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FULL PAPER

Iterative Reweighted Linear Least Squares for Accurate,
Fast, and Robust Estimation of Diffusion Magnetic
Resonance Parameters

Quinten Collier,1* Jelle Veraart,1 Ben Jeurissen,1 Arnold J. den Dekker,1,2

and Jan Sijbers1

Purpose: Diffusion-weighted magnetic resonance imaging suf-

fers from physiological noise, such as artifacts caused by
motion or system instabilities. Therefore, there is a need for

robust diffusion parameter estimation techniques. In the past,
several techniques have been proposed, including RESTORE
and iRESTORE (Chang et al. Magn Reson Med 2005;

53:1088–1095; Chang et al. Magn Reson Med 2012; 68:1654–
1663). However, these techniques are based on nonlinear esti-

mators and are consequently computationally intensive.
Method: In this work, we present a new, robust, iteratively
reweighted linear least squares (IRLLS) estimator. IRLLS per-

forms a voxel-wise identification of outliers in diffusion-
weighted magnetic resonance images, where it exploits the
natural skewness of the data distribution to become more sen-

sitive to both signal hyperintensities and signal dropouts.
Results: Both simulations and real data experiments were

conducted to compare IRLLS with other state-of-the-art tech-
niques. While IRLLS showed no significant loss in accuracy or
precision, it proved to be substantially faster than both

RESTORE and iRESTORE. In addition, IRLLS proved to be
even more robust when considering the overestimation of the

noise level or when the signal-to-noise ratio is low.
Conclusion: The substantially shortened calculation time in
combination with the increased robustness and accuracy, make

IRLLS a practical and reliable alternative to current state-of-the-
art techniques for the robust estimation of diffusion-weighted

magnetic resonance parameters. Magn Reson Med 000:000–
000, 2014. VC 2014 Wiley Periodicals, Inc.
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INTRODUCTION

Because some widely used diffusion models are log-
linear, the parameter estimation problem can be struc-
tured as a linear regression problem by taking the natural
logarithm of the diffusion-weighted magnetic resonance

(DW-MR) signals. Typical examples include the popular
diffusion tensor imaging (DTI) model (1) and the diffu-
sion kurtosis imaging model (2, 3). Thus, the linear least
squares (LLS) estimator (4) and its weighted variants
(WLLS) (1, 5, 6) pose an interesting alternative to the
nonlinear least squares (NLS) estimator (7) for the esti-
mation of the unknown model parameters. Indeed,
unlike iterative nonlinear estimation strategies, the
(W)LLS estimator can be expressed in a closed form and
is, therefore, computationally efficient. Moreover, if the
rice-distributed DW-MR signals have a signal-to-noise
ratio (SNR) value higher than two, the LLS is unbiased
because the expectation value of the error term is zero
after the log-transformation (5).

Unfortunately, the performance of most diffusion

parameter estimators is often degraded by physiological

noise. Spatially and temporally varying artifacts, such as

cardiac pulsation, motion, or system instabilities, will

perturb the DW-MR signals; yet they are ignored by con-

ventional estimators. More robust estimators, i.e., estima-

tors that are less sensitive to outliers, are needed to

address these perturbations. In the recent literature, sev-

eral approaches to increase the robustness of diffusion

parameter estimators have been proposed (8–15). One of

the first approaches was introduced by Mangin et al.

(16). Their method is based on the well-known Geman–

McClure M-estimator (17). In 2005, Chang et al. intro-

duced a more advanced robust estimator based on the

work of Mangin et al., called RESTORE (18). To date,

RESTORE is still one of the best known robust tensor

estimation methods and is still commonly used in clini-

cal settings (e.g., (19–21)). Recently, the RESTORE

method was adapted to better address signal dropouts;

this effort led to the introduction of iRESTORE (22).

Both RESTORE and iRESTORE, however, are based on

computationally expensive NLS estimation.
Given the strengths of the WLLS, our goal is to

develop an improved, robust outlier detection method
built on linear estimators to speedup the robust estima-
tion process. This led to the development of our iterative
reweighted linear least squares (IRLLS) estimator. In
addition to exploiting the strengths of the WLLS, we also
aim at improving, compared to RESTORE, the sensitivity
of the detection method to signal dropouts that are
shown to be more likely in DW-MRI, without becoming
blind to signal overshoots (cf. iRESTORE).

In this work, IRLLS is compared to three commonly used
diffusion parameter estimation methods, including the state-
of-the-art robust approaches RESTORE and iRESTORE, and
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a regular WLLS estimation. This choice is motivated by the
fact that we wish to compare IRLLS to other voxel-based out-
lier detection methods that make minimal assumptions
about the origin of the artifacts and impose minimal con-
straints on the data acquisition (which excludes, for
instance, the need for high angular resolution diffusion
imaging acquisition (23)), thus making them widely applica-
ble. Among such methods, RESTORE and iRESTORE are the
most common methods for outlier detection in DW-MRI.
Furthermore, both RESTORE and iRESTORE are freely avail-
able as part of TORTOISE (24). Our algorithm can be down-
loaded from http://www.visielab.ua.ac.be/irlls.

METHODS

This section starts with a brief description of the diffu-
sion tensor model. In the next subsection, some proper-
ties of the error terms are discussed. Knowledge of these
error terms is important because they determine the
properties of the least squares estimators (5). In the final
subsection, the proposed IRLLS algorithm for robust dif-
fusion parameter estimation is explained in detail. This
last subsection is subdivided into four parts, each one
elaborating on an important step of the proposed algo-
rithm. For the sake of simplicity, only the DTI model is
discussed. The presented methodology, however, can be
easily extended to higher order log-linear models such as
diffusion kurtosis imaging.

Diffusion Tensor Model

We assume that N DW-MR images were acquired,
wherein each acquisition is characterized by its diffusion
sensitizing gradient strength b and direction g. This
information is stored in an N � 7 b-matrix B ¼ fbi ¼ ½1;�
big

2
x;i;�2bigx;igy ;i;�2bigx;igz;i; � big

2
y;i;�2bigy ; igz;i;�big

2
z;i� :

i ¼ 1; . . . ;Ng, which embodies the effects of the diffusion
weighting. In DTI, the magnitude of a noise free DW-MR
signal Si is modeled as:

Siðbi; uÞ ¼ exp bihð Þ: [1]

Here, h¼½log ðS0Þ;Dxx ;Dxy ;Dxz;Dyy ;Dyz;Dzz�T denotes a
7 � 1 parameter vector with S0—the nondiffusion-
weighted signal intensity, and Djk—the independent ele-
ments of the symmetric diffusion tensor D. Using this
model, the error term ei can now be introduced. It is
defined as the difference between the measured signal ~Si

and the true noise-free DW-MR signal Si:

ei � ~Siðbi; uÞ � exp bihð Þ: [2]

Under some well-defined conditions (25–27), ~Si can be
modeled as a Rician-distributed random variable. Further-
more, when looking at the natural log-transformation of
the measured signal ~Si and its corresponding noise-free
DW-MR signal ln Sið Þ, expression (2) can be expressed in
linear form (28):

e�i � ln ~Siðbi; uÞ
� �

� bih: [3]

Here, e�i denotes the error term in linear space. This
model allows the use of linear estimators as will be
described in the Weighted LLS Estimation subsection.

Properties of the Error Terms

It is insightful to take a closer look at the statistical proper-
ties of the error terms in both linear and nonlinear space
to better understand the performance of (W)LLS and NLS
estimators in terms of accuracy and precision. It is well-
known that when uncorrelated errors are assumed, the
(W)LLS estimators correspond to maximum likelihood
estimators if the following criteria are met: (1) the expecta-
tion value of the error terms is zero, (2) the weights equal
the reciprocal of the variance of the error terms, and (3)
the error terms are normally distributed. To verify the
degree to which these conditions are met, the first three
(standardized) moments of the error term distribution are
discussed. These moments are also shown in Figure 1. For
this figure, both Rician- and log-Rician-distributed varia-
bles were simulated using Monte Carlo techniques for
SNR values ranging from 0 to 10, with 2:5� 106 data real-
izations for each value of SNR. The SNR is defined as the
ratio of the noise-free signal intensity h to the standard
deviation of the noise in the original complex data sn:
SNR � h=sn. During these simulations, the variance of the
underlying Gaussian noise s2

n was kept constant at unity,
while the signal intensity was increased to achieve differ-
ent levels of SNR. For both sets of distributions, the expec-
tation value, variance, and skewness of the magnitude
data are subsequently plotted as a function of SNR.

Mean

In magnitude MR images, the expectation value of the
error term will have a positive bias, which increases with
decreasing SNR (25). Only for SNR values larger than 10,
the bias of the error term can be assumed to be zero. How-
ever, after a log-transformation, the expectation value of
the error term will be virtually zero for SNR values higher
than 2, making (W)LLS estimators unbiased (5), and thus,
more accurate, compared to the NLS. The expectation
value of the error term in linear and nonlinear space as a
function of the SNR is shown in Figure 1a.

Variance

Knowledge of the (scaled) error variance allows one to deter-
mine the ideal weights to account for the potential hetero-
scedasticity of the measurements. Heteroscedasticity
denotes the situation where the variance of measurements is
not constant. In nonlinear space, heteroscedasticity is often
ignored. However, in linear space, this cannot be done
because here, the variance is more strongly dependent on
the underlying DW signal (5). As shown in Figure 1b, this
variance can be well-approximated by SNR�2 for SNR values
larger than 2. In practice, the (scaled) variance, or equiva-
lently the weights terms, can be computed using an LLS esti-
mate of Siðbi; hÞ (5). The practical importance of using this
estimate instead of the measured signal ~Siðbi; uÞ was again
demonstrated by Veraart et al. (6). For a theoretical basis on
the variance on the data distributions in the nonlinear and
linear space, we refer the reader to (29) and (5), respectively.

Skewness

Finally, the third standardized moment of the error dis-
tributions, better known as the skewness, also provides
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some important insights. As shown in Figure 1c, for low
SNR values, in both linear and nonlinear space, the
skewness is nonzero with, respectively, a negative or
positive sign. This nonzero skewness will have a signifi-
cant impact on the parameter estimation as it is an indi-
cation that the error terms are not normally distributed.
Consequently, the WLLS estimator is expected to have a
lower precision than estimators that account for the
proper data distribution, such as the maximum likeli-
hood estimator. Another consequence of the nonzero
skewness is a bias toward positive or negative residuals,
depending on the sign of the skewness, for the detection
of outliers due to the asymmetry of the distribution. This
will be discussed in the Outlier Detection subsection.

The maximum likelihood estimator has asymptotically
optimal properties with respect to accuracy and preci-
sion. However, the maximum likelihood estimator can
only be derived if the true analytical expression of the
data probability density function is known (30). Due to
the manipulation of the magnitude images, such as
motion or echo-planar imaging (EPI) correction, this is
unfortunately rarely the case.

IRLLS estimator

In this subsection, our IRLLS algorithm will be
explained in detail. The IRLLS framework is an improve-
ment to the well-known RESTORE algorithm (18), which
is a voxel-wise identification of outliers through the use

of a robust iterative reweighting procedure. In addition,
IRLLS aims at properly accounting for the data statistics
after linearization of the diffusion parameter estimation.
In Figure 2, both the RESTORE and IRLLS framework
are shown. The main differences between both methods
can be summarized as: (1) the use of linear estimators in
IRLLS, (2) the introduction of a less biased way to iden-
tify positive and negative outliers, which is based on the
data statistics, and (3) the use of studentized residuals.
In the next four subsections, the main steps of the IRLLS
algorithm will be discussed separately.

Weighted LLS Estimation

In IRLLS, the WLLS estimation plays an important role.
It is used for both the initial tensor fit and for the final
tensor estimation during which the outliers are
excluded. The WLLS estimator of the parameter vector u

can be written in closed form as:

ĥWLLS ¼ BTWB
� ��1

BTW ~S; [4]

where W ¼ fwijg is an N �N weight matrix. Salvador et al.
(5) showed that, assuming uncorrelated measurement errors,
the optimal weighting matrix W (in terms of minimum var-
iance and bias of the estimates) is given by a diagonal matrix,
the elements of which are the reciprocals of the measure-
ments’ error variances. For moderate values of SNR and a
constant variance of the noise in the original complex data,

FIG. 1. The expectation value, variance, and skewness of the error terms in linear and nonlinear space are shown in figures (a), (b), and
(c), respectively. Monte Carlo techniques were used to simulate both Rician- and log-Rician-distributed variables for SNR values ranging
from 0 to 10 with 2.5 � 106 data realizations for each value of the SNR. Note: SNR was varied by keeping the variance in the signal
constant, and modulating the signal intensity, not vice versa. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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they have shown that the weights can be approximated by
the squared LLS estimate of Siðbi; hÞ because it remains
unbiased under inequality of variances (5):

wii¼exp 2biĥLLS

� �
; [5]

where ĥLLS is obtained from (4) by substituting the iden-
tity matrix for W . From the estimated parameters ĥ, the
residuals ei can be determined and are defined as the
difference between a measured signal ~Si and its estimate
Ŝi. However, because the parameters can be estimated in
two spaces, linear and nonlinear, the residuals can also
be defined in both spaces:

eiðĥÞ ¼ ~Siðbi; hÞ � exp Bĥ
� �

; [6]

and

e�i ðĥÞ ¼ log ~Siðbi; hÞ
� �

� Bĥ: [7]

Analogous to the error terms, the notation of the resid-
uals in the nonlinear and linear spaces is denoted by ei

and e�i , respectively.

Goodness-of-Fit

The initial WLLS fit is subsequently evaluated against a
goodness-of-fit criterion. If the hypothesis that the model
describes the data well cannot be rejected, no further

outlier detection is performed and the WLLS estimation
is the final one for this voxel. However, if the hypothesis
is rejected, an iterative reweighting procedure is initi-
ated. The goodness-of-fit criterion used in IRLLS consists
of the evaluation of the reduced x2-statistic (31):

x2
red ¼

1

n

X
i

e2
i

ŝ2; [8]

with n ¼ N � 7 being the number of degrees of freedom
of the distribution. Hereby 7 is the number of parameters
in the DTI model and N the number of measurements. ŝ

denotes the estimated standard deviation of the error
terms:

ŝ ¼ 1:4826

ffiffiffiffiffi
N

n

r
medi jwiie

�
i �med j wjje

�
j

� �
j

� �
; [9]

where the weights wii and residuals e�i are obtained from
the WLLS estimation in Eq. (5). This method is largely
based on the method proposed by Chang et al. (22). For
normally distributed error terms, x2

red follows a x2-distri-
bution with mean m ¼ 1 and variance s2 ¼ 2=n. By the
central limit theorem, for large N, this distribution will
approximate a normal distribution with the same mean
and variance. The goodness-of-fit criterion consists of
evaluating if the calculated reduced x2-statistic lies
within the confidence interval ½1� 3

ffiffiffiffiffiffiffiffi
2=n

p
; 1þ 3

ffiffiffiffiffiffiffiffi
2=n

p
�.

FIG. 2. Flow charts of RESTORE (a) and IRLLS (b). [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Iterative Geman–McClure M-Estimation

When the goodness-of-fit criterion is not met, an iterative
reweighting procedure is initiated. This procedure consists
of minimizing the sum of function values rðe�i Þ, where the
residuals e�i can be iteratively recalculated. rðe�i Þ is chosen
in such a way that it reduces the influence of potential out-
liers. This function should be symmetric, positive-definite
and have a unique minimum at zero. One of the best suited
functions is the Geman–McClure function (17):

rðe�i Þ ¼
e�

2

i

ŝ�
2

i þ e�
2

i

; [10]

where ŝ�i denotes the estimate of the standard deviation
of the distribution of the ith error term in the linear
space:

ŝ�i ¼
ŝ

Ŝi

: [11]

The factor 1=Ŝi is needed to correct for the heterosce-
dasticity introduced using the log-transformation. The
importance of this factor is visualized in Figure 3, where
the specificities of a simple outlier detection method,
with and without heteroscedasticity correction, are plot-
ted in function of the signal strength S. When the sum
over all rðe�i Þ values is minimized with respect to the
residuals e�i , it can be written as a weighted least squares
estimation with weights defined as (32):

wi ¼
ŝ�

2

i

ðŝ�2i þ e�
2

i Þ
2
: [12]

These weights are now used in the WLLS estimation.
Once the fit is performed, new residuals can be calcu-
lated to determine the new weights for the next iteration.
In IRLLS, the L2-norm of the difference vector of the
unknown coefficients’ vector ĥ between successive itera-

tions is used to evaluate the convergence of the algo-
rithm, unless a predefined maximum number of
iterations get exceeded. When the L2-norm reaches a pre-
determined threshold, the iterative procedure is assumed
to have converged. In our work, we set these conver-
gence criteria to a maximum of 25 iterations and the L2-
norm of the difference vector to be smaller than 0.1% of
the L2-norm of the estimated parameter vector ĥ.
Although there is no analytical proof of convergence,
both simulations and real data experiments revealed that
the maximum number of iterations criterion is rarely
needed because only approximately 10 iterations are
needed on average to reach convergence.

Outlier Detection

Once the iterative reweighting procedure has converged,
the final residuals are examined. Each individual resid-
ual is verified as to whether it lies within a confidence
interval of ½�3si;3si�, where si denotes the noise level
in either the nonlinear space (si ¼ ŝ) or in the linear
space (si ¼ ŝ�i ). If a residual lies outside this interval,
the measurement associated with it is considered to be
an outlier and is consequently excluded from the final
standard WLLS tensor fit. An important issue that needs
to be addressed is whether the residuals have to be
examined in the linear space (e�) or in the nonlinear
space (e) because both will have different distributions.
If these residuals are examined in the linear space, their
distribution will be negatively skewed, causing the algo-
rithm to be more sensitive to negative outliers if the SNR
is low. In contrast, in the nonlinear space, it will be pos-
itively skewed and an outlier detection algorithm will
consequently be more sensitive to positive outliers. This
is also shown in Figure 4.

To exploit these properties for the detection of out-
liers, we propose a so-called two-eyes approach. This

FIG. 3. Results of a Monte Carlo simulation of diffusion signals dis-
turbed by Rician noise. No outliers were introduced. A simple outlier

detection with and without a heteroscedasticity correction was per-
formed. The specificity is shown for both cases in function of the signal

strength S. Note that without a heteroscedasticity correction, the
specificity of the outlier detection is substantially lower than the theo-
retical expectation for low signal strengths. [Color figure can be viewed

in the online issue, which is available at wileyonlinelibrary.com.]

FIG. 4. The false discovery rate of a simple outlier detection
method in linear (blue) and nonlinear (red) space is shown in func-
tion of the SNR. A distinction is made between false discoveries

of negative (dashed line) and positive (full line) residuals. It is clear
that depending on the choice of estimator, for low values of SNR,
a significant bias will be introduced towards either negative or

positive outliers. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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approach distinguishes between positive and negative
residuals during outlier detection. For the negative resid-
uals, the outlier identification is performed on e�, while
for positive residuals, e is examined. As a result, this
combined detection method is sensitive to both negative
and positive outliers because of the natural skewness of
both distributions.

Finally, we also propose to studentize the residuals
before outlier detection. This is motivated by the fact
that because of the model fit, it is likely that the variance
of the residuals varies significantly from one measure-
ment to another, even though their error variance is the
same. This is because some measurements have a higher
influence on the model fit than others. Consequently,
their residual variance will be smaller, and outliers on
these measurements will become harder to distinguish
from regular noise. Conversely, residuals having a larger
variance will manifest more often as false discoveries
when identifying outliers. To compensate for this effect,
one has to studentize the residuals. This is performed by
dividing the residuals ei or e�i by an estimate of their
standard deviation (33):

ti ¼
ei

ŝ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� hii

p [13]

and

t�i ¼
e�i

ŝ�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� hii

p [14]

where ti and t�i are the studentized residuals in nonlinear
and linear space, respectively, and hii is called the lever-
age. The leverage of the ith residual can be obtained by
calculating the ith diagonal element of the hat matrix H
for uncorrelated errors (33):

H ¼ B BTWB
� ��1

BTWT [15]

where W denotes the weight matrix used in the last
Geman–McClure M-estimation iteration. The hat matrix
maps the measured signal values to the fitted values.

Another notable advantage of having determined the
leverages is that they provide an easy way to verify
whether removing a certain measurement will result in
an ill-conditioned or directionally unbalanced b-matrix.
This is because measurements that are more important to
the model fit (e.g., the nondiffusion-weighted measure-
ment b0 if only one is present) will have a much larger
leverage. This way, measurements with leverage above a
predetermined threshold (e.g., 0.9 in our implementation
of IRLLS) can be excluded from the outlier identification
process. This obviates the need for extra tests, as with
RESTORE and iRESTORE, to check whether the b-matrix
is ill-conditioned or directionally unbalanced.

Experiments

Simulations

To investigate the performance of IRLLS, Monte Carlo
simulations of single diffusion tensors were performed
under different conditions. In each simulation, IRLLS

was compared to RESTORE, iRESTORE, WLLS, and an
outlier free WLLS reconstruction, that is, regarded as the
best achievable solution. Within the category of voxel-
based outlier detection methods that make minimal
assumptions about the origin of the artifacts and impose
minimal constraint on the data acquisition, RESTORE
and iRESTORE remain the default choices, making them
our state-of-the-art reference. We implemented RESTORE
and iRESTORE, and verified their performance by com-
paring their results with those from the original TOR-
TOISE implementation (24). This way, a fairer
comparison of calculation time could be made, and out-
lier maps could be generated. Furthermore, this allowed
us to keep all internal parameters exactly the same for
all methods, ensuring objective comparison.

In general, the following parameters were used to sim-
ulate measurements; however, in each simulation, one of
the parameters was varied. Noise-free mean diffusivity
(MD) and fractional anisotropy (FA) values were set to
0.8 � 10�3 mm2/s and 0.85, respectively, to correspond
with values measured in the corpus callosum. The acqui-
sition design that was used included 5 non-DW signal
(b0) and 30 DW-MR signals with a b-value of 1000 s/
mm2 (b1000). For the b1000 voxels, 30 different gradient
directions were determined using electrostatic repulsion
(34). For every simulation, 20,000 repetitions were per-
formed. Six outliers were randomly introduced in the
b1000 shell, each one being 50% of its true value. This
choice was motivated by the fact that a loss of signal is
more frequent than signal overshoots. Additionally, this
makes it fairer to compare IRLLS to iRESTORE because
the latter only assumes signal dropouts. Nevertheless,
the number of outliers and their strengths were varied in
simulations 1 and 3, respectively. After the introduction
of the outliers, Rician noise was added with an SNR of
20, which was defined on the b0-images.

In the first simulation, the total number of outliers was
varied between 0 and 6 for both positive (150%) and
negative (50%) outliers, while in simulation 3, the out-
lier strengths ranged from 0% (complete signal dropouts)
up to 300% (extreme hyperintensities) of the true signal
value. The effect of different SNR values was evaluated
in simulation 2, where the SNR varied from 10 to 30. All
the aforementioned outlier detection algorithms were
highly dependent on a correct estimation of the noise
level. In the first three simulations, the correct value of
the noise level was used as opposed to an estimated
value. However, in simulation 4, a bias on the true noise
level was introduced. This factor ranged from 1 up to 3
times the true value. No negative bias was simulated
because when outliers are present, an overestimation of
the noise level is expected. The final tensor was esti-
mated using WLLS, ignoring the outliers identified by
the respective algorithms. All differences that were
found between IRLLS and the other methods were eval-
uated using a Wilcoxon signed rank test.

Real Data Experiments

The outlier detection performance of IRLLS, RESTORE,
and iRESTORE was tested on real data. A dataset of a
neonate was studied knowing that such data often
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suffers from various artifacts. The data were acquired on
a 1.5T MRI Signa scanner using a Neonate Head Coil for
reception. An EPI\spin echo (SE) DW pulse sequence
was used with acquisition matrix 64 � 128, number of
slices¼ 29, an interslice gap of 3 mm, echo time
(TE)¼89 ms, pulse repetition time (TR)¼ 11,725 ms,
averages¼ 1, and specific absorption rate (SAR)¼0.1172.
The DW gradient settings that were used consisted of 1 b0

image and 25 images with a b-value of 750 s/mm2. The
raw data were upsampled in k-space into a 256 � 256
matrix that resulted in a final voxel size of 0.625 � 0.625
� 3 mm3. Homodyne reconstruction was used to recon-
struct the partially Fourier-encoded data. The subject was
a healthy female, nonsedated, 16-days-old neonate. Paren-
tal informed written consent was obtained.

RESULTS

Simulation Experiments

The results of the simulation experiments are presented
in Figures 5–8. For all experiments, the root mean
squared error (RMSE) of FA and MD measurements are

plotted in subfigures (a) and (b), respectively. All of the
reported differences were significant, with a significance
level of 0.001 when using the Wilcoxon signed rank test.
A Bonferroni correction for multiple comparisons was
applied. The only exceptions were the two cases where
no outliers were present (cf. in simulations 1 and 3
where the number of outliers is zero and the outlier
strength is 1, respectively).

Simulation 1: Variable Number of Outliers

The results of the first simulation are presented in Figure
5. For any number of negative outliers, IRLLS,
RESTORE, and iRESTORE, perform the same in terms of
RMSE of FA, while IRLLS demonstrates a slightly lower
RMSE of MD. In this range, they all perform substan-
tially better than the standard WLLS in terms of RMSE
of both FA and MD. For positive outliers, RESTORE
appears to handle the outliers slightly better than IRLLS.
iRESTORE on the contrary, performs even worse than
the WLLS estimation. Also important to notice is the
simulation where the number of outliers is zero. Here,
none of the robust techniques show significant differen-
ces compared to the standard WLLS.

FIG. 5. The root mean squared error of FA (a) and MD (b) estima-
tors in function of the number of the outliers for IRLLS, RESTORE,

iRESTORE, WLLS, and WLLS estimation of the outlier free signal
(reference). A negative number represent negative outliers (50% of
true value), while positive numbers represent positive outliers

(150% of true value). [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

FIG. 6. The root mean squared error of FA (a) and MD (b) estima-

tors in function of the SNR for IRLLS, RESTORE, iRESTORE,
WLLS, and WLLS estimation of the outlier free signal (reference).
[Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]
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Simulation 2: Variable SNR

In Figure 6, the results of simulation 2 are presented. In
terms of the RMSE of the FA, all of the robust techniques
perform approximately equally well and show a great
improvement compared to a standard WLLS estimation.
In terms of the MD estimation, however, IRLLS clearly
performs best, especially for low SNR values.

Simulation 3: Variable Outlier Strength

Figure 7 shows the results of simulation 3. Six outliers
were introduced, with strengths ranging from 0% up to
300% of the true value. As expected, iRESTORE demon-
strates extremely bad results for positive outliers, while
IRLLS and RESTORE perform very well over the entire
range of outlier strengths.

Simulation 4: Variable Bias on Noise Level Estimation

The aforementioned robust techniques require an esti-
mate of the noise standard deviation to exclude outliers.
Although robust methods for the estimation of the noise
variance have been proposed (35), most noise estimation

methods are vulnerable to outliers as well. It is clear
from the results in Figure 8 that over almost the entire
range of noise level offsets, the RMSE of the IRLLS esti-
mations of FA and MD are considerably lower than those
of RESTORE or iRESTORE.

Real Data Experiments

The results from the real data experiments are shown in
Figure 9. Because motion cannot be properly dealt with
when scanning newborns and homodyne detection (36)
was used to reconstruct the partially Fourier-encoded
data, this dataset suffers from various artifacts, such as
signal dropouts and worm-artifacts. Both artifacts may
originate from the combination of homodyne reconstruc-
tion and a rolling motion of the head (37). From the
acquired datasets, three interesting slices were selected,
each one being represented in a different row in Figure
9. The first slice shows a signal increase on the left side
of the brain image. In the second row of Figure 9, a mag-
nitude image is shown with the aforementioned typical
worm-artifacts, spread out over the entire image. The last
artifact that will be discussed is a signal dropout. In the

FIG. 7. The root mean squared error of FA (a) and MD (b) estima-

tors in function of the outlier strength for IRLLS, RESTORE, iRE-
STORE, WLLS, and WLLS estimation of the outlier free signal
(reference). [Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

FIG. 8. The root mean squared error of FA (a) and MD (b) estima-

tors in function of the noise bias factor for IRLLS, RESTORE, iRE-
STORE, WLLS, and WLLS estimation of the outlier free signal
(reference). [Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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second column, all outliers detected by IRLLS are visual-
ized, whereas in the third and fourth column the outliers
detected by the RESTORE and iRESTORE algorithm,
respectively, are shown.

For the first artifact, one of iRESTORE’s limitations is
immediately clear. The large signal intensity in the left
side of the image was detected by both IRLLS and
RESTORE, while iRESTORE did not classify it as an out-
lier region. It is also interesting to note that IRLLS has a
higher outlier detection rate compared to RESTORE. In
the second magnitude image, a worm-artifact is present.
All techniques are rather successful in detecting this arti-
fact, although, as indicated by the red arrows in the sec-
ond row Figure 9, IRLLS succeeds in identifying
noticeably more erroneous data points compared to both
RESTORE and iRESTORE. In the bottom row, a complete
signal dropout is shown. In this case, all of the techni-
ques are equally successful in detecting this artifact. One
of the main advantages of IRLLS becomes clear when
comparing calculation times. Thanks to the use of linear
estimators, the calculation time of IRLLS was around an
order of magnitude faster compared to RESTORE and
iRESTORE for this particular dataset.

DISCUSSION

In this work, we introduced IRLLS, a method based on
the well-known RESTORE algorithm, which is substan-
tially accelerated by the use of the fast WLLS estimator.
While RESTORE is based on a Geman–McClure weighted
NLS estimation to identify outliers, IRLLS uses an itera-
tive WLLS estimation with the same Geman–McClure
weights. The motivation behind this adaptation is the
large gain in calculation speed and an increase in the
accuracy of the parameter estimators. It has been empiri-
cally shown that the iterative process converges and
rarely requires the maximum number of iterations crite-
ria. To develop a method that is sensitive to artifacts that
manifest either as a loss or gain in signal intensity, a
two-eyes approach was introduced. This approach
involves evaluating negative and positive residuals in
either the linear or nonlinear space, respectively. In our
method, we decided not to rely on the actual probability
density function of the data but instead to use a more
pragmatic approach. This is motivated by the fact that
the data probability density function is generally
unknown because of, for example, motion correction, or
the use of parallel imaging techniques such as

FIG. 9. The results of real data experiments are shown. Three artifacts from the real data experiments are selected, each of which is
represented in one row. The first column shows the magnitude data, while the second, third, and fourth column show the outliers

detected by IRLLS, RESTORE, and iRESTORE, respectively. The red arrows in the images of the second artifact denote four areas
where IRLLS is able to better resolve an artifact when compared to RESTORE and iRESTORE. The background of all of the images was
cropped to show the relevant data more clearly.
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generalized autocalibrating partially parallel acquisition
(38). Finally, we also introduced studentized residuals to
compensate for differences in residual variances that
could have been introduced through the model fit and to
ensure that the b-matrix cannot be ill-conditioned or
directionally unbalanced.

IRLLS was tested in both an extensive Monte Carlo
simulation framework and on a real dataset. Simulations
1 and 3 show that over a broad range of different num-
bers and strengths of outliers, IRLLS, RESTORE, and
iRESTORE perform more or less equally well for negative
outliers and demonstrated great improvement compared
to a WLLS estimation. For positive outliers, IRLLS and
RESTORE present better results than iRESTORE, which
because of its design, performed significantly worse than
the other estimators. It is also important to note that the
use of IRLLS has no harmful effects when no outliers are
present. Consequently, IRLLS can also be used in data-
sets that are considered “outlier free” without any signif-
icant loss in quality of the derived diffusion parameters.
In simulation 2, all estimation methods were tested for
different values of the SNR. At low SNR, IRLLS outper-
forms the other estimators, showing a significantly lower
RMSE on MD estimations while the RMSE of FA estima-
tions remains approximately the same for all methods.
This can be explained by the fact that for low SNR val-
ues, the data distributions will be more skewed. Because
IRLLS operates in the log-Rician space for negative resid-
uals, it partially compensates for this positive skewness
in the nonlinear space.

A downside of the previously mentioned robust estima-
tion techniques is that they all rely on a correct estimation
of the noise level (39–45). Obtaining good estimates, how-
ever, is not obvious, and an overestimation is to be
expected, especially in the presence of artifacts. Simula-
tion 4 inspects the effect of an overestimation of the noise
level on the performance of the aforementioned estima-
tors. The results from this simulation indicate that IRLLS
is far more robust, compared to RESTORE or iRESTORE,
when large biases of the noise level are present. Both for
the RMSE of FA and MD, the difference between IRLLS
and the other estimators are substantial. We believe the
increased robustness to erroneous noise level estimates
and low SNR, together with the substantially reduced cal-
culation time, are the biggest incentives to favor IRLLS
over RESTORE and iRESTORE.

Judging from the results of the real data experiments,
our conclusions from the simulations seem to be con-
firmed. Both the simulation and real data experiments
demonstrate that IRLLS outperforms RESTORE and iRE-
STORE in the outlier detection success rate. Specifically,
by design, iRESTORE cannot detect erroneous signal
increases, while our experiment did not show an
improved sensitivity to signal dropouts. The improved
sensitivity of IRLLS to signal dropouts compared to
RESTORE roots in the skewness of the error terms result-
ing from the log-transformation needed to linearize the
DTI (or diffusion kurtosis imaging) model. The lineariza-
tion of those diffusion models allows the estimation of
the model parameters using a (W)LLS estimator that has
a closed form solution. Therefore, unlike iterative non-
linear strategies, the linear estimators are computation-

ally efficient and not prone to getting stuck in a local
optimum. Although it is clear that IRLLS outperforms
RESTORE and iRESTORE in computation time, a quanti-
tative comparison in calculation time between IRLLS
and RESTORE is beyond the scope of this work as it
includes many implementation variables such as conver-
gence criteria and optimization algorithms.

We would like to stress that the IRLLS is basically an
outlier detection algorithm rather than a robust estima-
tor. The resulting outlier map is used to detect the voxels
that should be discarded in the final tensor estimation
step. We propose to use the WLLS estimator as described
by Salvador et al. (5) and Veraart et al. (6) as a final esti-
mation strategy because of its inherent high accuracy
given Rician-distributed data. However, other strategies,
such as the NLS estimator, constrained NLS estimator (7)
(e.g., to impose the positive definite constraint on the
diffusion tensor), or maximum likelihood estimator (30),
can be applied as well. For comparison of the different
estimation approaches, we would like to refer the inter-
ested reader to the literature (4, 46).

In conclusion, a novel method for the robust estimation
of diffusion parameters, called IRLLS, was introduced.
IRLLS uses the features of the data distributions which led
to a two-eyes approach for the detection of outliers. Fur-
thermore, studentized residuals were introduced to com-
pensate for differences in residual variances and to ensure
that the b-matrix does not become ill-conditioned or direc-
tionally unbalanced through the removal of outliers.
IRLLS was evaluated and compared to WLLS, RESTORE,
and iRESTORE in both a Monte Carlo simulation frame-
work and real data experiments. These experiments
showed that our proposed method is substantially faster,
more robust against inaccuracies of the noise level esti-
mate and provides more accurate estimates of MD for low
values of SNR. Moreover, in every simulation, IRLLS
proved to be at least as reliable as the other methods in
terms of RMSE of FA and MD estimations. These com-
bined features make IRLLS a practical and reliable tool for
the robust estimation of DW-MR parameters.
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