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Summary

The physical properties of nanostructures are controlled by their exact chemical and structural
composition. In order to fully understand the structure-property relationship of materials, it is
important to reliably quantify structure parameters, such as the positions of the atoms, the type
of the atoms, and the number of atoms. Atomic resolution (scanning) transmission electron
microscopy ((S)TEM) is established as a method to determine the internal structure of materi-
als at a local scale. Recently, the introduction of aberration-corrected electron microscopy has
improved the interpretability of the images. Nevertheless, it is impossible to directly extract
numbers from the images by means of visual interpretation only. In this study, atomic scale
aberration-corrected (S)TEM is therefore pushed toward precise measurements of unknown
structure parameters using advanced statistical techniques in a model-based framework. The
first part of this thesis mainly focuses on the methodology for a quantitative approach in atomic
resolution (S)TEM. In the second part, the possibility to count the number of atoms in a pro-
jected atomic column has been investigated.

The starting point of a quantitative analysis is the availability of a physics-based model which
depends on the unknown structure parameters and which describes the expectations of the im-
ages. In this way, quantitative structure determination can be reduced to a statistical parameter
estimation problem. The pixel values in the recorded images are then the observations from
which the structure parameters can be estimated by fitting the model to the experimental images
using a criterion of goodness of fit, which quantifies the similarity between the experimental im-
ages and the model. Ultimately, the precision with which the parameters can be estimated is
limited by noise. Statistical parameter estimation theory provides a theoretical lower bound on
the variance of the parameters, i.e. the attainable precision, and thus represents an intrinsic limit
on the precision. The concept of attainable precision can be used to determine how structure
parameters of interest should be estimated from the available set of observations and whether
the highest possible precision can be attained using a particular approach to estimate the struc-
ture parameters.
It has been investigated how to measure atomic column positions as accurate and precise as
possible using a focal series of images, which is often recorded for the reconstruction of the
wave function at the exit plane of the object. This exit wave is closely related to the object
structure. Using simulations, it turns out that the reconstructed complex exit wave contains the
same amount of information concerning the atomic column positions as the full series of focal
images. In addition, it has been shown that the same amount of information can be retrieved
from the phase of the reconstructed complex exit wave for thin samples, which act as weak
phase objects.
The accuracy and precision of the estimated structure parameters of interest of annular dark

vii



viii

field (ADF) STEM images have also been investigated. Here, the atomic column positions and
the scattering cross-sections have been evaluated. The latter parameter describes the total in-
tensity of scattered electrons by an atomic column and has been shown to be successful for the
quantitative interpretation of the image intensities of ADF STEM images in terms of atom type
and number of atoms. Using detailed multislice simulations, it has been shown that even for
low incident electron doses, the theoretical lower bound on the variance of the estimates has
been attained by estimation of the structure parameters using the least squares estimator.
Direct implementation of the least squares estimator in which all parameters are estimated at the
same time is only feasible for images containing a limited number of projected atomic columns.
Therefore, an efficient algorithm has been proposed in order to analyse large fields of view.
Several experimental data sets have been used to apply the novel algorithm in order to estimate
unknown structure parameters. These applications illustrate the various possibilities for quanti-
tative analyses at the atomic scale with high precision offered by the improved algorithm.

In the second part of this thesis, a statistics-based method in order to count the number of atoms
of single-element crystalline nanostructures from ADF STEM images has been discussed in
detail together with a thorough study on the possibilities and inherent limitations. In order to
count the number of atoms, it is assumed that the total scattered intensity, i.e. the scattering
cross-section, scales with the number of atoms per atomic column. The distribution describ-
ing the probability that scattering cross-sections are generated by atomic columns containing a
specific number of atoms should be inferred on the basis of the experimental scattering cross-
sections. The number of atoms per atomic column is quantified using this estimated probability
distribution. The number of atomic columns available in the observed STEM image, the num-
ber of components in the estimated probability distribution, the width of the components of the
probability distribution, and the typical shape of a criterion to assess the number of components
in the probability distribution directly affect the accuracy and precision with which the number
of atoms in a particular atomic column can be estimated. It has theoretically been shown that
single atom sensitivity is feasible taking the latter aspects into consideration.
This method has been used to quantify the number of atoms for different nanostructures from
experimental ADF STEM images. In this manner, it has also experimentally been shown that
single atom sensitivity can be attained. From the experimental analyses, it could be concluded
that the statistics-based method should be complemented with another method in order to con-
firm the validity of the atom-counting results. In this thesis, a simulation-based approach has
mainly been used for this purpose. The experimental scattering cross-sections are then com-
pared with simulated scattering cross-sections obtained using detailed STEM simulations.
Although quantitative ADF STEM has become a powerful technique to characterise nanoparti-
cles at an atomic scale, the determination of the atomic structure may still be extremely chal-
lenging because of the limited size and beam sensitivity of such particles. Therefore, keeping
the incoming electron dose to a minimum is important. However, this may reduce the reliability
of quantitative ADF STEM which has experimentally been demonstrated for nanoparticle atom-
counting in this thesis. The limits for atom-counting could be diagnosed using the combined
approach of a thorough statistical method and detailed image simulations.
Finally, the principles of detection theory have been used to quantify the probability of error
for atom-counting from STEM images. Binary and multiple hypothesis testing have been in-
vestigated in order to determine the limits to the precision with which the number of atoms
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in a projected atomic column can be estimated. The probability of error has been calculated
when using STEM images on a pixel by pixel basis, scattering cross-sections, or peak intensi-
ties as a criterion to count atoms. Based on this analysis, it has been concluded that scattering
cross-sections perform almost equally well as images and perform better than peak intensities.
Furthermore, it has been shown that the optimal STEM detector design can be derived for atom-
counting using the expression for the probability of error. It has been found that for very thin
objects low angle annular dark field STEM is optimal and that for thicker objects the optimal
inner angle increases.
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1
Introduction

Materials science: Discovery and design of new materials
In the last decades, materials science has evolved from macro- to micro- to nanoscience. In this
field of science, there is an ever-increasing interest in the development of nanostructured ma-
terials with novel properties requiring new synthesis techniques. With respect to this research,
the paradigm of the traditional materials science tetrahedron is highly relevant [Yang 2012].
The materials paradigm is shown in Fig. 1.1 and illustrates the relationship between mate-
rial’s synthesis, structure, properties, and performance. Materials characterisation resulting in
the availability of precise structural information is a crucial point in understanding the inter-
relationships in this paradigm. In combination with recent developments in nanotechnology,
where one is nowadays able to make nanostructures with a well-chosen and controlled struc-
ture, an evolution from describing toward understanding and designing materials may be re-
alised [Olson 1997, Olson 2000]. In addition, designing a final application requires a synergis-
tic combination from the research results of various individual subfields to solve technological
challenges [Yang 2012].

Structure

Properties

Performance

Synthesis

Characterisation

Figure 1.1: Paradigm of materials science represented in the form of a tetrahedron (Adapted figure from
[Wikipedia 2015]).
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2 Chapter 1

Examples of such novel nanostructured materials having the attention from researchers are car-
bon nanotubes, fullerenes, metal nanoparticles, magnetic materials, ceramics, semi-conductor
compounds, and catalytic nanoparticles [Klabunde 2002, Liz-Marzàn 2003]. The properties
of these materials at the nano- or atomic scale change often significantly as compared to the
properties of their bulk counterparts [Nebel 2003, Talapatra 2005, Huang 2010]. Moreover, for
many nanomaterials their properties are significantly modified for extremely small changes in
the local structure. Since the properties of materials are directly related to the atomic structure,
the combination of theoretical and experimental studies is indispensable in order to understand
the relation between structure and properties being one of the links in the materials paradigm.
On the one hand, theoretical studies allow one to calculate properties of materials with a known
atomic structure [Botti 2007]. On the other hand, experimental characterisation methods should
be able to determine the structure at the atomic scale of new synthesised materials. The com-
bination of both approaches provides a unique link between theory and experiment if precise
structural information is available for the nanomaterial of interest.
Through the years, different characterisation techniques have been developed in order to provide
precise structural information. X-ray and neutron diffraction can reveal the lattice structure at
high resolution [Zanchet 2001]. However, since X-rays only interact weakly with matter, they
provide an average result from diffraction, instead of local structure information. This technique
is therefore only suitable for periodic systems whereas nanomaterials are usually aperiodic.
Scanning probe techniques, like scanning tunnelling microscopy and atomic force microscopy,
can be used to investigate materials at a local scale with atomic resolution [Wiesendanger 1994].
However, these techniques restrict investigations to surface information. Atomic resolution
(scanning) transmission electron microscopy ((S)TEM) can be used to determine both the local
and the internal structure of materials at the atomic scale, because of the strong interaction of
electrons with small volumes of matter [Henderson 1995].
In a world evolving from macro- to micro- to nanoscience, these electron microscopy images
need to be interpreted quantitatively instead of visually in terms of local atomic structure and
chemical composition. This requires the electron microscope to evolve from a predominantly
structure-oriented tool into a physical measurement instrument. Over the past decade, the fo-
cus in (S)TEM research has therefore moved gradually from obtaining a better resolution to
improving the precision with which structural and chemical information can be extracted from
(S)TEM data [Van Aert 2002b, Van Dyck 2003].

Research objective
The main objective of this thesis is to push aberration corrected (scanning) transmission elec-
tron microscopy toward precise measurements of unknown structure parameters using advanced
statistical techniques. Although the resolution of the state-of-the-art instruments has greatly im-
proved by optimising the lens design, equally fundamental changes in the image processing and
acquisition methods are required in order to have the instrument performing at the limits of its
capabilities. Ultimately, the precision with which atomic positions have to be measured should
be of the order of 1 pm [Muller 1999, Springborg 2000, Kisielowski 2001a]. In addition, the
chemical composition of nanostructures has to be discerned for atom types having a difference
in atomic number equal to 1. In order to extract precise structural information from atomic res-
olution electron microscopy images, advanced statistical techniques will extensively be used in
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this thesis. In the first part of the thesis, the focus will be mainly on the methodology for a quan-
titative approach. In the second part, the possibility to count the number of atoms in a projected
atomic column will be investigated. The achievement of such high precision measurements is
of great fundamental value since ab-initio calculations require precise structural and chemical
information as an input in order to compute the properties of nanostructures.

In the next paragraphs of the introduction of this thesis, recent evolutions in the field of electron
microscopy will be illustrated. First, state-of-the-art electron microscopy will be discussed.
Next, an evolution from qualitative toward quantitative electron microscopy will be elucidated.
Subsequently, the evolution from two-dimensional (2D) toward three-dimensional (3D) imaging
will be explained. After that, the current possibilities on counting the number of atoms will be
explained in more detail as this is an important part of this thesis. Finally, it will be described
what can be expected in this thesis.

Atomic resolution (scanning) transmission electron microscopy
Atomic resolution transmission electron microscopy can be categorised into two groups. The
first group is referred to as TEM. More details on TEM can be found in [Van Dyck 2002,
De Graef 2003, Williams 2009]. The TEM is schematically illustrated in Fig. 1.2(a). Here
the object is illuminated by a parallel incident electron beam. The interaction between the elec-
trons of the plane wave and the object determines a complex electron wave function at the exit
plane of the object, i.e. the so-called exit wave. If the object is oriented along a main zone axis
and the distance between neighbouring columns is not too small, a one-to-one correspondence
exists between the exit wave and the projected object structure [Van Dyck 1999, Geuens 2002].
The exit wave is magnified by a set of apertures and magnetic lenses. The wave propagates to
the image plane where it forms the so-called image wave. Since the lenses are not perfect, the
exit wave is distorted by lens aberrations such as spherical aberration, defocus, and chromatic
aberration while propagating to the image plane. Therefore, the image wave is more difficult to
interpret in terms of structure information. Finally the image wave is nowadays usually recorded
with a charge coupled device (CCD) detecting the electron counts reaching this camera. During
this process only the intensity is recorded. As a result, the phase of the image wave is lost.
TEM is a coherent imaging mode. This means that contrast reversals can occur due to the lens
aberrations and multiple elastic scattering.
The second group is referred to as scanning transmission electron microscopy (STEM) for
which the details can be found in [Nellist 2000, Pennycook 2011]. In this mode, the electron
beam is focused to a fine probe that is scanned across the specimen in a 2D raster as illustrated in
Fig. 1.2(b). For each probe position, a so-called convergent beam electron diffraction pattern is
formed in the back focal plane, where an annular detector is located. Only that part reaching the
detector is integrated and displayed as a function of the probe position. Different detector ge-
ometries are nowadays available [Shibata 2010, Hovden 2012, Yang 2015]. Depending on the
collection range of the detector, the atomic number Z-dependence of the contrast and the pixel
signal-to-noise ratio will be different. For example, an annular dark field (ADF) STEM image
is obtained if the inner detector angle β1 in Fig. 1.2 is larger than the convergence angle α. If the
inner collection angle β1 is much larger than the probe convergence angle α, the imaging mode
is referred to as high-angle annular dark field (HAADF) STEM. In this case, only the electrons
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scattered over high angles are detected, which are mainly inelastically scattered. ADF STEM is
an incoherent imaging mode. These images are directly interpretable in terms of structure since
the image contrast depends on the atomic number of the atoms or the number of atoms in an
atomic column, i.e. Z-contrast imaging. Another configuration is an axial detector with a small
outer detector angle β2 resulting in a bright field (BF) STEM image, which is mainly formed by
elastically scattered electrons.

Specimen

Objective lens

Electron source

Annular detector

α

Condenser lens

Aperture

β1 β2

(a) TEM (b) STEM

Electron source

1st condenser lens

Intermediate lens

Objective lens 
Objective aperture

Projector lens

Recording device

Specimen

2nd condenser lens

Figure 1.2: General schematic of a TEM and STEM instrument. (a) A plane wave is illuminating the
object after which an image is formed using a set of electromagnetic lenses. (b) An electron beam with
convergence angle α is scattered by the specimen and collected by an annular detector with inner and
outer angle β1 and β2, respectively.

Ever since the construction of the first electron microscope, a lot of effort has been made to
improve the image resolution. After the introduction of aberration corrected electron optics, a
point resolution of the order of 100 pm in TEM and 50 pm in STEM can be obtained with the
newest generation instruments at moderate accelerating voltages [Haider 1998b, Haider 1998a,
Jia 2004, Erni 2009, Sawada 2009]. The point resolution represents the smallest detail directly
interpretable from the experimental images. Therefore, these instrumental improvements sig-
nificantly simplified the visual interpretation.
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In TEM, the point resolution can be further improved by the use of higher voltages. Re-
cently, a point resolution of 43 pm has been reported for an aberration corrected 1.2 MV
cold field-emission transmission electron microscope [Akashi 2015]. However, such high volt-
ages result in radiation damage, which is problematic for the analysis of light-element struc-
tures and catalytic nanoparticles. In TEM also another resolution measure can be considered,
the so-called information limit. The information limit represents the smallest detail that is
transferred from the object to the image, or in other words the smallest detail that can be re-
solved by the instrument. The information limit is inversely proportional to the highest spatial
frequency transferred from the object to the image. By using image processing techniques
the interpretable resolution can be pushed down from the point resolution to the information
limit. For example, methods that reconstruct the exit wave from a focal series of images
achieve this goal [Lichte 1986, Van Dyck 1993, Kirkland 1995, Op de Beeck 1996, Hsieh 2004,
Haigh 2009]. Ideally, the exit wave is free from imaging artefacts which means that the visual
interpretation is considerably enhanced as compared to the originally recorded images, espe-
cially in the case of thin objects. In this way, imaging with a resolution of 50 pm is possible
[Kisielowski 2001b, Kisielowski 2008, Haider 2010, Alem 2011].
Based on classical resolution criteria, it is often concluded that the directly interpretable res-
olution from a single image is higher in incoherent ADF STEM as compared to TEM, given
that the same imaging system is used in both cases. Lord Rayleigh proved in 1896 that inco-
herent imaging has a factor of two higher resolution than coherent imaging [Rayleigh 1896]. In
accordance with his proof, the achievement of sub-Å resolution was achieved earlier in STEM
than in TEM at intermediate accelerating voltages [Batson 2002, Nellist 2004]. In addition,
the directly interpretable contrast in STEM is often desirable. However, since resolution is not
unambiguously defined, a more objective criterion should be used instead to evaluate different
imaging systems. If images are interpreted quantitatively, a measure for the statistical precision
is appropriate [Van Aert 2006].

From qualitative toward quantitative imaging in electron microscopy
Nowadays there is an evolution from qualitative imaging toward quantitative imaging in elec-
tron microscopy. Therefore, statistical analysis methods are introduced in order to extract quan-
titative measurements from atomic resolution TEM images [Van Aert 2005, den Dekker 2005].
Using statistical parameter estimation theory, unknown structure parameters can be measured
with high accuracy and precision from experimental images. This methodology is nowadays
becoming recognised as the optimal method for quantitative electron microscopy. In this the-
ory, the (S)TEM image is considered as a data plane from which the unknown structure pa-
rameters need to be estimated. The starting point is the availability of a parametric model
describing the expectations of the experimental measurements. For atomic resolution (S)TEM
images, the projected atomic columns can be assumed to be Gaussian functions peaked at the
atomic column positions. The unknown parameters are estimated by fitting this model to the
experimental images using a criterion of goodness of fit, quantifying the similarity between
the experimental images and the model. The model parameters are estimated using an it-
erative optimisation scheme using the least squares estimator. In [Bals 2006, Houben 2006,
Jia 2008, Urban 2008, De Backer 2011, Klingstedt 2012, Van Aert 2012], quantitative analyses
have successfully been applied for 2D atomic column position measurements with a precision
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in the picometre range from TEM images or reconstructed exit waves. More recently, ADF
STEM has also become a popular technique for quantifying image intensities [Huijben 2006,
Van Aert 2009a, Kimoto 2010, Kim 2012, Yankovich 2014].
The examples so far, mainly achieved a precise characterisation of the atomic column positions
in 2D. Ultimately, locating the individual atoms with a precision of 1 picometre in 3D should
be aimed for. In [Van Aert 2011], the level of quantification in STEM was therefore raised one
step further by combining the as-described model-based fitting with another set of advanced sta-
tistical methods. In this analysis, the authors aimed for a precise quantification of the number
of atoms in the third dimension from 2D projection images. This was the first achievement of
three-dimensional reconstruction of a nanoparticle at the atomic scale. The 3D reconstruction
of a Ag particle embedded in an Al matrix resulting from atom counts obtained from HAADF
STEM images of the same particle viewed along two different zone axes is illustrated in Fig.
1.3.

(a) (b) (c) (d)

Figure 1.3: Three-dimensional atomic imaging of crystalline nanoparticles. (a) Experimental HAADF
STEM images of nanosized Ag clusters embedded in an Al matrix in [101̄] zone-axis orientation and [100]
zone-axis orientation. (b) Refined models of the images in (a). (c) Number of Ag atoms per column. (d)
The computed 3D reconstruction of the Ag nanocluster viewed along three different directions. Figures
reproduced from [Van Aert 2011] with permission of S. Van Aert.

The aim in quantitative electron microscopy is to estimate the structure parameters as pre-
cise as possible. Ultimately, this precision is only limited by the presence of noise. Due to
noise, the pixel values in the experimental images will fluctuate randomly from experiment
to experiment. These pixel values or observations can therefore be modelled as random vari-
ables, characterised by a joint probability density function (PDF) (in the case of continuous
observations) or a joint probability function (PF) (in the case of discrete observations, such
as Poisson counting results). The parametric imaging model introduced above describes the
expectations of these observations. Use of the concept of Fisher information allows one to
derive an expression for the highest attainable precision with which the structure parameters
of the object under study can be estimated in an unbiased way [van den Bos 2001]. This ex-
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pression defines a lower bound on the parameter variance. This bound, which is known as
the Cramér-Rao lower bound (CRLB), can be derived from the P(D)F. The CRLB on the vari-
ance of the parameters can be attained when applying the maximum likelihood estimator. The
CRLB is generally a function of the object parameters, the microscope parameters, and the
electron dose. It provides quantitative insight into what precision might be achieved from the
available image(s). It also provides insight into the sensitivity of the precision to the param-
eter values. An important application for which the CRLB can be used is statistical exper-
iment design. Experiment design is the selection of free variables in an experiment to im-
prove the precision of the estimated parameters. By calculating the CRLB as a function of the
microscope settings, these experimental settings can be optimised so as to attain the highest
precision [Bettens 1999, den Dekker 1999a, den Dekker 2001, Van Aert 2001, Van Aert 2002a,
Van Aert 2002b, Van Aert 2002c, Van Aert 2004a, Van Aert 2004b, Van den Broek 2011]. The
approach for experiment design also provides the possibility to decide if new instrumental de-
velopments result in significantly higher attainable precisions.
So far, studies on the precision of atomic scale measurements from (S)TEM considered the esti-
mation of the position of atoms or atomic columns in projection [Van Dyck 1997, Bettens 1999,
den Dekker 1999a, den Dekker 2001, Van Aert 2002a, Van Dyck 2003, den Dekker 2005,
Van Aert 2005]. In this thesis, the problem of identifying the number of atoms will be con-
sidered. The number of atoms is a positive integer and therefore the number of atoms is a
so-called restricted or discrete parameter. As a consequence, the P(D)F of the observations
is not continuously differentiable with respect to the number of atoms which is a condition
for the CRLB. Hence, the CRLB is not defined. Therefore, an alternative solution using the
principles of detection theory will be proposed for determining the optimal experiment de-
sign [Kay 2009, den Dekker 2013, Gonnissen 2014, De Backer 2015a]. In this framework, the
atom-counting problem can be formulated as a statistical hypothesis test, where each hypothesis
corresponds to the assumption of a specific number of atoms in an atomic column. Statistical
detection theory provides the tools to decide between these hypotheses and to compute the
experimental settings minimising the probability to assign an incorrect hypothesis.

From 2D toward 3D imaging in electron microscopy
Besides an evolution from qualitative to quantitative imaging, there is also an evolution from
two-dimensional imaging toward three-dimensional imaging, since 2D projection images may
result in an incomplete characterisation of the material’s structure. Atomic resolution (scan-
ning) transmission electron microscopy (S)TEM images provide a 2D projection image of
a 3D object. Two-dimensional projection images are sufficient for the investigation of pe-
riodic structures. However, as already mentioned before, a lot of interesting nanostructures
are asymmetric in 3D. Different techniques to retrieve the 3D atomic structure have been sug-
gested in the field of electron microscopy. The most known technique is electron tomography
[Frank 1992, Midgley 2009]. A series of 2D projection images at different tilt angles, i.e. at
incremental degrees of rotation around the specimen, in a (S)TEM is then used to obtain a 3D
reconstruction. There are several limitations for a successful 3D reconstruction using electron
tomography. First, the specimen needs to be stable under illumination of the electron beam
during the acquisition of the tilt series. Second, the so-called projection requirement should be
fulfilled [Hawkes 1992]. This means that the intensity in a projection image must be a mono-
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tonic function of a physical quantity of the object, like e.g. the thickness. Third, due to the
design of the electron microscope, the range of tilt angles is often limited. This is the so-called
missing wedge and causes artefacts in the 3D reconstruction [Midgley 2003]. Finally, dedicated
alignment and reconstruction algorithms are required for the computation of a 3D reconstruc-
tion of the imaged object. Most of the 3D reconstructions using electron tomography have been
obtained at the nanoscale [Bals 2007, Ke 2010, Biermans 2010]. Only recently, the limits of
electron tomography have been pushed beyond 3D characterisation at the nanoscale in order
to resolve atomic positions in a 3D reconstruction. In order to avoid beam damage a limited
number of high-resolution images is favourable. As illustrated in Fig. 1.3, Van Aert et al. could
locate the atomic positions for the first time in three dimension from two atomic resolution
projection images using discrete tomography [Van Aert 2011]. Shortly after, a reconstruction
technique based on compressive sensing has been developed for a 3D reconstruction at the
atomic scale [Goris 2012b]. This technique has successfully been applied at the atomic scale
using ADF STEM for e.g. a determination of the surface facets in Au nanorods [Goris 2012a]
and 3D elemental mapping in a bimetallic nanocrystal [Goris 2013].
A second possible technique for 3D structure characterisation is depth-sectioning by ADF
STEM [van Benthem 2005, van Benthem 2006]. With a focal series of images in an aberration
corrected STEM, it is possible to slice through the object. In this way, it is possible to detect
the depth of heavy single impurity or dopant atoms. This technique is very promising for mea-
suring 3D surface morphology, thickness, top/surface atomic structures, point defects in bulk
materials, and even depth-sensitive spectroscopy such as energy dispersive X-ray spectroscopy
at atomic dimensions [Ishikawa 2015]. Despite of revolutionary advances in aberration correc-
tors, the depth-resolution is nowadays still insufficient to reach atomic depth-resolution limiting
the practical applicability. A closely related technique is scanning confocal electron microscopy
which requires adaptations to the electron optics [Nellist 2006]. This confocal mode can be ob-
tained in a combined TEM/STEM instrument with two aberration correctors and by inserting
an additional aperture in the image plane. A better depth resolution is then obtained, since
out-of-focus trays are rejected. Different confocal modes are now available, but atomic depth-
resolution is not reported so far [Hashimoto 2009, Hashimoto 2010, Wang 2010b, Wang 2011].
A third possible method for a 3D reconstruction at the atomic scale is provided by an advanced
analysis of the exit wave in TEM. The exit wave is closely related to the object structure and
can be reconstructed using a series of TEM images acquired at different focal values. The
complex values at the atomic column positions of the reconstructed exit wave can be used
to measure the thickness and to determine the surface profile using a so-called Argand plot
[Wang 2010a, Wang 2012a]. In this plot, the real and imaginary values for each pixel value of
the exit wave at the atomic column position are plotted as coordinates in a complex plane. The
pixel values of columns with different number of atoms ideally form a circle sampled in dis-
crete steps. Different heights of the atomic columns are observed along another circular curve.
Combining the information of both curves enables one to determine the number of atoms and
the surface profile. In other words, this method aims to invert the dynamical scattering between
the electron beam and the atoms. The dynamical scattering can also be inverted by recasting the
scattering process as an artificial neural network in order to retrieve the 3D object potential as
proposed by Van den Broek and Koch [Van den Broek 2012, Van den Broek 2013]. An alterna-
tive method for the interpretation of the exit wave in terms of the 3D position of the individual
atoms has been developed by Van Dyck et al. [Van Dyck 2012]. In this so-called ‘Big Bang’
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tomography, the reconstructed exit wave is considered as a superposition of spherical waves that
have been scattered by the individual atoms of the object, assuming that the atoms are point-like
objects. The phase of these spherical waves is proportional to the distance of propagation. A
linear fit allows then to position each individual atom along the third dimension.
Another recently reported method suggests that it is possible to determine the 3D shape of a
crystal at atomic resolution from a single TEM image [Jia 2014]. In this approach, the peak
intensity in the TEM image is interpreted in terms of atom type, composition, number of atoms,
and relative position along the third dimension. This is a promising method for the determina-
tion of the 3D structure of very thin, light element, radiation-sensitive crystals. So far, it has not
yet been shown that this technique is widely applicable to heavier crystals or crystals having a
thickness of more than 10 atoms.
The last technique discussed here, which aims to retrieve information on the third dimension
at that atomic scale, relies on quantifying the number of atoms in nanoparticles from a sin-
gle ADF STEM image. ADF STEM has become a popular technique for this purpose since
the observed intensity in atomic resolution ADF STEM images is highly sensitive to the atom
type and number of atoms. The first results on this approach have been presented by Li et
al. [Li 2008]. However, the method presented there is only applicable for regularly shaped
models in combination with a priori knowledge and detailed image simulations. Other early
approaches rely on calibration standards only applicable to a particular sample under study
[Young 2008, Song 2010]. Erni et al. attempted for the first time to count the number of atoms
atomic column-by-atomic column by measuring the absolute differences in intensity of neigh-
bouring atomic columns [Erni 2003]. More generally acknowledged methods for counting the
number of atoms in each projected atomic column are presented by LeBeau et al. and Van Aert
et al. [LeBeau 2010, Van Aert 2011]. The latter has already been quoted as an example of a
quantitative analysis and has been illustrated in Fig. 1.3. The two atom-counting methods will
be discussed in more detail in the next paragraph. The output of the atom-counting methods
can be used as an input for a 3D reconstruction. By combining counting results obtained from
images under different viewing directions the 3D space can be reconstructed at an atomic level
using so-called discrete tomography. In [Van Aert 2011] counting results of two different pro-
jections have been used for discrete tomography to obtain a 3D reconstruction of a Ag nanopar-
ticle embedded in an Al matrix. The same approach has been used to reconstruct the core of a
PbSe-CdSe nanoparticle [Bals 2011]. Atom-counting results have also been combined with ab-
initio calculations to study the dynamical behaviour of ultrasmall Ge clusters [Bals 2012] and
have been helpful to understand the wire structure and bonding at the atomic scale of quantum
gold nanowires [Kundu 2014]. More recently, atom counts are used to create atomistic models
along with prior knowledge on the crystal [Jones 2014]. An energy minimisation is then used
to relax the nanoparticle’s 3D structure.

Nanoparticle atom-counting
Electron microscopists have wide interests in counting the number of atoms in a projected
atomic column from a single ADF STEM image in order to retrieve information on the third
dimension at the atomic scale. As discussed before, in general, two different approaches for
atom-counting can be distinguished: a simulation-based method and a statistics-based method.
The method of LeBeau et al. relies on a simulation-based approach [LeBeau 2010]. The im-
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age intensities are then interpreted by a direct comparison of experimental image intensities
and simulated intensities resulting from detailed numerical programs. This requires the inten-
sity variations to be placed on an absolute scale by normalising the measured image inten-
sities to the incident electron beam [LeBeau 2008a, Rosenauer 2009]. This comparison pro-
vides atomic column-by-atomic column measurements of the composition or number of atoms
[Rosenauer 2009, LeBeau 2010, Martinez 2014b]. In this way, LeBeau et al. obtained atom
counts for a thin wedge-shaped gold film viewed along the [110]-directions as illustrated in Fig.
1.4.

(a) (b)

(c)

Figure 1.4: Standardless atom-counting in STEM. (a) HAADF STEM image of a wedge-shaped gold
file viewed along [110]. The intensity maxima correspond to gold atom columns and the white labels
near the lower right of each atom column indicate the number of atoms contained in that column. The
image intensities are shown on an absolute scale relative to the incident beam intensity (see scalebar).
(b) Histogram of all the columns in (a) binned by the number of atoms they contain. (c) Atom column
images extracted from simulation (top) and experiments (bottom) after averaging all the experimental
columns in each bin shown in (b). Figures reproduced from [LeBeau 2010] with permission of J.M.
LeBeau.

The approach of Van Aert et al. for atom-counting, illustrated in Fig. 1.3 is a statistics-
based approach [Van Aert 2011]. In combination with advanced statistical methods, the num-
ber of atoms in a single element atomic column can be counted with single atom sensitiv-
ity [Van Aert 2011, Van Aert 2013, De Backer 2013, De Backer 2015b]. Nanoparticle atom-
counting is then achieved by quantitatively interpreting the total intensity of electrons of each
atomic column scattered toward the ADF detector, i.e. the so-called scattering cross-section
[Retsky 1974, Isaacson 1979, Singhal 1997, Van Aert 2009b, E 2013]. In Fig. 1.5, this ap-
proach is illustrated for the Ag particle embedded in the Al matrix of [Van Aert 2011]. The
scattering cross-sections estimated from the projected STEM image can be presented in the
form of a histogram as in Fig. 1.5(b). Ideally, this histogram would consist of isolated compo-
nents, where each component is generated by a set of columns having the same number of atoms
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projected on top of each other, that is in the direction perpendicular to the recorded image. In
practice, however, the components are smeared out owing to a combination of experimental de-
tection noise and residual instabilities. Therefore, these results cannot directly be interpreted in
terms of number of atoms. By evaluation of the so-called Integrated Classification Likelihood
criterion (Fig. 1.5(c)) in combination with Gaussian mixture model estimation, the number of
statistically significant components and their respective locations can be determined. From the
estimated locations of the components, the number of atoms in each atomic column can be
quantified. The atom-counting results are shown in Fig. 1.3.

Next, the scattered intensities can be computed9. These intensities
scale with the average atomic number Z, allowing one to distinguish
columns containing a certain amount of Ag (Z 5 47) from pure Al
(Z 5 13) columns. For the nanoparticle viewed along the ½10�1� zone-
axis, these columns are indicated by red markers in Fig. 2a. The cor-
responding scattered intensities are shown in the histogram in Fig. 2b.
Because the thickness of the sample can be assumed to be constant over
the particle area, substitution of an Al atom by an Ag atom leads to an

increase of the estimated intensity. An experimental histogram,
however, shows broadened—rather than discrete—peaks owing to a
combination of experimental detection noise, the surrounding
aluminium matrix and residual instabilities. To determine the number
of significant peaks and their positions, a statistics-based approach is
proposed. The intensities are regarded as independent statistical draws
from a so-called Gaussian mixture model28. This model, defined as a
superposition of Gaussians, describes the probability that a specific
intensity value will be observed. To determine the number of signifi-
cant peaks of this model, the Integrated Classification Likelihood
criterion was used because it outperforms other order-selection
criteria28. In Fig. 2c, this criterion has been evaluated for an increasing
number of peaks, clearly showing a minimum at ten. This indicates the
presence of ten significant peaks in the histogram of Fig. 2b. Their
positions, amplitudes and width have been estimated using the well-
known expectation maximization algorithm28. Its aim is to optimize
the likelihood that the given intensities are generated by a mixture of
Gaussians. The black solid curve in Fig. 2b shows the estimated
mixture model; the individual Gaussian components are shown by
means of dashed curves. Even though this has not been assumed
a priori in the model, it is clear from Fig. 2b that the Gaussians are
equidistantly separated. This means that the estimated mean intensity
values, shown by black dots, linearly increase with the number of
atoms in a column13,14 (see Supplementary Fig. 4). Next, the estimated
mixture model can be used to identify the number of atoms in a
particular column, as shown in Fig. 1c. The same counting procedure
has been applied for the particle viewed along the [100] zone-axis,
resulting in Fig. 1f.

Using the atom counting results shown in Fig. 1c and f, discrete
tomography was used to obtain a 3D reconstruction from these two
projections. In general, two projections are insufficient to determine
the 3D structure uniquely, because there may be many atom configura-
tions leading to the same projections. We therefore incorporated here the
following particle-specific knowledge, which is justified23,24,26 or could be
verified: (1) the atoms are situated on a face-centred-cubic lattice, (2) the
particle contains no holes, (3) each of the interior 2D slices (in the x/y/z
direction) that are at least two slices away from the particle boundary
should be connected in 2D and contain no holes. We note that this
a priori knowledge depends on the structure and configuration of
interest. For a free-standing crystalline nanoparticle of any shape, even
concave or containing holes, the same elegant procedure can still be
applied to resolve the atoms in three dimensions.

Using a customized implementation of the simulated annealing
algorithm for optimization29, the reconstruction shown in Fig. 3a
and in Supplementary Movie 1 was computed. Because the optimiza-
tion algorithm is stochastic, it can be run repeatedly, each time yielding
a reconstruction that may be different from the previous one. In 16
independent reconstruction runs, we observed a maximum difference
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Figure 1 | Quantification of HAADF STEM images. a, Experimental
HAADF STEM image of nanosized Ag clusters embedded in an Al matrix in
½10�1� zone-axis orientation, together with the corresponding electron
diffraction pattern. b, Refined model of the boxed region in a. c, Number of Ag
atoms per column. d, Experimental HAADF STEM image in ½100� zone-axis
orientation, together with the corresponding electron diffraction pattern.
e, Refined model of the boxed region in d. f, Number of Ag atoms per column.
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Figure 2 | Analysis of scattered intensities. a, Magnification of the boxed
region in Fig. 1a. Columns containing Ag are indicated by red markers placed at
the estimated positions. b, Histogram of scattered intensities of the Ag columns.
The black solid curve shows the estimated mixture model; the individual

components are shown as dashed curves. c, The Integrated Classification
Likelihood criterion evaluated as a function of the number of Gaussians in a
mixture model.
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Figure 1.5: Analysis of scattering cross-sections. (a) Columns containing Ag are indicated by red
markers placed at the estimated positions. (b) Histogram of the scattering cross-sections of the Ag
columns. The black solid curve shows the estimated mixture model; the individual components are shown
as dashed curves. (c) The Integrated Classification Likelihood criterion evaluated as a function of the
number of Gaussians in a mixture model. Figures reproduced from [Van Aert 2011] with permission of
S. Van Aert.

This PhD thesis
To begin with, it has been investigated how to measure atomic column positions as accurate and
precise as possible using a focal series of images. In theory, it is expected that the precision
would considerably improve using a maximum likelihood estimator based on the full series of
focal images. As such, the theoretical lower bound on the variances of the unknown atomic col-
umn positions can be attained. However, this approach is numerically demanding. Therefore,
maximum likelihood estimation has been compared with the results obtained by fitting a model
to the reconstructed complex exit wave or to the phase of the reconstructed complex exit wave
rather than to the full series of images.
Since ADF STEM has become a popular technique for quantitative structure characterisation,
the accuracy and the precision with which measurements for the atomic column positions and
scattering cross-sections from ADF STEM images can be estimated, have been investigated as
well. The observations for ADF STEM are counting events, which are modelled as Poisson dis-
tributed variables. The expectation model of the observations is a sum of Gaussian peaks. Under
these assumptions, the CRLB on the variance for the positions and scattering cross-sections can
be computed. In practice, the expectation model is fitted using the well-known least squares es-
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timator, which is identical to the maximum likelihood estimator for independent and identically
normally distributed pixel values. However, this assumption about the statistical distribution of
the pixel values is not always valid, especially not at low electron doses, needed to avoid radia-
tion damage in beam sensitive matter. By means of image simulations, it has been investigated
whether the variance on the least squares estimates of scattering cross-sections and atomic col-
umn positions attains the CRLB. This study reveals if quantitative ADF STEM analysis would
benefit when applying the maximum likelihood estimator which has optimal statistical proper-
ties.
The up to now used implementation of the least squares estimator limits the area of a (S)TEM
image that quantitatively can be analysed. Therefore, an efficient algorithm that solves some
practical problems has been introduced. The new algorithm has been applied to several experi-
mental studies to show that the proposed approach works in practice.
In the second part of the thesis, the possibility to count the number of atoms of mono-type crys-
talline nanostructures from atomic resolution ADF STEM images has been investigated. The
methodology for atom-counting followed in this work has been proposed in [Van Aert 2011].
In that paper, the statistics-based atom-counting method has been proven to result in reliable
counts for the number of atoms in a metal nanocluster embedded into a stabilising matrix with
the same crystal nanostructure. Although, the results presented there are very promising, a thor-
ough study on the possibilities and inherent limitations of the method is indispensable. This
study has been carried out in detail in this thesis. Only because of such a study, it can be dis-
covered whether the statistics-based atom-counting method gives reliable counting results for
nanoparticles of arbitrary shape and size. Once the possibilities and limitations are known, the
atom-counting method has been applied to several challenging nanostructures. Experimental
atom-counting results have been validated by using detailed image simulations and electron to-
mography.
Since the aim in a quantitative atom-counting analysis is to extract as precise as possible the
number of atoms in a projected atomic column from the experimental images, it will be shown
how even higher precisions for the estimates of the number of atoms can be obtained by sta-
tistical experiment design. Designing the optimal experiment for nanoparticle atom-counting
can greatly enhance the reliability of the atom-counting results, which is of great importance
when studying beam sensitive materials. Often visual interpretability is used as a criterion to
optimise the experiment. However, the dose efficiency is not taken into account in such an
analysis. The dose efficiency is defined as the ratio of the number of detected electrons to the
number of incident electrons. This ratio is affected by e.g. the detector geometry. For the often
used HAADF STEM detector in STEM imaging, the inner detector angle β1 is much larger than
the probe convergence angle α. This results in high resolution and contrast at the expense of
dose efficiency. In this thesis, the aim is to optimise the design in terms of precision with which
the number of atoms can be counted. Therefore, the principles of detection theory have been
used to optimise the experiment design, which corresponds in this thesis to deriving the optimal
STEM detector for atom-counting. This technique of hypothesis testing can also be used to
determine the minimally required electron dose in order to attain a pre-specified precision.

The outline of this thesis is as follows. In chapter 2, the basic principles of statistical parameter
estimation theory will first be reviewed. These principles will then also be applied (1) in order
to investigate how to obtain high precision measurements of atomic column positions using a
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focal series of TEM images and (2) in order to evaluate the precision and accuracy that can be
obtained for the position and scattering cross-section measurements from ADF STEM images.
In chapter 3, an efficient algorithm for the estimation of the atomic column positions and in-
tensities from (S)TEM images will be introduced. The proposed algorithm is applied to three
different nanostructures for which the analysis of a large field of view is required. In chapter
4, the statistics-based atom-counting method will be discussed in detail together with a thor-
ough study on the possibilities and limitations. In chapter 5, the statistics-based atom-counting
method will be applied to various challenging nanoparticles. Furthermore, the obtained count-
ing results will be validated using image simulations or electron tomography. In chapter 6, the
optimal detector design will be derived for atom-counting. Finally, in chapter 7, conclusions
will be drawn and future perspectives are considered.



14 Chapter 1



2
Statistical parameter estimation

theory: principles and simulation
studies

2.1 Introduction
In this chapter, the basic principles of statistical parameter estimation theory will be introduced
[van den Bos 2001, den Dekker 2005, Van Aert 2005, van den Bos 2007]. These principles are
widely applicable in different fields of science where unknown parameters need to be measured
from an experiment. Often indirect techniques are used to measure physical parameters since
the unknown parameters are hidden in the available set of observations. The measurement of an
unknown parameter always occurs in the presence of fluctuations in the observations limiting
the precision with which the unknown parameters can be determined. Statistical parameter es-
timation theory and statistical optimal experiment design aim for the highest possible precision
in the determination of the unknown parameters.
For high-resolution (scanning) transmission electron microscopy (HR(S)TEM) images, the ob-
servations are characterised by a set of pixel values from which unknown structure parameters
such as, the atomic positions, atomic displacements, atom types, and/or number of atoms, have
to be estimated. The experimental HR(S)TEM images fluctuate randomly about their expecta-
tion values due to the presence of noise. Therefore, the observations are modelled as stochastic
variables. By definition, a stochastic variable is characterised by a probability (density) func-
tion, whereas a set of stochastic variables is characterised by the joint probability (density)
function. The joint probability (density) function defines the expectation values of the obser-
vations and the fluctuations of the observations about the expectation values. The expectation
values are described by the expectation model, i.e. a parametric model containing the unknown
structure parameters.

15
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Using the joint probability (density) function, which depends on the unknown structure param-
eters, the Fisher information matrix can be defined for continuous parameters. This concept
can be used to quantitatively express the amount of information about the unknown structure
parameters available in the observations. The Fisher information allows us to derive the at-
tainable precision, i.e. the lowest possible variance, with which a continuous parameter can be
estimated unbiasedly from a set of observations assumed to obey a certain distribution. This
is the so-called Cramér-Rao lower bound (CRLB) giving the lower bound on the variance of
the parameters. It is important to notice that this lower bound is independent of the estimation
method used. This lower bound therefore represents the intrinsic limit on the precision. The
joint probability (density) function can also be used to define the maximum likelihood estima-
tor that achieves the CRLB asymptotically, i.e. for an increasing number of observations. The
CRLB can therefore be used to quantify the precision of structure parameters.
It will be shown that the concept of attainable precision can be a powerful tool in order to
decide how the structure parameters of interest should be estimated from the available set of
observations. Here, it has been investigated how to measure atomic column positions as ac-
curate and precise as possible using a focal series of HRTEM images, which is often recorded
for the reconstruction of the wave function at the exit plane of the object. This exit wave is
closely related to the object structure, has a better signal-to-noise ratio, and is free from residual
lens aberrations. Using simulations it can be investigated whether the reconstructed complex
exit wave contains the same amount of information concerning the atomic column positions as
compared to the full series of focal images, and which amount of information can be retrieved
from the phase of the reconstructed complex exit wave.
Finally, in practice, the least squares estimator is often used in order to derive unknown struc-
ture parameters from the available set of observations. It can be shown that the maximum
likelihood estimator is identical to this well-known uniformly weighted least squares estimator
if the observations are independent and identically normally distributed about their expectations
[van den Bos 2001]. However, it is assumed that HR(S)TEM images are statistically indepen-
dent counting results which can be modelled as Poisson distributed random variables. The
Poisson distribution tends to be a normal distribution for increasing expectations of the image
pixel values. However, this assumption about the statistical distribution of the pixel values is not
always valid, especially not at low electron doses, needed to avoid radiation damage in beam
sensitive matter. Therefore, it is important to verify whether the lower bound on the variance of
the structure parameters is attained when applying the least squares estimator to the Poisson dis-
tributed observations for different electron doses. The accuracy and precision of the estimated
structure parameters of interest of ADF STEM images, i.e. the atomic column positions and
scattering cross-sections, will be evaluated. This result will be extremely important, if it can be
concluded that the structure parameters of the ADF STEM image are estimated unbiasedly with
the highest possible precision.

The chapter is organised as follows. In section 2.2, the framework of statistical parameter
estimation theory will be discussed in detail. This includes the parametric statistical model of
the observations, the derivation of the Fisher information and Cramér-Rao lower bound, i.e.
the attainable precision, and the derivation of the maximum likelihood estimator. Section 2.3
shows how the attainable precision is used to theoretically examine the performance of different
approaches for the estimation of the atomic column positions from a focal series of HRTEM
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images. In section 2.4, the concepts of statistical parameter estimation theory are used to show
that unbiased estimates with the highest possible precision are obtained for the parameters of
interest from an ADF STEM image. Section 2.5 consists of conclusions.

2.2 Theory
In this section the principles of statistical parameter estimation theory will be introduced. More
details and references on this theory can be found in [van den Bos 2007]. This requires the
introduction of a parametric statistical model describing the observations. In subsection 2.2.1, a
parametric statistical model will be proposed to model HR(S)TEM images. In subsection 2.2.2,
it will be shown how an expression for the attainable precision of the parameter estimates,
i.e. the CRLB, can be derived. In subsection 2.2.3, the maximum likelihood estimator will be
derived from the parametric statistical model describing the observations.

2.2.1 Parametric statistical model
Due to the inevitable presence of noise, sets of observations made under the same conditions
will differ from experiment to experiment. Therefore, the observations are modelled as stochas-
tic variables. A set of pixel observations can be represented by a row vector of length K × L
with k = 1, . . . ,K and l = 1, . . . , L:

w = (w11,w12,w21, . . . ,wKL)T (2.1)

where wkl corresponds to the pixel value in a HR(S)TEM image at position (k, l). Each set of
observations is characterised by a joint probability (density) function:

p(ω11, ω12, ω21, . . . , ωKL) = p(ω). (2.2)

This joint probability (density) function describes the probability for a set of given observa-
tions which are modelled as stochastic variables ω. The expectation value and variance of a
continuous stochastic variable are defined by the joint probability density function:

µ =E [ω] =

∫ ∞

−∞

ωp(ω)dω (2.3)

σ2 =var(ω) = E
[
(ω − µ)2

]
=

∫ ∞

−∞

(ω − µ)2 p(ω)dω. (2.4)

For discrete variables, the integration needs to be replaced by a summation.
Statistical parameter estimation theory uses a model that describes the expectation values of the
observations as a function of the sought physical parameters. The expectation value of the pixel
(k, l) is then given by:

E [ωkl] = fkl(θ) (2.5)

where θ = (θ1, θ2, . . . , θR)T equals a R × 1 vector with the unknown parameters.
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For HR(S)TEM images, the observation at the pixel (k, l) is denoted as wkl. The pixel values cor-
respond to the electron counting results detected at the pixels of a CCD camera. When assuming
that the pixels in a HR(S)TEM image are statistically independent electron counting results, they
can be modelled as Poisson distributed random variables [Papoulis 1965, Herrmann 1997]:

(λkl)ωkl

ωkl!
exp (−λkl) . (2.6)

The expected value and variance of a Poisson distributed random variable equal λkl which on
his turn equals the expectation model:

E [ωkl] = var (ωkl) = λkl = fkl(θ). (2.7)

The joint probability function for a set of pixel observations which are modelled as Poisson
distributed random variables equals the product of the probabilities given by Eq. (2.6), assuming
that the observations of the pixels are statistically independent:

p(ω) =

K∏
k=1

L∏
l=1

(λkl)ωkl

ωkl!
exp (−λkl) . (2.8)

The unknown parameters are included through the expectation values λkl described by a suitable
parametric model as noted in Eq. (2.7). For HR(S)TEM images, the intensity is often assumed
to be sharply peaked at the atomic column positions. Therefore, HR(S)TEM images are often
modelled as a superposition of Gaussian peaks. The expectation of the image at the pixel (k, l)
at the position (xk, yl) can then be described as:

fkl(θ) = ζ +

I∑
i=1

Mi∑
mi

ηmi exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i

 (2.9)

with ζ a constant background, ρi the column type dependent width of the Gaussian peak, ηmi

the column intensity of the mith Gaussian peak, βxmi
and βymi

the x- and y-coordinate of the
mith atomic column respectively. The index i refers to a particular column type and the index
mi refers to the mth column of column type i. The indices in the summation of Eq. (2.9) can
be simplified in the case of a mono-type crystalline nanostructure since in that case only one
column type is present. The unknown parameters of the imaging model of Eq. (2.9) are given
by the parameter vector:

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η11 , . . . , ηMI , ζ

)T
. (2.10)

The proposed theoretical parametric model should model the image intensities accurately, in or-
der to extract reliable quantitative measurements from HR(S)TEM images. This model, which
consists of a superposition of Gaussian peaks as described by Eq. (2.9), is preferred above other
more complicated models. Complicated models describe the image intensities in detail using
a more physics-based approach, i.e. modelling the electron-object interaction and the transfer
of the electrons through the microscope. However, the number of unknown parameters will
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be higher for such models, since e.g. unknown microscope parameters should then be included
in the parametric model. A higher number of unknown parameters is disadvantageous for the
estimation of the unknown parameters. For a large number of unknown parameters, the optimi-
sation might end up in a local minimum, if appropriate starting values for the unknown param-
eters are not available. Therefore, the lower number of parameters of the simpler model given
by Eq. (2.9) is preferred. In addition, structure parameters of interest, such as atomic column
positions and scattering cross-sections, can be described with the simpler model. Furthermore,
the validity of the proposed model can be tested using statistical model assessment methods,
such as the likelihood ratio test [den Dekker 2005]. The validity of the model given by Eq. (2.9)
has been tested using different statistical model assessment methods in [Van Aert 2005].

2.2.2 Fisher information and Cramér-Rao lower bound
In this subsection, the parametrised probability function of the observations, which is de-
rived in section 2.2.1, will be used to define the Fisher information matrix and to derive the
Cramér-Rao lower bound on the variance, i.e. the attainable precision with which the un-
known parameters can be estimated unbiasedly from the observations. Also an expression
for the CRLB of a function of the parameters will be given. For example, this can be the
distance between two atomic column positions which depends on the position coordinates of
the atomic columns. More details about Fisher information and the CRLB can be found in
[van den Bos 1982, Frieden 1998, van den Bos 2001].

Fisher information

The joint probability (density) function depends on the unknown parameters. This dependence
can be expressed as: p(ω; θ) and can be used to define a R×R covariance matrix. This covariance
matrix is the so-called Fisher information matrix and is given by:

Fθ = −E

[
∂2 ln p(ω; θ)

∂θ2

]
(2.11)

where p(ω; θ) equals the joint probability (density) function of the stochastic variables ω. The
expression between square brackets represents the Hessian matrix of ln p(ω; θ). The Fisher
information is a measure for the physical fluctuation of the observations.
For the observed pixel values in an electron microscopy image, where p(ω; θ) is given by Eq.
(2.8), it follows from Eqs. (2.7), (2.8), and (2.11) that the (r, s)th element of Fθ equals:

Frs =

K∑
k=1

L∑
l=1

1
λkl

∂λkl

∂θr

∂λkl

∂θs
. (2.12)

Cramér-Rao lower bound

Using the concept of Fisher information, a lower bound on the variance, i.e. the highest possible
precision, can be defined for unbiased estimators. This lower bound is the so-called Cramér-Rao
lower bound (CRLB). The Cramér-Rao inequality, with θ̂ an unbiased estimator of θ, equals:

cov
(
θ̂, θ̂

)
≥ F−1

θ (2.13)
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where:

cov
(
θ̂, θ̂

)
= E

[(
θ̂ − θ

) (
θ̂ − θ

)T
]
. (2.14)

This inequality expresses that the difference of the matrix cov
(
θ̂, θ̂

)
and F−1

θ is positive semi-

definite. Since the diagonal elements of cov
(
θ̂, θ̂

)
represent the variances of θ̂1, θ̂2, . . . , θ̂R and

since the diagonal elements of a positive semi-definite matrix are non-negative, these variances
are larger than or equal to the corresponding diagonal elements of F−1

θ :

var
(
θ̂r

)
≥

[
F−1
θ

]
rr
. (2.15)

The matrix F−1
θ is called the Cramér-Rao lower bound on the variance of θ̂. The CRLB is inde-

pendent of the estimation method, but depends on the statistical properties of the observations
and the hypothetical true values of the parameters.
The general expression for the CRLB for vector functions of the vector parameters is of impor-
tance when one is interested in a new parameter which is a function of the proper parameters.
Let γ(θ) = (γ1(θ), γ2(θ), . . . , γG(θ))T a G×1 vector which depends on the R×1 parameter vector
θ = (θ1, θ2, . . . , θR)T . If γ̂ is an unbiased estimator, then it can be shown that:

cov (γ̂) ≥
∂γ(θ)
∂θT F−1

θ

∂γ(θ)T

∂θ
(2.16)

where ∂γ(θ)
∂θ

is the G × R Jacobian matrix of which the elements are given by:
∂γ1(θ)
∂θ1

. . . ∂γ1(θ)
∂θR

... . . .
...

∂γG(θ)
∂θ1

. . . ∂γG(θ)
∂θR

 .
The matrix cov (γ̂) is the G ×G covariance matrix of the estimator γ̂. It should be noticed that
the CRLB can only be computed when the joint probability (density) function of the observa-
tions is known. However, the true parameters of the joint probability (density) function are often
not known. Nevertheless, the highest possible precision can be quantified when substituting the
real values by the estimated values [Van Aert 2005].

2.2.3 Maximum likelihood estimator
In the previous subsection, the concept of Fisher information and CRLB has been introduced.
The Fisher information matrix contains information about the fluctuations of the observations.
Furthermore, different estimators will show different precisions. When using the most precise
estimator, the CRLB may be attained. In this subsection, it is discussed how the maximum like-
lihood estimator of the parameters of the statistical expectation model may be derived from the
parametrised joint probability (density) function. The maximum likelihood estimator (MLE) is
an estimator that achieves the CRLB asymptotically, i.e. for an increasing number of observa-
tions.
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Definition

The MLE is derived following the steps below:

1. The joint probability (density) function depends on the unknown parameters θ =

(θ1, θ2, . . . , θR)T through the statistical expectation model:

p(ω; θ).

2. The stochastic variables ω = (ω11, ω12, ω21, . . . , ωKL)T are replaced by the observations
w = (w11,w12,w21, . . . ,wKL)T :

p(w; θ).

3. The true parameters θ = (θ1, θ2, . . . , θR)T are replaced by the independent variables t =

(t1, t2, . . . , tR)T :

L(t) B p(w; t)

where L(t) is the likelihood function.

4. The MLE θ̂ML of the parameters θ are defined by the values of t that maximise the likeli-
hood function:

θ̂ML = arg max
t

L(t) = arg max
t

ln L(t)

where ln L(t) is the log-likelihood function.

The joint probability (density) function evaluated at the maximum likelihood estimates
p(ω; θ̂ML) generates the observations with a larger probability than the joint probability (den-
sity) function evaluated with any other set of parameters p(ω; t) [Myung 2003].

Properties

The MLE has some important properties:

• Invariance property: if θ̂ML =
(
θ̂1, θ̂2, . . . , θ̂R

)T
is the MLE for the parameters θ =

(θ1, θ2, . . . , θR)T and γ(θ) is a function of the parameters θ, than γ̂
(
θ̂ML

)
is the MLE of

γ(θ).

For an increasing number of observations, the most important properties are the following ones:

• Consistency: The MLE is consistent meaning that the MLE converges toward the true
value of the parameters.

• Asymptotic efficiency: The MLE is asymptotically most precise. The MLE attains asymp-
totically the CRLB:

cov
(
θ̂ML

)
→ CRLB.

• Asymptotic normality: The probability density function of the MLE asymptotically tends
to be a normal distribution having the true parameters θ as expectation values and the
CRLB matrix as covariance matrix:

θ̂ML ∼ N(θ; CRLB).
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Maximum likelihood estimator for independent normally distributed observa-
tions

The observations of an HR(S)TEM image are assumed to be statistically independent Poisson
distributed. For an increasing expectation value λkl of the Poisson distribution, the Poisson
distribution tends to be a normal distribution with expectation value and variance equal to λkl of
the Poisson distribution. This approximation is justified if the magnitude of the observations is
large compared to the square root of this magnitude [Koster 1987]. Moreover, if the contrast in
the images is low, the deviations of the observations from their expectations may be supposed
to be identically distributed, i.e. σkl ≈ cte = σ [Miedema 1994].
The MLE estimator can be calculated for statistically independent identical normally distributed
observations having expectation value E [ωkl] = fkl(θ) and var (ωkl) = σ2 following the steps
described in the beginning of this section. The joint probability density function as a function
of the parameters θ is then given by:

p(ω) =

K∏
k=1

L∏
l=1

1
√

2πσ
exp

(
−

(ωkl − fkl(θ))2

2σ2

)
. (2.17)

The log-likelihood function is given by:

ln L(t) = −
N
2

ln(2π) − N ln(σ) −
1
2

K∑
k=1

L∑
l=1

(
wkl − fkl(t)

σ

)2

; (2.18)

The MLE equals then:

θ̂ML = arg max
t

ln L(t) = arg min
t

K∑
k=1

L∑
l=1

(wkl − fkl(t))2 . (2.19)

This means that for independent identically normally distributed observations the MLE estima-
tor equals the uniformly weighted least squares estimator (LSE) . The uniformly weighted least
squares estimates θ̂LS of the unknown parameters θ are given by the values t that minimise the
uniformly weighted least squares criterion. The LSE will be used throughout this thesis. In
chapter 3, an efficient algorithm for the least squares estimation of the parameters of the statis-
tical expectation model for HR(S)TEM images will be discussed in detail.

In this section, it has been discussed how the parameters of a statistical expectation model can
be determined using the maximum likelihood estimator. Furthermore, the lower bound on the
variance of the parameters to be estimated was theoretically described. In the next sections, the
precision and accuracy with which the unknown parameters are estimated from HR(S)TEM will
be evaluated and the variance of the estimated parameters will be compared with the theoretical
lower bound. First, it will be shown in section 2.3 how the tools described in this section can
help to decide how to estimate the atomic column positions as precise as possible from a focal
series of images. Second, the accuracy and precision of the parameters of interest estimated
from ADF STEM images will be investigated in section 2.4.
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2.3 Exit wave reconstruction: precise measurements
of atomic column positions

In this section, the tools of statistical parameter estimation theory will be applied for precise
measurements of the atomic column positions from a reconstructed exit wave1. The recon-
structed exit wave is a complex wave. Often only the reconstructed phase is employed in a
quantitative analysis, although it can be expected to obtain a better precision when using the
full complex exit wave or the originally required focal series images. The precision of the
atomic column position estimates obtained from the reconstructed phase and from the complex
exit wave will therefore be compared with the attainable precision, i.e. the Cramér-Rao lower
bound, calculated based on the full data set of the focal series. First a brief introduction is
given on exit wave reconstruction. Next, the estimation of the atomic column positions for exit
wave reconstruction and the attainable precision for the atomic column position estimates is
described, before the results of a simulation study are discussed.

2.3.1 Brief introduction on exit wave reconstruction
The phase information in TEM is lost due tho the image recording process, which
is a limiting factor since the phase contains significant information on the positions
of the atomic columns. Therefore, the imaging process has to be inverted numeri-
cally in order to calculate the wave function at the exit plane of the object. A com-
monly applied technique is to use a series of images recorded at different focal val-
ues [Van Dyck 1990, Coene 1992, Coene 1996, Op de Beeck 1996, Thust 1996, Allen 2001,
Allen 2004a, Meyer 2002, Kirkland 2004, Hsieh 2004]. In this way both the amplitude and
phase information of the exit wave are recovered. In addition, a better signal-to-noise ratio is
achieved and residual lens aberrations are eliminated [Thust 1996, Meyer 2002, Kirkland 2004,
Houben 2006, Erni 2010]. The reconstructed exit wave is closely related to the object struc-
ture. In combination with quantitative methods, atomic column positions can be measured
with a precision of a few picometres [Urban 2008, Jia 2008, Jia 2009a, Xu 2005, Bals 2006,
Van Aert 2009a].
The ultimate goal is to determine structure parameters with the highest possible precision and
accuracy. In the case of a focal series, this means that the parameters need to be determined
using the maximum likelihood estimator applied to the originally recorded focal images, which
is numerically demanding. In current studies, only the phase information of the reconstructed
exit wave is used to determine the atomic column positions using a parametric model consist-
ing of a superposition of Gaussian peaks [Jia 2009b, Houben 2006, Bals 2006, Van Aert 2009a,
Klingstedt 2012]. In principle, more precise results might be expected if the reconstructed am-
plitude is also taken into account using a physics-based parametric model using the channelling
theory [Van Dyck 1996, Van Dyck 1999, Geuens 2002, Geuens 2005, Van Aert 2007]. Here, a
real space model-based approach for exit wave reconstruction based on the channelling the-
ory is introduced in order to investigate the precision that can ultimately be obtained for the

1The results of this study are published in A. De Backer, S. Van Aert, and D. Van Dyck, High precision
measurements of atom column positions using model-based exit wave reconstruction, Ultramicroscopy 111 (2011)
1475-1482.
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atomic column positions. By means of image simulations of an ideal Au [100] sample, which
are subject to counting noise, different parameter estimation methods have been compared. It
has been investigated what precision could be obtained by using the phase information of the
reconstructed exit wave only or by using the full complex exit wave for different specimen thick-
nesses. This precision has been compared with the attainable precision that could in principle
be obtained by applying the maximum likelihood estimator to the full series of focal images.
Although these simulations represent an idealistic case, they serve a a reference for model-based
exit wave reconstruction and statistical parameter estimation theory of atomic column positions.
These simulation should answer the question whether the use of only the phase information in
a quantitative analysis is justified and if the analysis would benefit if the amplitude would be
used in addition.

2.3.2 Model-based exit wave reconstruction
In order to investigate the ultimate precision with which the atomic column positions can be
measured, a model-based exit wave reconstruction technique is considered here. The image
intensities of the focal series are backpropagated to the zero-focus to reconstruct the wave
at the exit face of the specimen. Next, the set of backpropagated images is averaged. This
real space approach for exit wave reconstruction is very intuitive and understandable. In
most reconstruction methods the only aim is to reconstruct the complex exit wave as such.
However, since it is ultimately the purpose to derive also the crystal structure from the exit
wave, we want to go one step further and include also the channelling theory for the elec-
tron interaction already in the exit wave. Therefore, this model-based approach for exit wave
reconstruction is conceptually different from the existing focal series reconstruction meth-
ods [Van Dyck 1990, Coene 1992, Coene 1996, Op de Beeck 1996, Thust 1996, Allen 2001,
Allen 2004a, Meyer 2002, Kirkland 2004, Hsieh 2004].
The channelling theory describes the quantum mechanical interaction of the electrons with the
object and provides a closed analytical expression for the exit wave which is parametric in the
structure parameters [Van Dyck 1996, Van Dyck 1999, Geuens 2002, Geuens 2005]. The com-
plex exit wave of an object consisting of atomic columns described in the channelling theory
consists of a vacuum wave and an interaction wave:

ψex(r, z) = 1 + ψint(r, z)

= 1 +

I∑
i=1

Mi∑
mi=1

cmiφ1s,mi(r − βmi
)
[
exp

(
−iπ

E1s,mi

E0

1
λ

z
)
− 1

]
(2.20)

where r = (x, y)T is a two-dimensional vector in the exit plane of the object, perpendicular
to the incident beam direction; E0 denotes the incident electron energy, λ the electron wave-
length, and z the object thickness; φ1s,mi(r − βmi

) is the eigenfunction of the lowest energy
bound state with energy E1s,mi . The corresponding excitation coefficients cmi may be found
from [Van Dyck 1996]. The 1s-state of an atom column mi at position βmi

=
(
βxmi

, βymi

)T
can be

approximated by [Geuens 2002]:

φ1s,mi(r − βmi
) =

1

ami

√
2π

exp

−
(
x − βxmi

)2
+

(
y − βymi

)2

4a2
mi

 (2.21)
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where ami is the column dependent width. The interpretation of Eq. (2.20) is as follows. Each
atomic column acts as a channel in which the wave function oscillates periodically with depth
[Van Dyck 1996, Van Aert 2007]. This periodicity is related to the average mass density of an
atomic column and is given by

D1s =

∣∣∣∣∣∣2E0λ

E1s,mi

∣∣∣∣∣∣ . (2.22)

This distance is called the extinction distance. The wave function in the image plane is given
by the exit wave convoluted with a point spread function accounting for the effect of defocus ε
and spherical aberration Cs [Van Dyck 2002]:

ψim (r, z; Cs, ε) = 1 + ψint(r, z) ∗ pCs (r; Cs) ∗ pε (r; ε) . (2.23)

The intensity in the image plane is described by [Van Dyck 2002]

I(r, z; Cs, ε) = |ψim(r, z; Cs, ε)|2 . (2.24)

The intensity is the modulus squared of the image wave; other aberration effects are neglected
in the simulations as it is assumed that they can be numerically corrected in the reconstruction
[Coene 1996, Meyer 2002, Allen 2004a, Kirkland 2004, Allen 2004b].
In order to reconstruct the exit wave, the image intensities of the focal series are backpropagated.
This backpropagation is performed by a convolution with the inverse point spread function of
the defocus p−1

ε (r; ε) = p∗ε (r; ε), which equals the point spread function of the defocus with
the opposite focal value pε (r;−ε), In this way, a compensation is obtained for the effect of the
defocus. The same procedure can be applied for spherical aberration resulting in the following
expression:

Ψrec (r, z) = 〈I (r, z)〉 =
1
M

M∑
m=1

I (r, z; Cs, ε) ∗ pε (r,−εm) ∗ pCs (r;−Cs) (2.25)

The focal value εm corresponds to the focal value of an image of the focal series. Other aber-
rations, like incoherence effects present in the experimental can be corrected by including
them in the backpropagation by the appropriate inverse point spread function [de Jong 1993,
Allen 2004a]. It can be shown that the reconstructed exit wave using Eq. (2.25) will show good
agreement with the true input exit wave [De Backer 2011]. This agreement enables us to use
the parametric model from the channelling theory given by Eq. (2.20) in a statistical parameter
estimation procedure applied to the reconstructed exit wave.
In the next subsection, the least squares estimation procedure when using the phase of the exit
wave only or when using the full complex exit wave will be discussed.

2.3.3 Estimation of atomic column positions
Least squares estimator using the phase of the reconstructed exit wave

It is generally known that the phase of the exit wave is peaked at the atomic column positions.
Accordingly, an empirical model is often used in which the phase is modelled as a superpo-
sition of Gaussian functions which are peaked at the atomic column positions [Houben 2006,
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Bals 2006, Van Aert 2009a, Jia 2009b]. Therefore, the expectation at the pixel (k, l) at the posi-
tion (xk, yl) of the phase of the exit wave can be described by the model of Eq. (2.9):

f p
kl(θ) = ζ +

I∑
i=1

Mi∑
mi

ηmi exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i

 (2.26)

where the superscript p refers to the model for the phase. The parameters of this model

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η11 , . . . , ηMI , ζ

)T
(2.27)

are estimated in the least squares sense. The uniformly weighted least squares estimated θ̂ are
given by the values of t that minimise the uniformly weighted least squares criterion:

θ̂ = arg min
t

K∑
k=1

L∑
l=1

(
wkl − f p

kl(t)
)2

(2.28)

with wkl the value of the reconstructed phase at the pixel (k, l).

Least squares estimator using the phase and amplitude of the reconstructed exit
wave

In order to attain a higher precision, especially for thicker specimens, all the information avail-
able in the reconstructed exit wave, i.e. phase and amplitude information, can be used to estimate
the unknown parameters. The implementation for the complex exit wave is fully equivalent to
the procedure for the phase, although more extended, and is based on the channelling theory.
The complex exit wave is given by Eq. (2.20). This physics-based parametric model for this
complex exit wave can be rewritten and separated in a real R and imaginary I part:

f c
kl(θ) =R(θ) + iI(θ)

=

ζR +

I∑
i=1

Mi∑
mi=1

ηRmi
exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i




+ i

ζI +

I∑
i=1

Mi∑
mi

ηImi
exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i


 (2.29)

where the superscript c refers to the model for the complex wave. The effect of the thickness
of the object is incorporated in the parameters ηRmi

and ηImi
. The vector containing the unknown

parameters for the complex model is:

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η

R
11
, . . . , ηRMI

, ηI11
, . . . , ηIMI

, ζR, ζI
)T
. (2.30)

Minimisation of the uniformly weighted least squares criterion yields the estimated parameters:

θ = arg min
t

K∑
k=1

L∑
l=1

[(
wRkl − R(t)

)2
+

(
wIkl − I(t)

)2
]

(2.31)

where wRkl and wI
kl represent the real and imaginary parts of the reconstructed complex exit wave,

respectively.
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2.3.4 Attainable precision
It is expected that the lower bound on the variance of the unknown parameters can be attained
by applying the maximum likelihood estimator to the originally recorded focal images, which is
unpractical and computationally demanding. In order to derive this Cramér-Rao lower bound on
the variance of the unknown parameters, the model describing the expectations of the original
observations of the focal series is needed. The expectation model for the image intensity of an
image of the recorded focal series used for this purpose equals:

f i,m
kl (θ) = N

I(r, z; Cs, εm)
Inorm

∆x∆y (2.32)

where the superscript i refers to the model for the image intensity and m to the mth image of
the focal series. This result defines the number of electrons expected to be found at a pixel
(k, l) taking into account the electron dose. In this equation, N denotes the total number of
incident electrons and ∆x and ∆y represent the sampling distances in the x- and y-directions and
I(r, z; Cs, εm) denotes the intensity in the image plane given by Eq. (2.24). The normalisation
factor Inorm in Eq. (2.32) is given by:

Inorm =

∫
I(r, z; Cs, εm)dr (2.33)

where the integral extends over the whole field of view. For HRTEM images in a focal series,
the observations wm

kl are assumed to be statistically independent having a Poisson distribution
with the following joint probability density function equivalent to Eq. (2.8) [den Dekker 2005,
Van Aert 2005]:

p(ω) =

M∏
m=1

K∏
k=1

L∏
l=1

(
λm

kl

)ωm
kl

ωm
kl!

exp
(
−λm

kl
)

(2.34)

where λm
kl is the expectation of a pixel value, i.e. E [ωkl] = λm

kl = f i,m
kl (θ). The Fisher information

matrix for this set of Poisson distributed observations then becomes (equivalent to Eq. (2.12))

Frs =

M∑
m=1

K∑
k=1

L∑
l=1

1
λm

kl

∂λm
kl

∂θr

∂λm
kl

∂θs
. (2.35)

The CRLB on the variance is given by the inverse of the Fisher information matrix. The deriva-
tives in Eq. (2.35) are calculated with respect to the parameters θ in the expectation model given
by Eq. (2.32), i.e. the positions, the width, and the height of the atomic columns and a con-
stant background. The diagonal elements of the inverse Fisher information matrix define lower
bounds on the parameters θ. The thus obtained numbers will be compared with the variance of
the structure parameters estimated from the phase of the reconstructed exit wave and estimated
from the reconstructed complex exit wave. The exit wave is reconstructed using the method
described in subsection 2.3.2. This comparison is first carried out for an isolated atomic column
and next for an assembly of atom columns. Furthermore, the comparison is done for differ-
ent specimen thicknesses. For thin specimens for which the weak phase object approximation
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(WPOA) is valid, most objected information will be contained in the phase of the reconstructed
exit wave. The weak phase object approximation is valid if [Van Dyck 1996, Geuens 2005]:∣∣∣E1s,n

∣∣∣ < E0λ

πz
(2.36)

This can be rewritten in terms of the extinction distance D1s of Eq. (2.22), i.e. the WPOA is
valid if the specimen thickness is smaller than 0.16D1s.

2.3.5 Simulations of Au [100]

Focal series for different thicknesses are simulated of an isolated Au [100] atomic column and
of a 7× 7 lattice of projected Au [100] atomic columns, modelled using the channelling theory.
The microscope parameters for the simulation of the focal series are shown in Table 2.1; the
value of Cs is arbitrarily chosen non-zero. For Au [100], the extinction distance D1s equals
5.7 nm, i.e. about 14 atoms. This means that the WPOA is valid for a specimen thickness less
than two atoms. However, it should be noted that some deviations can be expected from Eq.
(2.22) for very heavy atoms.
The complex exit wave is reconstructed for 100 different Poisson distributed noise realisations
of a focal series calculated from the expectation model given by Eq. (2.32). The unknown
parameters of the parametric models for the phase of the reconstructed exit wave and the re-
constructed complex exit wave, described by Eqs. (2.26) and (2.29), respectively, are estimated
in the least squares sense. The sample mean and sample variance are computed from the 100
estimates and compared with the true values and the Cramér-Rao lower bound on the variance
of the position parameters, respectively.

Parameter Symbol Value
Atomic number Z 79
Column dependent width ami (Å2) 0.13
1s state energy E1s,mi (eV) −210.8
Interatomic distance d (Å) 4.08
Extinction distance D1s (nm) 5.7
Extinction distance D1s (atoms) 14
Accelerating voltage V0(kV) 300
Mean focal value ε(nm) −75
Focal step γ(nm) 2.5
Spherical aberration constant Cs(mm) 0.5
Number of focal images M 21
Pixel size ∆x = ∆y (Å) 0.1
Number of pixels x- and y-direction K = L 1024
Electron dose Nd (e−Å−2) 7854

Table 2.1: Object and microscope parameters for the simulation of the focal series.
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Isolated atomic column

In this analysis unbiased estimates have been obtained for the x- and y-coordinates. The results
of the analysis of the attainability of the CRLB for an isolated column as a function of the object
thickness are presented in Fig. 2.1. The figure shows the ratio of the estimated variance to the
calculated CRLB for the x- and y-position coordinates. The CRLB on the variance of the po-
sition parameters also depends on the object thickness as is shown in the inset of Fig. 2.1. The
attainable precision for the position parameters is highest when the thickness equals half the ex-
tinction distance, 0.5D1s. Here, the electrons are most strongly localised at the atomic column
positions implying that the exit wave is peaked maximally at the atomic positions. From Fig.
2.1, it can be concluded that the lower bound on the variance is attained for all thicknesses when
the column position coordinates are estimated from the complex reconstructed exit wave using
the parametric model given by the channelling theory (Eq. (2.29)). This result is also valid for
thicknesses larger than 0.5D1s and will show a periodic behaviour since the exit wave varies
periodically with depth. By estimating the position coordinates from the phase of the recon-
structed exit wave using the model of Gaussian peaks of Eq. (2.26), the CRLB is attained only
when the WPOA is valid, i.e. if the thickness is smaller than 0.16D1s. It is clear that for larger
object thicknesses, for which the WPOA is no longer valid, estimating the position coordinates
from the complex reconstructed exit wave is necessary in order to attain the highest possible
precision.
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Figure 2.1: Attainability of the CRLB as a function of the object thickness for an isolated Au [100]
atomic column. The error bars show the 95% confidence intervals for the estimated variances. The inset
shows the CRLB as a function of the object thickness.
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Assembly of atomic columns

To evaluate the effect of neighbouring atomic columns, a 7 × 7 lattice of projected Au [100]
atomic columns is modelled. For an assembly of atomic columns two different thicknesses
are considered: z1 = 0.1D1s corresponding to a specimen thickness of only one atom and
z2 = 0.4D1s corresponding to a specimen thickness of five atoms. The WPOA is valid for z1 but
not for z2. The positions of the central 5 × 5 atomic columns are considered in the analysis in
order to avoid boundary effects at the outermost atomic columns of the simulations. Like for
isolated atomic columns, the estimates for the position coordinates are unbiased. The results for
the attainability of the CRLB for both thicknesses z1 and z2 are presented in Fig. 2.2. The ratio
of the estimated variance of the x- and y-coordinates to the CRLB are plotted for the 25 atomic
columns. As expected for the thin object the variances on the position parameters correspond
to the theoretical lower bound on the variance for both estimating the position coordinates from
the phase information only or from the full complex exit wave. For the thicker object, where
the WPOA is no longer valid, the CRLB can only be attained by estimating the position coordi-
nates from the complex model for the exit wave to the reconstructed exit wave. If the position
parameters are determined based on the full complex exit wave, the precision is approximately
three to four times better in terms of the variance than determining the atomic column positions
from the phase of the reconstruction. This result is in agreement with the results of the isolated
atomic column.
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Figure 2.2: Attainability of the CRLB for 25 position estimates of Au [100] atomic columns. The bottom
of the graph shows the result for thickness z1 = 0.1D1s and the top of the graph shows the result for
thickness z2 = 0.4D1s, Each atomic column position corresponds to two estimated ratios in the graph,
the x-coordinate and y-coordinate, resulting in 50 data points on the horizontal axis. The error bars
show the 95% confidence intervals for the estimated variances.
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Discussion

In order to evaluate the precision that can be attained for the estimation of the atomic column
positions from a focal series of images, the reconstructed complex exit wave, or the recon-
structed phase of the complex exit wave, the simplified channelling theory has been used in
order to describe the dynamical scattering of the electrons through the object. Obviously, this
approximation is of limited validity. However, the analysis presented here focuses on the ques-
tion whether the use of only the phase information in a quantitative analysis for atomic column
measurements is justified or if the analysis would benefit if the amplitude would be used in
addition. The simplified model-based channelling theory is very useful for this purpose and the
results will be independent of the approximations made.
Furthermore, it should be noted, even when using a more accurate simulation approach, that
in practice the lower bound and estimated variances will be typically larger, since their actual
values critically depend on the image contrast. A reduction of contrast will indeed result in a
loss of precision [Van Aert 2009a]. So far, the contrast mechanism in HRTEM images is not
yet fully understood. The contrast in experimental images is typically a factor of three lower
than in simulated images. This is the well-known contrast problem, often referred to as the
Stobbs-factor [Hÿtch 1994, Boothroyd 1998, Thust 2009]. Phonon scattering and different ex-
perimental conditions, like the stability of the specimen and the microscope, atomic thermal
vibrations, lattice configuration, residual microscope aberrations, time dependent incoherence
may contribute to a loss of image contrast. So far, it is impossible to take all these factors
properly into account in the theory.

Summary

In this section, the variance of the atomic column positions has been compared with the the-
oretical lower bound on the variance. Although it was expected that the CRLB could only be
attained when deriving the maximum likelihood estimates from the full series of focal images,
it has been demonstrated that the reconstructed complex exit wave contains the same amount of
information on the positions parameters. Estimating the position parameters from the complex
exit wave using the parametric model from the channelling theory results in the highest possible
precision. This precision cannot be obtained when using the phase information only except for
thin specimens where the weak phase approximation is valid, that is, thinner than 0.16D1s with
D1s the extinction distance. For thicker specimens, an improvement of a factor of about four in
terms of the variance with which the atomic column position can be estimated is observed, when
using the full complex exit wave in the estimation procedure. From this study we can conclude
that it is therefore recommendable to use the full complex exit wave to determine quantitative
information about the atomic column positions.

In the next section, the concepts of statistical parameter estimation theory will be used to eval-
uate the accuracy and precision of the measurements of the atomic column positions and the
scattering cross-sections from ADF STEM images.
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2.4 ADF STEM: accurate and precise measurements of
the scattering cross-sections and atomic column
positions

Since ADF STEM images show Z-contrast and are sensitive to the number of atoms in the
atomic columns, ADF STEM has become a popular technique for chemical composition de-
termination and atom-counting because it provides directly interpretable images. Statistical
model-based estimation procedures are required in this field, because it is impossible to e.g.
directly count the number of atoms by means of visual interpretation only. Statistical parameter
estimation theory enables one to extract quantitative information, such as chemical composition
[Van Aert 2009b, Martinez 2014b] or the number of atoms [Van Aert 2011, Van Aert 2013]. In
the next chapters of this thesis, a statistics-based method for atom-counting will be discussed
in detail and will be applied to different nanostructures. Here, the aim is to count the number
of atoms with single atom sensitivity. The parameters of the imaging model are therefore inter-
preted in terms of total intensities of scattered electrons by the atomic columns. These so-called
scattering cross-sections are further explored in order to count the number of atoms that are
present in an atomic column. The goal is then to estimate these scattering cross-sections and
atomic column positions unbiasedly with the highest possible precision. Therefore, it is impor-
tant to assess the accuracy and precision of the estimated parameters. Furthermore, it should
be noticed that it is assumed that ADF STEM images are statistically independent counting re-
sults which can be modelled as Poisson distributed random variables. For the estimation of the
unknown parameters of the expectation model, the least squares estimator is employed, which
equals the maximum likelihood estimator in the case of independent normal distributed random
variables as derived in subsection 2.2.3. The Poisson distribution tends to be a normal distri-
bution for increasing expectation values for the pixel values. However, this assumption about
the statistical distribution of the pixel values is not always valid, especially not at low electron
doses, needed to avoid radiation damage in beam sensitive matter. In order to evaluate the ac-
curacy and precision of the estimated parameters, use will be made of detailed ADF STEM
multislice simulations. The true values of the parameters will be compared with the sample
means in order to verify the accuracy. This will be done for the scattering cross-section and
atomic column positions obtained from different noise realisations of a ADF STEM multislice
simulation. The variance of the estimates computed using the Cramér-Rao lower bound will be
compared with the sample variance.
First the model-based parameter estimation will be reformulated for ADF STEM images in sub-
section 2.4.1. Here, also the parameter of interest for the interpretation of the ADF STEM image
intensities, i.e. the scattering cross-section, will be introduced. Next, the attainable precision for
the position parameters and scattering cross-sections will be defined in subsection 2.4.2. Then,
the ADF STEM simulations will be discussed briefly in subsection 2.4.3 before the results of the
simulation study for the assessment of the accuracy and precision of the parameters of interest
will be shown in subsection 2.4.4.



Statistical parameter estimation theory: principles and simulation studies 33

2.4.1 Model-based parameter estimation in ADF STEM
As a first step in the quantitative analysis of ADF STEM images, such as the statistics-based
atom-counting analysis for mono-type crystalline nanostructures which will be presented in
chapter 4, the ADF STEM images will be considered as a data plane from which the structure
parameters have to be determined with the highest possible precision and accuracy. Therefore,
the expectation model of Eq. (2.9) will be used:

fkl(θ) = ζ +

N∑
n=1

ηm exp

−
(
xk − βxn

)2
+

(
yl − βyn

)2

2ρ2

 . (2.37)

The unknown parameters are thus given by the parameter vector:

θ =
(
βx1 , . . . , βxN , βy1 , . . . , βyN , ρ, η1, . . . , ηN , ζ

)T
. (2.38)

The parametric model of Eq. (2.37) is fitted to the experimental data using the least squares
criterion quantifying the similarity between the experimental images and the model:

θ̂ = arg min
t

K∑
k=1

L∑
l=1

(wkl − fkl(t))2 . (2.39)

The volume under a peak above a background reflects the total intensity of electrons scattered
toward the ADF detector for every atomic column. These are the so-called scattering cross-
sections which can be used to quantify chemical composition or number of atoms in a projected
atomic column from an ADF STEM image. These scattering cross-sections can be calculated
as follows [Van Aert 2009b]:

V̂n = 2πη̂nρ̂
2. (2.40)

The precision and accuracy of the estimated atomic column positions β̂xn and scattering cross-
sections V̂n will be evaluated in the next paragraphs.

2.4.2 Attainable precision
It is expected that the lower bound on the variance of the unknown parameters, i.e. the atomic
column positions and the scattering cross-sections, can be attained when applying the maximum
likelihood estimator and if unbiased estimates are obtained. Here, the least squares estimator of
Eq. (2.39) is used, although the observations are modelled as independent Poisson distributed
variables. The Poisson distribution tends to be a normal distribution, for an increasing expec-
tation value λkl as discussed in section 2.2.3. This means, that when the detected electron dose
is high, the uniformly weighted least squares estimator gives maximum likelihood estimates
for the unknown parameters. Therefore, the attainability of the lower bound on the variance of
atomic column position and scattering cross-section will be investigated for different incident
electron doses.
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The Fisher information matrix for ADF STEM images, which are a set of Poisson distributed
observations equals (Eq. (2.12)):

Frs =

L∑
k=1

L∑
l=1

1
λkl

∂λkl

∂θr

∂λkl

∂θs
(2.41)

The diagonal elements of the inverse Fisher information matrix define lower bounds on the pa-
rameters θ. Following Eq. (2.16), the expression for the CRLB on the variance of the scattering
cross-sections, which is a function of the parameters θ is given by:

σ2
Vn

=
∂Vn

∂θ
F−1
θ

(
∂Vn

∂θ

)T

(2.42)

where Vn is the scattering cross-section for the nth atomic column in the ADF STEM image
given by Eq. (2.40). The elements of the Fisher information matrix are given by Eq. (2.41). The
vector ∂Vn

∂θ
is a (3N + 2)-vector consisting of zeros except for the (2N + 1)th and (2N + 1 + n)th

elements. These elements are equal to:[
∂Vn

∂θ

]
1,2N+1

=
∂Vn

∂ρ
= 4πηnρ[

∂Vn

∂θ

]
1,2N+1+n

=
∂Vn

∂ηn
= 2πρ2.

Explicit numbers for the CRLB on the variance of the atomic column positions and the scatter-
ing cross-sections can be computed by substituting the values of the true parameters into Eqs.
(2.41) and (2.42). However, since the observations are Poisson distributed noise realisations of
detailed ADF STEM simulations using the STEMsim software [Rosenauer 2008], only the true
parameters of the atomic column positions are available. Therefore, the elements Frs and σ2

Vn

may only be estimated. This will be done by substituting estimated values for the parameters ρ
and ηn for the true parameters. These estimates for the true parameters of ρ and ηn are obtained
by fitting the model given by Eq. (2.37) to the detailed STEMsim model for the ADF STEM
image, i.e. in absence of noise, which will be described in the next subsection. The estimated
Fisher information matrix and estimated lower bounds on the variances will be denoted as F̂θ

and σ̂2, respectively.

2.4.3 HAADF STEM simulation study
The analysis presented here will make use of multislice simulations under the absorptive poten-
tial approximation [Ishizuka 2002] because of their suitability to describe electron-sample in-
teraction for thin samples. The ADF STEM images are calculated using the STEMsim software
[Rosenauer 2008]. The absorptive potential approximation is computationally less demand-
ing while it still describes the image intensities properly up to 50 nm thickness of the sample
[Rosenauer 2009]. We simulated a Pt structure in [100] and [110] zone axis up to 75 atoms
thickness, i.e. ≈ 30 nm and ≈ 21 nm, respectively. The simulated images were convolved with
a Gaussian function to account for spatial incoherence. The simulation settings are summarised



Statistical parameter estimation theory: principles and simulation studies 35

in Table 2.2. The Debye-Waller factor in the table describes the atomic vibrations. This Debye-
Waller factor is temperature dependent and has been parametrised for several elemental crystals
and compounds with zinc-blende structure by [Gao 1999].
Using the model described by Eq. (2.37), the scattering cross-sections and atomic column po-
sitions are estimated from the simulated images. As presented in [Martinez 2014b], fitting a
constant background to a simulation is not needed, since this background considers signals that
do not originate from the sample under study, such as the sample support or grid. Consequently,
a background with value 0 was considered for this analysis.
The analysis of simulated images for two different zone axes is intended to consider different
atomic column spacings, having a different effect on the cross-talk of the electron beam through
the sample.

Parameter Symbol Value
Acceleration voltage V0 (kV) 300
Defocus ε (nm) −8.8741
Spherical aberration Cs (mm) 0.04
Spherical aberration of 5th order C5 (mm) 10
Objective aperture angle α (mrad) 21.1
Spatial incoherence of source FWHM (Å) 0.7
Number of unit cells per supercell Na × Nb 9 × 9
HAADF inner collection angle β1 (mrad) 60
HAADF outer collection angle β2 (mrad) 190
Maximum specimen thickness [100] z[100] (nm) 29.4
Maximum specimen thickness [110] z[110] (nm) 20.8
Debye-Waller factor B (Å2) 0.384
Pixel size [100] ∆x = ∆y (Å) 0.1569
Pixel size [110] ∆x = ∆y (Å) 0.1121

Table 2.2: Settings used for absorptive potential multislice simulations of Pt in [100] and [110] zone
axes

2.4.4 Results
Detailed ADF STEM simulations are available for an increasing thickness from 1 to 75 atoms
for Pt in the [100] and [110] orientation as described in the previous subsection. In order to
evaluate the attainability of the CRLB, different values for the incident electron dose Nd (e−/Å2)
are considered:

λkl = Np fkl = Nd∆x∆y fkl (2.43)

where λkl equals the expectation model including the electron dose, fkl equals the detailed ADF
STEM simulation, Np equals the incident electron dose per pixel, ∆x = ∆y equals the pixel
size, and Nd the incident electron dose per area. Atomic resolution imaging is still possible with
doses on the order of Nd = 102 e−Å−2 for LAADF STEM according to [Buban 2010]. Therefore
electron doses of Nd = 5 · 102 e−Å−2, and Nd = 5 · 105 e−Å−2 are used in the simulation study
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based on HAADF STEM images. For each thickness, 100 noise realisations are simulated for
the two different doses. Next, the noise realisations are normalised with respect to the incident
electron dose, i.e. divided by the incident electron dose placing the noise realisations on the
same intensity scale as the detailed image simulations fkl from STEMsim. The detailed STEM
simulations and corresponding noise realisations are illustrated in Fig. 2.3.
From the noise realisations, the parameters of the parametric model given by Eq. (2.37) are
estimated. The parameters that are evaluated here are the normalised scattering cross-section
and the x-coordinate of the central atomic column in the simulated ADF STEM image. Only
the x-coordinate is evaluated since the x- and y-coordinate show exactly the same behaviour for
this symmetric simulation. In order to evaluate the accuracy of the estimates, the sample means
have been compared with the reference values. For the atomic column positions, the reference
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Figure 2.3: Detailed ADF STEM simulations for [100] and [110] orientation for 1 atoms and 75 atoms
thickness. The corresponding normalised noise realisations for an incoming electron dose of Nd =

5 · 102 e−Å−2 and Nd = 5 · 105 e−Å−2 are also shown.
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value equals the true value of the atomic column position from the input structure of the STEM
simulation described in the previous paragraph. For the scattering cross-sections, the estimated
values from the detailed ADF STEM simulation fkl (in absence of Poisson distributed noise)
is taken as a reference. The (1 − α) × 100% confidence intervals of the sample mean of the
x-coordinate β̄x and the scattering cross-section V̄ of the central atom are given by:[

β̄x − t1− α2 ,N−1
sβx
√

N
, β̄x + t1− α2 ,N−1

sβx
√

N

]
(2.44)[

V̄ − t1− α2 ,N−1
sV
√

N
, V̄ + t1− α2 ,N−1

sV
√

N

]
(2.45)

with sβx and sV the standard deviation and t1− α2 ,N−1 equals the 1 − α
2 -quantile of the Student’s t

distribution with N − 1 degrees of freedom, where N equals the sample size.
In order to evaluate the precision of the estimates, the sample variances are compared with the
estimated lower bounds on the variances. The (1−α)×100% confidence intervals on the sample
variance of the x-coordinate s2

βx
and on the sample variance of the scattering cross-section s2

V
are given by:  (N − 1)s2

βx

χ2
α
2 ,N−1

,
(N − 1)s2

βx

χ2
1− α2 ,N−1

 (2.46) (N − 1)s2
V

χ2
α
2 ,N−1

,
(N − 1)s2

V

χ2
1− α2 ,N−1

 (2.47)

with s2
βx

and s2
V the sample variances for βx and V , respectively, and χ2

1− α2 ,N−1 and χ2
α
2 ,N−1 are the

1 − α
2 - and α

2 -quantiles of the χ2 distribution with N − 1 degrees of freedom, respectively.
The results of the study of the accuracy of the scattering cross-sections and position coordinates
are shown in Figs. 2.4 and 2.5 for electron doses of Nd = 5 · 105 e−Å−2 and Nd = 5 · 102 e−Å−2,
respectively. The sample means from the estimates resulting from the 100 noise realisations
are plotted together with the true values of the scattering cross-sections and x-coordinate of the
central atomic column. It is clear that unbiased estimates are obtained for both the scattering
cross-sections as well as the x-coordinate of the central atomic column. For an incident electron
dose of Nd = 5 · 105 e−Å−2, the 95% confidence intervals of the scattering cross-sections are
too small to be visible in Fig. 2.4. It is clear that the confidence intervals on the sample means
become larger when reducing the incident electron dose to Nd = 5 · 102 e−Å−2. The estimates
for the scattering cross-sections and the x-coordinates of the central atomic column are still ac-
curate for this lower incident electron dose.

The results for the precision of the estimated scattering cross-sections and position coordinates
are shown in Figs. 2.6 and 2.7 for electron doses of Nd = 5 · 105 e−Å−2 and Nd = 5 · 102 e−Å−2,
respectively. In these figures, the sample variances from the estimates of the 100 noise reali-
sations are plotted together with the theoretical lower bound on the variance, the CRLB. Two
main conclusions can be drawn from these Figs. 2.6 and 2.7. First, the CRLB allows us to
evaluate the precision as a function of the number of atoms for the scattering cross-sections
and position coordinates. The variance on the scattering cross-section increases with increasing
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Figure 2.4: Accuracy of the estimated scattering cross-sections and position coordinates for an in-
coming electron dose of Nd = 5 · 105 e−Å−2. The true values and the sample mean together with the
95% confidence interval are shown for the (a) scattering cross-sections of Pt [110], (b) scattering cross-
sections of Pt [100], (c) x-coordinate of the central atomic column of Pt [110], and (d) x-coordinate of
the central atomic column of Pt [100].

number of atoms in a projected atomic column. The variance of the position coordinate of the
atomic columns decreases up to 20 atoms. Beyond this thickness, the probe will be delocalised
and the variance on the position coordinates increases. Second, the attainability of the CRLB
can be evaluated from these figures. For an incident electron dose of Nd = 5 · 105 e−Å−2 in Fig.
2.6, the CRLB is attained for the whole range of number of atoms. For the reduced electron
dose of Nd = 5 ·102 e−Å−2 in Fig. 2.7, the CRLB on the variance of the scattering cross-sections
and x-coordinate of the central atomic column is not attained for very small number of atoms.
This result is not unexpected since the detected number of electrons is very low in this case.
Indeed, with a pixel size of 0.1121 Å for Pt [110], the incident electron dose per pixel equals
approximately 6 e−/pixel; for Pt [100], with a pixel size of 0.1569 Å, the incident electron dose
per pixel equals approximately 12 e−/pixel. Since the maximal pixel intensity for single atom
thickness expressed as a fraction of the incident electron beam equals approximately 0.01, the
probability that an electron is detected will be very low. This is also clear from the noise real-
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Figure 2.5: Accuracy of the estimated scattering cross-sections and position coordinates for an in-
coming electron dose of Nd = 5 · 102 e−Å−2. The true values and the sample mean together with the
95% confidence interval are shown for the (a) scattering cross-sections of Pt [110], (b) scattering cross-
sections of Pt [100], (c) x-coordinate of the central atomic column of Pt [110], and (d) x-coordinate of
the central atomic column of Pt [100].

isations with Nd = 5 · 102 e−Å−2 in Fig. 2.3. In this case, the noise realisation does not show
the shape of the atomic columns anymore. Because of the prior knowledge of the presence
of atomic columns, an attempt to estimate the model parameters is made, although the model
estimation starts to fail here. For practical applications requiring the same low incident electron
dose, the detected dose should be increased, which can be done by increasing the pixel size
and/or decreasing the inner detector angle. Nevertheless, this simulation study shows that the
lower bound on the variance is attained for the estimation of the scattering cross-sections and
position coordinates from ADF STEM images which are assumed to have independent Poisson
distributed pixel values, using the least squares estimator. This result is of great importance,
since this means that the estimated scattering cross-sections, which will be extensively used as
an input for the atom-counting method, are obtained with the highest possible precision.
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Figure 2.6: Precision of the estimated scattering cross-sections and position coordinates for an in-
coming electron dose of Nd = 5 · 105 e−Å−2. The Cramér-Rao lower bound and the sample variances
together with the 95% confidence interval are shown for the (a) scattering cross-sections of Pt [110], (b)
scattering cross-sections of Pt [100], (c) x-coordinate of the central atomic column of Pt [110], and (d)
x-coordinate of the central atomic column of Pt [100].

2.5 Conclusions
In this chapter, the principles of statistical parameter estimation theory have been introduced.
Within this framework, electron microscopy observations can be described by a parametric
statistical model defining the expectations of the observations and the fluctuations of the obser-
vations about these expectations. Furthermore, statistical parameter estimation theory provides
a theoretical lower bound, i.e. the Cramér-Rao lower bound, on the variance of an unbiased
estimator which can be reached asymptotically using the maximum likelihood estimator. In
practice, the least squares estimator which equals the maximum likelihood estimator for inde-
pendent normally distributed random values, is used to estimate the unknown parameter of the
model.
The Cramér-Rao lower bound has been used to study the amount of information on the position
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Figure 2.7: Precision of the estimated scattering cross-sections and position coordinates for an in-
coming electron dose of Nd = 5 · 102 e−Å−2. The Cramér-Rao lower bound and the sample variances
together with the 95% confidence interval are shown for the (a) scattering cross-sections of Pt [110], (b)
scattering cross-sections of Pt [100], (c) x-coordinate of the central atomic column of Pt [110], and (d)
x-coordinate of the central atomic column of Pt [100].

parameters contained in a reconstructed exit wave. It has been shown that the same precision
can be obtained from the reconstructed complex exit wave and the full series of focal images.
This precision cannot be obtained when using the phase information only, except for thin spec-
imens where the weak phase object approximation is valid.
In order to explore the ultimate limits in ADF STEM, the precision and accuracy of the estimates
for the atomic column position coordinates and scattering cross-sections have been evaluated
using multislice simulations. Although, the pixel values of ADF STEM images are modelled
as independent Poisson distributed variables, it turns out that even for low incident electron
doses, the Cramér-Rao lower bound on the variance of the estimates has been obtained. This
conclusion is extremely important, since these estimates will be extensively used as an input for
a statistics-based atom-counting method discussed in chapter 4.
Concluding, based on statistical parameter estimation theory, electron microscopy images may
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be analysed quantitatively and estimates for the structure parameters, such as the atomic column
positions and scattering cross-sections can be obtained with the highest possible precision.
In chapter 3, the implementation of the least squares estimator will be reviewed. A direct imple-
mentation of the least squares estimator limits the area that can be analysed, since the estimation
of all the parameters of the parametric model at the same time is computationally very inten-
sive. Therefore an efficient implementation of the least squares estimator is required, which will
enable us to quantify larger areas.



3
Efficient fitting algorithm

3.1 Introduction
Nowadays, more and more quantitative measurements for the analysis of nanomaterials are re-
quired. This includes locating atomic column positions with a precision in the picometre range,
a precise determination of the chemical composition of materials, and counting the number of
atoms with single atom sensitivity. Moreover, one is interested in a quantitative analysis of
larger areas preserving the highest possible precision that can be attained using statistical pa-
rameter estimation theory. Therefore, in this chapter, the implementation of the least squares
estimator (LSE), which is used for the estimation of the parameters of the model describing the
observations in a (S)TEM image, will be reviewed.
As discussed in chapter 2, in subsection 2.2.3, the maximum likelihood estimator (MLE) equals
the LSE for independent normally distributed variables. However, direct implementation of the
LSE in which all parameters are estimated at the same time is computationally very intensive
and feasible only from images containing a limited number of projected atomic columns in a
HR(S)TEM image, i.e. a limited field of view. Therefore, a more efficient algorithm is proposed
for obtaining the unknown structure parameters. The use of this algorithm enables us to analyse
large fields of view.
The basic idea of the new algorithm is the segmentation of the image into smaller sections con-
taining individual columns. In this way, only the parameters corresponding to a single atomic
column are estimated at the same time, instead of all the parameters of the parametric model.
Two different efficient model estimation methods will be proposed for two different variants
of the parametric models discussed in chapter 2. For the first model estimation method, each
atomic column will be modelled with a Gaussian peak having a different width; this method
will be referred to as ‘model estimation A’. In the second model estimation method, the same
width will be estimated for atomic columns of the same atom type; this method will be referred
to as ‘model estimation B’. Different widths for each Gaussian in the parametric model corre-
sponding to the intensity of an atomic column in the HR(S)TEM image, as in ‘model estimation

43
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A’, are required if no prior knowledge is available on e.g. the atomic column types. However, if
prior knowledge is available, the number of parameters of the expectation model that needs to
be estimated in the model can be reduced, as in ‘model estimation B’. This approach enhances
the precision of the parameter estimates. In addition, the estimation of the parameters of such a
model will be more robust in the case of the inevitable presence of different types of noise (e.g.
scanning noise in HRSTEM images). The estimates for the parameters for ‘model estimation
A’ do often not converge because of noise.
In section 3.2, this efficient algorithm for the estimation of atomic column positions and inten-
sities from HR(S)TEM images will be introduced. After this, the efficient estimation algorithm
will be applied to three different nanostructures for which the analysis of a large field of view is
required. In the first example in section 3.3, estimated models will be obtained for ADF STEM
images of a core-shell nanostructure recorded along different zone axes. The estimated models
as such will be used as an input for a three-dimensional reconstruction in order to determine
the position and atom type of each atom. In the next two examples in section 3.4, the estimated
atomic column position coordinates will be used to make displacement maps of a large field of
view. This will be done for five-fold-twinned decahedral Au nanoparticles in subsection 3.4.1
and for the positions of Al-columns within LaAlO in subsection 3.4.2.

3.2 Efficient model estimation algorithm
In this section, two different efficient model estimation methods will be proposed2. The para-
metric model that will be implemented is a superposition of Gaussian peaks describing the
peaked intensity at the atomic column positions as described in chapter 2 in subsection 2.2.1.
The idea of the new algorithms is a segmentation of the image into smaller sections containing
individual atomic columns. Therefore, it is required that the image can be described as a su-
perposition of the individual atomic columns. For example, incoherent imaging in ADF STEM
meets this necessary condition.
In subsection 3.2.1, ‘model estimation A’ with a different width assumed for each Gaussian is
introduced. Next, subsection 3.2.2 introduces ‘model estimation B’ where the same width is
assumed for Gaussian peaks at the atomic columns of the same atom type.

3.2.1 Model estimation A
Different width for each estimated Gaussian peak of an atomic column

When a different width is assumed for each estimated Gaussian corresponding to the intensity
of an atomic column, the parametric model of Eq. (2.9) can be rewritten as:

fkl(θ) = ζ +

N∑
n=1

ηn exp

−
(
xk − βxn

)2
+

(
yl − βyn

)2

2ρ2
n

 . (3.1)

2The efficient model estimation method is introduced in A. J. den Dekker, J. Gonnissen, A. De Backer, J.
Sijbers, and S. Van Aert, Estimation of unknown structure parameters from high-resolution (S)TEM images: What
are the limits?, Ultramicroscopy 134 (2013) 34-43.
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with ζ a constant background, ρn and ηn the width and height of the nth Gaussian peak, βxn and
βyn the x- and y-coordinate of the nth atomic column respectively, and N the total number of
atomic columns. The unknown parameters of the expectation model are then given by:

θ =
(
βx1 , . . . , βxN , βy1 , . . . , βyN , ρ1, . . . , ρN , η1, . . . , ηN , ζ

)T
. (3.2)

It is assumed that proper starting values are available for the parameters of the empirical model.
Good starting values are necessary in order to avoid ending up in a local minimum during the
model estimation procedure. Initial values for the widths ρn of the Gaussians are easy to provide
and starting coordinates for the positions βxn and βyn of projected atomic columns can be given
using e.g. a peak finding routine. For this purpose, the quality of the image has to be sufficient,
i.e. the image resolution should be high enough. This means that a high-resolution image is
required, where individual columns are atomically resolved. If the resolution is only just suf-
ficient, prior knowledge on the structure, e.g. the presence of dumbbells, can still provide the
starting values for atomic column positions.
The parameters βxn , βyn , and ρn are the non-linear parameters of the model and will be denoted
as α. An initial guess for the linear parameters, i.e. the heights ηn and background ζ denoted as
ξ, is not needed, since the linear parameters in the model can be replaced by their linear least
squares estimates given the values of the non-linear parameters of the model [Lawton 1971].
These linear least squares estimates are the best companion values for the linear parameters
and the computation involves only a simple linear regression. In addition, this approach has a
second benefit apart from the fact that no starting guesses are needed for the linear parameters.
The number of parameters that needs to be estimated in an iterative procedure is reduced, since
the best companion values for the linear parameters are used in each iteration increasing the
convergence of the model estimation.
Schematically, the proposed algorithm for model estimation is outlined in Fig. 3.1. The basic
idea of this algorithm is the segmentation of the image into smaller sections containing indi-
vidual atomic columns. Next, the parameters of these columns are estimated atomic column-
by-atomic column without ignoring overlap between neighbouring atomic columns. In the first
step (B.), initial guesses are obtained for the non linear-parameters α1 for the input image (A.).
Next, the iterative part of the fitting procedure can be executed (shown in grey in Fig. 3.1).
Based on the values of the non-linear parameters α j, starting values for the linear parameters
ξ j are calculated by means of linear regression (C.), where j corresponds to the number of
the iteration. Having starting values for the linear and non-linear parameters of the jth itera-
tion available (D.), the actual estimation of the parameters can be done. Therefore, regions of
interest containing single atomic columns are selected from the HR(S)TEM image (E.). The
regions are defined based on the average distance between the atomic columns in the image.
These distances can be calculated from the coordinates given by the peak finding routine. Next,
the parameters of the neighbouring projected atomic columns are selected (F.) in order to take
overlap between neighbouring Gaussian shapes into account. The values of the non-linear and
linear parameters are given by the values that result from, respectively, step (B.) and (C.) in
the first iteration and by the values that resulted from, respectively step (N.) and (C.) in further
iterations. The contributions of the tails of these neighbouring Gaussian peaks are calculated in
the region of interest of the single atomic column (G.). Then, these contributions are subtracted
from the image of the single atomic column (H.). Ideally, the thus obtained image only con-
tains scattered intensities resulting from this single projected atomic column and can be used
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for a non-linear least squares estimation of the non-linear parameters of this single Gaussian
(I.). Steps (E.) till (I.) are repeated for each projected atomic column in the HR(S)TEM image
in order to obtain a complete set of estimated non-linear parameters α̂ j for the jth iteration.
Next, the best companion values for the linear parameters for the jth iteration, ξ̂ j are calculated
(J.). Once the parameters are estimated, convergence is evaluated (L.). If convergence is not
yet obtained (M.), the non-linear starting values for the ( j + 1)th iteration are calculated (N.).
The updates for the non-linear parameters are computed based on the starting and estimated
values for the non-linear parameters of the jth iteration. The updates are modified by a scaling
factor ν in order to avoid divergence on the parameters to be estimated. Having a new set of
non-linear parameters available, the iterative part of the fitting algorithm can be executed again
from step (C.). The iterative approach allows a better modelling of the overlap between neigh-
bouring Gaussian peaks. If convergence is attained (O.), the model can be calculated based on
the estimated parameters (P.).

J. 
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calculate  
linear parameters 𝜉𝑗  
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Figure 3.1: Schematic for model estimation A: algorithm for the expectation model having a different
width for each estimated Gaussian peak.

3.2.2 Model estimation B
Same width for estimated Gaussian peaks of atomic columns of the same atom type

When the same width is estimated for Gaussian peaks of atomic columns of the same atom type,
the expectation model and corresponding unknown structure parameters are given by Eqs. (2.9)
and (2.10) which are for clarity’s sake repeated here:

fkl(θ) = ζ +

I∑
i=1

Mi∑
mi

ηmi exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i

 (3.3)
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Figure 3.2: Schematic for model estimation B: algorithm for the expectation model having the same
width for Gaussian peaks of atomic columns of the same atom type.

with unknown parameters:

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η11 , . . . , ηMI , ζ

)T
. (3.4)

The basic idea of this routine is equivalent to the method for the model having different widths
for each estimated Gaussian. The estimation method is subdivided into the estimation of the
position parameters βxmi

and βymi
, and next the estimation of the width ρi for each atom type.

This approach is valid since the correlation between the position parameters and the width of
the Gaussian peaks equals almost zero. Throughout the estimation routine, the best companion
values for the linear parameters ξ are used in each iteration increasing the convergence of the
model estimation.

A schematic is shown in Fig. 3.2. As a first step, 1 iteration of the model estimation A (B.)
is executed on the input image (A.). This corresponds to the evaluation of steps (A.) till (K.)
of model estimation A described in Fig. 3.1. From this first estimate for the parameters of
the expectation model, a rough estimate for the width can be obtained. This is done in step
(C.) by calculating the median of the widths obtained in step (B.) for the columns of the same
atom type. Next model estimation A is performed till convergence is reached (D.) without
estimation of the parameter for the width of the Gaussian peaks, i.e. with a fixed value for
the width ρi set in step (C.). In this way, estimates are obtained for the x- and y-coordinates
βxmi

and βymi
(E.). Next, estimates for the width ρi and the companion values for the linear

parameters ξ need to be estimated for the fixed positions obtained from the first part of this
method. The optimisation of the parameter ρi is done using the full image containing all atomic
columns. In order to reduce the memory consumption, a derivative-free unconstrained non-
linear optimisation method is used (F.) [Lagarias 1998]. If good starting values are available
for the parameters ρi and a limited number of parameters needs to be estimated, than the so-
called amoeba method converges toward good estimates for the parameters. Since the number
of different atom types in a HR(S)TEM image is limited, this method gives efficiently accurate
estimates. After the optimisation of the parameter ρi, estimates are available for all the non-
linear parameters α̂ in the parametric model (G.). Finally, the best companion values for the
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linear parameters ξ̂ (H.) and the model based on the estimated parameters (I. and J.) can be
calculated.
In this section, the implementation of the least squares estimator has been adapted enabling us
to analyse large fields of view of HR(S)TEM images in a quantitative way. This algorithm,
model estimation A or B, allows one to evaluate larger nanostructures in a quantitative way by
means of a least squares estimation of the parameters of the statistical expectation models. In the
next sections, this algorithm will be applied to different nanostructures in which a quantitative
analysis of a large field of view is required. It will be shown that the analysis of larger fields of
views opens up a variety of new possibilities for the characterisation of nanomaterials. In the
first example, the estimated models as such will be used to reduce scanning errors in HAADF
STEM images of a core-shell (Au@Ag) nanorod. The refined models serve as an input for
atomic resolution electron tomography aiming to determine the position and atom type of each
atom in a three-dimensional reconstruction. In the second set of examples, the positions of the
atomic columns are interpreted for large fields of view in order to make displacement maps of
the atomic column positions.

3.3 Three-dimensional elemental mapping in bimetal-
lic nanocrystals

The first application of this efficient algorithm is the estimation of models for two-dimensional
(2D) projection images of a bimetallic nanocrystal as an input for electron tomography3. A
thorough understanding of the three-dimensional (3D) structure and composition of core-shell
nanostructures is indispensable to obtain a deeper insight on their physical behaviour. Such
3D information can be reconstructed from 2D projection images using electron tomography.
Different electron tomography techniques have already enabled the 3D characterisation of a va-
riety of nanostructures at the atomic level [Van Aert 2011, Bals 2011, Scott 2012, Chen 2013].
However, these methods have all focused on the investigation of nanomaterials containing only
one type of chemical element. Now, for the first time, the positions and atom type of each atom
in a hetero-nanostructure will be determined using a combination of statistical parameter esti-
mation techniques and compressive sensing based tomography [Donoho 2006, Goris 2012a].
As an example, the interface in core-shell Au@Ag nanorods will be investigated.
These bimetallic nanostructures are of great interest as they provide additional flexibil-
ity, stability, or even novel properties as compared to their mono-metallic counterparts
[Henglein 2000, Hodak 2000, Tedsree 2011, Cortie 2011]. The deposition of Ag-coated Au
(Au@Ag) nanorods, in particular, has been extensively studied because of the possibility
to tune their overall geometry (and optical response) by changing the size and aspect ra-
tio of the original Au nanorods [Liu 2004, Yang 2006, Xiang 2008, Park 2011, Ma 2010,
Sanchez-Iglesias 2010, Cardinal 2010]. However, to understand and tailor the properties of
these Au@Ag nanorods a thorough knowledge of the structure and the chemical composition
at the atomic scale, in particular at the interfaces between the metallic components, is required.

3The results of this study are published in B. Goris, A. De Backer, S. Van Aert, S. Gómez-Graña, L. Liz-Marzán,
G. Van Tendeloo, and S. Bals, 3D elemental mapping at the atomic scale in bimetallic nanocrystals, Nano Letters
13(9) (2013) 4236-4241.
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A B C 

E F 

D 

Figure 3.4: Orthogonal slices through the 3D reconstruction. (A) Three orthogonal slices through the
reconstruction show the core-shell structure of the nanorod. The atomic lattice can be resolved in all
three slices. (B,C) Detailed view of slices through the reconstruction perpendicular and parallel to the
major axis of the nanorod. (D) An intensity profile is acquired along the direction indicated by the white
rectangle in (B). (E,F) Slices corresponding to B and C, in which each Au atom is indicated by a yellow
disc. In this manner, the correct interfacial planes can be determined based on intensity profiles through
the reconstruction.

Five high-resolution HAADF STEM projection images of the same nanorod were acquired
along different major zone axes as shown in Fig. 3.3 (A-E). The aim is to identify the posi-
tion and atom type of individual atoms from a reliable, atomic resolution 3D reconstruction.
Since the compressive sensing based electron tomography method can strongly be influenced
by (scanning) noise, a reliable way to reduce these effects is by modelling the projection im-
ages. No prior knowledge was available on the atom type of each atomic column, although it
was known that the nanoparticles under study are core-shell Au@Ag particles. However, it is
impossible to visually discern for each atomic column between Au and Ag at the interface from
the 2D HAADF STEM projection images. Therefore, model estimation method A has been
used, where each atomic column in the 2D projection images was estimated with a different
width. The quality of the images was sufficient in order to use this model estimation method.
Fig. 3.3(F-J) show the corresponding estimated models of the originally recorded projection
images shown in Fig. 3.3 (A-E). A more detailed view on the observations and correspond-
ing models for each of the experimental images is provided in Fig. 3.3 (K-T). An excellent
agreement between the refined models and the experimental projection images is observed, and
indeed noise and scanning artifacts are reduced in the refined models. In this analysis, the
model-based estimation acts as an ideal image filter.
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The refined models (F-J) of Fig. 3.3 are used as an input for 3D reconstruction. The result of
this reconstruction and a detailed analysis of the position and type of the atoms is shown in
Fig. 3.4. This analysis was done from the orthogonal slices through the reconstruction. Since
HAADF STEM images were obtained from the underlying data for the 3D reconstruction, the
intensity of each reconstructed atom is related to its atomic weight. Therefore, individual Ag
and Au atoms can be distinguished, also at the interface by comparing their relative intensities.
An intensity profile was acquired along the direction indicated by the white rectangle in Fig.
3.4 (B). From this intensity profile, which is presented in Fig. 3.4 (D), it is clear that Au and
Ag atoms can indeed be identified from their intensities using a threshold value. In this manner,
each atom in the slices presented in Fig. 3.4 (B) and (C) was assigned to be Ag or Au. The
result is shown in Fig. 3.4 (E) and (F) and enables us to carry out a correct indexing of the type
of interfacial planes. We thus conclude that the interface between the Au core and the Ag shell
is sharp without intermixing. This result could only be obtained by a combination of statistical
parameter estimation and a 3D reconstruction based on compressive sensing.

3.4 Displacement mapping
The analysis of a large field of view, with very precise and accurate measurements of the posi-
tions of the projected atomic columns allows one to construct displacement maps in the case of
strained structures. As a first example, a displacement map is obtained for a five-fold-twinned
decahedral Au nanoparticle. Secondly, the displacement of Al atomic column positions within
a BiFeO3/LaAlO3 heterostructure is discussed.

3.4.1 Five-fold-twinned decahedral Au nanoparticles
The first example is the mapping of the displacements within a five-fold-twinned decahedral
Au nanoparticle. These complex decahedral particles exhibit highly localised surface plasmon
resonances and are therefore of special interest because of their great potential for applications
such as biosensing and cancer therapy [Zhao 2006, Willets 2007, Jain 2007]. The exact optical
properties are size and shape dependent. Current synthesis techniques enable a high degree of
size and shape control resulting in decahedral nanoparticles with the same optical properties
[Sánchez-Iglesias 2006, Pastoriza-Santos 2007, Grzelczak 2008]. Since the internal structure
determines their growth, surface structures and stability, the characterisation of the internal
structure is required for further engineering their electronic and optical properties.
These types of Au particles are intrinsically strained as a result of their unique geometry as
illustrated in Fig. 3.5(a). The decahedral particle consists of 5 tetrahedral subunits with an FCC
crystal structure and {111} crystallographic faces. For perfect FCC tetrahedral subunits, the an-
gle between adjacent {111} faces is 70.53◦ resulting in a solid-angle deficiency of 7.35◦. As a
result, these particles are strained or contain defects.
According to several studies, different strain models have been proposed for these five-fold-
twinned decahedral Au nanoparticles [Johnson 2008]. Strain maps and displacement fields are
often obtained by the geometrical phase technique. Within this method, a small aperture is
centred around a strong reflection in the Fourier transform of a high-resolution image of the
crystal lattice [Hÿtch 1998]. Using this method, the displacement field can be measured with
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Figure 3.5: Defect-free five-fold-twinned decahedral Au nanoparticle (a) For perfect FCC tetrahedral
subunits a solid angle deficiency of 7.35◦ exists viewed along the pentagonal axis. (b) HAADF STEM
image along the [110] zone axis. (c) Refined model. (d) Displacement map. The black crosses indicate
from which atomic column in each tetrahedral subunit the reference lattice is extended.

a precision of a few picometre [Hÿtch 2003]. However, the spatial resolution is limited to the
nanometre range due to the aperture used in Fourier space. Using statistical parameter estima-
tion theory, we can attain the same precision for the displacement measurements. In addition,
the spatial resolution is not limited to the nanometre scale since atomic column positions can
be measured with high precision as shown in chapter 2.
Therefore, statistical parameter estimation theory is used to create a displacement map for a
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five-fold-twinned decahedral Au nanoparticle in order to study the internal structure. A high-
resolution HAADF STEM projection image of such a nanoparticle free of defects shown in
Fig. 3.5(b) was acquired along the [110] zone axis, i.e. along the pentagonal axis. Next, the
parameters of the model were estimated using model estimation method B. Fig. 3.5(c) shows
the estimated model which is in good agreement with the original image shown in Fig. 3.5(b).
The estimated atomic column position coordinates were used to construct displacement maps
for the atomic column positions. In order to measure the displacement for each atomic column,
a reference lattice should be defined. For the five-fold-twinned decahedral nanoparticle, a ref-
erence lattice is defined for each tetrahedral subunit. It is assumed that the lattice is minimally
distorted around the central projected atomic column. The lattice parameters of the reference
lattice in a- and b-direction are then defined from the average interatomic distances in the two
directions in the measured lattice around the central projected atomic column. Atomic columns
up to two interatomic distances from the central column in a tetrahedral subunit are taken into
account for the measurement of the reference lattice parameters. In this way, the lattice parame-
ters of the reference lattice are defined with a precision better than 1 pm. The angle under which
the reference lattice should be expanded has also been measured from the estimated atomic col-
umn positions. The reference lattice is expanded from the central projected atomic column in
each tetrahedral subunit following a perfect FCC structure. By comparing the atomic column
positions from the reference lattice with the measured atomic column positions, displacements
can be measured. The displacement map of the five-fold-twinned decahedral nanoparticle is
illustrated in Fig. 3.5(d). The black crosses indicate the atomic column position from which the
reference lattice is expanded. For clarity, displacements of less than 0.25 Å are not plotted by
arrows; in this case the reference lattice is plotted by dark blue dots. From this map, it can be
seen that the displacements are not homogeneously distributed. It is expected that this informa-
tion in combination with a 3D reconstruction at the atomic scale can give unique insights in the
connection between structure and properties at the atomic scale of these nanoparticles.

3.4.2 BiFeO3/LaAlO3 heterostructure
The second application where a displacement map is created for a large field of view is for the
Al atomic column positions within BiFeO3/LaAlO3, a functional oxide material. These types of
materials have been studied for decades because of the abundance in interesting physical proper-
ties depending on the composites and more recently in interface engineering [MacLaren 2014].
Particularly, the contribution of perovskite compounds cannot be ignored.
Perovskite oxides comprise a large family of compounds with a general formula ABO3, named
after a mineral perovskite CaTiO3. In a regular perovskite structure, small B cations (typi-
cally transition metal cations) are coordinated by octahedra of 6 oxygen atoms. The octahedra
are connected into a corner-sharing three-dimensional framework. Cuboctahedral cavities of
the framework are occupied by relatively large A cations (e.g. alkali, alkali-earth or rare-earth
cations). Due to the inherent flexibility of the octahedral framework, the perovskite structure
can accommodate a large number of various cations both in the A and B position. Depending
on the composition, structure distortions and specific interatomic interactions, perovskites can
demonstrate a plethora of physical properties, such as electronic and ionic conductivity, ferro-
electricity, magnetism, catalytic activity and many others [Mitchell 2003, Abakumov 2013].
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Specifically, the ferroelectricity in perovskites is typically associated with the off-centre dis-
placements of the B cations away from the centre of the octahedra. One of the well-known per-
ovskite ferroelectrics is PbZrxTi1−xO3, a so-called PZT ceramic [Hao 2014]. Above the Curie
temperature (Tc), the ceramic has a cubic centrosymmetric structure with no electric dipole
moment within its unit cell. Nevertheless, below Tc, the positively charged B-site cations of
Ti/Zr shift away from the centre along certain crystallographic directions and lower the crystal
symmetry by distorting the lattice to noncentrosymmetric. Since positively charged cations are
deviated from the central anions octahedron, i.e. the oxygen octahedron, an electric dipole is
therefore present.
It is therefore obvious that the study of the deviation of B cations from the central oxygen oc-
tahedron is one of the key elements in understanding the fundamentals of perovskite materials
in order to further engineer these materials. Particularly in the recent ten years, the discov-
ery of multiferroics, where ferroelectricity and ferromagnetism coexist and interplay with each
other, stimulates numerous studies in developing a variety of materials both experimentally
and theoretically. One active field is the heterostructure design through thin film fabrication
[Zeches 2009, Heron 2014]. By epitaxially growing a thin film on a selected substrate, strain is
introduced into the heterostructure due to the lattice mismatch. Consequently, local displace-
ments of the atoms contribute enormously to novel behaviour at the heterostructure interface.

HAADF STEM is a powerful imaging technique in order to retrieve the information from the
heterostructure interface where atomic columns of A/B cations could be imaged in a straightfor-
ward manner. Here a quantitative measurement of the displacements of the B-site cations with
regard to the A-site cations is demonstrated on a BFO/LAO (BiFeO3/LaAlO3) hetero-interface
which is shown in Fig. 3.6(a). Moreover, a mapping of a large field of view is performed in
order to investigate whether domains are present where polarisation switches. In order to quan-
titatively measure the displacements, the atomic column positions are estimated using statistical
parameter estimation theory. Therefore, the LAO region has been analysed. The inset in Fig.
3.6(a) shows the refined model for a part of the LAO region. In order to construct a displace-
ment map, the Al atomic column positions are compared with a reference position. The centre
of the 4 surrounding La atomic column positions defines the reference position as illustrated
in Fig. 3.6(b). From the reference position and the estimated La atomic column position the
displacement can be measured. The measured displacements are shown in Fig. 3.6(c) and range
between 2 pm and 58 pm. From the displacement map, it can be observed that the polarisation
changes within the analysed field of view. Since the thickness of LaAlO3 is less than 10 nm,
the displacements measured from the 2D projection image are representative. It is expected
that displacement mapping like demonstrated here in combination with imaging of the oxygen
atomic columns using ABF STEM imaging can enhance understanding the physical properties
of functional oxide materials [Lubk 2013, Li 2013, Gao 2014, Kim 2014].

3.5 Conclusions
In this chapter, an efficient algorithm for the model estimation has been implemented in order
to analyse large fields of view. In the previous approach, all parameters of the parametric model
were estimated at the same time, which is a computationally very intensive task. The basic



56 Chapter 3

idea of the new algorithm is the segmentation of the image into smaller sections containing
individual atomic columns for the estimation of the non-linear parameters of the model. The
availability of this new algorithm opens up new possibilities for quantitative analyses of large
fields of view.
As a first application, model estimation has been combined with 3D reconstruction techniques
allowing to reconstruct the 3D position and type of the atoms in a Au@Ag nanorod for the
first time. Secondly, it has been illustrated how displacement mapping can be performed in a
large field of view. This has been demonstrated for the atomic column positions in a five-fold-
twinned decahedral Au nanoparticle and for the displacement of the Al column within LaAlO3.
From these examples, it is expected that the improved algorithm will offer good prospects for
quantitative analyses of nanomaterials at the atomic scale with high precision.



4
Statistics-based atom-counting:
Methodology, possibilities, and

inherent limitations

4.1 Introduction
In the past, different approaches have been proposed to count the number of atoms of a nanos-
tructure in ADF STEM. Erni et al. attempted to count the number of atoms by measuring the
absolute differences in intensity of neighbouring atomic columns [Erni 2003]. LeBeau et al.
proposed to solve the counting problem by comparing simulated atomic column intensities
with normalised experimentally measured atomic column intensities as illustrated in the intro-
duction in Fig. 1.4 [LeBeau 2010]. A few years ago, Van Aert et al. introduced a new statistical
model-based approach to count the number of atoms from ADF STEM images of a structure
viewed along a zone-axis [Van Aert 2011]. This method has also been illustrated in the in-
troduction in Figs. 1.3 and 1.5 and may lead to promising results for the determination of the
three-dimensional arrangement of atoms in crystalline nanoparticles [Van Aert 2011, Bals 2011,
Bals 2012]. By repeating the counting method for different viewing directions, the 3D atomic
structure can be reconstructed using discrete tomography [Batenburg 2007, Jinschek 2008].
Moreover, this statistics-based atom-counting method promises counting results with single
atom sensitivity for each atomic column. In this chapter, this statistics-based method to count
the number of atoms of mono-type crystalline nanostructures from high-resolution annular dark
field (ADF) scanning transmission electron microscopy (STEM) images is discussed in detail
together with a thorough study on the possibilities and inherent limitations imposed by unavoid-
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able statistical uncertainties 4

Although ADF STEM images are highly sensitive to the number of projected atoms, it is impos-
sible to directly count the atoms by means of visual interpretation only. Hence, the starting point
of the method will be the use of the statistical model-based estimation procedures described in
chapter 2 to extract quantitative information from the ADF STEM images. In order to count the
number of atoms, it is assumed that the total intensity of scattered electrons per atomic column
in ADF STEM images, the so-called scattering cross-section, scales with the number of atoms
in the column. The statistics-based approach proceeds in two steps.
In the first step of the counting procedure, the ADF STEM image will be considered as a data
plane from which structure parameters have to be determined with the highest possible preci-
sion and accuracy [den Dekker 2005]. In section 2.4 of chapter 2 it is shown that statistical
parameter estimation theory can be used to obtain accurate measurements with the highest pos-
sible precision. A parametric model is then fitted to the experimental data using a criterion of
goodness of fit, quantifying the similarity between the experimental images and the model. Es-
timates for the scattering cross-sections per atomic column can be obtained from the estimates
of the parameters of the parametric expectation model.
These estimates can be used as an input for the second step in the procedure to count the num-
ber of atoms per atomic column. Therefore, the estimated scattering cross-sections of all atomic
columns can be visualised in a histogram. Ideally, this histogram would consist of isolated com-
ponents, where each component is generated by a set of columns having the same number of
atoms projected on top of each other, that is in the direction perpendicular to the recorded image.
In practice, however, the components are smeared out which makes a visual determination of
their locations impossible. This is due to a combination of different effects, such as experimen-
tal detection noise, instabilities of the material under the electron beam, different vertical onset
of columns of the same height, vacancies, relaxation at the boundaries, contamination, intensity
transfer between columns, and the influence of neighbouring columns of different heights. In
order to solve this problem, estimated scattering cross-sections will be regarded as a statistical
draw from an unknown probability distribution consisting of a superposition of Gaussian com-
ponents. On the basis of the measured scattering cross-sections, the locations and the number
of components of this distribution will be estimated. This will require a combination of an es-
timation procedure to determine the locations of the components and the use of order selection
criteria to determine the number of statistically significant components. Once the distribution
is known, the number of atoms in a particular projected atomic column can be identified at the
atomic scale by assigning its scattering cross-section to the component of the estimated proba-
bility distribution with the largest probability to generate this scattering cross-section.
By means of simulations the possibilities and inherent limitations of the method to estimate
the number of atoms will be studied. For this purpose, the performance of different order se-
lection criteria will be compared and the interpretation of the order selection criterion which
outperforms the other will be studied in more detail. Furthermore, the precision with which
the number of atoms in a structure can be determined using this statistics-based method will be
investigated.
This chapter will be organised as follows. In section 4.2, the methodology to estimate the num-

4The results of this chapter are published in A. De Backer, G.T. Martinez, A. Rosenauer, and S. Van Aert, Atom
counting in HAADF STEM using a statistical model-based approach: methodology, possibilities, and inherent
limitations, Ultramicroscopy 134 (2013) 23-33.
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ber of atoms of a nanostructure using statistics-based methods is described in detail. This is
followed by an example in section 4.3 illustrating the successive steps to count the number of
atoms. In section 4.4, the possibilities and inherent limitations of the method are investigated.
Finally, in section 4.5, conclusions are drawn.

4.2 Methodology

4.2.1 Model-based parameter estimation
The first step of the proposed method is to obtain precise and accurate measurements for the
scattering cross-sections for each atomic column from the ADF STEM image. Therefore,
use is made of statistical parameter estimation theory [den Dekker 2005, van den Bos 2007,
Van Aert 2009a], which is discussed in detail in chapter 2. In subsection 2.4 of this chapter,
it is shown that accurate estimates with the highest possible precision are obtained within this
approach.
The ADF STEM image is considered as a data plane from which the unknown parameters have
to be estimated in a statistical way and the expectation at the pixel (k, l) at the position (xk, yl)
of the ADF STEM image for mono-type crystalline nanostructures can be described as:

fkl(θ) = ζ +

N∑
n=1

ηn exp

−
(
xk − βxn

)2
+

(
yl − βyn

)2

2ρ2

 . (4.1)

The unknown parameters of this model are estimated in the least squares sense. From
the obtained estimated parameters, the estimated scattering cross-sections can be calculated
[Van Aert 2009a]:

V̂n = 2πη̂nρ̂
2. (4.2)

These numbers are the volumes under the Gaussian peaks above the background and correspond
to the total intensity of electrons scattered toward the ADF detector. In the next subsection, it
will be described how these estimates can be analysed to quantify the number of atoms in each
projected atomic column.

4.2.2 Probability distribution of the estimated scattering cross-
sections

The estimated scattering cross-sections calculated using statistical parameter estimation can
be visualised in a histogram. Ideally, this histogram would consist of isolated components as
shown in Fig. 4.1(a), where each component is generated by a set of atomic columns having
the same number of atoms projected on top of each other. In practice, however, the components
are smeared out such that it is impossible to visually determine their locations as shown in Fig.
4.1(b). Therefore, instead of visually interpreting histograms, the location and the number of
components of the unknown distribution underlying the histogram are estimated on the basis of
the measured scattering cross-sections. A combination of an algorithm to estimate the location
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Figure 4.1: Distribution of the scattering cross-sections. (a) Example of a histogram of the scattering
cross-sections in the ideal case. (b) Example of a histogram in the presence of noise. The parameters µg,
πg, and σ and the individual components φg of the mixture model fmix are indicated.

of the components and the use of order selection criteria to evaluate the number of significant
components is proposed [McLachlan 2000, Van Aert 2011, Van Aert 2013]. This procedure, of
which the result only depends on the values of the estimated scattering cross-sections, leads to
an accurate and precise estimate of the probability distribution as will be discussed in section
4.4. Another advantage is that the result is independent of the subjective choice of bins in the
histogram.

The estimated scattering cross-sections are regarded as independent statistical draws from a
so-called Gaussian mixture model. In a sense, the assumption of independent statistical draws
implies that cross-talk between neighbouring atomic columns is not significantly contributing
[Fertig 1981, Nellist 1999, Allen 2003]. The model is defined as a superposition of Gaussian
components and describes the probability that a specific scattering cross-section value is ob-
served. The probability density function of a mixture model with G components can parametri-
cally be written as:

fmix (Vn; ΨG) =

G∑
g=1

πgφg

(
Vn; µg, σ

)
. (4.3)

This parametric probability density function is illustrated in Fig. 4.1(b). The symbol Vn repre-
sents the stochastic variable for the nth scattering cross-section and the symbol ΨG represents
the vector containing all unknown parameters in the mixture model with G components:

ΨG = (π1, . . . , πG−1, µ1, . . . , µG, σ)T . (4.4)

The parameters πg, µg, and σ denote the mixing proportion of the gth component, the location of
the gth component, and the width of the components, respectively. The mixing proportions πg

define the probability that a column contains g atoms with g ranging between 1 and a maximum
number of components G, which is generally not known beforehand. The mixing proportions
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πg sum up to unity. Therefore, the Gth mixing proportion is omitted in the parameter vector ΨG.
Each component φg

(
Vn; µg, σ

)
of the mixture model is generated by a set of columns having

the same number of atoms. Generally, if there is an increase of one atom between subsequent
components, component g corresponds to atomic columns with g atoms, and G is the number of
atoms found in the thickest atomic column. Depending on the nanostructure under study, it is
possible that the first component does not correspond to one atom, but corresponds to a higher
number of atoms. In that case, an offset should be taken into account when assigning number
of atoms to atomic columns of the different components.
The components φg

(
Vn; µg, σ

)
are modelled as homoscedastic normal components, i.e. with

common variance σ2:

φg

(
Vn; µg, σ

)
=

1
√

2πσ
exp

−
(
Vn − µg

)2

2σ2

 . (4.5)

The parameters ΨG of the Gaussian mixture model, Eq. (4.3), can be computed using the
maximum likelihood estimator [Hasselblad 1969, Day 1969, Wolfe 1970, McLachlan 2000] for
which the estimates are found by maximising the log likelihood function of the unknown pa-
rameter vector ΨG for a given set of observed scattering cross-sections V̂, which is defined
as:

log L (ΨG) =

N∑
n=1

log

 G∑
g=1

πgφg

(
V̂n; µg, σ

) . (4.6)

The maximum likelihood estimates of ΨG are computed by solving the likelihood equation:

∂ log L(ΨG)
∂ΨG

= 0. (4.7)

This equation can only be solved iteratively. A very useful method is the so-called expectation
maximisation (EM) algorithm [Dempster 1977]. Using this algorithm, a solution for the pa-
rameters ΨG can be obtained for a fixed number of G components. The algorithm proceeds in
two steps: the E-step for expectation and the M-step for maximisation. In practice, the poste-
rior probability that the nth scattering cross-section with observed value V̂n belongs to the gth
component of the mixture is calculated in the E-step, i.e.

τg

(
V̂n; Ψ

(k)
G

)
=

π(k)
g φg

(
V̂n; µ(k)

g , σ
(k)

)
∑G

h=1 π
(k)
h φh

(
V̂n; µ(k)

h , σ
(k)

) (4.8)

for g = 1, . . . ,G and n = 1, . . . ,N. The iteration step is denoted by k.
The M-step calculates the updated estimate Ψ

(k+1)
G . The updated estimates for the mixing pro-

portions, π(k+1)
g , can be calculated as follows:

π(k+1)
g =

N∑
n=1

τg

(
V̂n; Ψ

(k)
G

)
/N (4.9)



62 Chapter 4

for g = 1, . . . ,G. Updates for the unknown parameters µ(k+1)
g and σ(k+1) of the component

densities are given by:

µ(k+1)
g =

∑N
n=1 τg

(
V̂n; Ψ

(k)
G

)
V̂n∑N

n=1 τg

(
V̂n; Ψ

(k)
G

) (4.10)

σ(k+1) =

√√∑G
g=1

∑N
n=1 τg

(
V̂n; Ψ

(k)
G

) (
V̂n − µ

(k+1)
g

)2

N
. (4.11)

By means of simulations which are discussed in subsection 4.4.3, it has been found that unbi-
ased estimates for the parameters of the mixture model are obtained with following input values
for the algorithm. Reliable starting values for the mixing proportions πg are given by equal
probabilities:

π(0)
g =

1
G
. (4.12)

The starting value for the variance σ of the components can be chosen as:

σ(0) =
max

(
V̂
)
−min

(
V̂
)

2G
. (4.13)

For the starting values of the locations, different sets are used with the locations ranging between
the minimum and maximum of the data set. The E- and M-step are iterated until convergence is
attained and estimates are obtained for each set of starting parameters. The estimates Ψ̂G of the
parameters in the mixture model are then given by the set of estimated parameters having the
maximal log likelihood value. For the true number of components G, the obtained locations µg

of the components correspond to the average scattering cross-sections for sets of atom columns
having the same number of atoms.
However, so far, only the estimation of the probability distribution of the scattering cross-
sections is considered presuming a specific number of components. Subsection 4.2.3 deals with
determining the number of components G in a mixture model using order selection criteria.

4.2.3 Assessing the number of components in the mixture model
using order selection criteria

In subsection 4.2.2, it is explained how we can obtain the probability density for a mixture model
presuming a certain number of components in the mixture model. However, determining the
order of the mixture model, i.e. the number of components in the distribution of the scattering
cross-sections using so-called order selection criteria, is a difficult task. Different approaches
are available to assess the number of components in a mixture model. A brief overview is given
here. For other approaches and references, we refer to [McLachlan 2000].
The information criteria for model selection calculate a measure for the goodness of fit taking
the complexity of the model into account. Therefore, they include a criterion specific penalty
term which increases with the number of parameters in the Gaussian mixture model, i.e. with
the number of components in the distribution. As such, a good tradeoff between the goodness
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of fit and the complexity of the model arises. The general expression for information criteria is
twice the negative penalised log likelihood criterion:

−2 log L(Ψ̂G) + 2C (4.14)

where the first term accounts for the lack of fit and the second term for the complexity of
the model. The model that minimises the negative penalised log likelihood is selected as the
probability density describing the observed scattering cross-sections. In practice, the values of
the criterion will be plotted as a function of the number of components. In the ideal case, the
values of the criterion will show a sharp minimum for the true number of components of the
underlying probability density function.
Different criteria which all account for the complexity of the model in a different way have been
proposed in the literature.
In Akaike’s Information Criterion (AIC) [Akaike 1974], the penalty term simply equals the total
number of parameters of the model:

AIC(G) = −2 log L(Ψ̂G) + 2d (4.15)

with d the number of parameters in the mixture model where d = 2G assuming Eq. (4.3). A
very similar criterion is the Generalised Information Criterion (GIC) [Broersen 1993], where
the contribution of the penalty term can be modified by the parameter r:

GIC(G) = −2 log L(Ψ̂G) + r · d (4.16)

Throughout this chapter, the parameter r of the GIC is chosen equal to 3 [Broersen 1996],
penalising more heavily for the complexity of the model as compared to AIC.
Another criterion considered here is the Bayesian Information Criterion (BIC) [Schwarz 1978]:

BIC(G) = −2 log(Ψ̂G) + d log(N) (4.17)

Here, the penalty term depends on the sample size N. If the sample size N > 8, then BIC
accounts more for the complexity of the model as compared to AIC.
In the Classification Likelihood information Criterion (CLC) [Biernacki 1997], the entropy
EN(τ̂) associated to the model with G components is used as the term that penalises the com-
plexity of the model:

CLC(G) = −2 log L(Ψ̂G) + EN(τ̂). (4.18)

The entropy associated to the model with G components is given by:

EN(τ̂) = −

G∑
g=1

N∑
n=1

τg

(
V̂n; Ψ̂G

)
log τg

(
V̂n; Ψ̂G

)
(4.19)

where τg

(
V̂n; Ψ̂G

)
is given by Eq. (4.8). The entropy of the model expresses how well the

components of the mixture model are separated, i.e. how many overlap there is between neigh-
bouring components. If the components are well separated, then EN(τ̂) is close to zero. In other
words, the separation of the components in the mixture model defines how drastically the log
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likelihood is penalised.
The Approximate Weight of Evidence criterion (AWE) depends on this entropy term, the num-
ber of parameters and the sample size N [Banfield 1993]:

AWE(G) = −2 log L(Ψ̂G) + 2EN(τ̂) + 2d(3/2 + log N). (4.20)

If the components are well separated, the performance of the AWE criterion resembles BIC.
Since BIC and CLC tend to underestimate and overestimate the number of components of the
probability distribution respectively [Celeux 1996, Biernacki 1999], the Integrated Classifica-
tion Likelihood criterion (ICL) is introduced to overcome these shortcomings [Biernacki 1998]:

ICL(G) = −2 log L(Ψ̂G) + 2EN(τ̂) + d log N (4.21)

In section 4.4.1, the performance of these criteria is compared by means of simulations.

4.3 Counting atoms based on a simulated gold wedge
An example illustrating the procedure to count the number of atoms is worked out in this sec-
tion. The STEMsim software [Rosenauer 2008] has been used to simulate a HAADF STEM
image of a Au wedge. The parameters of the multislice simulation are listed in Table 4.1. The
value for the Debye-Waller factor is taken from [Gao 1999]. The input structure for the STEM
simulation is shown in Fig. 4.2(a). The noise in the simulated image, shown in Fig. 4.2(b),
has been assumed to be Poisson distributed. First, estimates for the unknown parameters are
obtained from the simulated image in the least squares sense using the expectation model given
by Eq. (4.1). The thus obtained model for the HAADF STEM image evaluated at the estimated
parameters is shown in Fig. 4.2(c). The volume under the peak above the background V̂, i.e.

Parameter Symbol Value
Acceleration voltage V0 (kV) 300
Defocus ε (Å) -83.01
Spherical aberration Cs (mm) 0.035
Spherical aberration of 5th order C5 (mm) 0
Objective aperture angle α (mrad) 21.7881
Spatial incoherence of source FWHMS (Å) 0.7
HAADF inner collection angle β1 (mrad) 50
HAADF outer collection angle β2 (mrad) 50
Slice thickness zslice (Å) 2.04
Debye-Waller factor B (Å2) 0.6373
Pixel size ∆x = ∆y (Å) 0.09955
Number of pixels x-direction K 320
Number of pixels y-direction L 170
Incident electron dose Nd (e−Å−2) 6·104

Table 4.1: Parameters for the multislice simulation of a HAADF STEM image of a Au wedge using the
STEMsim software.
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the scattering cross-section, is calculated from the estimated parameters for each atomic col-
umn. These estimated scattering cross-sections V̂ are used to determine the number of atoms
in each atomic column. The estimated scattering cross-sections V̂ are analysed through the
combination of the expectation maximisation algorithm to determine the locations of the Gaus-
sian mixture model and the ICL criterion to assess the number of significant components in the
mixture model. Fig. 4.3(b) shows the ICL. The criterion shows a sharp minimum at 7, cor-
responding to the estimated number of components in the probability distribution. Fig. 4.3(a)
shows the histogram of estimated scattering cross-sections together with the estimated mixture
model. From Fig. 4.3(a) it is clear that the Gaussian components are approximately equidis-
tantly separated meaning that the estimated scattering cross-sections increase linearly with the
number of atoms in an atomic column. This knowledge can be used to determine the number
of atoms in the atomic column assigned to the first component. The mean of the first compo-
nents equals 2.2 e−Å2. The average increment between the successive scattering cross-sections
equals 2.0 e−Å2. From this ratio between both values, it can be concluded that the number of
atoms in the atomic columns assigned to the first component equals one. Finally, based on the
analysis shown in Fig. 4.3(a) en 4.3(b), a figure can be constructed that shows the number of
atoms per atomic column by assigning each scattering cross-section to the component of the
estimated probability distribution with the largest probability for this scattering cross-section.
This counting result equals the original input used for the STEMsim simulation shown in Fig.
4.2(a). The total number of atoms in the Au wedge equals 448.

4.4 Possibilities and limitations
In sections 4.2 and 4.3, it is described and shown how values for the scattering cross-sections
per atomic column can be obtained from ADF STEM images and next how the distribution of
these scattering cross-sections is analysed to determine the number of atoms per atomic column
using statistical model-based methods. Experimental examples will be discussed in chapter 5.
In this section, we will discuss the possibilities and inherent limitations of this statistics-based
atom-counting method.
The ultimate goal is to determine the number of atoms in an atomic column with the highest
possible accuracy and precision. However, on the one hand, modelling errors in the Gaussian
mixture model for the probability distribution limit the accuracy resulting in systematic errors
for the number of atoms. In subsections 4.4.1 and 4.4.2 it is studied under which conditions
unbiased measurements can be obtained for the number of atom in an atomic column by using
information criteria to assess the order of the mixture model. On the other hand, the precision
on the estimated number of atoms is limited due to the unavoidable presence of noise in the
estimated scattering cross-sections as discussed in subsection 2.4 of chapter 2. In sections 4.4.3
and 4.4.4, the variance on the parameters of the Gaussian mixture model and subsequently the
precision with which the number of atoms can determined is analysed.

4.4.1 Performance of the order selection criteria
In subsection 4.2.3, different order selection criteria which are present in the literature are briefly
discussed. In this subsection, the performance of these criteria is studied by simulating random
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Figure 4.2: Input structure, simulated HAADF STEM image and corresponding model of a Au wedge.
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cross-sections V̂ with the curve indicating the estimated mixture model and the points indicating the esti-
mated locations of the components, (b) ICL criterion evaluated as a function of the number of Gaussian
components in the Gaussian mixture model.
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Figure 4.4: Example of a histogram (random draw) together with the underlying simulated probability
distribution with 16 components and relative width σ/δ = 0.25.

draws from probability distributions as a function of the relative width of the Gaussian compo-
nents. This relative width expresses the ratio between the width σ of the Gaussian components
and the increment δ between successive components. The locations of the different compo-
nents are equidistantly chosen as it is assumed that the scattering cross-sections almost linearly
increase with the number of atoms in a column for thin specimens. Statistical draws from a
probability distribution with 16 components located at µ = 1, 2, . . . , 16 are simulated using
the probability distribution of the Gaussian mixture model given by Eq. (4.3). The relative
width σ/δ of these components is varied between 0.01 ≤ σ/δ ≤ 0.30 and describes how well
the different components in the histogram are separated. The proportions πg for the different
components are multinomially distributed with equal probability of 1/16. The number of obser-
vations N, i.e. the number of atomic columns, equals 200. For each value of the relative width
σ/δ, 100 random draws from the Gaussian mixture model are simulated. An example of such
a random draw of a probability distribution is shown in Fig. 4.4 for σ/δ = 0.25. The informa-
tion criteria, which are discussed in subsection 4.2.3, are evaluated for these simulated random
draws from the distributions assuming that the number of components may vary between 5 and
a maximum value of 30. The minimum of 5 is set based on the characteristic shape of the cri-
terion discussed in more detail in subsection 4.4.2. In Table 4.2, the performance of different
order selection criteria is shown in terms of the percentage of correctly determined number of
components as a function of the relative width of the Gaussian components. The number of
components is chosen based on the minimum of the criterion without visual inspection of the
criterion. From the results in Table 4.2, it can be concluded that the ICL outperforms the other
information criteria for assessing the number of components in a Gaussian mixture model for
atom-counting applications. In combination with visual inspection of the criterion and a higher
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σ/δ CLC AIC GIC AWE BIC ICL
0.01 77 81 91 100 100 100
0.05 45 45 80 100 97 98
0.10 14 21 60 100 93 98
0.15 19 27 77 92 99 100
0.20 27 38 74 0 68 99
0.25 8 45 44 0 0 78
0.30 1 30 1 0 0 8

Table 4.2: Performance of different order selection criteria in terms of the percentage of correctly de-
termined number of components as a function of the relative width σ/δ of the components. The average
number of data points per component N/G equals 12.5. The largest value σ/δ for which a percentage
above 50 is still observed, is highlighted for each criterion.

number of scattering cross-sections N, it is expected that the percentage of correctly determined
number of components will increase. Consequently also more reliable results will be possible
for higher relative widths σ/δ, as will be shown in subsection 4.4.2.

4.4.2 Interpretation of the Integration Classification Likelihood cri-
terion

The purpose of this subsection is to get more insight in the ICL criterion since it turns out
that this criterion has optimal properties. When evaluating ICL as a function of the number
of components of the Gaussian mixture model, it has been observed that the true number of
components often corresponds to a local optimum. This knowledge may help interpreting ICL
in a correct way and may improve the reliability of the selected number of components. Fig.
4.5 shows the shape of ICL for an underlying distribution consisting of 8 and 16 components
as a function of an increasing number of observations corresponding to the number of atomic
columns N. The random draws from the distributions are simulated under the same conditions
as described in subsection 4.4.1. The relative width of the components equals σ/δ = 0.25. Two
main conclusions can be drawn from Fig. 4.5. First, it is observed that the shape of the criterion
is comparable for the different cases. It appears that ICL is relatively small for a small number
of components and shows an extra minimum at the correct number of components, especially
when the number of components is larger. This behaviour hampers finding the correct number
of components of the underlying distribution by using ICL without visual inspection and ex-
plains the sudden drop down in the performance of the ICL criterion in Table 4.2. Therefore,
small values corresponding to a small number of components are neglected during visual in-
spection as it can be assumed that in the atom-counting analysis at least a certain number of
components will be available in the distribution of the estimated scattering cross-sections. This
number can be determined based on some prior knowledge about the size of the particle under
study. It should be noticed that if the number of components of the underlying distribution is
small, no local minima are found for a higher number of components in ICL.
Secondly, it has been observed from Fig. 4.5 that the minimum of interest in the ICL criterion
corresponding to the correct number of components becomes more pronounced if the number
of observations N increases. In addition, if the underlying distribution consists of many compo-
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Figure 4.5: ICL as a function of an increasing number of atomic columns N for G = 8 components at
the left side and G = 16 components at the right side with σ/δ = 0.25.

nents, the number of observations N should be larger than for a distribution with a small number
of components to determine the correct order of the mixture model. This conclusion follows
from Fig. 4.5 where a minimum in ICL for G = 16 components for N = 50 and N = 100 is
rather unclear whereas a more pronounced minimum for G = 8 components is already observed
for N = 50. This means that the quality of the ICL increases for an increasing ratio of N/G.
While the number of observations corresponds to the number of atomic columns in an experi-
mental image when a single image is recorded, this number can be increased by analysing larger
fields of view or multiple images, if experimental conditions are favourable.
Based on these conclusions, the number of observations, i.e. atomic columns, needed in order
to obtain reliable results from the evaluation of ICL can be derived as a function of the number
of components in the probability distribution. Therefore, simulations similar to those discussed
in subsection 4.4.1 are used. The relative width of the components equals σ/δ = 0.25. The
percentage of correctly determined number of components is calculated for random draws from
probability distributions consisting of a certain number of observations and components. This
calculation is repeated increasing the number of observations till this percentage equals 95%.
The results of this analysis are shown in Fig. 4.6. From this figure, it can be concluded that
the necessary number of observations increases almost linearly with the number of components
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Figure 4.6: The number of atomic columns needed to obtain reliable results from the ICL criterion for a
given number of components with σ/δ = 0.25. Different levels have been chosen to express the reliability
in terms of the percentage of correctly assigned number of components. The black, dark grey and light
grey dots correspond to 50%, 80% and 95% respectively.

of the underlying Gaussian mixture model. It should be mentioned that the results in Fig. 4.6
are obtained without any visual inspection of ICL. This means that the necessary number of
observations needed to obtain reliable results can slightly be reduced when accompanying this
analysis with a visual inspection of the ICL criterion.
Since the necessary number of observations increases almost linearly with the number of com-
ponents, the number of observations per component N/G can be considered as a measure to
extend this analysis for higher relative widths. Then, the reliability of the ICL can be derived
more generally as a function of the relative width σ/δ. The results of these simulations are
shown in Fig. 4.7 for relative widths σ/δ between 0.2 and 0.4. For these simulations, probabil-
ity distributions with 10 components were used under the same simulations conditions as those
of section 4.4.1. The ICL is evaluated from 8 to 12 components. From the figure, it can be
concluded that the number of observations per component N/G should be increased for higher
relative widths σ/δ in order to retain the high reliability of the ICL. A reliability of 50% is still
possible for high overlap between neighbouring components.
In general, it can be concluded that the use of the ICL criterion leads to unbiased measurements
for the number of components in a mixture model provided that enough observations are avail-
able. Since the number of components determines the number of atoms that will be assigned to
each atomic column, the analysis also reflects the accuracy of the method to count the number
of atoms. In subsections 4.4.3, it will be mentioned that unbiased estimates for the parameters
of the Gaussian mixture model are obtained which are also required for accurate atom-counting
results. The precision of the atom-counting method will be discussed in subsections 4.4.3 and
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Figure 4.7: The number of atomic columns per component needed to obtain reliable results from the ICL
criterion for a certain relative width. Different levels have been chosen to express the reliability in terms
of the percentage of correctly assigned number of components. The black, dark grey and light grey dots
correspond to 50%, 80% and 95% respectively.

4.4.3 Precision of the estimated parameters of the Gaussian mix-
ture model

The precision of the number of atoms is mainly determined by the width σ of the Gaussian
components in the mixture model, and the precision of the locations µg of the components in
the Gaussian mixture model. The parameter µg can be estimated by maximising the likelihood
function using the expectation maximisation algorithm discussed in subsection 4.2.2. As ex-
tensively discussed in chapter 2, statistical parameter estimation theory provides an expression
for the highest precision, or in other words, the minimum variance, with which the parameters
of the Gaussian mixture model can be determined, i.e. the so-called Cramér-Rao lower bound
(CRLB) [den Dekker 2005, van den Bos 2007, Van Aert 2002c], which is the theoretical lower
bound on the variance of any unbiased estimator for unknown model parameters. One of the
properties of the maximum likelihood estimator is that it achieves the CRLB asymptotically,
i.e. for an infinite number of observations. Consequently, if the CRLB is attained using the
expectation maximisation algorithm, the CRLB provides a useful measure for the error bar on
the estimated parameters of the Gaussian mixture model. In Appendix A on page 77, it is sum-
marised how the CRLB is here computed for the estimated parameters of the Gaussian mixture
model.
In this subsection, it is investigated by means of simulations if the lower bound on the variance
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CRLB sample variance 95% confidence interval
π1 0.0017 0.0022 [0.0017; 0.0030]
π2 0.0018 0.0026 [0.0020; 0.0035]
π3 0.0018 0.0019 [0.0014; 0.0025]
π4 0.0018 0.0017 [0.0013; 0.0029]
π5 0.0017 0.0017 [0.0013; 0.0024]
µ1 0.0038 0.0041 [0.0032; 0.0056]
µ2 0.0048 0.0048 [0.0037; 0.0065]
µ3 0.0048 0.0055 [0.0042; 0.0074]
µ4 0.0048 0.0045 [0.0035; 0.0061]
µ5 0.0038 0.0031 [0.0024; 0.0041]
σ 0.00044 0.00043 [0.00033;0.00057]

Table 4.3: Attainability of the CRLB on the estimated parameters of a Gaussian mixture model with
5 components. The sample variances are computed from parameter estimates obtained from 100 noise
realisations of the Gaussian mixture model and compared with the CRLB on the variance of the model
parameters.

of the estimated parameters is attained. Therefore, 100 different noise realisations of a Gaussian
mixture model with 5 components are simulated. The values for the true parameters in the sim-
ulation are set as follows: the proportions are the same for each component, i.e. πg = 0.2, and
the relative width equals σ/δ = 0.25. The number of observations N equals 100. In this anal-
ysis unbiased estimates have been obtained for the parameters of the Gaussian mixture model,
which is fundamental for obtaining an accurate estimate for the number of atoms. The results
for the attainability of the Cramér-Rao lower bound on the variance of the estimated parameters
of the mixture model are presented in Table 4.3. This table shows the computed value for the
lower bound on the variance of a particular parameter in the second column. The third column
shows the sample variance obtained from the parameter estimates from the 100 noise realisa-
tions using the expectation maximisation algorithm; in the last column the corresponding 95%
confidence intervals on the sample variances are given. Since the 95% confidence interval of
the sample variance encloses the CRLB, it can be concluded from Table 4.3 that the CRLB on
the variance of the parameters of the Gaussian mixture model is attained using the expectation
maximisation algorithm. This means that the Cramér-Rao lower bound can be used as a mea-
sure for the variance on the estimated parameters of the Gaussian mixture model. This variance
will be used to determine the precision with which the number of atoms in a particular atomic
column can be estimated and this will be subject of the following subsection.

4.4.4 Single atom sensitivity
The number of atoms in a particular atomic column is determined by assigning each estimated
scattering cross-section to the component of the estimated probability distribution with the
largest probability to generate this scattering cross-section. In this way, the precision of the
number of atoms is mainly defined by the overlap between neighbouring components in the
Gaussian mixture model. Single atom sensitivity is defined as an error bar of ±0 atoms: if there
is no overlap between neighbouring components in the Gaussian mixture model single atom
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sensitivity is attained as in this case an estimated scattering cross-section can unambiguously
be assigned to a certain location µg. However, overlap between neighbouring components in
the Gaussian mixture model is unavoidable and is given by a combination of the precision with
which the location parameter µg in the Gaussian mixture model can be determined, the width
σ and the proportions πg of the components in the Gaussian mixture model. Nevertheless,
the probability to assign the correct number of atoms, i.e. the fraction of the analysed atomic
columns without error, can be computed.
The precision of the location parameter µg can be quantified using the Cramér-Rao lower bound
on the variance of the estimated parameters of the Gaussian mixture model as discussed in sub-
section 4.4.3, and will be denoted as CRLBµ. The width σ of the components is non-zero due
to a combination of experimental detection noise and instabilities. These two parts define an
effective width σeff for the normal components:

σeff =

√
CRLBµ + σ2. (4.22)

The amount of overlap between neighbouring components is furthermore influenced by the
proportions πg and is also used to define the probability to assign the correct number of atoms
to a specific component. This procedure on how to compute these probabilities is illustrated in
Fig. 4.8. The component shown in colour (light and dark grey) will be used for this purpose and
will be referred to as component φg. This distribution φg will be generated by a set of atomic
columns having the same number of atoms in it. Atomic columns having scattering cross-
sections belonging to interval Ig of the component φg indicated in Fig. 4.8, will be assigned to
component φg. This central part Ig is bounded by the intersections of component φg with φg−1

and φg with φg+1. The location of the intersection between component φg and φg+1, S g(g+1) can
be expressed as a function of σeff , πg, and µg:

S g(g+1) =
2σ2

eff
ln

(
πg

πg+1

)
− µ2

g + µ2
g+1

2
(
µg+1 − µg

) . (4.23)

Using these locations of the intersections which define the interval Ig, the posterior probability
with which a scattering cross-section belonging to component φg resides in Ig can be computed
as follows:

P(Ig|φg) = Φ

(
S g(g+1) − µg

σeff

)
− Φ

(
S (g−1)g − µg

σeff

)
(4.24)

where Φ
(S−µg

σeff

)
corresponds to the cumulative distribution function of the standard normal dis-

tribution evaluated at S−µg

σeff
. The posterior probability that a scattering cross-section belonging

to the central dark grey part Ig stems from component φg is then given by Bayes’ rule:

P(φg|Ig) = P(Ig|φg) ·
P(φg)
P(Ig)

(4.25)

where P(φg) equals the mixing proportion πg of the gth component and P(Ig) corresponds to the
area below the Gaussian mixture model between S (g−1)g and S g(g+1), hatched in Fig. 4.8:

P(Ig) =

∫ S g(g+1)

S (g−1)g

fmix(V; ΨG)dV. (4.26)
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Figure 4.8: Overlap between neighbouring components in the Gaussian mixture model to illustrate the
concept of single atom sensitivity. Scattering cross-sections belonging to interval Ig will be assigned
to component φg. The probability P(Ig) that a scattering cross-section resides in Ig is indicated by the
hatched area; the posterior probability P(Ig|φg) with which a scattering cross-section belonging to φg

resides in Ig is indicated by the dark grey area; the posterior probability P(IC
g |φg) with which a scattering

cross-section belonging to φg resides not in Ig is indicated by the light grey area.

Eq. (4.25) expresses the probability that a scattering cross-section of interval Ig originates from
the correct component φg and thus identifies the percentage of atomic columns that has been
determined with single atom sensitivity. For the whole structure of interest, the probability to
count the number of atoms in an atomic column without error can then be obtained by averaging
the probabilities of Eq. (4.25) for all the components in the Gaussian mixture model.
Similarly, the probability to miscount the number of atoms with ±1 can be computed. This
probability is related to the outermost light grey parts in Fig. 4.8. Atomic column scattering
cross-sections whose scattering cross-sections belong to these parts will be assigned to compo-
nent g − 1 or g + 1. In practice, the probability to miscount the number of atoms with ±2 will
generally equal zero, but can be computed in the same way taking the overlap of distribution g
with the second neighbouring components into account.
If equal proportions are assumed for the components in the Gaussian mixture model, the in-
tersection between neighbouring components is located in the middle between the locations µg

of the considered components. The probability of counting the number of atoms correctly, i.e.
with an error of ±0 atoms, is then defined only by σ and CRLBµ. In order to illustrate how
this probability relates to the latter parameters, tolerance levels for single atom sensitivity are
drawn on a plot of CRLBµ as a function of the relative width σ/δ in Fig. 4.9. For this figure, the
Cramér-Rao lower bound on the variance of the location parameter µg has been calculated for
different values of the parameters πg, µg, and σ of the Gaussian mixture model based on the for-
mulae in Appendix A. In addition, the number of components G and the number of observations
N have been varied. Based on the computed values, it was observed that the value of CRLBµ

is determined by the relative width σ/δ of the components and the number of observations per
component N/G. Therefore, CRLBµ has been calculated for the central component of a prob-
ability distribution with equal proportions for different values of σ/δ and N/G. The values of
CRLBµ increase for a decreasing ratio of N/G and an increasing relative width σ/δ. Based on
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Figure 4.9: Precision on the location µ for a given relative width σ/δ and number of observations per
component N/G. The dashed line indicates the 95% tolerance level for single atom sensitivity; the full
line indicates the 68% tolerance level for single atom sensitivity.

Eq. (4.25), lines are drawn in Fig. 4.9 for the 68% and 95% tolerance levels. These lines show
that the precision with which the number of atoms can be counted in a particular atomic column
is limited by the relative width of the components. Indeed, if the relative width goes beyond a
certain value, then neighbouring components will strongly overlap. Fig. 4.9 can be used to give
an indication of the probability to count the correct number of atoms for a specific case.
The precision with which the number of atoms is determined in the example of the Au wedge
described in section 4.3 can be derived using Eq. (4.25). For this example, it can be concluded
that single atom sensitivity is attained for 99.9% of the analysed atomic columns. The fact
that this probability is larger than 95% can also be derived from Fig. 4.9, since the number of
observations per component N/G equals 16 and the average relative width σ/δ equals 0.15.

4.5 Conclusions
In this chapter, a statistics-based method to count the number of atoms in a nanostructure con-
taining one atom type from ADF STEM images has been explained in detail together with a
thorough study on the possibilities and inherent limitations imposed by unavoidable statistical
uncertainties. It has been shown that the method largely proceeds in two steps. First a paramet-
ric model is fitted to the experimental ADF STEM images in order to extract quantitative values
for the scattering cross-sections. These values can be used to determine the number of atoms
per atomic column, if it is assumed that the scattering cross-section scales with the number of
atoms. In the second step, the number of atoms per atomic column is determined by fitting a
Gaussian finite mixture model to the probability distribution of the estimated scattering cross-



76 Chapter 4

sections using the expectation maximisation algorithm. This probability distribution consists of
components of set of atomic columns having the same number of atoms. The number of com-
ponents in the probability distribution needs to be determined by the use of an order selection
criterion.
By means of simulations, the possibilities and inherent limitations of this statistics-based atom-
counting method have been investigated. The performance of different order selection criteria
has been evaluated. It turns out that the Integrated Classification Likelihood (ICL) criterion out-
performs other selection criteria when one is evaluating probability distributions for counting
the number of atoms in a nanostructure. In addition, it has been shown that different aspects
need to be taken into account for a correct interpretation of the ICL criterion. The number of
observations N, the number of components G in the probability distribution, the width of the
components σ, the average increment between the components δ, and the typical shape of the
criterion directly affect the accuracy with which the number of atoms can be determined. Also
the precision with which the number of atoms in a particular atomic column can be estimated
has been studied. It has been shown that the variance of the expectation maximisation estimates
for the parameters of the Gaussian mixture model attains the Cramér-Rao lower bound, i.e. the
highest precision with which the parameters of the model can be determined. Moreover, it has
been shown that single atom sensitivity is feasible.
In conclusion, the statistics-based method to count the number of atoms can be used without
prior knowledge of the atomic structure and is independent of image simulations. This power-
ful method enables one to identify the percentage of atomic columns that has been determined
with single atom sensitivity. In the next chapter, the practical use of this statistics-based atom-
counting method will be tested on experimental images and applied to different nanostructures.
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Appendix A
CRLB for the parameters of the Gaussian mixture model: Fisher information and
attainable precision

The concept of Fisher information and attainable precision is discussed in detail in chapter 2.
Here, these principles will be applied for the parameters of the Gaussian mixture model. For
the Gaussian mixture model, the observations, i.e. the estimated scattering cross-sections, are
assumed to be statistical independent having the following joint probability distribution:

p(V,ΨG) =

N∏
n=1

fmix(Vn; ΨG) (A.1)

where fmix(Vn; ΨG) is the probability density function of a mixture model given by Eq. (4.3)
and V. The dependence of the joint probability density function on the unknown parameters ΨG

defines the Fisher information matrix and the Cramér-Rao lower bound. The Fisher information
matrix is defined as:

FΨ = −E

[
∂2 ln p(V; ΨG)
∂ΨG∂ΨT

G

]
. (A.2)

In practice, the following integral is numerically integrated:

FΨG = −N
∫ ∞

−∞

∂2 ln fmix(V; ΨG)
∂Ψ2

G

fmix(V; ΨG)dV. (A.3)

The calculation of the Fisher information matrix of Eq. (A.3) requires the calculation of the
second order derivatives of the logarithm of the joint probability distribution with respect to the
parameters of the Gaussian mixture model. In order to simplify the notation for the derivatives,
we will use the following notation:

φg(Vn; µg, σ) = φg, (A.4)
fmix(Vn; ΨG) = fmix, (A.5)

p(V,ΨG) = p. (A.6)

The first order derivatives are given by the following expressions:

∂ ln p
∂πi

=

N∑
n=1

(φi − φG)
fmix

,

∂ ln p
∂µi

=

N∑
n=1

πiφi

fmix

Vn − µi

σ2 ,

∂ ln p
∂σ

=

N∑
n=1

1
fmix

G∑
g=1

πgφg


(
Vn − µg

)2

σ3 −
1
σ

 .
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The different second order derivatives are then given by:

∂2 ln p
∂π2

i

= −

N∑
n=1

(φi − φG)2

f 2
mix

,

∂2 ln p
∂πi∂πk

= −

N∑
n=1

(φi − φG) (φk − φG)
f 2
mix

,

∂2 ln p
∂πi∂µi

=

N∑
n=1

φi (Vn − µi)
fmixσ2

(
1 −

πi (φi − φG)
fmix

)
,

∂2 ln p
∂πi∂µk

= −

N∑
n=1

πkφk

f 2
mix

Vn − µk

σ2
(φi − φG) ,

∂2 ln p
∂πi∂µG

= −

N∑
n=1

φG(Vn − µG)
fmixσ2

(
1 +

πG (φi − φG)
fmix

)
,

∂2 ln p
∂πi∂σ

=

N∑
n=1

1
fmix

((
(Vn − µi)2

σ3 −
1
σ

)
φi −

(
(Vn − µG)2

σ3 −
1
σ

)
φG

− (φi − φG)

∑G
g=1 πiφi

(
(Vn−µi)2

σ3 − 1
σ

)
fmix

 ,
∂2 ln p
∂µ2

i

=

N∑
n=1

πiφi

fmixσ2

(
(Vn − µi)2

σ2 − 1 −
πiφi(Vn − µi)2

fmixσ2

)
,

∂2 ln p
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= −

N∑
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f 2
mix

πkφkπiφi
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σ2

(Vn − µi)
σ2 ,

∂2 ln p
∂µi∂σ

=

N∑
n=1

φi(Vn − µi)πi
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 (Vn − µi)2

σ3 −
3
σ
−
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g=1 πiφi

(
(Vn−µi)2

σ3 − 1
σ

)
fmix

 ,
∂2 ln p
∂σ2 =
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n=1

1
fmix

 G∑
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πiφi

σ2

( (Vn − µi)2

σ2 − 1
)2

+ 1 −
3(Vn − µi)2
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−

1
fmix

 G∑
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(
(Vn − µi)2

σ3 −
1
σ

)
2 .

These second order derivatives are used for the calculation of the Fisher information matrix of
Eq. (A.3).



5
Practical applications: Nanoparticle

atom-counting from experimental ADF
STEM images

5.1 Introduction
In [Van Aert 2011], it has been proven that the statistics-based atom-counting method described
in chapter 4 is successful for the determination of the number of atoms in a metal nanocluster
embedded into a stabilising matrix with the same crystal structure. The atom-counting results
were consistent for two different viewing directions. Furthermore, the first 3D reconstruction
at the atomic scale could be realised by combining these counting results using discrete to-
mography as illustrated in the introduction of this thesis. In this chapter, the statistics-based
method for atom-counting will be applied to more challenging structures: Ge clusters, larger
Au nanorods, and Pt/Ir bimetallic catalysts.
As a first application in section 5.2, an attempt will be made to count the number of atoms in a
Ge cluster. Since this Ge cluster is not embedded in a stabilising matrix, it is moving easily un-
der illumination of the electron beam. This makes the atom-counting much more challenging as
compared to atom-counting of a cluster embedded in a stabilising matrix with the same crystal
structure as in [Van Aert 2011]. The atom-counting method described in chapter 4 will be reca-
pitulated briefly for this application. Although this atom-counting method is a straightforward
procedure, this exploratory example will show that the interpretation of the output given by this
method is absolutely not straightforward. Therefore, a combination with other complementary
methods will be required in order to obtain reliable atom counts with single atom sensitivity.
As a second application, atom-counting for a Au nanorod will be discussed in section 5.3. The
counting results will be validated using a comparison with detailed ADF STEM image simu-
lations. This requires the intensity variations to be placed on an absolute scale by normalising
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the measured image intensities to the incident beam. Furthermore, atom-counting results from
a Au nanorod will be compared with the number of atoms that can be counted from a slice
through the 3D atomic scale reconstruction from electron tomography. Additionally, it will be
illustrated how the atom-counting results can be used to create 3D atomistic models.
In a third, more elaborate analysis in section 5.4, the number of atoms will be counted for a Pt/Ir
nanoparticle, i.e. a industrial bimetallic catalyst. The goal here is to elucidate the experimental
constraints on the atom-counting reliability which become extremely important when looking
at beam sensitive systems. The inherent limitations of the atom-counting method discussed in
chapter 4 are clearly illustrated by the analysis of the experimental data. Finally, the conclusions
of this chapter will be summarised in section 5.5.

5.2 Ge cluster: an exploratory example
In this section, atom-counting on a Ge cluster using the statistics-based method will be illus-
trated. For this purpose, the statistics-based atom-counting method will be briefly summarised.
Next, it will be shown that the interpretation of the output of the atom-counting method not
always leads to a unique trustworthy solution.

5.2.1 Experiment
HAADF STEM images of a nanometre sized Ge-cluster were taken at the Qu-Ant-EM, a
double-corrected FEI Titan3 working at 300 kV with a 21.4 mrad semi-convergence angle. It
is assumed that defocus ε, spherical aberration Cs, and spherical aberration of the fifth order
C5 equal 0 for this experiment. A series of images was taken while the Ge-cluster was rotating
under the electron beam. The images are taken under the same conditions and the pixel size
∆x equals 0.25 Å. The structure along the [110] direction has a dumbbell structure, i.e. pairs
of atoms with a distance of 140 pm. The images along the [110] direction are shown in Fig.
5.1 (A-E). Because of instabilities of the material under the electron beam and slight mistilt,
overlap of neighbouring atomic columns in the Ge dumbbells cannot be avoided, and therefore
the dumbbells are not resolved in the high-resolution HAADF STEM images.

5.2.2 Methodology
The statistics-based atom-counting method, explained in detail in chapter 4 has been employed
to obtain atom counts for the 5 high-resolution HAADF STEM images shown in Fig. 5.1 (A-E).
As a first step, the scattering cross-sections are quantified atomic column-by-atomic column by
fitting the empirical imaging model to the experimental images. This parametric model consists
of a sum of Gaussian peaks describing the atomic column intensities:

fkl(θ) =

N∑
n=1

ηn exp

−
(
xk − βxn

)2
+

(
yl − βyn

)2

2ρ2

 (5.1)

as described in detail in chapter 2 and subsection 4.2.1 of chapter 4. Strong correlation effects
hinder precise measurements of the individual scattering cross-sections of each column in the



Practical applications: Nanoparticle atom-counting from experimental ADF
STEM images 81

Ge dumbbell. Therefore, the scattering cross-sections along each column of Ge dumbbells has
been estimated rather than the individual column scattering cross-sections. The refined models
of the observations are shown in Fig. 5.1 (F-J) and are in excellent agreement with the recorded
images in Fig. 5.1 (A-E) demonstrating the quality of the parametric model used. The estimated
scattering cross-sections are expected to increase monotonically with the number of atoms. The
estimated scattering cross-sections of the images of Fig. 5.1 (A-E) are visualised in a histogram
as shown in Fig. 5.2 (F-J), respectively. Ideally, this histogram would consist of isolated compo-
nents. However, due to a combination of instabilities of the microscope and sample, and noise
effects, the components are smeared out. For this reason, visual interpretation of the experi-
mental histogram may lead to deceptive results. Instead, the statistical approach introduced in
(sub)sections 4.2.2, 4.2.3, and 4.3 of chapter 4 is used allowing one to determine the locations
of all statistically meaningful components. For this approach, the estimated scattering cross-
sections are regarded as a statistical draw from an unknown probability distribution consisting
of a superposition of Gaussian components, i.e. the Gaussian mixture model given by:

fmix (Vn; ΨG) =

G∑
g=1

πg
1
√

2πσ
exp

−
(
Vn − µg

)2

2σ2

 . (5.2)

This model defines the probability that a specific scattering cross-section value Vn would be
estimated for a particular atomic column n. The vector ΨG contains the unknown parameters
πg, µg, and σ being the mixing proportion of the gth component, the mean scattering cross-
section of the gth component, and the width of the components, respectively. The parameters
ΨG can be estimated from the experimental estimated scattering cross-sections using the max-
imum likelihood estimator for a given number of components G. In practice, the value of G is
unknown and has to be inferred from the available scattering cross-sections as well. The number
of significant components, i.e. the model order G can be retrieved by evaluating the so-called
Integrated Classification Likelihood (ICL) criterion, which is shown in Fig. 5.2 (A-E) for the
images of Fig. 5.1 (A-E). This order selection criterion balances the model fit against the model
quality. Indeed the model fit will typically improve for increasing number of components and
more details in the available set of scattering cross-sections will be described. However, for
high-order models, these details are random and as consequence the model quality will degrade
with the model order. The estimated model order is given by the number of components for
which ICL reaches a minimum, which is arrowed in Fig. 5.2 (A-E). The ICL criterion indeed
shows the typical shape described in subsection 4.4.2 of chapter 4. The minimum often corre-
sponds to a local optimum rather than a global optimum. Fig. 5.2 (F-J) shows the corresponding
estimated Gaussian mixture models for the number of components arrowed in the ICL criterion.
Based on these estimated probability distributions, the number of atoms in a particular projected
atomic column can be identified by assigning each scattering cross-section to the components
of the mixture model with the largest probability to generate this scattering cross-section. As
discussed in section 4.3 of chapter 4, the location of the first component with respect to the
average increment δ between the successive components can be used to determine the number
of atoms in the atomic columns assigned to this first component. This has been done for the
construction of the scatter plots in Fig. 5.2 (K-O). Here, the locations of the components of
the Gaussian mixture model are plotted as a function of the number of atoms corresponding to
the component. Finally, atom-counts along each Ge atomic dumbbell of the nanoparticle are
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rection. (F-J) Corresponding refined models for the experimental observations. (K-O) Atom-counting
results based on the analysis presented in Fig. 5.2.
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Figure 5.2: Atom-counting analysis. (A-E) Integrated Classification Likelihood criterion evaluated as a
function of the number of Gaussian components in the Gaussian mixture model (GMM). (F-J) Histograms
of the scattering cross-sections of the Ge dumbbells together with the estimated mixture model (black
curve) and its individual components (coloured curves). (K-O) Scatter plot of the estimated locations of
the components in the Gaussian mixture model as a function of the number of atoms corresponding to
this component.
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quantified in Fig. 5.1 (K-O) for the different observed images together with the estimated total
number of atoms in the Ge cluster. These results will be discussed in the next subsection.

5.2.3 Results and discussion
In the previous subsection, the statistics-based atom-counting method described in detail in
chapter 4 has been summarised briefly and has been applied to the experimental set of HAADF
STEM images of a Ge cluster. The results are shown in detail in Figs. 5.1 and 5.2. In this
subsection, these results will be discussed.
First, it is noted that the total number of atoms is reduced by more than 30 % from the first to the
last frame as can be seen from Fig. 5.1 (K-O). This can be caused by beam damage sputtering
atoms from the nanoparticle. Then the mean scattering cross-section value of the last compo-
nent, i.e. the thickest atomic column, should decrease. Therefore, second, the scatter plots of
Fig. 5.2 (K-O), in which the locations of the components are plotted versus the corresponding
number of atoms are studied into more detail. For these scatter plots, it is expected that the slope
of the curve is the same for each recorded frame, since a certain number of atoms corresponds to
a specific value for the scattering cross-section which is determined from the Gaussian mixture
model estimation. However, the slope in the scatter plots here changes through the different
frames. Furthermore, if the total number of atoms is decreasing throughout the experiments, it
is expected that the largest scattering cross-section value is observed for the first frame whereas
the opposite is observed for these data.
From these observations, it is clear that for these experimental data the interpretation of the
output of the atom-counting method is not straightforward and cannot provide a unique solu-
tion. In addition, the available data do not allow to diagnose whether the atom-counting method
results in inaccurate atom-counts for this experiment or whether the experimental conditions
have been changed during the recording of the HAADF STEM images. Therefore, a combina-
tion with other techniques will be required in order to obtain trustful atom-counting results with
single atom sensitivity. The combination of the statistics-based atom-counting method with de-
tailed STEM image simulations and electron tomography will be used for the analysis of Au
nanorods and Pt/Ir particles, which will be the subject of the next sections.

5.3 Atom-counting in Au nanorods
In the previous section, it has been illustrated that although the application of the statistical
methods is relatively straightforward, the interpretation of the output of these methods is cer-
tainly not straightforward. If no unique solution can be found from the output of the statistics-
based atom-counting method, this statistics-based method should be complemented with an-
other approach. In the literature, also a simulation-based approach for atom-counting is avail-
able as illustrated in Fig. 1.4 in the introduction of this thesis [LeBeau 2010]. This method
is completely independent of the statistics-based method. In contrast to the statistics-based
method, the simulation-based method does not provide the precision with which the number of
atoms can be counted, but can validate the atom-counting results obtained with the statistics-
based atom-counting method. In subsection 5.3.1, it will first be shown how atom-counting
results can be obtained with single atom sensitivity for a Au nanorod through a combination
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of the simulation- and statistics-based approach. Second, in subsection 5.3.2, an alternative
for validation of the atom-counting results is illustrated by comparing the obtained atom counts
with the result from atomic resolution tomography. After that, it will be illustrated in subsection
5.3.3, how 3D atomistic models can be created from reliable atom-counting results.

5.3.1 Validation using detailed image simulations
Experiment and simulation

In order to evolve toward accurate atom-counting results, the statistics-based atom-counting
method described in chapter 4 is combined with detailed image simulations5. This is done for a
Au nanorod, shown in Fig. 5.3(a) which has been imaged along the [100] zone axis at the Qu-
Ant-EM, a double aberration-corrected Titan3 operated at 300 kV with a 21.8 mrad convergence
angle. The detailed experimental settings are listed in Table 5.1. The value for the Debye-Waller
factor is taken from [Gao 1999]. When the experimental data are normalised with respect to the
incoming electron beam [LeBeau 2008b, Rosenauer 2009], the scattering cross-sections result-
ing from the experiment can be compared with the scattering cross-sections determined from a
set of simulations with increasing thickness.
Following the method described in [LeBeau 2008b, Rosenauer 2009, Mehrtens 2013a], the ex-
perimental image intensities Iexp are converted to a fraction of the incident probe using the
following equation:

Inorm =
Iexp − Ivac

Idet − Ivac
(5.3)

where Inorm is the normalised intensity, which can directly be compared with simulated images;
Ivac is the mean number of counts in the vacuum due to the detector’s amplifier offset and Idet

is the mean number of counts generated by the probe hitting the detector area. In other words,
this normalisation places STEM experiments on the same absolute intensity scale as used in
theoretical simulations. As such, the accuracy of the counting procedure can be tested.
Nevertheless, this analysis allowing for a comparison between experimental and simulated
scattering cross-sections, should be carried out very carefully. The accurate measurement of
inner and outer ADF detector angle is of critical importance since the variation of the scat-
tering cross-section value highly depends on it, as shown in [Martinez 2015]. Moreover, the
importance of the detector response is often overlooked leading to a discrepancy between
experiment and simulation. A full characterisation of the ADF detector should be carried
out if the highest quality for a match between simulations and experiment is to be achieved
[LeBeau 2008b, Rosenauer 2009]. This procedure requires to scan the STEM probe over the
ADF detector to obtain a response map, which has been found to be both inhomogeneous and
asymmetric [Findlay 2013, MacArthur 2014]. The detector response at small scattering angles
varies significantly from that at higher angles, and therefore, this should be taken into account
while performing image simulations. Here, this effect is incorporated by including a detector
sensitivity profile in the image simulation, which azimuthally weights the contribution of the

5The results of this analysis are published in S. Van Aert, A. De Backer, G.T. Martinez, B. Goris, S. Bals,
G. Van Tendeloo, and A. Rosenauer, Procedure to count atoms with trustworthy single-atom sensitivity, Physical
Review B 87 (2013) 064107.
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scattered electron with respect to its scattering angle [Grieb 2012, Mehrtens 2013b]. Including
this detector sensitivity profile allows a significantly improved agreement between experiment
and simulated images.
Detailed image simulations were carried out using the STEMsim program [Rosenauer 2008]
under the frozen lattice approach taking into account the microscope settings and detector sen-
sitivity. Table 5.1 summarises the settings used throughout the simulations. The frozen lattice
approximation considers uncorrelated phonon distributions of atomic displacements due to the
thermal vibrations of the crystal and therefore describes the so-called thermal diffuse scattering
(TDS).

Parameter Symbol Value
Acceleration voltage V0 (kV) 300
Defocus ε (nm) −8.301
Spherical aberration Cs (mm) 0.035
Objective aperture angle α (mrad) 21.8
Spatial incoherence of source FWHM (Å) 0.7
HAADF inner collection angle β1 (mrad) 62
HAADF outer collection angle β2 (mrad) 190
Number of unit cells per supercell Na × Nb 11 × 11
Supercell size Na × Nb (Å2) 44.88 × 44.88
Maximum specimen thickness z[100] (nm) 40.8
Debye-Waller factor B (Å2) 0.637
Pixel size ∆x = ∆y (Å) 0.102
Pixel size to sample atomic potential ∆xV = ∆yV (Å) 0.0261
Number of phonon configurations 20

Table 5.1: Experiment and frozen lattice simulations settings for Au in [100] zone axis

Atom-counting results and single atom sensitivity

The experimental image of the Au nanorod is shown in Fig. 5.3(a). This image can be anal-
ysed along the same lines as the Ge clusters discussed in the previous section. The refined
model of the experimental image is shown in Fig. 5.3(b). The ICL criterion, shown in Fig.
5.3(d), reveals the presence of 47 different column types each consisting of a specific number
of atoms. The histogram of scattered intensities is shown in Fig. 5.3(e) together with the es-
timated probability distribution. The number of Au atoms for every column of the nanorod
is shown in Fig. 5.3(c). As expected for this symmetric nanorod, the thickness that can be
derived from this atom counting analysis along the perpendicular direction matches the diam-
eter obtained from Fig. 5.3(a). Since the intensities in the HAADF STEM image have been
normalised with respect to the incident beam as discussed in the previous paragraph, the ac-
curacy of the counting procedure can be tested. This validation is required since more local
minima are present in the ICL criterion as shown in Fig. 5.3(d). Fig. 5.3(f) shows the ex-
perimental mean scattering cross-sections - corresponding to the component locations in Fig.
5.3(e) - together with the scattering cross-sections estimated from the frozen phonon calcula-
tions using the STEMsim program under the same experimental conditions which are listed in
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Figure 5.3: (a) HAADF STEM image of a Au nanorod. (b) Refined model. (c) Number of Au atoms
per column. (d) The Integrated Classification Likelihood criterion evaluated as a function of the number
of Gaussian components in the mixture model. (e) Histogram of scattering cross-sections of the Au
columns together with the estimated mixture model and its individual components. (f) Comparison of
experimental and simulated scattering cross-sections.
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Table 5.1 [Rosenauer 2008]. The excellent match of the experimental and simulated scattering
cross-sections within the expected 5%-10% error range validates the accuracy of the obtained
atom counts [LeBeau 2008a, Rosenauer 2011]. Minor deviations can indeed not be avoided
because of remaining uncertainties in the microscope settings, the effect of amorphous layers,
and practical limitations to fully take the complex dependence of the Debye-Waller factor on
both the particle’s size and its different behaviour for surface atoms as compared to bulk-like
atoms into account [Clark 1965, Buffat 1977, Mkhoyan 2008, Aveyard 2014]. However, from
an alternative point of view, the experimental mean scattering cross-sections can be used as a
reference to further improve the accuracy of imaging models taking all important physical ef-
fects into account. The steady increase of the simulated scattering cross-sections even above
47 atoms as shown in Fig. 5.3(f), proves the high sensitivity of the scattering cross-sections for
the number of atoms. The precision, on the other hand, is limited by the unavoidable presence
of noise in the experimental images resulting into fluctuations of the scattering cross-sections
V̂ around the mean values µg. The precision is then set by the overlap of the Gaussian compo-
nents shown in Fig. 5.3(e). When the overlap increases, the probability that a wrong number of
atoms is assigned to a particular column indeed increases. The procedure on how to calculate
the percentage of atomic columns for which the number of atoms is counted with single atom
sensitivity has been discussed in chapter 4 in subsection 4.4.4. First, the posterior probability
P(Ig|φg) given by Eq. (4.24) that a scattering cross-section belonging to component φg resides
in the central part of a component Ig (i.e. interval Ig as illustrated in Fig. 4.8 of chapter 4) is
computed. On average, that is, by averaging fractions for the components 1 up top 47, this
probability corresponds to 79.89%. Next, the posterior probability P(φg|Ig) given by Eq. (4.25)
that a scattering cross-section belonging to the central part Ig stems from component φg is cal-
culated for each component. On average, this percentage equals 80.55%. This means that for
80.55% of all atomic columns the number of atoms is measured without error. Similarly, the
probability to miscount the number of atoms with ±1 can be computed. For this purpose, the
posterior probability that the scattering cross-section belonging to the component φg−1 or φg+1

resides in the interval Ig equals P(Ig|φg−1)+P(Ig|φg+1) = 19.91%, and the probability to miscount
the number of atoms with ±1 equals P(φg−1|Ig) + P(φg+1|Ig) = 19.43%, which is the posterior
probability that a scattering cross-sections belonging to Ig stems from component φg−1 or φg+1.
Consequently, the probability to have an error of ±2 atoms is almost zero. In contrast to the
results obtained when using simulations alone, the amount of overlap with neighbouring com-
ponents can be determined when using this statistics-based procedure, resulting in an estimation
of the precision that can be achieved. However, since both approaches, a simulations-based and
statistics-based atom-counting method, are independent of each other, the combination of the
two methods allows for reliable atom-counting results with single atom sensitivity.

5.3.2 Comparison with atomic resolution electron tomography
In this section, an alternative validation for the atom-counting results using electron tomogra-
phy is briefly illustrated.
Three projection ADF STEM images of a Au nanorod have been acquired along different major
zone axes using the X-Ant-EM, a probe corrected Titan3 operated at 200 kV with a 24 mrad
convergence angle. The inner and outer detector collection angle ranged from 45 − 160 mrad.
The experimental images are shown in Fig. 5.4(a-c). These images were used as an input for
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Figure 5.4: (a-c) Experimental ADF STEM images of a Au nanorod along different major zone axes. (d-f)
Corresponding refined models. (g-i) Integrated Classification Likelihood criteria evaluated as a function
of the number of Gaussian components in the mixture model. (j-l) Histograms of the scattering cross-
sections of the Au columns together with the estimated mixture model (black curve) and its individual
components (coloured curves). (m-o) Number of Au atoms per column.
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a 3D reconstruction using a compressive sensing based tomography method as explained in
[Goris 2012a]. For a 3D reconstruction at the atomic scale, the sparsity of the object can be ex-
ploited in the reconstruction algorithm, as only a limited number of voxels contain an atom and
most voxels correspond to vacuum. For each of the projection images also the number of atoms
in the projected atomic columns have been counted using the statistics-based atom-counting
method described in chapter 4. This analysis is illustrated in Fig. 5.4. Since different viewing
directions of the nanorod are available, the choice of the local minimum in the ICL criterion
was guided by the prior knowledge of a symmetric nanorod.

In the previous subsection, the atom-counting results have been validated through a comparison
with detailed image simulations. Here, the thus obtained atom counts are compared with the
number of atoms that can be derived from an orthogonal slice from the atomic resolution recon-
struction from electron tomography. This comparison is illustrated in Fig. 5.5. Slight deviations
can be expected, since the 3D reconstruction using tomography represents an average structure
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Figure 5.5: Comparison between atom-counts and atomic resolution electron tomography. (a) Orthog-
onal slice from the 3D reconstruction of the 40th atomic plane from the tip. (b-d) Comparison of the
counts along the different orientations.
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based on the three high-resolution projection images, whereas the atom-counts result from each
single image. The number of atoms has been counted in the 40th atomic plane from the tip of
the Au nanorod. Good agreement between the counts derived from the 3D reconstruction and
from the statistics-based atom-counting method is obtained. Along the 0◦ projection, the width
of the nanorod appears to be underestimated, which is possibly caused by artefacts introduced
by the missing wedge. The missing wedge causes the intensities to be smeared out. As such,
these intensities will be lower than the applied threshold to visualise the atoms in the orthogonal
slice.

5.3.3 Toward 3D atomistic models using atom-counting
Reliable atom-counting results can be used as an input for creating 3D atomistic models
[Jones 2014]. This approach provides an alternative to electron tomography for a 3D recon-
struction at the atomic scale. Electron tomography requires multiple exposures which is not
always feasible in practice. For example, in situ experiments or the characterisation of beam
sensitive materials are nearly impossible using electron tomography. In this subsection, 3D
atomistic models are created for the Au nanorod of subsection 5.3.2. Therefore, atom counts
along with the prior knowledge of a face-centered cubic geometry are used to create an atomistic
model. An energy minimisation using a Monte Carlo approach has then been used to relax the
nanoparticle’s 3D structure [Jones 2014]. The atomistic model built from the atom-counting
results in Fig. 5.4(o) is shown in Fig. 5.6. The beam direction is arrowed in this figure. As
expected, the surface roughness is higher along this direction. Nevertheless, different surface
facets of the Au nanorod can be observed from this 3D reconstruction. These surface facets are
of special interest for materials scientists since they determine the physical properties of nanos-
tructures [Pecharromán 2008, Chang 2010, Katz-Boon 2011, Goris 2012a, Katz-Boon 2015].

5.4 Dose limited reliability for atom-counting in Pt/Ir
nanoparticles

In the previous section, atom-counting has been demonstrated on Au nanorods which are rel-
atively stable under the incoming electron beam. Here, ADF STEM experiments for an atom-
counting analysis are conducted on a industrial bimetallic catalyst providing a severe charac-
terisation challenge because of its beam sensitivity and limited size6. As discussed in chapter
4, the reliability of the statistics-based atom-counting method depends on different parameters
which can be linked with the quality of the recorded images, such as total number of atomic
columns in the experimental STEM image, the number of columns having a different number of
atoms, and the amount of noise. In the previous section, it is shown that through a combination
of the simulation- and statistics-based method, being completely independent of each other, one
is able to count atoms with trustworthy single atom sensitivity. In this section, it will be shown
that this combined method allows us to diagnose limits of atom-counting and to investigate the
effect of dose, sampling, background behind the particle of interest, tilt, and sample geometry.

6These results are published in A. De Backer, G.T. Martinez, K.E. MacArthur, L.B. Jones, A. Béché, P.D.
Nellist, and S. Van Aert, Dose limited reliability of quantitative annular dark field scanning transmission electron
microscopy for nano-particle atom-counting, Ultramicroscopy 151 (2015) 56-61.
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Figure 5.6: Energetically relaxed 3D atomistic model of a Au nanorod viewed along the tip. The beam di-
rection is indicated by the arrow. The colouring of the atoms indicates the determined nearest-neighbour
coordination, from 1 in red to 12 in dark blue. (Model created by L. Jones)

The latter parameters become important when studying industrially catalyst particles such as
the Pt/Ir mixed alloy nanoparticles supported on carbon black discussed in this section.
In subsection 5.4.1, the material under study as well as the experimental and simulation details
are presented. The methodology for counting the number of atoms for these catalyst particles is
illustrated in subsection 5.4.2. The findings for atom-counting conducted on catalytic particles
are discussed in subsection 5.4.3.

5.4.1 Experiment and simulations
Bimetallic nanoparticles have shown promise for hydrogen fuel-cell applications; not only do
they provide a reduction in the amount of platinum used but they have also demonstrated a
significantly higher catalytic activity. Pt/Ir particles in particular show improved resistance to
CO poisoning, a by-product in the reforming of hydrocarbons to H2 gas [Ralph 2002]. The
Pt/Ir particles were supported on a three-dimensional carbon black support and received in
powder form dusted onto a carbon coated copper grid. Images were taken at the Qu-Ant-EM,
a double corrected FEI Titan3 working at 300 kV with a 20.2 mrad semi-convergence angle
under different dose conditions as shown in Fig. 5.7. The ADF detector ranges from 35 to
190 mrad corresponding to a camera length of 145 mm. For unique atom-counting results, we
require a monotonic increase for the scattering cross-sections with thickness. As will be shown
in chapter 6, for small enough particles such as in this study, a lower ADF detector inner angle is
preferred for atom-counting because of the higher detected signal for a given incident electron
dose. Although coherent contributions are present in the detected signal, a monotonic increase
in scattering cross-section is observed for this ADF detector collection range. Furthermore, the
scattering cross-sections are robust to tilt when using a lower ADF detector inner angle.
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The experimental images were normalised with respect to the incident beam [LeBeau 2008b,
Rosenauer 2009] in order to be comparable to image simulations. Image simulations were
performed using the STEMsim software [Rosenauer 2008] under the frozen lattice approach.
The simulation settings are listed in Table 5.2. The value for the Debye-Waller factor is taken
from [Gao 1999]. Since the difference in atomic number only equals 1 for the two elements
in the bimetallic nanoparticle, the simulated scattering cross-sections of Ir (Z = 77) and Pt
(Z = 78) differ less than 3% up to 15 atoms in a projected atomic column and therefore for
purposes of the analysis presented here they can be treated as being monometallic.
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Figure 5.7: Normalised ADF STEM images of an Pt/Ir particle together with the experimental conditions
(dwell time τ, pixel size dx, and incoming electron dose Nd).

5.4.2 Methodology
If a spatially varying background originating from e.g. the carbon support is present in the im-
age, this background has to be subtracted since ignoring it may lead to errors in the quantitative
atom-counting results. To account for the image intensity contribution of such a carbon support
under the sample, a mask can be generated which contains the region of interest for quantifica-
tion, i.e. the nanoparticle. The intensity outside this mask represents the contribution from the
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Parameter Symbol Value
Acceleration voltage V0 (kV) 300
Defocus ε (nm) 0
Spherical aberration Cs (nm) 406
Objective aperture angle α (mrad) 20.2
Spatial incoherence of source FWHM (Å) 0.7
Inner detector angle β1 (mrad) 35
Outer detector angle β2 (mrad) 190
Debye-Waller factor B (Å2) 0.384
Pixel size ∆x (Å) 0.1154
Number of phonon configurations 20

Table 5.2: Parameters for the frozen lattice simulation of Pt in [110] zone axis.

support only and will be used to estimate the values within the mask using a technique known
as in-painting. For small areas, and where the support does not contain abrupt changes the
simplest form of in-painting, known as iterative Gaussian-blurring or isotropic diffusion can be
used [Oliveira 2001].
Next, the scattering cross-sections can be quantified atomic column-by-atomic column by fit-
ting the empirical imaging model to the background subtracted experimental images. The fitted
model for the background subtracted version of image D is shown in Fig. 5.8(a). The scattering
cross-sections are presented in Fig. 5.8(b) in the form of a histogram. By evaluating the Inte-
grated Classification Likelihood criterion, as shown and arrowed in Fig. 5.8(c), the presence of
10 significant components has been found whose locations are indicated by means of coloured
crosses in Fig. 5.8(b). From the estimated component locations, the number of atoms in each
projected atomic column can be quantified leading to the result in Fig. 5.8(d).

5.4.3 Results and discussions: single atom sensitivity for chal-
lenging nanoparticles?

The ultimate goal is to obtain atom-counting results for nanoparticles of arbitrary shape, size,
and atom type with high precision and high accuracy which are both necessary conditions to
conclude single atom sensitivity. High precision can be observed from the Gaussian mixture
model when there is nearly no overlap between neighbouring components, such as in Fig. 5.8(b)
for image D. High accuracy can be confirmed when comparing the results of the statistics-based
atom-counting method with simulated values from detailed image simulations as discussed in
section 5.3. So far, this method has successfully been demonstrated on Au nanorods, which are
relatively stable under the incoming electron beam, and this procedure promises single atom
sensitivity. In this subsection, the accuracy of the atom-counting results is investigated for the
catalyst of Fig. 5.7 for which the characterisation is more challenging because of the beam
sensitivity and the limited size of the particles. Different parameters which affect the reliability
of the atom-counting results are studied.
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Figure 5.8: (a) Fitted model of image D (Fig. 5.7). (b) Histogram of the scattering cross-sections of
the atomic columns, The black curve shows the estimated mixture model; the individual components
are shown as coloured curves which correspond to the colours for the number of atoms in (d). (c) ICL
evaluated as a function of the number of Gaussian components in a mixture model. (d) Number of atoms
per column.

5.4.3.1 Effect of background subtraction

From Fig. 5.7 it can be seen that a spatially varying background is present in the images. This
background has been subtracted following the method described in subsection 5.4.2. In Fig.
5.9, the effect of the background subtraction on the atom counts is illustrated. Fig. 5.9(a) shows
the difference map of the atom counts per atomic column with and without background sub-
traction and Fig. 5.9(b) shows the vertically average mean error in atom counts. Ignoring the
spatially varying background clearly leads to a counting error of ±1 atom. This type of error
thus results from bias of the estimated scattering cross-sections caused by model misspecifica-
tion [den Dekker 2005]. The subtracted background represents the carbon support and is shown
in Fig. 5.9(c). As expected, the reconstructed carbon-ramp corresponds to the mean error in
atom counts of Fig. 5.9(b).
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Figure 5.9: (a) The error observed when the carbon intensity is not considered. (b) Vertically averaged
error. (c) The observed carbon contribution in the background-only image.

5.4.3.2 Comparison with simulations

In order to check the accuracy, the estimated mean scattering cross-sections of the components
are compared with the library values from the detailed image simulations for this experiment.
The library values are shown for Pt, the values for Ir are not plotted on this graph since they
cannot be distinguished from the scattering cross-sections of Pt up to 15 atoms. From Fig. 5.10,
where the simulated values are shown for Pt, it can be seen that for image D an excellent match
has been found between the estimated mean scattering cross-sections from the experiment and
the simulated values. The observed agreement is within the expected 5− 10% error range prov-
ing that the number of components when using the ICL criterion as well as the locations of
these components in Fig. 5.8(b) are accurately determined. Slight deviations cannot be avoided
because of remaining uncertainties as discussed in subsection 5.3.1.
Similar analyses were performed for images A, B, and C and their results are also shown in
Fig. 5.10. A mismatch between the estimated and simulated scattering cross-sections can be
observed for image C, but is apparent and most pronounced for images A and B. For these
images, the number of components in the Gaussian mixture model is considerably underesti-
mated. Based on a comparison with the simulated values, 13 and 15 components are expected
for images A and B, respectively. In the following subsections, the origin of the mismatch of
images A, B, and C with the simulated values is discussed.

5.4.3.3 Effect of sample mis-tilt

The slight mismatch of image C from the simulated curve in Fig. 5.10 stems from a small sample
mis-tilt [E 2013]. This can be understood from electron channelling. This phenomenon, where
an aligned column of atoms parallel to the incident beam direction exhibits a small lensing effect
on the beam, causes a column of atoms to have a larger scattering cross-section than the sum
of the individual scattering cross-sections of its constituent atoms [E 2013]. This results in a
percentage loss in scattering cross-section for small sample mis-tilts away from a low order zone
axis. The mis-tilt measured based on a geometry calculation and the ellipticity of the column
equals 31.6 mrad for image C. Based on image simulations, this corresponds to 7% loss of
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Figure 5.10: Overview of the analysed data in comparison with the simulations.

scattering cross-section which is in agreement with the results shown in Fig. 5.10. One should
be particularly aware of this effect for beam sensitive samples which are liable to reconstruct
and rotate under the beam.

5.4.3.4 Effect of sampling

The effect of sampling on the atom-counting results is considered since the pixel size of images
A and B is double the pixel size (half the magnification) of image D, as can be seen from Fig.
5.7. Consequently, the number of sampling points in images A and B is a quarter of the number
of sampling points in image D. In [E 2013], it is shown that pixel size has no effect on the
scattering cross-sections in the absence of noise. Here, the effect of sampling on the atom-
counting analysis is studied by analysing a new image generated by binning 2 × 2 pixels of
image D. In that case, the estimated mean scattering cross-sections are perfectly in accordance
with the simulated values as can be concluded from Fig. 5.10. This means that sampling itself
has no effect on the accuracy of the atom counts so long as atomic resolution is preserved in the
ADF STEM image. The underestimation of the model order for images A and B can thus not
be explained as a sampling effect.

5.4.3.5 Effect of dose

In the previous subsection, the effect of sampling was studied as a possible reason for the un-
derestimation of the number of components in images A and B. It should be noticed that while
binning 2 × 2 pixels, the total recorded electron dose is preserved such that only the effect of
sampling is studied. However, the electron dose is 4 times lower in image B as compared with
image D, and even 8 times lower for image A. This suggests that a reduction of incoming elec-
tron dose causes an underestimation of the model order when evaluating the ICL criterion. The
lower magnification and electron dose of image B with respect to image D can be mimicked by



98 Chapter 5

subsampling image D, i.e. by taking every second pixel in x and y direction (one quarter over-
all). The result of the analysis of the subsampled image D is also shown in Fig. 5.10. This result
resembles the analysis of images A and B thus explaining the mismatch with the simulation
for these images. The reduced dose leads to less precise measurements of the scattering cross-
sections resulting in insufficient statistics for the determination of the number of components
by the evaluation of the ICL criterion. The effect of dose on the accuracy of the atom-counting
results will be discussed in more detail in the following subsection.

5.4.3.6 Discussion of the accuracy of the atom-counting results

The most pronounced mismatch with the simulations in Fig. 5.10 can be explained as an effect
of reduced dose, resulting in less accurate measurements for the number of atoms in an atomic
column. This effect of the reduced dose can be studied in more detail from the Gaussian mixture
model. If the dose is reduced the neighbouring components of the Gaussian mixture model start
overlapping more, because of the less precise measurements of the scattering cross-sections.
This significant overlap between neighbouring components in the Gaussian mixture model can
be measured in terms of the relative width of the components. This relative width expresses the
ratio of the width of the components of the Gaussian mixture model and the average increment
in scattering cross-section for 1 extra atom, i.e. the σ/δ-ratio discussed in subsection 4.4.2 of
chapter 4. In the mentioned subsection, it has been shown that this σ/δ-ratio in combination
with the N/G-ratio is important when it comes to accurately determining the minimum of the
ICL, where N is the number of analysed atomic columns in the ADF STEM image and G the
true model order. This was summarised in Fig. 4.7. Here, the probability of choosing the correct
number of components based on the minimum of the ICL is resumed in Fig. 5.11 as a function
of the σ/δ-ratio and N/G-ratio. The corresponding values for image D and subsampled image
D are indicated in Fig. 5.11 to illustrate the effect of the reduced dose. It is clear that the reduced
dose widens the components hence limiting the precision. As a consequence the probability for
choosing the correct minimum of ICL significantly decreases. Nevertheless, Fig. 5.11 suggests
that this loss in accuracy can be compensated by increasing the N/G-ratio. In practice, this
can be realised by analysing collectively the scattering cross-sections originating from images
recorded under the same conditions. From Fig. 5.11, it can be seen that a combination of 4
images should be sufficient. The results of such a combined analysis of the collective scatter-
ing cross-sections originating from 4 different subsampled versions of image D are shown in
Fig. 5.10. The estimated mean scattering cross-sections again coincidence with the simulated
values. It is important to mention that this collective analysis only pays off in terms of accu-
racy but leaves the precision unaffected. Indeed, the precision of the atom-counting results is
determined by the overlap in the Gaussian mixture model and is set by the precision with which
the scattering cross-sections are known. This precision is characterised by the electron dose
and the value of the scattering cross-sections, but is independent of the number of analysed
scattering cross-sections. For low dose acquisitions, the precision could in principle be com-
pensated when averaging ‘identical’ images prior to determination of scattering cross-sections.
In practice, however, the assumption of multiple images of exactly the same structure is very
unrealistic, especially for beam sensitive samples.
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5.5 Conclusions
In this chapter, it has been shown how precise and accurate atom-counting results can be ob-
tained for different types of nanoparticles from ADF STEM images. First, it has been illustrated
that the statistics-based atom-counting method should be combined with another independent,
complementary method. Here, a combination with a simulations-based approach or electron
tomography is presented. The independence of both methods allows us initially to test the reli-
ability of the atom counts obtained with the statistics-based approach.
The scattering cross-sections have been shown to be a very successful performance measure
to count the number of atoms in an atomic column from a single STEM image, since they
monotonically increase with the number of atoms in an atomic column (in contrast to the peak
intensities which saturate beyond a certain thickness). Using the scattering cross-sections, it
has been shown that for a Au nanorod, 80% of the analysed atomic columns has been measured
without error and 20% with an error of 1 atom. Furthermore, it has been shown that the atom-
counting results are consistent with the number of atoms counted from a slice through a 3D
reconstruction obtained using atomic resolution electron tomography. In addition, it has been
illustrated how atom-counting results can be used for the creation of 3D atomistic models.
In the atom-counting analysis of a industrial bimetallic catalyst, it has been shown that the in-
terplay of several effects can greatly impact the reliability of atom-counting in quantitative ADF
STEM. This includes not only parameters such as electron dose and lateral sampling, but also
aspects often beyond the control of the experimentalist, including particle tilt and contrast con-
tributions from the carbon support. Here, for the first time, a study of the minimum dose and
sampling requirements to count atoms with single atom sensitivity could be reported using a
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hybrid statistical and library method to quantify experimental images. It is discovered that a
compensation should be made for the varying sample support in order to avoid atom-counting
errors and that care must be taken in the interpretation of column intensities for slightly tilted
nanoparticles. For samples that undergo transformation under the beam, poor image quality
cannot be countered by simple image averaging, rather the frames must be analysed collec-
tively. Finally, this study suggests that while dose is often lowered to reduce sample damage,
some minimum level is required to retain single atom precision. This trade-off between damage
and reliability then guides experiment design suggesting that optimum dose and sampling con-
ditions exist for each instrument/sample such that the highest possible precision can be obtained
from the hardware available.
In general, based on the analysis of the different experimental images, it can be concluded that
single atom sensitivity can obtained for sufficiently high incident electron dose, whereas less
precise but still accurate counting results can be obtained when imaging with a lower incident
electron dose. The availability of accurate atom-counting results opens up new possibilities for
the characterisation of materials where electron tomography cannot be applied. This includes
beam sensitive materials or in-situ experiments, where the 3D atomic structure of the object
under study changes. Furthermore, from an alternative point of view, the atom-counting re-
sults can be used as a reference to further improve the accuracy of imaging models and electron
tomography reconstruction algorithms. On the one hand, the atom-counting results can help tak-
ing important physical effects into account in the development of new imaging models. On the
other hand, a synergistic combination of atom-counting and compressive sensing reconstruction
algorithms for electron tomography, will enable to include quantitative prior information on the
number of atoms during the reconstruction. Since the atomic positions are not fixed during this
reconstruction, this enables one to detect deviations from the perfect crystal structure, which is
not possible when using only the atom-counting results. Moreover, this additional information
in the reconstruction algorithm might reduce the number of 2D projection images that is needed
and will allow for a reliable 3D reconstruction of larger nanoparticles at the atomic scale.



6
Optimal experiment design for

nanoparticle atom-counting from ADF
STEM images

6.1 Introduction
In the previous chapter, different practical applications are worked out using the statistics-based
atom-counting method. From the last application, it is clear that for more challenging
nanoparticles it is a very tedious task to determine the number of atoms from an ADF STEM
image. Therefore, it is important to optimise the experiment design for atom-counting in
order to increase the detected dose for atom-counting and to determine the minimally required
electron dose in order to obtain a pre-specified precision.
In this chapter, the theoretical limits to the precision with which the number of atoms in
a projected atomic column can be estimated from HR STEM images will be explored7.
Therefore, STEM images are interpreted quantitatively and the optimal experiment design to
count the number of atoms in a projected atomic column is investigated. So far, the Cramér-Rao
lower bound has been proven to be an optimal tool to determine a theoretical lower bound on
the precision with which continuous parameters such as atomic column positions and inten-
sities can be estimated [Bettens 1999, den Dekker 1999b, Van Aert 2001, den Dekker 2001,
Van Aert 2002b, Van Aert 2002a, Van Aert 2004b, Van Aert 2004a, den Dekker 2005,
Van Aert 2005, Bals 2006, Van den Broek 2011, De Backer 2011, Wang 2012b, Van Aert 2012,
den Dekker 2013]. However, this lower bound can only be derived for continuous parameters.
Therefore, an alternative measure using the principles of detection theory will be introduced

7The results of this chapter are published in A. De Backer, A. De wael, J. Gonnissen, and S. Van Aert, Optimal
experimental design for nano-particle atom-counting from high-resolution STEM images, Ultramicroscopy 151
(2015) 46-55.
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[Kay 2009, den Dekker 2013, Gonnissen 2014] for problems concerning the estimation of
the atomic number, which is a discrete parameter. This measure will here be extended to the
atom-counting problem, where the number of atoms in a projected atomic column can also be
considered as a discrete parameter.
Statistical detection theory allows us to derive a criterion to describe the performance of atom-
counting provided that the expectations as well as statistical fluctuations of the experimental
images can be accurately modelled. In this framework, the atom-counting problem is formu-
lated as a statistical hypothesis test, where each hypothesis corresponds to a specific number of
atoms in a projected atomic column. The optimality criterion can then be defined as the proba-
bility to choose the wrong hypothesis, i.e. the so-called probability of error. In order to compute
this probability of error, use can be made of realistic simulations to describe the experimental
images [LeBeau 2008a, Rosenauer 2008, Rosenauer 2009, Grieb 2012, Van Aert 2013], and
knowledge about the statistics of the image pixel values. Ultimately, the image pixel values will
be Poisson distributed because of the unavoidable presence of counting noise. This inherent
presence of statistical fluctuations will therefore set fundamental limits to the precision with
which the number of atoms can be determined.
Statistical detection theory enables us to decide between different image performance measures
that can be used for atom-counting in an objective manner. Here this comparison will be
performed for peak intensities, scattering cross-sections and image intensities on a pixel by
pixel basis. In addition, by minimising the expression for the probability of error, the optimal
experiment design can be derived. In this chapter, the optimal inner and outer angle of an
annular STEM detector will be computed. So far, STEM imaging using a HAADF detector
is often used for atom-counting [Pennycook 1988, Hartel 1996, Singhal 1997, Voyles 2002,
Erni 2003, LeBeau 2010, Van Aert 2011, Bals 2011, Bals 2012, Van Aert 2013]. Here, it will
be investigated if this imaging mode remains optimal in terms of atom-counting precision. This
procedure to derive the optimal STEM detector can then be applied in practical future research
problems so as to further improve the precision to count atoms in a projected atomic column.
The organisation of this chapter is as follows. In sections 6.2 and 6.3, detection theory is
discussed and the probability of error is derived for both a binary and a multiple hypothesis
test and the so-called sum of Kullback-Leibler divergences is introduced. In section 6.4, the
proposed method will first be applied to a simple linear imaging model in order to study the
dependence on the incident electron dose and number of atoms analytically. Secondly, the
probability of error will be computed for a realistic simulation of a SrTiO3-crystal in order to
derive optimal inner and outer angles of the annular STEM detector. This will be done for a
binary as well as for a multiple hypothesis test. In section 6.5, the results found for the binary
hypothesis test will be discussed and compared to those for the multiple hypothesis test. In
section 6.6, conclusions are drawn.

6.2 Detection theory: Binary hypothesis testing
When one is considering the problem of counting the number of atoms in a projected atomic
column of a mono-type crystalline structure from HR STEM images, the goal is to obtain the
number of atoms in a column as precise as possible. In this section, an expression for the proba-
bility to miscount the number of atoms, the so-called probability of error, will be derived. Also,



Optimal experiment design for nanoparticle atom-counting from ADF STEM
images 103

a tightly connected performance measure, the so-called sum of Kullback-Leibler divergences,
will be introduced. To start simple a binary hypothesis test is used in which only two possible
successive numbers of atoms are considered as possible outcomes. In the next section, this the-
ory will be extended toward a multiple hypothesis test. In that case, all possible hypotheses up
to a certain thickness for the atomic column have to be included.

In the case where one wants to know if there are n or n + 1 atoms in a projected atomic column,
the hypotheses are given by

H0 : nH0 = n
H1 : nH1 = n + 1 (6.1)

whereH0 is referred to as the null hypothesis,H1 as the alternative hypothesis and nHi denotes
the number of atoms under hypothesisHi. In order to express a prior belief in the likelihood of
the hypotheses, it is assumed that the prior probabilities P (H0) and P (H1) associated with these
hypotheses are known. It is reasonable to assign equal prior probabilities of 1/2 if both hypothe-
ses are equally likely. Throughout this chapter, it will always be assumed that both hypothe-
ses are equally likely. By following the quantitative method proposed in [den Dekker 2013],
the goal is now to quantify the probability of assigning the wrong hypothesis. In a so-called
Bayesian approach, this probability of error Pe is defined as:

Pe =Pr {decideH0,H1 true} + Pr {decideH1,H0 true}
=P (H0|H1) P (H1) + P (H1|H0) P (H0) (6.2)

where P
(
Hi|H j

)
is the conditional probability of deciding Hi when H j is true. Using the

criterion of Eq. (6.2), the two possible errors are weighted appropriately to yield an overall
error measure. Decision rules are now defined such that the probability of error is minimised.
For this purpose, it is shown in [Kay 2009] that one should then decideH1 if:

p (w;H1)
p (w;H0)

>
P (H0)
P (H1)

= γ = 1, (6.3)

otherwise H0 is decided. In this expression p (w;Hi) is the conditional probability function
assuming Hi to be true evaluated for a specific observation w. The exact expression for this
probability function will be discussed for three different measures that can be used as a criterion
to count the number of atoms in a projected atomic column: peak intensities (PI), scattering
cross-sections (CS), and HR STEM image pixel values of a projected atomic column. The
observations can be modelled as stochastic variables ω. The stochastic variable ω will take a
different form for these three measures:

ωPI for peak intensities (6.4)

ωCS =

K∑
k=1

L∑
l=1

ωkl · ∆x2 for cross-sections (6.5)

ωIm = [ω11, ω12, ω21, . . . , ωkl]T for images (6.6)

where the variable ωkl corresponds to the random variables describing the pixel intensities of
the STEM image of the atomic column and ωPI corresponds to the random variable describing
the pixel intensity at the position of the atomic column. The index kl denotes the probe position
(xk, yl)T for a set of KL pixel observations, and ∆x denotes the pixel size of the STEM image.
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6.2.1 Peak intensities
When assuming that the pixels in a STEM image are statistically independent electron counting
results, which are modelled as a Poisson distribution, the conditional probability function for
the pixel intensity at the position of a projected atomic column is given by:

p
(
ωPI;Hi

)
=

(
λPI
Hi

)ωPI

ωPI!
(6.7)

where the parameter λPI
Hi

= EHi

[
ωPI

]
corresponds to the expectation value for the pixel intensity

of the STEM image at the position of the projected atomic column under Hi. Since this ex-
pectation value will depend on which hypothesis Hi is assumed to be true, also the probability
function depends on Hi. In general, this expectation value can be computed under each hy-
pothesis using software that allows one to simulate a STEM image for a given input material’s
structure and a given set of microscope parameters [Rosenauer 2008]. Following the decision
rule of Eq. (6.3), for equal prior probabilities P (H0) = P (H1) = 1/2, one should decideH1 for
a specific observation wPI if

p
(
wPI;H1

)
> p

(
wPI;H0

)
(6.8)

otherwise H0 is decided. An illustration of the conditional probability functions p
(
ωPI;Hi

)
of Eq. (6.7) of both hypotheses is given in Fig. 6.1(a) for the peak intensities of a Sr column
consisting of either 15 or 16 atoms. The dark grey region denotes the error which is made if
H0 is chosen while H1 is correct, and vice versa for the light grey region. It is clear from this
figure that the probability of error corresponds to the overlapping area of the two conditional
probability functions p

(
ωPI;H0

)
and p

(
ωPI;H1

)
. This probability can analytically be computed

using the cumulative distribution function of the Poisson distribution:

Pe =
1
2

P (H0|H1) +
1
2

P (H1|H0)

=
1
2

F
(
xPI; λPI

H1

)
+

1
2

[
1 − F

(
xPI; λPI

H0

)]
(6.9)

where F
(
xPI; λPI

Hi

)
equals the Poisson cumulative distribution function with parameter λPI

Hi
evalu-

ated at the value xPI, with xPI the intersection between the two conditional distribution functions
p
(
ωPI;H0

)
and p

(
ωPI;H1

)
given by:

xPI =
λPI
H0
− λPI

H1

ln
λPI
H0
λPI
H1

. (6.10)

6.2.2 Scattering cross-sections
As a second measure, next to the peak intensities, one can also use scattering cross-sections
under both hypotheses. The scattering cross-section values are here computed in the following
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Figure 6.1: Calculation of the probability of error for a binary hypothesis test for (a) peak intensities
ωPI (D = 106 e−/Å2 and nH0 = 15), (b) scattering cross-sections ωCS (D = 105 e−/Å2 and nH0 = 30),
and (c) images ωIm (D = 105 e−/Å2 and nH0 = 30) of a Sr column with a detector collection range of
60 − 100 mrad and settings of Table 6.1 which are explained in subsection 6.4.3.

way (Eq. (6.5)) [E 2013]:

ωCS =

K∑
k=1

L∑
l=1

ωkl · ∆x2. (6.11)

Voronoi cells are used to define the integration area for the computation of the scattering cross-
sections. A Voronoi cell of an atomic column is the cell formed by the perpendicular bisectors
of the direct connections to the neighbouring columns. This definition of the scattering cross-
sections is used here for simplicity as the scattering cross-section values can directly be calcu-
lated from the simulated STEM images in this way, since the positions of the atomic columns
are known from the simulation. The computed values from the integration of the Voronoi cells
are equivalent to volumes under the estimated Gaussian peaks at atomic column positions as
used in the previous chapters. The use of the volumes provides some extra advantages, since
the parametric model takes into account overlap between neighbouring atomic columns. The
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use of scattering cross-sections from the integration of Voronoi cells is afforded here, since there
are no thickness variations in the simulations.
The expected scattering cross-section value equals:

EH0

[
ωCS

]
=

K∑
k=1

L∑
l=1

λH0;kl · ∆x2 = CSn (6.12)

EH1

[
ωCS

]
=

K∑
k=1

L∑
l=1

λH1;kl · ∆x2 = CSn+1 (6.13)

where λHi,kl = EHi [ωkl] corresponds to the expectation values for the pixel intensities of the
STEM image of the atomic column and CSn is the expected scattering cross-section for n atoms.
Since a sum of independent Poisson distributed variables is known to be Poisson distributed
[Mood 1974], the variable

K∑
k=1

L∑
l=1

ωkl (6.14)

is therefore also Poisson distributed. The expected value λHi then equals:

λHi =

K∑
k=1

L∑
l=1

λHi,kl. (6.15)

The conditional probability function for a scattering cross-section taking into account the con-
stant factor ∆x2, is then given by:

p
(
ωCS;Hi

)
=

(
λHi

)ωCS/∆x2(
ωCS

∆x2

)
!

exp
(
−λHi

)
. (6.16)

Analogous to the decision rule for the peak intensities of Eq. (6.8), one should decideH1 for a
specific observed scattering cross-section wCS when assuming equal prior probabilities P (H0) =

P (H1) = 1/2 if

p
(
wCS;H1

)
> p

(
wCS;H0

)
(6.17)

otherwiseH0 is decided. This decision rule and the calculation of the probability function given
by Eq. (6.16) is illustrated in Fig. 6.1(b). The probability of error is then reformulated as follows
for the scattering cross-sections:

Pe =
1
2

P (H0|H1) +
1
2

P (H1|H0)

=
1
2

F
(

xCS

∆x2 ; λH1

)
+

1
2

[
1 − F

(
xCS

∆x2 ; λH0

)]
(6.18)

where F
(
xCS/∆x2; λHi

)
equals the Poisson cumulative distribution function with parameter λHi

evaluated at xCS/∆x2 and xCS is the intersection of the two probability functions p
(
ωCS;H0

)
and p

(
ωCS;H1

)
given by:

xCS =

(
λH0 − λH1

)
∆x2

ln
λH0
λH1

. (6.19)
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6.2.3 STEM images
As a third measure to count the number of atoms, the STEM images of the atomic columns
are considered. When assuming that the pixels in a STEM image are statistically independent
electron counting results, the conditional probability function for a STEM image of an atomic
column is given by:

p
(
ωIm;Hi

)
=

K∏
k=1

L∏
l=1

(
λHi,kl

)ωkl

ωkl!
exp

(
−λHi,kl

)
. (6.20)

Since the stochastic variable ωIm of the STEM image of an atomic column is characterised by
a joint probability function, it is not possible to compute the probability of error directly from
the overlapping areas of p

(
ωIm;H0

)
and p

(
ωIm;H1

)
. However, as shown in [Gonnissen 2014],

it is possible to calculate this probability of error analytically by reformulating the decision
rule using the so-called log-likelihood ratio ln LR

(
ωIm

)
. After reformulation of Eq. (6.3), one

should then decideH1 for an observation wIm, if:

ln LR
(
wIm

)
≡ ln

 p
(
wIm;H1

)
p
(
wIm;H0

)  > ln(1) = 0, (6.21)

otherwise H0 is decided, for equal prior probabilities. This corresponds to choosing the hy-
pothesis for which the log-likelihood function is maximal. The function LR

(
ωIm

)
is called

the likelihood function since it indicates for each set of observations of ωIm the likelihood of
H1 versus the likelihood of H0. Given the decision rule of Eq. (6.21), the expression for the
probability of error Pe given by Eq. (6.2), can be rewritten as follows:

Pe =
1
2

P (H0|H1) +
1
2

P (H1|H0)

=
1
2

P
(
ln LR

(
ωIm

)
< 0|H1

)
+

1
2

P
(
ln LR

(
ωIm

)
> 0|H0

)
. (6.22)

When using the conditional joint probability function for STEM images given by Eq. (6.20),
the log-likelihood ratio defined by Eq. (6.21) can be rewritten as:

ln LR
(
ωIm

)
=

K∑
k=1

L∑
l=1

ln

λωkl
H1,kl exp

(
−λH1,kl

)
λωkl
H0,kl exp

(
−λH0,kl

)
=

K∑
k=1

L∑
l=1

ln
(
λωkl
H1,kl

)
− λH1,kl − ln

(
λωkl
H0,kl

)
+ λH0,kl

=

K∑
k=1

L∑
l=1

(
ωkl ln

(
λH1,kl

λH0,kl

)
− λH1,kl + λH0,kl

)
. (6.23)

Following the central limit theorem, the log-likelihood ratio tends to be normally distributed:

p
(
ln LR

(
ωIm

)
;Hi

)
=

1

σHi

√
2π

exp

−
(
ln LR

(
ωIm

)
− µHi

)2

2σ2
Hi

 . (6.24)
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For STEM images the expected value and variance characterising this normal distribution of
ln LR

(
ωIm

)
can be computed from Eq. (6.24) when assumingHi to be true giving the following

results:

µHi =EHi

[
ln LR

(
ωIm

)]
=

K∑
k=1

L∑
l=1

(
λHi,kl ln

λH1,kl

λH0,kl
− λH1,kl + λH0,kl

)
, (6.25)

σ2
Hi

=varHi

[
ln LR

(
ωIm

)]
=

K∑
k=1

L∑
l=1

λHi,kl

(
ln
λH1,kl

λH0,kl

)2

. (6.26)

In this derivation, use is made of the property that the variance of a Poisson distributed variable
equals its expectation value, EHi [ωkl] = varHi [ωkl] = λHi,kl. The explicit description of the dis-
tribution of the log-likelihood ratio now enables us to unambiguously compute the probability
of error given by Eq. (6.22), resulting in the following general expression:

Pe =
1
2

[
Φ

(
−µH1

σH1

)
+ Φ

(
µH0

σH0

)]
(6.27)

with Φ(±µ/σ) the cumulative distribution function of the standard normal distribution evaluated
at ±µ/σ. The meaning of the expected value µHi and variance σ2

Hi
characterising the normal

distributions of ln LR
(
ωIm

)
given by Eq. (6.24) under both hypotheses is illustrated in Fig. 6.1(c)

based on STEM images for a Sr column consisting of either 30 or 31 atoms. The decision rule
is also clarified: H0 is decided for ln LR

(
ωIm

)
< 0, otherwiseH1 is decided to be correct. The

dark grey region denotes the error which is made if H0 is chosen while H1 is correct, and vice
versa for the light grey region. It is clear from this figure that the probability of error also here
corresponds to the overlap between both distributions.

6.2.4 Sum of Kullback-Leibler divergences
A tightly connected performance measure that can be investigated as an alternative for the
probability of error is based on the so-called Kullback-Leibler divergence [Kullback 1951,
Kullback 1959]. This measure quantifies the difference between two probability distributions
and can be defined for peak intensities, scattering cross-sections and STEM images. Here,
the Kullback-Leibler divergence will be discussed for a general stochastic variable ω, which
can be replaced by the one of the corresponding stochastic variables for peak intensities, scat-
tering cross-sections or STEM images, respectively. The Kullback-Leibler divergence from
pH1 = p (ω;H1) to pH0 = p (ω;H0) is defined as:

D
(
pH1 , pH0

)
≡ EpH1

[
ln

p (ω;H1)
p (ω;H0)

]
= EpH1

[ln LR(ω)] (6.28)

where ln LR(ω) corresponds to the log-likelihood ratio as defined in Eq. (6.21) for the STEM
images. This log-likelihood ratio can in the same way be defined for the peak intensities and
scattering cross-sections using their respective probability functions. The Kullback-Leibler di-
vergence from pH1 to pH0 of Eq. (6.28) corresponds to the expected or mean log-likelihood ratio
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assumingH1 to be true. Similarly the Kullback-Leibler divergence from pH0 to pH1 equals:

D
(
pH0 , pH1

)
=EpH0

[
ln

p (ω;H0)
p (ω;H1)

]
= − EpH0

[
ln

p (ω;H1)
p (ω;H0)

]
= −EpH0

[ln LR(ω)] . (6.29)

From Eqs. (6.28) and (6.29), it follows that:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
= EpH1

[ln LR(ω)] − EpH0
[ln LR(ω)] . (6.30)

The sum of Kullback-Leibler divergences thus corresponds to the difference in mean log-
likelihood ratio under H1 and the corresponding value when assuming H0 to be true. An
illustration for the sum of Kullback-Leibler divergences is also given by Fig. 6.1(c), where
the distance between µH0 and µH1 corresponds to the sum of Kullback-Leibler divergences for
STEM images. The sum of Kullback-Leibler divergences only takes into account the separa-
tions between the distributions of the log-likelihood ratio whereas the probability of error also
takes into account the width of the distributions. Since the width and the separation between the
distributions are related as will be shown for the scattering cross-sections in subsection 6.4.2, it
is likely to assume that the probability to assign the wrong hypothesis will decrease when the
sum of Kullback-Leibler divergences increases.
Using a linear imaging model, the sum of Kullback-Leibler divergences enables us to derive
analytical expressions as a function of experimental parameters such as incident electron dose
Nd and number of atoms nH0 considered in the imaging model. These expressions, discussed
in subsection 6.4.1 can be used to have more physical insight on how the probability of error
depends on these parameters. A more explicit expression for Eq. (6.30) can be derived using
Eq. (6.23):

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
=

(
EH1[ω] − EH0[ω]

) (
lnEH1[ω] − lnEH0[ω]

)
. (6.31)

6.3 Detection theory: Multiple hypothesis testing
A binary hypothesis test is no longer adequate if different choices of the two hypotheses lead
to different designs. Therefore, the approach of binary hypothesis testing for atom-counting
is extended toward multiple hypothesis testing. The multiple hypothesis test will be described
for the scattering cross-sections, which are most optimal for atom-counting applications. The
number of hypotheses in the multiple hypothesis test equals the maximum number of atoms in
a projected atomic column which depends on the sample under study. In this case, a differen-
tiation between 1, 2, . . . ,M atoms in a projected atomic column should be made and therefore
one should decide among M possible hypotheses:

{H0,H1, . . . ,HM−1} . (6.32)

In practice, the number of hypotheses that is included for the decision rule is chosen suffi-
ciently large such that the observed scattering cross-sections for sure correspond to one of the
considered hypotheses; M will typically be larger than the unknown thickness of the sample.
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Equivalent to Eq. (6.3), the decision rule is now defined such that the probability of error is
minimised. The minimum probability of error decision rule is then to decideHk if:

p
(
wCS;Hk

)
P (Hk) > p

(
wCS;Hi

)
P (Hi) ∀i , k. (6.33)

For equal prior probabilities P (Hi) = 1/M, which is assumed here, one should decideHk if:

p
(
wCS;Hk

)
> p

(
wCS;Hi

)
∀i , k. (6.34)

An illustration of the conditional probability functions of a multiple hypothesis test consisting
of M = 30 hypotheses is given in Fig. 6.2. Analogously to the binary test of subsection 6.2.2,
the probability of error for the scattering cross-sections of a multiple hypothesis test can be
calculated from the overlapping areas of the conditional probability functions (weighted by
their prior probability):

Pe =

M−1∑
i=0

M−1∑
j=0

Ci jP
(
Hi|H j

)
P

(
H j

)
, (6.35)

where

Ci j =

{
1 i , j
0 i = j . (6.36)

The number of terms for the calculation of the probability of error of a multiple hypothesis test
used in Eq. (6.35) equals M(M−1). Therefore, it is more efficient to calculate Pc = 1−Pe, where
Pc is the probability of a correct decision. In this case, the number of terms in the summation
reduces to M:

Pc =

M−1∑
i=0

P (Hi|Hi) P (Hi) . (6.37)

This expression can be calculated analytically for the scattering cross-sections, since their con-
ditional probability functions are well-known from Eq. (6.16). The probability of a correct
decision for equal prior probabilities P (Hi) = 1/M then corresponds to:

Pc =
1
M

[
F

(
xCS 0,1

∆x2 , λH
s
0

)
+ F

(
xCS 1,2

∆x2 , λH
s
1

)
− F

(
xCS 1,0

∆x2 , λH
s
1

)
+ F

(
xCS 2,3

∆x2 , λH
s
2

)
− F

(
xCS 2,1

∆x2 , λH
s
2

)
+ . . .

+

(
1 − F

(
xCS M−1,M−2

∆x2 , λH s
M−1

))]
(6.38)

where H s
i denotes the sorted hypotheses according to the expected values of the scattering

cross-sections, xCSi j = xCS ji corresponds to the intersection between two neighbouring proba-
bility distribution functions which is given by Eq. (6.19), λHi corresponds to Eq. (6.15), and



Optimal experiment design for nanoparticle atom-counting from ADF STEM
images 111

F
(
xCSi j/∆x2, λH s

i

)
equals the Poisson cumulative distribution function with parameter λH s

i
eval-

uated at xCSi j/∆x2. This allows us to calculate analytically the probability of error Pe for atom-
counting. For a multiple hypothesis test with M different hypotheses the maximum value for the
probability of error equals (M − 1)/M. This can be derived from the fact that when the decision
for a certain hypothesis between M different hypotheses is completely random, the probability
for a correct decision equals 1/M when assuming equal prior probabilities.
The probability of error and optimal experiment design can now be investigated for a a sim-
plified model and a realistic simulation experiment, using the analytical expressions for the
probability of error for both the binary and the multiple hypothesis test. The obtained results
for the proposed measures (peak intensities, scattering cross-sections, or STEM images) will be
compared.
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Figure 6.2: Conditional probability functions for a multiple hypothesis test of M = 30 for a Sr column
with D = 105 e−/Å2, for a detector collection range of 60 − 100 mrad and settings of Table 6.1 which are
explained in subsection 6.4.3.

6.4 Optimal experiment design

6.4.1 Analytical derivation for linear imaging model
In this subsection, the sum of Kullback-Leibler divergences and the probability of error for a
binary hypothesis test will be studied for a linear imaging model, i.e. a simple Gaussian model
that linearly increases with the number of atoms in the projected atomic column. The analysis
here will be done for the three different measures: STEM images, scattering cross-sections,
and peak intensities. Distinguishing between n and n + 1 atoms can be formulated as a binary
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hypothesis test as in Eq. (6.1). An isolated atomic column is considered for the linear imaging
model. The parameters of the Gaussian model corresponding to a single atom equal ρ = 0.5 Å
and η = 1. This Gaussian shape has been simulated in the centre of a two-dimensional grid
consisting of K × L = 21× 21 pixels having a pixel size ∆x = ∆y = 0.2 Å. This simulation then
corresponds to the fraction of intensity with respect to the incoming electron beam of a single
atom in a projected atomic column. This building block ∆Ikl for the linear imaging model is
illustrated in Fig. 6.3. The sum of Kullback-Leibler divergences and probability of error can be
calculated analytically for this model for the three different measures.
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Figure 6.3: Building block of the linear imaging model. Normalised intensity for 1 atom in a projected
atomic column ∆Ikl.

Peak intensities

For the linear imaging model, the expected value for the peak intensities λPI
Hi

can be reformulated
as follows:

EHi

[
ωPI

]
= λPI

Hi
= NpnHi∆IPI (6.39)

where Np denotes the incident electron dose per pixel and ∆IPI the pixel value at the position of
the atomic column of the simulated Gauss corresponding to a single atom, i.e. the increase in
peak intensity for a single atom. The sum of Kullback-Leibler divergences given by Eq. (6.31)
then equals:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
=

(
NpnH1∆IPI − NpnH0∆IPI

) (
ln

(
NpnH1∆IPI

)
− ln

(
NpnH0∆IPI

))
=Np∆IPI (nH1 − nH0

)
ln

(
nH1

nH0

)
. (6.40)

For the detection of the difference of a single atom, the expression for the sum of Kullback-
Leibler divergences reduces to:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
= Np∆IPI ln

(
n + 1

n

)
. (6.41)
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This expression linearly depends on the incident electron dose per pixel Np and the intensity
increase for a single atom ∆IPI at the atomic column position. The intensity increase for a single
atom ∆IPI at the atomic column position for the linear imaging model as described in Eq. (6.39),
depends on the atomic type Z and the STEM imaging conditions including the probe settings
and detector angles. The dependence of the number of atoms is determined by ln (n + 1/n).
This function decreases for an increasing number of atoms n.
The probability of error for the peak intensities is defined by Eq. (6.9) and takes also into
account the width of the probability distribution. The expected value (and variance) of the
peak intensities for the linear model having a conditional probability function given by Eq.
(6.7) equals Eq. (6.39). The intersection xPI between both probability distributions given by Eq.
(6.10) for the linear model equals:

xPI = Np∆IPI nH0 − nH1

ln
nH0
nH1

=
Np∆IPI

ln n+1
n

. (6.42)

Scattering cross-sections

Similar to the derivation of the sum of Kullback-Leibler divergences and the probability of
error for the peak intensities, these measures can be defined for the scattering cross-sections.
The expected scattering cross-section for the linear imaging model following Eqs. (6.12) and
(6.13) is given by:

EH0

[
ωCS

]
= CSn =

L∑
k=1

L∑
l=1

NpnH0∆Ikl∆x2 = NpnH0∆CS (6.43)

EH1

[
ωCS

]
= CSn+1 =

L∑
k=1

L∑
l=1

NpnH1∆Ikl∆x2 = NpnH1∆CS (6.44)

where ∆Ikl is the increase in intensity relative to the incident electron beam of the STEM image
at pixel (k, l) for a single atom and ∆CS corresponds to the normalised scattering cross-section
for a single atom, i.e. the increase in scattering cross-section for a single atom. The sum of
Kullback-Leibler divergences for the scattering cross-sections using the linear imaging model
is given by:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
=

(
NpnH1∆CS − NpnH0∆CS

) (
ln

(
NpnH1∆CS

)
− ln

(
NpnH0∆CS

))
=Np∆CS

(
nH1 − nH0

)
ln

(
nH1

nH1

)
. (6.45)

Also here, this expression can be rewritten for the detection of the difference of a single atom:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
= Np∆CS ln

(
n + 1

n

)
. (6.46)

This expression is similar to Eq. (6.41), but now linearly dependent of the increase in scattering
cross-section for a single atom ∆CS instead of the image intensity increase for a single atom at
the atomic column positions. The increase in scattering cross-section for a single atom ∆CS for
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the linear imaging model as described in Eq. (6.44) also depends on the atomic type Z and the
STEM imaging conditions such as the probe settings and detector angles.
The probability of error can be derived for the linear imaging model using Eq. (6.18). The
expected value for the scattering cross-sections equals Eq. (6.44), where the scattering cross-
sections have a probability function given by Eq. (6.16). The intersection between the two
probability functions underH0 andH1 given by Eq. (6.19) is then given by:

xCS = Np∆CS
nH0 − nH1

ln
nH0
nH1

=
Np∆CS

ln n+1
n

. (6.47)

STEM image

Finally, the sum of Kullback-Leibler divergences and probability of error for the linear imaging
model can be defined for STEM images. Here, the expected values at the pixel intensities (k, l)
of the STEM image for the linear imaging model correspond to:

EHi [ωkl] = λHi,kl = NpnHi∆Ikl. (6.48)

The sum of Kullback-Leibler divergences for the linear imaging model for the STEM images
equals:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
=

K∑
k=1

L∑
l=1

(
NpnH1∆Ikl − NpnH0∆Ikl

) (
ln

(
NpnH1∆Ikl

)
− ln

(
NpnH0∆Ikl

))
=

K∑
k=1

L∑
l=1

Np∆Ikl
(
nH1 − nH0

)
ln

(
nH1

nH0

)
=Np

∆CS
∆x2

(
nH1 − nH0

)
ln

(
nH1

nH0

)
. (6.49)

In the last line, the increase in scattering cross-section for a single atom as defined in Eq.
(6.44) is introduced. Like for the peak intensities and the scattering cross-sections, also here the
expression for the sum of Kullback-Leibler divergences is rewritten for detecting the difference
of a single atom:

D
(
pH1 , pH0

)
+ D

(
pH0 , pH1

)
=Np

∆CS
∆x2 ln

(
n + 1

n

)
. (6.50)

The sum of Kullback-Leibler divergences for the STEM images depends on the scattering cross-
sections and the magnification via the pixel size ∆x.
The probability of error for the STEM images is given by Eq. (6.27). Whereas the sum of
Kullback-Leibler divergences quantifies the distance between the two expected log-likelihood
ratios, the probability of error quantifies the overlapping area between the distributions of the
two log-likelihood ratios. The mean and variance of the normally distributed log-likelihood
ratio are given by Eqs. (6.25) and (6.26):

µHi =

K∑
k=1

L∑
l=1

(
λHi,kl ln

λH1,kl

λH0,kl
− λH1,kl + λH0,kl

)
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=NpnHi

∆CS
∆x2 ln

n + 1
n
−

Np∆CS
∆x2 (6.51)

σ2
Hi

=

K∑
k=1

L∑
l=1

λHi,kl

(
ln
λH1,kl

λH0,kl

)2

=NpnHi

∆CS
∆x2

(
ln

n + 1
n

)2

. (6.52)

The difference of the expected values of the log-likelihood ratio of Eq. (6.51) again corresponds
to the sum of Kullback-Leibler divergences as derived in Eq. (6.50).

Discussion of the results

The analytical expressions of the sum of Kullback-Leibler divergences given by Eqs. (6.41),
(6.46), and (6.50) and the probability of error for equal prior probabilities given by Eqs. (6.9),
(6.18), and (6.27) for the linear imaging model will be used to calculate these measures as a
function of the number of atoms and the incident electron dose. The results of this analysis are
shown in Figs. 6.4 and 6.5. Fig. 6.4 shows the sum of Kullback-Leibler divergences and the
probability of error as a function of the number of atoms nH0 for an incident electron dose of
104 e−/Å2. In Fig. 6.5 the sum of Kullback-Leibler divergences and the probability of error is
shown as a function of the incident electron dose for nH0 = 10 atoms. From these figures, it
is clear that when the sum of Kullback-Leibler divergences increases, the probability of error
decreases. Although, the analytical expressions of the Kullback-Leibler divergences are more
easily to interpret as compared to the expressions for the probability of error, it can be seen from
Figs. 6.4 and 6.5 that it is necessary to include the overlap of the distributions to compare dif-
ferent measures (peak intensities, scattering cross-sections, and STEM images) mutually. From
Figs. 6.4(b) and 6.5(b) it can be concluded that the scattering cross-sections perform equally
well as the STEM images and prove more robust than peak intensities, whereas this conclusion
could not be drawn from the sum of Kullback-Leibler divergences shown in Figs. 6.4(a) and
6.5(a). This can also be seen from Eqs. (6.46) and (6.50) for the sum of Kullback-Leibler di-
vergences where an extra factor 1/∆x2 is present in the expression for the STEM images. This
explains the higher value of the sum of Kullback-Leibler divergences for the STEM images.
For the calculation of probability of error, the width of the probability distributions is also taken
into account. The increased width of the probability distributions for the STEM images com-
pensates the increased distance between the distributions. As such, the probability of error for
the scattering cross-sections equals the probability of error for the STEM images.
The probability of error increases with the number of atoms as can be seen from Fig. 6.4(b),
meaning that it is easier to differentiate e.g. between 1 and 2 atoms as compared to 20 and 21
atoms. As expected, the probability of error decreases for an increasing incident electron dose
as shown in Fig. 6.5(b). Figs. 6.4(b) and 6.5(b) can be combined into one summarising graph,
where the probability of error is shown for different levels as a function of the number of atoms
and the incident electron dose. This graph is shown in Fig. 6.6 for the scattering cross-sections
or STEM images. From this figure, the minimally required incident electron dose for a certain
probability of error can be deduced for a certain number of atoms.
In this subsection, a preliminary example for the probability error for atom-counting for a lin-
ear imaging model has been discussed. In the following subsections, the probability of error
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will be calculated for realistic detailed STEM simulations. The sum of Kullback-Leibler diver-
gences will no longer be considered since it has been shown for this preliminary example that
the probability of error provides us a better insight into the precision that can be obtained for
atom-counting.

0 20 40 60 80 100
10

-2

10
-1

10
0

10
1

10
2

number of atoms

su
m

 o
f K

ul
lb

ac
k-

Le
ib

le
r d

iv
er

ge
nc

es

 

 
images
cross-sections
peak intensities

(a) sum of Kullback-Leibler divergences

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

number of atoms

pr
ob

ab
ili

ty
 o

f e
rro

r
 

 

images
cross-sections
peak intensities

(b) probability of error

Figure 6.4: Sum of Kullback-Leibler divergences and probability of error as a function of the number
of atoms nH0 in a projected atomic column for STEM images (blue squares), scattering cross-sections
(red dots), and peak intensities (green crosses) for an incident electron dose of 104 e−/Å2 using a linear
imaging model.
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Figure 6.5: Sum of Kullback-Leibler divergences and probability of error as a function of the incident
electron dose for STEM images (blue squares), scattering cross-sections (red dots), and peak intensities
(green crosses) for nH0 = 10 atoms using a linear imaging model.
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Figure 6.6: Probability of error as a function of the number of atoms nH0 and the incident electron dose
for the scattering cross-sections or STEM images using a linear imaging model.

6.4.2 General analytical expression for scattering cross-sections
Similar to the analytical derivation for the linear imaging model, the probability of error can be
evaluated analytically for a general model. This will be done in this subsection for the scattering
cross-sections, since they seem to prove more robust than peak intensities and perform similar
as STEM images based on the results of the linear imaging model. From Fig. 6.1(b), it can be
seen that the probability of error decreases if the two distributions are more separated. A high
difference between the expected values is therefore desired, as well as small values for the width
of the distributions. The difference between the expected values of ωCS for each hypothesis can
be expressed as:

EH1

[
ωCS

]
− EH0

[
ωCS

]
=

(
CSn + ∆CSn,n+1

)
− CSn = ∆CSn,n+1 (6.53)

with ∆CSn,n+1 the expected difference in scattering cross-section between two columns having n
and n + 1 atoms. The difference in expected values of ωCS for each hypothesis equals ∆CSn,n+1.
However, when ∆CSn,n+1 increases, the variances also increase. The variances are calculated
from the probability distribution given by Eq. (6.16) and can be expressed as:

varH0

[
ωCS

]
=CSn · ∆x2 (6.54)

varH1

[
ωCS

]
=

(
CSn + ∆CSn,n+1

)
· ∆x2. (6.55)

Since the width of the distribution is proportional to
√

CSn and
√

CSn + ∆CSn,n+1 for H0 and
H1 respectively, the probability of error will become smaller for increasing ∆CSn,n+1, that is
when the difference in scattering cross-section between two atomic columns increases.
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6.4.3 Simulation experiments
In this and the next subsections, the results of a realistic simulation study will be presented. This
study has been performed in order to investigate the probability of error defined in section 6.2
to evaluate and optimise the inner and outer detector radii of an annular STEM detector in terms
of quantitative atom-counting. Simulations of STEM images are performed for a 30 nm thick
SrTiO3 crystal, i.e. a thickness of 75 atoms, using the STEMsim software [Rosenauer 2008],
for an aberration-corrected microscope at Scherzer defocus. The multislice approach is used in
which thermal diffuse scattering is included as an absorptive potential. The simulation param-
eters which are used are listed in Table 6.1. The values for the Debye-Waller factors are taken
from [Abramov 1995, Peng 1997].

Parameter Symbol Value
Acceleration voltage V (kV) 300
Defocus ε (Å) -14.03
Spherical aberration Cs (mm) 0.001
Spherical aberration of fifth order C5 (mm) 0
Objective aperture angle α (mrad) 20
Spatial incoherence of source FWHM (Å) 0.7
Size of the supercell Na × Nb (nm2) 4.3 × 4.3
Slice thickness zslice (Å) 1.95
Debye-Waller factor Sr B (Å2) 0.6214
Debye-Waller factor Ti B (Å2) 0.4398
Debye-Waller factor O B (Å2) 0.7323
Pixel size ∆x (Å) 0.1562
Total number of scanned pixels K × L 25 × 25

Table 6.1: Parameter values used in the simulation software STEMsim [Rosenauer 2008].

6.4.4 Results from binary hypothesis test
In Fig. 6.7, the results for the probability of error from a binary hypothesis test with equal prior
probabilities, defined by Eq. (6.2) are shown as a function of the number of atoms nH0 in a Sr
column for the three proposed measures and for two different incident electron doses. The dose
only changes the value of the probability of error; for higher electron dose, the probability of
error becomes lower. It can be seen that the probability of error increases for an increasing
number of atoms in a similar way as for the linear imaging model of which the results are
shown in Fig. 6.4(b). This means that it is easier to differentiate between 1 and 2 atoms than
to differentiate between 75 and 76 atoms in a column. Another important conclusion that can
be drawn from this figure for the realistic simulations concerns the different results for the
three measures which are considered. For the linear imaging model discussed in subsection
6.4.1, the scattering cross-sections have the same probability of error as the STEM images.
Also for the detailed image simulation analysed here, the probability of error for the scattering
cross-sections (red dots) using Eq. (6.18) almost equals the probability of error for the STEM
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image (blue squares) for which Eq. (6.27) is used, whereas the probability of error for the
peak intensities (green crosses), computed using Eq. (6.9) is significantly larger. This means
that the scattering cross-sections contain almost the same amount of information as the images
themselves in terms of atom-counting, provided that the scattering cross-sections monotonically
increase with number of atoms. Thus, the detailed profiles of the atomic columns do not add
extra information for atom-counting. These differences can only be detected when using the
images, since the scattering cross-sections sum all the pixel values in a Voronoi cell in the image
into one number defined by Eq. (6.11). This result is very beneficial since the scattering cross-
sections are now often used as a measure to analyse the number of atoms in an atomic column
and in addition the scattering cross-sections are far more robust to compare with simulations.
Scattering cross-sections are independent of the FWHM of the source size uses, the defocus and
other parameters [E 2013, Martinez 2014a].
In Fig. 6.8, the probability of error is shown as a function of the inner detector radius with
a fixed outer detector radius of 100 mrad. The incident dose is chosen such that the values
for the probability of error cover the whole range of values between 0 and 0.5. The optimal
inner detector angle is not affected by the selected electron dose. In Fig. 6.8(a), results for Pe

are shown for nH0 = 1 for the three different measures for a Sr column. From this, it can be
concluded that the optimal inner detector radius equals 21 mrad since the probability of error
reaches a minimum here, suggesting that imaging in the LAADF STEM regime is optimal for
atom-counting, since the objective aperture angle equals 20 mrad. However, when choosing
nH0 = 75, the optimal inner detector radius increases to 28 mrad, as can be seen in Fig. 6.8(b).
For this value of nH0 = 75, an inner detector radius of 21 mrad can definitely not be considered
as an optimum, whereas for nH0 = 1 an inner detector angle of 28 mrad is near-optimal for
atom-counting. Because the optimal detector design depends on the choice of the hypotheses,
we should move on toward multiple hypothesis testing as already suggested in section 6.2
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Figure 6.7: Probability of error as a function of the number of atoms in a Sr column with D = 105 e−/Å2,
for a detector collection range of 60 − 100 mrad using a binary hypothesis test.
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(a) nH0 = 1 and D = 103 e−/Å2
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(b) nH0 = 75 and D = 106 e−/Å2

Figure 6.8: Probability of error for a Sr column as a function of the inner detector angle with a fixed
outer detector radius (100 mrad) using a binary hypothesis test.

6.4.5 Results from multiple hypothesis test
When using a multiple hypothesis test, all possible numbers of atoms up to a certain thickness
of the atomic column are considered. Since it is demonstrated in subsection 6.4.4 that for
atom-counting the scattering cross-sections contain almost the same amount of information as
the images, we proceed here with the scattering cross-sections, which are used in practice, as
shown in the previous chapters. It can also be shown that in the case of a multiple hypothesis
test the general optimal detector design does not drastically changes when using STEM images.
Using Eq. (6.38), it is possible to determine the optimal detector design for the STEM detector
in terms of inner and outer detector radius. Therefore, the probability of error is calculated
for the different atomic columns in the SrTiO3 crystal, i.e. the Sr, TiO, and O-columns, for a
multiple hypothesis test with M = 15 hypotheses, i.e. for a thickness up to 15 atoms, and for
a test with 75 hypotheses, i.e. for a thickness up to M = 75 atoms and assuming equal prior
probabilities for the different hypotheses. Since the TiO column exists of an equal number of
Ti and O atoms, only counting of one type of atoms is considered. The results are shown in
Fig. 6.9 for the scattering cross-sections. The optimal detector angles do not critically depend
on the atom type. For a thickness of 15 atoms, the optimal detector design is LAADF STEM
with an inner detector radius of 21 mrad and the maximal outer detector radius of 100 mrad
considered in the simulations. The optimal inner detector angle changes for a thickness of 75
atom. Here, a minimum for the probability of error of a Sr column is found for an inner detector
angle of 28 mrad, for a TiO column for 33 mrad and for a O column for 30 mrad. Ideally, the
design should be optimised for counting every atom type. This can be done by minimising e.g.
an averaged probability of error for the three atomic column types.
The actual number of the probability of error not only depends on the choice of the detector
but also on the incident electron dose. Once the optimal detector design has been derived,
one can then be interested to investigate the lowest possible incident electron dose for which
the probability of error reaches an acceptable low value. Therefore, the probability of error is
computed as a function of the incident electron dose for scattering cross-sections, for the three
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different atomic columns present in SrTiO3. The results are shown in Fig. 6.10. It is clear from
this figure, as one could expect, that the probability of error decreases for an increasing electron
dose. The same trend was observed for the linear imaging model as shown in Fig. 6.5(b). If a
maximum probability of error of 20% would be taken as acceptable, then an electron dose of
105 e−/Å2 would be necessary. This can be of great importance if one wants to reduce beam
damage but at the same time still obtain an acceptable precision to count atoms.
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Figure 6.9: Probability of error for scattering cross-sections as a function of inner and outer detector
angle for the three different atom columns in SrTiO3 for D = 105 e−/Å2 using a multiple hypothesis test.
The upper and lower row show the results when the goal is to find the optimal settings when counting up
to M = 15 and M = 75 atoms, respectively.

6.5 Discussion
In order to understand the different obtained optimal designs for the different thicknesses shown
in Figs. 6.8 and 6.9, the values of the integrated scattering cross-sections are investigated for
three different detector designs for a Sr column. In Fig. 6.11(a) the normalised integrated scat-
tering cross-sections are shown as a function of thickness, i.e. the number of atoms in a Sr
column, for three different detector collection ranges. The red dots show the behaviour of the
scattering cross-sections for a collection range of 21−100 mrad, the blue squares give the result
for a detector collection range of 30 − 100 mrad, and the green crosses show the result for a
detector ranging from 60 − 100 mrad. There is a clear difference in the results for the three
detector settings, from which the optimal design shown in Fig. 6.9 can be understood. Up to a
thickness of 20 atoms in a Sr column, there is a monotone increase in the values of the integrated
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Figure 6.10: Probability of error as a function of incident electron dose for detector angles 30−100 mrad
and thickness of M = 75 atoms using a multiple hypothesis test.

scattering cross-sections. However, it is clear from the image that for a low inner detector angle
of 21 mrad, i.e. LAADF STEM, this increase is much steeper, which means that for this detec-
tor setting ∆CSn,n+1 from Eq. (6.53) is much larger than for the other detector setting shown.
For this reason the lower inner collection angle of 21 mrad turns out to be the optimal detector
design for a Sr column of 15 atoms thick as can be seen from the upper left figure of Fig. 6.9.
For Sr columns thicker than 20 atoms, however, there appears to be a different behaviour in
the scattering cross-sections for a detector collection range with a low inner detector angle of
21 mrad. The monotonic increase is interrupted by a sudden minimum, whereas for a higher
inner detecotr angle of 30 mrad and 60 mrad the scattering cross-sections still increase as a
function of thickness. This result shows us why for a thickness of 75 atoms in a Sr column,
the detector collection range with a higher inner collection angle of 30 mrad becomes benefi-
cial. Because the increase in scattering cross-sections for an inner detector angle of 30 mrad is
steeper compared to an inner detector angle of 60 mrad, it is clear that this latter will lead to a
higher probability of error and therefore does not result into the optimal design as can be seen
from the bottom left image in Fig. 6.9. In a similar way, the obtained optimal detector designs
for a TiO and pure O column given in Fig. 6.9 can be explained.
In order to understand why scattering cross-sections in the LAADF STEM regime no longer
increase monotonically with the number of atoms as compared to the MAADF and HAADF
regime, the coherent and incoherent contributions to the scattering cross-sections under differ-
ent combinations of inner and outer detector angles are considered separately. The simulation
software STEMsim allows one to save the coherent and incoherent contributions separately.
Following [Ishizuka 2002], both parts are described by different potentials which are normally
summed up in order to obtain the complete signal. In Fig. 6.11(b)-(d), the coherent and in-
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Figure 6.11: (a) Integrated scattering cross-sections (fraction of incident electron dose) as a function
of the number of atoms in a Sr column. The coherent and incoherent contribution to the scattering
cross-sections are shown for (b) 21 − 100 mrad, (c) 30 − 100 mrad, and (d) 60 − 100 mrad.

coherent contributions to the scattering cross-sections are separated for the different detector
collection ranges of 21 − 100 mrad, 30 − 100 mrad, and 60 − 100 mrad respectively. As can
be seen from Fig. 6.11(b), the coherent contribution to the scattering cross-section causes the
non-monotonic increase. The relative contribution of the coherent part to the scattering cross-
section decreases when increasing the inner detector angle as can be seen from Fig. 6.11(c) and
(d). This analysis shows that the optimal detector design can be understood from the values of
the scattering cross-sections, i.e. a combination of the coherent and incoherent contributions, as
a function of the number of atoms in a projected atomic column.

6.6 Conclusions
In this chapter, the principles of detection theory have been used for quantifying the probability
of error for atom-counting from HR STEM images. Therefore, binary hypothesis testing as well
as multiple hypothesis testing has been worked out for atom-counting. In this way, the limits to
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the precision with which the number of atoms in a projected atomic column can be estimated
are studied. The here-described method is put forward as a powerful tool that can be used to
optimise the design of an experiment by varying experimental parameters, such as the detector
collection range, according to the experimental possibilities. Furthermore, the exact optimal
experiment design will depend under the material under study. Nevertheless, the conclusions
from the study conducted in this chapter give some general guidelines on optimal experiment
design for atom-counting.
In this chapter, it is pointed out that the use of scattering cross-sections is afforded in the quanti-
tative analysis of HR STEM images when the goal is to count the number of atoms as precise as
possible. Scattering cross-sections perform almost equally well as compared to detailed STEM
images of a projected atomic column and they outperform peak intensities. Furthermore, it has
been shown that the probability of error increases for increasing number of atoms in the column.
In other words, it becomes more difficult to count the number of atoms in a projected atomic
column if the thickness increases. One could also use the proposed method of hypothesis testing
to determine the minimally required electron dose in order to attain a pre-specified precision.
In this way, beam damage can be kept to a minimum. Finally, it is shown that the optimal in-
ner detector angle increases for increasing thickness when deriving the optimal STEM detector
design for atom-counting.



7
General conclusions and future

perspectives

In this thesis, atomic scale aberration corrected (scanning) transmission electron microscopy is
pushed toward precise measurements of unknown structure parameters using advanced statisti-
cal techniques in a model-based framework. For this purpose, statistical parameter estimation
theory has extensively been used. The aim of this theory is to measure unknown structure pa-
rameters, including atomic column positions and the number of atoms, as accurate and precise
as possible from experimental images. The starting-point is the availability of a parametric
model describing the expectations of the images. It has been assumed that the image intensities
in high-resolution (S)TEM images can be described by a superposition of Gaussian functions
peaked at the atomic column positions. The unknown parameters of this model, i.e. the position
coordinates, the width, and the height of these Gaussian functions, are estimated by fitting this
model to the experimental images using a criterion of goodness of fit, the least squares sum,
which quantifies the similarity between the experimental images and the model.

The accuracy and precision with which structure parameters could be estimated using statistical
parameter estimation theory have been evaluated for a focal series of HR TEM images recorded
for exit wave reconstruction and for ADF STEM images. First, the attainable precision with
which the atomic column positions can be estimated using a focal series of HR TEM images
has been investigated. In theory, it was expected that the precision would considerably improve
using the maximum likelihood estimator based on the full series of focal images. As such,
the theoretical lower bound on the variances of the unknown atomic column positions can be
attained. However, this approach is numerically demanding. Therefore, maximum likelihood
estimation has been compared with the results obtained by fitting a model to the reconstructed
exit wave rather than to the full series of focal images. By means of simulations, it has been
shown that the reconstructed complex exit wave contains the same amount of information con-
cerning the atomic column positions as the full series of focal images. Only for thin samples,
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which act as weak phase objects, this information can be retrieved from the phase of the re-
constructed complex exit wave, which is often used only in quantitative studies of exit waves
reconstructed from a focal series of images.
Next, the accuracy and precision has been evaluated for the atomic column positions and the
scattering cross-sections for ADF STEM images. These scattering cross-sections correspond
to the volume under the estimated Gaussian function and have been shown to be an excellent
measure for interpreting the ADF STEM intensities in terms of number of atoms in a projected
atomic column. Using detailed ADF STEM multislice simulations, different noise realisations
have been obtained for different incident electron doses. It turned out that accurate and precise
measurements can be obtained for the estimated parameters of interest. Moreover, in this study
it has been shown that the theoretical lower bound on the variance could be attained for the esti-
mates of the scattering cross-sections and position coordinates using the least squares estimator.
This result is of great importance, since this means that the position coordinates and scattering
cross-sections are estimated with the highest possible precision from the ADF STEM images.
As summarised here, it has been shown that using statistical parameter estimation theory high
precision measurements for structure parameters can be obtained using the least squares esti-
mator. However, direct implementation of the least squares estimator in which all parameters
are estimated at the same time, limits the field of view for which the parameters of the ex-
pectation model can be estimated. Therefore, an efficient algorithm has been proposed for the
least squares estimation of the structure parameters. This algorithm allows one to analyse larger
nanostructures in a quantitative way. Such analysis has been employed in order to reconstruct
the 3D position and atom type of the atoms in a Au@Ag nanorod. In addition, displacement
maps have been formed for the atomic column positions in a five-fold-twinned decahedral Au
nanoparticle and for the Al columns within LaAlO3. These examples have illustrated the in-
creased possibilities for a quantitative analysis at the atomic scale with high precision by the
availability of the new algorithm.

In the second part of the thesis the focus of the work has been shifted toward nanoparticle atom-
counting from ADF STEM images using advanced statistical methods. First the possibilities
for counting the number of atoms of single element crystalline nanostructure in the dimension
perpendicular to the recorded image using a statistics-based method have been investigated. In
order to count the number of atoms, it is assumed that the total intensity of scattered electrons
scales with the number of atoms per atomic column. These so-called scattering cross-sections
are quantitatively determined using model-based statistical parameter estimation theory. The
distribution describing the probability that the scattering cross-sections are generated by atomic
columns containing a specific number of atoms is inferred on the basis of the experimental scat-
tering cross-sections. This probability distribution consists of normal components which are
smeared out due to a combination of experimental instabilities and detection noise. Finally, the
number of atoms can be quantified using this estimated probability distribution. This method
has been discussed in detail together with a thorough study on the inherent limitations. It has
been demonstrated that the number of atomic columns available in the observed STEM image,
the number of components in the estimated probability distribution, the width of the components
of the probability, and the typical shape of the criterion to assess the number of components in
the probability distribution directly affect the accuracy and precision with which the number
of atoms in a particular atomic column can be estimated. Nevertheless, it has been shown that
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single atom sensitivity is feasible taking the latter aspects into consideration.

In this thesis, it has been illustrated that the statistics-based atom-counting method should be
combined with another complementary method. Here, the method has been combined with a
simulation-based method. In the literature, both methods are independently proposed. The
simulation-based method uses libraries of simulated scattering cross-sections which can be
compared to normalised experimental scattering cross-sections. Although this approach is
straightforward, it critically depends on accurate knowledge of the experimental detector set-
tings and a priori structure information. In practice, these parameters require careful measure-
ment or calibration and are not always available, hence limiting the applicability of this method.
The statistics-based method can be used without prior knowledge concerning the structure, is
independent of simulations, and provides the percentage of atomic columns for which the num-
ber of atoms is identified with single atom sensitivity. However, the reliability also depends on
different parameters which can be linked with the quality of the recorded images. Therefore,
it has been concluded that only through a combination of the simulation- and statistics-based
method, being completely independent of each other, one is able to count atoms with trustwor-
thy single atom sensitivity.

One of the applications of the atom-counting method that has been investigated, is the determi-
nation of the number of atoms in a Au nanorod. In this analysis, the recorded image intensi-
ties have been normalised with respect to the incident beam by taking the detector sensitivity
into account. This places STEM experiments on the same absolute intensity scale as used in
theoretical image simulations. In order to validate the accuracy of the counting results, the ex-
perimental mean scattering cross-sections have been compared to the scattering cross-sections
obtained from detailed HAADF STEM simulations. An excellent match of the experimental
and simulated scattering cross-sections within the expected 5-10% error range has been found.
The statistical model-based method enables to quantify the precision of the atom-counting re-
sults. For this Au nanorod, it has been found that in 80% of all atomic columns the number of
atoms has been measured without error.
The atom-counting method has also been applied to a more challenging nanostructure, a Pt/Ir
mixed alloy nanoparticle. Conducting the atom-counting method on such a industrial bimetallic
catalyst provides a severe characterisation challenge because of the beam sensitivity and limited
size of these catalysts. It has been shown that only through a combination of thorough statistical
methods and detailed image simulations the limits of atom-counting can be diagnosed for this
type of particles. This combined analysis has also brought forward the inherent limitations of
the method which have been discussed earlier in a theoretical framework. From this study, it has
been concluded that the interplay of several effects can greatly impact the reliability of atom-
counting in quantitative ADF STEM. This includes parameters such as electron dose and lateral
sampling, but also aspects often beyond the control of the experimentalist, including particle tilt
and contrast contributions from the carbon support.

Finally, designing the optimal experiment for nanoparticle atom-counting can greatly enhance
the reliability of the atom-counting results, which is of great importance when studying beam
sensitive materials. Therefore, the principles of detection theory have been used to quantify the
probability of error for atom-counting for optimal experiment design. Binary as well as multiple
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hypotheses testing has been investigated in order to determine the limits to the precision with
which the number of atoms in a projected atomic column can be estimated. The probability
of error has been calculated for STEM images, scattering cross-sections, and peak intensities.
Based on this analysis, it has been concluded that the scattering cross-sections perform equally
well as images and prove more robust than peak intensities. The optimal STEM detector design
for atom-counting has also been derived using the expression for the probability of error. It
has been shown that for very thin objects a low angle annular dark field detector is optimal and
that for thicker objects the optimal inner detector angle of the annular detector increases. This
technique of hypothesis testing has also been used in order to determine the minimally required
electron dose in order to attain a pre-specified precision.

As a general conclusion it can be stated that advanced statistical techniques are ideal tools for
quantitative electron microscopy at the atomic scale. Obviously, the results presented in this
thesis are only an intermediate endpoint in the development of quantitative methods. Signifi-
cant improvements can be expected for the quantitative atom-counting method. So far, methods
for counting the number of atoms perform well only for single element crystalline structures
which are still relatively stable under the incident electron beam. As illustrated, the simulation-
and statistics-based approach for atom-counting have their own advantages and disadvantages
limiting the precision and accuracy that can be attained for the characterisation of challenging
nanostructures. In this thesis, both approaches are independently used next to each other in or-
der to validate counting results. However, it is envisaged that the development of a true hybrid
method which combines the benefits of a statistical analysis and a comparison with simulations
into the estimation of the probability distribution of the scattering cross-sections, will enhance
the performance of atom-counting from ADF STEM images. Furthermore, a giant leap forward
is expected if the number of atoms can be counted in mixed element nanostructures, since tech-
nologically important materials often consist of more than one chemical element. In this case,
different types of elements together constitute an atomic column. For mixed columns, all types
of elements will contribute differently to the scattering cross-section thus significantly compli-
cating atom-counting as compared for single element nanostructures. In order to unscramble
these mixed elements atomic columns novel quantitative methods should be explored. In addi-
tion, it is expected that significant advances can be made in the development of 3D reconstruc-
tion algorithms for electron tomography at the atomic scale using a synergistic combination
of atom-counting and compressive sensing reconstruction algorithms. In this way, quantitative
prior information on the number of atoms can be included during the reconstruction. Since the
atomic positions are not fixed during such a reconstruction, this will enable one to measure atom
positions in 3D.
As the work presented in this thesis opened up new possibilities for the characterisation of nano-
materials at the atomic scale, future developments of novel quantification methods will provide
once more a wealth of possibilities to study nanomaterials on a new level. This continuous
process helps step by step unravelling the unique link between structure and properties at the
atomic scale.
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[Grzelczak 2008] M. Grzelczak, J. Pérez-Juste, P. Mulvaney, and L. M. Liz-Marzán.
Shape control in gold nanoparticle synthesis. Chemical Society Re-
views, vol. 37, 1783–1791, 2008.

[Haider 1998a] M. Haider, H. Rose, S. Uhlemann, B. Kabius, and K. Urban. Towards
0.1 nm resolution with the first spherical corrected transmission elec-
tron microscope. Journal of Electron Microscopy, vol. 47, no. 5, 395–
405, 1998.

[Haider 1998b] M. Haider, S. Uhlemann, E. Schwan, H. Rose, B. Kabius, and K. Ur-
ban. Electron microscopy image enhanced. Nature, vol. 392, 768–769,
1998.

[Haider 2010] M. Haider, P. Hartel, H. Müller, S. Uhlemann, and J. Zach. Informa-
tion Transfer in a TEM Corrected for Spherical and Chromatic Aber-
ration. Microscopy and Microanalysis, vol. 16, 393–408, 2010.

[Haigh 2009] S. Haigh, H. Sawada, and A. I. Kirkland. Optimal tilt magnitude de-
termination for aberration-corrected super resolution exit wave re-
construction. Philosophical Transactions of the Royal Society A, vol.
367, 3755–3771, 2009.

[Hao 2014] X. Hao, J. Zhai, L. B. Kong, and Z. Xu. A comprehensive review on the
progress of lead zirconate-based antiferroelectric materials. Progress
in Materials Science, vol. 63, 1–57, 2014.

[Hartel 1996] P. Hartel, D. Rose, and C. Dinges. Conditions and reasons for inco-
herent imaging in STEM. Ultramicroscopy, vol. 63, 63–114, 1996.

[Hashimoto 2009] A. Hashimoto, M. Shimojo, K. Mitsuishi, and M. Takeguchi. Three-
dimensional imaging of carbon nanostructures by scanning confocal
electron microscopy. Journal of Applied Physics, vol. 106, 086101,
2009.



136

[Hashimoto 2010] A. Hashimoto, M. Shimojo, K. Mitsuishi, and M. Takeguchi. Three-
Dimensional Optical Sectioning by Scanning Confocal Electron Mi-
croscopy with a Stage-Scanning System. Microscopy and Microanal-
ysis, vol. 16, 233–238, 2010.

[Hasselblad 1969] V. Hasselblad. Estimation of Finite Mixture of Distributions from the
Exponential Family. Journal of the American Statistical Association,
vol. 64, 1459–1471, 1969.

[Hawkes 1992] P. W. Hawkes. Electron Tomography: Three-dimensional imaging
with the transmission electron microscope, The electron microscope
as a structure projector. Plenum Press, 1992.

[Henderson 1995] R. Henderson. The potential and limitations of neutrons, electrons
and X-rays for atomic resolution microscopy of unstained biological
molecules. Quarterly Reviews of Biophysics, vol. 28, 171–193, 1995.

[Henglein 2000] A. Henglein. Preparation and optical absorption spectra of Au core-
Pt shell and Pt core-Au shell colloidal nanoparticles in aqueous solu-
tion. Journal of Physical Chemistry B, vol. 104, 2201–2203, 2000.

[Heron 2014] J. T. Heron, D. G. Schlom, and R. Ramesh. Electric field control
of magnetism using BiFeO3-based heterostructures. Applied Physics
Reviews, vol. 1, no. 021303, 2014.

[Herrmann 1997] K.-H. Herrmann. Handbook of Microscopy - Applications in Mate-
rials Science, Solid-State Physics and Chemistry, Methods II, Image
recording in microscopy, 885–921. Weinheim VCH, 1997.

[Hodak 2000] J. H. Hodak, A. Henglein, and G. V. Hartland. Coherent excitation
of acoustic breathing modes in bimetallic core-shell nanoparticles.
Journal of Physical Chemistry B, vol. 104, 5053–5055, 2000.

[Houben 2006] L. Houben, A. Thust, and K. Urban. Atomic-precision determination
of the reconstruction of a 90◦ tilt boundary in YBa2Cu3O7−δ by aber-
ration corrected HRTEM. Ultramicroscopy, vol. 106, 200–214, 2006.

[Hovden 2012] R. Hovden, and D. A. Muller. Efficient elastic imaging of single atoms
on ultrathin supports in a scanning transmission electron microscope.
Ultramicroscopy, vol. 109, 59–65, 2012.

[Hsieh 2004] W.-K. Hsieh, F.-R. Chen, J.-J. Kai, and A. I. Kirkland. Resolution
extension and exit wave reconstruction in complex HREM. Ultrami-
croscopy, vol. 98, 99–114, 2004.

[Huang 2010] T. Huang, and X.-H. N. Xu. Synthesis and characterization of
tunable rainbow colored colloidal silver nanoparticles using single-
nanoparticle plasmonic microscopy and spectroscopy. Journal of Ma-
terials Chemistry, vol. 20, 9867–9876, 2010.



Bibliography 137

[Huijben 2006] M. Huijben, Rijnders G., D. H. A. Blank, S. Bals, S. Van Aert, J. Ver-
beeck, G. Van Tendeloo, A. Brinkman, and H. Hilgenskamp. Elec-
tronically coupled complementary interfaces between perovskite band
insulators. Nature Materials, vol. 5, 556–560, 2006.
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List of symbols and abbreviations

Roman characters

Character Page Explanation

ami 24 column dependent width of the function φ1s,m(r − βm)
B 35 Debye-Waller factor
Cs 35 spherical aberration constant
C5 35 spherical aberration of 5th order
CSn 106 expected scattering cross-section for n atoms in a column
D1s 25 extinction distance
D

(
pH1 , pH0

)
108 Kullback-Leibler divergence from pH1 to pH0

d 28 interatomic distance
63 number of parameters in the Gaussian mixture model

E 17 expected value
E0 24 incident electron energy
E1s,mi 24 energy of the 1s-state
EN(τ̂) 63 entropy associated with Gaussian mixture model
Fθ 19 Fisher information matrix
Frs 19 (r, s)th element of the Fisher information matrix
F−1
θ 19 inverse of the Fisher information matrix

F̂θ 34 estimated Fisher information matrix
F (x; λ) 104 cumulative distribution function of the Poisson distribution with param-

eter λ evaluated at x
fkl(θ) 17 expectation model as a function of the unknown parameters
f c
kl(θ) 26 expectation model as a function of the unknown parameters for the com-

plex exit wave
f i,m
kl 27 expectation model as a function of the unknown parameters for the im-

age intensity of the mth image of a focal series
f p
kl(θ) 26 expectation model as a function of the unknown parameters for the

phase of the exit wave
fmix

(
V̂; ΨG

)
60 probability density function of a Gaussian mixture model having G

components
G 20 length of vector function of vector parameters

60 number of Gaussian components in Gaussian mixture model
g 20 index
H0 103 null hypothesis
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H1 103 alternative hypothesis
I(r, z; Cs, εm) 27 intensity in the image plane
Idet 85 mean number of counts generated by the probe hitting the detector area
Iexp 85 experimental STEM image intensities
Inorm 27 normalisation factor

85 normalised STEM image intensities
Ivac 85 mean number of counts in the vacuum due to the detector’s amplifier

offset
i 18 index
j 45 number of iteration in efficient fitting algorithm
K 17 number of pixels in x-direction of a HR(S)TEM image
k 17 index
L 17 number of pixels in y-direction of a HR(S)TEM image
L(t) 21 likelihood function
L(ΨG) 61 likelihood function of parameter vector ΨG

l 17 index
ln LR

(
ωIm

)
107 log likelihood ratio of ωIm

M 28 number of focal images
m 27 index for mth image of focal series
mi 18 index: mth column of type i
N 44 total number of atomic columns in HR(S)TEM image

37 sample size
Nd 27 incident electron dose per area
Np 35 incident electron dose per pixel
N/G 69 number of observations per component in the Gaussian mixture model
n 44 index: nth column

103 number of atoms in a projected atomic column
nH0 103 number of atoms in a column under the null hypothesis
nH1 103 number of atoms in a column under the alternative hypothesis
P(Ig|φg) 73 posterior probability with which a scattering cross-section belonging to

component φg resides in Ig

P(φg|Ig) 73 posterior probability that a scattering cross-section belonging to Ig

stems from component φg

Pe 103 probability of error
P (Hi) 103 prior probability associated withHi

P
(
Hi|H j

)
103 conditional probability of decidingHi whenH j is true

p(ω) 17 (joint) probability density function
pCs(r; Cs) 25 point spread function for spherical aberration
pεs(r; εm) 25 point spread function for defocus
p (ω;Hi) 103 conditional probability function assumingHi to be true
pHi 108 p (ω;Hi)
R 17 number of parameters in the vector θ
r 17 index

63 scaling parameter
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r 24 two-dimensional vector in the exit plane of the object, perpendicular to
the incident beam direction

s 19 index
sβx 37 standard deviation of x-coordinate
sV 37 standard deviation of scattering cross-section
s2
βx

37 sample variance of x-coordinate
s2

V 37 sample variance of scattering cross-section
t 21 vector of independent variables
t1− α2 ,N−1 37 1− α

2 -quantile of the Student’s t distribution with N − 1 degrees of free-
dom

Vn 60 stochastic variable for the scattering cross-section of nth atomic column
V̂n 105 estimated scattering cross-section of nth atomic column
V̄ 37 sample mean of the scattering cross-section
V 77 vector of the stochastic variables for the scattering cross-sections
V0 28 accelerating voltage
w 17 vector of the available observations
wkl 17 observation at the pixel value (k, l)
wIkl 26 observation of the imaginary part of the complex exit wave at the pixel

value (k, l)
wRkl 26 observation of the real part of the complex exit wave at the pixel value

(k, l)
xk 18 x-coordinate at the pixel value (k, l)
yl 18 y-coordinate at the pixel value (k, l)
Z 28 atomic number
z 35 object thickness

Greek characters

Character Page Explanation

α 35 objective aperture angle
37 significance level

α 45 non-linear parameters of the expectation model
βxmi

18 x-coordinate of the mith atomic column
βxn 44 x-coordinate of the nth atomic column
βymi

18 y-coordinate of the mith atomic column
βyn 44 y-coordinate of the nth atomic column
β̄x 37 sample mean of the x-coordinate
β1 3 inner collection angle
β2 4 outer collection angle
γ 28 focal step
γ(θ) 20 function of the parameters θ
γ̂ 20 unbiased estimator of γ(θ)
∆CS 113 increase in scattering cross-section relative to the incident electron beam

for a single atom for a linear STEM imaging model
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∆Ikl 113 increase in intensity relative to the incident electron beam for a single
atom

∆IPI 112 increase in peak intensity relative to the incident electron beam for a
single atom for a linear STEM imaging model

∆x 35 pixel size in x-direction
∆y 35 pixel size in y-direction
δ 67 average increment between successive components of the Gaussian

mixture model
ε 35 defocus

28 mean focal value
εm 27 focal value of mth image of focal series
ζ 18 constant background
ζI 26 constant background of imaginary part of the complex exit wave
ζR 26 constant background of real part of the complex exit wave
ηmi 18 column intensity of the mith Gaussian peak
ηImi

26 column intensity of the mith Gaussian peak of the imaginary part of the
complex exit wave

ηRmi
26 column intensity of the mith Gaussian peak of the real part of the com-

plex exit wave
ηn 44 column intensity of the nth Gaussian peak
θ 17 vector of the true parameters
θ̂ 19 unbiased estimator of θ
θ̂ML 22 maximum likelihood estimator
θ̂LS 22 least squares estimator
λkl 18 expected value of the Poisson distribution at the pixel (k, l)
λm

kl 27 expected value of the Poisson distribution at the pixel (k, l) of the mth
focal image

λ 24 electron wavelength
λPI
Hi

104 expectation value of the peak intensity underHi

λHi,kl 106 expectation values for the pixel intensities of a STEM image underHi

µ 17 expected value
µg 60 location of gth component in the Gaussian mixture model
µHi 108 expected value of normal distribution of ln LR

(
ωIm

)
underHi

ν 46 scaling factor
ξ 45 linear parameters of the expectation model
Φ(x) 108 cumulative distribution function of the standard normal distribution

evaluated at x
πg 60 mixing proportion of the gth component in the Gaussian mixture model
ρ 33 width of the atomic column for mono-type crystalline structures
ρi 18 column type dependent width of a Gaussian
ρn 44 width of the nth atomic column
σ 60 width of the components of the Gaussian mixture model
σ2 17 variance
σ̂2 34 estimated lower bound on the variance, estimated CRLB
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σeff 73 effective width of the normal components of the Gaussian mixture
model

σ/δ 67 relative width of the components of the Gaussian mixture model
σ2
Hi

108 variance of normal distribution of ln LR
(
ωIm

)
underHi

τg

(
V̂n; ΨG

)
61 posterior probability that the nth scattering cross-section V̂n belongs to

the gth components of the Gaussian mixture model
φg

(
V̂; µg, σ

)
61 normal component of the gth component in the Gaussian mixture model

φ1s,mi(r−βn) 24 eigenfunction of the 1s-state
χ2

1− α2 ,N−1 37 1 − α
2 -quantile of the χ2 distribution with N − 1 degrees of freedom

χ2
α
2 ,N−1 37 α

2 -quantile of the χ2 distribution with N − 1 degrees of freedom
ΨG 60 vector of the parameters of the Gaussian mixture model
ψex(r, z) 24 complex exit wave
ψim(r, z; Cs, εm) 25 image wave
ψint(r, z) 24 interaction wave
ω 17 vector of the stochastic variables of the observations w
ωkl 17 stochastic variable for the pixel (k, l)
ωPI 103 stochastic variable for the peak intensities
ωCS 103 stochastic variable for the scattering cross-sections
ωIm 103 stochastic variable for HR STEM image pixel values of a projected

atomic column

Abbreviations

Abbreviation Page Explanation

2D 3 two-dimensional
3D 3 three-dimensional
ADF 4 annular dark field
AIC 63 Akaike’s Information Criterion
BF 4 bright field
BIC 63 Bayesian Information Criterion
CLC 63 Classification Likelihood information Criterion
CCD 3 charge coupled device
CRLB 7 Cramér-Rao lower bound
EM 61 expectation maximisation
FWHM 35 full width half maximum
GIC 63 Generalised Information Criterion
HAADF 3 high angle annular dark field
HR(S)TEM 15 high-resolution (scanning) transmission electron microscopy
ICL 64 Integrated Classification Likelihood
LSE 22 least squares estimator
MLE 20 maximum likelihood estimator
PDF 6 probability density function
PF 6 probability function
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STEM 3 scanning transmission electron microscopy
(S)TEM 2 (scanning) transmission electron microscopy
TEM 3 transmission electron microscopy
WPOA 28 weak phase object approximation
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Samenvatting

De exacte structuur en chemische samenstelling bepalen de fysische eigenschappen van
nanomaterialen. Het is dan ook belangrijk om structuurparameters, zoals de atoomposities,
de atoomtypes en het aantal atomen te meten om het verband tussen de structuur en de
eigenschappen van materialen volledig te begrijpen. Door middel van atomaire resolutie
(raster)transmissie-elektronenmicroscopie ((S)TEM, (scanning) transmission electron mi-
croscopy) kan lokale informatie over de interne structuur van materialen worden verkregen.
De huidige microscopen zijn uitgerust met correctoren voor lensaberraties waardoor de visuele
interpretatie van de beelden is vereenvoudigd. Toch is het onmogelijk om structuurparameters
te meten enkel door een visuele interpretatie. Daarom wordt in deze studie getracht om
precieze metingen te verkrijgen uit atomaire resolutie aberratie gecorrigeerde (S)TEM beelden
met behulp van geavanceerde modelgebaseerde statistische methoden. Het eerste deel van
deze thesis concentreert zich voornamelijk op de methodologie voor deze kwantitatieve
aanpak. In het tweede deel zal worden onderzocht hoe het aantal atomen in een geprojecteerde
atoomkolom kan worden geteld.

Voor een kwantitatieve analyse wordt een fysisch model gebruikt dat afhankelijk is van onbe-
kende structuurparameters en dat de verwachtingen van de beelden beschrijft. Op deze manier
wordt kwantitatieve structuurbepaling herleid tot een statistisch parameterschattingsprobleem.
De pixelwaarden in de opgenomen beelden zijn dan de waarnemingen waaruit de structuurpa-
rameters geschat kunnen worden. Dit gebeurt door het model te fitten aan de experimentele
beelden gebruikmakende van een maat die de overeenkomst tussen het experimenteel beeld en
het model uitdrukt. De precisie waarmee de parameters geschat kunnen worden, wordt in de
limiet enkel bepaald door toevallige fluctuaties. Statistische parameterschattingstheorie levert
een theoretische ondergrens voor variantie van de parameters, namelijk de haalbare precisie
waarmee de intrinsieke limiet op de precisie wordt weergegeven. Dit concept kan gebruikt
worden om te bepalen op welke manier structuurparameters geschat kunnen worden uit de
beschikbare waarnemingen en om na te gaan of de hoogst haalbare precisie bereikt kan worden
door gebruik te maken van een welbepaalde schattingsmethode.
Eerst werd onderzocht op welke manier de atoomkolomposities zo nauwkeurig en precies mo-
gelijk geschat kunnen worden uit een serie beelden opgenomen bij verschillende focuswaarden.
Een zogenaamde focusserie wordt vaak opgenomen om de golffunctie aan het uittreevlak van
het object te reconstrueren. Deze uittreegolf is eenduidig gerelateerd aan de objectstructuur.
Gebruikmakende van simulaties werd duidelijk dat de gereconstrueerde complexe uittreegolf
dezelfde hoeveelheid informatie bevat als de beelden van de volledige focusserie. Bovendien
kon aangetoond worden dat dezelfde hoeveeldheid informatie kan worden verkregen uit de
fase van de gereconstrueerde uittreegolf voor dunne specimens waarvoor de benadering voor
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zwakke faseobjecten geldt.
Verder werd de nauwkeurigheid en precisie van geschatte structuurparameters voor donker-
beeldvorming met een ringvormige detector (ADF, annular dark field) in STEM onderzocht.
Hiervoor werden de atoomkolomposities en de verstrooiingdoorsneden bekeken. Deze laatste
parameter beschrijft de totale intensiteit aan verstrooide elektronen door een atoomkolom en
kan gebruikt worden voor een kwantitatieve interpretatie van de beeldintensiteiten van de ADF
STEM beelden in termen van het atoomtype en het aantal atomen. Gebruikmakende van gede-
tailleerde simulaties kon worden aangetoond dat ook voor een lage invallende elektronendosis
de theoretische ondergrens op de variantie van de schattingen bereikt kon worden door de
structuurparameters te schatten met behulp van de kleinste kwadratenschatter.
De rechtstreekse implementatie van de kleinste kwadratenschatter waarbij alle parameters
gelijktijdig geschat worden is enkel mogelijk wanneer een beperkt aantal atoomkolommen
geanalyseerd moet worden. Daarom werd een efficiënt algoritme voorgesteld zodat struc-
tuurparameters over grotere gebieden gekwantificeerd kunnen worden. Het nieuwe algoritme
om ongekende stuctuurparameters te schatten werd toegepast op verschillende experimentele
data. Deze toepassingen illustreren de verscheidene mogelijkheden voor een kwantitatieve
analyse op atomaire schaal met hoge precisie die nu mogelijk zijn door het verbeterde algoritme.

Het tweede deel van deze thesis bespreekt een statistische methode om uit ADF STEM beelden
het aantal atomen van kristallijne nanostructuren met één atoomtype in detail te tellen samen
met een grondige studie van de mogelijkheden en de inherente beperkingen. Om het aan-
tal atomen te tellen wordt verondersteld dat de verstrooiingsdoorsnede schaalt met het aan-
tal atomen in een geprojecteerde atoomkolom. De verdeling die de kans beschrijft dat een
verstrooiingsdoorsnede afkomstig is van atoomkolommen met een bepaald aantal atomen kan
worden afgeleid uit de experimenteel gemeten verstrooiingsdoorsneden. Het aantal atomen in
een atoomkolom wordt dan bepaald aan de hand van de geschatte kansverdeling. Het aantal
atoomkolommen in het waargenomen STEM beeld, het aantal componenten in de geschatte
kansverdeling, de breedte van de componenten van de kansverdeling en de typische vorm van
een criterium dat gebruikt wordt om het aantal componenten in de kansverdeling te bepalen,
beı̈nvloeden rechtstreeks de nauwkeurigheid en precisie waarmee het aantal atomen in een spec-
ifieke atoomkolom kan worden geteld. Rekening houdend met deze resultaten kan theoretisch
aangetoond worden dat het aantal atomen zonder fout geteld kan worden.
Deze methode werd ook gebruikt om uit experimentele ADF STEM beelden van verschillende
nanostructuren het aantal atomen te tellen. Op deze manier kon ook experimenteel aange-
toond worden dat het aantal atomen zonder fout geteld kan worden in de meeste geanalyseerde
atoomkolommen. Uit deze experimentele analyses bleek ook dat de statistische methode moet
worden gebruikt in combinatie met een complementaire methode om de telresultaten te valide-
ren. Hiervoor werd voornamelijk een combinatie met een simulatiegebaseerde aanpak geı̈ntro-
duceerd. De experimentele verstrooiingsdoorsneden worden dan vergeleken met de gesimu-
leerde verstrooiingsdoorsneden bekomen met behulp van gedetailleerde STEM simulaties.
Ondanks dat kwantitatieve ADF STEM een krachtige methode is om nanodeeltjes te karakteri-
seren op atomaire schaal, kan de bepaling van de atomaire structuur nog steeds een uitdaging
vormen door de beperkte grootte en de stralingsgevoeligheid van deze deeltjes. Daarom is het
belangrijk om de inkomende elektronendosis te beperken. Nochtans zal dit ook de betrouw-
baarheid verminderen zoals experimenteel werd aangetoond voor het tellen van atomen in deze
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thesis. De limieten voor het tellen van het aantal atomen werden dan ook vastgesteld met behulp
van de combinatie van de volledig statistische methode en de gedetailleerde beeldsimulaties.
Als laatste werden de principes van detectietheorie gebruikt om de kans op een telfout te kwan-
tificeren voor STEM beelden. Binaire en meervoudige hypothesetoetsen werden bestudeerd om
de limieten voor de precisie te bepalen waarmee het aantal atomen geteld kan worden. De kans
op een telfout werd berekend voor verschillende criteria: STEM beelden op pixelgewijze basis,
verstrooiingsdoorsneden of piekintensiteiten. Op basis van deze analyse kon worden gecon-
cludeerd dat de verstrooiingsdoorsneden even goed presteren als de beelden, en beter presteren
dan de piekintensiteiten. Gebruikmakende van de kans op een telfout kunnen ook de optimale
detector instelling met betrekking tot het tellen van het aantal atomen worden afgeleid. Hieruit
blijkt dat voor dunne objecten donkerbeeldvorming met een ringvormige detector onder lage
hoek optimaal is en dat voor dikkere objecten de optimale binnenhoek van de detector toe-
neemt.
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