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Abstract We study the phenomenon of duality in hard ex-
clusive reactions to which QCD factorization applies. Con-
sidering “two-photon”-like processes in the scalar ϕ3

E model
and also two-hadron (pion) production from the collisions of
a real (transversely polarized) and a highly-virtual, longitu-
dinally polarized photon in QCD, we identify two regimes
of factorization, each of them associated with a distinct non-
perturbative mechanism. One mechanism involves twist-3
Generalized Distribution Amplitudes, whereas the other one
employs leading-twist Transition Distribution Amplitudes.
In the case of the scalar ϕ3

E model, we find duality in that
kinematical region where the two mechanisms overlap. In
the QCD case, the appearance of duality is sensitive to the
particular nonperturbative model applied and can, therefore,
be used as an additional adjudicator.

PACS 13.40.-f · 12.38.Bx · 12.38.Lg

1 Introduction

Lacking a complete theoretical understanding of color con-
finement, the only method of applying QCD is based on the
factorization of the dynamics and the isolation of a short-
distance part which is amenable to perturbative techniques
of quantum field theory (see, [1–5] and for a review, for
instance, [6] and references cited therein). On the other
hand, the long-distance part has to be parameterized in terms
of matrix elements of quark and gluon operators between
hadronic states (or the vacuum). These matrix elements have
a nonperturbative origin and have to be either extracted from
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experiment or be determined by lattice simulations. In many
phenomenological applications they are usually modeled by
applying various nonperturbative methods.

The QCD description of more involved hadronic process-
es requires the introduction of new hard parton subprocesses
and nonperturbative functions. Important particular ex-
amples are exclusive hadronic processes which involve
hadron distribution amplitudes (DAs), generalized distrib-
ution amplitudes (GDAs), and generalized parton distribu-
tions (GPDs) [7–11]. Within this context, collisions of a real
and a highly-virtual photon provide a useful tool for study-
ing a variety of fundamental aspects of QCD. A special case
of this large class of processes is the exclusive two-hadron
(pion) production in that region, where one initial photon is
far off-shell (with its virtuality being denoted by Q2) and
longitudinally polarized, with the other photon being trans-
versely polarized, while the overall energy (or, equivalently,
the invariant mass of the two hadrons), s, is small. Such
a process factorizes into a perturbatively calculable short-
distance dominated subprocess, that describes the scattering
γ ∗γ → qq̄ or γ ∗γ → gg, and nonperturbative matrix ele-
ments measuring the transitions qq̄ → AB and gg → AB .

Another extensively studied—both theoretically and ex-
perimentally—two-photon process is the pion–photon tran-
sition form factor. This exclusive process has been measured
by the CELLO [12] and the CLEO [13] Collaborations for
an almost on-shell (i.e., real) photon, whereas the other one
has a large virtuality of up to 9 GeV2 and is transversely
polarized. These data have been analyzed over the years by
many authors using various theoretical approaches—see, for
instance, [14–23]. The major outcome of the most recent
study [22] is that the CLEO data exclude the Chernyak–
Zhitnitsky pion distribution amplitude [24] at the 4σ level,
while, perhaps somewhat surprisingly, also the asymptotic
distribution amplitude seems to be disfavored (being off at
the 3σ level). These findings are supported by the latest
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Fig. 1 (Top) Dual factorization
mechanisms in describing the
fusion of a real photon with a
highly-virtual and longitudinally
polarized photon in the
Euclidean ϕ3

E model. (Bottom)
The analogous situation in QCD

high-precision lattice simulations by two independent col-
laborations [25, 26]. It is remarkable that the only pion dis-
tribution amplitude found to be within the 1σ error ellipse
of the CLEO data, while complying with the new lattice re-
sults just mentioned, is the pion model derived from nonlo-
cal QCD sum rules [27].

These results lend credibility to the usefulness of two-
photon processes as a means of accessing and understand-
ing the parton structure of hadrons. On that basis, one may
try to assess more complicated two-photon processes with
two pions in the final state. Indeed, recently, nonperturbative
quantities of a new kind were introduced—transition distri-
bution amplitudes (TDAs) [28–30]—which are closely re-
lated to the GPDs and describe the transition qγ → qA. In
contrast to the GDAs, mentioned above, such nonperturba-
tive objects, like the TDAs, appear in the factorization pro-
cedure when the Mandelstam variable s is of the same or-
der of magnitude as the large photon virtuality Q2, while t

is rather small. Actually, there exists a reaction where both
amplitude types, GDAs and TDAs, can overlap. Precisely
this can happen in the fusion of a real transversely polarized
photon with a highly-virtual longitudinally polarized pho-
ton that gives rise to a final state comprising a pair of pions.
This reaction can potentially follow either path, i.e., it can
proceed via the twist-3 GDAs, or through the leading-twist
TDAs, as illustrated in Fig. 1. The first mentioned possibil-
ity is linked to the case when one of the involved photons
is longitudinally polarized, whereas the other one is trans-
versely polarized. The second possibility corresponds to the
same situation, but appears in contrast to that in leading-
twist order, as we will show in Sect. 3. Thus, a comparative
analysis of both possible mechanisms for this reaction seems

extremely interesting both theoretically and phenomenolog-
ically.

A simultaneous analysis of these two mechanisms in the
production of a vector-meson pair was carried out in [31].
The authors found that these mechanisms can be selected by
means of the different polarizations of the initial-state pho-
ton. In the case of (pseudo)scalar particles, like the pions,
this effect is absent and, therefore, this opens up a window of
opportunity to access the overlap region of both mechanisms
and their duality as opposed to their additivity. By duality we
mean here that adding the contributions of the two mecha-
nisms would lead to a double counting. Hence, these mecha-
nisms are in antagonism to each other and should be consid-
ered as two alternative ways to describe the same physics.

In this paper, we will verify the possibility for duality be-
tween the two different mechanisms of factorization, associ-
ated either with GDAs, or with TDAs, in the regime where
both Mandelstam variables s and t are rather small com-
pared to the large photon virtuality Q2. This will be done be-
low by considering first (Sect. 2) the Euclidean ϕ3

E-analogue
of QCD, followed by an investigation of the exclusive pion-
pair production in γ γ ∗

L collisions in Sect. 3. Our findings are
summarized and further discussed in Sect. 4, where we also
provide our conclusions.

2 Regimes of factorization within the ϕ3
E model

We start our analysis with the factorization of a two-photon
process in which the two photons undergo a fusion with the
subsequent creation of two pions. For the sake of simplicity,
we work first in the scalar Euclidean ϕ3

E model, regarding it
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as a sort of a toy model in order to prepare the ground for the
real QCD application to follow in the subsequent section.

The most convenient way to analyze this four-particle
amplitude in the ϕ3

E model is to work within the α-repre-
sentation, following the lines of thought given in [10] in the
discussion of Deeply Virtual Compton Scattering. The rea-
son is that within this representation (i) the calculations can
be performed in a systematic way, not only at one loop but
also at higher-loop levels, (ii) the factorization of the process
can be studied in detail, and (iii) one can study the spectral
properties of the nonperturbative input (GPDs, GDAs) be-
cause these properties are insensitive to the numerators of
the quark and gluon propagators. In addition, complications
owing to the spin structure do not affect them. It is worth
recalling in this context that the α-representation of Feyn-
man diagrams is not only a schematic means for identifying
relevant integration regions in a factorization procedure, but
can, in fact, serve to provide rigorous proofs of factorization
theorems [1, 2].

The contribution of the leading “box” diagram, see Fig. 2,
can be written as

A
(
s, t,m2) = − g4

16π2

∫ ∞

0

∏4
i=1 dαi

D2

× exp

[
− 1

D

(
Q2α1α2 + sα2α4

+ tα1α3 + m2D2)
]
, (1)

where m2 serves as a infrared (IR) regulator, s > 0, t > 0
are the Mandelstam variables in the Euclidean region, and
D = α1 + · · · + α4.

It is useful to introduce the dimensionless parameters

αi = α̃i

Λ2
(2)

(here, the dimensional parameter Λ2 is an arbitrary one) and,
then, recast the α̃-parameters into the form

α̃i

∣∣∞
0 = βi

1 − βi

∣∣∣
∣

1

0
. (3)

As a result, we get the following expression for the consid-
ered amplitude:

A
(
s, t,m2) = − g4

16π2Λ4
Ã,

Ã =
∫ 1

0

∏4
i=1 dβi

D̃2
exp

[
−Q2

Λ2

β1β2β̄3β̄4

D̃
(4)

− s

Λ2

β2β4β̄1β̄3

D̃
− t

Λ2

β1β3β̄2β̄4

D̃
− m2

Λ2

D̃

β̄1β̄2β̄3β̄4

]
,

where D̃ = β1β̄2β̄3β̄4 + · · · + β̄1β̄2β̄3β4 and β̄i = 1 − βi .
The particular feature of the considered process is that the
transferred momentum q2 = Q2 is large compared to the
mass scale m2, the latter simulating here the typical scale of
soft interactions. With respect to the other two kinematical
variables s and t , one can identify four distinct regimes:

(a) s � Q2 while t is of order Q2;
(b) t � Q2 while s is of order Q2;
(c) s, t � Q2;
(d) s, t are both of order Q2 (this regime corresponds to

large-angle scattering [3, 4] and will not be addressed
here).

Notice that within the regimes (a) and (b), amplitude (1) or
(4) can be factorized. Recall that the factorization of (1) and
(4) at the leading-twist level in the α- or β-representation is
equivalent to the calculation of the leading Q2-asymptotics
of the Laplace-type integral

F(λ) =
∫ ∞

0
dα g(α) exp

[−λf (α)
] ≈ g(0)

λf ′(0)

with a large and positive parameter λ and the function f (α)

having a minimum at the point α = 0.

Regime (a) Let us begin the discussion of this regime by
considering how the integrand in (4) depends on the para-
meters β1 and β2, keeping in mind that the parameters β3

and β4 will be integrated out. To model this regime, we
fix, for example, the value of s/Λ2 to be equal to 1 and
set t/Λ2 = 50.0, Q2/Λ2 = 100.0. Then, the two-variable
function representing the integrand in (4) behaves as shown
in Fig. 3. From this figure, one can conclude that the main

Fig. 2 (a) The box diagram in
α-space within the ϕ3

E -theory.
The left open lines in each graph
simulate the “photons” with the
appropriate kinematics (see
text), whereas the open lines at
the right denote the produced
mock “pions”. (b) “GDA
factorization” indicated by an
oval. (c) “TDA factorization”
indicated by an oval
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Fig. 3 The integrand of the exact amplitude (4) as a function of β1 and β2 in regime (a). Left panel: top view; right panel: 3D illustration

contribution to the exact amplitude (4) emanates from the
area restricted by small β1 values around β1 ∼ 0.05 and β2

values varying in the wide interval [0,0.9]. We will call this
support of the integrand the β2-wing. Indeed, we may divide
the whole support into the following domains (see Fig. 4)

Region 1: β1 ∈ [0,0.1], β2 ∈ [0,0.1];
Region 2: β1 ∈ [0.1,1], β2 ∈ [0.1,1];
Region 3: β1 ∈ [0,0.1], β2 ∈ [0.1,1];
Region 4: β1 ∈ [0.1,1], β2 ∈ [0,0.1].

(5)

Our numerical computation shows that the integrations over
the strip including the regions 1 and 3 (the β2-wing) gives a
85% contribution to the amplitude (4) relative to the contri-
bution from the whole support. Thus, we may approximate
the exact amplitude by integrating over the β2-wing only.
[Note that the contribution from the integration over the re-
gion 1 provides approximately a mere 5%.]

On the other hand, in this regime, the exact amplitude can
also be estimated by the asymptotic formula which results
from the analytic integration over the region where β1 ∼ 0
(corresponding to the “GDA factorization”—recall Fig. 1):

Ãas
GDA

(
s, t,m2)

=
∫ 1

0

dβ2 dβ3 dβ4

D̃2
0

× exp

(
− s

Λ2

β2β4β̄3

D̃0
− m2

Λ2

D̃0

β̄2β̄3β̄4

)

×
[
Q2

Λ2

β2β̄3β̄4

D̃0
+ t

Λ2

β3β̄2β̄4

D̃0
+ m2

Λ2

]−1

, (6)

Fig. 4 Regions of integration in
β space of the integrand of the
exact amplitude (4) as a
function of β1 and β2

where D̃0 = β2β̄3β̄4 + β̄2β3β̄4 + β̄2β̄3β4. Indeed, the inte-
gration over β1 ∼ 0 eliminates the Q2-dependence in the ex-
ponential function and provides the main contribution to the
amplitude Ã. Schematically, this means that the propagator
parameterized by α1 or β1 can be associated with the par-
tonic (hard) subprocesses, while the remaining propagator
constitutes the soft part of the considered amplitude, i.e., the
scalar version of the GDA (see Fig. 2(b)). Note that the con-
sidered process is going through the s-channel, which would
correspond to the GDA mechanism in QCD.1

Concluding this discussion, one should stress that when
s/Λ2 = 1.0, t/Λ2 = 50.0, the ratio between the asymptotic
(6) and the exact amplitude (4) is

R = Ãas
GDA

Ã
= 1.01. (7)

This ratio shows that the asymptotic formula (6) reproduces
the exact amplitude (4) with a rather high accuracy, though
slightly overestimating it. Such a situation is very natural for

1In anticipation of the QCD case later on, we already use the notions
GDA and TDA, though, strictly speaking, they are not applicable here.
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the considered regime of the amplitude within the α parame-
terization and is not at odds with other factorization proce-
dures.

Regime (b) Here, we have to eliminate from the exponen-
tial in (4) the variables Q2 and s, which are large. This can
be achieved by integrating over the region β2 ∼ 0, i.e., by
cutting the line corresponding to this parameter. Perform-
ing similar manipulations as in regime (a), we find that the
scalar TDA amplitude (associated with the factorization in
the t-channel (see Fig. 2(c))) can be related to the scalar
GDA via

Ãas
TDA

(
s, t,m2) = Ãas

GDA

(
t, s,m2). (8)

Regime (c) The most important regime for our investiga-
tions on duality is when it happens that both variables s

and t are simultaneously small compared to Q2 (but still
much larger than the soft scale m2): s, t � Q2. The question
which may arise in this case is what happens with factoriza-
tion. In other words, can the asymptotic formula be useful
even in this case?

In investigating this issue, we face two different options.

Option 1 Start with, say, the regime (a), since there is no
doubt that the asymptotic formula (or the factorization) can
be applied to both regimes (a) and (b). We begin by consid-
ering the integrand of (4) in terms of the two variables β1

and β2. Then, we tune the value of the variable t/Λ2 down
to small enough values in order to understand the behav-
ior of the integrand in this regime. We originally designed
the integrand of (4) for t/Λ2 assuming values within the set
{25,10,5,2,1}, but for our purposes it is necessary to study
the special case of t/Λ2 = s/Λ2 = 1 presented in Fig. 5.
From this graphics we see that the support of the considered

function contains now two wings from which the function
becomes saturated. Note that the β1- and β2-wings are the
same in this case and that both wings are equally essential.
The numerical analysis shows that the integration in (4) over
the regions 1, 3, and 4 (β1- and β2-wings), i.e.,

Ã ≈
{∫

Reg.-1
+

∫

Reg.-3
+

∫

Reg.-4

}
dβ1 dβ2

∫ 1

0

dβ3 dβ4

D̃2

× exp

[
−Q2

Λ2

β1β2β̄3β̄4

D̃
− s

Λ2

β2β4β̄1β̄3

D̃

− t

Λ2

β1β3β̄2β̄4

D̃
− m2

Λ2

D̃

β̄1β̄2β̄3β̄4

]
(9)

provides approximately a 80% contribution to the exact am-
plitude in this regime. Therefore, the saturation of the exact
amplitude (4) in regime (c) results from contributions origi-
nating from both wings β1 and β2. Hence, restricting atten-
tion to only one of them is not permissible. In this sense, we
deal with a particular case of “additivity” of the two wings.

Option 2 However, there exists an alternative way to deter-
mine the exact amplitude, based on the analytic integration
of (4) in β space. Namely, we may continue the asymptotic
formula (6), obtained within regime (a), to regime (c), where
t/Λ2 and s/Λ2 are the same (or approximately the same).
Then, we will observe that the asymptotic formula (6) still
describes the amplitude

Ã ≈ Ãas
GDA

(
s, t,m2)∣∣

t→s
(10)

with an acceptable accuracy, still slightly overestimating the
exact amplitude (4). This becomes evident by analyzing the
ratio (7) in terms of t/Λ2, as depicted in Fig. 6. One sees
that the large t-tail of ratio (7) is actually well described by

Fig. 5 The integrand of the exact amplitude (4) as a function of β1 and β2 in regime (c)
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Fig. 6 The ratio R, see (7), as a function of t/Λ2

the findings in regime (a). At the same time, when we go to
the regime where t is small or of the same order as s, the
asymptotic formula (6)—which was continued from regime
(a)—describes even in this case the exact amplitude with a
tolerable 10% deviation. Indeed, in the small t region, the
ratio (7) increases from approximately 1.01 to about 1.09
at t/Λ2 ≈ 1. Hence, we may conclude that, despite the fact
that the exact amplitude (4) in regime (c) is saturated from
contributions stemming from both wings β1 and β2, the as-
ymptotic formula (6), derived in regime (a) and continued to
regime (c), is still suitable for an acceptable approximation
of the exact amplitude.

Due to the symmetry of regimes (a) and (b) under the ex-
change of the variables s ↔ t , a similar statement is valid
as regards the asymptotic formula derived in regime (b)—
cf. (8). Therefore, in regime (c), the asymptotic expression
(6) still remains a good approximation of the exact ampli-
tude, so that one does not have to re-estimate it using as an
alternative equation (8). Insisting to do so, one would face
a “double-counting” problem. Thus, in this sense, we deal
with duality between (6) and (8). Note that this duality is
not a result of the symmetry between regimes (a) and (b).
This symmetry merely simplifies the analysis of regime (b).

Since the derivation of the asymptotic formula resem-
bles the factorization procedure for the given amplitude (in
which the asymptotic formula plays the role of the partonic
part), the GDA and TDA factorizations within the ϕ3

E model
in regime (c) are equivalent to each other without a kine-
matical or dynamical prevalence of one over the other. This
can be interpreted as a sort of duality between the GDA and
TDA factorizations.

In concluding this discussion, let us stress that there is
a difference between the two possible ways of factoriza-
tion, which are usually considered to be equivalent, because,

there is either dominance of some parts of the full integra-
tion region, see (9), or the application of the asymptotic (par-
tonic) formula, see (10) can (approximately) describe the ex-
act process amplitude. In the case of regime (c), the first way
of factorization implies additivity of the two wings. Alterna-
tively, the continuation of the asymptotic (partonic) expres-
sions gives rise to duality between them.

3 TDA-factorization vs. GDA-factorization
for γ γ ∗ → ππ

In the preceding section, we demonstrated how the duality
between the GDA and the TDA-factorization works within
a toy model. We now study the duality phenomenon in the
case of real QCD. To this end, we consider the exclusive
π+π− production in a γT γ ∗

L collision, where the virtual
photon with a large virtuality Q2 is longitudinally polarized,
whereas the other one is quasi real and transversely polar-
ized. As already mentioned, the key feature of this process is
that it exhibits two different kinds of factorization, based, re-
spectively, on the GDA or the TDA mechanism (see Fig. 7),
with a potential overlap of both mechanisms in the kinemati-
cal regime where t and s are small. Notice that this situation
differs from the cases studied in [31], where the additivity
of the GDA and the TDA factorizations was explored and
found that each factorization mechanism can be selected on
account of the helicity of the particles.

In contrast, in our case, the GDA and the TDA regimes
correspond to the same helicity amplitudes, resembling the
situation faced in the scalar case considered in the preced-
ing section where there is only one helicity amplitude. To
continue, let us recall the parameterization of nonperturba-
tive matrix elements entering our analysis. Because the con-
sidered process involves a longitudinally and a transversally
polarized photon, we have to deal with twist-3 parameteriz-
ing functions. To this end, we adhere to [32], where the gen-
uine twist-3 contributions in the γ γ ∗ → ππ process were
studied in detail (see, also, [33]). As regards the twist-2 con-
tribution, related to the meson DA, we use the standard pa-
rameterization of the π+-to-vacuum matrix element which
involves a bilocal axial-vector quark operator [1, 2].

On the other hand, the γ → π− matrix elements, entering
the TDA-factorized amplitude, can be parameterized in the
form (cf. [29])
〈
π−(p2)|ψ̄(−z/2)γα[−z/2; z/2]ψ(z/2)|γ (q ′, ε′)

〉

F= ie

fπ

εαε′
T PT

V1(x, ξ, t),

〈
π−(p2)|ψ̄(−z/2)γαγ5[−z/2; z/2]ψ(z/2)|γ (q ′, ε′)

〉

F= e

fπ

ε′
T · T PαA1(x, ξ, t),

(11)
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Fig. 7 Two ways of
factorization: (Left panel) via
the GDA mechanism and via the
TDA mechanism (right panel).
Only a single typical diagram
for each case is shown for the
purpose of illustration

where the symbol
F= stands for the Fourier transformation

(with the appropriate measure) and

[−z/2; z/2] = P exp

[
ig

∫ −z/2

z/2
dxμAμ

a (x)ta

]
(12)

denotes a path-ordered gauge link to ensure gauge invari-
ance. In the following, we choose to work in the axial gauge
which entails that the gauge link is equal to unity. In (11), the
nonperturbative amplitudes V1 and A1 denote, respectively,
vector and axial-vector TDAs, whereas the relative momen-
tum is defined as P = (p2 + q ′)/2, and  = p2 − q ′. Notice
that TDAs in the ERBL region, i.e., −ξ ≤ x ≤ ξ , include
the so-called D-term, where the pole contribution, related
to the spinless resonance (this being the pion in our case),
is included [34, 35]. Finally, to normalize the axial-vector
TDA, A1, we adopt the philosophy of [29, 36–41] and ex-
press A1 in terms of the axial-vector form factor measured
in the weak decay π → lνlγ , i.e.,

1∫

−1

dxA1(x, ξ, t) = 2fπFA(t)/mπ , (13)

where fπ = 0.131 GeV, mπ = 0.140 GeV, and FA(0) ≈
0.012 [42, 43].

The next objects of interest in our considerations are the
helicity amplitudes that are obtained from the usual ampli-
tudes after multiplying them by the photon polarization vec-
tors:

A(0,±) = ε(0)
μ T

μν
γ γ ∗ε′ (±)

ν , ε′ (±) =
(

0,
∓1√

2
,

+i√
2
,0

)
,

(14)

ε(0) =
( |�q |

√
q2

,0,0,
q0√
q2

)
.

Discarding the 2
T corrections, the only remaining contri-

bution stems from the axial-vector one (A1) given by (11).

Thus, the helicity amplitude associated with the TDA mech-
anism reads

ATDA
(0,j) = ε′ (j) · T

|�q | F TDA,

F TDA = [
4παs

(
Q2)] CF

2Nc

∫ 1

0
dy

φπ(y)

yȳ
(15)

×
∫ 1

−1
dxA1(x, ξ, t)

(
eu

ξ − x
− ed

ξ + x

)
,

where

ξ−1 = 1 + 2W 2

Q2
, (16)

and where we have employed the one-loop αs(Q
2) in the

MS-scheme with ΛQCD = 0.312 GeV for Nf = 3 [44]. We
emphasize that the hard part of the amplitude (15), which is
factorized at the leading order, contains the QCD coupling
constant αs , see Fig. 7. Despite of this, there is only a mild
dependence on ΛQCD. Choosing, for instance, a somewhat
smaller value, say, around 0.200 GeV, would shift the TDA
curves shown in Fig. 8 slightly downwards.

On the other hand, the helicity amplitude which includes
the twist-3 GDA can be written as (see, for example, [32,
33])

AGDA
(0,j) = ε ′ (j) · T

|�q | F GDA,

F GDA = (
e2
u + e2

d

)W 2 + Q2

Q2
(17)

×
∫ 1

0
dy ∂ζ Φ1

(
y, ζ,W 2)

(
ln ȳ

y
− lny

ȳ

)
,

where

2ζ − 1 = β cos θπ
cm, cos θπ

cm = 2t

W 2 + Q2
− 1 (18)
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and the partial derivative is defined, as usual, by ∂ζ = ∂/∂ζ .
Here the amplitude Φ1(y, ζ,W 2) encodes the matrix ele-
ment of the twist-2 operator. In deriving (17), we have used
the Wandzura–Wilczek approximation for the twist-3 con-
tribution and took into account that in our system (p2 −
p1)

T = 2(p2 − q ′)T .
We would like to stress that the factorized amplitudes

(15) and (17) are both of order 1/Q2, which offers room
for duality. In other words, the necessary condition for ob-
serving duality is that the leading asymptotics2 of the ex-
act amplitudes, corresponding to the TDA- and the GDA-
mechanisms—see Fig. 7, must have the same order of 1/Q2.
Besides, one can infer that the duality between the factorized
amplitudes (15) and (17) implies, in a sense, the appear-
ance of duality also between the perturbative and nonper-
turbative parts of the corresponding factorized amplitudes
because the mentioned amplitudes have completely differ-
ent hard-coefficient functions. Indeed, the hard part of (15)
consists of the two (quark and gluon) propagators and in-
cludes αs in contrast to (17), in which the hard-coefficient
function is formed only by the quark propagator. Moreover,
duality between expressions (15) and (17) may occur in that
regime where both Mandelstam variables s and t are much
smaller in comparison to the large photon virtuality Q2. In
terms of the skewness parameters ξ and ζ , this would imply
that ξ ∼ 1 and ζ ∼ 0.

To estimate the relative weight of the amplitudes with
TDA or GDA contributions, we have to model these non-
perturbative objects.

Let us start with the TDAs. As a first step, we assume
a factorizing ansatz for the t-dependence of the TDAs and
write

A1(x, ξ, t) = 2
fπ

mπ

FA(t)A1(x, ξ), (19)

where the t-independent function A1(x, ξ) is normalized to
unity:

∫ 1

−1
dxA1(x, ξ) = 1. (20)

To satisfy this condition, we introduce a TDA defined by

A1(x,1) = Anon-norm
1 (x,1)

N , N =
∫ 1

−1
dx Anon-norm

1 (x,1).

(21)

We now focus on the discussion of the t-independent
TDAs in (19). Since we are mainly interested in TDAs in
the Efremov–Radyushkin–Brodsky–Lepage (ERBL) [1–4]

2We recall that the factorized amplitude is nothing else than the lead-
ing asymptotic form of the exact amplitude in the asymptotic regime
Q2 → ∞.

region ξ = 1, it is instructive to choose the following pa-
rameterization:

Anon-norm
1 (x,1) = (

1 − x2)(1 + a1C
(3/2)

1 (x)

+ a2C
(3/2)

2 (x) + a4C
(3/2)

4 (x)
)
, (22)

where a1, a2, a4 are free adjustable parameters, encoding
nonperturbative input, and the standard notations for Gegen-
bauer polynomials are used. One appreciates that the TDA in
the form of (22) amounts to summing a D-term, i.e., the term
with the coefficient a1, and meson-DA-like contributions.
Indeed, would we eliminate the term with a1, we would ob-
tain the standard parameterization for a meson DA. On the
other hand, keeping only the term with a1, would reproduce
the parameterization for the D-term [11]. Therefore, for our
analysis, we suppose that a1 ≡ d0 [11], which is equal to
−0.5 in lattice simulations [45].3 With respect to the para-
meters a2 and a4, we allow them to vary in quite broad inter-
vals, notably, a2 ∈ [0.3,0.6] and a4 ∈ [0.4,0.8], that would
cover vector-meson DAs with very different profiles at a nor-
malization scale μ2 ∼ 1 GeV2 (see, for example, [47]). Note
that the profiles obtained with ansatz (22) bear remarkable
resemblance to the TDAs calculated within a non-local chi-
ral quark–soliton model in the recent work of Ref. [36].

As regards the function Φ1(z, ζ ), which denotes the cor-
responding GDA in (17), we take recourse to the following
model [7]:

Φ1
(
z, ζ,W 2) = 9Nf zz̄(2z − 1)

(
B̃10

(
W 2)eiδ0(W

2)

+ B̃12
(
W 2)eiδ2(W

2)P2(cos θπ )
)
, (23)

where the phase shift of the ππ scattering is defined by
δ0(W0 = 0.8) ≈ π

2 and δ2(W0 = 0.8) ≈ 0.03π [48, 49]. In
(23), the function B̃10 corresponding to L = 0 does not con-
tribute to (17) and, therefore, can be discarded. On the other
hand, the function B̃12 can be estimated by the method de-
scribed in [50]. Since B̃12 corresponds to the two-pion state
with L = 2 and our GDAs probe only the isoscalar chan-
nel, we derive for B̃12 at W 2 in the region of the f2-meson
[IG(JPC) = 0+(2++)] mass the following expression:

B̃12
(
W 2) = 10

9

gf2ππff2M
3
f2

�f2

(M2
f2

− W 2)2 + �2
f2

M2
f2

, (24)

where ff2 = 0.056 GeV, Mf2 = 1.275 GeV, �f2 =
0.185 GeV, and the decay constant gf2ππ is defined by

gf2ππ =
√

24π

M3
f2

�(f2 → ππ), �(f2 → ππ) = 0.85�f2 .

(25)

3The case of a1 = −4/Nf , which holds within the chiral quark–soliton
model [46], is also included in our analysis. We found that there is no
much difference in comparison with the lattice model.
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In addition, we also model the function B̃12 with the help of
the most simple ansatz (see, [49])

B̃12(0) = β2 10

9Nf

Rπ, (26)

where Rπ denotes the fraction of momentum carried by the
quarks and antiquarks in the pion. In our numerical analy-
sis below, we use for this fraction Rπ = 0.5, which is taken
from the leading-order Glück–Reya–Schienbein approxima-
tion (see, for example, [49]).

Before continuing with the numerical analysis, let us
pause for a moment to discuss the validity and self-consis-
tency of the approximations made. Start with the pion DA:
for simplicity, the asymptotic pion DA in (15) was used. Us-
ing other pion DAs [22], the contribution from the TDA fac-
torization may increase from about 6% for the BMS model
[27] to approximately 56% for the CZ model [24]. Second,
continue with the GDA: at the level of accuracy relevant
for our arguments, we used for the twist-2 GDA Φ1 the as-
ymptotic form, the justification being provided by quark–
hadron duality arguments given in [51]. Third, we assumed
the Wandzura–Wilczek approximation, which relies upon
the assumption of the smallness of the genuine twist-3 con-
tributions. This assumption is supported by measurements
of the g2 structure function. The normalization of the GDA
is determined by the momentum conservation which is rig-
orously valid. By performing a crossing from GPDs (where
momentum conservation applies) to the GDA channel, we
used the improved expression (24) accounting for meson
dynamics. Turn to the TDA: The first ingredient is the nor-
malization (13), which is fixed by the data for the pion weak
decay (see for details [29]). Finally, for the form of the TDA,

we used a parameterization [cf. (22)], which can accommo-
date different available models [36–39], within the range of
accuracy of the order of 10%, the latter pertaining to our
whole numerical analysis.

We calculated both functions F TDA and F GDA and show
the obtained results in Fig. 8 for a1 = −0.5 (which corre-
sponds to the lattice result of [45]) and employing for sim-
plicity the asymptotic pion DA. The dashed line corresponds
to the function F TDA, where we have adjusted the free para-
meters to a2 = 0.6 and a4 = 0.8. The results, obtained for
rather small values of these parameters, are displayed by
the broken lines in the same figures. The dotted line denotes
the function F TDA with a2 = 0.5 and a4 = 0.6, whereas the
dash-dotted line employs a2 = 0.3 and a4 = 0.4. For com-
parison, we also include the results for the F GDA. In that
latter case, the dense-dotted line corresponds to the GDA
amplitude, where the expression for B̃12 has been estimated
via (24), while the solid line represents the simplest ansatz
(26) with Rπ = 0.5. The particular values of the coefficients
a2, a4, we used, are within the fiducial intervals specified
above in conjunction with (22). If, for example, we would
have used instead values of these parameters outside their
fiducial intervals, then the outcome would change by orders
of magnitude and duality would be badly violated.

From this figure one may infer that (i) in the case when
the parameter B̃12 (which parameterizes the GDA contribu-
tion) is estimated with the aid of the Breit–Wigner formula,
see (24), and, while s, t � Q2, there is duality between the
GDA and the TDA factorization mechanisms. Hence, the
model for B̃12 which takes into account the corresponding
resonances can be selected by duality. (ii) In the case of
the simplest model for B̃12, evaluated for Rπ = 0.5 (see,

Fig. 8 Helicity amplitudes
F TDA [cf. (15)] and F GDA [cf.
(17] as functions of Q2, using
a1 = −0.5 found in lattice
simulations [45] The value of
s/Q2 varies in the interval
[0.06,0.3]
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(26)), the duality between the GDA and the TDA factoriza-
tion mechanisms reaches maximally the level of 35%, pro-
vided the axial-vector TDAs are normalized in terms of the
axial form factor FA. On that basis, one may conclude that
the simplest model for B̃12 is rather inconsistent with duality
and cannot be considered as a realistic option.

4 Summary and conclusions

The process amplitude for the fusion of a highly-virtual, but
small s photon (longitudinally polarized), with a quasi-real
one (with a transversal polarization) can be factorized in two
different ways. The study of this process within a toy ϕ3

E

model has shown the existence of duality between the factor-
ization along the s-channel and the t-channel—which serve
to simulate, respectively, the GDA and the TDA factoriza-
tion mechanisms in QCD. This observation persists also in
the case of such reactions in real QCD. Indeed, the ampli-
tude for the process γ γ ∗ → ππ can be factorized in two
distinct ways, having recourse to the large virtuality of one
of the photons involved, as compared to the scales of the soft
interactions. As mentioned before, depending on the vari-
ables s and t , two different mechanisms for this reaction
were identified. The first factorization mechanism, which
employs GDAs, takes place when s � Q2, while t is of the
order of Q2. On the other side, when it happens that t � Q2

and s ∼ Q2, the TDA mechanism of factorization becomes
dominant in such a γ γ ∗ collision. We have shown that when
both variables s and t are simultaneously much smaller than
Q2 in the collision of a real and transversely polarized pho-
ton with a highly-virtual longitudinally polarized photon in
the pion-pair production, then both types of factorization are
possible giving rise to duality in this region.

Our observations in QCD can be summarized and out-
lined as follows.

We have shown that when it happens that both Mandel-
stam variables s and t are much less than the large momen-
tum scale Q2, with the variables s/Q2 and t/Q2 varying in
the interval (0.001,0.7), then the TDA and the GDA factor-
ization mechanisms are equivalent to each other and oper-
ate in parallel. This marks a crucial difference between our
approach and previous ones [31] which dealt with the addi-
tivity of the TDA and the GDA factorization mechanisms.
Note that the presented results were obtained using rigor-
ous constraints and available nonperturbative models for the
DAs, GDAs, and the TDAs. We found that duality appears
only for values of the model parameters within their fiducial
intervals, associated with each particular model. Therefore,
we demonstrated that duality may serve as a tool for select-
ing suitable models for the nonperturbative ingredients of
QCD factorization of various exclusive amplitudes.

In real QCD, we found that duality between the TDA-
factorized and GDA-factorized amplitudes can be inter-

preted as duality between the perturbative and nonpertur-
bative regimes because the hard-coefficient functions of the
mentioned amplitudes have completely different structures:
the hard part of the TDA-factorized amplitude includes the
quark and gluon propagators and the QCD coupling con-
stant, while the hard part of the GDA-factorized amplitude
contains only the quark propagator. This situation is not
unique in QCD and resembles the so-called quark–hadron
duality, which claims that colorless states with given quan-
tum numbers can be described either as a superposition of
quark states or alternatively as a superposition of hadron
states with the same quantum numbers.

We also observed that twist-3 GDAs appear to be dual
to the convolutions of leading-twist TDAs and DAs, mul-
tiplied by a QCD effective coupling—the latter stemming
from the hard-gluon exchange. This reflects at the level of
the particular process, we are considering, the manifesta-
tion of duality for the GPDs and GDAs themselves [34, 52,
53]. One may ask to which extent the observed duality be-
tween different QCD-factorization mechanisms is an excep-
tional finding or rather represents a generic feature of QCD
dynamics. In this connection, one may recall the different
ways of describing single-spin asymmetries (SSA) using ei-
ther twist-3 collinear factorization [54, 55] or by employ-
ing the transverse-momentum dependent (TMD) Sivers dis-
tribution function [56]. Because of the T-odd nature of the
SSA and the Sivers function, the latter may emerge only due
to the interactions between the hard and the soft parts [57]
of the process and represents an effective distribution [58].
Moreover, its transverse moment is related [59] to a partic-
ular twist-3 matrix element. This sort of relation may be ex-
plored [60] as a matching procedure (or, in our language, as
duality) between TMD factorization at low PT , on one hand,
and collinear twist-3 factorization at large PT , on the other.
Recently [61], such a matching procedure was carried out in
detail for various observables and it was found that duality
strongly depends on the type of the considered observable.
In the case of the Sivers function, there is a possibility of
enlarging the duality intervals by either using the twist-3 ap-
proach at low PT [62] or by applying the Sivers function
at large PT [63]. The latter procedure finds justification in
the framework of the twist-3 factorization, provided only the
first non-vanishing transverse moment of the Sivers function
is retained and that color factors, responsible for the effec-
tive nature of the Sivers function, are properly taken into
account.

Duality also emerges when another type of QCD fac-
torization in semi-inclusive processes is considered, which
makes use of so-called fracture functions. The momentum
conservation guarantees that the description in terms of ei-
ther fragmentation or fracture functions is complete and one
should have duality between these two mechanisms in the
overlap region (see [64] and references therein). Bottom
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line: We have shown that duality leads to new insights into a
number of phenomena in QCD, in particular to those related
to exclusive processes and spin-dependent quantities.
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