generate electron vortex beams215,302,304, and other special
beam types309 (see �g. 5.9). Usually, a tilted reference wave is used, spli�ing the
di�raction orders transversely. Examples of these types of binary holograms are
shown in �gs. 5.10 and 5.11.

If instead one uses a spherical reference wave, the di�raction orders will split
longitudinally. Defocusing will then bring higher orders of di�raction in focus, with
of course a large background of all the other defocused orders249,304. �is is, in fact,
an example of a Fresnel zone plate where the hologram is tuned such that the “target”
wave appears in the near-�eld. Defocus is nothing more than a quadratic phase pro�le
in Fourier space, which approximately resembles a spherical wave in the paraxial
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Figure 5.9: Electron Airy beam gen-
eration by a binary hologram, showing
the self-acceleration and self-healing
properties (see § 4.4.1). Reprinted from
N. Voloch-Bloch, Y. Lereah, Y. Lilach,
A. Gover, and A. Arie. Generation
of electron Airy beams. Nature, 494,
February 2013309, by permission from
Macmillan Publishers Ltd.
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Figure 5.10: �e �rst reported fork
hologram for electron vortex beam
generation. Adapted from J. Verbeeck,
H. Tian, and P. Scha�schneider. Pro-
duction and application of electron
vortex beams. Nature, 467:301–304,
September 2010. ISSN 0028-0836302,
with permission from Macmillan Pub-
lishers Ltd.

Figure 5.11: A binary fork holo-
gram with much higher OAM gener-
ation. Reprinted from B. J. McMor-
ran, A. Agrawal, I. M. Anderson, A. A.
Herzing, H. J. Lezec, J. J. McClelland,
and J. Unguris. Electron vortex beams
with high quanta of orbital angular mo-
mentum. Science, 331(6014):192–195,
January 2011215, with permission from
AAAS.

regime. Examples of this are shown in �gs. 5.12 and 5.13.

Besides mechanical holograms, there is also the option of exploiting the Kapitza-
Dirac e�ect173, in which electrons di�ract on an intense electrical �eld such as that
of a high intensity pulsed laser. It has been suggested that this set-up could be used
as a holographic spatial electron modulator, and thus in principle allow full (albeit
holographic) control of an electron beam136. �is, however, requires a high-powered
laser to interact with the electron emission in an electron microscope, which is, to
say the least, di�cult. Synchronization methods and other technology is advancing
at an ever increasing rate, so this type of device may not be science �ction for long.
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Figure 5.12: First spiral zone
plate for electrons with an ` =
1 discontinuity. Reprinted from
J. Verbeeck, H. Tian, and A. Béché.
A new way of producing electron
vortex probes for STEM. Ultramic-

roscopy, 113:83–87, February 2012.
ISSN 0304-3991304, by permission
from Macmillan Publishers Ltd.

Figure 5.13: Spiral zone plates for electrons. Com-
puter simulations: a) ` = 0, b) ` = 1, c) ` = 10. Real
implementation: d) Pt-coated SiN. Reprinted from B. J.
McMorran, A. Agrawal, I. M. Anderson, A. A. Herzing,
H. J. Lezec, J. J. McClelland, and J. Unguris. Electron
vortex beams with high quanta of orbital angular mo-
mentum. Science, 331(6014):192–195, January 2011249,
with permission from the Japanese Society of Micro-
scopy (through Oxford University Press).
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5.3 Discussion

5.3.1 Practical limitations

Di�raction

�e main limitation of holographic beam manipulation is that only a small portion of
the beam’s original intensity ends up in the desired mode. For example, using the
binary fork pa�ern (see �g. 4.6) results in a meagre 15 % current in the �rst di�raction
order. �is �gure can be improved upon by exploiting phase holograms, which allow
shi�ing more intensity into the target mode, although the improvement is modest at
best (up to 25 %).

Furthermore, the fact that higher orders of di�raction appear means these must be
excluded from the measurement somehow. �is requires pu�ing a blocking aperture
somewhere between the holographic aperture and the sample, which isn’t always
feasible while maintaining good imaging conditions simultaneously.

Charging

All objects that are placed in a high-energy electron beam are subject to charging. �is
e�ect is the build-up of electric charge due to the beam electrons causing emission of
secondary electrons, positively charging the sample. �e best way to mitigate this
e�ect is to shield any electrical insulators in the device from direct contact with the
beam by using a layer of highly conductive material as a shield. In the case of the
weak �eld electrostatic phase plates (see § 5.2.1), this is a big problem, as shielding
with a metal will cause too much absorption of the electrons that should pass through
the device unabsorbed.

Beam blocking

�e binary blocking of a large part of the beam (usually around 50 % for the binary
holograms) leads to half the beam current, with the remaining current split across
all di�raction orders. �ese higher and opposite order di�raction spots, which are
not present for a phase-only hologram, can not easily be separated in an electron
microscope. �is means that performing a measurement with a pure vortex beam
is then out of the question, as the side beams are also present and contribute to the
signal. Cu�ing these o� is not as trivial as in optics, and using the hologram to
separate them requires nanometre scale control over the hologram’s features181.

Contamination

Aside from charging discussed above, the electron beam can also cause a build-up of
carbon and other materials present around the device. �ese materials are present
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in the dirty vacuum inside the column. �is is a problem sometimes encountered
when exposing samples to the beam for a long time, and usually prevents any further
measurements from being done. For electron optical devices such as those discussed
here, contamination will cause a decay of their features, so also their performance in
time. Note that this e�ect is also present in the usual round apertures, which need to
be replaced regularly.

Damage

An electron beam of 80-300 keV will damage anything in its path. �is is the biggest
problem in using electrons to image e.g. biological materials. Binary holograms are
made of a thin platinum foil, which is very resistant to electron beam damage. Gold is
another material that is used o�en. It is both conductive and resilient in the electron
microscope. Phase holograms, though, cannot absorb electrons, so they are made
from e.g. SiN or amorphous carbon. �ese materials are subject to electron beam
damage relatively fast, and as such, these devices can only be used for a limited time.

5.3.2 Comparison of electrostatic methods of electron vortex generation

In the previous sections, several electrostatic ways of producing electron vortex
beams were shown. Each new generation showed various improvements over their
predecessors, but the �nal result is generally lacking in performance. First the weak
potential class of devices is addressed, which consists of phase-only holograms,
followed by the strong potential devices.

�e weak potential class of devices su�ers from damage, charging, and contamin-
ation, but are free from most beam blocking and di�raction e�ects. �e �rst, crude
carbon phase plate (see �g. 5.6) was disappointing in both production and usability:
�nding correctly stacked graphene to have the correct phase pro�le is quite di�cult
and not suitable for mass use. �e more re�ned SiN spiral phase plate (see e.g. �g. 5.8)
can be produced by a focused ion beam device quite easily, but su�ers from the beam
e�ects making it not so useful in light of the be�er magnetic methods detailed in the
next chapter. Finally, the blazed fork holograms still show higher di�raction orders,
making their use as a dedicated pure vortex beam generator limited, although they
are an improvement on the binary holograms with respect to e�ciency.

�e strong potential class of devices, or binary holograms, block near 50 % of
the beam and di�ract a high amount of intensity in the unwanted di�raction orders.
Nonetheless, they are quite resilient under the electron beam, as they can be made
from strong, electron-absorbing materials. �ese are also easy to make, but due to
their limited e�ciency, they aren’t ideal for experiments where signal-to-noise ratio
is key.
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5.4 Conclusions and Outlook

�e use of Fourier holography in the electron microscope in the form of binary and
phase-only holograms has �ourished in recent years. Research groups from all over
the world have developed methods and tools to create novel devices to shape and
manipulate the electron beam’s phase. �e physical limitations of these devices
become clear once one tries to actually use the output of the holograms, showing that
either the target beam has so li�le intensity any signal that would be seen is di�cult
to dig out from under the experimental noise, or that the device itself is unstable
under the beam, so that practical usability is limited by the lifetime of the device
instead of the usually much more short-lived sample one would wish to study.

Electrostatic electron phase manipulation is not as advanced as the optical coun-
terpart, and still needs to undergo serious development in order to reveal the true
power behind phase manipulation in imaging and microscopy. �ose wishing to
enhance image phase contrast, primarily in biological samples, can already reap the
bene�ts of the phase enhancing devices available today, although o�en it remains
unclear how to optimize their performance. It is this �eld that will enjoy these devices
the most, as their use in the microscope is straightforward: by a proverbial �ick of a
switch, one can enhance image contrast.

As a tool for electron vortex beam production, the future does not lie in purely
electrostatic phase manipulation. Instead, more recent developments in magnetic
phase manipulation give access to a whole new level of performance and e�ciency
in electron vortex beam creation.
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Magnetic Phase Manipulation

Seriousness of mind was a prerequisite for understanding Newtonian physics. I

am not convinced it is not a handicap in understanding quantum theory.

Dr. Gedanken in At �e Rialto

Connie Willis
1989

Electric �elds provide the conceptually simpler of two principal ways to manipu-
late an electron wave’s phase. �e second is magnetic phase manipulation, which is
of course already applied in electron microscopes in the form of aberration correctors
and magnetic lenses with great success. In this chapter though, we will take the
concept one step further; instead of deforming the beam continuously, the goal is
punching a hole in the beam’s wave function. �is will be accomplished in several
ways, including a magnetized needle that can be used as an optical spiral phase plate
(see § 6.2.3).

�e �rst section gives a brief overview of the Aharonov-Bohm and related e�ects,
and then move on to the basics of magnetic monopole theory in quantum mechanics.
We will then describe how a thin magnetized needle can be used to approximate a
magnetic monopole, and how this radial �eld con�guration a�ects the electron’s wave
function. Several experimental realizations of magnetic phase manipulation then
follow, including the Lauraperture, a magnetic needle, and Edgcombe’s ferromagnetic
rings.

Parts of this chapter were published in peer-reviewed journals.

L. Clark, A. Béché, G. Guzzinati, A. Lubk, M. Mazilu, R. Van Boxem, and
J. Verbeeck. Exploiting lens aberrations to create electron-vortex beams.

Physical Review Le�ers, 111:064801, August 2013

A. Béché, R. Van Boxem, G. Van Tendeloo, and J. Verbeeck. Magnetic
monopole �eld exposed by electrons. Nature Physics, 10:26–29, January

2014
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Figure 6.1: �e various dual Aharonov-Bohm e�ects: a) the “usual” type I mag-
netic Aharonov-Bohm e�ect, b) the dual type I electrostatic Aharonov-Bohm e�ect,
c) the type II Aharonov-Casher e�ect, and d) the neutron-scalar Aharonov-Bohm
e�ect, which is a type II magnetic dual of the Aharonov-Casher e�ect. Reproduced
from H. Batelaan and A. Tonomura. �e Aharonov-Bohm e�ects: Variations on a
subtle theme. Physics Today, 62:38–43, September 200929, with permission from the
American Institute of Physics.

6.1 Principles

6.1.1 �e ABC of�antum Mechanics

�e Aharonov-Bohm e�ect

�e Aharonov-Bohm e�ect was �rst predicted by Aharonov and Bohm in 1959 4, later
to be seemingly conclusively veri�ed by Tonomura in 1989 with electron holography
and superconducting rings283. �e AB e�ect describes a purely quantum phase that
an electron gains when passing through a region of zero electromagnetic �eld (but
non-zero vector potential)a,

φ (M )
AB =

e

~

∫
ds ·A(s ). (6.1)

�e “e�ect” is the fact that this would be a purely quantum topological phase, with
no classical counterpart. Since its inception, there have been opponents to this idea,

a Technically, the electrostatic phase acquired by an electron when passing through a region with zero
electric �eld, but �nite V is also due to the Aharonov-Bohm e�ect, but most people usually consider only
the one with the magnetic vector potential 29.
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and the formal discussion remains open29.
�e Aharonov-Bohm phase, given by eq. (6.1), as �rst brought into the open in

one of the most important papers of the second half of the 20th century, was never
disputed. It is this phase that constitutes the main character in this chapter: several
ways in which magnetic �elds can be used to modify the transverse phase structure
of fast-moving electrons are listed further on in this chapter.

Note that the electric Aharonov-Bohm e�ect, for which the phase is given by,

φ (E )
AB =

e

~

∫
dt V (t ). (6.2)

was concurrently described in the original paper. �is phase is well-known and
exploited in the previous chapter, on Electrostatic Phase Manipulation. Both these
and the dual (in another sense) Aharonov-Casher e�ect, described in the next section,
are shown in �g. 6.1.

�e Aharonov-Casher e�ect

Soon a�er Aharonov and Bohm theoretically established the reality of the vector
potential4, a dual e�ect was described by Aharonov and Casher for a neutral magnetic
dipole (e.g. neutron) in an electromagnetic �eld5. �e Aharonov-Casher e�ect is
fundamentally di�erent, as the neutron must pass through a region with �nite �elds.
�e Aharonov-Casher e�ect is dual in the sense that the Aharonov-Bohm e�ect is
driven by the interaction of moving electric charges with magnetic dipoles, whereas
the former relies on the interaction of moving magnetic magnetic dipoles with (a line
of) electric charges. Again, there are variants with both the electric and magnetic
potential (see �g. 6.1).

6.1.2 Magnetic Monopoles

Electron vortices and monopoles

It has long been known, or rather predicted, that a radial magnetic �eld (like that
of a monopole) which interacts with a fast passing electron would create a vortex
wave. Fukuhara et al. �rst took note of this in their pioneering work on electron
holography106, where they describe the interference pa�ern of an electron wave
passing a monopole charge: a forked fringe pa�ern as described in § 4.2.4. �e
way the radial magnetic �eld acts on the electron is reminiscent of the action of
a spiral phase plate on an optical beam. �e phase of the beam wave function
experiences a linearly azimuthally increasing phase delay around the centre of the
�eld con�guration. Figure 6.2 shows an artistic impression of the principle, and the
holographic result.

A magnetic monopole is a curiosity in physical theory, because it causes some
major problems in the usual formalism if one does not tread carefully. In essence, the
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Figure 6.2: First prediction of elec-
tron vortex beam production, by
passing a fast electron past a mag-
netic monopole. Reprinted from
A. Tonomura. Applications of electron
holography. Rev. Mod. Phys., 59:639–
669, July 1987282, �g. 43, by permission
of the American Physical Society.

�ux density of a magnetic monopole has the same form as the electric �eld of a point
charge,

B (r ) =
д

r 2er , (6.3)

with д quantifying the strength of the associated magnetic charge. Some of the
problems the existence of such a �eld causes are described in the following sections.

Excerpts of monopole theory

Magnetic monopoles are a curious entity which has spawned a lot of seemingly
paradoxical predictions and overall a general di�culty to incorporate it into both
quantum mechanics and classical electromagnetism. To illustrate this, a very short
overview of how hard the life is of a monopole in modern physics. What is described
here (and a whole lot more) is collected in Schnir’s excellent book on the subject260.
He succeeds in gathering a lot of the literature produced in the years between Dirac’s
1931 primer83 and 2005, in a condensed yet lucid and complete text. Only some of
the core properties of a magnetic monopole will be considered here, as to avoid the
more theory-heavy ones.

Vector potential trouble Any quantum mechanical description of a magnetic
system starts with the determination of a vector potential to describe the magnetic
�eld. It turns out that this is the single most di�cult thing to do for a magnetic
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monopole: �nding a quantum mechanical description without singularitiesb. Dirac’s
original proposition was a valid function everywhere, except on the negative z axis,
including the origin, and given by83,135

AS (r ) =
д(1 − cosθ )

r sinθ eφ =
д

r
tan θ2eφ , (6.4)

�e set of singularities along the negative z axis is termed a Dirac string, and as will
be described below, its presence does not disrupt physical observables. Carefully
calculating ∇ ×A gives eq. (6.3). �is singular vector potential determines the �eld
up to a gauge transformation. Unfortunately, due to the singular nature of eq. (6.4),
one must also use singular gauge transformations when working with it. �e general
form is dictated by the U(1) symmetry group,

U (r ) = eieΛ(r ), (6.5)

which expresses that the vector potential is only speci�ed up to a gradient of a scalar
function Λ(r ):

A→ A′ = A − i
e
U −1
∇U = A + ∇Λ(r ). (6.6)

�e magnetic �ux through a closed surface must remain constant:

0 =
∫

d2S ·(B′ − B) =
∫

d2S · [∇ × (∇Λ)] =
∮

dl ·∇Λ, (6.7)

which directly implies Λ(φ + 2π) = Λ(φ), i.e. the singular gauge transformation must
be periodic in φ. �ese (in general multivalued) transformations e�ectively move
the mathematical Dirac string (arbitrarily, if the necessary transformation satisfying
eq. (6.7) can be found). An example is given by

UNS (r ) = e2ieдφ , (6.8)

which transforms eq. (6.4) into the physically equivalent form,

AN (r ) = −д
r

1 + cosθ
sinθ eφ . (6.9)

�e di�erence between eq. (6.4) and the current eq. (6.9), is the position of the singular
Dirac string: in the former case, it lies on the positive z axis whereas the gauge
transformation, eq. (6.8), has moved the singular line to the negative z axis. Singular
gauge transformations are not only capable of moving the string, there are those who
split the singular hair in two, e.g.

USch (r ) = eieдφ , (6.10)
b Admi�edly, actually �nding a monopole particle has proven in�nitely more di�cult than this. Notable

research in this direction was done using a superconducting detector 61, and many other mechanisms in
both colliders on Earth and beyond 129.
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which results in the so-called Schwinger potential:

ASch (r ) = −q
r

cosθ
sinθ eφ , (6.11)

which is singular along the complete z axis (albeit only half as much as eqs. (6.4)
and (6.9)). As you would expect, this potential is given by the average of the previous
expressions,

ASch (r ) =
1
2 (AN +AS). (6.12)

Note that the vector potentials considered here transform as a pseudo-vector,
and the associated spherically symmetric magnetic �eld, B, is a vector rather than
the axial vector it is in non-singular electrodynamics. Also note that the strings of
singularities don’t a�ect observables; e.g. interference pa�erns will not show any
visible evidence of their presence.

�e generalized angular momentum and its spherical harmonics �e solu-
tion of the Schrödinger equation in the �eld of a magnetic monopole as given by the
vector potential eq. (6.4) can be expressed in terms of an angular and a radial function:

Ψ(r ) = Fkl̃ (r )Yµlm (θ ,φ), (6.13)

where Yµlm are the generalized spherical harmonics, which are eigenfunctions of the
generalized angular momentum L̃, which is given byc

L̃ = r × π − eдer = L − µer , (6.14)

where µ = eд and L = r × π = r × (p − eA) is the usual kinetic angular momentum.
�e explicit form of the generalized spherical harmonics is the following,

Yµlm (θφ) = N (1 − x )−µ+m/2 (1 + x )−(µ−m )/2P
(−µ−m,−µ+m)
l+m (x )ei(µ+m)φ , (6.15a)

N = 2m
[
(2l + 1) (l −m)!(l +m)!

4π(l − µ )!(l + µ )!
] 1/2

, (6.15b)

P
(α,β )
n (x ) =

(−1)n
2nn! (1 − x )−α (1 + x )−β ∂nx

[
(1 − x )α+n (1 + x )β+n

]
, (6.15c)

x = cosθ . (6.15d)

�e form of the wave functions given in eq. (6.15) is bound to the exact form of
the vector potential, eq. (6.4). One can transform the wave function in the same way
as the vector potential, by multiplying with the transformation function U (r ), given
by eq. (6.5). For example, the “North-South” gauge transformation (which will be
very important in the monopole explanation of the magnetic needle given in § 6.1.3),
adds a vortex phase factor, UNS = e2iµφ , to the transformed wave function.

c �e a�entive reader no doubt realizes this generalized angular momentum only satis�es the usual angular
momentum commutation relations, o�en abbreviated to L × L = i~L, if one takes the magnetic monopole
charge to be quantized, i.e. µ = n/2 where n ∈ Z.
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6.1.3 A magnetic spiral phase plate

�e concept

A magnetic spiral phase plate can be made by mimicking the magnetic �eld con�gur-
ation of a magnetic monopole. Of course, a real monopole might be preferred, but as
they seem to be quite rare, it’s more feasible to approximate its B-�eld as closely as
possible.

�e �eld of a thin solenoid or needle is quite daunting to handle analytically, but
a much simpler model will do to explain the concept. An in�nitesimal �ux tube of
length L (which is assumed to be very large) is described by the following vector
potential317:

A(r ) = − д

4π

0∫

−L
dz ′ez × ∇ 1

|r − z ′ez | . (6.16)

Here, д signi�es the equivalent magnetic charge of the magnetic monopole that would
produce the same radial �ux density. Not coincidentally, д is also the amount of �ux
through the in�nitesimal tube. Equation (6.16) is in fact the vector potential for a line
of dipoles on and directed along the z axis extending from −L to the origin.

One can verify the magnetic �ux density is what we expect from it by carefully
calculating the curl using the integral representation given by eq. (6.16) (and making
sure to avoid the nasty singularity at the origin):

B = ∇ ×A

=
д

4π∇ ×

∇ × *..,

ez

0∫

−L
dz ′ 1
|r − z ′ez |

+//-


=
д

4π


∇

*..,
∇ ·

0∫

−L
dz ′ ez
|r − z ′ez |

+//-
− ∇2 *..,

0∫

−L
dz ′ ez
|r − z ′ez |

+//-


=
д

4π∇
*..,

0∫

−L
dz ′ ∂z

1
|r − z ′ez |

+//-
− д

4πez
0∫

−L
dz ′∇2 1

|r − z ′ez |

=
д

4π∇

*..,

0∫

−∞
−
−L∫

−∞

+//-
dz ′ 1√

r 2⊥ + (z + z ′)2


+ дez

0∫

−L
dz ′δ 3 (r − z ′ez )

=
д

4π∇
(
−1
r
+

1
|r − Lez |

)
+ дezδ (x )δ (y )Θ(−z)Θ(L − z)

=
д

4π
r

r 3 −
д

4π
r − Lez
|r − Lez |3 + дδ (x )δ (y )Θ(−z)Θ(L + z)ez . (6.17)

�e above expresses exactly what’s expected: an inward radial �eld at z = −L, an
outward radial �eld at z = 0 and a tube of �ux connecting them given by the third
term.
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Figure 6.3: �e end of a thin, long, magnetized needle, of which only a region is not
opaque to electrons. �e colour denotes the relative phase shi� for electrons passing
that region (the absolute value is determined by the magnetization of the needle), as
explained in § 6.1.3.

�e spiral phase plate is now obtained by placing a mask over all but a small
region around a tip of the needle, as indicated in �g. 6.3. �is ensures the unblocked
portion of the electron beam will experience a radial �eld as described by one of the
�rst terms in eq. (6.17), which is exactly a monopole-like �eld. �ere are several ways
to explain how such a �eld can produce an electron vortex. Below are the perhaps
more intuitive explanations.

�emonopole view

�e main assumption in this section is that the properties of the electron-monopole
system remain (approximately) valid for a monopole-like �eld without the exact
monopole. �is assumption seems reasonable, and while the underlying theory
may indeed break down, the intuitive derivations of the properties of the angular
momentum seem to be vindicated by the experimental result presented in § 6.2.3.

Fibre bundles and sections: electromagnetic gauge transformation Due to
the essential (i.e. non-removable) line of singularity in the monopole vector potentials
given by eqs. (6.4), (6.9), and (6.12), one cannot de�ne a single three dimensional wave
function that encompasses all of space (except perhaps the monopole point itself). As
somewhat of a workaround, Wu and Yang 319 described a split of space connected by
a singular gauge transformation, not coincidentally the one given by eq. (6.8). �e
mathematical principle is to consider the wave function not as an analytic function of
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all of space, but rather as a section
d. �e discussion below follows closely their clear

presentation of the concept.
Essentially, space (and thus the wave function) can be split in two overlapping

areas. In the case of a monopole these are given by two spherical regions (and their
overlap) de�ned by 

RN : 0 ≤ θ ≤ π
2 +

ε
2 ,

RS : π
2 − ε

2 < θ ≤ π,
RNS : π

2 − ε
2 ≤ π

2 +
ε
2 ,

(6.18)

in which ε is a real positive number. Within these two regions, one applies the
relevant vector potentials, AN and AS, as given by eqs. (6.4) and (6.9), with continuous
wave functions ψN andψS. In the overlap region RNS these two wave functions are
connected by the singular gauge transformation, eq. (6.8) so that

ψN = UNSψS = e2iµφ . (6.19)

Functions satisfying such a relation are called sections, which makes the wave function
in this construction a section.

�e concept brie�y introduced above can be directly applied to an electron wave
function passing by a monopole, from north to south. Consider an (incoming) plane
wave (or any arbitrary shape without a vortex phase factor) at the north end of the
monopole. If this wave function travels or is otherwise extended to the south region
not covered by RN, it will be equal to the northern wave function multiplied by a
vortex phase factor, e2iµφ , through the relation eq. (6.19). It is obvious the electron
has gained OAM directly equal to a multiple of the magnetic charge. Note that for
the wave function to remain continuous throughout this thought experiment, the
magnetic charge must obey Dirac’s quantization rule, which results in a linear phase
ramp up to an integer multiple of 2π as one travels along the azimuthal direction. In
this view, the phase factor originates from a somewhat mathematical construction.
Next, the somewhat more physical explanations of the vortex inducing properties
of a magnetic monopole will be discussed, by considering the conserved angular
momentum and additionally the Aharonov-Bohm phase as an alternative.

Conservation of angular momentum �e generalized angular momentum as
given by eq. (6.14) of an electron-monopole system is conserved (as its operator
commutes with the Hamiltonian of that system). �is means that a system composed
of a fast electron passing by a monopole must have constant generalized angular
momentum. �e z component of the generalized angular momentum, eq. (6.14), is
given by:

L̃z = Lz − µ cosθ . (6.20)
d �e term section comes from the mathematical context of �bre bundles, where the quantum mechanical

wave function is a section on a C1 vector bundle, or line bundle 65.
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T

A
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Figure 6.4: Aharonov-Bohm phase view of the
magnetic needle. Note one should take the distance
|TB | much larger than the radius of the cone’s base.
�e magnetic �ux passing through the bo�om is
negligible in this approximation. �e magnetic �ux
passing through the (light blue) cone surface area
bounded by the rainbow line contains nearly all
outgoing �ux of the magnetic needle. �e incoming
�ux and remaining outgoing �ux passes through
the dark blue area, and the bo�om.

�e observant reader will notice the last term switches sign on the other side of the
z = 0 plane. Near the axis (i.e. within the boundaries of the paraxial approximation),
cosθ ≈ ±1. �e extra or lost OAM will be compensated by extra angular momentum
in the �rst term, i.e. the electron wave function will need to acquire an extra phase
term e2iµφ to ensure conservation of (projected) angular momentum.

So, intuitively, one can say that an incoming ` = 0 (non-vortex) beam will be
transformed into a vortex beam with Ψ ∝ ei2µφ on the other side of the monopole.

�e Aharonov-Bohm phase view

If one rejects the monopole-like �eld hypothesis, in which case none of the properties
of the electron-monopole system can be applied to a fast electron in a monopole-like
�eld, one can always resort to a simple Aharonov-Bohm analysis for a magnetic
needle, and in the end, compare the situation with an optical spiral phase plate. As a
guideline, a sketch of the situation is provided in �g. 6.4.
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�e Aharonov-Bohm phase, as given by eq. (6.1), for a simply connected region,
can be wri�en ase

φ (M )
AB =

eΦ

~
. (6.22)

Here, Φ is the magnetic �ux passing through the area enclosed by the path. As
described in �g. 6.4, the needle “injects” magnetic �ux through the dark shaded region.
�e bright coloured area contains all the compensating outgoing �ux (we don’t want
divergent magnetic �elds, do we?). �is means that the phase di�erence between
points A and B will be equal to eq. (6.22). To obtain the azimuthal phase dependence,
consider the following: take point B, and slide it across the rainbow-coloured line, so
that the outgoing �ux enclosed by the region bounded by this rainbow line decreases.
�is decrease is linear in the azimuthal coordinate, φ, so that the phase di�erence
between points A and the new B′(φ) is linearly dependent on φ. �is leads directly to
a vortex phase factor ei eΦh φ .

Note this li�le calculation ignored the shadow region of the needle, i.e. the area
directly below the needle, between A and B. As the needle width is small with respect
to the aperture size and height of the cone, this region will contribute a small, but
surmountable phase-connecting region.

Aspects not taken into account in this model

�ere are certain aspects of a magnetic needle device that may distort the created
electron vortex beam, even in the near-ideal case described above. �e imperfection
of a real magnetic needle will in�uence the exact Aharonov-Bohm phase that the
wave acquires. Furthermore, in all of the above, it was silently assumed that the
electron moves in a straight line. In reality, this will not be the case, but the expected
de�ection is small compared to the fast motion of the electron itself.

Another factor not discussed in the previous sections is the electron spin. While
passing through a region of non-constant magnetic �eld, an electron’s spin will
undergo a spin precession. Due to the limited extent and magnitude of the magnetic
needle’s �eld, it is not expected to alter the probe in any observable way in an
electron microscope. �is expectation is based on the estimates for spin manipulation
using conventional magnetic lens �elds as described in Ref. 175 and § 6.2.6. �ere,
conservative estimates result in a metre-long device where strong electromagnetic
�elds combined with electrostatic de�ection compensation are able to measurably
a�ect the electron beam’s spin.

e �e path encircles no singularities of the �eld, so that the Kelvin-Stokes theorem can be used for the
Aharonov-Bohm phase,

∮
dr ·A(rs ) =

∫
d2S ·(∇ ×A(rs )) =

∫
d2S ·B (rS ) = Φ, (6.21)

which is nothing more than the �ux through the surface enclosed by the original path.
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6.2 Real-World Implementations

6.2.1 Mode conversion through astigmatic lenses

Soon a�er the �rst reports of the observation of electron vortex beams generated
by electrostatic means, Scha�schneider et al. showed a method to generate and
discriminate electron vortex beams using the (linear) relation between Laguerre-
Gaussian and Hermite-Gaussian beams,

LG0,−1 =
HG1,0 − iHG0,1√

2
, (6.23a)

LG0,+1 =
HG1,0 + iHG0,1√

2
, (6.23b)

which is based on the relation between the Hermite and Laguerre polynomials ex-
pressed by eq. (C.32). Here, LGn, ` and HGnx ,ny are the modes described by eqs. (4.62)
and (4.63), respectively. �is relation comes into play when astigmatism is applied to
a laser beam32. By using a Hilbert phase plate (two halves of a circle with a relative
phase shi� of π), followed by an astigmatic lens, a vortex beam was produced from a
Hermite-Gaussian mode. �e other way around, i.e. converting a vortex beam to a
Hermite-Gaussian mode, is also possible. To obtain proper experimental results, the
Gouy phase, which is only described by eq. (4.61) for perfect Gaussian beams, had to
be adapted to the slightly di�erent form of the holographically generated beams in
that experiment.

As an extension to this idea, it is possible to measure the OAM of single-mode
beams using the same astigmatic lenses.

6.2.2 Aberration corrector

As described in § 4.2.3, a typical electron microscope has quite a versatile aberration
corrector to compensate for the deformations of the electron wave front by the
electromagnetic lenses. Because this device is relatively tunable, one can imagine
using it as a limited “spatial electron modulator”, as to modify the phase directly by
manipulating the electromagnetic phase associated with the aberration correction.
�is concept was applied to the problem of generating a pure and intense electron
vortex beam.

As shown in �g. 6.5, the aberration corrector can be properly detuned to produce
a vortex-like probe, if an appropriate annular aperture is employed to select part of
the wave �eld. �e exact methods of this technique are described by Clark et al. 70.
�e purity of the produced vortex mode (see § 4.5.2) lies around 65 %, and the electron
intensity reaching 25 % of that of a normal probe with the same size of normal circular
aperture. �e main problem is that the probe is inherently aberrated, and is much



6.2. Real-World Implementations 107

Figure 6.5: On the le�, the optimal aberration corrector phase distribution, with the
optimal annular aperture to produce the purest possible vortex beam. �e outer radius
of the aperture is 8.3 mrad and its inner radius is equal to 5.7 mrad. �e (estimated)
resulting wave function is shown on the right. Reprinted from L. Clark, A. Béché,
G. Guzzinati, A. Lubk, M. Mazilu, R. Van Boxem, and J. Verbeeck. Exploiting lens
aberrations to create electron-vortex beams. Physical Review Le�ers, 111:064801,
August 201370.

larger than a normal probe. Both of these factors signi�cantly reduce the a�ainable
resolution and usability in real measurements.

Conversely, the electron optics in the microscope can be used to analyse a beam’s
OAM. �is has already been demonstrated in normal optics by introducing a relatively
high level of astigmatism (A1 in table 4.4) to the probe32. �e same concept has been
described for electron beams256 in the context of vortex creation, and its use as an
OAM analyser is demonstrated in a later article133. �is device is limited in its OAM
analysis capabilities as it only really works when analysing a nearly pure mode.

6.2.3 Magnetic needle

A long thin magnetized rod as described in detail in § 6.1.3 has been implemented by
Béché et al. 31, and the �rst practical realization is shown in �g. 6.6. A�er a �rst proof
of concept demonstrating a large spiral phase ramp, incremental progress was made
to produce a pure ` = 1 vortex needle. �e rounding and thickness of the needle were
both reduced signi�cantly, and where there was a large spread on OAM content in the
�rst version, a perfected device as shown in �g. 6.7 displays a much be�er (simulated)
OAM purity. Other experiments (performed by my colleague Armand Béché, but not
published as of yet) related to the vortex character of the wave formed by the magnetic
needle have been performed. Figure 6.8 shows a knife-edge experiment where Fresnel
fringes were used to prove the presence of a phase singularity. Figure 6.9 shows an
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Figure 6.6: First magnetic needle introduced in the electron microscope with the
purpose of creating a magnetic spiral phase plate for electrons. �e aperture is 20 µm
wide. It is clear from the simulated phase in the right panel that the round shape and
thickness of the needle a�ect the purity of the generated vortex.
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Figure 6.7: An improved version of the magnetic needle as a single vortex mode
spiral phase plate. Le� is an SEM picture taken in the FIB. �e centre frame is an
experimental phase map of the magnetic phase obtained through holography. �e
OAM spectrum shown at the right (from simulation, as there is currently no way to
actually determine the OAM spectrum for an electron beam), demonstrates a high
purity, single-mode vortex.
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Figure 6.8: By misaligning the beam on
an aperture, making sure that the vor-
tex core and its surrounding area is not
blocked, one can use the near-�eld Fresnel
fringes caused by the aperture edge as a
“tilted reference wave” in the sense of an
o�-axis hologram, cfr. § 4.2.4. �e result
is a fork pa�ern such as those shown in
�gs. 4.6, 5.10 and 5.11.

Figure 6.9: �rough focus series of the electron wave with the needle in the sample
plane. �e maintained central dark spot gives away that this wave contains a phase
singularity.

alternative, less conclusive proof of the phase singularity by recording the wave as
it passes through focus. In principle, only a vortex beam can show the dark centre
throughout the whole series.

Aside from the generation of electron vortex beams, this device can also be used
as an OAM measurement device167. Unfortunately, this is quite tedious, as one single
needle can only measure one OAM component. Nonetheless, the magnetic needle is a
spiral phase plate for electrons, which has all the optical properties and applications
expected of it.

6.2.4 Magnetic bar

As perhaps the archetype of magnetic phase manipulation device, a simple magnetic
bar, cfr. the experiment described by Aharonov and Bohm, is capable of acting as a
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Figure 6.10: Magnetic bar serving as
Hilbert phase plate, resulting in a “π-
beam”, which takes the form of ap-like
orbital wave function. Figure from Ref.
131.

Hilbert phase plate. �is type of phase plate is used for contrast enhancement which
induces a phase shi� of π on half of an aperture, as to enhance contrast for weakly
contrasting samples24. A magnetic version of this phase plate (as opposed to the thin
�lm implementation shown in �g. 5.5) would provide a more robust result, resilient
against beam damage and contamination. As another application of this device, my
colleague Giulio Guzzinati used this type of phase plate to perform beam shaping in
order to selectively map plasmon modes exploiting the structured electron beam’s
symmetry131. �e device is shown in �g. 6.10.

6.2.5 Other examples of demonstrated magnetic phase manipulation

�ere is other on-going research with the intent of purposefully manipulating the
phase of electron beams by using magnetic devices. One clear example is Edgcombe
et al., who a�empted88,89, and eventually succeeded at90, creating a tiny magnetic
phase-changing ring. By creating a magnetized ring, the contained magnetic �ux does
not leak and a near perfect Aharonov-Bohm phase shi� of the unsca�ered electron
beam can be obtained. �is is an example of a magnetic Zernike phase plate, of
which the electrostatic version was already discussed in § 5.2.1. Figure 6.11 shows the
general principle and measured phase di�erence for such a ting device.

6.2.6 Electron spin and phase manipulation

Many other ideas exist to achieve similar e�ects, but recent years have brought forth
a somewhat viable concept of an electron vortex spin �lter device. Karimi et al.
propose a speci�c arrangement of electromagnetic �elds such that the electrostatic
�elds compensate the magnetic de�ection of passing electrons. �e device itself
is constructed such that the beam OAM is altered in a spin-dependent way: an
unpolarized incoming ` = 1 beam will e.g. be transformed into an ` = 2 spin up
beam and an ` = 0 spin down beam, a�er which a spatial selection su�ces to split
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4.2 rad

Figure 6.11: Magnetic
Zernike phase plate using
a magnetic ring device.
�e Aharonov-Bohm phase
phase shi�s the central beam
with respect to the outside
region. Reprinted from C. J.
Edgcombe, A. Ionescu, J. C.
Loudon, A. M. Blackburn,
H. Kurebayashi, and C. H. W.
Barnes. Characterisation
of ferromagnetic rings for
Zernike phase plates using
the Aharonov-Bohm e�ect.
Ultramicroscopy, 120:78–85,
September 201290, with
permission from Elsevier.

the two spin components. Due to practical limitations of �eld strengths and internal
dimensions in an electron microscope, no practical realization of this device has been
demonstrated yet.

Alternative spin �lter devices have been proposed, but experimental evidence of
their usefulness has not yet been obtained. �ese ideas avoid the established no-go
feature of transverse Stern-Gerlach spin spli�ing for electronsf due to the fundamental
quantum uncertainty between the unpolarized wave packet spread and the transverse
velocity of the two spin components. �antum theoretical calculations, though, do
predict a longitudinal (i.e. in the direction of propagation) split might overcome this
hurdle by using a transversely inhomogeneous magnetic �eld, in the direction of
propagation (and spin components)27,28,213. �e idea of longitudinal spin spli�ing has
not yet been considered in light of electron vortex beams.

Currently, no other magnetic phase manipulation devices or ideas for these are
known to the author.

6.3 Discussion

6.3.1 Practical limitations

Magnetic phase manipulation is inherently limited by the control one can have
over the �eld con�gurations with only a limited amount of magnetic material or
magnetizing sources. In static magnetic devices, it is the microscopic shape and form
that determines what the resulting magnetic �eld con�guration is going to be like.

f A short self-contained proof of this by Mo� can be found in the appendix of Ref. 222.
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�is is limited not only by manufacturing techniques (which can prevent the wanted
magnetic e�ect from actually being present), but also crystal structure, which will
prevent the e�ective creation of certain magnetic geometries. In the case of the needle
and magnetic ring discussed in sections 6.2.3 and 6.2.5, the crystal assumes a single
grain con�guration due to the extreme shape anisotropy of the device. �e �eld
strength is limited by the amount of material that is used, and magnetized in the
correct direction.

For dynamical devices (such as perhaps the one hypothesized in § 6.2.6 and the
aberration corrector discussed in § 6.2.2), there are other, additional considerations.
�e �eld strength here is limited by the size and current of the device. Additionally,
a magnetic coil of equal magnetic strength as a bar of magnetized material is much
bulkier, currently preventing its use in the beam’s �eld of view. It is unclear what
degree of �exibility is achievable with dynamic out-of-view devices, the pioneering
work actually being demonstrated with each new generation of an aberration corrector.
Progress is relatively slow, and perhaps if the focus shi�s from minimizing to actually
intentionally shaping the aberrations, signi�cant improvements can be made a reality
with current technology.

An important notion to keep in mind is that higher magnetic �eld strengths will
induce non-negligible de�ection of the electron beam, thus requiring even larger
electrostatic �elds to keep the beam going straight. Additionally, if one wants to
obtain an SLM-like device, which is capable of time-dependent phase manipulation,
there is no other way than a dynamical device.

6.3.2 Possible improvements

As discussed above, being able to manipulate electromagnetic �elds without obstruct-
ing the electron beam in any way is be�er than the alternative. �e degree of control
is limited in this way though, because only certain components of the phase function
can be modi�ed (see the discussion on the aberration corrector, § 4.2.3), and current
devices seem to be lacking in providing the required �exibility. �ese improvements
are of an engineering nature, as the basic physics isn’t particularly di�cult, it’s just
the practical aspects that prevent major strides forward.

6.4 Conclusions and Outlook

In this chapter, an overview of novel techniques that can be used to apply phase
structure to an electron beam in an electron microscope was given. As the control
of electromagnetic �elds increases, through either more advanced and �exible ab-
errations correctors or other specialized devices, the control on the electron wave’s
phase distribution will inevitably increase. Instead of now playing with only a few
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components of the phase, one will be able to execute �ne-grained control on the
wave function. Until that day comes, simplistic devices such as those discussed in
this chapter and the one before will need to be perfected to obtain the best possible
results in electron phase manipulation.

A lot is possible, as demonstrated by the various phase manipulation techniques
discussed in this chapter. Unfortunately, the practical limitations are obvious as well.
Without further technological development, a “spatial electron modulator” device
is still a dream of the future134. Nonetheless, crude but very useful devices can be
made with today’s technology, and more will doubtlessly follow in the years to come.
Aside from the optical side of phase manipulation, it would be interesting to see if
practical implementations of electron spin spli�ing devices can be made that make
use of recent advances in orbital angular momentum.





Part III

Scattering

She thought of Aziza’s stu�er, and of what Aziza had said earlier about

fractures and powerful collisions deep down and how sometimes all we see on

the surface is a slight tremor.

A �ousand Splendid Suns

Khaled Hosseini
2007





7
Elastic Sca�ering

�e time which we have at our disposal every day is elastic; the passions that

we feel expand it, those that we inspire contract it; and habit �lls up what

remains.

In Search of Lost Time Vol. II: ‘Within a Budding Grove’

(La recherche du temps perdu Vol. II: ‘À l’ombre des jeunes �lles en �eurs’)
Valentin-Louis-Georges-Eugène-Marcel Proust

French novelist, essayist and critic
1919

�e simplest form of a collision between two physical entities is the elastic collision.
In this type of event, two things ‘bump’ into each other and get redirected, without
altering their internal state (no parts �y o�, and nothing is rearranged inside). It is this
type of collision Rutherford used to prove atoms are mostly empty247. He was actually
quite lucky in the sense that the quantum mechanical system of charged particle
sca�ering at the energies he employed was well-described by classical mechanics.

Even though classical mechanics could predict how radiation sca�ers on a gold foil,
the more �ne-grained description provided by quantum theory is more inclusive, even
though for this speci�c case, the classical calculation provides an adequate answer.
In this chapter, we consider the quantum theory of charged particle sca�ering for
structured cylindrical waves. �is will lay the groundwork for the inelastic sca�ering
theory developed in chapter 8, and while doing so, some interesting results for even
the non-vortex case came forward.

Most of this chapter was published in a peer-reviewed journal.

R. Van Boxem, B. Partoens, and J. Verbeeck. Rutherford sca�ering of
electron vortices. Physical Review A, 89:032715, March 2014
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7.1 Screened Coulomb Scattering

7.1.1 A model for elastic atom-electron scattering

An atom of arbitrary atomic number Z can be a complicated entity, as it generally
contains Z electrons, each with their own wave function, a �nite-size nucleus, and
relativistic corrections tend to be necessary to arrive at a su�ciently accurate descrip-
tion. Fortunately, as long as the experiment cannot resolve all these details, they tend
not to be overly important. In the interest of keeping the calculation analytical, yet
applicable to real-life experiments, a model of su�cient physical accuracy and math-
ematical simplicity is asked for. Berkes and Demeter performed a comparative study
of screening models for small-angle sca�ering (even including inelastic contributions
included by the Lenz model197) and concluded that even a single exponential screen-
ing term provides a su�ciently accurate di�erential sca�ering amplitude. Jabłoński
improved the result of the somewhat crude �omas-Fermi model of the atom to accur-
ately describe the nuclear screening e�ect of the atomic electrons in large atoms159.
�is improved screened Coulomb potential model of the atom for elastic electron
sca�ering proved quite accurate, especially for the high energies which are prevalent
in the transmission electron microscope160.

�e model provides a parametrized screening of the divergent 1/r Coulomb poten-
tial in the form of a Yukawa-type interaction:

V (r ) = − Ze2

4πε0r
e−ξ r . (7.1)

�e �omas-Fermi potential results in a �rst approximation, valid for values of Z
around 50,

λ0 =
Z 1/3

0.885 34 aB
. (7.2)

Corrections to this value were calculated in the form of a Z dependent multiplicative
factor,

ξ = µ∞λ0, (7.3)

where the in�nity in µ∞ refers to the fact that the value tends to a constant for high
energies in sca�ering experiments, and it is otherwise completely unrelated to any
other use of µ in this thesis. Both the �omas-Fermi-Dirac as the Hartree-Fock models
were considered and necessary corrections for Z < 30 to ξ0 in the form of tabulated
values of µ∞ for these atoms are given. �e screening factor corrections are shown
graphically in �g. 7.1.

Including these corrections, a screened Coulomb potential as given in eq. (7.1) to
model the atomic interaction will provide the necessary accuracy of the predicted
sca�ering cross sections. �e absolute squared of the sca�ering matrix elements are
used in sca�ering cross sections, the generalized oscillator strengths, and even the
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Figure 7.1: �e parameter µ∞ for various atomic models: �omas-Fermi (TF),
�omas-Fermi-Dirac (TFD), and relativistic Hartree-Fock (HF). �is �gure is repro-
duced using data from Jabłoński’s work159.

more complicated (mixed) dynamic form factor models used to develop quantitative
interpretation of inelastic measurements203.

7.1.2 Rutherford formula from quantum theory

Rutherford suggested a sparse model for the atom, which he then veri�ed using his
world-famous sca�ering experiment in which α and β sca�ered on a thin gold foil,
leading to a distribution of sca�ered particles that basically follow this formula247:

dσ
dΩ (θ ) =

(
Ze2

8πϵ0µv2

)2
csc4 θ/2, (7.4)

which is the classical Rutherford sca�ering cross section of an electron with relative
speed v sca�ering on an atomic nucleus with charge Ze .

�e above formula was derived classically, using point particles, and for an un-
screened Coulomb potential. Amazingly, it gives the same result if derived using
quantum sca�ering theory in the �rst Born approximation. For completeness, the
derivation is given below, starting from the �rst Born approximated sca�ering amp-
litude given by eq. (3.38) and the screened atomic Coulomb potential in eq. (7.1), using
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an incoming plane wave |Φ〉 = |k〉:

f PW
R (k ′,k ) = − Zµe2N

8π2ε0~2 〈k ′|
1
r
|k〉

= −Zµe
2 (2π)3

8π2ε0~2

∫
d3r

e−ik ′·r

(2π)2/3

e−ξ r
r

eik ·r

(2π)2/3

= − Zµe2

8π2ε0~2

∫
d3r

eiq ·r e−ξ r
r

=
Zµe2

2πε0~2q

∞∫

0

dr r sinqr e−ξ r
r

=
µ

2πε0~2
Ze2

q2 + ξ 2 . (7.5)

On the second line, eq. (2.12) was used and N = (2π)3, to obtain the correctly
normalized result. For elastic sca�ering, the momentum transfer, given by eq. (3.40),
reduces to

q = 2k sin θ/2. (7.6)

To obtain the classical result, given in eq. (7.4), one must set λ = 0, i.e. turn o� the
screening, and use de Broglie’s de�nition of quantum momentum, p = ~k = µv .

7.1.3 Validity of the First Born approximation

�e validity of the Born approximation is (overly strictly) determined by eq. (3.41),
which in the case of a screened Coulomb potential leads to two conditions:

k � ξ : 2µ
~2

Ze2

ξ
� 1, (7.7a)

k � ξ : Ze2

~v
ln

(
k

ξ

)
=

Ze2µ

~2k
ln

(
k

ξ

)
� 1. (7.7b)

�e �rst case asserts that the Born approximation is not valid for slow electrons
sca�ering on atoms due to it being roughly equivalent to Z � 1 irrespective of the
other parameters. �e second case expresses the Born approximation’s validity for
the sca�ering of fast electrons on atoms of relatively small Z , which is the case of
interest here.

7.2 Elastic Electron Vortex Coulomb Scattering

7.2.1 General formulation

To obtain a sca�ering amplitude which accounts for an incoming beam’s transverse
and orbital angular momentum degrees of freedom, one can use a Bessel beam as
incoming beam, |Φ〉 = |k, `〉. Taking a non-plane wave is consistent within the
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quantum sca�ering theory derivation as presented in chapter 3, as the Bessel beam
is an alternative free space solution to the Schrödinger equation. �e �rst Born
approximation of the sca�ering amplitude then assumes the following form:

f V
R (k ′;k, `) = − µN

8π2ε0~2 〈k ′|V |k, `〉

= − µ

8π2ε0~2

∫
d3r e−ik ′·rV (r )eikzzei`φ J` (k⊥r⊥). (7.8)

Here, N was taken to be (2π)5/2, which will turn out to give the correct normalization
in the appropriate limit as shown in § 7.4.1.

�ere are two distinct ways to calculate the above integral. One involves the
Jacobi-Anger expansion (see eq. (C.18)) and the other uses the momentum space
representation of the Bessel beam (see eq. (4.53)). For the case of elastic sca�ering,
the former is by far the simplest and most straightforward. Unfortunately, as will
be shown in chapter 8, this is not true for inelastic sca�ering, yet the la�er method
proves quite invaluable in calculating inelastic sca�ering amplitudes analytically
without much added mathematical complexity over the elastic case.

In what follows, the above equation is evaluated for the screened Coulomb poten-
tial, eq. (7.1).

7.2.2 Direct integration

Evaluating the integral over z in eq. (7.8) using the symmetry of the integral in z and
eq. (E.1), the sca�ering amplitude reduces to

f V
R (k ′;k, `) = − µZe2

8π2ε0~2

∫
d2r⊥ eik ′⊥·r⊥ei`φ J` (k⊥r⊥)

+∞∫

−∞
dz eiqzz e−ξ

√
r 2⊥+z2

√
r 2⊥ + z2

= − µZe2

4π2ε0~2

∫
d2r⊥ eik ′⊥·r⊥ei`φ J` (k⊥r⊥)

∞∫

0

dz cos (qzz)
e−ξ
√
r 2⊥+z2

√
r 2⊥ + z2

= − µZe2

4π2ε0~2

∫
d2r⊥ eik ′⊥·r⊥ei`φ J` (k⊥r⊥)K0 (χr⊥). (7.9)

Here, χ 2 = q2
z + ξ

2.
�e Jacobi-Anger expansion, eq. (C.18), gives for the transverse part of the complex

exponential, e−ik ′·r ′, i.e. e−ik ′⊥·r ′⊥, in eq. (7.8),

e−ik ′⊥·r⊥ = eik ′⊥r⊥ cos ϒ

=

+∞∑

n=−∞
in Jn (k ′⊥r⊥)einϒ . (7.10)

�e angle ϒ = ϕ ′− φ + π is de�ned as in �g. 7.2. �e exponential can then be wri�en
as

e−ik ′⊥·r⊥ =
+∞∑

n=−∞
(−i)n Jn (k ′⊥r⊥)ein (ϕ′−φ ) . (7.11)
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Figure 7.2: Geometry of the vectors −k ′⊥ and r⊥ in the Jacobi-Anger
expansion, eq. (7.11), and the angle between them, ϒ.

Using the above equation to rewrite eq. (7.8) in terms of pure cylindrical functions,
one obtains the elastic sca�ering amplitude directly as

f V
R (k ′;k, `)

= − µZe2

2πε0~2

+∞∑

n=−∞
(−i)neinφ ′

2π∫

0

dφ eiφ (`−n)

2π

∞∫

0

dr⊥ r⊥J` (k⊥r⊥) J` (k ′⊥r⊥)K0 (χr⊥)

= − µZe2

2πε0~2

+∞∑

n=−∞
(−i)neinφ ′δ`,n

∞∫

0

dr⊥ r⊥J` (k⊥r⊥) J` (k ′⊥r⊥)K0 (χr⊥)

= −µZe
2

2πε0

(−i)`ei`ϕ′

~2

∞∫

0

dr⊥ r⊥J` (k⊥r⊥) J` (k ′⊥r⊥)K0 (χr⊥). (7.12)

�is triple Bessel integral can be evaluated directly (see eq. (E.4)), giving the end
result for the screened Coulomb Bessel elastic sca�ering amplitude,

f V
R (k ′;k, `) = −µZe

2

2πε0

(−i)`ei`ϕ′

~2

(
r2 − r1
r2 + r1

) |` | 1
r1r2
, (7.13a)

r1 =
√
χ 2 + (k⊥ − k ′⊥)2,

r2 =
√
χ 2 + (k⊥ + k ′⊥)2.

(7.13b)

�is result can also be derived “the long way” through contour integration, which
is shown in the next section. �is technique, although lengthier, isn’t considerably
more di�cult, and provides a nice solution to the integrals presented in chapter 8.
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7.2.3 Contour integration

Instead of transforming everything into a cylindrical basis, one might just as well
transform the non-Cartesian parts to calculate an expression. In this section, it
will be shown how the elastic Bessel beam sca�ering amplitude, eq. (7.8), can be
calculated using the Bessel beam’s momentum representation of eq. (4.53), and a
simple substitution. �e sca�ering amplitude, eq. (7.8), can be wri�en as

f V
R (k ′;k, `) = − µZe2

4πε0~2

∫
d3r e−ik ′·r e−ξ r

r

∫ dϕ
(2π)2 (−i)`ei`ϕei(k⊥ ·r⊥+kzz )

= −µZe
2 (−i)`

16π3ε0~2

∫
dϕ ei`ϕ

∫
d3r eiq ·r e−ξ r

r

= −µZe
2 (−i)`

16π3ε0~2

∫
dϕ ei`ϕ 4π

q2 + ξ 2

= −µZe
2 (−i)`

4π2ε0~2

∫
dϕ ei`ϕ

q2 + ξ 2 . (7.14)

Note that the integration is not trivially zero due to the implicit dependence of q on
ϕ, even in the ` = 0 case, given by

q2 = k2
⊥ + k

′2
⊥ − 2k⊥k ′⊥cos (ϕ − ϕ ′) + χ 2, (7.15)

where χ 2 = q2
z + ξ

2 was de�ned as in § 7.2.2 above.

�is integral can be calculated a�er unrolling the azimuthal integration onto the
real axis through following substitution,

t = tan ϕ − ϕ ′
2 . (7.16a)

�e remaining parts of the integrand can be rewri�en as follows,

cos (ϕ − ϕ ′) = 1 − t2

1 + t2 , (7.16b)

sin (ϕ − ϕ ′) = 2t
1 + t2 , (7.16c)

ei`(ϕ−ϕ′) =
[cos (ϕ − ϕ ′) + i sin (ϕ − ϕ ′)] ` =

( i − t
i + t

)`
, (7.16d)

d(ϕ − ϕ ′) = 2 dt
1 + t2 . (7.16e)
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With these, eq. (7.14) becomes,

f V
R (k ′;k, `)

= −µZe
2

4πε0

(−i)`ei`ϕ′

π~2

+π∫

−π
d(ϕ − ϕ ′) ei`(ϕ−ϕ′)

k2⊥ + k ′2⊥ − 2k⊥k ′⊥cos (ϕ − ϕ ′) + χ 2

= −µZe
2

2πε0

i`ei`ϕ′

π~2

+∞∫

−∞

dt
1 + t2

( i − t
i + t

)` 1

k2⊥ + k ′2⊥ + 2k⊥k ′⊥
1 − t2

1 + t2 + χ
2

= −µZe
2

2πε0

i`ei`ϕ′

π~2

+∞∫

−∞
dt

( i − t
i + t

)` 1
(1 + t2) (k2⊥ + k ′2⊥ + χ 2) + 2k⊥k ′⊥(1 − t2)

= −µZe
2

2πε0

i`ei`ϕ′

π~2

+∞∫

−∞
dt

( i − t
i + t

)` 1
(k⊥ + k ′⊥)2 + χ 2 +

[
(k⊥ − k ′⊥)2 + χ 2] t2

= −µZe
2

2πε0

i`ei`ϕ′

π~2

+∞∫

−∞
dt

( i − t
i + t

)` 1
r 2

2 + r
2
1t

2 . (7.17)

using the notation of eq. (7.13b) introduced in the previous section. �is is an integral
over the real axis of the product of an `th power of complex rational and a second
degree simple polynomial (with real coe�cients) in the denominator. It does not have
any a priori known solution so a new way to approach this problem is warranted.

By analytical continuation, the integral can be extended into the complex plane.
At �rst sight, the situation would not look good: there are 2 simple poles,

t± = ±i r2
r1
, (7.18)

and depending on the sign of `, there is a pole of multiplicity `,

t` = −i sgn(`). (7.19)

�is `-dependent multiplicity introduces an `th order derivative in the calculation,
essentially making the complexity of the result depend on the magnitude of `, which
is to say the least unexpected. By choosing an appropriate contour (the semi-circle
closing at in�nity in the top or bo�om hemisphere), one can avoid the dependency on
the magnitude of ` by excluding the pole t` from the contour, alleviating this problem.
�e sca�ering amplitude then becomes,

f V
R (k ′;k, `) = − µ

2πε0

i`ei`ϕ′

π~2

∮

Γ̀

dt
( i − t

i + t

)` 1
r 2

2 + r
2
1t

2 , (7.20)

Figure 7.3 shows the contours for the two cases of positive and negative `.
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Figure 7.3: Integration contours for the Cou-
lomb Bessel sca�ering amplitude as expressed in
eq. (7.20). �e poles and contour for ` > 0 (` < 0)
are shown in red (blue). Note how the pole of
multiplicity ` lies outside the respective contour.

�is allows us to calculate the integral (note the extra minus sign for the bo�om
contour, as it runs clockwise):

f V
R (k ′;k,±|` |) = ∓µZe

2

2πε0

i`ei`ϕ′

π~2 2πi Res
z=z±

( i − t
i + t

)` 1
r 2

2 + r
2
1t

2

= ∓µZe
2

πε0

i`ei`ϕ′

~2 i lim
z→z±

( i − t
i + t

)` 1
r 2

1

t − t±
(t + t+) (t − t−)

= ∓µZe
2

πε0

i`ei`ϕ′

~2 i
(

i − t±
i + t±

)` 1
2t∓r 2

1

= ∓µZe
2

2πε0

i`ei`ϕ′

~2 i
(
r1 ∓ r2
r1 ± r2

)` 1
±i r2

r1
r 2

1

⇒ f RV (k ′;k, `) = −µZe
2

2πε0

(−i)`ei`ϕ′

~2

(
r2 − r1
r2 + r1

) |` | 1
r2r1
. (7.21)

Observe how the dependence on the sign of ` transparently removes itself from
the equation. �is result is identical to the one obtained through the Jacobi-Anger
expansion, given in eq. (7.13).

7.3 Results

�e elastic Bessel beam screened Coulomb sca�ering amplitude depends on several
factors: the transverse momentum, k⊥, the orbital angular momentum, `, and of course
the sca�ering angle, θ . �is list excludes the electron energy (determined by its total
momentum, k) and the screening factor, ξ , which is determined by the atomic number
of the atom being modelled (see § 7.1.1 for details).

Figures 7.4 and 7.5 show the dependence of the elastic Bessel beam di�erential
sca�ering cross section, eq. (7.13), on the incoming beam’s OAM, with index `, and
its transverse momentum, k⊥, respectively. �e la�er is shown for ` = 0 . . . 5. A
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Figure 7.4: �e plots show the OAM dependence of the di�erential cross sections as
given by eq. (7.13) for a 120 kV accelerated beam (total momentum is approximately
100 a.u.) sca�ering on an iron atom (Z=26) modelled by a screened Coulomb potential
with a screening length as described in § 7.1.1 (ξ ≈ 3.72 a.u.).
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Figure 7.5: Elastic Bessel beam di�erential sca�ering cross sections for |` | = 0, 1, as
given by eq. (7.13). �e same parameters were used as in �g. 7.4. �e opening angle
α is given in mrad. �e black line shows the plane wave result, i.e. , k⊥ = α = 0.
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Figure 7.6: 2D representation of the elastic Bessel beam sca�ering amplitude,
eq. (7.13), for the same parameters as �g. 7.4, centred on the beam direction, as
a phase-intensity map (see �g. 1.1). �is represents the wave function in a di�raction
spot for the given parameters. Note that these incoming angles are somewhat high,
and at the moment not a�ainable in an electron microscope. Also notice a faint dip
in the centre for α = 40 mrad, even in the ` = 0 case, and the fact that the sca�ered
intensity ring’s radius is almost independent of ` for large values of α .

2D representation showing the phase and intensity can be useful to see what e.g. a
di�raction spot o� of such a potential placed in a periodic la�ice might look like. �is
is shown in �g. 7.6.

7.4 Discussion

7.4.1 Plane wave limit

It is important to ensure the generalized sca�ering amplitude calculated above, which
now includes transverse momentum and OAM, reproduces the normal Rutherford
result. �is is indeed the case, because if one sets ` = 0 and k⊥ = 0 (in that order),
eq. (7.13) reduces readily to the Rutherford sca�ering amplitude. If one takes the
limits in the other order, a “00” expression appears, which is of course indeterminate.
Furthermore, it makes li�le sense to consider k⊥ = 0 vortex beams (see § 4.4.1). �e
plane wave limit also con�rms the choice for the normalization factor N in eq. (7.8).
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Figure 7.7: Integrated elastic di�erential cross sections for a normal convergent
beam and one created by an annular aperture A. Note how the o�-centre peak (see
§ 7.4.2) appears when the low-k⊥ components are cut out.
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7.4.2 Bessel beam Coulomb di�erential scattering cross section

Visualizations of the elastic Bessel beam di�erential cross section, eq. (7.13), are
enumerated in § 7.3. Several interesting properties can be deduced from the plots,
which are discussed in this section. Note that the plots show the sca�ering amplitude
of a plane wave-like state, i.e. the Bessel beam, which is not normalizable and hence
implicitly contains in�nite energy. To obtain realistic estimates of sca�ering cross
sections, it is therefore important to take a superposition of incoming Bessel beam
states, corresponding to the real transverse momentum content of the incoming
focused beam. Using eq. (4.55) with an appropriate weighting function, one can
immediately see that this integration over k⊥ survives the whole sca�ering amplitude
calculation (in which only integrations over real space occur). Taking into account
more than one transverse momentum component for a realistic sca�ering amplitude,
fint, becomes as simple (or di�cult, depends on which way you look at it) as integrating
the (weighted) sca�ering amplitude over a range of transverse momentum:

fint (k
′;k, `) =

∞∫

0

dk⊥k⊥ϱ (k⊥) f V
R (k ′;k, `). (7.22)

�e discussion below must be read with this in mind: unless the incoming beam is

misaligned, no additional interference e�ects will occur when considering a realistic

beam with more than a single transverse momentum component, and the superposition

in eq. (7.22) is a just a sum of the various contributing component Bessel beams. In case
of misalignment of the beam, the situation is more complicated, see § 7.4.3.

Figure 7.5 shows that even for ` = 0, an o�-centre peak appears in the sca�ered
intensity if the incoming transverse momentum is larger than the screening length
of the potential. For higher order Bessel beams the peak always occurs o�-centre;
this is due to the fact that central sca�ering is suppressed by the phase vortex in the
sca�ered wave. �e peak position for the ` = 0 case can be calculated analytically,
and can be determined by se�ing the derivative of f V

R with respect to the sca�ering
angle θ to 0,

∂θ f
V

R (k ′;k, ` = 0)

=
−4kzk (2k2 + ξ ) sinθ + 4k4 sin (2θ )[

2k2 (2k2
z + k2) + 4k2ξ 2 + ξ 4 − 4kzk (2k2 + ξ 2) cosθ + 2k4 cos (2θ )

] . (7.23)

�e following extrema can be extracted from this expression:

θ0 = nπ (n ∈ Z),

θmax = arccos
[
kz (2k2 + ξ 2)

2k3

]
,

θmax (ξ → 0,kz ≈ k ) = arccos
kz (k

2
z + k

2⊥ )
k3 = arctan

k2⊥
k2
z
.

(7.24)
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Figure 7.8: Solution to eq. (7.23), which gives the position of the maximum of the
sca�ering amplitude, eq. (7.13) as a function of incoming transverse momentum, k⊥.

Figure 7.8 shows the angular position of the ` = 0 maximum as a function of the
incoming transverse momentum. Note the expression becomes purely imaginary
when k⊥ < ξ , which signi�es the solution does not exist, and indeed, for this parameter
range, the sca�ering amplitude only has a maximum at θ = 0 (which is covered by
θ0). �e expression for the o�-centre maximum is given here for ` = 0, but it can be
shown numerically that higher values of ` only strongly change for small α and/or θ ,
quickly converging on the ` = 0 result for larger angles.

Although this o�-centre peak may seem unnatural or even wrong at �rst sight,
there are several intuitive explanations for why it hasn’t been observed before and
how it comes to be. As to the point of being unobserved, one must keep in mind that
the sca�ering cross sections displayed here are for pure Bessel beams, i.e. in�nite
energy states that cannot exist in the real world. To see how a practical electron beam
would sca�er, one only has to sum over the sca�ering amplitudes for the various
transverse momentum contributions. For e.g. an circularly apertured beam, this would
mean k⊥ ∈ [0,kmax

⊥ ]. �e case of a beam with more than a single k⊥ component is
shown in �g. 7.7.

7.4.3 Misalignment of the incoming beam

As discussed in § 4.5, o�-centring of a vortex beam leads to a spread in its OAM
spectrum, while keeping the expectation value constant. An o�-centre Bessel beam
can be decomposed into on-centre components of various orders, using the Bessel
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addition theorem as given by eq. (C.19). For a translation over transverse vector
r0⊥ = (r0⊥,φ0), this translates to

f VR (k ′;k, `; r0⊥) =
+∞∑

ν=−∞
e−iνφ0 Jν (k⊥r0⊥) f VR (k ′;k, ` + ν ). (7.25)

For the elastic sca�ering amplitude calculated and discussed in this section, this
means that a misalignment of the incoming beam will introduce various e�ective
OAM components impinging on the atomic potential in a sense of superposition.
All these components will have the same transverse momentum distribution as the
original beam, and this superposition over incoming transverse momentum k⊥ will
transparently apply to the resulting sca�ering amplitude as well.

�e resulting cross section will then be borne out of the interference of various
Bessel beam’s sca�ering amplitudes, and in general di�cult to predict, albeit simple
to calculate numerically from eq. (7.13).

7.4.4 Relation to convergent beam electron di�raction patterns

�e Rutherford sca�ering amplitude, determined by the smallest features of a crystal,
determines the large-scale features of a (convergent beam) di�raction pa�ern. Indeed:
a di�raction pa�ern is the Fourier space image/projection of the object or crystal.
Large features of the object (shape of nanoparticles, etc. ) are re�ected in the small
features of the di�raction pa�ern (shape of the spots). Small features of the object
(atomic sca�ering, i.e. the Coulomb sca�ering cross section) are re�ected in the large
scale features of the di�raction pa�ern: the elastic Coulomb sca�ering amplitude
modulates the di�raction spots’ relative intensities.

Using a convergent beam with OAM alters this modulation of intensities as visible
in �g. 7.6 and could be used as a novel tool to study crystals in di�raction. �is e�ect
is also important in the determination of optimal collection angles, although the
direct link between the single atom sca�ering amplitude and the angular distribution
for a crystal is not immediately clear. In the end, fully numerical simulations are
required. Examples of such simulations with respect to electron vortex beams have
been performed in recent years202,205.

7.5 Conclusion

�e text-book quantum mechanical treatment of the sca�ering of plane waves on a
screened Coulomb potential in the �rst Born approximation was extended. �e treat-
ment exposed in this chapter incorporates o�en-forgo�en features of the incoming
wave such as the exact phase of the sca�ered wave and the transverse momentum
which is absent in a plane-wave treatment. �e technique developed to calculate the
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Bessel beam sca�ering amplitude will be indispensable in the further development of
Bessel beam sca�ering on atoms, which will be treated in the next chapter.

�e elastic screened Coulomb Bessel beam sca�ering amplitude, eq. (7.13),

f V
R (k ′;k, `) = −µZe

2

2πε0

(−i)`ei`ϕ′

~2

(
r2 − r1
r2 + r1

) |` | 1
r1r2

(7.26)

is a general expression that indicates the probability (and phase) of a sca�ered cyl-
indrical electron beam on a screened Coulomb potential. Just as with plane wave
sca�ering, this expression must be integrated with the beam’s transverse momentum
density to give a real result for a �nite-energy beam. It reduces to the plane wave
result (which in turn is equal to the classical expression obtained by Rutherford
himself) in the limit ` = 0, k⊥ = 0.

Striking and novel features were discovered. �e transverse momentum of the
incoming beam comes out clearly when it takes on values comparable and larger
than the inverse of the screening length of the potential, resulting in a shi� of the
di�erential cross section’s intensity o� centre, into a ring around the beam axis. �is
peak’s general behaviour with respect to orbital angular and transverse momentum
was investigated, resulting in a near-linear shi� with opening angle, shown in �g. 7.8.
Misalignment of a beam with transverse momentum was discussed in terms of the
Bessel addition theorem, which makes clear that o�-centring is equivalent to changing
the weight of the di�erent OAM components in the incoming beam.

�e developments made in this chapter make it possible to analytically treat the
inelastic sca�ering of electron vortex beams on atoms. �is is developed in the next
chapter.
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Inelastic Sca�ering

We have to remember that what we observe is not nature herself, but nature

exposed to our method of questioning.

Physics and Philosophy

Werner Heisenberg
1958

Having discussed at length the elastic Coulomb sca�ering of cylindrical waves in
the previous chapter, it is now time to consider the next step: what happens when
the internal state of an atom ma�ers? How does a vortex in�uence the inelastic
transitions, and more importantly: can this be detected at the other end?

We start by describing inelastic sca�ering where we le� o� in chapter 3, and
consider the hydrogen atom in detail, including some o�en-but-not-always overlooked
key points of the sca�ering amplitudes there with respect to the azimuthal angle of
the outgoing wave, which are crucial for non-plane wave incidence. Next, we add
Bessel beams to the fold, in similar mathematical ways as the previous chapter, and
calculate various sca�ering amplitudes and di�erential cross sections analytically,
checked by numerical calculations of the same integrals.

Most of this chapter was published in a peer-reviewed journal.

R. Van Boxem, B. Partoens, and J. Verbeeck. Inelastic electron-vortex-beam
sca�ering. Physical Review A, 91:032703, March 2015
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8.1 Electron-Atom Scattering

8.1.1 Inelastic Coulomb scattering an atom

Scattering amplitude

Interaction potential �e strongest interaction (and the only one that will be
addressed here) is the Coulomb interaction between the sca�ering electron and the
atom (nucleus with its bound atomic electrons). �e interaction potential for an atom
with Ne bound electrons can then be wri�en as

V =
e2

4πε0

*.,
Ne∑

j

1
|r − r j | −

Z

r
+/- . (8.1)

�is only depends on the coordinate of the sca�ering electron r and the relative
distance between it and the atomic electrons at r j .

Scattering amplitude For a fast particle interacting with e.g. a single-electron
atom (such as the hydrogen atom shown in § 2.2), one has the sca�ering amplitude
including the bound state as internal degree of freedom:

ff i [Ψ,k ′] = − µN

2π~2 〈k ′| ⊗ 〈f |V |i〉 ⊗ |Ψ〉. (8.2)

Here, | f 〉 and |i〉 are eigenstates of the atomic system. What follows allows for
multiple bound electrons (described by single-particle states), although later in this
chapter, only the single-electron hydrogen atom is considered. Filling this in with
eq. (8.1), and considering only the �rst term of the sca�ering amplitude’s Born series,
as given by eq. (3.38), one obtains:

fi→f [Φ,k ′] = − µe2N

8π2ε0~2
*.,〈k

′| ⊗ 〈f |
Ne∑

j

1
|r − r j | |i〉 ⊗ |Φ〉 − Z 〈f |i〉〈k

′| 1
r
|Φ〉+/- , (8.3)

the �rst Born approximation to inelastic electron-atom sca�ering. Note that the
atomic electron interaction potential couples the sca�ering and internal coordinates.

Plane wave atomic excitation If the incoming wave is taken to be a plane wave,
|Φ〉 = |k〉 (and thus N = (2π)3 as in chapter 7), the sca�ering amplitude can be
worked out further:

fi→f (k
′;k ) = − µe2

8π2ε0~2

∫
d3r eiq ·r *.,〈f |

Ne∑

j

1
|r − r j | |i〉 − Zδi,f

1
r

+/-
= − µe2

8π2ε0~2
*.,
∫

d3r eiq ·r 〈f |
Ne∑

j

1
|r − r j | |i〉 − Zδi,f

4π
q2

+/- (8.4)
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=
µZe2

2πε0

δi,f

~2q2 + f atom
i→f (k ′;k ). (8.5)

�e �rst term is the elastic sca�ering amplitude on the unscreened nucleus, which is
zero if the initial and �nal states are not identical. Because the inelastic contribution
is what interests us in this chapter, the second term will be omi�ed from here on,
and it will only be included in the calculation of concrete results such as the 1s → 1s
sca�ering amplitude. �e �rst term can be calculated by using the Fourier translation
theorem, resulting in

f atom
i→f (k ′;k ) = − µe2

8π2ε0~2

Ne∑

j

∫
d3r j ψ

∗
f (r j )ψi (r j )

∫
d3r

eiq ·r

|r − r j |

= − µe2

8π2ε0~2

Ne∑

j

∫
d3r j ψ

∗
f (r j )e

iq ·r jψi (r j )
∫

d3 (r − r j ) eiq ·(r −r j )

|r − r j |

= − µe2

2πε0

F (q)

~2q2 . (8.6)

�is last expression contains the atomic form factor,

F (q) = 〈f |
Ne∑

j

eiq ·r j |i〉, (8.7)

which describes the e�ect of the internal structure of the atom on the sca�ering.
As a �rst approximation, the bound electron can be considered to be in a single

particle state, which can be parametrized quite well by considering a single electron
in a properly screened potential (see § 7.1.1).

Orientation of the �nal state and its OAM

When evaluating the transition matrix element, 〈f |eiq ·r ′ |i〉, it is important to realize
what exactly is being calculated. To calculate the integral over d3r ′, a coordinate
system with a speci�c orientation must be chosen. �is is largely determined by
the factor eiq ·r ′ itself, which takes a manageable form when the z ′ axis is aligned
with q. �is choice has an important consequence: the orientation of the z ′ axis here
determines the quantization axis of the projected OAM of the atomic electron’s states
to lie along the momentum transfer vector, q.

Writing the sca�ering amplitude, eq. (8.6), out in full makes it evident the φ
dependence of the �nal state is crucial. Assuming the initial and �nal states are
projected OAM eigenstates (which is not such a strange thing to assume for an atomic
electron),

〈φ ′|i〉 = eimφ ′

√
2π
|α〉, 〈φ ′| f 〉 = eim′φ ′

√
2π
|β〉, (8.8)
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Figure 8.1: �e orientation of the momentum trans-
fer vector, q, which determines the orientation of the
projected OAM of the excited �nal state as shown in
eq. (8.9).

writing out the sca�ering amplitude, eq. (8.6), in full makes it evident the φ ′ depend-
ence of the �nal state is crucial,

f atom
i→f = −

µe2Z

2πε0

1
~2q2

∫
dφ ′ 〈f |φ ′〉eiqr ′ cos θ ′〈φ ′|i〉

= −µe
2Z

2πε0

1
~2q2

∫
dφ ′ ei(m−m′)φ ′

2π 〈β |eiqr ′ cos θ ′ |α〉

= −µe
2Z

2πε0

δm,m′

~2q2 〈β |eiqr cos θ ′ |α〉. (8.9)

�is makes explicit that the initial and �nal state must have the same projected OAM
(along the z ′ axis!). �e sca�ering angle, θ , largely determines the orientation of the
vector q, as shown in �g. 8.1.

To be able to investigate OAM transfer in atomic excitations, it is the �nal states
quantized in the beam propagation direction that are of interest. It is then and only
then that the beam and atomic electron’s OAM can be directly added or subtracted.
Luckily, the behaviour of the angular part of the atomic wave functions, |l ,m〉, under
rotations (designated here by the operator R̂ (α , β,γ )a ), can be wri�en down explicitly,

〈l ,m |R̂ (α , β ,γ ) |l ′,m′〉 = δl,l ′D (l )
m,m′(α , β ,γ ). (8.10)

a �e rotation is performed over the Euler angles α , β , and γ in the z-y -z convention.
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m l

0 1 2

0 1 cosϖ 1
4

[
1 + 3(cos2ϖ − sin2ϖ )

]
±1 0 ±

√
2

2 e±iϕ′ sinϖ ±
√

6
2 e±iϕ′ cosϖ sinϖ

±2 0 0
√

6
4 e±i2ϕ′ sin2ϖ

Table 8.1: Wigner-D matrix elements for decomposing a tilted m′ = 0 state into its
untilted components, cfr. eq. (8.13).

�e Wigner D matrix holds the coe�cients of the linear combination,

R̂ (α , β,γ ) |l ,m′〉 =
+l∑

m=−l
D (l )
m,m′(α , β,γ ) |l ,m〉, (8.11)

so that a rotated state becomes a sum of 2l + 1 states, with their complex coe�cient
given by the Wigner D matrix elements. �ese can be used to “project” out the various
contributions to �nal states oriented along the beam direction, as will be shown by
an example in the next section.

8.1.2 Hydrogen excitations

Example of �nal state orientation

As discussed above, the Wigner D matrix provides the coe�cients necessary to rotate
atomic wave functions. As an example, the sca�ering amplitude f1s→2p consists of
three contributions because there are three 2p states: 2pz and 2p±. For ground state
excitations,m = 0, so that the only contribution to the sca�ering amplitude is through
the rotated 2pz state, cfr. eq. (8.9). A certain sca�ering angle θ (and azimuthal angle
ϕ ′) corresponds to a �xed orientation (ϖ,ϕ ′) of the vector q, as shown in �g. 8.1. �e
tilt angle ϖ can be wri�en in terms of components of the momentum transfer or the
sca�ering angle,

tanϖ = q⊥
qz
=

k ′ sinθ
k − k ′ cosθ . (8.12)

�e Wigner D matrix form′ = 0 and the rotation of q takes on the following form,

D (l )
m,0 (ϕ

′,ϖ, 0) = e−imϕ′d (l )
m,0 (ϖ )

= e−imϕ′
√

(l −m)!
(l +m)!P

m
l (cosϖ ). (8.13)

Table 8.1 shows several examples of these rotation coe�cients. For the case of 2p



140 Inelastic Scattering

�nal states, eq. (8.11) predicts that the single (tilted) excited |2pz〉ϖ,ϕ′ state becomes:

|2pz〉ϖ,ϕ′ = sinϖ√
2

(eiϕ′ |2p−〉 − e−iϕ′ |2p+〉) + cosϖ |2pz〉. (8.14a)

�e angleϖ can be directly translated in terms of the momentum transfer components,

sinϖ = q⊥
q
, cosϖ = qz

q
, (8.14b)

as is evident from �g. 8.1. Note the presence of the outgoing vortex phase factor
e±iϕ′ which makes explicit fact that the incoming plane wave has lost/gained one
unit of OAM to excite the �nal state withm′ = ~, and has become a vortex wave in
the process. Equation (8.14), and the analogues for the d-type orbitals, were used in
calculating the sca�ering amplitudes for the hydrogen atom.

Scattering amplitudes

A tractable model system for a real atom is the single electron hydrogen atom. Hy-
drogen sca�ering amplitudes can be calculated using the above formulas for which
Z = 1, and so the sum in eq. (8.6) reduces to a single matrix element. Excitations to a
higher-level bound state from the original ground state expose a strong dependency
of the sca�ering amplitude on the character of this �nal state. To show this, consider
the hydrogen wave functions as given in § 2.2, and identify the initial state with the
ground state: |i〉 = |1s〉. Now, analytical formulas (which are nothing more than
rational functions of the momentum transfer q) can be calculated for various �nal
states:

f1s→1s (q) =
e2µ

2πε0~2

q2 + 2
(

2Z
aB

)2

[
q2 +

(
2Z
aB

)2]2 , (8.15a)

f1s→2s (q) = −2
√

2e2µ

πε0~2
Z 4

a4
B

1[
q2 +

(
3Z
2aB

)2]3 (8.15b)

f1s→2pz (q) = −
3
√

2iµe2

πε0~2

(
Z

aB

)5 qz

q2
[
q2 +

(
3Z
2aB

)2]3 , (8.15c)

f1s→2p± (q) = ∓
3iµe2

πε0~2

(
Z

a0

)5 q⊥e±iϕ′

q2
[
q2 +

(
3Z
2a0

)2]3 , (8.15d)

f1s→3s (q) = −8
√

3iµe2

27πε0~2

(
Z

aB

)4 3q2 +
(

4Z
3a0

)2

[
q2 +

(
4Z
aB

)2]4 , (8.15e)

f1s→3pz (q) = −
16
√

2iµe2

27πε0~2

(
Z

a0

)5 qz
q2

3q2 +
(

4Z
3aB

)2

[
q2 +

(
4Z
3aB

)2]4 , (8.15f)
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Figure 8.2: Plane wave hydrogen excitation sca�ering amplitudes as given by
eqs. (3.17) and (8.15).

f1s→3p± (q) = ∓
16iµe2

27πε0~2

(
Z

aB

)5 q⊥qze±iϕ′

q2

[
3q2 +

(
4Z
3a0

)2]

q2
[
q2 +

(
4Z
3aB

)2]4 , (8.15g)

f1s→3dz (q) = −
32
√

6µe2

81πε0~2

(
Z

aB

)6 q2 + 3(q2
z − q2⊥)

3q2
1[

q2 +
(

4Z
3aB

)2]4 , (8.15h)

f1s→3d± (q) = ±
128µe2

81πε0~2

(
Z

aB

)6 qzq⊥e±iϕ′

q2
1[

q2 +
(

4Z
3aB

)2]4 , (8.15i)

f1s→3d±2 (q) =
64µe2

81πε0~2

(
Z

aB

)6 q2⊥e±2iϕ′

q2
1[

q2 +
(

4Z
3aB

)2]4 . (8.15j)

�ese can all be directly obtained by evaluating the relevant integral with computer
algebra so�ware such as Mathematica, once the proper projection factors have been
included to account for the �nal state rotation, as described in the previous section.
Note that each transition with OAM transfer contains an outgoing vortex phase factor
ei∆mϕ′, where ∆m =m −m′ is the transferred OAM. �e sca�ering cross sections for
the various transitions above are displayed in �g. 8.2.

�e separation in excitations described by speci�c OAM transfer with respect to
the beam axis, is shown explicitly in �g. 8.3 for a 1s → 2p excitation. One can see
that the transition with transfer of OAM sca�ers exclusively o�-centre: this is due to
the outgoing vortex wave (the q⊥e±iϕ in eq. (8.15d)).
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Figure 8.3: Sca�ering cross section for a 1s → 2p excitation, separated into a ∆m = 0
part, 1s → 2pz and a ∆m = ±1 part, 1s → 2p±. �is shows the typical Lorentzian
behaviour of such asymmetric transitions. Note also how the ∆m = ±1 case shows
a sharp zero in the centre, predicting that the sca�ered electron will be in a vortex
state (see eq. (8.15d)).

8.2 Inelastic Electron Vortex Coulomb Scattering

8.2.1 General formulation

Like in the previous section, the simple case of a vortex beam perfectly centred
on an atom is considered. �e results obtained here can be generalized for any
displacement using the Bessel addition theorem, eq. (C.19), and the general e�ects of
such a misaligned beam and its implications on the OAM of that beam with respect to
the atom are discussed in § 4.5.3. In short, any displacement of the beam with respect
to the atom’s nucleus will introduce a progressively larger number of OAM modes
that may contribute signi�cantly to the sca�ering. As discussed in § 4.5.3, the relative
contribution of each OAM mode of a Bessel beam, displaced over a distance r⊥0 with
respect to the atom, is determined by J`−ν (k⊥r⊥0) (see appendix C.5).

�e inelastic Bessel beam sca�ering amplitude can be obtained by replacing |Φ〉
in eq. (8.3) with a Bessel beam, |k, `〉, as given by eq. (4.49), and using N = (2π)5/2 like
in chapter 7. Writing this all out results in,

f V
i→
,
f (k

′, `′;k, `) = − µe2

8π2ε0~2 〈f |
∫

d3r e−ik ′·r 1
|r − r ′| e

i`φ J` (k⊥r⊥)eikzz |i〉. (8.16)

�e �nal state OAM index, `′, comes into the equation through 〈f | and the Coulomb
interaction. Remember that the atomic electron’s coordinate is r ′, which couples
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Figure 8.4: 2D Bessel displacement geo-
metry for inelastic sca�ering as used in
eq. (8.17).

the Bessel beam coordinate r through the distance |r − r ′|. �is relative coordinate
needs to be worked around in a way that allows for the Bessel function and vortex
phase factor. Two ways exist and are readily applicable to this expression: the Bessel
beam momentum space representation, and the Bessel addition theorem. Both will
be treated separately in what follows, each providing valuable insight into the OAM
transfer properties of electron-atom sca�ering.

8.2.2 Bessel displacement

General calculation

Reformulating the Bessel addition theorem, eq. (C.19), in the current context, one can
write,

eikzz′

√
2π

J` (k⊥r
′
⊥)

ei`φ ′

√
2π
= eikzz

+∞∑

ν=−∞
Jν (k⊥r⊥)eiνφ eikzzR

√
2π

J`−ν (k⊥r
R
⊥ )

ei(`−ν )φR
√

2π
, (8.17)

where the relative coordinate is denoted rR = r − r ′. �is is shown in �g. 8.4.
One can use this displacement formula, eq. (8.17), to write the general Bessel

Coulomb sca�ering amplitude, eq. (8.16), as,

f V
i→
,
f (k

′, `′;k, `) = − µe2

8π2ε0~2

+∞∑

ν=−∞
〈f |e−ik ′·r ′Jν (k⊥r

′
⊥)eiνφ ′eikzz′ |i〉〈k ′| 1

rR
|k, ` − ν〉

= −
+∞∑

ν=−∞

[
µe2

8π2ε0~2 〈k ′|
1
rR
|k, ` − ν〉

]
〈f |e−ik ′⊥·r ′⊥ Jν (k⊥r

′
⊥)eiνφ ′eiqzz′ |i〉

=

+∞∑

ν=−∞
f V
R (k ′;k, ` − ν )M̃f i (k

′;k ;ν ). (8.18)

�e Rutherford sca�ering amplitude, f V
R given by eq. (7.13) with Z = 1 and λ = 0, was

substituted and the matrix element M̃f i contains the remaining inner product of the
atomic wave functions with the interaction operator (now more than just the plane
wave eiq ·r as in § 8.1.1). �e above expression resembles the plane wave result quite
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closely: ignoring the sum over ν , an “elastic” factor (1/q2 in the case of an incoming
plane wave as in eq. (8.6), here it is given by f V

R ) multiplied by a matrix element
(an inner product between initial and �nal states with an interaction operator). �is
matrix element can be simpli�ed, if one assumes the initial and �nal states are OAM
eigenstates.

�e remaining outgoing plane wave exponential factor can be wri�en as a sum
of Bessel function using the Jacobi-Anger expansion in exactly the same way as
previously displayed in § 7.2.2’s eq. (7.11). �e matrix element becomes,

M̃f i (k
′;k ;ν ) =

+∞∑

τ=−∞
(−i)τ eiτϕ′〈f |Jν (k⊥r ′⊥) Jτ (k ′⊥r ′⊥)eiqzz′eiφ ′(ν−τ ) |i〉

=

+∞∑

τ=−∞
(−i)τ eiτϕ′

∫
dφ ′ eiφ ′

2π eiφ ′(ν−τ )〈β |Jν (k⊥r ′⊥) Jτ (k ′⊥r ′⊥) |α〉

= (−i)ν+∆mei(ν+∆m)ϕ′Mβα (k
′;k ;ν ,∆m). (8.19)

�e change in the atomic states’ OAM, ∆m =m −m′, is the OAM transferred from
the sca�ering electron in the collision. �e reduced matrix element,

Mβα (k
′;k ;ν ,∆m) = 〈β |Jν (k⊥r ′⊥) Jν+∆m (k ′⊥r

′
⊥)eiqzz′ |α〉, (8.20)

now fully determines the in�uence of the atomic orbitals involved in a certain transfer
of OAM. It may not be directly clear from the above equations, but the OAM of the
outgoing wave is determined by the azimuthal dependence of f V

R and the coe�cient
of the reduced matrix element in eq. (8.19), which can be factorized out of the sum
over ν , and is equal to

ei(`+∆m)ϕ′. (8.21)

�is proves that the OAM lost/gained by the sca�ering electron ends up in the �nal
atomic state. Inversely, the OAM lost/gained by the atom ends up in the outgoing
electron wave.

Filling in the hydrogen wave functions in the matrix elementMβα , one obtains a
formal solution for the inelastic Bessel Coulomb sca�ering amplitudes, which contains
an in�nite sum over the parameter ν and a radial integral over three Bessel functions.
�ese can in principle all be solved, as will be shown below for a few examples, but
the obtained expressions are more complicated than need be, and cannot be simply
rewri�en as the more structured expressions that can be obtained directly through
contour integration of the same expression (see § 8.2.3).

Application to hydrogen transitions

Using the position representation of the hydrogen wave functions, given by eq. (2.22),
one can a�empt to calculate the transition amplitudes for the electron Bessel beam
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sca�ering process using eqs. (8.18) to (8.20). �is is shown below for the case of
1s → 1s sca�ering. �e approach is analogous for any other transition, only the
complexity will increase slightly, and the integrals (all solvable) will be slightly
di�erent.

�e 1s → 1s matrix element is given by a double integral over r ′⊥ and z ′. �e
integral over z ′ can be calculated using eq. (E.1) a�er taking note of the integrand’s
symmetry over the real axis and χ 2

1 =
(

2Z
aB

)2
+ q2

z . �e triple Bessel integral over r ′⊥
that remains can be rewri�en using eq. (C.23) and solved with eq. (E.4). �is type of
triple Bessel integrals will appear for all hydrogen transitions, rising in complexity as
the �nal state’s quantum number n′ becomes larger. �is goes as follows:

M1s→1s (k
′;k ;ν ) = 1

8π

(
2Z
aB

)3 ∞∫

0

dr ′⊥r ′⊥Jν (k⊥r ′⊥) Jν (k ′⊥r⊥)
+∞∫

−∞
dz ′ eiqzz′e−

2Z
a0

√
r ′2⊥ +z′2

=
1

4πχ1

(
2Z
aB

)4 ∞∫

0

dr ′⊥r ′2⊥ Jν (k⊥r ′⊥) Jν (k ′⊥r⊥)K1 (χ1r
′
⊥)

= −
(

2Z
aB

)4 1
4πχ1

∂χ1

∞∫

0

dr ′⊥r ′⊥K0 (χ1r⊥) Jν (k ′⊥r
′
⊥) Jν (k⊥r

′
⊥)

=
1

4π

(
2Z
aB

)4
∂χ1

(
R2 − R1
R2 + R1

) |ν | 1
R1R2

=
1

4π

(
2Z
aB

)4 (
R2 − R1
R2 + R1

) |ν | R2
1 + R

2
2 + 2|ν |R1R2

R3
1R

3
2

. (8.22)

Here,

R2
1 = χ

2
1 + (k⊥ − k ′⊥)2,

R2
2 = χ

2
1 + (k⊥ + k

′
⊥)

2.
(8.23)

�e 1s → 1s sca�ering amplitude is then given by

f V
1s→1s (k

′;k ) = f V
R (k ′;k, `) − 1

4π

(
2Z
aB

)4 1
R1R2

+∞∑

ν=−∞
(−i)ν eiνϕ′

(
R2 − R1
R2 + R1

) |ν |

× f V
R (k ′;k, ` − ν )

= − µe2

2πε0

(−i)`ei`ϕ′

~2

(
r2 − r1
r2 + r1

) |` | 1
r1r2

×


1 − 1

4π

(
2Z
aB

)4 1
R3

1R
3
2

+∞∑

ν=−∞

(
R2 − R1
R2 + R1

) |ν | (
r2 − r1
r2 + r1

) |`−ν |− |` |

× (R2
1 + R

2
2 + 2|ν |R1R2)


.

(8.24)
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�e remaining in�nite sum can be wri�en down formallyb, but this serves li�le
purpose as the resulting expression is tedious and not in a form that permits further
analysis.

An alternative method has been devised and will be explained in full in § 8.2.3.
�ere is one case for which the current method lends itself be�er that the alternative,
which is discussed below.

Central scattering

For θ = 0, the reduced matrix element, eq. (8.20), simpli�es greatly. Central sca�ering
implies k ′⊥ = 0, in which case Jν+∆m (k ′⊥r ′⊥) = δν+∆m,0, eliminating the sum,

f V
i→
,
f (k

′, `′;k, `) = −f V
R (k ′,k, ` + ∆m) (−1)∆m〈β |J∆m (k⊥r ′⊥)eiqzz′ |α〉. (8.25)

As discussed previously, the integral over z ′ of the exponential eiqzz′ combined with
the hydrogen states, results in modi�ed Bessel functions of the second kind, and the
only step le� is the radial integral over two Bessel functions.

For the elastic 1s → 1s case, the central sca�ering amplitude becomes,

f V
1s→1s (θ = 0;k, `) =

aBµe
2δ`,0

2πε0~2
1

(
2Z
aB

)2
+ k⊥ + q2

z

1 +

(
2Z
aB

)2

(
2Z
aB

)2
+ k2⊥ + q2

z

 . (8.26)

�e extra term comes from the �rst term in eq. (8.3), and is the pure “Rutherford”-
like contribution. Note that in here, the squared momentum transfer q is given by
exactly k2⊥ +q2

z . �is makes the above formula equivalent to the plane wave sca�ering
amplitude, eq. (8.15a). Some other transitions show the same symmetry:

f V
1s→2s (θ = 0;k, `) = 2

√
2µe2

πε0~2

(
Z

aB

)4 δ`,0[
k2⊥ + q2

z +
(

3Z
2aB

)2]3 , (8.27)

f V
1s→2pz (θ = 0;k, `) = 3i

√
2µe2

πε0~2
δ`,0

k2⊥ + q2
z

(
Z

aB

)5 qz[
k2⊥ + q2

z +
(

3Z
2aB

)2]3 , (8.28)

f V
1s→2p± (θ = 0;k, `) = ∓ 3iµe2

πε0~2
δ`,±1

k2⊥ + q2
z

k⊥[
k2⊥ + q2

z +
(

3Z
2aB

)2]3 . (8.29)

Note that an exact selection rule appears for θ = 0. �is is logical because the only
sca�ered electrons that end up in θ = 0 are those with ` = 0 (the wave functions of
vortex electron beams are identically 0 on the beam axis). Additionally, the role of qz
and q⊥ = k⊥ are interchanged for the 2pz and 2p± �nal state sca�ering amplitudes. �is
is typical behaviour for these transitions, and gives rise to the Lorentzian sca�ering
cross section pro�le for these states, as shown in �g. 8.2.

b Mathematica 10 is capable of producing an analytical expression for these types of sums.
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8.2.3 Fourier representation

General calculation

�e Fourier representation of a Bessel beam as given by eq. (4.53) can be used to
express the Bessel beam sca�ering amplitude, eq. (8.16), in terms of the plane wave
sca�ering amplitude,

f V
i→f (k

′, `′;k, `) = (−i)`
2π

∫
dϕ ei`ϕ f PW

i→f (q)

= − µe2

4π2ε0~2 (−i)`
∫

dϕ ei`ϕ

q2 〈f |eiq ·r ′ − Z |i〉. (8.30)

�is expression can be calculated analytically using the contour integration technique
previously used in § 7.2.3. Additionally, eq. (8.30) has a direct physical interpretation,
which is shown in �gs. 8.5 and 8.6. It is clear that for a Bessel beam, the orientation
and magnitude of the momentum transfer vector q depends on the azimuthal angle.
More precisely, one can write,

q2 = k2
⊥ + k

′2
⊥ + q

2
z − 2k⊥k ′⊥cos (ϕ − ϕ ′). (8.31)

�is is of course the same expression as for the (unscreened) elastic case, given by
eq. (7.15). It is then logical to apply the same substitution to unwrap the angular
integration to the real axis. Note that the integral over ϕ − ϕ ′ can also be performed
numerically quite easily, as the functions involved are all smooth. �e required
substitutions are given by

q2
⊥ = k

2
⊥ + k

′2 sin2 θ − 2k⊥k ′ sinθ cos (ϕ − ϕ ′), (8.32a)

q2
z = (kz − k ′ cosθ )2. (8.32b)

Equation (7.16) shows the relevant formulas, which remain unmodi�ed for the
inelastic case. �e plane wave sca�ering amplitude (such as those for hydrogen
which are given in eq. (8.15)), will introduce simple poles of various multiplicities
(in general, states with higher n contribute more poles and/or poles with higher
multiplicity). Carefully choosing the contour to close over ±∞i in order to avoid the
poles of multiplicity `, leads to a straightforward, almost mechanical, way to calculate
the inelastic Bessel beam sca�ering amplitudes.

Below some interesting examples of hydrogen excitations are treated analytically,
so that the power of the method is clear and the results can be interpreted for their
physical content.

Application to hydrogen transitions

Using the process outlined in the previous section, the Bessel beam sca�ering amp-
litudes of all hydrogen transitions can be directly evaluated by calculating a reasonable



148 Inelastic Scattering

k k

z

q

k ′

α

θ

Figure 8.5: Each tilted plane wave
of the incoming ` = 1 Bessel beam
has a well-de�ned momentum trans-
fer to the outgoing direction, as made
explicit by the integral over the vari-
ous momentum component vectors in
eq. (8.30).
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Figure 8.6: Top-down view of �g. 8.5, showing the
transverse plane sca�ering kinematics for an incoming
` = 1 Bessel beam.

number of residues at the poles that fall into the relevant semi-circle contour. �e
expressions rise fast in complexity, but remain analytical ad in�nitum if one uses the
steps explained above. �e elastic 1s → 1s di�erential sca�ering amplitude can also
be calculated, and this gives following result,

f V
1s→1s (k

′;k, `) = µe2

2πε0~2 ei`ϕ′
(
R1 − R2
R2 + R1

) |` |
(8.33a)

×
a2
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2
1R

2
2 + 2Z 2

(
R2

1 + R
2
2 + 4|` |R1R2

)

a4
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3
1R

3
2

,

R2
1 =

(
2Z
aB

)2
+ q2

z + (k⊥ − k ′⊥)2, R2
2 =

(
2Z
aB

)2
+ q2

z + (k⊥ + k ′⊥)
2.



8.3. Results 149

�e simplest inelastic process, 1s → 2s , has the following di�erential sca�ering
amplitude,

f V
1s→2s (k

′;k, `) = −
√

2µe2

4πε0~2

(
Z

aB

)4
ei`φ ′
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) |` |
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4
2) + 6|` |R1R2 (R

2
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2
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(8.33b)
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2.

�e somewhat more complicated transition to the p-type state is given below,

f V
1s→2pz (k

′;k, `) = − ie2µ
√

2
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64
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z + (k⊥ − k ′⊥)2,

R2
2 =

(
3Z
2aB

)2
+ q2

z + (k⊥ − k ′⊥)2,

�e above transitions all involve cylindrically symmetric initial and �nal states, and
hence the above are all independent of the sign of `. �ings only really become
interesting once that cylindrical symmetry is broken. �e transition amplitude for a
ground state excitation to the 2p± states shows a strong asymmetry, even though the
strength of this symmetry is not apparently clear from the formula, which contains
the transverse momenta k⊥ and k ′⊥ explicitly. �e full form of the expression can be
easily obtained using computer algebra so�ware, and its exact form does not provide
any more insight.

8.3 Results

�e analytical sca�ering amplitudes given by the procedure outlined in § 8.2.3 are
shown in �gs. 8.7 to 8.10. Figure 8.7 shows the hydrogen 1s → 1s cross section. Fig-
ures 8.8 to 8.10 show the respective hydrogen sca�ering cross sections for excitations
from the ground state to the 2pz , 2p+, and 2p− states.
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Figure 8.7: �e di�erential sca�ering cross section for the 1s → 1s process as
calculated from eq. (8.33a) for an incoming Bessel beam accelerated by a voltage of
120 keV.
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Figure 8.8: �e di�erential sca�ering cross section for the 1s → 2pz process as
calculated from eq. (8.33c) for an incoming Bessel beam accelerated by a voltage of
120 keV. Legend is identical to that of �g. 8.7.
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Figure 8.9: �e di�erential sca�ering cross section for the 1s → 2p+ process for an
incoming Bessel beam accelerated by a voltage of 120 keV. Legend is identical to that
of �g. 8.7.
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Figure 8.10: �e di�erential sca�ering cross section for the 1s → 2p− process for
an incoming Bessel beam accelerated by a voltage of 120 keV. Legend is identical to
that of �g. 8.7.
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Figure 8.11: Representation of the reciprocity symmetry exposed by the treatment
in § 8.2.2 between incoming and outgoing vortex waves in the case of incoming and
outgoing plane waves, respectively. A speci�c transition has the same sca�ering
amplitude at the sca�ering angle θ corresponding to the inverted geometry as shown
here.

8.4 Discussion

8.4.1 Selection rules

As discussed in § 8.2.2, the only exact selection rule is for central sca�ering, where an
incoming vortex electron might end up a�er transferring all of its OAM to the bound
electron. Outside this central sca�ering, anything can happen and selection rules are
only valid approximately, according to where the dipole approximation is valid201. It
is therefore crucial that one looks at the full di�erential sca�ering amplitudes and see
where what transitions send the electrons with certain energy losses.

8.4.2 OAM reciprocity

In the cylindrical sca�ering amplitude, Eq. (8.18), one can consider two speci�c cases:
incoming and outgoing non-vortex states. For a �xed transition with a certain ∆m,
an incoming plane wave (so with ` = 0, k⊥ = 0) will result in a sca�ered vortex wave
with `′ = ∆m. Additionally, the summation in Eq. (8.18) can be performed using
Jµ (k⊥r⊥)

k⊥→0−−−−→ δµ,0. Using the explicit form of f Vel (see chapter 7), one obtains the
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relatively simple expression:

f PW
i→f (k

′, `′;kzez ) = − 2me

~2 (−i)∆me−iϕ′∆m Ze2

k ′2⊥ + q2
z

× 〈β |J∆m (k ′⊥r⊥)eiqzz |α〉.

(8.34)

Doing the same, but taking the outgoing wave to be a plane wave (`′ = 0, k ′⊥ = 0), one
obtains a very similar expression:

f V
i→f (k

′
zez ;k, `) = − 2me

~2
Ze2

k2⊥ + q2
z
δ`,∆m

× 〈β |J∆m (k⊥r⊥)eiqzz |α〉.

(8.35)

What these two equations say is quite simple: an incident plane wave can gain/lose
orbital angular momentum by exciting a transition, and will then be sca�ered to a
certain angle θ = tan−1 (k ′⊥/k ′z). However, a vortex wave with transverse k⊥ will have
the exact same probability of exciting that transition when sca�ering to θ = 0. Note
also that only when an incoming vortex beam’s orbital angular momentum matches
the transition’s ∆m, can it be sca�ered to θ = 0 (see § 8.2.2). �is can be seen as a
form of reciprocity

77,98,240, but in this case for inelastic sca�ering including orbital
angular momentum.

8.4.3 �e possibility of exotic transitions

One might expect that certain transitions that are “forbidden” for plane waves might
be possible with vortex waves. As discussed above, the dipole selection rules are only
approximately valid for small sca�ering angles. �is means that even for an incoming
plane wave, any transition is possible in principle, although sca�ering to high angles
is strongly suppressed. Measurements in the non-dipole region are performed when
deviations to the dipole approximation are necessary for the property one wishes
to measure. It is therefore clear that virtually any transition can be excited using
electrons, albeit in a suppressed region of sca�ering angles.

But the question here is: does a vortex probe open up new types of transitions
that have not been considered before? �e answer, at least according to eq. (8.30),
is no. �is is directly due to the fact that the integration over ϕ is over the plane
wave matrix element, which is what determined the possible transitions in the �rst
place. Because e.g. 〈2p+ |eiq ·r |2p−〉 = 0, independent of ` or k⊥, this transition cannot
be made possible by using vortex beams of any size and shape.

8.4.4 Di�erential scattering amplitudes

So what can electron vortex beams change in the sca�ering process? As already
seen in detail for the elastic sca�ering amplitude, transverse momentum and orbital
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angular momentum change the angular distribution of the sca�ered waves. �is is
emphasized even more when considering so-called asymmetric inelastic transitions,
e.g. 1s → 2p+, as will be seen below.

Several properties of the sca�ering amplitudes presented in § 8.2.3, eq. (8.33), are
immediately apparent by only looking at the equations themselves:

• Higher energy levels (i.e. larger n′) introduce higher order ` dependence.

• Transitions between spherically symmetric states (for which the sca�ering
amplitude is independent of ϕ) only depend on the magnitude of `, and not
its sign. �is is expected as everything involved is symmetric with respect to
rotations around the z axis. Non-symmetrical transitions depend strongly on
the value of `.

• �e sca�ering electron wave exchanges orbital angular momentum with the
atomic state, and this transfer is re�ected in the outgoing wave.

• Taking the plane-wave limit (` = 0, k⊥→ 0), one recovers the usual plane wave
sca�ering amplitudesc.

�e results of § 8.2.3 are also shown in �gs. 8.7 to 8.10 (in atomic units). �e
analytical results in eq. (8.33), and the numerically integrated sca�ering amplitudes
using eq. (8.32) were con�rmed to be equal. �ese results and their physical im-
plications shall now be discussed. Remember that the di�erential cross section is
the probability of an electron being detected at a certain sca�ering angle, which is
the primary interpretation that will be given here. Note that the plots show only a
line pro�le; the sca�ering amplitudes shown here are all cylindrically symmetrical
(up to a possible vortex phase factor), resulting in the sca�ered electrons forming
doughnut-shaped intensity pro�les.

�e elastic di�erential sca�ering cross section, shown in �g. 8.7, is very similar to
that of the screened Coulomb potential previously treated295. For a non-vortex beam,
` = 0, higher transverse momentum shi�s this peak o�-center, although even for an
incoming hollow beam (with no low-k⊥ components, generated by e.g. an annular
aperture), a signi�cant amount of intensity is still sca�ered on-axis. �is can be
deduced from the additive contributions of various transverse momentum components
to the sca�ering amplitude (shown in the topmost plot of �g. 8.7), which additively
result in a non-zero on-axis di�erential sca�ering cross section. For beams containing
a phase vortex, i.e. ` , 0, there is no on-axis intensity and the angle at which the cross
section peaks shi�s outwards with increasing incoming transverse momentum. �is
feature could be exploited as a sensitive detector for non OAM preserving transitions
in future experiments. Another spherically symmetric transition is 1s → 2s . Its

c See e.g. p. 334, equations (38.28-29) in Ref. 257 and �g. 8.2.



8.4. Discussion 157

inelastic di�erential sca�ering cross section (given explicitly by eq. (8.33b)) has the
same shape and behavior as the 1s → 1s cross section, and is therefore not explicitly
shown.

�e di�erential cross sections for ground state excitations to various 2p substates
(quantized along the beam direction) are shown in �gs. 8.8 to 8.10. �e 2pz cross
section shows a narrow peak that moves away from the beam axis, giving way for a
zero that appears at the threshold transverse momentum de�ned by the condition
qz = 0 (which is a prefactor in eq. (8.33c)) and is located at:

θ0 = cos−1
(
k

k ′
cosα

)
< α . (8.36)

When an incoming vortex beam exchanges orbital angular momentum with
an atomic electron, the associated di�erential sca�ering amplitude re�ects this, as
displayed in �gs. 8.9 and 8.10. In general, the lower the outgoing orbital angular
momentum is in magnitude |`′|, the higher the sca�ering cross section is for low
angles. Another general feature of these results is that transitions where orbital
angular momentum is given to the atomic electron, |`′| < |` |, have a relatively larger
di�erential cross section for sca�ering angles θ < α . Note that not all orbital angular
momentum needs to be transferred for this to be visible, and these di�erences are or-
ders of magnitude larger for higher outgoing orbital angular momentum. Transitions
where orbital angular momentum is taken from the atomic electron, |`′| > |` |, have
larger di�erential cross sections for larger angles, θ > α . �is can clearly be seen by
comparing the bo�om plots of �gs. 8.9 and 8.10. In the former |`′| < |` | and more
intensity is sca�ered toward the centre. In the la�er, |`′| > |` | and more intensity is
sca�ered outward, away from the centre. Perhaps the most evident form of this is
that an ` = 1 beam exciting a 1s → 2p+ transition will sca�er most electrons on the
beam axis and even to θ = 0. �is is possible because for this speci�c transition, the
outgoing beam has lost its orbital angular momentum, and does not su�er from the
phase singularity previously forcing its amplitude to zero there. �e same happens
for an ` = −1 beam exciting a 1s → 2p− transition, as the sca�ering amplitudes
are identical. For higher order incoming beams, this change is less dramatic, as the
outgoing vortex phase still forces the central sca�ering to zero.

Although it is not displayed clearly on these �gures’ scales, the (red, long-dashed)
plane wave di�erential cross section has the same shape as in �g. 8.2, and its central
zero gets pushed outwards for higher transverse momentum. �e sharp dip at around
α = θ is exactly the zero of f PW1s→2p± in �g. 8.2 at θ = 0, but shi�ed outwards due to
the non-zero incoming transverse momentum. It coincides with the peak for the 2pz
di�erential cross section at the same sca�ering angle. �ese shi�s of intensity can be
understood intuitively by considering the transverse pro�les of a vortex beam, where
higher orbital angular momentum is generally paired with a larger spatial extent of
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the wave function. Finally, the large angle sca�ering of both situations also shows a
quantitative o�set which could also be used to di�erentiate the events.

8.5 Conclusion

In this chapter, we have extended inelastic quantum sca�ering theory to non-trivial
incoming electron waves, including transverse orbital angular and transverse mo-
mentum. A quick review of the textbook theory illuminated some o�en forgo�en,
but important facts about the �nal state orientation and its relation to the momentum
transfer vector. Two di�erent methods were then applied to obtain the vortex sca�er-
ing amplitudes of inelastic transitions for a hydrogen-like system. Special a�ention
was given to the atomic state’s (projected) orbital angular momentum and the con-
sequences of it being changed by a sca�ering electron.

�e �rst method involves the Bessel addition theorem, which leads to unwieldy
analytical expressions for all sca�ering amplitudes. Nonetheless, these calculations
led to simple selection rules when OAM transfer is involved and allows to estimate
the regime of sca�ering angles for which they are valid. Additionally, a form of OAM
reciprocity was shown to exist, tied to the OAM transfer and the central sca�ering
amplitude.

�e second approach, using the Fourier representation of the Bessel beam, resulted
in a purely analytical method to obtain hydrogen sca�ering amplitudes, along with
a less cumbersome numerical solution using an intermediate result. �e sca�ering
amplitudes are in�uenced strongly in the presence of OAM transfer, even outside of
the ideal selection rule validity regime (θ = 0). Combined with energy �ltering, the
predicted asymmetry could provide a means to be�er separate sca�ering contribu-
tions for various �nal states with distinct OAM, leading to an improved measurement
of the �nal state density. �is, in turn, would provide atomic-resolution magnetic
information. Speci�c ∆m transitions can be �ltered from the total sca�ered intensity
using any combination of pre- or post-selection of OAM of the sca�ering electron, and
incoming and outgoing transverse momentum (i.e. by limiting collection and conver-
gence angles). �e selection on transverse momentum is routinely done by choosing
detector geometry, selected area apertures, and objective apertures. Post-selection on
OAM has yet to be practically implemented e�ciently in electron microscopes. Once
this is in place, though, the use of OAM selectors will improve selectivity to certain
transitions signi�cantly, as a large amount of background signal caused by electrons
with the “wrong” OAM will be eradicated.



9
Vortex Channelling

We have an unknown distance yet to run, an unknown river to explore.

What falls there are, we know not; what rocks beset the channel, we know not;

what walls ride over the river, we know not.

Ah, well! We may conjecture many things.

Major John Wesley Powell
soldier, geologist, and explorer

August 13, 1869

In the late 1970s, a simple intuitive theory for explaining the physical formation of
scanning transmission electron microscopy images was formulated. It was developed
through the eighties, and survives even now by helping form a simple basis of thinking
about dynamical di�raction. In this chapter, it will be explained how channelling
theory can provide an intuitive theoretical description of (high angle) annular dark
�eld transmission electron microscope images.

Channelling is the name for a conceptual idea that fast-moving charged particles
passing through a crystalline material will see atom columns as a long thread of
positive charge. �is concept provides an intuitive basis for a treatment of dynamical
sca�ering in electron microscopy with convergent beams, as will be explained. �is
chapter will expand the channelling concept to incorporate vortex beams, and shed
some light on the new and interesting features of vortex channelling that have not
been treated in this context until now. �is includes p-state channelling, discrete
vortices, and magnetic e�ects due to the OAM of the channelling state.

159



160 Vortex Channelling

9.1 Introduction

�e theoretical concept of the channelling of fast charged particles moving through
ordered neutral ma�er (such as a crystal) originated as a (semi-)classical theory for
heavy ions travelling at high speeds (> 0.99c)78. A central point in that phenomenon
was the quantum nature of the phenomena, which was discussed in great detail by
e.g. Berry 37. �is phenomenon was useful as it shows interesting features for the
generation of coherent X-rays and the study of materials and fast ions288. X-rays
are generated due to the spontaneous process of radiation emission by channelled
particles183–185.

�e general idea is this: a fast charged particle moving through a crystal does not
see the individual atoms making up the crystal. Instead, due to its high velocity, the
positive nuclei, if aligned along a crystal zone axis, “blend” into a positively charged
string, which interacts with the fast ions. �is interaction is of such nature that the
three dimensional quantum mechanical propagation of the fast ion can be sensibly
reduced to a two dimensional time evolution of bound states of that “string” potential.
�e concept was picked up quickly due to its simple and intuitive nature, irrespective
of the fact that the underlying properties were fundamentally quantum or not.

In the case of electron channelling, a widely used simulation technique uses
Bloch waves to simulate the electron’s propagation through a crystal. Among these
periodic states are those that are strongly bound to the atom strings, in e�ect the
channelling states. �e relative simplicity of this model allows for parallels to be
drawn with other �elds in physics, by e.g. viewing the channelling states as atomic or
molecular orbitals60,151. In electron microscopy, this theory is useful in predicting
high resolution images without the use of dynamical sca�ering calculations114. It
also predicts many features of the images with respect to the physical parameters of
the sample.

�e next section will elaborate on the application of channelling theory in electron
microscopy. A�er that, a slight extension is introduced, followed by a discussion of
how magnetic �elds and vortex beams in this channelling picture join forces. Discrete
vortex solitons in non-linear media are shown to map to electron channelling, leading
to some novel ideas borne from the ad hoc combination of these two �elds.

9.2 s-state Model

9.2.1 Channelling as a propagation model

�e concept of channelling describes the general behaviour of fast-moving charged
particles in crystals. It describes the movement of the fast particle as if it were a�racted
by channels of positive charge, in which it behaves as a bound particle, emi�ing
radiation as it jumps between these bound states. It has been observed for electrons,
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Figure 9.1: Schematic representation of electron channelling, which shows the
di�erence in amplitude variation of the propagating electron probe in the crystal
caused by di�erent atom species. Reprinted from P. Geuens and D. V. Dyck. Advances
in imaging and electron physics. In P. W. Hawkes, editor, �e S-State Model for

Electron Channeling in High-Resolution Electron Microscopy, volume 136, pages 111 –
226. Elsevier, 2005. ISBN 978-0-12-014778-6114 with permission from Elsevier.

positrons, nuclei, and atomic ions2,311,312. �is parametric model of the dynamical
di�raction of charged particles gives a good description of this spectroscopic e�ect
for relativistic particles, and also provides an intuitive and fairly decent model to
calculate electron microscope images.

A simple yet e�ective model for the simulation of high resolution electron micro-
scopy images (both for conventional and scanning transmission electron microscopy)
images is called the s-state model. It is based on the intuitive reasoning that the fast
electron, travelling along a high-symmetry direction in the crystal, does not “feel”
the individual atoms, but instead experiences the e�ects of a blurred line of positive
charge. �is will be modelled by replacing the complicated and computationally
expensive dynamical three-dimensional sca�ering with a two-dimensional time evol-
ution model where the electron feels a potential proportional to the column potential,
V (r ), averaged along the column direction, V⊥(r⊥)a. Additionally, one assumes the
image contrast is primarily due to sca�ering of electrons that come close to the
nucleus, as in simple albeit classical terms, a small impact parameter corresponds to
a large sca�ering angle. Figures 9.1 and 9.2 shows a schematic representation of the
electron channels and a simulation showing how the electron probe channels along
one or more atom columns as it propagates through a crystal. �e rest of this section
is largely based on the work of Geuens 114–116.

a �is approximation means that any higher order Laue zones are neglected.
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Figure 9.2: �is electron channelling simulation shows the propagation of an elec-
tron probe a) in free space, b) along a single isolated atom column, c) along two atom
columns, d) along two atom columns in a la�ice, e) simulated using a tight-binding
model described in the source. Reprinted with permission from R. Hovden, H. L. Xin,
and D. A. Muller. Channeling of a subangstrom electron beam in a crystal mapped to
two-dimensional molecular orbitals. Physical Review B, 86:195415, November 2012151.
Copyright 2012 American Physical Society.

9.2.2 Channelling equations

�e paraxial wave equation for electrons, eq. (4.8), can be rewri�en as follows115,

− ~
2

2mγ
[∆⊥ + 4πik⊥ · ∇⊥ + 4πikz∂z]Ψ(r ) − eV (r )Ψ(r ) = 0. (9.1)

Heremγ is the “relativistically corrected mass”, i.e. дamma times the electron mass.
For illumination along the z axis, the above becomes,

−2π~2kz
imγ

∂zΨ(r ) =

[
− ~

2

2mγ
∆⊥ − eV⊥(r⊥)

]
Ψ(r ). (9.2)

�is equation takes the form of the two-dimensional time-dependent Schrödinger
equation, with the time given by a scaled z coordinate,

t =
mγ z

2π~2kz
, (9.3)

and the Hamiltonian by the operator on the right hand side of eq. (9.2),

H = − ~
2

2mγ
∆⊥ − eV⊥(r⊥). (9.4)

�e general solution to this equation is given by a linear combination of the
projected potential’s bound state eigenfunctions,ψi , and its continuum functions,ψE ,
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Ψ(r ) =
∑

n,m
Ei<0

cn,mψn,m (r⊥)eiπ Ei
E0
kzz +

∞∫

0

dE cm (E)ψE (r⊥)e−iπ E
E0
kzz . (9.5)

Here, E0 = eU is the kinetic energy of the electron accelerated with a voltage U .
Equation (9.5) represents the expansion of the electron wave function in bound and
continuum channelling states, with respective excitation coe�cients cn,m and cm (E).
Note that the propagation in z has been reduced to a multiplication with a simple
oscillating complex exponential. �ese states and their energies can be calculated by
analytical approximations of the projected potential, V⊥, only in the case of a single,
isolated atom column. For this case, the channelling state wave functions become
separable in (r⊥,φ),

ψ (r⊥) = R (r⊥)
eimφ
√

2π
. (9.6)

�is will have implications on how this model interacts with electron vortex probes
(see § 9.3 below).

One can �nd suitable analytical approximations to the potential or do a fully
numerical calculation of the channelling states. Both approaches are discussed below
in § 9.2.3. �en, the bound state excitation is addressed and how this can be used to
calculate a high resolution image, in § 9.2.4.

9.2.3 Projected potential and its channelling states

�e projected atomic potential is usually derived from the electron sca�ering factors,
fe (д), which are expressed in Fourier space. �eir relation is given by a Fourier
transform200,

fe (д) =
2ε0
aBe

∫
d3r V (r )e−2πiд ·r . (9.7)

�e electron sca�ering factors are related to those for X-rays, fX , through the Mo�-
Bethe formulab (for circularly symmetric projected potentials),

fe (д) =
1

2π2aB

[
Z − fX (д)

д2

]
. (9.8)

�e potential itself is related to the atom’s charge distribution, which can be calculated
numerically using Dirac-Fock and/or relativistic Hartree-Fock methods.

�is numerical data has been parametrized in many ways throughout the years,
including as sums of Gaussian, Lorentzian, and other functions. �ese o�en miss the re-
quired asymptotic behaviour for large sca�ering angles (largeд), and therefore Lobato
and Van Dyck have incorporated this requirement in yet another parametrization200.
�e more complex parametrizations, even though they might be computationally and

b Special care must be taken around д = 0, as described in Ref. 200.



164 Vortex Channelling

physically favourable over the simpler models, make analytical treatment di�cult at
best.

As described by Geuens 115, by approximating the potential well by a harmonic
oscillator, analytical descriptions for the 1s state with relatively high accuracy can
be obtained. �ese analytic approximations can then be used to make qualitative
predictions about the di�raction pa�ern and images. What will be of interest here
is not so much the images or di�raction pa�erns, but the phase properties of the
channelled electron.

9.2.4 Excitation of channelling states and the s-state

Image simulation consists of three steps:

1. calculate the probe wave function at a certain position (can include aberrations,
see § 4.2.3),

2. project this wave on the channelling states and use the simple 2D time evolution
model of eq. (9.5) to calculate the exit wave (= the propagated sum of channelling
states),

3. propagate the exit wave to the detection plane and calculate the probability
of detecting electrons. �is step can include image lens aberrations and other
instrumental imperfections.

�e second step will now be described in detail.
�e bound state excitation coe�cients, cnm in eq. (9.5), are given by the projection

of the probe wave function at the entrance plane (i.e. the probe wave right before it
enters the crystal), Ψ` (r⊥, 0) = ei`φ√

2πRnm (r⊥), onto the channelling states,ψn,m ,

cn,m =

∫
d2r⊥ψ ∗n,m (r⊥)Ψ(r⊥, 0). (9.9)

For an isolated atom column, this can be wri�en in cylindrical coordinates:

cn,m =

∞∫

0

dr⊥ r⊥
2π∫

0

dφ e−imφ
√

2π
Ψ` (r⊥, 0)

=

∞∫

0

dr⊥ r⊥Rnm (r⊥)δm, ` . (9.10)

For the simple case of a perfectly centred probe (or an incoming plane wave) on an
atom column, onlym = 0 bound states will be excited. In fact, using only the lowest
bound state (i.e. the ground state of the projected potential well) gives su�ciently
accurate results for light atoms, for which n > 0 states are too loosely bound to
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in�uence the result. As the weight of the atoms increases, more bound states will
signi�cantly contribute.

�e continuum states’ excitation coe�cients are equal to

cE =

∫
d2r⊥ r⊥ψE (r⊥)Ψ(r⊥, 0)

=
√

2πδm, `

∞∫

0

dr⊥ r⊥RE (r⊥), (9.11)

where a separable form of the continuum wave function was taken, eq. (9.6), in
analogy with eq. (9.10). �e continuum states, being unbound quantum states, extend
in�nitely in space,

R (r⊥→ ∞,E) ∝ e±i
√

2mE
~2 r⊥ . (9.12)

�e largest contribution to eq. (9.11) is given by the part where the potential V⊥ is
negligiblec, It can be shown that only continuum states with an energy close to 0 will
contribute114, but their depth evolution is determined by eq. (9.5), which means their
magnitude is equal to �����cE sin

(
−π E

E0

kz
2 z

) ����� , (9.13)

which lies close to zero exactly in the case of E → 0.
�e boundary condition these states must satisfy is that their superposition at the

entrance plane must correspond to the electron probe,

∑

n,m

cn,mψn,m (r⊥) +
∞∫

0

dE cEψE (r⊥) = Ψ(r⊥, 0). (9.14)

For normal TEM, this is equal to 1. For STEM, this is the probe wave function in the
specimen plane. In what follows, in harmony with previous chapters, the incoming
wave shall be denoted Φ(r⊥).

Once the excitation coe�cients have been determined, eq. (9.5) gives the time
evolution. With the boundary condition, eq. (9.14), this becomes,

Ψ(r⊥, z) = Φ(r⊥)+
∑

n,m
En,m<0

2cn,mψn,m (r⊥) sin
(
−πEn,m

E0

kz
2 z

)
e−iπ

(
En,m
E0

kz
2 z− 1

2

)

+

∞∫

0

dE 2cEψE (r⊥) sin
(
−π E

E0

kz
2 z

)
e−iπ

(
E
E0

kz
2 z− 1

2

)

. (9.15)

�e s-state model discards all but the most strongly bound state, in which case the
(initially plane) electron wave propagating through the crystal takes on the following
form,

Ψ(r⊥, z) ' Φ + 2c00 sin
(
−πE00

E0

kz
2 z

)
ψ00 (r⊥)e

−iπ
(
E00
E0

kz
2 z− 1

2

)

. (9.16)

c �e region of space where the projected potential is non-negligible is dominated by the bound states.
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For heavier atoms, this model breaks down as the s-state is not the only one that
contributes, and more terms of eq. (9.15) need to be kept. �e approximation is found
to be valid for a thickness up to about 80 % of the extinction distance of the 1s state,
given by,

D00 = − 2
kz

E00
E0
. (9.17)

�is also implies that the s-state model is only valid in the intermediate energy range,
i.e. for energies in the range 200-400 keV. Lower voltages induce more complicated
sca�ering (the high energy approximation is not valid any more), whereas for higher
energies, the single s-state is insu�cient and more channelling states must be taken
into account.

One can immediately see that eq. (9.16) gives an expression related to the sca�ering
wave function as in chapter 3. �e properties are somewhat di�erent and the analogy
is limited. �e phase and amplitude of the sca�ered wave can be directly determined
through the second term in eq. (9.16):

|Ψ(r ) − Φ(r ) | '
�����2c00 sin

(
−πE00

E0

kz
2 z

)
ψ00 (r⊥)

����� , (9.18a)

arg [Ψ(r ) − Φ(r )] ' −π
(
E00
E0

kz
2 z − 1

2

)
. (9.18b)

From a known thickness z, the 1s eigenenergy E00 can be determined experimentally.
�e amplitude of the wave can be given a direct interpretation in the kinematical
approximation, where it becomes proportional to the atom column potential averaged
along the beam direction116.

9.3 p-state Model for Vortex Illumination

9.3.1 p-state model

One can imagine the e�ects of using a singular beam instead of a plane or normal
focused probe in the channelling picture. When aimed directly at the atom column,
an electron vortex probe will alter the fundamental excitation properties of the
channelling states, as given by eqs. (9.10) and (9.11). �e selection rule enforced by
these equations will make that the 1s state cannot be excited if an on-axis vortex
probe impinges on an atom column. Instead, the p-type vortex bound states will be
excited, which are more lightly bound, between the 1s and 2s states, as shown by
numerical calculation in �g. 9.4.

�is case was previously considered by Xin and Zheng 321, who numerically
calculated the singular channelling states which appear for heavier atoms. �ey claim
that the dispersion of a channelling vortex is much less than that of a non-singular
state by comparing the divergent behaviour of a channelled 2p-state to a free space
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non-singular probe. �is can be considered an unfair comparison, as it compares
channelling to free space focused beam propagation. �e concept does o�er some
interesting properties however, which are worth exploring.

First, and perhaps least applicable to the electron microscope, is the possibility of
a di�erent input wave to analyse channelling radiation. �is phenomenon appears
when a high energy (MeV) channelling electron undergoes spontaneous transitions
between the bound states of the channel149,170,183. Channelling spectroscopy can
give a lot of information about the system. �is property, as already mentioned,
is not very important in electron microscopy, due to the limited number of bound
states, with the additional problem of the rather small energy di�erence (when it
comes to X-ray spectroscopy) which smears out the distinct spectroscopic peaks for
lower electron energies67. �is can be intuitively understood by the fact that the
electrostatic potential that the fast electron sees is multiplied by the relativistic factor
γ , which is close to 1 for electron energies in and below the keV range.

9.3.2 Channelling in the presence of magnetic �elds

Detecting magnetization in the beam direction

�e idea here is to predict the elastic e�ects of the magnetic �eld of a material mag-
netized in the beam direction on the probe electron. Of course, the speci�c way an
electron vortex beam behaves in this situation will be of primary interest. From previ-
ous discussions on the subject of electron vortex waves in magnetic �elds14,44,132,138,
and intuitive reasoning, it seems probable that con�ned to a channel in a p-state
bound wave function, as described in § 9.3, an electron might exhibit measurable
phenomena at the scale of typical magnetic crystals in the transmission electron
microscope. Additionally, in contrast to the usual Lorentz mode used for transverse
plane magnetization measurements86,308, the current set-up can o�er increased res-
olution due to its alignment with the strong (2 T) magnetic �elds of the objective
lens in the beam direction, which allows a stronger focusing of the probe. One could
imagine e.g. scanning over the columns of an anti-ferromagnetic or ferrimagnetic
sample, in which each column contributes a di�erent total magnetization (thickness
and purity dependent) and of a di�erent sign, giving e�ectively atomic resolution
magnetic information!

�e energy of a con�ned electron in a uniform magnetic �eld depends on its
orbital angular momentum projection in the direction of the �eld. �e propagation of
the electron wave in the current context is modelled as a mere time evolution of the
channelling states, as given by eq. (9.15), with the propagation constant given by

−π E

E0

kz
2 , (9.19)
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Figure 9.3: Two hypothetical experimental set-ups to perform a local, atomic resol-
ution holographic measurement. In both cases, a biprism is used to split the electron
beam into an interacting and a reference beam. In the le� case, a holographic mask
is used to create the vortex probe, in the right, a magnetic needle as a switchable
vortex generator. In both cases, the e�ects of the magnetic �ux outside the sample is
expected to cancel above and below the sample. �e holographic interference pa�ern
can be used to determine the magnetic phase gained by the vortex probe when passing
through the magnetic sample, as described in the text.

which depends directly on the (2D) bound state energy E. �is dependence results
in an OAM dependent magnetic phase shi� of the channelled vortex states. An ` = 1
vortex beam centred on an atom column will acquire a di�erent phase than its ` = −1
counterpart in the same (magnetic) material. �is phase di�erence could perhaps be
measured by holographic techniques, if the phase di�erence would be large enough.
Figure 9.3 shows a sketch of what this set-up could look like.

�e next section describes a simple model of electron vortex channelling in the
presence of a homogeneous magnetic �eld, followed by numerical simulations for
this system, and �nally how this could be used in the electron microscope.

Magnetic �eld of a ferromagnet

Macroscopically, a uniformly magnetized ferromagnet seems to posses a uniform
magnetic �eld. �is simple view, however, breaks down at the atomic scale, where
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strong magnetic �eld gradients dominate the landscape. As described by Rother
and Scheerschmidt 245, the local magnetic vector potential can be constructed from
electronic structure calculations. As the dominant part of the magnetic �eld in most
ferromagnets (and many other magnetic materials) �nds its origin in spin polarization,
one can use the spin current density js of the magnetic d electron shells. As previously
determined in § 2.4.1, the spin part of the quantum mechanical current is given by
the second term of eq. (2.37)245,

js =
e~

2m∇ × Ψ
†σΨ

=
e~

2m∇ ×
(
Ψ†↑Ψ↑ − Ψ†↓Ψ↓

)

=
e~

2m
*...,
∂y (ρ↑ − ρ↓)
−∂x (ρ↑ − ρ↓)

0

+///-
. (9.20)

From this current density, the Maxwell equations can be used to de�ne the Coulomb
gauge vector potential produced by the spin current:

A(r ) =
µ0
4π

∫
d3r ′

js (r ′)
|r − r ′| . (9.21)

�e current only has transverse components, which means the vector potential will
also only contain transverse components. �e obtained magnetic �eld will then be
projected over the z direction, in accordance with the high energy approximation
already applied for the electrostatic potential:

Bz (z) = (∇ ×A)z = ∂xAy − ∂yAx (9.22)

⇒ B
proj
z =

1
Z

Z∫

0

dz Bz (z) =
1
Z

Z∫

0

dz (∂xAy − ∂yAx ), (9.23)

where Z is the period of the potential (e.g. a unit cell). �e above equation con�rms
one can utilize the projected vector potential components to solve the channelling
problem with magnetic �eld.

�e (saturation) magnetic �eld in a polarized material is given by µ0 times the
magnetic moment per volume. �is means that, given µA, the magnetic moment per
unit cell (in units of µB), the macroscopic �eld is given simply by

B = µBµ0µA. (9.24)

�is la�er quantity can be found sca�ered across literature, and common values are
shown in table 9.1. Using the data in table 9.1 and eq. (9.24), one obtains for the
homogeneous (saturation) magnetic �elds in e.g. iron, cobalt, and nickel the values
1.95 T, 1.82 T, and 0.64 T, respectively.
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elements magnetic moment per formula unit [µB]
Fe 2.22
Co 1.715
Ni 0.605
Gd 7.5

MnSb 3.5
EuO 6.9
EuS 6.9

Table 9.1: Magnetic moment per atom in some common ferromagnets. Data from
Table 5.1 in Ref. 49.

2D Schrödinger equation with a magnetic �eld

To obtain the channelling states (and more importantly, their energy) of a magnetic
material, one must solve the Schrödinger equation for a parametrized projected poten-
tial with magnetic �eld. Due to the simplicity of the magnetic �eld, the Schrödinger
equation, eq. (9.2), can be simpli�ed: [

(p − eA)2
2m +V

]
|Ψ〉 = E |Ψ〉

⇔
(
p2

2m − e
A · p
2m − ep ·A2m + e

A2

2m +V
)
|Ψ〉 = E |Ψ〉

⇔
(
p2

2m − e
A · p
m
+ e

A2

2m +V
)
|Ψ〉 = E |Ψ〉. (9.25)

In the last step the Coulomb gauge, ∇ ·A = 0, was assumed. For a transverse-only
magnetic vector potential, A = (Ax ,Ay , 0), one obtains

*,
p2

2m − e
Ax ∂x +Ay ∂y

m
+ e

A2
x +A

2
y

2m +V +- |Ψ〉 = E |Ψ〉. (9.26)

If one considers only a uniform magnetic �eld with a cylindrically symmetric vector
potential,

A =
Br⊥
2 eφ , (9.27)

one obtains a pure Zeeman shi� term,
(
p2

2m + i~ eB2m ∂φ + e
A2

2m +V
)
|Ψ〉 = E |Ψ〉. (9.28)

�is case as well as the more detailed atomic �eld will be considered in what follows.

9.3.3 Finite di�erence solution to the channelling state equation

Equation (9.25) can be solved numerically by �nite di�erence methods
128. �is entails

discretising the partial di�erential equation over the relevant spatial coordinate range.



9.3. p-state Model for Vortex Illumination 171

Operator Finite di�erence approximation
O (h2) O (h4)

∂x
−ψi−1, j +ψi+1, j

2h
ψi−2, j − 8ψi−1, j +ψi+1, j −ψ i + 2, j

12h

∂y
−ψi, j−1 +ψi, j+1

2h
ψi, j−2 − 8ψi, j−1 +ψi, j+1 −ψ i, j + 2

12h

∂2
x

ψi−1, j − 2ψi, j +ψi+1, j

h2
−ψi−2, j + 16ψi−1, j − 30ψi, j + 16ψi+1, j −ψi+2, j

12h2

∂2
y

ψi, j−1 − 2ψi, j +ψi, j+1

h2
−ψi, j−2 + 16ψi, j−1 − 30ψi, j + 16ψi, j+1 −ψi, j+2

12h2

Table 9.2: One-dimensional versions for second and fourth degree �nite di�er-
ence approximations (central di�erence variant) of the di�erential operators of the
Schrödinger equation in the grid point (i, j ).

Here, a uniform grid with constant spacing h, with N the total amount of grid points
(in a single direction) will be used. �e numerically approximated value of the function
Ψ on a two-dimensional grid will be denotedψi, j . Table 9.2 shows the �nite di�erence
approximation coe�cients to the second and fourth degree of accuracy in h. �e
azimuthal derivative, ∂φ , is of course equal to x∂y − y∂x .

�e �nite di�erence operators can be implemented in a banded matrix. �e
solutions of the partial di�erential equation are then found by simply calculating the
eigenvalues and eigenvectors of the matrix. Second degree accurate operators for a
one-dimensional equation result in a tridiagonal matrix, which can be solved very
e�ciently. To formulate the two-dimensional �nite-di�erence problem in terms of a
matrix eigenvalue calculation, one must manipulate both the operator and function
such that:

ψi, j → ψi+N j . (9.29)

�e same replacement of indices, namely (i, j ) → (i +N j ) in the formulae in table 9.2,
must accompany the above. �e problem of �nding a two-dimensional function of
N × N numerical values is reformulated in the problem of �nding a one-dimensional
function of N 2 values, and allows the use of highly optimized, readily available sparse
eigenvalue calculation code. A quick-and-dirty way to write the two-dimensional
Laplacian is through the Kronecker sum and product:

∆⊥ = ∆x ⊕ ∆y = ∆ ⊗ 1 + 1 ⊗ ∆, (9.30)

Where ∆ is the simple one-dimensional �nite di�erence matrix (de�ned in table 9.2 as
∂2
x , with proper boundary conditions, and 1 is the unit matrix of proper size (N ×N )d.

d �is expression allows for easy extension to more dimensions, e.g. in three dimensions, the �nite di�erence
Laplacian becomes

∆ = ∆x ⊕ ∆y ⊕ ∆z = ∆ ⊗ 1 ⊗ 1 + 1 ⊗ ∆ ⊗ 1 + 1 ⊗ 1 ⊗ 1. (9.31)



172 Vortex Channelling

�e matrix of which the eigenvalues need to be calculated now has the size N 2 × N 2.
�e eigenvalue calculation demands a lot of memory, especially to discern small

energy di�erences, and although sparse matrices can be used, their size is relatively
small. Additionally, the �nite-di�erence methods can in principle become pathological
for very small grid spacing h, as it appears in the denominator of all operators.
Nonetheless, by using a higher order approximation, most of these issues can be
avoided.

9.3.4 Results

Using the the fourth order �nite di�erence formulae, eq. (9.25) was implemented as an
eigenvalue problem as described above. If one performs the calculation without any
magnetic �eld, one will most likely �nd the Cartesian states (for a harmonic oscillator
potential, the Hermite-Gaussian modes, as shown in �g. 4.15). �at’s because the grid
is regular in two dimensions, and the relevant states are degenerate in the zero �eld
case. �erefore, �g. 9.4 shows the solutions for a fourth order approximation using
512 grid points and a 2 T �eld. �is result also shows the Zeeman energy split of a
con�ned circularly symmetric state in a homogeneous �eld. �e convergence of the
second and fourth order calculations is shown in �g. 9.5.

�e energy di�erence between the opposite vortex states is calculated to be
of approximately 2.316 × 10−4 eV. According to eq. (9.15), the di�erence in phase
acquired by the ` = +1 and ` = −1 states as these propagate along the column is
equal to:

π
∆E

E0

kz
2 d . (9.32)

Here, d is the traversed thickness, usually between 10 and 300 nm for STEM ex-
periments. For a 300 kV accelerated beam, E0, which denotes the kinetic energy of
the electron, is 300 keV. �e wavelength, λ, of such an electron beam is approxim-
ately 1.968 75 pm, so that its wave number, kz = 2π/λ, is approximately 3194 nm−1.
Filling in the numbers in eq. (9.32), the acquired phase di�erence is estimated to be
3.87 × 10−6 rad/nm. �is is the phase di�erence between the ` = +1 and ` = −1 states,
that can be excited by an impinging vortex probe as described in § 9.3.2. State of the
art electron holography experiments can detect phase di�erences around 4 order of
magnitude larger. At a thickness required to achieve such a phase di�erence, the
simple channelling model presented here breaks down (primarily due to absorptive
losses) and it is impossible to even image the sample properly, let alone perform
holography.

When one uses an atomic magnetic �eld, shown in �g. 9.6, the circular symmetry
is broken by the fourfold symmetric magnetic �eld, which destroys the vortex states
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Figure 9.4: Lowest eigenfunctions of the iron projected potential as modelled by the
Doyle-Turner potential, with a homogeneous magnetic �eld applied in the z direction
equal to 2 T. �e states are sorted cfr. the harmonic oscillator states corresponding
to the arrangement in �g. 4.15, keeping in mind the energy levels aren’t completely
similar nor as evenly spaced as in a quadratic potential.
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Figure 9.5: �e energies of the 2p± eigenstates of the magnetic iron channelling
potential, for an assumed homogeneous magnetic �eld. Note that the fourth order
method increases precision by more than 2 orders of magnitude.
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Figure 9.6: Atomic magnetic �eld inside an FCC iron crystal calculated by Axel
Lubk using an all-electron full-potential local orbital implementation of DFT245, and
veri�ed by Sam Roelants using ELK81.
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Figure 9.7: Two p-states of an iron column calculated in the presence of the (projec-
ted) atomic magnetic �eld shown in �g. 9.6.

in favour of what one might call px and py states. �e energy di�erence between
these p-states approaches zero and is expected to be exactly zero as the magnetic �eld
has the same symmetry as the states. �e calculated states are shown in �g. 9.6.
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9.4 Discrete vortices

�is section will a�empt to draw a parallel between two �elds that seemingly might
not have any relation. Photonic solitons are states that occur in non-linear media, due
to the interaction of light with that medium. �ey can be described by a non-linear
Schrödinger equation, and through this, they obtain shape-invariant properties. �ese
types of states also appear in the study of wave guide arrays. Channelling states
resemble these photonic solitons in that they are in principle also shape invariant
under propagation. First and foremost, channelling states are not solitonic in the
sense that there are losses although they are, at least in principle, shape invariant
under (limited) propagation (see e.g. sections 9.2 and 9.3).

�e research in photonics has brought forth some interesting aspects of vortex
modes in discrete symmetry, and that is what will be discussed in the framework of
channelling theory in this section. �e theory was already treated by Ferrando, Garcı́a-
March et al. in light of photonic solitons95,111, and the discussion below is based on
that work. A�er a brief explanation of the discrete vortex concept and related physical
principles, it is applied to electron vortex beams in magnetic crystals.

9.4.1 Twisting the Nyquist frequency: angular Bloch modes

Consider now a circularly symmetric wave function, with or without OAM. It is an
eigenstate of the free space OAM operator, L̂z and invariant (up to a global phase)
under operations of the O (2) symmetry group. Imagine now that this state moves
into a region of space that contains an n-fold cylindrical symmetry (e.g. an array of
wave guides). �is change of environment will be re�ected in the properties of the
wave function. How? �e system has a lot in common with how one constructs
wave functions in crystals using the Bloch formalism. �ere, the linear translation
symmetry of the potential makes that the energy eigenfunctions can be wri�en as a
product of two parts:

Ψk (r ) = eik ·ruk (r ), (9.33)

the �rst a plane wave with linear momentum vector k , and the second, uk , a function
with the periodicity of the la�ice.

One can write a similar expression for a rotationally symmetric potential and
the OAM. Consider an eigenfunction on an n-fold circularly symmetric potential
(invariant under operations of Cn ), such that |Ψ(φ + 2π/n) | = |Ψ(φ) |. By mapping the
angular variable on a pseudolength within an interval,

φ → s =
φD

2π , (9.34)

the unit circle where φ is de�ned is transformed into a linear interval [−D/2,D/2], as
shown in �g. 9.8. In this new variable s , the system obeys a translational periodicity
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O

P

O ′

φ

s
O ′ O P O ′

Figure 9.8: Unwrapping of the periodic
variable φ on a linear scale s , as given by
eq. (9.34).

property, V (r⊥, s + a) = V (r⊥, s ) and thus its solutions are rotationally symmetric,
|Ψ(r⊥, s +a) | = |Ψ(r⊥, s ) |, where a = D/n is the period of non-compact variable s . �is
property is the basis of the usual Bloch theorem, such that one can write the solutions
as

Ψ̃p,ν (r⊥, s ) = eipsũp,ν (r⊥, s ), (9.35)

where p is the Bloch (pseudo-)momentum, ν is a band index occurring due to the
occurrence of di�erent solutions for a single p, and ũp,ν is the Bloch function which is
periodic under translation, ũp,ν (r⊥, s+a) = ũp,ν (r⊥, s ). �e index ν plays no signi�cant
role here, and will be omi�ed from this point on.

�e pseudo-momentum p is restricted to |p | ≤ π/a, and the function in eq. (9.35)
must be additionally periodic in the interval where s is de�ned such that Ψp (r⊥, s ) =
Ψp (r⊥, s + D). Combining these conditions, the following values of p are allowed:

pm =
2πm
D
, m ∈ Z, |m | ≤ n/2. (9.36)

Reversing the mapping in eq. (9.34), the solutions can be wri�en as follows,

Ψ̃m (r⊥) = eimφũm (r⊥). (9.37)

�ese angular Bloch modes represent the angular form of eq. (9.33), wherem, through
its relation with the Bloch momentum p, eq. (9.36), is termed the angular Bloch

momentum. Important to note is that this quantity is conserved in the discrete
symmetric system, which is what makes it interesting in its own right. As a simple
corollary of the above, the conserved quantity can be shown to be built up of two
non-conserved quantities,

m = Lz − 〈um |L̂z |um〉, (9.38)

where Lz is the usual OAM, given by 〈Ψ|L̂z |Ψ〉, and the second term is the expectation
value of the same operator, taken only over the angular Bloch functions um .

Figure 9.9 shows the available angular Bloch modes for a C4 and C5 set of sym-
metric potential wells. Note that in the even case, the maximum Bloch momentum
is the same as the minimum, this will become important when mapping continuous
symmetry modes onto the discrete modes.



178 Vortex Channelling

m = 0

m = +1 m = −1

m = +2 m = −2

m = 0

m = +1 m = −1

m = +2 m = −2

Figure 9.9: Angular Bloch modes in a fourfold and �vefold symmetric potentials.
�ese were obtained by solving a set of projected potentials (in this case for Fe at an
acceleration voltage of 300 keV) with proper spacing for the fourfold case to model an
iron crystal (a = 0.278 nm). Note that them = +2 andm = −2 cases for the fourfold
symmetric case are identical; there is no discernible di�erence, unlike in the case of
C5.

9.4.2 Vortex transmutation

How then, does a free-space vortex relate to these discrete angular Bloch modes?
�is was explained in detail by Ferrando et al. 96, and the general principle introduced
there is equally applicable in the case of channelling electrons. When propagating
from O (2) symmetric free space to Cn discrete symmetric space, e.g. as in a crystal
channelling potential, the free space modes are mapped onto the available discrete
modes. As explicitly determined by eq. (9.36), there are a �xed and very limited
number of angular Bloch momenta possible. Take the O (2)-Cn boundary at z = 0. If
the initial wave function, Ψ(r ), has OAM ~`, it will “transmute” into several modes
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of angular Bloch momentumm, with a coe�cient determined by96

cm, ` =

∫
d2r⊥ Ψ̃∗m (r⊥)Ψ(r⊥, 0), (9.39a)

with Ψ̃m is the angular Bloch mode of angular Bloch momentumm. From this, and
the periodicity constraints on the solutions, the coe�cient cm, ` is non-zero when:

` −m = kn, k ∈ Z, |m | ≤ n

2 . (9.39b)

On one hand, this means that there are many incoming ` states that result in the
excitation of a particular discretem state. On the other hand, this means that a single
m state corresponds to several ` states. For example, consider a free space vortex
impinging on a C4 material. �e la�er only supports modes with |m | ≤ 2, and the
m = ±2 states are equal, making up the total of 4 di�erent angular Bloch momenta.

9.4.3 Vortex super-channelling

Instead of channelling a vortex electron along a single atom column, one can imagine
channelling a slightly larger electron probe along several columns at once. �is
electron vortex super-channelling might lead to a larger observable e�ect in terms of
magnetic measurement, in a similar set-up as discussed earlier in this chapter.

�e channelling wave functions of such a multi-column potential is actually
shown in �g. 9.9, where on the le�-hand side, the lowest energy states for four iron
atom columns as a single entity are shown. Remember that these states preserve their
angular Bloch momentum, which means that an incoming ` = +1 vortex, centred on
such a set of four atom columns will, according to eq. (9.39), correspond to a single
m = +1 super-channelling mode (the same goes for ` = 5, 9, 13, . . . which all map to
the samem = +1 mode).

�ese multi-column states consist of multiple s-states that are phase-locked. What
this means is that by virtue of the channelling propagation model, each of the con-
tributing s states maintain their original phase relationship (that of a discrete vortex)
throughout the crystal. �is property can be exploited in the same way as that of
a single atom column: now the super-channelling vortex covers a larger area and
in principle covers more magnetic �ux density in total. Preliminary calculations
show that even though the surface area contained inside the discrete ring of intensity
is now larger, the columns themselves limit the total intensity contributing to the
super-channelling vortex states. �is means that the total energy di�erence between
opposite OAM channelling states turns out to be smaller than in the single-column
case. Note that in this case, all the electron wave intensity that enters the crystal in
between two columns interferes with the on-column phase-locked parts.
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9.5 Conclusion

In this chapter, electron channelling theory was explored in light of the new electron
vortex modes. �e general theory was reviewed, including the obvious extension to
vortex channelling modes of a single atom column, which had previously appeared
in literature. It was investigated numerically, using a simple �nite di�erence scheme
to solve the channelling state equation, if vortex channelling could, in the end, lead
to atomic scale, non-spectroscopic magnetic measurement. To this end, the simple
model of an atom column in a uniform magnetic �eld reminiscent of the macroscopic
�eld was investigated. �e vortex states in the atom channel were calculated with
high enough precision to discern the two vortex states’ Zeeman spli�ing in the
relatively weak magnetic �eld. A second, more detailed model uses the magnetic
�eld calculated through DFT and its electron spin densities. �is result shows the
in�uence of a strong gradient in the magnetic �eld on the resulting channelling states.
�e unfortunate, but not entirely unexpected, outcome of this calculation shows that
the fourfold-symmetric magnetic �eld distribution destroys the vortex character of
the channelling potential’s eigenstates. �erefore, there is also no energy spli�ing
between opposite OAM electrons and no possibility to discern magnetization in the
material using the holographic approach shown in �g. 9.3.

�e option of illuminating multiple columns at once with a larger probe, result-
ing in multi-column super-channelling states composed of the s-states of multiple
atom columns, was explored. A discrete Nyquist frequency property reveals itself,
limiting the value of the maximally conserved (Bloch) OAM of the super-channelling
state inside the crystal. With this in mind, preliminary calculations were performed
showing a smaller energy di�erence than for the single-column calculation for the
(now discrete) super-channelling vortex states.

Does this mean the subject needs to be put aside? No. �e �rst steps taken in
this chapter’s work are just that: a beginning. A successful semi-analytical theory
of electron-crystal interaction with applications in image simulation and possibly
still magnetic imaging in a di�erent set-up than the one described here. �e useful-
ness of the super-channelling s-state phase relation might be exploited in various
scenarios, going from strain, magnetic, and even dislocation measurements. Addi-
tionally, channelling spectroscopy might be used as an alternative means to measure
magnetic e�ects in relation to the vortex bound states. �is type of set-up requires a
spectroscopic analysis of channelling radiation as the electron probe changes from
one bound state to another under propagation. Critical in the exploitation of the
vortex phase and the changes it undergoes is a way to measure the OAM spectrum of
a beam. �is is under development, and interesting new ideas to this end are coming
into existence (both theoretically and soon a�er, experimentally).
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Conclusions and Outlook

�e best that most of us can hope to achieve in physics is simply to

misunderstand at a deeper level.

Wolfgang Pauli
1958





Conclusions

An alleged scienti�c discovery has no merit unless it can be explained to a

barmaid.

Ernest Rutherford
quoted in Einstein: �e Man and His Achievement

G. J. Whitrow
1973

In this work, the theory of electron vortices was explored and expanded in several
key areas. By consolidating the most important aspects of the quantum theory
underlying electron vortex states, a bo�oms-up approach of electron vortex beam
theory was developed. �is includes their main physical properties, generation, uses,
and several theoretical applications. A �rst introductory part provides a summary
of the most important aspects of everything discussed later in the thesis. A second
part contains old and new methods to modify the electron wave function, a �eld
closely related to electron microscopy. �ese methods include the more traditional
electrostatic devices, supplemented with magnetic devices which have seen several
key developments in the past years. A third and �nal part considers the interaction of
electron vortex beams with ma�er, including electron-atom sca�ering and electron
vortex crystal channelling. Along the way, some interesting aspects in quantum
theory were discussed, such as boundary conditions for the Dirac equation, the
non-relativistic limit of the Dirac current, space-time algebra, and the close relation
between Fourier optics and the �rst Born approximation in quantum mechanics.

�e �rst part provides a complete overview of the theoretical basis on which
the later work is based. �antum sca�ering up to the �rst Born approximation is
derived, later to be compared with Fourier optics and how the la�er can be applied to
describe the manipulation of electron wave functions. A thorough overview of what
phase vortices are follows, with a synopsis of the most important “special” beams in
this �eld. Properties such as (projected) orbital angular momentum are thoroughly
discussed based on the expansive optics literature available. Lastly, the progress and
applications of structured waves in other �elds beside electron physics is summarized.

�e second part discusses the basic physical means available to alter an electron
wave function. �is includes not only electrostatic but also magnetic devices. Most
have extensive descriptions in existing literature, but some, like the magnetic needle
as a vortex generator, are truly novel. In light of this, several explanations for the
workings of this magnetic needle are provided, such that the limited theoretical
background literature on this device can be supplemented with the core intuitive
concepts. �e parallel with a magnetic monopole is drawn, and it is shown how the
needle acts as a monopole-like device. Other devices, some developed in Antwerp in
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the same time frame as the magnetic needle, are also listed, but thorough treatments
are le� to the corresponding researchers and their thesis.

�e third and �nal part consists of the development of several novel and founda-
tional theoretical concepts for electron vortex physics. �e �rst and second chapters
treat the electron-atom sca�ering problem from a vortex beam view, showing ana-
lytically how the orbital angular and transverse momentum interact with a purely
elastic atomic potential and a simple atomic model which includes a single bound
electron. �e analytical expressions found in this work provide the means for an
analytical survey of the vortex electron-atom sca�ering phenomenon. Several in-
teresting properties of both the elastic and inelastic cases are found, including an
o�-center sca�ering amplitude maximum even for non-vortex beams, the intricacy
of (projected) orbital angular momentum conservation in the inelastic process, a
novel reciprocity principle was discovered, and the notions of selective excitation
and excitation of exotic/forbidden transitions were discussed. �e �nal chapter ap-
proaches the interaction of a vortex beam with much more complicated structures: a
crystal. By virtue of the elemental simplicity of channelling theory, (projected) orbital
angular momentum in this framework is investigated semi-analytically. Numerical
results are used to quantify the predictions where necessary. A �nal piece on electron
vortex super-channelling discusses the behaviour and properties of vortex phase as it
interacts with the discrete crystal symmetry. A conserved Bloch angular momentum
is found, much like for optical solitons in similar symmetries. �is super-channelling
is investigated in light of magnetism, and its e�ect quanti�ed in the same way as
normal electron vortex channelling.

�e result of this work as a whole represents a very complete overview of various
state-of-the-art developments in electron vortex physics, introduced by a fair bit of
the underlying (standard) theory, so that even a beginner in the �eld should be able to
go from basic to relatively advanced electron vortex theory (at least what the topics
covered in this thesis are concerned).



Outlook

[…] my intuitive thinking is just as prone to overcon�dence, extreme

predictions, and the planning fallacy as it was before I made a study of these

issues.

“�inking, Fast and Slow”
Daniel Kahneman

2011

Electron vortex physics is a rich �eld with many novel discoveries waiting to be
made. Direct applications may not yet become mainstream, but this need not prevent
further developments in both theoretical and practical directions. �e rich �eld of
optical singularities didn’t appear overnight, and in order to match its wide array
of potential applications, not only fundamental research is required, but signi�cant
advances in electron optical instrumentation will be necessary. �e work in this
thesis treats several fundamental building blocks of basic quantum theory, so that
these may readily be extended in much the same way as the original theory. One can
among others investigate various quantum sca�ering aspects: optical theorem, partial
wave expansion, higher order Born approximations, the eikonal approximation, and
perhaps even quantum �eld e�ects of the electron orbital angular momentum. All
these examples should not forego the investigation towards characterizing electron
vortex states, and several theoretical predictions since 2007 remain to be veri�ed by
experiment. No doubt novel interesting �ndings will surface in the coming decade, if
the growth of the �eld does not stagnate due to the absence of seemingly immediate
applications.

Electron microscopy, where electron vortex beams “originated”, can be augmented
by applying optical principles discovered in the past decades to enhance imaging
capabilities. No doubt there will be practical limitations that will have to be overcome,
such as coherence, stability, aberrations, and other current challenges in the �eld.
Progress is being made to measure the OAM spectrum of the electron beam, as this is
currently thought to be important in the use of OAM as a measurement tool. Once this
has been established, many more applications in microscopy will become possible.
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Appendices

I am a brain, Watson. �e rest of me is a mere appendix. �erefore, it is the

brain I must consider.

Sherlock Holmes in �e Adventure of the Mazarin Stone

�e Case-Book of Sherlock Holmes

Arthur Conan Doyle
1921





A
Notation

An important step in solving a problem is to choose the notation. It should
be done carefully. �e time we spend now on choosing the notation
carefully may be repaid by the time we save later by avoiding hesitation
and confusion.

G. Polya
as quoted in ‘Something to Reckon with: �e Logic of Terms’

1996

Strict notational conventions are de�ned here, to which all formula’s in the main
text adhere. �ey are collected here to remove unrelated explanations related to
notational issues to keep mathematical derivations as tractable as possible. Feel free
to rip out this page (or perhaps less destructive and more respectful to the author,
take a photo or make a copy) and keep it as reference, although the rules described
here are pre�y simple and logical.

Real space coordinates are denoted r = (x ,y, z) = (r⊥,φ, z) = (r ,θ ,φ). �e precise
de�nitions of the used coordinate systems are given in appendix B. Basis vectors are
wri�en as ei where i is the relevant coordinate. Momentum space coordinates are
denoted k = (kx ,ky ,kz ) = (k⊥,ϕ,kz ). It is o�en advantageous to split any 3D vector
v into a z-component vz and a perpendicular component v⊥ = (vx ,vy ) = (v′,vφ )
with length v⊥. Primed variables are denoted r ′ = (x ′,y ′, z ′) = (r ′⊥,ϕ ′, z ′) and similar
for k ′.

Because display fractions visibly complicate expressions, all (partial) derivatives
shall be wri�en shorthand, as follows:

d
dx = ∂x . (A.1)

Here, the derivative is taken to act on on everything to the right of the symbol.
Functionals, i.e. explicit functions of functions, are denoted with their arguments

in square brackets: f [a,b].
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B
Coordinate Systems

At a certain age children are greatly intrigued by the possibility of locating
themselves on a map. It appears strange that one’s familiar life should
actually have all occurred in an area delineated by a set of quite impersonal
(and hitherto unfamiliar) coordinates on the surface of the map. �e child’s
exclamations of “I was there” and “I am here right now” betray the
astonishment that the place of last summer’s vacation, a place marked in
memory by such sharply personal events as the ownership of one’s �rst
dog or the secret assembling of a collection of worms, should have speci�c
latitudes and longitudes devised by strangers to one’s dog, one’s worms,
and oneself. �is locating of oneself in con�gurations conceived by
strangers is one of the important aspects of what, perhaps euphemistically,
is called “growing up”. One participates in the real world of grown-ups by
having an address. �e child who only recently might have mailed a le�er
addressed “To my Granddaddy” now informs a fellow worm-collector of his
exact address – street, town, state and all – and �nds his tentative
allegiance to the grown-up world view dramatically legitimated by the
arrival of the le�er.

Invitation to Sociology

Peter L. Berger
1963

B.1 Cartesian

B.1.1 De�nition

�e Cartesian coordinate system designates a unique set of coordinates to every point
in space, of which the value represents the rectilinear distance from the origin in
a particular direction. In three dimensional space, the three coordinates are o�en
denoted (x ,y , z). �e geometrical meaning of these coordinates is shown in �g. B.1.

B.1.2 Properties

�e Euclidean metric of this coordinate system is simply

д =
*...,
1 0 0
0 1 0
0 0 1

+///-
. (B.1)

�e distance between two points r1 = (x1,y1, z1) and r2 = (x2,y2, z2) is given by

|r1r2 | =
√
(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2. (B.2)
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x

y

z

r

r⊥
φ

θ

Figure B.1: Orthonormal coordinate systems used in this work and described in
this appendix.

�e di�erential operator ∇ takes on the following form:

∇ = (∂x , ∂y , ∂z ), (B.3)

and the di�erential volume element is simply,

d3r = dx dy dz . (B.4)

B.2 Cylindrical

B.2.1 De�nition

Cylindrical coordinates replace the transverse coordinates (x ,y ) with their polar
counterparts, (r⊥,φ), the transverse distance to the z axis, r⊥, and the azimuthal angle,
φ. �ey are related to Cartesian coordinates through the following relations:



x = r⊥ cosφ,

y = r⊥ sinφ,

z = z,

(B.5a)

and



r =
√
x2 + y2,

φ = arctan y

x
,

z = z.

(B.5b)
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Where the proper sign of the inverse tangent is taken. A graphical representation is
shown in �g. B.1.

B.2.2 Properties

�e Euclidean metric of this coordinate system is

д =
*...,
1 0 0
0 r 2 0
0 0 1

+///-
. (B.6)

�e distance between two points r1 = (r⊥1,φ1, z1) and r2 = (r⊥2,φ2, z2) is given by

|r1r2 | =
√
r 2
⊥1 + r

2
⊥2 − 2r⊥1r⊥2 cos (φ1 − φ2) + (z1 − z2)2. (B.7)

�e di�erential operator ∇ takes on the following form:

∇ =

(
∂r⊥,

1
r
∂φ , ∂z

)
, (B.8)

and the di�erential volume element is

d3r = r⊥ dr⊥ dφ dz . (B.9)

B.3 Spherical

B.3.1 De�nition

Spherical coordinates replace the last Cartesian coordinate by the polar angle θ . �ey
are de�ned by the following relations:



x = r cosφ sinθ ,

y = r sinφ sinθ ,

z = r cosθ ,

(B.10a)

and



r =
√
x2 + y2 + z2,

φ = arctan y

x
,

θ = arctan r⊥
z
.

(B.10b)

�e coordinates are graphically represented in �g. B.1.
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B.3.2 Properties

�e Euclidean metric of this coordinate system is

д =
*...,
1 0 0
0 r 2 0
0 0 r 2 sin2 θ

+///-
. (B.11)

�e distance between two points r1 = (r1,φ1,θ1) and r2 = (r2,φ2,θ2) is given by

|r1r2 | =
√
r 2

1 + r
2
2 − 2r1r2 [sinθ1 sinθ2 cos (φ1 − φ2) + cosθ1 cosθ2]. (B.12)

�e di�erential operator ∇ takes on the following form:

∇ =

(
∂r⊥,

1
r
∂φ ,

1
r sinθ ∂θ

)
, (B.13)

and the di�erential volume element is

d3r = r 2
⊥ sinθ dr⊥ dφ dθ . (B.14)



C
Special Functions and Distributions

�ere is no branch of mathematics, however abstract, which may not some
day be applied to phenomena of the real world.

Nikolai Ivanovich Lobachevsky
as quoted in ‘�e Foundations of Geometry and the Non-Euclidean Plane’

George Edward Martin
1975

�is Appendix will give some de�ning relations and important properties of
various functions and distributions that show up in the calculations in this thesis. Most
special functions and distributions have multiple de�ning relations, all equivalent. �is
overview does not pretend to be in any way complete, or mathematically rigorous. For
full treatments on special functions, consult mathematical literature. For additional
useful relations and properties, see NIST’s DLMF225.

C.1 Kronecker Delta

C.1.1 De�nition

�e Kronecker delta is a function of two integers, which is equal to 1 if they are equal,
and zero otherwise:

δi j =


1 if i = j,

0 if i , j .
(C.1)

It can also be de�ned by contour and Fourier integrals:

δx,n =
1

2πi

∮

|z |=1

dz zx−n−1 =
1

2π

2π∫

0

dφ ei(x−n)φ . (C.2)

C.1.2 Properties

�e Kronecker delta satis�es the si�ing property:

∑

n∈A
anδi,n = ai , (C.3)

which is valid as long as i ∈ A.
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C.2 Dirac Delta Distribution

C.2.1 De�nition

�e Dirac delta distribution is a continuous extension of the Kronecker delta de�ned
by the si�ing property that makes the la�er so usefula:



δ (x ) = 0,
+∞∫

−∞
dx δ (x − a) f (x ) = f (a),

(C.4)

for a ∈ R. �is is a generalized integral that must be understood as:

lim
n→∞

+∞∫

−∞
dx δn (x ) f (x ) = f (0), (C.5)

where δn (x ) is a delta series, which is nothing more than a series of functions such
that

lim
n→∞δn (x ) = δ (x ). (C.6)

An example for such a series is given by a normalized Gaussian function:

δn (x − a) =
√

n

π
e−n (x−a)2 . (C.7)

And although the rabbit hole goes somewhat deeper than this, that is as far as the
formal “delta function” maths go as far as I’m concerned.

C.2.2 Alternative forms

Under proper circumstances, the Dirac delta can be extracted from a (generalized)
continuous Fourier integral:

δ (x − a) = 1
2π

+∞∫

−∞
dt ei(x−a)t . (C.8a)

Furthermore, the Poisson summation formula, which can be seen as a Fourier series,
also provides a practical de�nition for the angular Dirac delta:

∆(ϕ − θ ) = 1
2π

+∞∑

n=−∞
ei(ϕ−θ )n . (C.8b)

�is object has the property ∆(ϕ + 2π) = ∆(ϕ).
Other coordinate systems will provide orthonormal functions with similar rela-

tions to the above (see the next sections).
a See e.g. Eq. 1.17 in NIST’s DLMF 225.

http://dlmf.nist.gov/1.17
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C.3 Gamma Function

De�nition �e Gamma function is de�ned by

Γ(z) =

∞∫

0

dt e−t tz−1, (C.9)

for Re z > 0, and analytically continued outside of that region. If its argument is an
integer, it reduces to the factorial,

Γ(n + 1) = n! = n(n − 1) . . . 1. (C.10)

C.4 Hypergeometric Function

De�nition �e mother of all functions, which also carries the less dramatic name
of (generalized) hypergeometric function, is de�ned as a seriesb,

pFq (a1, . . . ,ap ;b1, . . .bq ; z) =
∞∑

n=0

(a1)n . . . (ap )n

(b1)n . . . (bq )n

zn

n! . (C.11)

�e (x )n are Pochhammer symbols, also called the rising factorial, de�ned byc

(a)0 = 1,

(a)n = Γ(a + n)/Γ(a).
(C.12)

�e (ungeneralized) hypergeometric function is 2F1 (a,b; c ; z), which satis�es a di�er-
ential equation,

z (1 − z)∂2
zF + [c − (a + b + 1)z] ∂zF − abF = 0. (C.13)

Many special functions can be de�ned in terms of this function, as is shown for a
couple of them in the next sections.

C.5 Bessel Functions

C.5.1 Bessel functions of the �rst kind

De�nition �e cylindrical Bessel functions of the �rst and second kind are solutions
of the following di�erential equation,

x2∂2
xy + x∂xy + (x2 − `2)x = 0. (C.14)

�e complete solution of the above equation has the form

y (x ) = C1 J` (x ) +C1Y` (x ). (C.15)

Since beam-like solutions (which are �nite size at the origin) are of primary interest
in this work, the cylindrical Bessel function of the second kind, Y` will not be used.

b See e.g. eq. 16.2.1 in NIST’s DLMF 225.
c See e.g. § 5.2(iii) in NIST’s DLMF 225.

http://dlmf.nist.gov/16.2.E1
http://dlmf.nist.gov/5.2.iii
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Orthogonality �e cylindrical Bessel functions of the �rst kind are orthogonal in
the Dirac delta sense, expressed by the closure equation (which is valid for ` > −1/2),

∞∫

0

dx x J` (ux ) J` (vx ) =
1
u
δ (u −v ). (C.16)

Relation to other special functions �e Bessel function can be de�ned in terms
of the hypergeometric function (see appendix C.4),

J` (x ) =

(
x
2

)`

Γ(` + 1) 0F1

(
` + 1;−x

2

4

)
. (C.17)

Miscellaneous relations �e Jacobi-Anger identity is useful in transforming from
a plane wave exponential to the Bessel basis,

eiz cos θ =
+∞∑

n=−∞
in Jn (z)einθ . (C.18)

�e Bessel addition theorem allows one to “displace” a Bessel function’s origin to
coordinates (r0,φ0), resulting in a sum of Bessel functions of all orders, centred on a
new origin, through

Jν (κr
′)eiνφ ′ =

+∞∑

µ=−∞
Jν+µ (κr )ei(ν+µ )φ Jµ (κr0)e−iµφ0 . (C.19)

C.5.2 Modi�ed Bessel functions

De�nition A set of closely related functions, termed the modi�ed Bessel functions,
are solutions to the modi�ed Bessel equation,

x2∂2
xy + x∂x − (x2 + n2)y = 0, (C.20)

such that
y (x ) = C1In (x ) +C2Kn (x ). (C.21)

�ese functions can be wri�en in terms of the ordinary Bessel functions,

In (x ) = (−i)n Jn (ix ), (C.22a)

Kn (x ) =
1
2πin+1 [Jn (ix ) + iYn (ix )] . (C.22b)

Miscellaneous properties �e modi�ed Bessel function of the second kind has
the following property,

−∂A (AνKν (Ax )) = xAνKν−1 (Ax ). (C.23)

which is useful in reducing complicated integrals to a standard form. Additionally,
the function Kν is invariant under inversion of its order:

Kν (x ) = Kν (x ). (C.24)
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C.6 Laguerre Polynomials

De�nition �e Laguerre polynomials are de�ned as solutions of the following
di�erential equation:

x∂2
xy + (` + 1 − x )∂xy + ny = 0. (C.25)

Alternatively, they can be de�ned as a series,

L(`)n (x ) =
n∑

j=0
(−1) j *,

n + `

n − j
+-
x j

j! , (C.26)

or their generating function,

∞∑

n=0
tnL(`)n (x ) =

e− tx
1−t

(1 − t )`+1 , (C.27)

or their Rodriguez formula

L(`)n (x ) =
x−`ex
n! ∂

n
x e−xxn+` (C.28)

Orthonogonality

∞∫

0

dx x `e−xL(`)n (x ) =
Γ(n + ` + 1)

n! δn,m . (C.29)

Note that for ` ∈ Z,

Γ(n + ` + 1) = (n + `)! (C.30)

Relation to other functions �e Laguerre polynomials can be de�ned in terms
of the hypergeometric function (see appendix C.4):

L(`)n (x ) = *,
n + `

n
+-M (−n, ` + 1,x ) = (` + 1)n

n! 1F1 (−n, ` + 1,x ). (C.31)

Here, M is the con�uent hypergeometric function and (` + 1)n is the Pochhammer
symbol (see eq. (C.12)).

Laguerre polynomials are directly related to the Hermite polynomials,

H2n (x ) = (−4)nn!L(−
1
2 )

n (x2),

H2n+1 (x ) = 2(−4)nn!xL(
1
2 )

n (x2).
(C.32)
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C.7 Associated Legendre Polynomials

De�nition �e associated Legendre polynomials are de�ned as the solutions of
Legendre’s di�erential equationd,

(1 − x2)∂2
xP

m
l (x ) − 2x∂xPml (x ) +

[
l (l + 1) − m2

1 − x2

]
Pml (x ) = 0, (C.33)

or by means of their somewhat cumbersome generating function271,

l=0∑

l=m

Pml (x )tn =
(2m)!(1 − x2)m/2tm

2mm!(1 − 2xt + t2)m+1/2
, (C.34)

or by using Rodrigues’ formula,

Pml (x ) =
(−1)m

2l l !
(1 − x2)

m/2∂l+mx

(
x2 − 1

) l
. (C.35)

Orthogonality �e associated Legendre polynomials, at least for 0 ≤ m ≤ l , are
orthogonal on the interval [−1, 1] in both indices

+1∫

−1

dx Pmk (x )Pml (x ) =
2(l +m)!

(2n + 1) (l −m)!δk,l , (C.36a)

+1∫

−1

dx
P (
l x )P

n
l (x )

1 − x2 =



0 if m , n,
(l+m)!
m (l−m)! if m = n , 0,

∞ if m = n = 0.

(C.36b)

C.8 Spherical Harmonics

De�nition �e spherical harmonics form a representation of the symmetry group
of three-dimensional rotations around a point. �ey are the solution to the angular
part of the Laplace equation and can be wri�en as,

Ym
l (θ ,φ) = (−1)m

√
2l + 1

4π
(l −m)!
(l +m)!P

m
l (cosθ )eimφ. (C.37)

Properties �e spherical harmonics de�ned by eq. (C.37) are orthonormal,

π∫

0

dθ
2π∫

0

dφ Ym′∗
l ′ (θ ,φ)Ym

l = δl,l ′δm,m′. (C.38)

Sets of certain l , which are given by m = −l , . . . + l , form a group under three
dimensional rotations. �e exact formula depends

d �is equation also has non-polynomial solutions, aptly names Legendre functions of the second kind,
usually denoted by Qn . �ere



D
Angular position and maximum angular

uncertainty

Barne� and Pegg have resolved the long-lasting problem of �nding a well-de�ned,
Hermitian, angular position operator23. Without this, it is impossible to properly
de�ne the commutation relation (and the related uncertainty inequality) between
angular position, φ, and angular momentum, ~`. �is section follows the above article
closely. An angular momentum eigenstate is de�ned to have eigenvalue ~m (m ∈ Z):

L̂z |m〉 = ~m |m〉. (D.1)

To avoid the singularities in intermediate results such as matrix elements, these states
will be assumed to exist in a 2l + 1-dimensional space. �e limit of l → ∞ must
only be taken a�er calculating expectation values, or these divergences will pop up
again. Angle states, by de�nition, are generated by the angular momentum operator
working on a certain “zero angle” state, |α0〉:

|φ〉 = e−iφ L̂z /~ |α0〉. (D.2a)

An angular position operator, φ̂, if it exists as conjugate operator with L̂‡, it would
be the generator of angular momentum shi�,

einφ̂ |m〉 = |m + n〉. (D.2b)

By operating with einφ̂ on both sides of following expansion,

|α0〉 =
∑

m

cm |m + n〉, (D.3)

it can be seen that cm does not depend onm. Normalizing it to the state dimension,
one obtains an unambiguous form of the angle states:

|φ〉 = 1√
2l + 1

l∑

m=−l
e−imφ |m〉. (D.4)

�ese are easily seen to not be mutually orthogonal, as they are over-complete. If not
for the normalization 1

2l + 1 , the angle state would be a sum of Dirac delta functions
separated by 2π in the limit of l → ∞ as desired. Orthogonality can be ensured by
de�ning the angle states |φn〉 as

φn = φ0 +
2πn

2l + 1 , (D.5)

resulting in 2l + 1 angle states labelled with n = 0, 1, . . . , 2l . Equation (D.5) de�nes
a set of basis states for each choice of the arbitrary angle φ0, and are only mutually
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202 Angular position and maximum angular uncertainty

orthogonal if one considers one such set. �is choice corresponds to determining the
value of arctan y/x . As a consequence, the angular position operator depends on this
φ0, and has the form,

φ̂φ0 =

2l∑

n=0
φn |φn〉〈φn |. (D.6a)

Noting that the angle states, determined by eq. (D.5), form a complete basis, one also
has,

φ̂φ0 = φ0 +
2l∑

n=0

2πn
2l + 1 |φn〉〈φn |. (D.6b)

Using the de�nition of |φn〉, and from eq. (D.4), one can then determine the angular
position uncertainty of an angular momentum eigenstate:

σ 2
φ = 〈m |φ̂2 |m〉 − |〈m |φ̂ |m〉|2 (D.7a)

= 〈m |
2l∑

n=0
φn |φn〉〈φn |

2l ′∑

n′=0
φn′ |φn′〉〈φn′ |m〉 −

2l∑

n=0
φn〈m |φn〉〈φn |m〉 (D.7b)

=

2l∑

n=0

2l∑

n′=0
φnφn′〈m |φn〉〈φn |φn′〉〈φn′ |m〉 − *,

∑2l
n=0 φn

2l + 1
+-

2

(D.7c)

=
1

2l + 1

2l∑

n=0

2l∑

n′=0
φnφn′δn,n′eim (φn−φ ′n) −

(
φ0 +

2πl
2l + 1

)2
(D.7d)

=
1

2l + 1

2l∑

n=0

(
φ0 +

2πl
2l + 1

)2
−

(
φ2

0 +
4π2l2

(2l + 1)2 +
4πφ0l

2l + 1

)
(D.7e)

=
4πφ0l

2l + 1 +
4π2

3
l (1 + 4l )
(2l + 1)2 − 4π2l2

(2l + 1)2 −
4πφ0l

2l + 1 . (D.7f)

�is expression is valid for an angular momentum space with dimension 2l + 1.
Taking the limit of l → ∞ of eq. (D.7f), one obtains the expected value for the
standard deviation,

σ 2
φ =

π2

3 . (D.8)

Note that it would not be less correct to take this limit of eq. (D.7d); the result would
be the same.



E
Tabulated Integrals

�is appendix will list the explicit form of several key integrals used in obtaining
analytical expressions presented in this thesis. In retrospect, the list isn’t as long as I
set it out to be, but nonetheless, this serves as a good reference to those that want to
reproduce the calculations in the main text.

E.1 Resulting in Bessel Functions

�e integrals can be found in Gradshteyn and Ryzhika:
∞∫

0

dz e−a
√
r 2+z2

√
r 2 + z2

cos (bz) = K0
(
r
√
a2 + b2

)
. (E.1a)

�is result can be easily extended to other, closely related formula’s by taking the
derivative with respect to the parameter a of both sides, e.g.,

∞∫

0

dz e−a
√
r 2+z2 cosbz =

arK1
(
r
√
a2 + b2

)

√
a2 + b2

. (E.1b)

Performing the same action again, one obtains sums of even (odd) orders of modi�ed
Bessel functions of the second kind multiplied by an even (odd) power of r .

If one instead takes the derivative in function of b,
∞∫

0

dz ze−a
√
r 2+z2 sinbz =

brK1
(
r
√
r 2 + z2

)

√
a2 + b2

. (E.1c)

Of which one can now take the derivatives with respect to a again to obtain various
useful expressions.

E.2 Of Bessel Functions

In what follows, these variables are de�ned,

l1 =
1
2

(√
(a + b)2 + c2 −

√
(a − b)2 + c2

)
,

l2 =
1
2

(√
(a + b)2 + c2 +

√
(a − b)2 + c2

)
,

(E.2)

and
r1 =

√
(a + b)2 + c2,

r2 =
√
(a − b)2 + c2.

(E.3)

a See eqs. 3.914 in Gradshteyn and Ryzhik.
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�e following integral can be found in Gradshteyn and Ryzhikb:

∞∫

0

dr rK0 (ar ) Jν (br ) Jν (cr ) =

(
r2 − r2
r2 + r1

) |ν | 1
r1r2
=

(
l1
l2

) |ν | 1
l2
2 − l2

1
. (E.4)

b See eq. 6.522.3 in Gradshteyn and Ryzhik.



F
Physical constants

When writing down an equation describing the real world, it is impossible to avoid
using all physical constants, as they are de�ned within the current framework of
Physics, even when employing “natural” unit systems. table F.1 lists the physical
constants used in this thesis together with their current accepted values224. table F.2

Symbol Name Value Units
me electron mass 9.109 382 91(40) × 10−31 kg
e electron charge 1.602 176 565(35) × 10−19 C
~ reduced Planck constant 1.054 571 726(47) × 10−34 J s
c speed of light in vacuum 299 792 458 m/s
α−1 inverse �ne structure constant 137.035 999 074(44)

Table F.1: Collection of fundamental physical constants, retrieved from the NIST224

at the time of writing. �e standard uncertainty on the �nal digits is given in paren-
thesis.

Symbol Name Value Units
aB Bohr radius 0.529 177 210 92(17) × 10−10 m
ε0 vacuum permi�ivity 8.854 187 817 × 10−12 F/m
µB Bohr magneton 927.400 968(20) × 10−26 J/T
Φ0 magnetic �ux quantum 2.067 833 758(46) × 10−15 Wb

Table F.2: Some derived physical constants, retrieved from the NIST224 at the time
of writing. �e standard uncertainty on the �nal digits is given in parenthesis. Exact
values instead are given with an ellipsis.
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G
Atomic Units

Although all equations in this work are expressed in SI units and all physical constants
appear where they should, quantities expressed in atomic units were employed
to generate many of the �gures. To prevent even the slightest confusion of the
de�nition of the units, I will explain their relation, as I used them, to SI units and give
several examples of conversions between physical quantities to make interpreting
and translating the quantities in the �gures as straightforward as possible. Atomic
units are de�ned with these quantities set to unity: electron massme , electron charge
e , reduced planck constant ~, and the Coulomb force constant 1

4πε0
.

Table table G.1 gives the de�ning atomic units and their value in SI units. Se�ing
these units to one results in various derived units. Some of these are given in table G.2.
Se�ing these formally to 1 results in various other quantities with new values, now
expressed in atomic units. Some common ones, which are also used in this work, are
listed in table G.3.

quantity constant symbol SI value
length Bohr radius aB 0.529 177 208 3 × 10−10 m
mass electron mass me 9.109 381 88 × 10−31 kg
action reduced Planck constant ~ 1.054 571 60 × 10−34 J s
charge electron charge e 1.602 176 462 × 10−19 C

Table G.1: Atomic units and their value in SI units.

quantity unit symbol value
energy Hartree Eh ~2a−2

B m−1
e

magnetic �ux Tesla T 4.254 382 547 308 656 ~e−1a−2
B

Table G.2: Some values of derived units in atomic units.
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quantity/constant symbol value
permeability of vacuum µ0 0.000 669 176 249 680 715 9 a0mBe

−1

speed of light in vacuum c 137.035 999 628 751 5 ~aBm
−1
e

Bohr magneton µB 0.5 e~m−1
e

permi�ivity of vacuum ϵ0 (4π)−1 e2aBme~
−2

Table G.3: Several physical constants in atomic units.
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[134] G. Guzzinati, L. Clark, A. Béché, R. Juchtmans, R. Van Boxem, M. Mazilu, and J. Verbeeck.
Prospects for versatile phase manipulation in the TEM: Beyond aberration correction. Ultra-

microscopy, 151:85–93, April 2015. Special Issue: 80th Birthday of Harald Rose; PICO 2015 -
�ird Conference on Frontiers of Aberration Corrected Electron Microscopy. (cited on pages ix
and 113).

[135] A. R. Hadjesfandiari. Character of the magnetic monopole �eld. International Journal of

Materials and Product Technology, 34:37 – 53, January 2009. (cited on page 99).

[136] J. Handali, P. Shakya, and B. Barwick. Creating electron vortex beams with light. Optics Express,
23(4):5236–5243, February 2015. (cited on pages 83 and 89).

http://dx.doi.org/10.1364/OL.30.002245
http://dx.doi.org/10.1364/OL.30.002245
http://www.elsevier.com/books/table-of-integrals-series-and-products/zwillinger/978-0-12-384933-5
http://dx.doi.org/10.1038/nature01935
http://dx.doi.org/10.1063/1.4863564
http://dx.doi.org/10.1063/1.4863564
http://dx.doi.org/10.1103/PhysRevX.4.011013
http://dx.doi.org/10.1103/PhysRevX.4.011013
http://dx.doi.org/10.1364/AO.23.000048
http://dx.doi.org/10.1364/AO.23.000048
http://dx.doi.org/10.1007/978-3-540-71584-9
http://dx.doi.org/10.1016/j.physletb.2008.07.046
http://dx.doi.org/10.1063/1.522555
http://dx.doi.org/10.1063/1.522555
http://hdl.handle.net/10067/1304990151162165141
http://dx.doi.org/10.1103/PhysRevLett.110.093601
http://dx.doi.org/10.1103/PhysRevLett.110.093601
http://dx.doi.org/10.1103/PhysRevA.89.025803
http://dx.doi.org/10.1103/PhysRevA.89.025803
http://dx.doi.org/10.1016/j.ultramic.2014.10.007
http://dx.doi.org/10.1504/IJMPT.2009.022402
http://dx.doi.org/10.1364/OE.23.005236


218 Bibliography

[137] M. Harris, C. Hill, and J. Vaughan. Optical helices and spiral interference fringes. Optics

Communications, 106(4–6):161 – 166, March 1994. ISSN 0030-4018. (cited on page 77).

[138] A. G. Hayrapetyan, O. Matula, A. Aiello, A. Surzhykov, and S. Fritzsche. Interaction of relativistic
electron-vortex beams with few-cycle laser pulses. Physical Review Le�ers, 112:134801, April
2014. (cited on pages 74, 76, and 167).

[139] H. L. F. v. Helmholtz. LXIII. On integrals of the hydrodynamical equations, which express
vortex-motion. Philosophical Magazine Series 4, 33(226):485–512, 1867. (cited on page 11).

[140] D. Hestenes. Spin and uncertainty in the interpretation of quantum mechanics. American

Journal of Physics, 47(5):399–415, May 1979. (cited on page 23).

[141] D. Hestenes. �e zi�erbewegung interpretation of quantum mechanics. Foundations of Physics,
20(10):1213–1232, October 1990. ISSN 0015-9018. (cited on page 23).

[142] D. Hestenes. Hunting for snarks in quantum mechanics. AIP Conference Proceedings, 1193(1):
115–131, December 2009. (cited on page 23).

[143] P. Hillion. Spinor representation of electromagnetic �elds. Journal of the Optical Society of

America, 66(8):865–865, August 1976. (cited on page 40).

[144] P. Hillion. �e spinor Helmholtz equation. Journal of Mathematical Physics, 19(1):264–269,
January 1978.

[145] P. Hillion and S. �innez. Huygens-Fresnel principle in the spinor theory of light. Journal of

Optics, 14(3):143, May 1983.

[146] P. Hillion and S. �innez. Spinor formalism for waveguides. Annales Des Télécommunications,
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