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Energy levels of bilayer graphene quantum dots
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Within a tight binding approach we investigate the energy levels of hexagonal and triangular bilayer graphene
(BLG) quantum dots (QDs) with zigzag and armchair edges. We study AA- and AB- (Bernal) stacked BLG QDs
and obtain the energy levels in both the absence and the presence of a perpendicular electric field (i.e., biased
BLG QDs). Our results show that the size dependence of the energy levels is different from that of monolayer
graphene QDs. The energy spectrum of AB-stacked BLG QDs with zigzag edges exhibits edge states which
spread out into the opened energy gap in the presence of a perpendicular electric field. We found that the behavior
of these edges states is different for the hexagonal and triangular geometries. In the case of AA-stacked BLG
QDs, the electron and hole energy levels cross each other in both cases of armchair and zigzag edges as the dot
size or the applied bias increases.
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I. INTRODUCTION

Since the first experimental realization of graphene [1],
an atomically thin layer of carbon atoms, the study of
quantum dots (QDs) in this material has been the subject of
substantial theoretical [2] and experimental [3] works. Part of
such intense interest results from suggestions that graphene
quantum dots (GQDs) offer a promising host for spin qubits
[4,5]. Because of the linear and gapless spectrum in graphene,
the realization of GQDs using external gate potentials becomes
very challenging. However, GQDs can be fabricated by direct
etching of a graphene sheet into small flakes. In such QDs the
shape and edges of the dot have very significant consequences
on the electronic and transport properties [3,6,7]. For example,
GQDs with zigzag edges exhibit a degenerate zero energy level
in their spectrum, whereas the GQDs with armchair edges have
an energy gap [8,9]. There exists several theoretical works
pertinent to monolayer GQDs (with different geometries and
different edges) in which the QD energy levels were studied
using both tight-binding and continuum models [9,10]. Similar
works on bilayer graphene (BLG) QDs are still very rare.

It has been recognized that AB-stacked BLG, i.e., two
coupled layers of graphene, is a very different material from
its monolayer [11]. The spectrum in AB-stacked pristine BLG
is gapless and approximately parabolic at low energies. In
the presence of a perpendicular electric field, however, the
spectrum is found to display a gap, which can be tuned by
varying the bias. Tailoring this tunable gap, using external gate
potentials, has lead to the creation of electrostatically confined
QDs in BLG [12,13]. The electronic properties of these QDs
in BLG has been theoretically studied in both the absence and
presence of external magnetic fields [14–18].
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Similar to QDs made of monolayer graphene, one can
consider small flakes in BLG as another type of QDs. In such
QDs, the edges play an important role and modify strongly
the energy spectrum. Despite the considerable number of
theoretical studies in monolayer GQDs, similar studies in
BLG are limited to triangular BLG flakes in zero magnetic
field [19]. Systematic studies pertinent to BLG flakes with
different geometries and different boundaries in the presence
of a perpendicular electric field are, to our knowledge, absent.

In this paper, using the tight-binding (TB) approach, we
obtain the energy levels of BLG QDs with triangular and
hexagonal geometries in both the absence and presence of
external electric fields. We study both AB- and AA-stacked
BLG QDs with armchair and zigzag edges. We are able to
describe approximately our numerical results for the energy
spectra using a simplified continuum model and present
analytical expressions for the size dependence of the energy
levels.

Our paper is organized as follows. In Sec. II we briefly
discuss the tight-binding approach used in our numerical
calculations. In Secs. III and IV we present our results for
the energy levels of the QDs with armchair and zigzag edges
for AB- and AA-stacking BLG QDs, respectively. Finally, we
present the concluding remarks in Sec. IV.

II. NUMERICAL METHOD

In order to describe electrons in BLG, we employ the tight-
binding approach within the nearest-neighbor approximation.
The Hamiltonian for BLG reads

HTB =
∑
i �=j

(τij c
†
i cj + H.c.) +

∑
i

Vic
†
i ci , (1)

where ci (c†i ) annihilates (creates) an electron in site i and
τij is the nearest neighbor hopping parameter. In AA-stacked
BLG, the atoms in the upper and lower layer are located on
top of each other, whereas in an AB-stacked BLG, the atoms
in the A (B) sublattice in the bottom layer are linked with B
(A) atoms in the top layer (i.e., the two monolayers are shifted
with respect to each other). The hopping energy between the

1098-0121/2015/92(11)/115437(11) 115437-1 ©2015 American Physical Society

http://dx.doi.org/10.1103/PhysRevB.92.115437


DA COSTA, ZARENIA, CHAVES, FARIAS, AND PEETERS PHYSICAL REVIEW B 92, 115437 (2015)

FIG. 1. (Color online) Energy levels (a) in the absence and
(b) in the presence of bias potential (V = 0.1 eV) as a function
of the square root of the dot area (

√
S), for hexagonal AB-stacked

bilayer graphene quantum dots with armchair edges. A zoom around
the lowest energy levels of the biased system is shown as an inset,
in order to emphasize the lifting of the degeneracy of the states. The
inset shows an AB-stacked armchair hexagonal BLG QD with N = 3
carbon hexagon at the edge.

atoms in the same layer is t = −2.7 eV, while the hopping for
neighbor atoms stacked right on top of each other in different
layers is τAB = −0.4 eV (i.e., for the AB-stacked BLG QDs)
and τAA = −0.2 eV (i.e., for the AA-stacked BLG QDs). Vi

is the on-site potential, which we take Vi = V for the atoms in
the upper layer and Vi = −V for the atoms in the lower layer
in the case of biased BLG QDs. Diagonalizing the matrix form
of the Hamiltonian HTB, we obtain the energy levels of BLG
QDs with different geometries. The evaluation of the density of
states (DOS) is then performed by a superposition of individual
energy states which we broaden using a Gaussian function
f (E) = exp [−(E − E0)2/�2], with a broadening factor �

smaller than the energy levels separations. A broadening factor
of � = 0.0005 eV is assumed in all figures from here onwards,
unless otherwise stated.

III. AB-STACKED BILAYER GRAPHENE

A. Armchair edges

First, we consider the energy spectrum of AB-stacked BLG
QDs with armchair edges. A schematic structure of the QD
is shown in the inset of Fig. 1(a). Figures 1(a) and 1(b) show
the energy levels of a hexagonal dot with armchair edges as
function of the square root of the QD area (

√
S), respectively,

for V = 0 and V = 0.1 eV. In the absence of bias [Fig. 1(a)]
the energy levels decrease as ∼1/

√
S. This behavior can be

linked to the fact that the lowest energy bands in BLG follow
the dispersion relation

E = ±
[
V 2 + (�vF k)2 + τ 2

AB

2

−
√

τ 4
AB

4
+ (

4V 2 + τ 2
AB

)
(�vF k)2

]1/2

, (2)

with vF ≈ 106 m/s as the Fermi velocity. Assuming k ∝
nπ/L (n is an integer) for a QD with the length size
L =

√
2S/3

√
3 and for V = 0 we obtain E ≈ [(nπ�vF /L)2 +

τ 2
AB

2 −
√

τ 4
AB

4 + (nπτAB�vF /L)2]1/2, which gives E ≈ ±1/L as
L → ∞. In the presence of a bias potential and for large L, one
obtains E ≈ ±[V − 2nπ�vF /L2] for the size dependence of
the energy levels in a BLG QD. This explains why the lowest
electron and hole states in the spectrum of Fig. 1(b) approach
energies lower than the value of the applied potential V at large
sizes of the QD. The anticrossings around E ∼ ±V [see inset
of Fig. 1(b)] are due to an interplay between edge states in the
biased case, as we will demonstrate in what follows.

Figure 2 shows the density of states (DOS) and the electron
probability densities corresponding to the first two energy
levels of the spectra in Fig. 1 at

√
S ≈ 16.7 nm (L ≈ 10.3 nm).

Our results show that the first two energy levels are degenerate
for V = 0 (see blue curve) while this degeneracy breaks down
when V �= 0 (see red curve). In the absence of bias, the
corresponding electron densities (see labels 1 and 2) in the
lower |ψ1|2 and upper |ψ2|2 layers can be transformed into
each other by a 180◦ rotation, which leads to the observed
twofold degenerate state. This symmetry is brought by the
layer symmetry of BLG when V = 0. For nonzero bias,
such layer symmetry is broken, resulting in the lifting of the
degeneracy of the first energy levels (see levels labeled by
3 and 4). In this case, the corresponding electron densities in
panels 3 and 4 show that the electron is mostly confined around
the same corner in each layer of the BLG hexagonal QD.

In Figs. 3(a) and 3(b) we show the energy levels of an
armchair triangular QD in BLG as function of

√
S, with S =√

3L2/4 and L being the side length of the dot, respectively, for
V = 0 and V = 0.1 eV. The triangular BLG QD structure with
armchair edges is depicted in the inset of Fig. 3(a). Similarly
to the spectra shown in Fig. 1 for the hexagonal BLG QDs, the
energy spectrum of an armchair triangular QD in BLG exhibits
a 1/

√
S dependence for V = 0 and E ≈ ±[V − 2nπ�vF /L2]

when V = 0.1 eV. Due to the triangular geometry, now the
energy levels decrease as function of size in groups of 2, 4,
6, 8, . . . states. This is more clear in the DOS plot shown in
the lower panel of Fig. 4 for

√
S = 16.726 nm. The different

groups of states are highlighted by different colors. The first
(second) group of levels exhibit two (three) peaks in their total
electron densities |ψ1|2 + |ψ2|2 and one (two) peak(s) in each
layer (see panels 1, 2 for the first group and panels 3–6 for
the second group of levels). Accordingly, one can expect four,
five, . . . peaks in the total electron density corresponding to
the levels in the third, fourth, . . . groups. This is reminiscent of
the nodal character of the wave functions in quantum confined
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FIG. 2. (Color online) Density of states (bottom figure) of hexagonal AB-stacked bilayer graphene quantum dot with armchair edges in
the absence (blue line) and the presence (red line) of a V = 0.1 eV electrostatic bias, for a dot with lateral size of N = 25 carbon rings
(L ≈ 10.366 nm which corresponds to

√
S ≈ 16.708 nm). The probability density (upper figures) in the bottom (|�1|2) and top graphene layers

(|�2|2) for the first two low-lying energy states are shown, namely, for points 1–2 and 3–4, respectively for the unbiased and biased cases. Red
(blue) colors represent high (low) amplitude.

systems. In the absence of bias, the electron densities for the
upper and lower layers can be transformed to each other by
a reflection symmetry in the axis shown by the dashed line
(compare upper and lower panels labeled by 1–6). Conversely,

FIG. 3. (Color online) The same as Fig. 1, but now for armchair
triangular AB-stacked bilayer quantum dots.

in the presence of bias, due to the breaking of the layer
symmetry, this reflection symmetry is no longer present (see
panels 7 and 8 for the first group of levels), which lifts the
degeneracy of the first low-lying levels in the absence of the
potential, as one can verify by comparing the peaks 1 and 2
(for unbiased case) with 7 and 8 (biased case) in the DOS plot.

B. Zigzag edges

Figures 5(a) and 5(b) show the energy levels of a hexagonal
BLG QD with zigzag edges, respectively, for V = 0 and V =
0.1 eV. In the absence of bias, as the QD size increases, the
energy levels quickly converge to zero and a degenerate zero-
energy level appears. This zero energy level is an edge state,
which is due to the zigzag atoms at the edges in both layers of
the BLG QD. The inset of Fig. 5(a) shows the first energy level
as function of L (the side length of the hexagonal BLG QD),
which is well fitted to E = α(1/Lβ) (red solid curve), where
α = 610.4 and β = 3 are fitting parameters. In the case of
nonzero bias, edge states appear in the energy window |E| �
0.1 eV and a mini gap opens between the electron and hole
edge states. Remarkably, the edges states display an oscillatory
behavior as function of the size of the QD. Besides, those states
for which the electrons are mainly confined at the zigzag edges
of the upper (lower) layer approach E = +V (E = −V ). To
provide a better understanding of the behavior of the energy
levels in the presence of these edge states, we show in Fig. 6 the
energy of the first electronic edge state and the corresponding
total electron densities for N = 8,9, . . . ,15, where N is the
number of zigzag atoms at each edge of the hexagonal QD.
The total probability density plots in Fig. 6(c) demonstrate
that: First, the electrons are confined mainly along the edges
for which the terminated atoms are not linked to the other
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FIG. 4. (Color online) The same as Fig. 2, but now for an armchair triangular AB-stacked bilayer quantum dot with lateral size of N = 60
carbon rings (L ≈ 25.418 nm and

√
S ≈ 16.726 nm). The probability density for the bottom (|�1|2) and top layers (|�2|2) are shown for points

1–6 and 7–8, respectively, for the unbiased and biased cases. The different colors on the background of the density of states accentuate the set
of states belonging to the same branch.

layer via the interlayer hopping term [see the structure of
a zigzag hexagonal BLG flake with N = 3 in Fig. 6(a), for
better clarification]. Second, the electrons are mainly confined
along the edges of the lower layer for the edge states whose
energy decrease with the dots lateral size, i.e., N = 8,9,12,13,
whereas they are confined at the edges of the upper layer for

FIG. 5. (Color online) Energy levels (a) in the absence and
(b) in the presence of a V = 0.1 eV bias potential as a function
of the square root of the dot area (

√
S), for hexagonal AB-stacked

bilayer graphene quantum dots with zigzag edges. The inset shows
the trend of the first energy level, that exhibits a 1/L3 behavior, as
verified by the fitting function (red solid line).

those whose energy increase with size (see electron densities
for N = 10,11,14,15).

The energy levels of a triangular BLG QD with zigzag
edges are shown in Figs. 7(a) and 7(b), respectively, for V = 0
and V = 0.1 eV. In the absence of bias, the energy spectrum
exhibits a zero energy level, with 2(N − 1) degenerate states,
namely, N − 1 zero states for each triangular layer, where
N is the number of carbon atoms in each side of the QD.
The higher energy levels are doubly degenerate and decay
as a function of the size with a 1/L dependence, similar
to that of triangular BLG QDs with armchair edges. Notice
that the twofold degeneracy of the higher energy levels is not
related to the layer symmetry of the BLG flake, but rather
to the triangular symmetry of the QD, as observed before
in triangular monolayer GQDs with zigzag edges [9]. In the
presence of bias, the 2(N − 1) degenerate zero energy states
split into two groups of edge states: (i) N − 1 degenerate states
with energy E = −0.1 eV, that are confined at the edges of the
lower layer, which, indeed, is at a −0.1 eV potential. These are
reminiscent of edge states in a triangular monolayer graphene
flake [9]. (ii) The other N − 1 states stem from the E = 0.1 eV
level and spread into the energy gap |E| � V , yet remaining
twofold degenerate. The asymmetry of the spectrum for V �= 0
is a consequence of the different structure of the edge atoms
in the upper and lower layers of the triangular BLG QDs [see
the inset of Fig. 7(a)]. This is in contrast with the hexagonal
geometry of BLG QDs [Fig. 6(a)] in which both layers display
the same structure for edge atoms.

Figures 8 and 9 show the DOS and the electron density
corresponding to the lowest electronic states of the spectra
shown, respectively, in Fig. 7(a) (for zero bias) and Fig. 7(b)
(with V = 0.1 eV), for a QD size of

√
S ≈ 16.7 nm. In the

absence of bias, the total probability density corresponding
to the N th zero-energy state (see panel 1) indicates that the
carriers are strongly confined at the edges, as expected. As
we move to higher energy levels, the confinement is mostly
inside the QD, exhibiting the nodal character of localized states
(see panels 2–7). Similar to the energy spectrum of armchair
triangular BLG QDs (Fig. 3), the nonzero energy levels of
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FIG. 6. (Color online) (a) A bilayer structure with N = 3 carbon rings of size is shown to demonstrate the edge terminations in zigzag
hexagonal BLG QDs and the shift of the top layer with respect to the bottom layer due to the AB stacking. The atoms of the bottom (top)
layer are represented by open black (blue closed) symbols. (b) Ground state energy in the biased dot spectrum for V = 0.1 eV [see Fig. 5(b)]
as a function of the number of carbon rings N on one side of the hexagonal dot. (c) The total probability density for the ground state of
a zigzag hexagonal quantum dot with N = 8–15 carbon rings in each of its sides. Notice that the group of states with N = 8,9,12,13 and
N = 10,11,14,15 presents the same wave function symmetry.

zigzag triangular QDs decay as a function of size in groups of
2,4,6, . . . states (notice that all peaks for nonzero energy levels
are doubly degenerate), and those states in the same group
exhibit the same number of peaks in their total probability
density, differing only in the spatial distribution of the peaks.
For the biased case, the probability density of the E = −0.1 eV
states, illustrated in panel 1 of Fig. 9, confirms that these are
edge states of the lower layer, as previously suggested. Higher
energy states inside the |E| < 0.1 eV gap are shown to be
also edge states, but with a number of nodes that increase
with the state energy level. These are reminiscent of quantum
well states along the edges—indeed, by increasing

√
S, one

effectively increases the edge size L (or, analogously, the width
of the quantum well along the edge) and, consequently, the
energies of all edge confined states must decrease, as shown
in Fig. 7(b).

Since the states inside the energy gap appear only for gated
zigzag hexagonal and triangular BLG QDs, it is interesting to
investigate how the energy spectra of these systems depend
on the applied gate potential, which is shown, respectively,
in Figs. 10(a) and 10(b), for

√
S ≈ 16 nm. As mentioned

before, the electron and hole levels are symmetric (asym-
metric) in hexagonal (triangular) QDs, due to the symmetric
(asymmetric) structure of the zigzag edges in the upper and

lower layers. In contrast to triangular BLG QDs, the energy
spectrum of hexagonal BLG QDs exhibit anticrossings in both
|E| � V and |E| > V regions. The nature of the anticrossings
in the |E| � V region is the same as the one for those
observed in Fig. 5(b), which were due to an interplay between
electron states localized in the nonconnected zigzag edges of
the upper and lower layers. On the other hand, anticrossings
in the |E| > V region are due to the overlap between the
edge states localized at the corners of the hexagonal QD, as
one can verify from Fig. 10(c) by the bottom |�1|2 and top
|�2|2 electron probability densities for the energies around
the highlighted anticrossing in Fig. 10(a), whose states are
labeled as 1–4 in the spectrum at V = 0.025 eV. The electron
densities corresponding to these corner-localized edge states
show electron confinement on the zigzag corner atoms that
are on top of each other (i.e., A sublattice in one layer and
B sublattice in the other). The wave functions for the 1 and 4
states, which are away from the anticrossing, share similarities,
namely, the contribution from the bottom and top layers are
asymmetric, exhibiting peaks only at the upper-right and
lower-left corners, respectively, so that the total wave function
distribution (summing both layer contributions) shows peaks
in all six corners of the hexagonal dot. Conversely, for states
2 and 3, both layers contribute with wave functions localized
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FIG. 7. (Color online) The same as Fig. 5, but now for zigzag tri-
angular AB-stacked bilayer quantum dots. A sketch of the triangular
structure is shown in the inset for N = 3 carbon rings at each size,
where open black (closed blue) symbols correspond to the carbon
atoms in bottom (upper) layer.

in the same corners, leading to a total wave function that is
localized only at one side of the hexagon, as a manifestation
of the in-plane asymmetry of the edges in the system.

IV. AA STACKED BILAYER GRAPHENE

Several properties discussed in the previous section are
demonstrated to be related to interlayer asymmetry. Therefore,
it is interesting to make a comparative study to a more
symmetrical lattice structure. In order to do so, we investigate
now the energy levels for bilayer graphene quantum dots
formed by a layer stacking of the AA type, whose bottom
and top layers are exactly on the top of each other.

A. Armchair edges

Figure 11 depicts the density of states as a function of
the square root of the dot area (

√
S) for (a) hexagonal and

(b) triangular BLG QDs with armchair edges. In the insets
of Figs. 11(a) and 11(b) we show the AA-stacked hexagonal
and triangular QDs sketches, respectively. Both spectra exhibit
similar behavior: the two branches composed by positive and
negative low energies cross each other at the zero-energy axis,
thus preserving the electron-hole symmetry Ee = −Eh. These
spectra are different from those of armchair AB-stacked BLG
QD, where a clear energy gap is observed for any dot size. To
understand better the behavior of these spectra, let us consider
the four-band Hamiltonian within the continuum model for a
AA-stacked bilayer graphene sheet [20,21]. For the K valley

this Hamiltonian can be expressed as follows:

H =

⎛
⎜⎜⎝

V1 �vF π τAA 0
�vF π † V1 0 τAA

τAA 0 V2 �vF π †

0 τAA �vF π V2

⎞
⎟⎟⎠, (3)

where π = kx + iky = keiθk and π † = kx − iky = ke−iθk are
the momentum operators with θk = tan−1 (kx/ky), and V1,(2) =
V (−V ) is the electrostatic potential at the two layers. The
eigenstates of the Hamiltonian (3) are given by the four-
component wave function � = [ψA,ψB,ψA′ ,ψB ′ ]T . Diagonal-
izing Eq. (3) and assuming k = nπ/L, with n ∈ Z and L is
the dot size, we obtain the eigenenergy spectrum

E = ±
[

�vF nπ

L
±

√
V 2 + τ 2

AA

]
. (4)

Based on this formulation, we plot the energy levels as
function of the length size L for n in the range [0,5] in
Fig. 11(c). It is clear that the tight-binding spectra for the
armchair hexagonal and triangular quantum dots, shown, re-
spectively, in Figs. 11(a) and 11(b), are qualitatively similar to
the one obtained analytically, by using the 4 × 4 Hamiltonian
Eq. (3) within the continuum model, shown in Fig. 11(c). In
fact, our results show that the AA-stacked BLG spectra for QDs
with armchair edges: (i) decrease with the dot size as 1/L or,
equivalently, 1/

√
S, and (ii) that the AA bilayer sheet spectra

are just a superposition of two single layer graphene spectra
shifted up and down by ±τAA. Actually, for a more general
V �= 0, according to the analytical expression Eq. (4), it is
clear that, from the four bands of the system, two energy sets
(the higher electron band and the lower hole band) converge
to E = +

√
V 2 + τ 2

AA, whereas the other two sets approach
E = −

√
V 2 + τ 2

AA (the lower electron band and the higher
hole band)—these values correspond to the energies of the
two doubly degenerate n = 0 states, shown as black solid
lines in Fig. 11(c). Notice also that sets of states are formed
for the triangular dot [Fig. 11(b)], just like those observed in
the AB-stacked situation shown in Fig. 3. The main difference
between the branches for the former [Fig. 11(b)] and the latter
[Fig. 3(a)] is in the fact that the energy gaps that separate
the branches of states are larger for AB stacking as compared
to AA stacking. Besides, for the AA-stacking case, not all
states are nondegenerate, as is evident for the AB-stacking
configuration.

B. Zigzag edges

Figures 12(a) and 12(b) show the density of states and
energy levels, respectively, for AA-stacked hexagonal and
triangular BLG QDs with zigzag edges as function of the
QD size

√
S for zero bias potential. Schematic structures of

these AA-stacked QDs with zigzag edges are illustrated in
the inset of Figs. 12(a) and 12(b). In addition to the bulk
localized states, which follow the analytical expression Eq. (4),
the energy spectrum of hexagonal QDs exhibits several edges
states that spread out in the range of |E| � τAA. The energy
levels of AA-stacked triangular dots [Fig. 12(b)] suggests
that this difference between the spectra of hexagonal and
triangular geometries is a consequence of the fact that all
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FIG. 8. (Color online) Density of states of a zigzag triangular AB-stacked bilayer graphene quantum dot, in the absence of an electrostatic
bias, with N = 103 carbon rings in each of its sides, which corresponds to L ≈ 25.415 nm and

√
S ≈ 16.724 nm [see Fig. 7(a)]. The probability

density for each layer (bottom |�1|2 and top |�2|2 layer amplitudes), as well as the total contribution (|�1|2 + |�2|2) are shown for points 1
(zero-energy level) and 2–7 (three first positive energy groups of states of the spectrum). The different colors on the background of the density
of states plot illustrate the set of states belonging to the same branch, formed by 2, 4, 6, and 8 states. As all states are twofold degenerate, only
1, 2, 3, and 4 peaks are visible in these energy sets, respectively. Red (blue) colors represent high (low) amplitude of the wave function.

edge atoms in a AA-stacked triangular BLG QD terminate
to the same sublattice, while for a hexagonal QD the adjacent
lengths terminate to the different sublattices. Furthermore, the
spectrum for the triangular case in Fig. 12(b) exhibits two
straight horizontal states as the dot size increases, located
at the energies E = ±

√
V 2 + τ 2

AA=±τAA=±0.2 eV. These dot
size independent states are not present in the armchair case
(Fig. 11), but they are also observed in the analytical spectrum
shown in Fig. 11(c) and they correspond to energy values

for n = 0, as previously mentioned. Besides, just like in the
analytical case, these two levels as obtained by using the
tight-binding model are also degenerate. In the latter they are
(N − 1)-fold degenerate, while the analytical ones are just
twofold degenerate. Comparing the spectra for the triangular
zigzag case in the two different arrangements, AA and AB,
respectively shown in Figs. 12(b) and 7(a), one can infer,
by analogy, that these levels are actually edge states, which
explains why they appear only in case of zigzag edges.

01.050.000.050.0-01.0-

).u.a(
S

O
D

E (eV)

1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8

|
|

2
|

|
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FIG. 9. (Color online) Density of states of a zigzag triangular AB-stacked bilayer graphene quantum dot, in the presence of a V = 0.1 eV
electrostatic bias, with N = 103 carbon rings in each of its sides, which corresponds to L ≈ 25.415 nm and

√
S ≈ 16.724 nm [see Fig. 7(b)].

The probability density contributions for each layer (bottom |�1|2 and top |�2|2 layer amplitudes) are shown for points 1 [a E = −V energy
state formed by (N − 1) degenerated levels, energetically close to point 2], 2 (state that belongs to the negative branch of states in the spectrum),
and 3–8 (edge states). Red (blue) colors represent high (low) amplitude of the wave function.

115437-7



DA COSTA, ZARENIA, CHAVES, FARIAS, AND PEETERS PHYSICAL REVIEW B 92, 115437 (2015)

-0.10

-0.05

0.00

0.05

0.10

0.00 0.05 0.10 0.15 0.20
-0.10

-0.05

0.00

0.05

0.10

)
Ve(

E
)

Ve(
E

V (eV)
(c)

|
|

2
|

|2

1 2 3 4

(a)

(b)

1
2

3
4

FIG. 10. (Color online) Energy levels as a function of the bias
potential V for (a) hexagonal (with N = 41 carbon rings in each
side, which corresponds to L ≈ 10.084 nm and

√
S ≈ 16.254 nm)

and (b) triangular (with N = 103 carbon rings in each side, which
corresponds to L ≈ 25.415 nm and

√
S ≈ 16.724 nm) AB-stacked

BLG QDs with zigzag edges. The QD structures are illustrated in
the insets. (c) The probability amplitude for the bottom |�1|2 and
top |�2|2 layers are shown for points 1–4 [see inset of Fig. 10(a)]
with V = 0.025 eV, which helps to understand the origin of the
anticrossings observed in the spectrum for |E| � V .

In addition, both AB- and AA-stacked triangular dots
exhibit the formation of energy minibands, shown respectively
in Figs. 7(a) and 12(b). These sets of energy levels in the
AA-stacked case are also double degenerate and decrease as a
function of the system size in groups of even numbers 2, 4, 6,
8, . . .. This is illustrated in Fig. 13, where we plot the density of
states of a AA-stacked triangular dot, emphasizing by different
background colors the set of states belonging to the same
energy branch. The total probability densities (|�1|2 + |�2|2)
for the first three branches are shown by the points 1, 2–3,
and 4–6. Comparing Figs. 8 and 13, one realizes that the total
probability density for the states obtained for the triangular
QDs with AA stacking have the same behavior, symmetry,
number, and position of peaks as those for the BLG QDs with

FIG. 11. (Color online) Density of states in the absence of bias
potential as a function of the square root of the dot area (

√
S) for

(a) hexagonal and (b) triangular AA-stacked BLG QD with armchair
edges. The QD structures are illustrated in the insets. A broadening
factor of � = 0.005 eV was considered for the Gaussian distribution
of the DOS. Dark (light) blue color represents high (low) degeneracy
of the energy levels. (c) Analytical energy levels [Eq. (4)] as obtained
from the continuum bilayer graphene Hamiltonian as a function of
size L = nπ/k in the absence of bias potential for n ∈ [0,5].

AB stacking: the states 1, 2–3, 4–6 in Fig. 13 correspond to
the 2, 3–4, 5–7 states in Fig. 8. The only difference between
the wave functions for these two kinds of stackings for zigzag
triangular BLG QDs is that for AA stacking, both top and
bottom probability densities have the same contributions, i.e.,
|�1|2 = |�2|2, due to the interlayer symmetry.

The dependence of the energy spectrum of the AA-stacked
BLG QDs on the bias potential V is depicted in Fig. 14(a),
for the hexagonal geometry, and Fig. 14(b), for the triangular
geometry. Results are shown for quantum dots with zigzag
edges, but those for armchair edges are qualitatively similar.
In contrast to the AB-stacked case, the spectra for AA-stacked
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FIG. 12. (Color online) Density of states in the absence of bias
potential as a function of the square root of the dot area (

√
S) for

(a) hexagonal and (b) triangular AA-stacked BLG QDs with zigzag
edges. The QD structures are illustrated in the insets. Broadening
factors � = 0.005 eV and � = 0.001 eV are considered for the
Gaussian distribution of the DOS in (a) and (b), respectively. Dark
(light) blue color represents high (low) degeneracy of the energy
levels.

biased armchair BLG QD do not exhibit a bias induced
energy gap. Energy levels obtained by the tight-binding model
in all cases follow qualitatively the trends predicted by the
analytic expression Eq. (4), as shown in Fig. 14(c), such that

both spectra exhibit crossings between states with different
quantum numbers n. The crossings of the energy levels as
a function of the bias potential have been already reported
in the literature for the bilayer sheet in Ref. [20] and are
easily verified by Eq. (4). Our analytical approximation proofs
to be a reasonable model, providing good agreement with
tight-binding results for both kinds of edges of quantum
dots with a AA stacking, even in the presence of bias. All
states for different n’s cross each other once, except for the
(twofold degenerate) n = 0 states. Notice that for both zigzag
and armchair QDs with AA stacking, the energy spectra are
symmetric with respect to E = 0, even in the presence of bias.
Such symmetry is not observed in the Bernal stacking case:
the spectrum for triangular zigzag QDs, shown in Figs. 7(b)
and 10(b), is clearly asymmetric with respect to E = 0 in the
presence of bias. This lends support to our previous conclusion
that the electron-hole asymmetry in those spectra are due to the
layers asymmetry of the AB-stacked structure, which, indeed,
is not present in the AA-stacking case. Due to the electron-hole
symmetry of the energy spectrum in the present case, the
levels with the same index n cross each other at energy E = 0,
whereas states with different values of n cross each other at
different energies.

A deeper analysis on the energy spectrum as a function of
the dot size in the presence of bias, as we made for AB-stacked
dots in Figs. 1(b), 3(b), 5(b), and 7(b), is omitted here, since in
the AA-stacked case, the energy difference between the biased
and unbiased cases did not turn out to be as large as that found
for AB-stacked dots, for such small values of bias potential
V considered in this work, which simply yields small shifts
in the energy levels. For instance, for n = 0 in Eq. (4) the
energy value for V = 0.1 eV is E ≈ ±0.2236 eV, while it is
E = ±0.2 eV for V = 0.

V. CONCLUSION

Within the tight-binding approach we obtained the energy
levels of bilayer graphene quantum dots both in the absence
and in the presence of a perpendicular electric field. We

+|
|

2
|

|2 1 2 3 4 5 6

0.00 0.05 0.10 0.15 0.20 0.25

).u.a(
S

O
D

E (eV)

1 23 4 5 6

FIG. 13. (Color online) Density of states of triangular AA-stacked bilayer graphene quantum dot with zigzag edges in the absence of an
electrostatic bias for N = 103 carbon rings on each side, that corresponds to L ≈ 25.415 nm and

√
S ≈ 16.724 nm [see Fig. 12(b)]. The

total probability density (|�1|2 + |�2|2) is shown for points 1–6, which belong to the third first groups of states. The different colors on the
background of the density of states emphasize the set of states belonging to the same branch. Red (blue) colors represent high (low) amplitude
of the wave function.
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FIG. 14. (Color online) Energy levels as a function of the bias
potential V for (a) hexagonal (with N = 41 carbon rings in each
side, which corresponds to L ≈ 10.084 nm and

√
S ≈ 16.254 nm)

and (b) triangular (with N = 103 carbon rings in each side, which
corresponds to L ≈ 25.415 nm and

√
S ≈ 16.724 nm) AA-stacked

BLG QD with zigzag edges. The QD structures are illustrated in
the insets. (c) Analytical energy levels [Eq. (4)] obtained from the
continuum BLG Hamiltonian as a function of the bias potential V for
a fixed size L = 10.084 nm for n ∈ [0,5].

systematically investigated the size and geometry dependence
of the energy levels, considering hexagonal and triangular
quantum dots. We also analyzed the influence of different
types of edges on the electronic structure, by considering
bilayer graphene quantum dots terminated with zigzag and
armchair edges. A comparison between the results obtained
for AA and AB (Bernal) stackings was also presented. For
both stacking cases, we compared the energy spectra obtained
from the tight-binding approximation to those analytically
obtained by the four-band continuum Dirac model, assuming
a quantized wave vector k ∝ nπ/L, with integer n. Our
results showed that the energy levels of bilayer graphene
quantum dots depend strongly on the type of geometry and
on the type of edge. All degeneracy lifts, gap openings,
and electron-hole asymmetries observed in the spectra for
biased quantum dots are explained in terms of the breaking
of rotational and interlayer symmetries. AB-stacked quantum
dots with zigzag edges in the presence of an electrostatic
potential exhibit unusual states inside the gap, as predicted
by the continuum model, whose nature corresponds to edge
confinement. For hexagonal dots, these states are localized at
the zigzag edges which are not interlayer connected, and these
energy oscillates as either the dot size or the bias potential
increases, as a consequence of an interchange between wave
function confinement at the edges of the upper and lower
layers. For triangular dots, these states stem from the E = V

level that penetrates into the gap and resemble the eigenstates
of a quantum well along the zigzag edges of the system, whose
wave functions exhibit nodes whose number increases as the
eigenenergy increases. The energy spectrum for AA-stacked
BLG QDs exhibit crossings between electron and hole states
for V = 0. In contrast to the AB-stacked case, no energy gap
is observed for all different geometries and edge types of
AA-stacked biased quantum dots studied in this paper, whose
energy spectra always preserve the electron-hole symmetry,
Ee = −Eh.
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