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Especially in atomic systems, it is now well established that exchange energy generally dominates correla-
tion effects. Therefore we focus here on the exchange energy density �x�r� as given in terms of the idempotent
Dirac density matrix. This is then brought into contact with the one-parameter form of Becke’s functional,
which corrects the local-density-approximation form −cx�n�r��4/3 with n�r� as the ground-state electron density,
cx= �3 /4�e2�3 /��1/3, by terms involving the dimensionless gradient ratio ��n�r�� /n4/3�r�. A particular nonrela-
tivistic model of the 10-electron Ne-like atomic ions, with large atomic number Z, is then compared to Becke’s
approximation to �x�r�.

DOI: 10.1103/PhysRevA.79.042506 PACS number�s�: 31.15.E�, 03.75.Ss, 05.30.Fk, 73.21.La

I. BACKGROUND

It is now well established for neutral atoms that the ex-
change energy generally dominates, numerically, the correla-
tion contribution �1�. Therefore there has been lately a resur-
gence of interest in the exchange energy Ex and the
corresponding exchange potential Vx�r� in density-functional
theory �DFT�.

A notable contribution in the above context is that of
Della Sala and Görling �2�, referred to here as DG who, on
the basis of the somewhat drastic assumption that the
Hartree-Fock determinant equaled its Kohn-Sham counter-
part, derived an integral equation for the exchange potential
Vx�r�. Howard and March �3� subsequently gave a formally
exact generalization of the DG result, but it involved a func-
tion they denoted by P�r�, for which only the sum rule

� P�r�dr = 0 �1�

is known.

II. EXCHANGE ENERGY IN TERMS OF THE
IDEMPOTENT DIRAC DENSITY MATRIX

In terms of the Slater-Kohn-Sham �SKS� �4,5� orbitals
�i�r� of DFT, one defines the ground-state Dirac density ma-
trix ��r ,r�� as �6�

��r,r�� = �
occ

�i
��r��i�r�� , �2�

which is clearly related to the �formally exact� ground-state
electron density n�r� by

n�r� = ��r,r���r=r�. �3�

Then, as was first written by Dirac �6�, the total exchange
energy, Ex say, is given by

Ex = −
e2

4
� ���r,r���2

�r − r��
drdr�. �4�

Below, we shall focus most attention on the exchange
energy density, denoted by �x�r�. Although its definition is
not unique, all choices must clearly satisfy the relation

Ex =� �x�r�dr . �5�

The most natural choice for exchange energy density is then,
from Eqs. �4� and �5�, given by

�x�r� = − �e2/4�� ���r,r���2

�r − r��
dr�, �6�

which Slater �4� adopted �also see Kleinman �7��. We will
mainly use this in the present paper; however, in Appendix A
an alternative form is given which can be shown to be a
functional of the electron density n�r�.

Let us consider now a 10-electron “atomic ion” model in
the nonrelativistic limit of large nuclear charge. The ex-
change energy density �x�r� in exact analytical form for an
atomic model studied by Howard et al. �8� will be exten-
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sively developed below. This describes a 10-electron Ne-like
nonrelativistic atomic ion in the limit of large atomic number
Z. Here the wave functions are hydrogenic, and the Dirac
density matrix entering Eq. �6� for the exchange energy den-
sity �x�r� is given analytically in the paper of March and
Santamaria �9�. First we used the exact �hydrogenic� ground-
state density n�r� as given in �8� to plot 4�r2�x�r� versus r in
Fig. 1, for the atomic number Z=92. Howard et al. �8� used
the analytical density matrix ��r ,r�� of �9�, which allowed
�x�r� to be obtained in exact analytical form for this model
when inserted in Eq. �5�. The asymptotic form at large r
given by one of us �10�, namely, �x�r� which tends to
−�e2 /2r�n�r�, is also plotted for comparison in Fig. 2.

III. COMPARISON OF THE SLATER-DIRAC FORMULA
(6) WITH A BECKE-TYPE GRADIENT-

CORRECTED LOCAL-DENSITY-APPROXIMATION
RESULT

Following the early proposal of Herman et al. �11� �see
also �12��, Becke �13� proposed to correct Dirac’s result �6�

�x
LDA�r� = − cx�n�r�	4/3, cx =

3

4
e2�3/��1/3 �7�

with a “partial sum” to infinite order of gradient terms of the
form ��n�r�� /n�r�4/3. Rather than focusing on the details of
Becke’s one-parameter expression �13�, we shall utilize be-
low the exact analytical form of �x�r� at large Z, which we
take throughout in all numerical examples to be 92, to test
the Becke-type gradient expansion. We embody Becke’s an-
satz in the proposal that for this particular 10-electron model

�x�r,Z� − �x
LDA�r,Z� = �x���n�/n4/3� �8�

and also define for use below

y�r,Z� = �n�r��4/3/��n� . �9�

Both �x�r ,92� and �x
LDA�r ,92� have been plotted in Fig. 3.

In Fig. 4, motivated by Becke’s assumption set out above,
we plot y�r ,Z� defined in Eq. �9� versus r for Z=92, by
inserting the March-Santamaria �9� density n�r�. We note
first that, for y�yc=0.23, r is a multiple-valued function of
y. Thus, as demonstrated explicitly in Fig. 5, for r�rc, it is
possible to extract �x�y� uniquely; the multivalued nature of r
for y�yc makes it quite clear that the Howard et al. form �8�
of �x−�x

LDA is a nonlocal functional of y in Eq. �9� �see also
�12��, even if higher derivatives of the density are ignored.
We turn next from the exchange energy density to the much
more difficult problem of the exchange potential Vx�r� in the
10-electron atomic ion model.

IV. EXCHANGE POTENTIAL FOR A NONRELATIVISTIC
10-ELECTRON ATOMIC ION IN THE LIMIT OF

LARGE ATOMIC NUMBER Z

To date, the functional derivative of �x with respect to
density, i.e., the exchange potential Vx�r�, is not known ana-
lytically for the 10-electron model for large Z. However, it is
available numerically from the work of Howard et al. �14�
�see Fig. 1 labeled: Coulomb: first iteration� who used the
optimized exchange potential �OEP� method.

Here, therefore, we shall bring this precise numerical re-
sult for Vx�r� for this model into contact with the parts of
Vx�r� already known which we summarize below. Dividing
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y�r, 92�

FIG. 4. �Color online� Dimensionless gradient ratio y�r ,92� de-
fined in Eq. �9� versus r in atomic units. The quantity y is mono-
tonic for r�rc=0.64.
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FIG. 1. �Color online� Comparison of −4�r2�x�r� �in units of
e2Z4 /a0

4� for Howard et al. �2.2� of �8� �solid curve� and LDA
�dashed curve� calculated from Eq. �7�. Horizontal axis: x=Zr /a0.
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FIG. 2. �Color online� Comparison of −�x�r� �in units of
e2Z4 /a0

4� taken from Eq. �3� of �8� �solid curve� and �e2 /2r�n�r�
�dashed curve� for large r. Horizontal axis: x=Zr /a0.
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FIG. 3. �Color online� �x�r ,92� �dashed curve� and �x
LDA�r ,92�

�solid curve� versus r �in a.u.�.
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Ex into the sum of three pieces, we have �12�

Vx
�1��r� =

�Ex
�1�

�n�r�
= −

10�e2

3
r2n�r� , �10�

Vx
�2��r� =

�Ex
�2�

�n�r�
=

70�e2

9
r2n�r� +

28�e2

9
r3n��r�

+
7�e2

27
r4n��r� +

56�e2

9
r4F�r� − I�2��r� , �11�

where all but the last term in �11� can be evaluated explicitly,
since n�r� and F�r� are known functions of Z and r. How-
ever, the last term is given by

I�2��r� =
224�2e2m

27	2 �
0




ds n�s�s6 �t�s�
�n�r�

�12�

and, unfortunately, the functional derivative in �12� is not yet
known completely for this model. �Only the contributions to
it from the 1s and 2s electrons have been estimated �8�.�

The third, and final, contribution Vx
�3��r� to the desired

exchange potential Vx�r� involves the same functional de-
rivative of t�s� and is given by

Vx
�3��r� = −

112�e2

3
r4F�r� −

32�e2

3
r5F��r� −

2�e2

3
r6F��r�

+ J�3��r� , �13�

where

J�3��r� =
64�2e2m

3	2 �
0




ds s2F�s�
�t�s�
�n�r�

. �14�

The quantities I�2��r� and J�3��r� are discussed further below.

Figure 6 shows the exchange contribution Vx
�1��r� versus r

for the 10-electron atomic ion with Z=92. It is, in essence,
the negative of the March-Santamaria radial ground-state
density 4�r2n�r�. Although it falls off at large r much more
rapidly than the OEP Vx�r�, it is encouraging that it shows
“structure” in the same range of r as for the OEP result.
However, it also heralds the fact that the OEP Vx�r� reflects a
rather sensitive interplay between the known Vx

�1��r� and the
incompletely known Vx

�2� and Vx
�3� and therefore it seemed to

be of interest to plot from Eq. �11� the quantity Vx
�2�+ I�2� in

Fig. 6. By using the OEP Vx�r�, Fig. 7 shows a rough plot of
I�2�−J�3��r� since Vx�r� is only available at present to graphi-
cal accuracy.

Exchange force −�Vx Õ�r

As discussed in more detail in Sec. V, the total exchange
energy Ex is related to the exchange force −�Vx /�r by a
virial-like relation. Furthermore, Howard et al. �14� also plot
−�Vx /�r versus r for Z=92 and this graph shows a number of
distinctive features. In Fig. 8 we compare −�Vx

�1��r� /�r with
points from the Coulomb curve in Fig. 3 of �14�. Again, as
with the exchange energy density, the correct Vx�r� is the
result of a precise balance among the components Vx

�i��r�,
where i=1,2 ,3.

V. USE OF A LEVY-PERDEW VIRIAL-LIKE RELATION
BETWEEN Ex AND THE EXCHANGE POTENTIAL

Vx(r)

Levy and Perdew �15� derived the important virial-like
relation between the total exchange energy Ex and the ex-
change potential Vx�r�,

Ex = −� n�r�r · �Vx�r�dr . �15�

Later, Nagy and March �16� performed an integration by
parts on �15�, setting the resulting contribution from the lim-
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FIG. 5. �Color online� Dimensionless ratio �x /�x
LDA versus y for

y in the monotonic region in Fig. 4.
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FIG. 6. �Color online� Vx
�1��r� �solid curve� and Vx

�2��r�+ I�2��r�
�dashed curve� versus r �a.u.�.
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FIG. 7. The functional integral I�2��r�−J�3��r� versus r �a.u.�.
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FIG. 8. �Color online� −�Vx
�1��r� /�r versus r �curve�. The dots

are results from �14� Fig. 2 �Z=92�.
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its to zero on physical grounds and obtained the result

Ex =� n�r�Vx�r�
3 + r ·
�n�r�
n�r� �dr . �16�

Let us consider now the application to 10-electron atomic
ion model, where spherical symmetry reduces Eq. �15� to the
form

Ex = −� n�r�r
�Vx

�r
dr . �17�

In Appendix A, the exchange energy is expressed as Ex

=�i=1
3 Ex

�i� and hence, since Vx=�Ex /�n�r�, we find

Ex = �
i=1

3

Ex
�i� = − �

i=1

3 � n�r�r
�Vx

�i��r�
�r

dr . �18�

Since Ex
�1� and Vx

�1��r� are known explicitly from Appendix A,
Eq. �A6� and Sec. IV, Eq. �10�, respectively, one has

Ex
�1� =� �x

�1�A�r�dr = −
5�

3
e2� r2n�r�dr �19�

and

Vx
�1� = −

10�

3
e2r2n�r� , �20�

and we can use the explicit form of n�r� to test whether Eq.
�15� relates Ex

�1� and �Vx
�1� /�r or whether Eq. �15� only holds

between �i=1
3 Ex

�i� and �i=1
3 Vx

�i��r�.
Since �Vx

�1� /�r from Eq. �10� is given by

�Vx
�1�

�r
= −

20�e2

3
rn�r� −

10�e2

3
r2n��r� , �21�

we find

−� n�r�r
�Vx

�1�

�r
dr = −

422 165

972
= − 434.326, �22�

which is precisely, for Z=92, in agreement with Ex
�1�=

−�18 355 /3888�Ze2 /a0 as reported in �8�.

VI. SUMMARY AND FUTURE DIRECTIONS

An exact analytical form for the exchange energy density
�x�r� defined in Eq. �6� was derived in �3� for nonrelativistic

Ne-like atomic ions in the limit of large nuclear charge Ze.
Here we have attempted to gain insight into the density-
functional form �x�n� in two ways. The first approach was
prompted by Fig. 1, which compares 4�r2�x�r� with the
local-density-approximation �LDA� form proportional to the
4/3 power of the ground-state electron density n�r�. Becke
�13� proposed correcting the ratio �x�r� /�x

LDA�r� by regarding
it as a function of the dimensionless gradient ratio y−1 as
defined in Eq. �9�. To examine this we have plotted y�r ,Z�
for the 10-electron atomic ion having Z=92 in Fig. 4 and it is
clear that below the region of y=yc, where there is multival-
ued behavior, y decreases monotonically with increasing r,
and in this range a Becke-type assumption can be made for-
mally exact. However, the existence of the multivalued re-
gion shows that, in the 10-electron ion case, either one must
take �x�r� /�x

LDA�r� to be a nonlocal functional of the Becke
gradient ratio �see also �12�� or include higher derivatives of
n�r� than simply �n�r�.

This then prompted the fuller investigation of the alterna-
tive form of exchange energy density �x

A�r�=�x
�1�A+�x

�2�A

+�x
�3�A, which is set out in some details in Appendix A and

illustrated in Figs. 9–12, having the merit that, in a formally
exact fashion, �x

A�n� exists �3�. But, the kinetic-energy den-
sity t�r� is involved through the function F�r� given in Eq.
�A8�. This suggested examining the difference �x�r�−�x

A�r�
vs r shown in Fig. 13. Unfortunately, we are unable at
present to express this difference as a function of n�r�, al-
though Fig. 14 indicates some definite shape similarities with
the Laplacian of the density �2n�r� which occurs as the dif-
ference between two common choices of kinetic-energy den-
sity.

We have next focused on the exchange potential Vx�r� for
the 10-electron ions. In Sec. IV this is expressed as the sum
of three parts, i.e., Vx�r�=�i=1

3 Vx
�i��r�. The first of these, in Eq.
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FIG. 9. �Color online� �x
�1�A�r� versus r �a.u.� in Eq. �A6� for

Z=92.
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FIG. 10. �Color online� �x
�2�A�r� versus r �a.u� in Eq. �A7� for

Z=92.
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FIG. 11. �Color online� �x
�3�A�r� versus r �a.u.� in Eq. �A12� for

Z=92.
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�10�, is essentially, in appropriate units, the radial density
4�r2n�r�. Unfortunately Vx

�2��r� in Eq. �11� and Vx
�3��r� in Eq.

�13� involve the kinetic-energy functional through I�2��r� in
Eq. �12� and J�3��r� in Eq. �14�. The difference I�2��r�
−J�3��r� entering the total exchange potential Vx�r� can for-
tunately be extracted from the OEP calculation made earlier
by Howard et al. �14�; the result is displayed in Fig. 7. What
all this shows is that the OEP result for Vx�r� comes from a
very delicate interplay among the three terms Vx

�i�, where i
=1,2 ,3 �see also Fig. 8�. The first term, Vx

�1��r� has the nice
property that, when related to the corresponding exchange
energy contribution Ex

�1�, given just below Eq. �22�, Ex
�1� and

Vx
�1��r� are precisely connected via the Levy-Perdew virial-

like result �15�.
Turning toward future work, it is clearly important to gain

further insight into the kinetic-energy density t in order to
attack the functional derivative �t�s� /�n�r� entering the ex-
change potential through Eqs. �11�–�14�. Further consider-
ation should naturally, in the future, be given to nonlocal
extensions of Becke’s result for the ratio �x /�x

LDA. The func-
tional derivative, of course, of any approximate exchange
energy density �x�n� is plainly sensitive to inaccuracies in the
latter. We feel that much work remains to be done on first-
principles studies of Vx�r� via the idempotent Dirac density
matrix ��r ,r��, which is, of course, the key tool employed in
the present study.
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APPENDIX A: ALTERNATIVE EXPRESSION FOR THE
EXCHANGE ENERGY DENSITY AT LARGE Z

From Eq. �2.2� of �11�, we have, for r→
,

�x�r� → −
e2�3

16�r
e−�r��r�2. �A1�

But,

n�r� →
�3

4�
e−�r1

2
��r�2, �A2�

so

�x�r� → −
e2

2r
n�r� �A3�

as predicted by March �10�.
However, as emphasized above, other definitions are pos-

sible for the exchange energy density than the “natural” one
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FIG. 13. �Color online� Difference between the exchange energy
density �x�r� from �8� and alternative form �x

A�r� in Appendix A for
Z=92.
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FIG. 14. �Color online� �2n�r� versus r �a.u.� for comparison
with the shape of �x�r�−�x

A�r� in Fig. 13.
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FIG. 15. �Color online� −4�r2�x
LDA versus r �a.u.� for the Ar-

gonlike ion with Z=92.
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FIG. 12. �Color online� Comparison of �x
A�r� �dashed curve�

with Eq. �2.2� of �8� for Z=92.
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adopted above. Thus we shall write �with A denoting “alter-
native”�

�x
A�r� = �x�r� + ��r� , �A4�

where ���r�dr=0 in order to obtain the exact exchange en-
ergy �8�

Ex = −
489 295

279 936
�Ze2/a0� = − 1.747 88Ze2/a0. �A5�

In order to adopt a specific choice for ��r�, we start with
Eqs. �3.1� and �3.2� of �8�. Then we can write, almost imme-
diately,

�x
�1�A�r� = −

5�

3
e2r2n2�r� , �A6�

�x
�2�A�r� = −

224�2

9
r4n�r�F�r� , �A7�

where �12�

F�r� =
n��r�

24
−

mt�r�
4	2 . �A8�

Here t�r� is the kinetic-energy density which, for the present
model, satisfies the Amovilli-March equation �17�,

�t�r�
�r

=
	2

8m
n��r� −

3	2n��r�
4r2m

−
3Ze2n�r�

2r2 . �A9�

It is important to stress that, although the theorems of
DFT assure us that

t�r�  t�n�r�� , �A10�

in fact the simple form of Eq. �A9� is reached by involving
the Coulomb force −�V�r� /�r with V�r�=−Ze2 /r, where

�V�r�
�r

=
Ze2

r2 . �A11�

Finally

�x
�3�A�r� = − 8�e2F2�r�r6. �A12�

Figures 9, 10, and 12 show plots of Eqs. �A6�, �A7�, and
�A12�, respectively. Figure 11 shows their sum, �x

A�r� com-
pared with Eq. �2.2� in �8�.

It is readily verified that although �x
A�r� falls off much

faster than �x�r� at large r, with the precise asymptotic form
�A3� given above, the volume integrals agree �to within 1%
due to round-off error�. We note that one particular choice of
��r� in Eq. �A4� which has zero volume integral is

��r� = const � �2n�r� . �A13�

We show below in Figs. 13 and 14 a plot of the difference
between �x�r� from �8� and �x

A�r� and a plot indicating the
shape of �2n�r�. There is some shape similarity and the po-
sitions of the nodes may be brought into coincidence by
using a scaled normalized density n�r�=3n�r� and form-
ing the Laplacian of n�r�.

APPENDIX B: GROUND-STATE ELECTRON DENSITY
FOR ARGONLIKE ATOMIC IONS IN THE LIMIT

OF LARGE ATOMIC NUMBER Z AND LDA EXCHANGE
POTENTIAL COMPARED WITH OPTIMIZED

EXCHANGE RESULT

This appendix is motivated by the calculation of the OEP
for the Argonlike series of atomic ions in the limit of large Z
�see �14� Fig. 4�. The ground-state density ns�r� is readily
obtained from the March-Santamaria �9� density nMS�r� as

ns�r� = nMS�r� + 2�3s
2 �r� + 6R31

2 �r� , �B1�

where �ns�r� denotes the normalized s-state wave function
for the closed shell of principal quantum number n while
R31�r� is the radial wave function for the n=3 p state. The
p-state density, i.e., n2p�r�+n3p�r� is given by using the radial
wave functions R21�r� and R31�r� �18�. We have

n�r,Z,N = 18� = nMS�r�

+
Z3

486�a0
3 �6 − 4Zr/a0 + 4Z2r2/9a0

2�2e−2Zr/3a0

+ n3p�r� �B2�

and �18�
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Vx
LDA�r�

FIG. 16. �Color online� The LDA exchange potential Vx
LDA�r�

versus r �a.u.� for the Ar-like ion with Z=96 �solid curve�. The dots
are the results from �14� Fig. 4. The dashed curve is the exact
asymptotic value for large r ,−e2 /r.
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FIG. 17. �Color online� Dimensionless ratio y�r ,Z� defined in
Eq. �9� for the Ar-like ion with Z=92.
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n3p�r� = 2��310
2 �r� + 2��311�r��2�

= 6R31
2 �r� =

1

96�
� 2Z

3a0
�2

�2�� − 4�2e−�, � =
2Z

3a0
r .

�B3�

Figure 15 shows the LDA radial exchange energy density
4�r2�x

LDA�r� as a function of r for Z=92, while Fig. 16 plots
the corresponding exchange potential

Vx
LDA�r� = −

4

3
cx�n�r��1/3 �B4�

for comparison with Vx
OEP�r�, which is estimated from Fig. 4

of �14�. In this plot we also show the asymptotic value e2 /r.
To complete this appendix, we plot the Becke-type quantity
y�r ,92�= �n�r��4/3 / ��n�r�� in Fig. 17.
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