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Abstract
In this work dark soliton collisions in a one-dimensional superfluid Fermi gas are studied across the
BEC-BCS crossover bymeans of a recently developed finite-temperature effective field theory (2015
Eur. Phys. J.B 88 122). The evolution of two counter-propagating solitons is simulated numerically
based on the theory’s nonlinear equation ofmotion for the pairfield. The resulting collisions are
observed to introduce a spatial shift into the trajectories of the solitons. Themagnitude of this shift is
calculated and studied in different conditions of temperature and spin-imbalance.Whenmoving
away from the BEC-regime, the collisions are found to become inelastic, emitting the lost energy in the
formof small-amplitude density oscillations. This inelasticity is quantified and its behavior analyzed
and compared to the results of otherworks. The dispersion relation of the density oscillations is
calculated and is demonstrated to show a good agreementwith the spectrumof collective excitations
of the superfluid.

1. Introduction

Solitons are among themost fascinating nonlinear phenomena in physics. Arising from an interplay between
dispersive and nonlinear effects of the underlyingmedium, these solitary waves retain their shapewhile
propagating at a constant velocity. Solitons emerge in awide variety of physical systems, including opticalfibers,
classical fluids and plasmas.More recently, they have also become a subject of interest in the ultracold atoms
community. Due to the fact that ultracold quantum gases are well-controlled and highly tunable nonlinear
systems, they form an ideal environment for studying the properties and dynamics of solitons. In particular,
solitons in ultracold atom cloudsmost oftenmanifest themselves as dark solitons, which are characterized by a
localized density dip and a jump in the phase profile of the order parameter. Dark solitons have been
theoretically and experimentally studied in Bose–Einstein condensates [1–5] and superfluid Fermi gases [6–9].
In both of these systems, they are subject to an instabilitymechanism called the snake instability [9–12], which
makes the soliton decay into vortices if the radial width of the atom cloud is too large. Since this inhibits the
creation and observation of stable solitary waves in three-dimensional (3D) quantumgases, the preferred set-ups
to study dark solitons are elongated quasi-one-dimensional (1D) clouds.

Solitons are often portrayed as particle-like excitations. Themain reason for this is that they preserve their
identity not only while propagating, but alsowhen interacting with each other: when two solitons collide, they
re-emerge again as two solitonic waves [13, 14]. In the case of Bose–Einstein condensates, collisions between
dark solitons have been thoroughly studied both theoretically [15, 16] and experimentally [17, 18]. For
fermionic superfluids on the other hand, this topic has been investigated far less extensively. Dark soliton
collisions have been theoretically analyzed in quasi-1D Fermi superfluids bymeans of a generalized nonlinear
Schrödinger equation [19] and through numerical simulations of the time-dependent Bogoliuobov–deGennes
(TDBdG) equations [20], but themethods that were used in theseworks imposed limitations on either the
domain or the amount of the resulting data. The goal of the present paper is to further extend the study of dark
soliton collisions in superfluid Fermi gases by using a recently developed effective field theory (EFT) that is
capable of describing Fermi superfluids across the BEC-BCS crossover regime in awide temperature domain
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[21]. This theory is based on the assumption that the order parameter changes slowly in both space and time,
corresponding to the condition [22] that the pair field should vary over a spatial region larger than the pair
correlation length [23, 24]. The consequent limitations and validity of the EFT are discussed in section 2.2. The
theory has already been successfully employed in the description of both stable dark solitons and the snake
instabilitymechanism in different regimes of temperature and population imbalance [25–27]. In this work, we
use the EFT equation ofmotion that governs the dynamics of the order parameter to numerically simulate the
collision of two solitons in a 1DFermi superfluid and study the properties of the re-emerging solitons across the
BEC-BCS crossover.We demonstrate how the collision introduces a phase shift into the space–time trajectories
of the solitons and analyze the effects of temperature and spin-imbalance on this quantity.We observe that the
soliton interactions become inelastic whenmoving away from the BEC-regime, the lost energy being converted
into small-amplitude density ripples that emanate from the point of collision.We determine the dispersion of
these ripples and compare it to the dispersion of the collective excitations of the superfluid.Wherever possible,
we qualitatively compare our results and their validity to those of theworksmentioned above.

The (quasi-)1D setting inwhichwe investigate the collisions ensures that the solitons are stable with respect
to the snake instability [27] and is indeed the regime of interest formost of the current theoretical and
experimental studies on this subject. The 1Dpropagating soliton solutionswhich constitute the initial states for
the numerical simulations are obtained from analytic expressions for the phase and amplitude profile of the
order parameter, whichwere derived in [25, 26] for the case of a dark soliton on a uniform background.While
traditionally ultracold gases are studied in set-upswith harmonic trapping potentials, the recent realization of
box-like optical traps [28] provides an incentive to investigate uniform superfluids and the opportunity to
experimentally test the predictions of the present work.

The remainder of the article is organized as follows: in section 2we give a brief overview of the theoretical
model employed to examine ultracold fermionic systems. In section 3, we investigate and discuss the properties
of dark soliton collisions in a 1DFermi superfluid using numerical simulations. Finally, the conclusions of our
study are presented in section 4.

2.Model andmethod

2.1. Effectivefield theory
The systemunder consideration is an ultracold Fermi gas inwhich particles of opposite pseudo-spin interact via
an s-wave contact potential. In the context of a recently developed finite-temperature EFT [21], this system can
be described across the BEC-BCS crossover in terms of a superfluid order parameterΨ(r, t) (representing the
bosonic pair field), under the assumption thatΨ(r, t) varies slowly in both space and time. In the natural units of
ÿ=1, 2m=1,EF=1, the Euclidean-time action functional for the system is then given by

ò òt t t
Y =

Y
Y
¶Y
¶

-
¶Y
¶

Y +
b ⎡

⎣⎢
⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥[ ] (∣ ∣) ¯ ¯

( )S
D

rd d
2

, 1
0

whereβ is the inverse temperature, and theHamiltonian density is given by

 = W Y + Y -  Y(∣ ∣) ∣ ∣ ( ∣ ∣ ) ( )C

m

E

m2 2
. 2s r r

2 2 2

The thermodynamic potentialΩs reads

ò p b
b bz x

p
W Y = - + - -

Y
-

Y⎡
⎣⎢

⎤
⎦⎥(∣ ∣)

( )
[ ( ) ( )] ∣ ∣ ∣ ∣ ( )k

E
m

k

m

a

d

2

1
log 2cosh 2cosh

4
3k ks

s
3

2

2

2

while the coefficientsC,D andE are defined as

ò p
b z=

( )
( ) ( )C

k

m
f E

kd

2 3
, , , 4k3

2

2

ò p
x

b x z b z=
Y

-
( ) ∣ ∣

[ ( ) ( )] ( )D f f E
kd

2
, , , , , 5k

k k3 2 1 1

ò p
x b z=

( )
( ) ( )E

k

m
f E

k
2

d

2 3
, , . 6k k3

2
2

4

The functions fj(β, ò, ζ) in the above expressions are defined by


åb z

b w z
=

- +
( )

[( ) ]
( )f , ,

1 1

i
7j

n n
j2 2

2

New J. Phys. 20 (2018) 053052 WVanAlphen et al



with the fermionicMatsubara frequencies w p b= +( )n2 1n . In this treatment, the chemical potentials of the
two pseudo-spin species m and m are combined into the average chemical potential m m m= + ( ) 2 and the
imbalance chemical potential z m m= - ( ) 2, the latter determining the difference between the number of

particles in each spin-population. The quantity x m= -k

mk 2

2

is the dispersion relation for a free fermion,

x= + Y( ∣ ∣ )Ek k
2 1 2 is the Bogoliubov excitation energy, and as is the s-wave scattering length that determines

the strength and the sign of the contact interaction. It is important to note that, while both the coefficientsC and
E in the action functional are kept constant and equal to the value they assume in the uniform system case, the
coefficientD and the thermodynamic potentialΩs fully depend upon the order parameter [25]. The regularized
real-time Lagrangian density that follows from (1) reads
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where Y¥∣ ∣ is the value of the order parameter for a uniform system (i.e. the superfluid gap). Consequently, the
subtraction of the term W Y¥(∣ ∣)s means that in the following calculations all energy values are considered as
energy differences with respect to the energy of the uniform system. Since this background value Y¥∣ ∣ and the
average chemical potentialμ essentially serve as input parameters for the coefficients (3)–(6), there is a certain
freedomof choice for the values of these quantities which allows to tune the quantitative accuracy of the EFT. In
this work, we assign to these parameters themean-field values that are obtained by simultaneously solving the
saddle-point gap and number equations [29]. At unitarity, this yields the values Y =¥∣ ∣ E0.69 F , m = E0.59 F and
Tc=0.5 TF for, respectively, the gap, chemical potential and critical temperature of the system. These
background values could be further improved upon by, for example, includingfluctuations around the saddle-
point, using the values of quantumMonte-Carlo simulations [30–32] or even using the values derived from
experimentalmeasurements [33].

From the Lagrangian density (8), the equation ofmotion for the pairfieldΨ is found to be:
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This equation is a type of nonlinear Schrödinger equationwhich is closely related to both theGross–Pitaevskii
(GP) equation for Bose–Einstein condensates and theGinzburg–Landau equation for Fermi superfluids [34].
Thefirst termon the right-hand side can be identified as a kinetic energy term,while the nonlinear term
represents a system-inherent potential for the field. The ratio D̃ C can be interpreted as a renormalization
factor for themass of the fermion pairs [35] and the coefficient determines the uniformbackground value of
the system, since Y Y =( ) 0 is nothing but the aforementioned gap equation. It has been verified that in the
deep BEC-limit ( )k a1 1F S this equation ofmotion correctly tends to theGP equation for bosonswith a
mass =M m2 and an s-wave boson–boson scattering length aB=2 as [36]. In themost general case,
equation (9) describes a 3D fermionic superfluid. To limit ourselves to the study of (quasi-)1D systemswith a
uniformbackground, wewill consider only solutions of the form Y = Y( ) ( )t x tr, , , thus imposing the one-
dimensionality of the systemdirectly onto the pair field. The 1D equation ofmotion then becomes:
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The expressions for the coefficientsC, D̃,E and remain the same as in (3)–(6) and (10), but D̃ and now
only depend upon one spatial parameter through their dependence onΨ(x, t). For the case of a 1Ddark soliton
that propagates with a constant velocity vs on a uniformbackground, equation (11) can be solved analytically and
an exact solution Y -( )x v ts s can be found [25, 26]. Specifically, wewrite the complex order parameter as
Y = Y q

¥( ) ∣ ∣ ( ) ( )x t a x t, , e x ti , and solve the resulting equations for the amplitudemodulation a(x) and the phase
field θ(x). This results in an expression for the phase profile
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and a relation for the position (i.e. the distance from the soliton center) in function of the amplitude
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The relative bulk amplitude is given by =¥a 1, while the relative amplitude at the center of the soliton
a0=a(x=0) is determined as the solution of - =( ) ( )X a v Y a 0s0

2
0 . This solution for the pairfield exhibits

the characteristic phase jump and amplitude dip at the position of the dark soliton, both ofwhich are intrinsically
connected to the soliton velocity vs: the lower themagnitude of vs, the larger the phase jump across the soliton
position and the deeper the density dip. A stationary soliton, which is often referred to as a black soliton, possesses
the highest possible phase jump q pD =∣ ∣ and amaximal depth (zero pair density) at its center. Finite-velocity
solitons, often called gray solitons, will become less and less deep as their velocity increases, up until a critical
velocity vc (which coincides with the sound velocity cs of the superfluid) for which both the density dip and phase
jumpdisappear completely and a soliton solution no longer exists. This relation between the soliton velocity,
depth and phase jump is illustrated infigure 1.

To simulate a dark soliton collision in a 1D superfluid in the context of the abovemodel, an initial stateΨ0(x,
t) consisting of two counter-propagating solitons is numerically evolved in time, using the EFT equation of
motion (9). This initial state is constructed by combining two analytical solutions Y - -( )x x v ts 1 1 and
Y - -( )x x v ts 2 2 for dark solitonswith respective velocities v1 and v2 and respective initial positions x1 and x2.
While in general the superposition of two solutions of a nonlinear equation is not necessarily a solution of the
equation aswell, it has been demonstrated that, due to their localized character, the superposition principle
holds asymptotically for solitary waves at large spatial separation [37]. Indeed, sufficiently far from the position
of each soliton, themodulus and phase of the order parameter will assume constant values, so the two solutions
can be connected to each other if the distance between x1 and x2 is sufficiently large. The subsequent numerical
time evolution of the initial state is carried out by discretizing the space–time grid and applying afinite-
difference fourth order Runge–Kutta (RK4) algorithm. A detailed explanation of this numerical procedure is
given in the appendix.

2.2. Validity of themodel
There are in general two approximations that determine the validity and limitations of the EFT outlined above.
Themain assumption of themodel is that the order parameter changes slowly in both space and time, which
corresponds to the condition that the pairfield should vary over a spatial regionmuch larger than the pair
correlation length (also referred to as the Pippard correlation length in the context of superconducting systems).
A detailed study of the limitations imposed by this conditionwas carried out in [26]. By comparing the soliton
width to the pair correlation length for thewhole relevant region of the b z-{( ) }k a , ,F s

1 space, it was revealed
that the reliability of the theory is not guaranteed on the BCS-side of the resonance at low temperatures. Hence,
results found in this regime should be treatedwith additional caution. A second remark thatmust bemade is that

Figure 1.Examples of the density profile (upper row) and phase profile (lower row) of a dark soliton for =-( )k a 1F s
1 , for the velocity

fractions vs/vc=0 (left column), vs/vc=0.5 (middle column) and vs/vc=0.95 (right column). Here, vc is the critical velocity above
which a soliton solution no longer exists. The position is given in units of -kF

1.

4

New J. Phys. 20 (2018) 053052 WVanAlphen et al



in the full version of the EFT, as it was introduced in [21], the action functional (1) contains additional terms that
result in termswith second order time derivatives (SOTDs) of the pair field in the equation ofmotion (9) (with a
form similar to the terms for the spatial derivatives).While it would in principle be better to use the full SOTD
model, we found that numerical SOTD simulations of soliton–soliton collisions exhibit inherent instabilities in
a large area of the parameter domain. These instabilities aremost likely caused by the fast deformation of the
condensate at themoment of the collision.We therefore omit the SOTDs andmake use of the first order time
derivative (FOTD) version of the theory. It has been verified that for low-velocity solitons these omitted terms
are of less importance and the deviations between the SOTDand FOTDcalculations are usually small [36].

3. Results

In this sectionwe present the results of the numerical simulations of dark soliton collisions in a 1D superfluid
Fermi gas, based on the EFTmodel that was described in the previous section. The initial state of each collision
process is constructed as described in section 2.1. The initial positions of the counter-propagating solitons are
always chosen as = - -x k20 F1

1 and = -x k20 F2
1, while the box size is chosen to be = -L k300 F

1. The resolution
of the spatial grid is taken to beD = -x k0.02 F

1. Figure A1 in the appendix indicates the correspondingmaximal
value the time stepΔt can have in each interaction regime for the simulation to remain stable.

3.1. General collision process
Wewill start by describing and characterizing the evolution of the different types of dark soliton collisions. An
important feature of these collisions is that the solitons preserve their identity, re-emerging as two solitary waves
after the interaction. This is often interpreted as the fact that the two solitons simply propagate through each
other. As an initial state, we consider two dark solitonswith constant velocities v1 and v2, propagating towards
each other through a uniform superfluid. Depending on themagnitude of these initial velocities, two different
types of collisions can be identified. Thefirst type of collision, which occurs if the initial velocities of the counter-
propagating solitons are small enough, is illustrated infigure 2. The left panels offigure 2(a) show the evolution
of the pair density profile of the superfluid, while the right panels show the evolution of the phase profile.We
observe that at some time before the soliton centers reach other, both their respective velocities and the density at
their centers decrease until they become zero. Accordingly, the phase jump associatedwith each soliton grows
until it reaches a value of−π, at which point itflips to a value ofπ and causes the soliton velocity to change sign.
As a result, the solitons propagate back into the opposite directionwithout having fully come together. On the
space–time diagram 2(b) that tracks themotion of the soliton centers, it appears as if the two solitons are simply
reflected off each other in a particle-like collision.However, as can be observed from the evolution of the phase
and density, the solitons actually exchange energy during the collision, adjusting their velocity, depth and phase
jump accordingly. As a result, the soliton thatwas initially propagating to the right will still be found propagating
to the right after the collision and vice versa, supporting the notion that the solitonsmove through one another.
This type of collision is sometimes referred to as a black collision [15], because for each soliton therewill be some
point in time forwhich the density at its center vanishes completely. The second type of collision, which is
sometimes referred to as a gray collision [15], is illustrated in a similar way in figure 3. If the initial velocities of the
solitons are sufficiently large, theywill never become zero and the density at the soliton centers will never fully
vanish during the collision. Instead, the solitons come together to form a single composite structure, at which
point their phase jumps cancel each other out. After a limited amount of time, the solitons separate again and
continue propagating through the superfluid, conforming to the picture that the solitonsmove through one
another. It is interesting to relate this collision process to the general fact that creating a single density dip in a
superfluidwith a uniformphase background results in the creation of one ormore pairs offinite-velocity
solitons, amethod that can be used for the density-engineering of solitons in experiments [16]. In the context of
gray collisions, this is exactly what occurs during the recreation of the colliding solitons after their phases have
canceled each other out.

3.2. Spatial shift of the soliton trajectory
Despite the notion that two interacting dark solitons simply propagate through each other, the collision does
have observable effects on the outgoing solitons. Themost important of these effects is that the post-interaction
trajectories of the solitons acquire a positive spatial shift with respect to the original trajectories. This can be
clearly observed on the space–time diagrams in figures 3(a) and (b): after the collision both solitons have gained a
positive shift in their own traveling directions when compared to their respective free paths (marked by the
dashed lines). A consistent determination of the value of this spatial shift is complicated by the fact that the
collisions become observably inelastic in certain velocity and interaction regimes, an effect which is further
examined in section 3.3. Since in those cases the velocities of the outgoing solitonswill have changed, the

5

New J. Phys. 20 (2018) 053052 WVanAlphen et al



Figure 2.Example of the evolution of a black collision for v1=0.05 vF, v2=0.13 vF and =-( )k a 1F s
1 (BEC-regime). (a)Evolution of

the pair density (left panels) and the phase profile (right panels) of the superfluid for the successive time steps t=50, t=100,
t=106, t=108, t=111, t=115 and t=140. (b)Trajectories of the soliton centers. The dashed linesmark the trajectories each
solitonwould have followed if therewas no collision. The position is given in units of kF

−1 and the time in units ofωF
−1, with

ωF=EF/ÿ.

6
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difference between the post-collision trajectory and the free trajectory will further increase as time goes on. For
this reason, the independent effect of the spatial shift has to be studied sufficiently close to the collision time. In
order tomaintain a clear graphical presentation,most results in this paper only involve symmetrical collisions,
inwhich the solitons have opposite velocities of equalmagnitude ( =∣ ∣ ∣ ∣v v1 2 ). In themore general case of
asymmetrical collisions, the studied quantities depend on both of the individual soliton velocities instead of only
the relative soliton velocity, but their general behavior still agrees with the results discussed below.

Figure 3.Example of the evolution of a gray collision for = =v v v0.251 2 F and =-( )k a 1F s
1 (BEC-regime). (a)Evolution of the pair

density (left panels) and the phase profile (right panels) of the superfluid for the successive time steps t=15, t=32, t=39, t=45,
t=51 and t=66. (b)Trajectories of the soliton centers. The dashed linesmark the trajectories each solitonwould have followed if
there was no collision. The position is given in units of kF

−1 and the time in units ofωF
−1.

7
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Figure 4 shows themagnitude of the spatial shiftΔs of the trajectory for a symmetrical collision of two dark
solitons in function of their relative velocity vr/vc for different values of the interaction parameter -( )k aF s

1 at
temperatureT/TF=0.01. Aswasmentioned in section 2.2, the FOTDmodel of the EFT tends to exhibit
deviations for high-velocity solitons and as a result overestimates the critical soliton velocity vc especially at the
BCS-side of the interaction domain. To avoid going beyond the region of validity of ourmodel, we refrain from
showing results for soliton velocities above the values of vc predicted by the full SOTD formalism. Fromfigure 4,
it is clear that the shift of the trajectory becomes smaller as the relative velocity of the solitons increases, showing
an initial rapid decrease and then leveling out slowly. To explain this behavior, we also study the quantityΔxmin,
which represents the smallest distance that occurs between the soliton centers during each collision. For a black
collision, inwhich the solitons turn around before their centers reach each other, this value will be a finite
number, while for a gray collision, inwhich the solitonsmerge completely, this quantity will be zero by
definition. As can be seen in the inset of thefigure, the behavior ofΔxmin in function of both vr and -( )k aF s

1

seems to be related to that of the curves in themain graph. Slowmoving solitonswith a large depthwill reach
their turning point while they are still at a relatively large distance from each other, and subsequently acquire a
larger shift with respect to their free trajectory.When the solitons come closer tomerging completely however,
this effect diminishes and themagnitude of the shift slowly levels out. The inset also indicates that the transition
froma black to a gray collision consistently occurs when the relative velocity of the solitons is equal to the critical
soliton velocity vc. This was already demonstrated for the case of Bose–Einstein condensates [38], but is now
observed to be valid across thewhole BEC-BCS crossover.

Figure 5 shows themagnitude ofΔs for a symmetrical collisionwith relative velocity vr=0.3 vF across the
BEC-BCS crossover for varying degrees of population imbalance. The spin-imbalance parameter η is defined as
h z= Y¥∣ ∣where Y¥∣ ∣ represents the superfluid gap of the homogeneous unpolarized gas [39]. For the regular
spin-balanced case (η=0),Δs decreases whenmoving away from the deep BEC-regime, reaches aminimum
around =-( )k a 0.5F s

1 and then increases again towards the BCS-regime. The increase at the BCS-side of the
resonance could be expected: the pair density at the center of the soliton ismuch lower in this interaction regime,
causing the solitons to turn around sooner and thus acquiring a bigger shift. Additionally, the non-monotonous
behavior of the shift around =-( )k a 0.5F s

1 can be explained by noticing that it is very similar to the behavior of
the solitonwidth across the BEC-BCS crossover [26]. This implies that solitonswith a bigger width start feeling
each other’s influence sooner and as a result acquire a greater spatial shift in the collision. This idea also persists
whenwe consider the effects of spin-imbalance on the value of the shift. It has been demonstrated that dark
solitons broaden as the systembecomesmore imbalanced [26]. In accordancewith the above observation, this
seems to result in an increase of themagnitude of the spatial shift with η. Using spin-imbalanced systemsmay
therefore be a convenient way tomake the spatial shifts of the solitonsmore clearly observable in experiments.

Figure 4.Themagnitude of the spatial shiftΔs for the symmetrical collision of two dark solitons in function of their relative velocity
vr/vc at temperatureT/TF=0.01 for =-( )k a 0.5F s

1 (red full circles), =-( )k a 0F s
1 (green asterisks) and = --( )k a 0.5F s

1 (blue open
circles). The FOTDvalues for the critical soliton velocity vc in these interaction regimes are, respectively, =v v0.41c F, =v v0.59c F

and =v v0.90c F. The inset shows the smallest occurring distanceΔxmin between the soliton centers in function of vr/vc. The
quantitiesΔs andΔxmin are given in units of kF

−1. The error bars on the data points are of the same size as the plotmarkers, so they are
not explicitly depicted here.
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The inset of the figure shows the effect of temperature on the shift. Since increasing the temperature slightly
increases the solitonwidth, this also results in a small increase ofΔs.

Our predictions for the behavior ofΔs across the BEC-BCS crossover in a spin-balanced Fermi superfluid
can be qualitatively compared to those of [19], where the authors also use a superfluid order parameter equation
to calculate the relative shift of a collision between two high-speed solitons across the BEC-BCS crossover in a
quasi-1D system. Their result displays a localminimumaround =-( )k a 0.5F s

1 , a localmaximum close to
unitarity and a subsequent decrease towards the deeper BCS-regime.While our own results also display a
minimumaround =-( )k a 0.5F s

1 , we do notfind amaximumand subsequent decrease of this quantity at the
BCS-side of the interaction domain. In particular, since our observations suggest that themagnitude of the
spatial shift depends on both thewidth and depth of the colliding solitons, and since neither of these quantities
exhibits non-monotonous behavior in the BCS-regime, we do notfind a reason for the spatial shift to display any
non-monotonous behavior in this regime either. On the other hand, the approximations and calculations in [19]
focusmainly on solitonswith a high velocity, which happens to be a regime inwhich our own resultsmight
exhibit deviations on the BCS-side, as was discussed in section 2.2. Consequentially, a definite conclusion cannot
be drawn from the available data.

3.3. Inelasticity of the collisions
Our numerical simulations demonstrate that dark soliton collisions are not elastic across thewhole BEC-BCS
crossover. In the case of a (quasi-)1DBEC, soliton interactions are known to be completely elastic [15, 17], and
indeedwe find that no inelasticity occurs in the deep BEC-limit of the interaction domain ( - ( )k a 1F s

1 ).
However, whenmoving away from the BEC-regime, collisions in certain velocity regimes become observably
inelastic. The lost energy is converted into small-amplitude density ripples that emanate from the point of the
collision, examples of which are shown infigure 6 for both the unitarity and BCS-regime. Because solitonswith a
lower energy have a higher velocity and vice versa, the solitons actuallymove faster after losing energy in a
collision and their inelasticity can be characterized by determining the velocity increase. Figure 7 shows the
magnitude of the velocity changeΔv of an individual soliton after a symmetrical collision, in function of the
relative soliton velocity vr/vc for different values of the interaction parameter -( )k aF s

1. The inset shows the

maximumvalue assumed by the relative pair density Y =
~ Y - Y

Y
¥

¥
∣ ∣ ∣ ∣ ∣ ∣

∣ ∣max
2 max

2 2

2 which identifies the largest density

wave that is produced in each of these collisions. One can clearly see the correlation between the behavior of
these quantities: the larger the generated density waves are, themore energy the solitons lose in the collision, and
the higher the resulting velocity increase. In general, the inelasticity is small for slowmoving solitons, then
increases to reach amaximumvalue at afixed value of vr/vc, andfinally becomes very small again for high-
velocity solitons. Considering how the critical soliton velocity and thus the velocity range become larger when
moving towards the BCS-regime, the inelasticity will peak at increasingly higher velocities. Figure 8 shows the
magnitude of the velocity changeΔv of each soliton across the BEC-BCS crossover for different values of the

Figure 5.Themagnitude of the spatial shiftDs for the symmetrical collision of two dark solitonswith relative velocity vr=0.3 vF in
function of -( )k aF s

1 atT/TF=0.01 for η=0 (blue open circles), η=0.3 (red full circles) and η=0.5 (green asterisks). The inset
showsΔs in function of -( )k aF s

1 forT/TF=0.01 (blue line),T/TF=0.04 (red dashed line) andT/TF=0.1 (green dot-dashed line).
The spatial shifts are given in units of kF

−1. The error bars on the data points are of the same size as the plotmarkers, so they are not
explicitly depicted here.
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relative velocity vr. The position of themaximumvalue of the curves indeed shifts towards the BCS-regime as the
relative velocity increases. In the deep BEC-regime the inelasticity always becomes negligible, consistent with the
fact that soliton collisions in (quasi-)1DBECs should be perfectly elastic.Moreover, we observe a similar
downward trend forΔv towards the other side of the interaction domain, implying that also in the deep BCS-
regime the collisions become elastic again.

Our results for the inelasticity of soliton collisions across the BEC-BCS crossover can be compared to those
of [19, 20]. In the formerwork, inwhich the authors alsomake use of a nonlinearmacroscopic order parameter
equation, soliton collisions are observed to be as good as elastic across thewhole BEC-BCS crossover. In the
latter work on the other hand, inwhich a harmonically trapped Fermi superfluid is studied through numerical
simulations of the TDBdG equations, inelastic soliton collisions are clearly observed. Due to the fact that the
TDBdGmethod is computationally very demanding, only four values ofΔvwere calculated across the BEC-BCS
crossover.While this prevents a rigorous comparison between the different formalisms, we can nevertheless

Figure 6. Space–time plot of the relative pair density profile Y =
~ Y - Y

Y
¥

¥
∣ ∣ ∣ ∣ ∣ ∣

∣ ∣
2

2 2

2 during a symmetric soliton collisionwith relative

velocity vr=0.5 vF in (a) the unitarity regime ( =-( )k a 0F s
1 ) and (b) the BCS-regime ( = --( )k a 0.5F s

1 ). Blue colors indicate a lower
relative density, yellow colors a higher relative density. One can clearly observe how densitywaves emanate from the point of collision,
carrying away a small amount of energy from the colliding solitons. The position is given in units of kF

−1 and the time in units ofωF
−1.

Figure 7.Themagnitude of the velocity shiftΔv of a soliton after a symmetrical collision in function of the relative velocity vr/vc at
temperatureT/TF=0.01 for =-( )k a 0.5F s

1 (red full circles), =-( )k a 0F s
1 (green asterisks) and = --( )k a 0.5F s

1 (blue clear circles).
The FOTDvalues for the critical soliton velocity vc in these interaction regimes are, respectively, =v v0.41c F, =v v0.59c F and
=v v0.90 Fc . The inset shows the largest occurring pair density value Y∣ ˜ ∣max

2 in function of vr/vc. The velocity differences are given in
units of vF/2. To depict the results in a clear way, we show the error bars for just one of the points of each data curve.
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observe that the velocity increases foundwith the TDBdGmethod are almost one order ofmagnitude larger than
those found in the present work. The authors determine that the inelasticity is caused by fermionic quasiparticles
that are localized in the solitons (i.e. Andreev bound states) and identify this as the reason that in [19] only elastic
collisions were observed, since these type of localized quasiparticle states are not present in a bosonic EFT. In the
context of the currently applied EFT, the existence of a continuumof fermionic single-particle excitations with
energyEk does enter the formalism in an implicit way through the background theory, but no dynamical pair-
breaking processes are containedwithin the Lagrangian for the bosonic pairfield. Thismeans that, similar to
[19], localized quasiparticles andAndreev bound states are absent in the current description. However, the
present results do reveal a small but observable inelasticity for the collisions. This suggests that the reason that no
inelastic collisions were observed in [19]might actually be due to the fact that thework focuses on solitonswith a
very high velocity, for which, according to the results infigure 7, the energy loss will become close to negligible.
On the other hand, the fact that the observed energy losses aremuch larger in the TDBdG formalism than in the
present case indicates that, while the inelasticitymight not be completely due to the localized fermionic
quasiparticles, they do provide a large contribution to this process.

3.4.Dispersion of the density oscillations
As can be observed in the space–time plot of the pair density profile infigure 6, the density ripples that emerge
froman inelastic soliton collision generate a chirp-likewave pattern inwhich the frequency of the oscillations
increases along the length of thewave train. In order to obtain the corresponding dispersion relationω(q), we
determine thewavelengthλi (measured as the distance between two consecutive peaks) and the velocity vi of
eachmatter wave and apply the relations qi=2π /λi andωi=qi vi. The resulting dispersion of the oscillations
can then be compared to the spectrumωs(q) of the collective excitations of the superfluid, which in the context of
the present EFT is determined by calculating the poles of the inverse propagator for the bosonicfluctuations
[21]. Up to fourth order in q, this leads to the form

w l= +
⎛
⎝⎜

⎞
⎠⎟( ) ( )q c q

q

m2
, 16s s

2 2 2
2 2

where the sound velocity cs and the coefficientλ depend on the systemparameters.While the EFT values for cs at
zero temperature show a very good agreement with the results of Gaussian pairfluctuation calculations across
thewhole BEC-BCS crossover [21], the predictions for the coefficientλ showdeviations from those found by
Kurkjian et al [40]whenmoving towards the BCS-regime [36]. It is also important to recall that, in the context of
the current work, we have omitted from the EFT equation ofmotion all SOTDs of the pairfield, limiting
ourselves to only first order temporal variations. Aswas noted in section 2.2, this introduces deviations in
particular for high-velocity excitations and on the BCS-side of the resonance. Infigure 9, the dispersion of the

Figure 8.Themagnitude of the velocity shiftΔv of a soliton after a symmetrical collision in function of the interaction parameter
-( )k aF s

1 at temperatureT/TF=0.01 for relative velocities vr=0.3 vF (blue open circles), vr=0.4 vF (green asterisks) and vr=0.55
vF (red full circles). The velocity differences are given in units of vF/2. To depict the results in a clear way, we show the error bars for just
one of the points of each data curve.
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density ripples is compared to the spectrumof collective excitations of the superfluid for several values of the
interaction parameter -( )k aF s

1 at near-zero temperature. For the collective excitation spectrum, we show the
EFT results of both the FOTDand SOTDversions of the theory, as well as the results of [40]. As expected, the
difference between the FOTD and SOTD curves becomes larger both at higher q-values andwhenmoving
towards the BCS-regime.Within the context of the FOTDcalculations, the dispersion of the density oscillations
shows a good agreement with the spectrumof collective excitationmodes, identifying thewave trains as regular
bosonic excitations of the superfluid. The slope of the ripple dispersion seems to tend correctly to the value of the
sound velocity cs at low q. This agreement between the excitation spectrum and density wave dispersion is also
observed at higher values of the temperature.

4. Conclusions

In this paper we studied the collisions of dark solitons in 1D superfluid Fermi gases bymeans of a finite-
temperature EFT already employed to describe the properties of single dark solitons. Using numerical
simulations based on the EFT equation ofmotion, we demonstrated that the collisions introduce a spatial shift
into the soliton trajectories andwe studied the effects of spin-imbalance and temperature on itsmagnitude. The
fact that the presence of spin-imbalance increases themagnitude of the spatial shift could provide a convenient
way tomake this quantity easier to observe in experiments.Whenmoving away from the deep BEC-regime,
soliton collisions were found to become inelastic, resulting in an increase of the solitons’ velocities after the
collision. The inelasticity peaks in themiddle of the soliton velocity range, but is close to negligible for very slow
and very fastmoving solitons. This could explain the absence of inelastic collisions in [19], where only high-
velocity solitonswere studied. The fact that the observed changes in velocity aremuch smaller than in [20]

Figure 9.The dispersion of the density oscillations (red full circles) is compared to the spectrumof collective excitations for (a)
=-( )k a 1F s

1 , (b) =-( )k a 0.5F s
1 , (c) =-( )k a 0F s

1 and (d) = --( )k a 0.5F s
1 . For the spectrumof collective excitations, we show the

EFT predictions of both the first order time derivative (blue full line) and second order time derivative (green dashed line) version of
the theory, as well as the predictions of [40] (purple dash-dotted line). Thewavenumbers are given in units of kF and the frequencies in
units ofωF.
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corroborates the fact that themain contribution to the inelasticity in [20] is due to the presence of localized
fermionic quasiparticles, which are absent in the current theory. The energy that is lost in the inelastic collisions
was observed to be converted into trains of small-amplitude density oscillations, whose dispersionwas
demonstrated to show a good agreementwith the spectrumof collective excitations of the superfluid. The
numerical simulations carried out in this workwere based on analytical solutions for 1D stable solitons in a
uniform superfluid, as derived in [25, 26]. Even though ultracold gases are traditionally studied in set-upswith
harmonic trapping potentials, the recent realization of box-like optical traps [28] can provide the opportunity to
test the predictions of this work in experiment.While the effects of a single soliton collision ismost likely too
small to be reliablymeasured, the (necessarily)non-uniformboundaries of the trapping potential can be used to
make the solitons turn around and undergomultiple repeated collisions in the uniform region. Subsequently,
the accumulated effect of these consecutive collisionsmight be observable in experiments.
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Appendix. Discretization and evolution of the equation ofmotion

A.1. Finite-difference algorithm
In this appendixwe elaborate on how equation (11) is discretized and solved numerically using the explicit RK4
algorithm.We begin bywriting the equation ofmotion as

¶Y
¶

= ( ) ( )
t

f x t, A.1

with

=
Y

¶ Y
¶

-
Y
Y

Y +
¶ Y
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Square brackets are used tomore clearly indicate the dependence of D̃ and onΨ(x, t). Using afinitemesh
widthΔx and afinite time stepΔt, we discretize space–time into a grid ofM×N points bywriting xm=mΔx
withm=1,K,M and tn=nΔtwith n=1,K,N. This allows us to approximate the spatial derivatives in (A.2)
by central finite-difference formulas. Using the notations Y = Y( )x t,m n m n, , = Y∣ ( )∣w x t,m n m n,

2,
= Y˜ ˜[ ( )]D D x t,m n m n, and = Y[ ( )]x t,m n m n, , the discretized formof (A.2) is given by
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Since far from the solitonswe expect the superfluid to assume its uniformbulk value, we require the field to
remain constant and its derivatives to be zero at the boundary points of the chosen spatial grid. If now, for a
certain time step tn, we know the valuesΨm,n for all positions xm, the explicit RK4method allows us to calculate
for every position the valueΨm,n+1 of the next time step by using the following algorithm [41]:

= Y( ) ( )p f , A.4m n m n, ,

= Y +( ) ( )q f p 2 , A.5m n m n m n, , ,

= Y +( ) ( )r f q 2 , A.6m n m n m n, , ,

= Y +( ) ( )s f r , A.7m n m n m n, , ,

Y = Y +
D

+ + ++ ( ) ( )t
p q r s

6
2 2 . A.8m n m n m n m n m n m n, 1 , , , , ,

This scheme can be repeated until the solution has been evolved up to the desired point in time.

A.2. Stability and convergence
For thefinite-difference algorithm to be stable, the ratioΔx/Δtmust be sufficiently large,meaning that the
smaller we chooseΔx, the smaller the value ofΔthas to be to prevent the simulation fromdiverging. This results
in a trade-off between the preferred resolution of the spatial grid and the amount of time steps that will be
needed to reach the desired point in time. Figure A1 shows theminimal valuewhichΔx/Δtmust have across the
interaction domain in order for the algorithm to be stable. One can observe that the condition for stability
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becomes stricter whenmoving from the BEC-regime to the BCS-regime.Wefind that for the grid step
D = -x k0.02 F

1 that is used in this work, themaximal stable values of the time stepΔt are sufficiently small to
ensure that the convergence error of thefinite-difference algorithm ismuch smaller than the error coming from
thefinite spatial step size. Therefore, the numerical errors on all calculated quantities are determined by the
spatial resolution of our grid.
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