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We investigate localized electron and hole states in parabolic quantum dots of biased graphene bilayers in
the presence of a perpendicular magnetic field. These quantum dots can be created by means of nanostructured
gates or by position-dependent doping, which can create a gap in the otherwise gapless dispersion of a
graphene bilayer. Numerical results show the energy levels of confined electrons and holes as a function of the
dot parameters and the magnetic field. Remarkable crossings of energy levels are found.
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I. INTRODUCTION

The possibility of the development of carbon-based nan-
odevices has stimulated a renewed interest in the study of the
electronic properties of carbon allotropes, especially since
the recent production of single layers of carbon crystals
�graphene�. These two-dimensional �2D� carbon systems are
attractive since they may allow the creation of devices that
could benefit from the large charge carrier mobilities and
long mean-free paths at room temperature in graphene.1–5

Among the striking properties of charge carriers in
graphene, their apparent “ultrarelativistic” behavior and a
vanishing effective mass result from the gapless and approxi-
mately linear spectrum near the Fermi energy at the vicinity
of the K and K� valleys in the Brillouin zone. The charge
carriers propagate through the graphene honeycomb lattice at
a constant “light speed” equal to the Fermi velocity vF
�106 m /s and are described by the 2D Dirac equation. This
massless character of the carriers, together with their chiral
nature, is predicted to cause a perfect transmission through
wide potential barriers at normal incidence, also known as
Klein tunneling,6–8 an effect that may prevent the electro-
static confinement of charged particles and thus the realiza-
tion of quantum dots �QDs� in graphene.9,10 The linear spec-
trum of electrons in graphene also leads to an unusual
quantum Hall effect with the quantum Hall plateaus being
found in half-integer multiples of 4e2 /h. The Landau level
�LL� structure of single layer graphene has been investigated
by infrared transmission and cyclotron resonance experi-
ments in thin graphite samples11 and on single layers of
graphene.12

In contrast to graphene, the spectrum of two coupled
graphene layers is found to be approximately parabolic for
low energies at two points in the Brillouin zone.13,14 This is a
consequence of the interlayer hopping, which modifies the
electronic structure of the system, that nevertheless remains
gapless. However, it has been shown recently that the carrier
spectrum in bilayers of graphene can be strongly modified by
means of chemical doping or by applying an external perpen-
dicular electric field, which breaks the inversion symmetry of
the bilayer.15 This makes it possible to create a tunable gap in

the spectrum, which can then be exploited for the develop-
ment of devices in bilayers of graphene.

One example of such a device is a QD, which can be
created by tailoring the electronic structure of a bilayer by
means of position-dependent doping or by built-in electro-
static gates in order to create a position-dependent gap, thus
allowing the confinement of carriers. Such quantum dots
were recently predicted and shown to display new properties
not found in conventional semiconductor-based QD.16 More-
over, the creation of QDs in carbon-based systems can be
particularly useful for the development of quantum informa-
tion applications, due to the long spin coherence times ex-
hibited by electrons in graphene. Bilayers of graphene have
been shown to display Landau levels that have an approxi-
mate linear dependence on B �Refs. 17 and 18� at low ener-
gies, which turns into a �B behavior at higher energies, i.e.,
high magnetic fields.19 This behavior has been recently ob-
served in cyclotron resonance measurements.20 In biased bi-
layers, however, the Landau level spectrum has been shown
to be strongly modified, showing a nonmonotonic depen-
dence on the magnetic field, with the appearance of level
crossings as the field increases. In this paper we investigate
the eigenstates of localized electrons in a quantum dot cre-
ated from a graphene bilayer in the presence of a perpendicu-
lar magnetic field. We obtain results for the energy levels as
a function of the dot parameters and magnetic field.

The paper is organized as follows. Section II gives a de-
scription of the model. In Sec. III we show and discuss nu-
merical results. A summary and conclusions are presented in
Sec. IV.

II. MODEL

We consider a bilayer of graphene as two honeycomb
sheets of covalent-bond carbon atoms in a Bernal AB stack-
ing. The system can be described in terms of two sublattices,
labeled A and B �upper layer� and A� and B� �lower layer�.
The A and B� sites at each layer are coupled via an interlayer
hopping term t. In this work we do not take into account
possible second-nearest-neighbor terms. Moreover, this cal-
culation describes single electron states. The single electron
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model has been shown to give a reasonably good qualitative
agreement with the experimental data so far, although a more
precise description should include the effect of electron-
electron interactions, as well as other perturbations, such as
the interaction with a substrate.20 The Hamiltonian in the
vicinity of the K point and in the presence of magnetic field
perpendicular to the layer is given, in the continuum approxi-
mation, by21

H =�
U0 +

�U

2
� t 0

�† U0 +
�U

2
0 0

t 0 U0 −
�U

2
�†

0 0 � U0 −
�U

2

� ,

�1�

where t�400 meV is the interlayer coupling term,
�=vF��px−eAx�+ i�py −eAy��, p is the momentum operator,
A is the vector potential, and vF�1�106 m /s is the Fermi
velocity. In this work we do not take into account the Zee-
man splitting of the energy levels, which can often be ne-
glected for the values of magnetic field considered. The
eigenstates of Eq. �1� are four-component spinors
�= ��A ,�B ,�B� ,�A��

T, where �A,B��A�,B�� are the envelope
functions associated with the probability amplitudes at the
respective sublattice sites of the upper �lower� graphene
sheet.

For constant potentials U1 and U2, the single-particle
spectrum consists of four bands given by

E�
+ �k� = U0 + �1/2���t � ��2 + 	�1/2, �2�

E�
− �k� = U0 − �1/2���t � ��2 + 	�1/2, �3�

with �= �t2+4�
vFk�2+4�
vFk / t�2�U2�1/2 and 	
= �1−4�
vFk�2 / t2��U2. For nonzero �U the spectrum dis-
plays a gap. The existence of such a gap allows the creation
of nanostructures based on a position-dependent doping,
which in turn can create a position-dependent potential dif-
ference between the upper and lower layers of the
structure.22

Let us now consider a circular-symmetric, position-
dependent potential such as the one described in Ref. 16. The
carrier states are described by the four-component spinors

���,�� =�
A���eim�

iB���ei�m−1��

B����eim�

iA����ei�m+1��
� , �4�

where m is the angular momentum label. Using the symmet-
ric gauge A= �0,B� /2,0�, the radial dependence of the
spinor components is described, in dimensionless units, by

1
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where �=�2� / �2�B�, �B= �
 /eB�1/2 is the magnetic length,
�=�−u0 is the energy shifted by the average potential
between the layers u0= �u1+u2� /2, and �=�u /2, with �u
=u1−u2. The energy, the potentials, and the interlayer cou-
pling strength are written in dimensionless units as �
=E�B /
vF, u1,2=U1,2�B /
vF, and t�= t�B /
vF. In this paper
we will solve Eq. �2� numerically for the case where U0=0
and the following parabolic dependence for the potential dif-
ference between the layers:

�U = �2Ub��/R�2 � � R

2Ub � � R .
� �6�

This potential creates a position-dependent gap that vanishes
in the center of the QD and which allows the confinement of
electrons and holes in the central region, where Ub gives the
height of the barriers for both holes and electrons. The
smooth position dependence of the potential allows us to
neglect intervalley scattering processes, such that the calcu-
lation can be carried out separately for each valley. This type
of potential profile may be achieved by controlled doping of
the surface or by the use of split gates deposited on pristine
bilayer graphene.

III. NUMERICAL RESULTS

An unbiased bilayer of graphene displays a E=0 Landau
level, as shown in Fig. 1�a�, which shows the dependence of
the levels on the angular momentum label m, for B=5 T.
When the truncated parabolic confining potential given by
Eq. �6� is introduced, the degeneracy of the lowest-energy
states is lifted, and the resulting spectrum becomes strongly
dependent on m, as shown in Fig. 1�b� for a graphene quan-
tum dot of radius R=50 nm, Ub=50 meV, with B=5 T.

For zero external magnetic field, the energy levels of the
bound states associated with the QD show a square-root de-
pendence of the potential barrier height �Ub�, as depicted in
Fig. 2 for m=−1 �blue circles�, m=0 �black squares�, and
m=1 �red triangles�, for a QD with radius R=50 nm. The
results also show the asymmetry between the electron and
hole states for nonzero values of m, caused by the breaking
of inversion symmetry by the QD potential.

Figure 3 shows results for the spectrum of localized states
as a function of the barrier height in the presence of an ex-
ternal magnetic field, B=4 T. As in the previous case, the
results are presented for three values of angular momentum
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label: m=−1 �blue circles�, m=0 �black squares�, and m=1
�red triangles�. For Ub=0, the result corresponds to the Lan-
dau level spectrum of an unbiased graphene bilayer, with the
m=0 and m=−1 states being degenerate.19 For small barrier
heights, the confinement of the states is mainly caused by the
magnetic field. However, as the barrier height increases, the
electrostatic confinement becomes important, as seen by the
lifting of the degeneracy of the states, and the results ap-
proach the �Ub behavior of the previous figure. The m=1
branches, in particular, show a strong influence of the field.
This comes from the fact that for m=1 there are no Landau
states with E=0,17 whereas for zero field, the value of the
lowest-energy states vanishes as Ub→0. In addition, for each
value of m, the results show some level crossings between
energy levels associated with different Landau indices.

Results for the spectrum of localized states as a function
of the dot radius are shown in Fig. 4 for m=0, Ub

=50 meV, B=0 T �left panel� and B=0, m=0 �black dots�,
−1 �red squares�, and −2 �blue triangles� �right panel�. For
B=0, the spectrum shows a 1 /R dependence. On the other
hand, although for nonzero magnetic fields the inverse-radius
dependence persists for small radii, as R increases the spec-
trum becomes weakly dependent on the dot radius, with the
energy levels approaching the Landau levels for the unbiased
case, for which the m=0, m=−1, and m=−2 states form a set
of degenerate levels. One important consequence of the in-
terplay between magnetic and electrostatic confinements is
the appearance of level crossings, which occur when states
that have lower energy for steeper potentials evolve into
magnetically confined states with larger Landau indices. That
is a consequence of the nonparabolicity of the band structure
of biased bilayer graphene, which displays a mexican hat
shape. It is also seen that the low-lying states approach E
=0, which corresponds to the lowest LL for zero bias. These
effects are a consequence of the extra confinement brought
about by the magnetic field that, as B increases, tends to

FIG. 1. �a� Landau levels of an unbiased bilayer of graphene as
a function of angular momentum label �m�. �b� Energy levels of a
bilayer graphene quantum dot of radius R=50 nm, Ub=50 meV.
In both cases, B=5 T.

FIG. 2. �Color online� Energy levels of a graphene bilayer quan-
tum dot as a function of the barrier height Ub for R=50 nm, B=0,
m=−1 �blue circles�, m=0 �black squares�, and m=1 �red triangles�.

FIG. 3. �Color online� Energy levels of a graphene bilayer quan-
tum dot as a function of the barrier height Ub for R=50 nm, B
=4 T, m=−1 �blue circles�, m=0 �black squares�, and m=1 �red
triangles�.

FIG. 4. �Color online� Energy levels as a function of dot radius
for m=0, Ub=50 meV, B=0 T, �left panel� and B=5 T �right
panel�.
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localize the electrons at the vicinity of the origin, where the
confining potential is weak. Alternatively, for small values of
the confining potential, the eigenstates approach the LL of an
unbiased bilayer and as the confining potential increases, it
lifts the degeneracy of the LL.

Figure 5 displays results for the energy levels as a func-
tion of the magnetic field, for m=0, of a quantum dot with
Ub=50 meV and R=50 nm. For large magnetic fields the
eigenstates are strongly localized close to the origin, where
the potential difference between the layers �U vanishes.
Therefore, for large values of B, the spectrum approaches
those of the Landau levels of an unbiased graphene bilayer,
which has an energy state at E=0. On the other hand, for
zero magnetic field, the energy spectrum of the parabolic
quantum dot does not have a zero-energy state. As a result,
the field dependence of some electron �hole� energy states
displays a negative �positive� slope and approaches E=0 as
the field increases. That behavior can also be understood by
taking into account the fact that as the magnetic field in-
creases, the magnetic length ��B� becomes much smaller than
the dot radius �i.e., for B=1 T, �B�25 nm, whereas for B
=10 T, �B�8 nm�. Therefore, the position of the level
crossings can be expected to depend on the dot radius, as
well as on the magnetic field strength. The results also show
the lifting of valley degeneracy signaled by the splitting of
the energy levels associated with the K �black squares� and
K� �red circles� valleys. This effect can be explained by the

breaking of the electron-hole symmetry caused by the simul-
taneous presence of a gap and a magnetic field at the barrier
region. This breaking of symmetry has been predicted to
occur for a biased graphene bilayer.19 As the magnetic field
increases, the energy difference between the K and K� states
decreases due to the fact that, for larger fields, the magnetic
confinement localizes the wave functions in a region of low
�U. Furthermore, for large values of B the results approach
the Landau level spectrum of an unbiased graphene bilayer
�dashed blue lines�.

IV. CONCLUSIONS

We have obtained results for the energy spectra of con-
fined electrons and holes in quantum dots in bilayer graphene
in the presence of a magnetic field. The spectra were ob-
tained from a four-band Dirac-like Hamiltonian that de-
scribes the carrier dynamics at the vicinity of the K valley,
considering a position-dependent difference in potential be-
tween layers which allows the confinement of electrons and
holes for zero magnetic field. The results for the spectrum
show the effect of the magnetic field on the energy levels of
the bound states for different QD parameters, with the results
approaching the LL of a uniformly biased bilayer. In particu-
lar, the spectra showed the existence of level crossings for
several values of magnetic field and dot radii. These cross-
ings are a consequence of the interplay between electrostatic
and magnetic confinements together with the unusual elec-
tronic dispersion of carriers in a biased bilayer of graphene.
These quantum dots may be created by depositing gates on
graphene bilayers using lithographic techniques, such as
those used previously to investigate transport in graphene
nanoribbons, or by means of a controlled deposition of
chemical dopants. The energy spectra may be probed by
standard spectroscopic techniques, such as the IR cyclotron
resonance technique described in Ref. 20, which was em-
ployed to investigate the LL structure in unbiased bilayer
graphene samples deposited on SiO2 substrates. Landau lev-
els in single and bilayer graphene have also been previously
studied by scanning tunneling microscopy.23 Such experi-
mental methods can be expected to show the dependence of
the intraband transitions energies on the magnetic field and,
in particular, the LL crossings.

ACKNOWLEDGMENTS

This work was supported by the Brazilian Council for
Research �CNPq�, the Flemish Science Foundation �FWO-
Vl�, the Belgian Science Policy �IAP�, and the Canadian
NSERC under Grant No. OGP0121756.

1 Y. Zheng and T. Ando, Phys. Rev. B 65, 245420 �2002�.
2 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y.

Zhang, S. V. Dubonos, I. V. Grigorieva, and A. A. Firsov, Sci-
ence 306, 666 �2004�.

3 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I.
Katsnelson, I. V. Grigorieva, S. V. Dubonos, and A. A. Firsov,

Nature �London� 438, 197 �2005�.
4 V. P. Gusynin and S. G. Sharapov, Phys. Rev. Lett. 95, 146801

�2005�.
5 Y. Zhang, Y. W. Tan, H. L. Stormer, and P. Kim, Nature �Lon-

don� 438, 201 �2005�.
6 M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, Nat. Phys.

FIG. 5. �Color online� Energy levels in a graphene bilayer quan-
tum dot as a function of external magnetic field with m=0 for Ub

=0 meV �blue dashed lines�, and Ub=50 meV and R=50 nm for
both the K valley �black squares� and the K� valley �red circles�.

PEREIRA, JR. et al. PHYSICAL REVIEW B 79, 195403 �2009�

195403-4



2, 620 �2006�; J. M. Pereira, Jr., P. Vasilopoulos, and F. M.
Peeters, Appl. Phys. Lett. 90, 132122 �2007�.

7 V. V. Cheianov and V. I. Fal’ko, Phys. Rev. B 74, 041403�R�
�2006�.

8 J. M. Pereira, Jr., V. Mlinar, F. M. Peeters, and P. Vasilopoulos,
Phys. Rev. B 74, 045424 �2006�.

9 P. G. Silvestrov and K. B. Efetov, Phys. Rev. Lett. 98, 016802
�2007�; H. Y. Chen, V. Apalkov, and T. Chakraborty, ibid. 98,
186803 �2007�.

10 A. Matulis and F. M. Peeters, Phys. Rev. B 77, 115423 �2008�.
11 M. L. Sadowski, G. Martinez, M. Potemski, C. Berger, and W. A.

de Heer, Phys. Rev. Lett. 97, 266405 �2006�.
12 R. S. Deacon, K. C. Chuang, R. J. Nicholas, K. S. Novoselov,

and A. K. Geim, Phys. Rev. B 76, 081406�R� �2007�.
13 B. Partoens and F. M. Peeters, Phys. Rev. B 74, 075404 �2006�.
14 T. Ohta, A. Bostwick, T. Seyller, K. Horn, and E. Rotenberg,

Science 313, 951 �2006�.
15 E. McCann, Phys. Rev. B 74, 161403�R� �2006�.

16 J. M. Pereira, Jr., P. Vasilopoulos, and F. M. Peeters, Nano Lett.
7, 946 �2007�.

17 E. McCann and V. I. Fal’ko, Phys. Rev. Lett. 96, 086805 �2006�.
18 F. Guinea, A. H. Castro Neto, and N. M. R. Peres, Phys. Rev. B

73, 245426 �2006�.
19 J. M. Pereira, Jr., F. M. Peeters, and P. Vasilopoulos, Phys. Rev.

B 76, 115419 �2007�.
20 E. A. Henriksen, Z. Jiang, L.-C. Tung, M. E. Schwartz, M. Ta-

kita, Y.-J. Wang, P. Kim, and H. L. Stormer, Phys. Rev. Lett.
100, 087403 �2008�.

21 I. Snyman and C. W. J. Beenakker, Phys. Rev. B 75, 045322
�2007�.

22 Recently it was shown that it is also possible to realize a
position-dependent gap by adding a narrow graphene layer on
top of a single one, see J. Nilsson, A. H. Castro Neto, F. Guinea,
and N. M. R. Peres, Phys. Rev. B 76, 165416 �2007�.

23 G. Li and E. Y. Andrei, Nat. Phys. 3, 623 �2007�.

LANDAU LEVELS IN GRAPHENE BILAYER QUANTUM DOTS PHYSICAL REVIEW B 79, 195403 �2009�

195403-5


