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Chapter

1

Introduction

The use of X-ray diffraction (XRD) as an imaging tool is developed over the last
two decades to complement traditional elemental mapping techniques such as X-
ray fluorescence (XRF), energy dispersive spectroscopy (EDS), particle induced X-
ray emission (PIXE) and laser ablation (LA)-ICP-MS. Diffraction is an interference
phenomenon caused by elastic scattering of photons. Information on the scattering
material can in general be derived from interference patterns acquired by means of an
X-ray sensitive detector. In the case of X-ray diffraction from crystalline material, the
chemical species in that material can be identified and their relative abundance can be
calculated. X-ray diffraction can therefore be employed as a chemical species mapping
technique when combined with a scanning system similar to the elemental mapping
techniques mentioned above. Both two-dimensional mapping and tomography is
possible, analog to what can be achieved with X-ray fluorescence.

Several XRD imaging techniques exist, each of which is applicable to a specific
degree of granularity. Methods such as diffraction topography [1], rocking curve
imaging [2] or 2D/3D reciprocal space mapping [3] can be employed to map single
crystals to visualize for example the distribution of structural defects within a crystal.
When more than one crystal is present, three-dimensional grain mapping techniques
(three-dimensional XRD microscopy [4], XRD contrast tomography [5], differential
aperture X-ray microscopy [6]) allow the visualization of the grains along with some
of their properties such as the average elastic strain tensor. These techniques are not
applicable however to fine-grained material (typically micrometer sized grains), the
most common granularity encountered in environmental and earth sciences, material
science, chemistry and catalysis, cultural heritage, etc. When analyzing such material
in bulk, X-ray powder diffraction (XRPD) is the appropriate technique. The aim of
this thesis is to expand XRPD from a single-shot to an imaging technique suitable for
the analysis of fine-grained, multiphase material. This method will be referred to as
scanning X-ray powder diffraction.

For the successful analysis of XRPD data, the interaction volume between X-ray
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1. Introduction

beam and material must be large enough so that virtually all three-dimensional orien-
tations of crystallites are present for each compound. Since the spatial resolution of
scanning XRPD is defined by the beam size, applications that require a micrometer or
sub-micrometer resolution will employ an X-ray beam that does not guarantee this
requirement to be fulfilled. As a result, diffraction intensities do not only depend on
the amount of material present, but also on the orientation of the individual crystallites
in different parts of the material to be imaged.

Although the technical realization of scanning XRPD (2D or tomographic) is
straightforward, chemical species maps are only reported in relatively few studies
[7–24]. Most reports include species maps based on single diffraction signals without
taking the entire diffraction pattern into account. This approach might be sufficient in
cases without any coarse-grained material and diffraction signal overlap, but as will be
illustrated in Chapter 4 and Chapter 5, this is often not the case. Moreover it does not
provide an exhaustive method to identify all the crystalline phases in the thousands
of diffraction images typically recorded during a scanning XRPD experiment. And
finally, chemical species maps cannot be derived without the assurance that no signal
overlap will occur in any of the diffraction patterns.

These issues together with the granularity issue for micrometer or sub-micrometer
XRPD demand for dedicated data processing software. This manuscript will discuss
the implementation and application of xrdua, a software package designed for
the automated processing of diffraction patterns acquired during a scanning XRPD
experiment with an X-ray sensitive area detector.

Using the kinematic approximation, an expression is derived in Chapter 2 for
diffraction in three dimensions from a multiphase powder. This will serve as the basis
for all relations between observed diffraction patterns and crystalline structures. As
opposed to traditional derivations, a statistical treatment of X-ray sources and optics is
applied in order to account for experimental conditions that differ from traditional X-
ray diffractometry. Furthermore, as instrumental development advances, instrumental
Bragg peak broadening might not always be dominant over size and strain broadening.
Hence the maxima in the Laue interference function are not considered to be infinitely
thin, but they retain their Gaussian approximation throughout the derivation towards
the diffracted intensity equation. As a result, the Lorentz-Polarization factor, suitable
for scanning XRPD experiments with area detectors both at synchrotrons and in the
laboratory, is inherently included and does not need to be introduced afterwards.

Preliminary data processing steps such as calibration, spatial distortion correction
and azimuthal integration are described in Chapter 3. A notable difference with other
azimuthal integration software packages, is the treatment of the detector orientation
with respect to the primary X-ray beam. From an experimental diffraction pattern,
the detector orientation with respect to a sample reference frame can only be partially
described. Instead of three degrees of freedom, only two degrees of freedom can be
determined. The full description is required for polarization removal from synchrotron
data prior to azimuthal integration. The orientation of the plane of the synchrotron
storage ring in the diffraction image was chosen as the most accessible third degree of
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freedom which can be assigned manually.
A second difference with other azimuthal integration software packages is the

handling of incomplete Debye ring collection due to the position of the diffraction
camera and the presence of image artifacts such as zingers and saturation streaks.
Furthermore, xrdua also provides the possibility to select a custom azimuthal per-
centile instead of the usual integration. This can be used to eliminate diffraction from
larger, single crystals in a diffraction pattern of fine-grained material as discussed in
Chapter 4.

The second part of Chapter 3 describes the effect of azimuthal integration on
the three-dimensional diffracted intensity equation derived in Chapter 2. The result
will provide the means to relate experimental diffraction patterns to crystal structure
parameters. The determination of these parameters based on this relationship is
commonly known as Rietveld refinement. The treatment of space groups in xrdua
and related subjects (setting conversion, systematic absences, Wyckoff positions) is
also described in Chapter 2. Implementation details are provided in Appendix A.

Chemical species maps can be constructed by batch processing the acquired diffrac-
tion patterns with the information described briefly above. For this, a linear combina-
tion of several structural models (one for each chemical species) is constructed with
the aid of a method referred to as “explorative data processing”. The workflow of
this exhaustive identification process is illustrated in Chapter 4. The complete process
from raw data to the extraction of chemical species maps is described in detail for two
cases: a 2D scanning experiment of a painting and a 3D tomographic experiment of a
paint fragment.

Another unique ability of xrdua will be discussed in Chapter 4. Experimental
diffraction patterns can be modeled by structural models, mixed with semi-structural
(Pawley) and structureless (Pattern Decomposition) models. This will provide enough
flexibility to handle the presence of coarse-grained material as well as allow the
mapping of unknown chemical species.

To conclude, several case studies in which xrdua was employed, are described in
Chapter 5. Two studies fit in the field of cultural heritage: the visualization of hidden
paintings and the investigation of color degradation. Furthermore, the characteri-
zation of nickel catalysts for hydrogen production and depleted uranium particles
are highlighted. And finally, a comparison of different experimental scanning XRPD
setups is included.
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Chapter

2

Scattering theory in xrdua

Matter in its solid state often takes the form of a crystalline solid. In a crystal, atoms
are arranged in such a way that we can recognize patterns and periodicity in them.
Elastic scattering of X-rays from these materials results in interference patterns, often
referred to as diffraction patterns, which also show particular symmetry. The relation
between the symmetry of crystals and diffraction patterns will be discussed in this
introductory chapter.

However, to understand the relation between symmetry in crystals and diffraction
patterns, we first need to understand what kind of symmetry a crystal can possess.
For this, crystals can be mathematically described as subsets of three-dimensional
Euclidean point space [1], as their symmetry appears to be Euclidean. However not all
solid material shows symmetry in Euclidean space. Amorphous solids lack the long-
range order of crystals (where symmetry is extended over the entire crystal) but may
possess short-range symmetry (where symmetry is extended over a few atoms). There
are also crystals, called quasi-periodic crystals that possess symmetry in a Euclidean
space with a dimension higher than three or even in a non-Euclidean space [2]. In
this work we will only concern ourselves with long-range order symmetry in three-
dimensional Euclidean space.

In the course of this chapter we will often refer to Appendix B, which contains the
mathematical foundations of crystallography1. The reader is strongly encouraged to
go through this appendix before proceeding further.

2.1 The crystal structure
A crystal pattern is defined as a set of points in Euclidean point space such that all
translations that leave it invariant, form a lattice in Euclidean vector space (see Ap-
pendix B.8.5 of Appendix B). An example of a crystal pattern in two-dimensional

1The study of crystals and their symmetry.
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2. Scattering theory in xrdua

Euclidean point space is given in Figure 2.1(a), where the pattern is represented by
gray spheres. Translation of the entire pattern along one line segment or any combi-
nation of line segments, yields an identical pattern. We can find two line segments,
indicated by the green vectors, so that all translations can be described as a linear
combination of these two vectors with integer coefficients. Therefore the set of all these
translations that leave the pattern invariant, forms a lattice in Euclidean vector space
with the green vectors as primitive basis. According to our definition, this makes the
set of points in Figure 2.1(a) a crystal pattern.

(a) Crystal Pattern with four non-equivalent
points

(b) Crystal structure with one non-equivalent
atom

Figure 2.1: Crystal pattern, crystal structure and lattice translation.

A crystal structure is defined as a crystal pattern decorated with atoms and a crystal
can then be regarded as a finitely bound crystal structure. In Figure 2.1(b) a crystal
pattern is decorated with one atom (marked in red) which is then replicated by the
translation symmetry of the underlying lattice. Translation of this crystal structure over
any of its lattice vectors results in an identical crystal structure. As mentioned before,
the translational lattice leaves the crystal structure invariant. Consider now subsequent
rotations of the crystal structure over 120° around one of the grid nodes in Figure 2.1(b).
The resulting pattern is shown Figure 2.2(a). The red atom, used for decorating the
crystal pattern, is replicated by the rotations over 120°, resulting in two new atomic
positions, marked in green. In order not to break translation symmetry, this must
be repeated all over the crystal structure. We see now that not only the translational
lattice leaves this crystal structure invariant, but also subsequent rotations over 120°, or
any combination of rotations and lattice translations. The atoms that are mapped into
each other by lattice translations, are called translationally equivalent. In this example
we have three sets of translationally equivalent atoms. The atoms that are mapped into
each other by any combination of rotation and lattice translation, are called equivalent.
In this example, all atoms are equivalent and the set of atomic positions is called the
orbit of the reference atom (marked in red) under crystal symmetry.
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2.1. The crystal structure

(a) One atom replicated by rotations and lattice
translations

(b) The unit cell

Figure 2.2: Crystal structure and rotation symmetry.

We can now consider the crystal structure in Figure 2.2(a) as being built by applying
translation symmetry to the atoms that were generated from the reference atom by
rotation. In Figure 2.2(a) the latter set of atoms, called the motif of the crystal structure,
consists of the red and the two green atoms. However, it is a custom in crystallography
to select the translational equivalents of these atoms which lie within the area spanned
by primitive basis vectors. This area is known as the unit cell and is marked in green
in Figure 2.2(b). The atomic positions marked in green are considered to be generated
from the red position by rotation symmetry, although strictly speaking translation is
involved. The crystal structure can now be generated by replicating the unit cell and
its content along the two axis of the primitive lattice basis.

The crystal pattern in Figure 2.2(b) is decorated with only one atom, meaning
that all atoms are symmetrically equivalent. The red and green atoms also belong
to the orbit of blue atoms and only have different colors to emphasize symmetry
relations. Adding a second atom to the crystal pattern at a position which does not
already belong to the blue orbit, results in the crystal structure shown in Figure 2.3(a).
The light-red atom is the second reference atom, the light-green atoms are generated
by rotational symmetry and the purple atoms are generated by lattice translational
symmetry. All these atoms form a second orbit, next to the blue orbit. In principal,
the second reference atom (marked in light-red) can be any of the atoms in the purple
orbit, but there will always be exactly one orbit member that lies within the area in
the unit cell marked with a red border. This area is known as the asymmetric unit and
the atoms in it cannot belong to the same orbit and are chosen as the generating set
for the entire crystal structure. To summarize, the structure in Figure 2.3(a) consists
of two orbits of symmetrically equivalent atoms (marked in blue and purple), each
generated by one atom in the asymmetric unit.

Other crystal patterns can be constructed that are left invariant by operations that
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2. Scattering theory in xrdua

(a) Three-fold symmetry. (b) Six-fold symmetry.

Figure 2.3: Crystal structures with two non-equivalent atomic positions.

(a) Reflection. (b) Glide reflection.

Figure 2.4: Crystal structures with two non-equivalent atomic positions.

are not combinations of rotations and lattice translations. However we will restrict
ourselves to operations that preserve distances and bond angles between atoms as
we will only deal with crystals that show Euclidean symmetry. These operations are
often referred to in crystallography as symmetry operations. One of these symmetry
operations, next to any combination of rotation and lattice translation, is inversion. For
example, adding inversion through a grid node of the crystal structure in Figure 2.3(a)
results in the structure shown in Figure 2.3(b). Note that all combinations of inversion
and rotation over 120° can be written as subsequent rotations over 60°. Therefore
we find six equivalent atoms in the unit cell of Figure 2.3(b), as opposed to three
in Figure 2.3(a). Thus, the first crystal structure in Figure 2.3 possesses three-fold
symmetry and the second six-fold symmetry. As a result, both orbits contain twice
as many atomic positions then before. Note also that we choose a different atom
from the purple orbit as reference (the previous reference is marked with an arrow in
Figure 2.3(b)), since the asymmetric unit was halved by the additional symmetry.

Two other examples of crystal structures in two-dimensional Euclidean space are
given in Figure 2.4, based on a different translational lattice. While the previous crystal
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2.1. The crystal structure

structures were based on a so-called hexagonal lattice, these structures are based on a
rectangular lattice. This lattice leaves both crystal structures invariant by translation.
Each structure has an additional symmetry operation which is not a rotation. The
first structure possesses reflection symmetry along and between the vertical grid lines.
The second structure possesses reflection symmetry along and between the vertical
grid lines, but combined with a vertical translation with half a line segment. Note that
this translation cannot be realized by lattice translations and that there are no pure
reflections in the second structure. Therefore, unlike the structures in Figure 2.3, the
structure in Figure 2.4(b) does not incorporate the symmetry of the one in Figure 2.4(a).

For some crystal structures, it is useful to describe their symmetry and atomic
positions with respect to a non-primitive lattice basis, of which the basis vectors are
integral combinations of primitive basis vectors. The structure shown in Figure 2.5(a)
is based on a rhombic lattice. The symmetry of this structure can be described by lattice
translations and a reflection symmetry along the unit cell diagonal. The structure
in Figure 2.5(b) is exactly the same, only described with respect to a non-primitive
basis. The lattice on which the structure in Figure 2.5(b) is based, is called a centered
rectangular lattice, referring to the fact that the unit cell is rectangular and contains one
lattice grid node. However it does not differ in any way from the rhombic lattice. Note
also that the unit cell of Figure 2.5(b) is twice as large as the unit cell in Figure 2.5(a),
although the area of the asymmetric unit stays the same.

(a) Primitive lattice basis. (b) Non-primitive lattice basis.

Figure 2.5: Crystal structures with two non-equivalent atomic positions.

We can conclude that a crystal structure is completely determined by

1. the dimensions of the unit cell

2. a set of symmetry operations, at least including lattice translations

3. atoms within the asymmetric unit, that serve as orbit representatives

Note that the dimension of the asymmetric unit is determined by the dimension of
the unit cell and the symmetry of the crystal structure.
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2. Scattering theory in xrdua

2.1.1 Symmetry groups of crystal structures

Mathematically, the symmetry operations defined above can be described as isometries
in Euclidean space. Isometries preserve the distance and angle between points in
Euclidean point space. They consist of a translational and a linear component. The
translational components will describe lattice translations and other translational
components, like the translation in a glide reflection. The linear components are
orthogonal transformations that leave the translational lattice invariant, like rotations
and inversions. As mentioned in the introduction, there is no theoretical basis for the
restriction of crystal symmetry to Euclidean symmetry, but most crystal structures
happen to be constructed this way.

As we saw in the previous section, adding one symmetry operation to a crystal
pattern might result in additional symmetry operations through combination. Sets
that contain all possible combinations of symmetry operations have the structure of a
group. A group of isometries that leave a crystal pattern invariant, is called a space
group [B.8]. A group of orthogonal transformations that leave the translational lattice
of a crystal pattern invariant, is called a point group [B.8.1]. A space group describes
the symmetry of a crystal structure and is also referred to as the symmetry group of
the crystal structure. However the corresponding point groups do not necessarily
describe the full symmetry of the underlying lattice.

The crystal structures in Figure 2.3 have following space groups

Ga = {(t, 1); (t, 31); (t, 32)}
Gb = {(t, 1); (t, 61); (t, 31); (t,−1); (t, 32); (t, 65)}

where n times a rotation over 360°/m is written as mn and −1 denotes the inversion.
Thus 31 = 62, −1 = 63 and 32 = 64. Every couple (t, q) is actually a short notation for
all isometries with linear part q and a lattice translation as translational part:

(t, q) def=
{(
t′, q′

)
| t′ ∈ L2

}
whereL2 the set of lattice vectors. The crystal structures in Figure 2.4 have the following
space groups

Gc = {(t, 1); (t,my)}

Gd =
{

(t, 1);
(
t+ y1/2,my

)}
where my denotes a reflection and y1/2 a translation by half the second basis vector.
Finally the structure in Figure 2.5 has a space group that is described with respect to
two different bases

Ge1 = {(t, 1); (t,mxy)}

Ge2 =
{

(t, 1); (t,my); (t+ xy1/2, 1); (t+ xy1/2,my)
}

12



2.1. The crystal structure

wheremxy denotes a reflection and xy1/2 a translation by half the unit cell diagonal.
The corresponding point groups of these five space groups, containing the linear parts
of the isometries in the space groups, are given by

Qa = {1, 31, 32}
Qb = {1, 61, 31,−1, 32, 65}
Qc = {1,my}
Qd = {1,my}
Qe1 = {1,mxy}
Qe2 = {1,my}

The symmetry of the structures in Figure 2.3 is different, although Qa ≤ Qb, meaning
that the point group of the first is a subgroup of the point group of the second. We
say that these point groups act on the same lattice. The point groups Qc and Qd of the
crystal structures in Figure 2.4 are equal, although the symmetry of these structures,
determined by their space group, is different. The structure in Figure 2.5 also has the
same point group Qe2, but only when described with respect to the rectangular basis.
The three structures from Figure 2.4 and Figure 2.5 have different symmetry but an
identical point group when an appropriate basis is chosen. The space groups with
point groups Qc and Qd are called arithmetically equivalent and the space groups with
point groups Qc, Qd and Qe are called geometrically equivalent.

In general we can write a space group as the following set

G = {(t+ tq, q) | t ∈ Ln, tq /∈ Ln, q ∈ Q} (2.1)

where tq denotes a translation for each orthogonal transformation in point group Q,
that does not belong to the translational lattice. In the five examples, tq is mostly zero,
except for the glide reflection where tmy = y1/2. Note that n is the dimension of the
Euclidean space in which the crystal is described, i.e. n = 2 in the examples.

2.1.2 Representation of symmetry groups

So far we constructed five crystal structures with five different symmetry groups,
based on three different lattices. One can wonder how many lattices exist and how
many symmetry groups can be based upon them. The answer is that there are finite
many lattice types and symmetry groups. To understand how this is possible, we will
consider the effect of symmetry operations on the coordinates of atoms in a crystal
structure. If we choose an origin and a primitive lattice basis, as is the case in Figure 2.3
and Figure 2.4, an atom with coordinates x ∈ Rn with respect to this basis is mapped
by a symmetry operation (t+ tq, q) ∈ G to an atom with coordinates x′ ∈ Rn given by
[B.8.4]

x′ = t+ tq + q · x with t ∈ Zn, tq ∈ Qn and q ∈ GL(n,Z) (2.2)

where n = 2 in the case of a two-dimensional crystal structure. The lattice translations
t are integer vectors because we choose a primitive lattice basis. As a consequence,

13



2. Scattering theory in xrdua

the orthogonal transformations q which leave the lattice invariant, must be matrices
from GL(n,Z), which is the group of n-dimensional, invertible integer matrices. As
for the so-called system of non-primitive translations tq it can be shown that an origin
can always be chosen so that tq are rational vectors [B.8.3]. In the following, it will
be demonstrated how this can lead to the limitation of Euclidean crystal symmetry
to finite many space groups. A more rigorous description of symmetry in Euclidean
space, can be found in Appendix B.8.

Finite many point groups

As stated above, a point group is a subgroup of the lattice automorphism group (the
group of all possible orthogonal transformations that leave the lattice invariant) which
is a subgroup of GL(n,Z). Furthermore it can be shown that a lattice automorphism
group is finite and that there are only finitely many finite subgroups up to conjugacy
in GL(n,Z) [B.7.4]. Therefore we can conclude that there are only finite many point
groups up to conjugacy. Although conjugacy is an abstract concept in group theory
[B.2.3], it has a specific physical meaning in this context. Two point groups conjugate
in GL(n,Z) when there exists a matrix C ∈ GL(n,Z) for which

Q2 = C−1 ·Q1 · C

A symmetry operation (t1, q1) changes under a change of basis C and an origin shift
Ct as follows [B.5.2]: {

q2 = C−1 · q1 · C
t2 = C−1 · (t1 − Ct + q1 · Ct)

When matrix C, which columns are the coordinates of the new basis vectors with
respect to the old basis vectors, is an invertible integer matrix, then q1 and q2 represent
the same orthogonal transformation, but given with respect to a different primitive
lattice basis. Therefore point groups that conjugate in GL(n,Z) describe the same
symmetry, only represented with respect to a different primitive lattice basis. Con-
sequently, space groups with point groups that conjugate in GL(n,Z) and with an
identical system of non-primitive translations, are equivalent [B.1.2]. In crystallog-
raphy, we additionally require C to be orientation preserving since crystals with the
same symmetry but different chirality have different properties [B.8.9].

At this point we established that there are finite many point groups, although there
are an infinite number of ways of representing a point group by choosing different
primitive lattice bases with the same orientation. Additionally we saw that there are
finite many lattice automorphism groups and therefore finite many lattice types, called
Bravais types. For example the crystal structures in Figure 2.3 and Figure 2.4 are based
on three Bravais types: the hexagonal, the rectangular and the centered rectangular
lattice. However this does not tell us everything about the number of space groups
that can be derived from these point groups and lattice types, as we did not discuss
the system of non-primitive translations yet.

14



2.1. The crystal structure

Finite many space groups

When combining different symmetry operations, it can be shown that the non-primitive
translations that can be combined with an orthogonal transformation are restricted by
[B.8.3]:

0 ≤ tq ∈
1
|Q|

< 1

where |Q| denotes the number of orthogonal transformations in the point group. Since
there are only finite many rational numbers with amaximal denominator between zero
and one, we can only find finite many non-primitive translations that can be combined
with the orthogonal transformations of a point group. Therefore the number of space
groups with the same point group is finite. So we can conclude that the symmetry
of any crystal structure in Euclidean space can be described by a limited amount of
symmetry groups, based on a limited amount of lattice types.

Space group representation

The orbit under space group symmetry of an atomwith coordinates x ∈ Rn is given by
Equation 2.2. This can be written as a matrix multiplication when using homogeneous
coordinates [B.5.1] (

x′

1

)
=
(
q t+ tq
0 1

)
·
(
x

1

)
(2.3)

Therefore a space group can be represented by a group of matrices

G =
{(

q t+ tq
0 1

)
| t ∈ Zn, tq ∈ Qn, q ∈ GL(n,Z)

}
(2.4)

with a finite number of orthogonal transformations q, one rational translation compo-
nent tq for each q and all integral translations t ∈ Zn. Note that for a non-primitive
basis, the lattice translations t = tz + tc are a combination of all integer translations
tz ∈ Zn and some centering vectors tc ∈ Qn.

2.1.3 Symmetry groups in three dimensions

After having described some examples of crystal patterns in two dimensions, we will
nowdiscuss the possible lattices and symmetry groups in three-dimensional Euclidean
space. In Figure 2.6 and Figure 2.7, all 230 non-equivalent symmetry groups are listed
by their number as defined in the International Tables for Crystallography [3]. Space
groups in the same row belong to the same arithmetic class or Z-class, which means
that they have the same point group up to a choice of primitive basis, but different
systems of non-primitive translations. These point groups are said to be arithmetically
equivalent. We will also use the term arithmetic class to refer to a conjugacy class of
point groups in GL(n,Z). The 230 non-equivalent space groups can be grouped in 73
arithmetic classes. The first space group in each row of Figure 2.6 and Figure 2.7 does
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2. Scattering theory in xrdua

Figure 2.6: Symmetry groups in three-dimensional Euclidean space with point groups
acting on triclinic, monoclinic (a 6= b 6= c, α = γ = 90° 6= β) and orthorhombic
(a 6= b 6= c, α = β = γ = 90°) lattices.
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Figure 2.7: Symmetry groups in three-dimensional Euclidean space with point groups
acting on tetragonal (a = b 6= c, α = β = γ = 90°), rhombohedral (a = b = c,
α = β = γ 6= 90°), hexagonal (a = b 6= c, α = β = 90°, γ = 120°) and cubic (a = b = c,
α = β = γ = 90°) lattices.
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2. Scattering theory in xrdua

not contain any non-primitive translations. This group is called a symmorphic space
group and there is one symmorphic space for each arithmetic class.

Of the 73 arithmetic classes there are 14 classes which have a point group that
is a lattice automorphism group. These 14 classes are called Bravais classes and are
marked in boldface in Figure 2.6 and Figure 2.7. This allows us to group arithmetic
classes together in 14 Bravais flocks. We know that each point group is a subgroup of
at least one of the 14 lattice automorphism groups. Two space groups belong to the
same Bravais flock when we can find a lattice automorphism group which contains
the two corresponding point groups, while neither is also a subgroup of a lattice
automorphism group with smaller order. We can say that the point groups of space
groups in the same Bravais flock act on the same lattice while not acting on a more
general lattice.

Since there are 14 non-equivalent lattice automorphism groups, there are only 14
Bravais lattice types in three dimensions onwhich the point groups of the space groups
in a Bravais flock act. The Bravais lattice types can be described by constraints on the
unit cell parameters (triclinic, monoclinic, orthorhombic, tetragonal, hexagonal and
cubic) and by the coordinates of centering vectors (base-centered, face-centered, body-
centered and rhombohedral). Note that the rhombohedral lattice does not contain
any centering vectors, because it is the primitive lattice of a hexagonal lattice which
contains particular centering vectors. This is similar to the two-dimensional rhombic
and centered rectangular lattice in Figure 2.5. When grouping together Bravais types
with the same constraints on their unit cell parameters, we obtain 6 crystal families
(triclinic, monoclinic, orthorhombic, tetragonal, hexagonal and cubic).

In crystallography, four other equivalence classes are often used: the geometric
classes, the Laue classes, the crystal systems and the lattice systems. Space groups
belong to the same geometric class or Q-class, when their point groups conjugate in
GL(n,Q). These point groups are said to be geometrically equivalent. We will also
use the term geometric class to refer to a conjugacy class of point groups in GL(n,Q).
In Figure 2.6 and Figure 2.7, the Hermann-Mauguin name of the geometric class to
which each Z-class belongs, is given between brackets. There are 32 geometric classes
in three dimensions2. A geometric class which contains an inversion center is called
centrosymmetric. Of the 32 geometric classes there are 11 centrosymmetric classes.
When adding an inversion center to a non-centrosymmetric geometric class, we obtain
one of the centrosymmetric classes. Laue classes group geometric classes together
which are identical when adding an inversion center and each Laue class contains
exactly one centrosymmetric class.

Several of the 14 Bravais flocks in Figure 2.6 and Figure 2.7 contain the same set
of Q-classes. When we group together Bravais flocks with exactly the same set of
Q-classes, we obtain 7 so-called lattice systems: triclinic, monoclinic, orthorhombic,
tetragonal, rhombohedral, hexagonal and cubic. Grouping Bravais flocks together
which have some Q-classes in common, results in the 6 crystal families. Grouping

2In crystallography, point groups are often defined as the 32 Q-classes.
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2.2. Elastic scattering

Q-classes together that are contained in the same set of Bravais flocks, results in 7
crystal systems: triclinic, monoclinic, orthorhombic, tetragonal, trigonal, hexagonal and
cubic. We conclude that crystal families, crystal systems and lattice systems mostly
coincide, except for the hexagonal family, which is split in the rhombohedral and
hexagonal lattice system or in the trigonal or hexagonal crystal system. Space groups
in the hexagonal family which have only three-fold symmetry belong to the trigonal
crystal system, while those with three- and six-fold symmetry belong to the hexagonal
crystal system. Space groups in the hexagonal family with point groups that act on the
rhombohedral Bravais lattice belong to the rhombohedral lattice system, while those
with point groups that act on the hexagonal lattice belong to the hexagonal lattice
system.

In the next section it will be shown how the intensity of elastic scattering by atoms
in a crystal depends on the atomic positions in the crystal structure and hence how
the symmetry of diffraction patterns relates to the Euclidean symmetry of crystals as
described above.

2.2 Elastic scattering
When electromagnetic radiation passes through a medium, part of it will be attenuated.
Depending on the energy of the electromagnetic radiation, there are several radiation-
matter interactions which contribute to this attenuation. The most accurate theory
known to date that describes these interactions is quantum electrodynamics, which
is compliant with quantum mechanics and the theory of special relativity. We will
however employ a more practical, classical approximation which treats light as electro-
magnetic vector fields and describes atoms according to the Lorentz oscillator model.
The basis of this classical treatment are the microscopic Maxwell’s equations which
describe the electromagnetic interaction in Minkowski space-time by introducing the
electric and magnetic vector field as described in Appendix C. The light-matter interac-
tion that produces the symmetric diffraction patterns from crystals, is elastic scattering
of light that has a wavelength of the same order of magnitude as the dimensions of an
atom. This means we will consider elastic scattering of X-rays from atoms, after which
the interference of atomic scattering over the entire crystal will produce symmetric
patterns.

2.2.1 Scattering by electrons

As discussed in Appendix C.6.4 the basic solution of the Maxwell equations in a part
of space without charges and currents, is an electromagnetic field that has the form
of a wave traveling at a constant speed and that is independent of the observer. We
called this field a monochromatic plane wave. Light in general can be described as
a linear combination of these waves. To describe the elastic scattering of light from
atoms and crystals, we start by considering the elastic scattering of the monochromatic
plane wave from a bound atomic electron.
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2. Scattering theory in xrdua

Figure 2.8: Electron oscillating in a monochromatic plane wave

Electron oscillation

The equation of motion of a free electron with massm and charge q in the electromag-
netic field of a monochromatic plane wave with angular frequency ω, as shown in
Figure 2.8, is given by

F (t, ~x) = q[Emono(t, ~x) + [ṽ(t)×Bmono(t, ~x)]]

⇐⇒ m
d2γ~x

dt2 = q
[
E0 + ~β ×

(
k̂ ×E0

)]
ei
(
~k·~x−ωt

)
⇐⇒ m

d2~x

dt2 ≈ qE0e
i(δ−ωt)

⇐⇒ ~x(t) = −qE0
mω2 e

i(δ−ωt) + C

where F is the Lorentz force [C.6.1] on the electron under the influence of the electric
field Emono and magnetic field Bmono of the incident monochromatic plane wave
[C.6.4]. The vectors ~x and ṽ are respectively the position and velocity of the electron
at time t. The factor γ is called the Lorentz factor [C.5.1] and is given by γ = 1/

√
1− ~β2

where ~β = ṽ/c. We approximated the equation of motion above by assuming that
the speed of the electron will stay much smaller than the speed of light so that γ = 1
and ‖~β‖ = 0 and therefore ~k · ~x = δ is a constant as the particle stays in a plane
perpendicular to the wave vector (i.e. the contribution of the magnetic field to the
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2.2. Elastic scattering

force is neglected). The solution of the resulting partial differential equation, with
constants C and δ depending on the boundary conditions (e.g. they are both zero
when ~x(0) = 0), describes the motion of the free electron as a function of time. We
see that the electron oscillates in phase with the electric field, with an amplitude that
depends an the characteristics of the electron and the incident electromagnetic wave.

When the electron is bound to an atom, its motion can in a first approximation be
described by that of a damped harmonic oscillator [4]. With the driving force of the
monochromatic plane wave, the equation of motion and its solution are given by

m
d2~x

dt2 = qE0e
i(δ−ωt) −mω2

0~x−md
d~x
dt

⇐⇒ ~x(t) = e−
d
2 t
(
C1e

Ct + C2e
−Ct

)
− qE0
m
(
ω2 − ω2

0 + ωdi
)ei(δ−ωt)

⇐⇒ ~x(t) ≈ −qE0
m
(
ω2 − ω2

0 + ωdi
)ei(δ−ωt) for t >

14
d

whereC =
√

d2
4 − ω

2
0 ,C1 andC2 are constants depending on the boundary conditions,

ω0 is the resonance frequency in rad s−1 of the harmonic oscillator and d the damping
coefficient in rad s−1. As the first term (containing the C factors) is the solution of
the damped harmonic oscillator, we know that it fades out in time (its amplitude is
reducedm-fold at time t = 2 ln(m)/d). As a result we see that, apart from the initial stage,
the electron oscillates with the same frequency as the electric field, but with a phase
shift (note the complex number in the denominator). To summarize we can describe
the motion of a bound electron in the electromagnetic field of a monochromatic plane
wave as

~xq(t) = AqE0e
i
(
~k·~xq−ωt+ϕ

)
with Aq =

−q/m√(
ω2 − ω2

0
)2 + ω2d2

and ϕ = − arctan
(

ωd

ω2 − ω2
0

) (2.5)

when the electric field of the monochromatic plane wave is written as

Emono(t, ~x) = E0e
i
(
~k·~x−ωt

)

Electromagnetic field of an oscillating electron

The electromagnetic field of the oscillating charge can be calculated from the Liénard-
Wiechert potentials given in Appendix C.6.5 for an arbitrarily moving charge. As we
already assumed that the speed of the oscillating charge is non-relativistic, we can
set ~uq = r̂q − ~β ≈ r̂q (see Figure 2.8) so that the electromagnetic field of an arbitrarily
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2. Scattering theory in xrdua

moving charge is given by

Eq(t, ~x) = q

4πε0

[
r̂q
R2 + 1

c2
r̂q × (r̂q × ãq)

R

]
def= Ev(t, ~x)

R2 + Ea(t, ~x)
R

Bq(t, ~x) = 1
c
r̂q ×Eq(t, ~x)

where the electromagnetic field observed at position ~x and time t is a function of
the acceleration of the electron ãq(t′) = ∂2~xq

∂t′2
with respect to retarded time t′ and the

vector ~rq(t′) = ~x(t)−~xq(t′). This is the position ~x of the observer at time twith respect
to the position ~xq of the charge at retarded time t′ (see Figure 2.8). The retarded time
is a time prior to the time of observation which is implicitly given by t′ = t− R

(
t′
)
/c

where R(t′) = ‖~rq(t′)‖.
Wewill see later on that the energy flux density of this electromagnetic field [C.6.3],

which gives the energy that flows through a surface area per unit time (in Jm−2 s−1) as
a result of a time-varying electromagnetic field, is a quantity that is of more importance
than the electric and magnetic field themselves. This quantity is given by the Poynting
vector

P (t, ~x) = 1
µ0
Re
[
Eq(t, ~x)

]
×Re

[
Bq(t, ~x)

]
= cε0

(
P vv

R4 + P va

R3 + P av

R3 + P aa

R2

)
with

P vv = Re[Ev]× (r̂q ×Re[Ev])
P va = Re[Ev]× (r̂q ×Re[Ea])
P av = Re[Ea]× (r̂q ×Re[Ev])
P aa = Re[Ea]× (r̂q ×Re[Ea])

The power that goes through a sphere, parameterized in spherical coordinates [C.2.5]
with 2θ and φ as polar and azimuth angle and a radius R that is much larger than the
displacements of the oscillating charge, is given by the surface integral of the Poynting
vector

P (t) =
¨
S

P (t, ~x) · ~dS =
¨

P (t, R) · n̂(S)R2 sin 2θ dφd2θ

≈
¨

P (t, ρ) · r̂qR2 sin 2θ dφd2θ

≈
¨

cε0P aa · r̂q sin 2θ dφd2θ

where we used the approximation ~rq(t′) ≈ ~x(t) which is valid when the point of
observation is far away from the oscillating charge and from which it follows that
R(t′) = ‖~x(t)‖ = ρ(t) and n̂(S) = r̂q . Another result of this far field approximation is
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2.2. Elastic scattering

that as R becomes larger, the only R-independent term P aa dominates and therefore
the other terms can be neglected. To facilitate calculations for more than one electron,
we will replace this last approximation P ≈ cε0R−2P aa with the equivalent approxi-
mation E ≈ R−1Ea so that we can write the electromagnetic field of a non-relativistic
oscillating bound electron as observed in the far field, after calculating the retarded
time dependent acceleration ãq(t′) of the electron from Equation 2.5, as

ãq
(
t′
)

= −ω2AqE0e
i
(
~k·~xq−ωt′+ϕ

)
Ebound(t, ~x) ≈ Ea(t, ~x)

R
= q

4πε0c2R
(r̂q × (r̂q × ãq))

= −qω
2Aq

4πε0c2R
(r̂q × (r̂q ×E0))ei

(
~k·~xq−ωt′+ϕ

)
= reA

R
((r̂q ·E0)r̂q −E0)ei

(
~k·~xq−ωt′+ϕ

)
Bbound(t, ~x) = 1

c
r̂q ×Ebound(t, ~x)

= −reA
cR

(r̂q ×E0)ei
(
~k·~xq−ωt′+ϕ

)

with

A = ω2√(
ω2 − ω2

0
)2 + ω2d2

and ϕ = − arctan
(

ωd

ω2 − ω2
0

)

and the classical electron radius

re = q2

4πε0c2m

We will often refer to this electromagnetic field as an oscillation field or a scattered
electromagnetic field. Note that for the oscillation field of a free electron A = 1 and
ϕ = 0.

2.2.2 Scattering by atoms

To calculate the scattered electromagnetic field of an atom, we have to add up the
oscillation fields of all electrons and the nucleus. Since the mass of a nucleus is far
greater than that of an electron, we can neglect its contribution to the total field since the
amplitude of its oscillation is inverse proportional to the mass and so is the amplitude
of its oscillation field. In Figure 2.9 we represented an atom by a nucleus at position
~xa and one of its electrons qj at position ~∆xqj relative to the nucleus, where index
j = 1, . . . , Z with Z the number of electrons. The sum of the oscillation fields contains
the position ~rqj of the observer with respect to each electron at its own retarded time
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2. Scattering theory in xrdua

t′qj

Eatom(t, ~x) =
Z∑
j=1

Ebound,i(t, ~x)

= re

Z∑
j=1

Aj
Rj

((
r̂qj ·E0

)
r̂qj −E0

)
ei
(
~k·~xqj−ωt′qj+ϕj

)

where ~xqj is the position of an electron with respect to the reference frame at retarded
time t′qj , given by (see Figure 2.9)

~xqj(t′qj) = ~xa
(
t′a
)

+ ~∆xqj(t′qj)
t′qj = t− Rj(t′qj)/c

Rj(t′qj) = ‖~rqj(t′qj)‖
~rqj(t′qj) = ~x(t)− ~xqj(t′qj)

with ~∆xqj the position of an electron with respect to the nucleus and ~rqj the position of
the observer with respect to this electron. The position of the nucleus ~xa with respect

Figure 2.9: Atom in a monochromatic plane wave
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2.2. Elastic scattering

to the reference frame is given at its own retarded time t′a

t′a = t− R(t′a)/c

R(t′a) = ‖~ra(t′a)‖
~ra
(
t′a
)

= ~x(t)− ~xa
(
t′a
)

where ~ra the position of the observer with respect to the nucleus. By applying the
far field approximation, we will be able to write the position ~rqj of the observer with
respect to an electron, which appears in the amplitude and the phase of the complex
oscillation fields, as a function of the position ~ra of the observer with respect to the
nucleus. In the far field, ~ra and ~rqj are approximately parallel so that

r̂qj(t′qj) ≈ r̂a
(
t′a
)

‖~rqj(t′qj)‖ = ‖~ra(t′a)− ~∆xqj(t′qj)‖

≈ ‖~ra(t′a)‖ − r̂a(t′a) · ~∆xqj(t′qj)

as demonstrated in the inset of Figure 2.9. The phase Ψj of each oscillation field can
then be written as

Ψj = ~k · ~xqj(t′qj)− ωt′qj + ϕj

= ~k · ~xa
(
t′a
)

+ ~k · ~∆xqj(t′qj)− ωt+ ω

c

∥∥∥~rqj(t′qj)∥∥∥+ ϕj

≈ ~k · ~xa
(
t′a
)

+ ~k · ~∆xqj(t′qj)− ωt+ ω

c

∥∥~ra(t′a)∥∥− ω

c
r̂a
(
t′a
)
· ~∆xqj(t′qj) + ϕj

= ~k · ~xa
(
t′a
)
− ωt+ ω

c

∥∥~ra(t′a)∥∥− ~∆ka · ~∆xqj(t′qj) + ϕj

= ~k · ~xa
(
t′a
)
− ωt′a − ~∆ka · ~∆xqj(t′qj) + ϕj

with
~∆ka

def= ~ka − ~k and ~ka
def= ω

c
r̂a
(
t′a
)

= ‖k‖r̂a
(
t′a
)

As for the amplitudes of the oscillation fields we already saw that r̂qj(t′qj) ≈
r̂a(t′a) as they are approximately parallel. Furthermore, the amplitude is inversely
proportional to the distance Rj(t′qj) between observer and the electron at its retarded
time. Therefore the small differences in distance between the observer and the different
electrons are not as significant as in the phases of the oscillation fields and we can
apply the approximation that the distance between electron and observer is equal to
the distance between nucleus and observer

Rj(t′qj) = ‖~rqj(t′qj)‖ ≈
∥∥~ra(t′a)∥∥ = R

(
t′a
)

Using the far field approximations for phase and amplitude, the scattered electromag-
netic field of the atom, which is the sum of the oscillation fields of the electrons, can
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2. Scattering theory in xrdua

be written as

Eatom(t, ~x) = re

Z∑
j=1

Aj
Rj

((
r̂qj ·E0

)
r̂qj −E0

)
ei
(
~k·~xqj−ωt′qj+ϕj

)

= ref( ~∆ka, ω)
R

((r̂a ·E0)r̂a −E0)ei
(
~k·~xa−ωt′a

)
= f( ~∆ka, ω)Efree(t, ~x)

Batom(t, ~x) = 1
ω
~ka ×Eatom(t, ~x)

= −ref( ~∆ka, ω)
cR

(r̂a ×E0)ei
(
~k·~xa−ωt′a

)
= f( ~∆ka, ω)Bfree(t, ~x)

with f( ~∆ka, ω) =
Z∑
j=1

Aje
i
(
− ~∆ka· ~∆xqj+ϕj

)
where f is known as the atomic scattering factor. Apart from this factor, the scattered
electromagnetic field of an atom is equal to that of a free electron at the same position.
Thereforewe can interpret the atomic scattering factor as the complex factorwithwhich
the scattered electromagnetic field (em-field) of the free electron must be multiplied
to obtain the scattered em-field of an atom.

Note that the scattered electric field vector Eatom lies in the plane formed by E0
and ~ka. Furthermore the vectors Eatom, Batom and ~ka are mutually orthogonal and
the wavefronts [C.6.4] travel with the speed of light, originating from the location
of the atom. Additionally, it can be seen that this electromagnetic field is a solution
of the Maxwell equations without charges and currents. From this we can conclude
that an atom in a monochromatic plane wave appears to radiate light with the same
frequency in all directions in an anisotropic way, but with a phase shift that depends
on the frequency of the incoming radiation and the type of atom. This phenomenon is
called elastic scattering of the incident radiation. When the phase shift is not negligible,
which is especially the case when the energy of the incident radiation is close to an
absorption edge of the atom, it is also referred to as anomalous scattering [5].

2.2.3 Diffraction by crystals

To describe the scattering of radiation from a crystal, the scattered em-fields of the
individual atoms will be summed, just as the oscillation fields of the electrons were
summed to obtain the scattered em-field of an atom. The summation of the scattered
em-fields is often referred to as interference or diffraction of these em-fields. Here wewill
also assume, as in the previous section, that the far field approximation is applicable
and that every atom is irradiated by the same monochromatic plane wave. This is the
so-called kinematic approximation and holds only for small crystals, as we know that
radiation becomes attenuated by absorption and scattering while passing through a
medium.

26



2.2. Elastic scattering

We will consider a crystal with N atoms subjected to thermal motion, around a
specific atom ~xc as illustrated in Figure 2.10, so that we can write the total electric field
as

Ecrystal(t, ~x) =
Z∑
j=1

Eatom,i(t, ~x)

= re

N∑
j=1

fj
(
~∆kaj , ω

)
Rj

((
r̂aj ·E0

)
r̂aj −E0

)
ei
(
~k·~xaj−ωt′aj

)
where ~xaj the position of an atom with respect to the reference frame at retarded time
t′aj is given by (see Figure 2.10)

~xaj(t′aj) =
〈
~xaj
〉
(t′〈aj〉) + ~δxaj(t′aj)

with

t′aj = t− Rj(t′aj)/c

Rj(t′aj) = ‖~raj(t′aj)‖
~raj(t′aj) = ~x(t)− ~xaj(t′aj)

and

t′〈aj〉 = t− 〈Rj〉(t′〈aj〉)/c〈
Rj
〉
(t′〈aj〉) = ‖

〈
~raj
〉
(t′〈aj〉)‖〈

~raj
〉
(t′〈aj〉) = ~x(t)−

〈
~xaj
〉
(t′〈aj〉)

where ~raj and
〈
~raj
〉
the position of the observer with respect to the atom at position

~xaj and the atom at equilibrium position
〈
~xaj
〉
respectively, both at their appropriate

retarded times t′aj and t′〈aj〉. For the reference atom we can write exactly the same but
then with subscript “c” instead of “aj” and the position of an atom can be written as a
function of the position of the reference atom (see Figure 2.10)

~xaj(t′aj) = ~xc(t′c) + ~∆xaj(t′aj)〈
~xaj
〉
(t′〈aj〉) = 〈~xc〉(t′〈c〉) + 〈 ~∆xaj〉(t′〈aj〉)

Analog to the multi-electron atom, we will take advantage of the far field approxima-
tion to write the position ~raj of the observer with respect to an atom, which appears in
the scattered em-fields of the atoms, as a function of the position 〈~rc〉 of the observer
with respect to the equilibrium position of the reference atom. In the far field, ~rc and
~raj are approximately parallel so that

r̂aj(t′aj) ≈ r̂c(t′c)

‖~raj(t′aj)‖ = ‖~rc(t′c)− ~∆xaj(t′aj)‖

≈ ‖~rc(t′c)‖ − r̂c(t′c) · ~∆xaj(t′aj)
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2. Scattering theory in xrdua

Figure 2.10: Crystal in a monochromatic plane wave

Furthermore, the vectors ~rc and 〈~rc〉 are approximately parallel so that

r̂c(t′c) ≈ 〈r̂c〉(t′〈c〉)

‖~rc(t′c)‖ = ‖〈~rc〉(t′〈c〉)− ~δxc(t′c)‖

≈ ‖〈~rc〉(t′〈c〉)‖ − 〈r̂c〉(t
′
〈c〉) · ~δxc(t

′
c)

which allows us to write the position ~raj of the observer with respect to an atom in the
far field approximation as a function of the position 〈~rc〉 of the observer with respect
to the equilibrium position of the reference atom

r̂aj(t′aj) ≈ 〈r̂c〉(t′〈c〉)

‖~raj(t′aj)‖ ≈ ‖〈~rc〉(t′〈c〉)‖ − 〈r̂c〉(t
′
〈c〉) · ~δc(t

′
c)− 〈r̂c〉(t′〈c〉) · ~∆xaj(t

′
aj)

= ‖〈~rc〉(t′〈c〉)‖ − 〈r̂c〉(t
′
〈c〉) · 〈 ~∆xaj〉 − 〈r̂c〉(t

′
〈c〉) · ~δxaj

where we used the vector identity ~∆xaj = 〈 ~∆xaj〉+ ~δxaj − ~δxc (see Figure 2.10). The

28



2.2. Elastic scattering

phase Ψj of each scattered em-field can then be written as

Ψj = ~k · ~xaj − ωt′aj
= ~k ·

〈
~xaj
〉

+ ~k · ~δxaj − ωt+ ω

c

∥∥~raj∥∥
= ~k · 〈~xc〉+ ~k · 〈 ~∆xaj〉+ ~k · ~δxaj − ωt+ ω

c

∥∥~raj∥∥
≈ ~k · 〈~xc〉 − ~Q · 〈 ~∆xaj〉 − ~Q · ~δxaj(t′aj)− ωt′〈c〉

with
~Q

def= ~kscat − ~k and ~kscat
def= ω

c
〈r̂c〉 = ‖k‖〈r̂c〉

where ~Q is called the scattering vector and

t′〈c〉 = t− R

c
and R = ‖〈~rc〉‖

In the expression of the amplitude for each scattered em-field we can employ the
approximations discussed above so that

r̂aj(t′aj) ≈ 〈r̂c〉(t′〈c〉)
~∆kaj ≈ ~Q

Rj(t′aj) ≈ R(t′〈c〉)− 〈r̂c〉(t
′
〈c〉) · 〈 ~∆xaj〉 − 〈r̂c〉(t

′
〈c〉) · ~δxaj

≈ R(t′〈c〉)

The additional approximation Rj ≈ R is valid for the amplitude as it is less sensitive
to the small differences in distance between observer and the different atoms than the
phase of the scattered field. Under these approximations, the sum of the scattered
electromagnetic fields from all the atoms in a crystal, is given by

Ecrystal(t, ~x) = re

N∑
j=1

fj
(
~∆kaj , ω

)
Rj

((
r̂aj ·E0r̂aj

)
−E0

)
ei
(
~k·~xaj−ωt′aj

)

= reK( ~Q, ω)
R

((〈r̂c〉 ·E0)〈r̂c〉 −E0)e
i

(
~k·〈~xc〉−ωt′〈c〉

)
= K( ~Q, ω)Efree(t, ~x)

Bcrystal(t, ~x) = 1
ω
~kscat ×Ecrystal(t, ~x)

= −reK( ~Q, ω)
cR

(〈r̂c〉 ×E0)e
i

(
~k·〈~xc〉−ωt′〈c〉

)
= K( ~Q, ω)Bfree(t, ~x)

with K( ~Q, ω) =
N∑
j=1

fj( ~Q, ω)e−i ~Q·
(
~∆xaj+ ~δxaj

)
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2. Scattering theory in xrdua

Thus the interference of the scattered electromagnetic fields of the individual atoms in
a crystal can be described by the oscillation field of a free electron on the equilibrium
position of the reference atom, multiplied by a factor that depends on the scattering
vector and the frequency of the incident monochromatic plane wave. For convenience
we will choose our coordinate system in such a way that the reference atom is located
at the origin 〈~xc〉 = ~0 so that we can write

〈r̂c〉 = x̂

R = ‖〈~rc〉‖ = ‖~x(t)‖
~k · 〈~xc〉 − ωt′〈c〉 = ~kscat · ~x− ωt

To conclude, we can describe the elastic scattering of a monochromatic plane wave by
a crystal by means of the following expressions

Ecrystal(t, ~x) = K( ~Q, ω)Efree(t, ~x)

Bcrystal(t, ~x) = K( ~Q, ω)Bfree(t, ~x)

with

K( ~Q, ω) =
N∑
j=1

fj( ~Q, ω)e−i ~Q·
(
~∆xj+ ~δxj

)
~Q = ~kscat − ~k

~kscat = ‖k‖x̂(t)

and the scattered field of a free electron

Efree(t, ~x) = re
R

((x̂ ·E0)x̂−E0)ei
(
~kscat·~x−ωt

)
Bfree(t, ~x) = 1

ω
~kscat ×Efree(t, ~x)

when the electromagnetic field of the monochromatic plane wave is written as

Emono(t, ~x) = E0e
i
(
~k·~x−ωt

)
Bmono(t, ~x) = 1

ω
~k ×Emono(t, ~x)

The vector~kscat denotes the wave vector of the scatteredwave, ~∆xj the atomic positions
and ~δxj the thermal motion of the atoms.

2.2.4 Diffraction of partially polarized thermal light

Amore realistic description of electromagnetic radiation involves the superposition of
many monochromatic plane waves. Synchrotron radiation or Bremsstrahlung from X-
ray tubes, both combinedwith amonochromator and focussing optics, can be described
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2.2. Elastic scattering

in terms of quasi-monochromatic, partially polarized, thermal light. Retaining the
coordinate system of Figure 2.10, we can express its electric field as [C.6.4]

Ein(t, ~x) = ux(t, ~x)êx + uy(t, ~x)êy
with êx ⊥ êy ⊥ ~k

ux(t, ~x) = Ψxe
i
(
~k·~x−ωt

)
def= Ψxe

iαin

uy(t, ~x) = Ψye
i
(
~k·~x−ωt

)
def= Ψxe

iαin

where êX and êY are orthonormal basis vectors and Ψx and Ψy random phasor sums
[C.6.4]. The scattered electromagnetic field of monochromatic, partially polarized,
thermal light from a crystal can then bewritten, analog to the scattered electromagnetic
field of a single monochromatic plane wave by replacing E0 with Ψxêx + Ψy êy , as

Ecrystal(t, ~x) = re
R

((x̂ · êx)x̂− êx)Sx + re
R

((x̂ · êy)x̂− êy)Sy (2.6)

in which Sx
def= KΨxe

i
(
~kscat·~x−ωt

)
def= KΨxe

iα def= Kvx (and analog for Sy). The diffracted
intensity is given in the SI-units Jm−2 s−1 by the ensemble average of the norm of the
Poynting vector of the diffracted electromagnetic field[C.6.4]

Idiff(~x) = 〈‖P (t, ~x)‖〉e = E [‖P (t, ~x)‖]

P crystal(t, ~x) = 1
µ0
Re
[
Ecrystal(t, ~x)

]
×Re

[
Bcrystal(t, ~x)

]
= cε0

(
Re
[
Ecrystal(t, ~x)

])2x̂
⇐⇒ Idiff(~x) = cε0

r2
e

R2

[(
1− cos2 χx

)
E
[
S2
rx

]
+
(

1− cos2 χy
)

E
[
S2
ry

]
−2 cosχx cosχy E [SrxSry]]

cosχx = x̂ · êx = sin 2θ cosφ
cosχy = x̂ · êy = sin 2θ sinφ

(2.7)

where the subscripts r and i denote the real and imaginary part of a complex number
and where χx and χy are the angles between the scattering direction and the X- and
Y -axis respectively. It can be shown that the covariance matrix of ux and uy is equal to
the covariance matrix of Ψx and Ψy when they are joint circular [C.6.4]. Consequently
it is also equal to the covariance matrix of vx and vy. As the thermal motion of the
atoms is independent from the incoming electromagnetic field and as the random
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phasor sums are joint circular, it can be seen that

E
[
S2
rx

]
= E

[
K2
r

]
E
[
v2
rx

]
+ E

[
K2
i

]
E
[
v2
ix

]
− 2 E [KrKi] E [vrxvix]

= E
[
K2
]

E
[
v2
rx

]
= E

[
K2
]
C00 = 1

2 E
[
K2
]
J00

E
[
S2
ry

]
= 1

2 E
[
K2
]
J11

E [SrxSry] = E
[
K2
r

]
E [vrxvry] + E

[
K2
i

]
E
[
vixviy

]
− E [KrKi]

(
E
[
vrxviy

]
+ E [vixvry]

)
= E

[
K2
]

E [vrxvry] = E
[
K2
]
C01 = 1

2 E
[
K2
]
Re[J01]

where C denotes the covariance matrix and J the coherency matrix [C.6.4] of the
incoming radiation with joint circular random phasor sums. More in general it can
be shown that the covariance matrix of Sx and Sy is given by E

[
K2]C and therefore

the coherency matrix by E
[
K2]J . It must be noted that the expressions for E

[
S2
rx

]
and E

[
S2
ry

]
also hold without the joint circularity constraint as random phasor sums

are circular complex random variables themselves. The diffracted intensity given by
Equation 2.7 in spherical coordinates with radius R, polar angle 2θ and azimuth φ,
can then be written as

Idiff(R,φ, 2θ) = cε0
r2
e

R2
E
[
K2]
2

[(
1− sin2 2θ cos2 φ

)
J00

+
(

1− sin2 2θ sin2 φ
)
J11

− sin2 2θ sin 2φRe[J01]
] (2.8)

This expression only holds for partially polarized radiation with joint circular compo-
nents, which applies to the following states of polarization:

• Linear polarization [C.6.4] for which the angle β between the electric field vector
in the XY -plane and the X-axis is a constant

J00 = 2Iin
cε0

cos2 β = Iin
cε0

(1− P)

J11 = 2Iin
cε0

sin2 β = Iin
cε0

(1 + P)

J01 = 2Iin
cε0

sin β cosβ = Iin
cε0

√
1− P2

⇐⇒ Idiff(R,φ, 2θ) = Iin
r2
e

R2 E
[
K2
][1

2

(
1 + cos2 2θ

)
+ 1

2 sin2 2θ(
P cos 2φ−

√
1− P2 sin 2φ

)]
where P the linear degree of polarization [C.6.4] in the horizontal direction.
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2.2. Elastic scattering

• Elliptical polarization [C.6.4] for which the Y -component of a linear polarized
electric field vector is retarded by a constant phase δ



J00 = Iin
cε0

(1− P)

J11 = Iin
cε0

(1 + P)

J01 = Iin
cε0

√
1− P2(cos δ − i sin δ)

⇐⇒ Idiff(R,φ, 2θ) = Iin
r2
e

R2 E
[
K2
][1

2

(
1 + cos2 2θ

)
+ 1

2 sin2 2θ(
P cos 2φ−

√
1− P2 sin 2φ cos δ

)]
Note that linear polarization is a special case of elliptical polarization with δ = 0
and will therefore not be treated separately in what follows. For synchrotron
radiation δ = π

2 and β = π
2 when measuring in the plane of the synchrotron

storage ring while β ≈ π
2 when measuring just above or below the ring [6].

As a result the linear degree of polarization for synchrotron radiation is P =
− cos 2β ≈ 1.

• Unpolarized thermal light [C.6.4] for which the two polarized components are
independent and have an identical intensity


J00 = Iin

cε0

J11 = Iin
cε0

J01 = 0

⇐⇒ Idiff(R,φ, 2θ) = Iin
r2
e

R2 E
[
K2
](1 + cos2 2θ

)
2

As we will only consider unpolarized radiation from X-ray tubes and elliptically
polarized radiation from synchrotrons, the diffracted intensity can be written as


J00 = Iin

cε0
(1− P)

J11 = Iin
cε0

(1 + P)

Re[J01] = 0

⇐⇒ Idiff(R,φ, 2θ) = Iin
r2
e

R2 E
[
K2
][1

2

(
1 + cos2 2θ

)
+ 1

2P sin2 2θ cos 2φ
]

= Iin
r2
e

R2 E
[
K2
]
P (φ, 2θ)

(2.9)

33



2. Scattering theory in xrdua

where P (φ, 2θ) is known as the polarization factor which is often expressed in the
following form

P (φ, 2θ) = 1−K(φ) +K(φ) cos2 2θ

K(φ) = 1− P cos 2φ
2

X-ray tube: P = 0 and K(φ) = 0.5
Synchrotron: P ∈ [0, 1] and K(φ) ∈ [0, 1]

The exact linear degree of polarization in the horizontal direction for synchrotron
radiation must be determined experimentally, but in practice P ≈ 0.9 [7].

2.2.5 Polarization by diffraction

Although we are generally interested in the diffracted intensity from a crystal, the po-
larization state of the diffracted electromagnetic field becomes important as well when
using crystals to monochromatize radiation, as this changes the state of polarization
from the X-ray source. The polarization factor derived in the previous section will be
adapted for several common experimental geometries. As in the previous section, the
X-ray source is assumed to be an X-ray tube or a synchrotron.

Incident beam double crystal monochromator

A double crystal monochromator (DCM) is often used at synchrotron beamlines to se-
lect a specific wavelength from the synchrotron radiation spectrum. The schematic
representation in Figure 2.11 shows a monochromator crystal at the origin of the
XY Z reference system, a second monochromator crystal at the origin of the X ′Y ′Z ′
reference system and the investigated crystal at the origin of the X ′′Y ′′Z ′′ reference
system. As will be seen later, the two monochromator crystals can be oriented in

Figure 2.11: Incident beam double crystal monochromator.

such a way that only radiation with a particular wavelength can reach the sample by
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2.2. Elastic scattering

diffraction from the first crystal with polar angle 2θ = 2θc and azimuth φ = 0 and
diffraction from the second crystal with polar angle 2θ = 2θc and azimuth φ = π,
as illustrated in Figure 2.11. The wavelength of the radiation that passes through
the DCM depends on the angle 2θc. The diffracted electric field from a crystal in
the kinematic approximation is given by Equation 2.6. In the coordinate system of
Figure 2.11, the diffracted electric field from the first monochromator crystal can be
written in the same form as the electric field of the incoming radiation

Ein(t, ~x) =
(
Ψx′ êx′ + Ψy′ êy′

)
eiαin

Ecrystal1(t, ~x) = re
R1

(cosχx′ x̂− êx′)Sx′ + re
R1

(
cosχy′ x̂− êy′

)
Sy′

Sx′
def= K1Ψx′e

iα1 Sy′
def= K1Ψy′e

iα1

= − re
R1

√
1− cos2 χx′Sx′ êx′′ −

re
R1

√
1− cos2 χy′Sy′ êy′′

cosχx′ = sin 2θc cosφ cosχx′ = sin 2θc sinφ

= − re
R1
|cos 2θc|Sx′ êx′′ −

re
R1

Sy′ êy′′

=
(
Ψx′′ êx′′ + Ψy′′ êy′′

)
eiα1

Ψx′′
def= − re

R1
|cos 2θc|K1Ψx′ Ψy′′

def= − re
R1

K1Ψy′

where αin = ~k · ~x−ωt and ~k denotes the incoming wave vector that corresponds to the
wavelength that will pass through the monochromator. As the expression for Ecrystal1
is similar to that of Ein, the diffracted electric field from the second crystal can be
easily found:

Ein(t, ~x) = Ecrystal1(t, ~x) =
(
Ψx′′ êx′′ + Ψy′′ êy′′

)
eiα1

Ecrystal2(t, ~x) = re
R2

(cosχx′′ x̂− êx′′)Sx′′ + re
R2

(
cosχy′′ x̂− êy′′

)
Sy′′

Sx′′
def= K2Ψx′′e

iα2 Sy′′
def= K2Ψy′′e

iα2

= − re
R2

√
1− cos2 χx′′Sx′′ êx −

re
R2

√
1− cos2 χy′′Sy′′ êy

= − re
R2
|cos 2θc|Sx′′ êx −

re
R2

Sy′′ êy

= (Ψxêx + Ψy êy)eiα2

Ψx
def= − re

R2
|cos 2θc|K2Ψx′′ = r2

e

R1R2

∣∣∣cos2 2θc
∣∣∣K1K2Ψx′

Ψy
def= − re

R2
K2Ψy′′ = r2

e

R1R2
K1K2Ψy′

where the azimuth φ = π. To derive the intensity of the diffracted field before and after
the crystal under investigation, two properties of complex joint random variables will
be used. In the previous section it was mentioned that the covariance matrix of two
complex random variables z′1 = z1z3 and z′2 = z2z3 is given by C ′ = E

[
z2

3
]
C where z1
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2. Scattering theory in xrdua

and z2 are joint circular with covariance matrix C and z3 is independent from z1 and
z2. Consequently the coherency matrix is given by J ′ = E

[
z2

3
]
J . Additionally it can

be shown that the covariance and coherency matrix of two complex random variables
z′′1 = z1r1 and z′′2 = z2r2 are given by

Cr =
(

E
[
r2
1
]

E [r1r2]
E [r1r2] E

[
r2
2
] )

C ′′ = C ·
(
Cr Cr
Cr Cr

)
J ′′ = J · Cr

where r1 and r2 are real random variables, independent from z1 and z2. The complex
random variables z′1 and z′2 as well as z′′1 and z′′2 are joint circular. The intensity after
the double crystal monochromator can be derived from these properties as follows:

IDCM(~x) = cε0 E
[(
Re
[
Ecrystal2(t, ~x)

])2]
= cε0 E

[(
Re
[
Ψxe

iα2
])

2
]

+ cε0 E
[(
Re
[
Ψye

iα2
])

2
]

= cε0 E
[
Ψ2
rx

]
+ cε0 E

[
Ψ2
ry

]
= cε0

r4
e

2R2
1R

2
2

E
[
K2

1
]

E
[
K2

2
](∣∣∣cos4 2θc

∣∣∣J00 + J11
)

= Iin
r4
e

2R2
1R

2
2

E
[
K2

1
]

E
[
K2

2
](∣∣∣cos4 2θc

∣∣∣(1− P) + (1 + P)
)

= IDCM,x + IDCM,y

where Iin and J the intensity and coherency matrix of the incoming radiation for the
selected wavelength. The linear degree of polarization in the horizontal direction after
the DCM can be written as a function of the linear degree of polarization before the
DCM:

PDCM = IDCM,y − IDCM,x
IDCM,y + IDCM,x

=
(1 + P)−

∣∣cos4 2θc
∣∣(1− P)

(1 + P) + |cos4 2θc|(1− P)
where P is the linear degree of polarization of the incoming radiation. The diffracted
intensity from the crystal under investigation is given by Equation 2.7 with modified
Sx and Sy due to the DCM

Idiff(~x) = cε0
r2
e

R2

[(
1− sin2 2θ cos2 φ

)
E
[
S2
rx

]
+
(

1− sin2 2θ sin2 φ
)

E
[
S2
ry

]
− sin2 2θ sin 2φE [SrxSry]

]
Sx = KΨxe

iα = r2
e

R1R2

∣∣∣cos4 2θc
∣∣∣K1K2KΨx′e

iα

Sy = KΨye
iα = r2

e

R1R2
K1K2KΨy′e

iα
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2.2. Elastic scattering

The covariance matrix of the joint circular complex random variables Sx and Sy is
given by

C(S) = r4
e

R2
1R

2
2

E
[
K2

1
]

E
[
K2

2
]

E
[
K2
]
C ·
(
Cr Cr
Cr Cr

)

Cr =
(∣∣cos4 2θc

∣∣ ∣∣cos2 2θc
∣∣∣∣cos2 2θc

∣∣ 1

)

where C is the covariance matrix of the incoming radiation. Substitution of E
[
S2
rx

]
=

C
(S)
00 , E

[
S2
ry

]
= C

(S)
11 and E [SrxSry] = C

(S)
01 in the diffracted intensity equation results

in:

Idiff(R,φ, 2θ) = cε0
r6
e

2R2
1R

2
2R

2 E
[
K2

1
]

E
[
K2

2
]

E
[
K2
]

[(
1− sin2 2θ cos2 φ

)∣∣∣cos4 2θc
∣∣∣J00 +

(
1− sin2 2θ sin2 φ

)
J11

− sin2 2θ sin 2φ
∣∣∣cos2 2θc

∣∣∣Re[J01]
]

= Iin
r6
e

2R2
1R

2
2R

2 E
[
K2

1
]

E
[
K2

2
]

E
[
K2
]

[(
1− sin2 2θ cos2 φ

)∣∣∣cos4 2θc
∣∣∣(1− P) +

(
1− sin2 2θ sin2 φ

)
(1 + P)

]
Using the following transformation(

1− sin2 2θ cos2 φ
)
X +

(
1− sin2 2θ sin2 φ

)
Y =

X + Y

2

(
1 + cos2 2θ + Y −X

Y +X
cos 2φ sin2 2θ

)
=

(X + Y )
(

1−K(φ) +K(φ) cos2 2θ
)

with K(φ) =
1 + Y−X

Y+X cos 2φ
2

the polarization factor can be expressed in the same form as in the previous section:

Idiff(R,φ, 2θ) = IDCM
r2
e

R2 E
[
K2
]
P (φ, 2θ)

P (φ, 2θ) = 1−K(φ) +K(φ) cos2 2θ

K(φ) = 1− PDCM cos 2φ
2

Incident beam single crystal monochromator

Alternatively a single crystal monochromator (SCM) can be used to monochromatize
the incoming radiation. In Figure 2.12 the monochromator crystal is oriented so that
diffraction occurs in the horizontal plane. Analog to the DCM, the diffracted electric
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Figure 2.12: Incident beam single crystal monochromator.

field from the first crystal can be written in the same form as the incoming radiation:

Ein(t, ~x) =
(
Ψx′ êx′ + Ψy′ êy′

)
eiαin

Ecrystal1(t, ~x) = re
R1

(cosχx′ x̂− êx′)Sx′ + re
R1

(
cosχy′ x̂− êy′

)
Sy′

Sx′
def= K1Ψx′e

iα1 Sy′
def= K1Ψy′e

iα1

= − re
R1

√
1− cos2 χx′Sx′ êx′′ −

re
R1

√
1− cos2 χy′Sy′ êy′′

= − re
R1

Sx′ êx′′ −
re
R1
|cos 2θc|Sy′ êy′′

= (Ψxêx + Ψy êy)eiα1

Ψx
def= − re

R1
K1Ψx′ Ψy

def= − re
R1
|cos 2θc|K1Ψy′

The intensity and linear degree of polarization of the diffracted radiation from the
monochromator crystal is given by:

ISCM(~x) = cε0
r2
e

2R2
1

E
[
K2

1
](
J00 +

∣∣∣cos2 2θc
∣∣∣J11

)
PSCM =

∣∣cos2 2θc
∣∣(1 + P)− (1− P)

|cos2 2θc|(1 + P) + (1− P)
Following the same derivation as for a DCM, the polarization factor for an SCM is
given by

Idiff(R,φ, 2θ) = Iin
r4
e

2R2
1R

2 E
[
K2

1
]

E
[
K2
][(

1− sin2 2θ cos2 φ
)

(1− P)

+
(

1− sin2 2θ sin2 φ
)∣∣∣cos2 2θc

∣∣∣(1 + P)
]

= ISCM
r2
e

R2 E
[
K2
]
P (φ, 2θ)

P (φ, 2θ) = 1−K(φ) +K(φ) cos2 2θ

K(φ) = 1− PSCM cos 2φ
2
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2.2. Elastic scattering

Polarization factor for incident beam monochromators

To summarize, the diffracted intensity and polarization factor when using incident
beam monochromators can be expressed in general by

Idiff(R,φ, 2θ) = IMONO
r2
e

R2 E
[
K2
]
P (φ, 2θ)

P (φ, 2θ) = 1−K(φ) +K(φ) cos2 2θ

K(φ) = 1− PMONO cos 2φ
2

PMONO = s(1 + sP)− s|cosm 2θc|(1− sP)
(1 + sP) + |cosm 2θc|(1− sP)

(2.10)

where m = 2n with n the number of monochromator crystals, 2θc is the scattering
angle of a monochromator crystal, P is the linear degree of polarization of the X-ray
source in the horizontal direction and s = 1 for vertically and s = −1 for horizontally
diffracting monochromators. Note that when n = 0 the polarization factor reduces to
the factor derived in the previous section for X-ray tubes and synchrotron radiation
without crystal optics. It should be noted that for non-mosaic monochromator crystals,
the kinematic approximation does not hold. Using dynamic theory of diffraction
it can be shown that the polarization factor has the same form as in the kinematic
approximation, except for the factorm which becomesm ≈ n [8]. The intensity after
the monochromator IMONO will be denoted as Iin in the future, keeping in mind that it
represents the intensity of the radiation before the sample and after all optical devices.

Diffracted beam single crystal monochromator

In diffractometers with point detectors, a monochromator crystal is often positioned
between the crystal under investigation and the detector. When preserving the geome-
try of Figure 2.11 while replacing the first monochromator crystal by the crystal under
investigation, the diffracted intensity detected after the monochromator crystal is the
analog of IDCM

Idiff(~x) = cε0
r4
e

2R2R2
1

E
[
K2
]

E
[
K2

1
](

cos2 2θ|cosm 2θc|J00 + J11
)

= Iin
r4
e

2R2R2
1

E
[
K2
]

E
[
K2

1
](

cos2 2θ|cosm 2θc|(1− sP) + (1 + sP)
)
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where s = 1 for diffraction in the vertical plane and s = −1 for diffraction in the
horizontal plane. The polarization factor can then be written in its common form

Idiff(R,φ, 2θ) = IinC
r2
e

R2 E
[
K2
]
P (φ, 2θ)

P (φ, 2θ) =
[
1−K(φ) +K(φ) cos2 2θ|cosm 2θc|

]
K(φ) = 1− sP

2

C = r2
e

R2
1

E
[
K2

1
]

(2.11)

2.2.6 Interference patterns

Closer inspection of the expected value E
[
K2] in combination with knowledge on the

symmetry of crystals as described in Section 2.1 reveals the underlying model that
describes the symmetry of diffraction patterns as observed by X-ray sensitive area
detectors (see Figure 2.13). The ensemble average of the squared modulus ofK( ~Q, ω)

Figure 2.13: Diffraction patterns from crystalline material: powder (A), powder with
texture (B), (C-E) coarse grained powder in increasing order of coarseness, single
crystal (F).
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can be written explicitly as

E
[
K2
]

=
N∑
j=1

N∑
l=1

E
[
fjfl

]
e−i

~Q·
(
~∆xj− ~∆xl

)
E
[
e−i

~Q·
(
~δxj− ~δxl

)]

In a first approximation we will assume that the thermal displacement of each atom is
Gaussian distributed with zero mean. Note however that the displacement vectors
are not stochastically independent due to the chemical bonds between the atoms. The
distribution of the inner product of a constant vector Qwith a Gaussian distributed
random vector X is a Gaussian distributed random variable y of which the expected
value and variance are related to the expected value µ and covariance matrix Σ of
random vector X as follows

p(X) = 1√
(2π)ndet(Σ)

e−
1
2 (X−µ)T ·Σ−1·(X−µ)

E [X] = µ

E
[
(X − E [X])(X − E [X])T

]
= Σ

y = QT ·X

E [y] = QT · µ

E
[
(y − E [y])2

]
= QT · Σ ·Q = M

From this observation we can deduce that random variable z = − ~Q · ( ~δxj − ~δxl) is
Gaussian distributed with zero mean and a variance given by:

p(z) = 1√
2πσ

e
− z2

2σ2

σ2 = E
[
z2
]

= E
[
y2
l

]
+ E

[
y2
j

]
− 2 E

[
ylyj

]
yl = ~Q · ~δxl
yj = ~Q · ~δxj

= Ml +Mj − 2 E
[
~Q · ~δxl ~Q · ~δxj

]
The expected value of a complex random variable with modulus 1 and phase z is then
given by:

E
[
eiz
]

= E [cos(z)] + iE [sin(z)]

E [cos(z)] =
ˆ ∞
−∞

cos(z) p(z) dz = e−
σ2
2

E [sin(z)] =
ˆ ∞
−∞

sin(z) p(z) dz = 0

= e−
E [z2]

2
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Applying this result to the expected value of the squared modulus ofK leads to the
following expression:

E
[
K2
]

=
N∑
j=1

N∑
l=1

E
[
fjfl

]
e−i
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)
e−

1
2 E
[(
~Q·
(
~δxj− ~δxl

))
2
]

=
N∑
j=1

N∑
l=1

E
[
fjfl

]
e−i

~Q·
(
~∆xj− ~∆xl
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N∑
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(
~∆xj− ~∆xl
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)
e−

(Mj+Ml)
2

(
eE
[
~Q· ~δxl ~Q· ~δxj

]
− 1
)

= K2
0 +KTDS

K0( ~Q, ω) =
N∑
j=1

E
[
fj
]
e−i

~Q· ~∆xje−
Mj

2

KTDS( ~Q, ω) =
N∑
j=1

N∑
l=1

E
[
fjfl

]
e−i

~Q·
(
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)
e−
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2

(
eE
[
~Q· ~δxl ~Q· ~δxj

]
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)

The termK0 can be decomposed into a more practical form. We saw that any atom in
a crystal is considered to be generated by an atomic position in the unit cell ~xj and
a lattice translation u~a1 + v~a2 + w~a3 where {~a1,~a2,~a3} are the basis vectors of the
unit cell and [u, v, w] the integer translations in all three dimensions. If we denote
the number of unit cells in each direction as Ni then we can decomposeK0( ~Q, ω) as
follows

K0( ~Q, ω) = G( ~Q) · F ( ~Q, ω)

G( ~Q) =
N1−1∑
u=0

e−iu
~Q·~a1

N2−1∑
v=0

e−iv
~Q·~a2

N3−1∑
w=0

e−iw
~Q·~a3

= 1− e−iN1 ~Q·~a1

1− e−i ~Q·~a1

1− e−iN2 ~Q·~a2

1− e−i ~Q·~a2

1− e−iN3 ~Q·~a3

1− e−i ~Q·~a3

F ( ~Q, ω) =
NUC∑
j=1

E
[
fj( ~Q, ω)

]
e−

Mj
2 e−i

~Q·~xj

where denotes NUC the number of atoms in the unit cell and ~xj the atomic positions
in the unit cell. The function G( ~Q) is called the Laue interference function and F ( ~Q, ω)
the structure factor.
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2.2. Elastic scattering

Laue interference function

The squared modulus of the Laue interference function can be written as

G2( ~Q) = sin2N1κ1
sin2 κ1

sin2N2κ2
sin2 κ2

sin2N3κ3
sin2 κ3

with κi = 1
2
~Q · ~ai

≈
∑
h1

N2
1 e
−
N2

1
π

(κ1−h1π)2 ∑
h2

N2
2 e
−
N2

2
π

(κ2−h2π)2 ∑
h3

N2
3 e
−
N2

3
π

(κ3−h1π)2

=
∑
h1

∑
h2

∑
h3

A√
(2π)3det(Σ)

e−
1
2 (X−µ)T ·Σ−1·(X−µ)

X =

κ1
κ2
κ3

 =


1
2
~Q · ~a1

1
2
~Q · ~a2

1
2
~Q · ~a3

 µ =

h1π

h2π

h3π



Σ =


π

2N2
1

0 0
0 π

2N2
2

0
0 0 π

2N2
3

 A = π3N1N2N3 = π3Vcryst
U

where Vcryst is the volume of the crystal and U the volume of the unit cell. In the first
step, each term is approximated by a sum of Gaussians as illustrated in Figure 2.14,
so that the infinite integral over κi stays the same for each term [9]. The result can be
reformulated as a sum of three-dimensional Gaussians with positions µ, covariance
matrices Σ and volumes A. As the intensities of the fringes reduce with increasing
number of unit cells and the widths of the maxima become smaller, we see that the
Laue interference function is approximately zero, except when X = µ or

~Q · ~a1 = 2πh1

~Q · ~a2 = 2πh2

~Q · ~a3 = 2πh3

This is know as the Laue conditions for diffraction. Since ~Q = ~kscat − ~k and since the
diffracted intensity is proportional to the squared modulus of the Laue interference
function we conclude that interference of atomic scattering in a crystal is destructive,
except close to the directions ~kscat for which the Laue conditions are fulfilled.

Laue diffraction conditions

To simplify the Laue conditions for diffraction, we want to find a new basis
{
~a1,~a2,~a3}

of Euclidean vector space so that for anyZ-linear combination ~nH = h1~a1+h2~a2+h3~a3
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2. Scattering theory in xrdua

Figure 2.14: Gaussian approximation of the Laue interference function (N=20).

we can write



~a1 · ~nH = h1 = ~a1 · ~Q
2π

~a2 · ~nH = h2 = ~a2 · ~Q
2π

~a3 · ~nH = h3 = ~a3 · ~Q
2π

⇐⇒ ~Q = 2π~nH

If we could find such a basis, then we see that the Laue conditions simplify to the
scattering vector being a Z-linear combination of the new basis vectors, multiplied
by 2π. In fact we know such a basis: the reciprocal basis [B.9.1] of the unit cell
basis {~a1,~a2,~a3}. Moreover the vectors ~nH = hi~a

i (using the Einstein summation
convention [B.4.5]) form a reciprocal lattice and the Laue conditions now state that the
scattering vector should be a reciprocal lattice vector, multiplied by 2π. This can be
visualized in reciprocal space [B.9] as illustrated in Figure 2.15(a). For a fixed vector
~k/2π the vector ~Q/2π describes a sphere, known as the Ewald sphere (indicated in
green in Figure 2.15(a)), with respect to an orthonormal basis of Euclidean space. The
Laue conditions are fulfilled when the Ewald sphere intersects a lattice point, thereby
indicating in which direction the diffracted intensity is not zero, while being negligible
in all other directions.

It can be seen that a reciprocal lattice vector ~nH is the normal vector to an infinite
set of parallel, equidistant planes ~nH · ~x = mwithm ∈ Z. Indeed we see that in the
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2.2. Elastic scattering

(a) Laue conditions (b) Bragg condition

Figure 2.15: Diffraction conditions in reciprocal and direct space.

unit cell coordinate system [B.4.5]

~nH · ~x = m

⇐⇒ hix
i
(
~ai · ~ai

)
= m

⇐⇒ h1x
1 + h2x

2 + h3x
3 = m

These are the equations of parallel planes, one for eachm ∈ Z that intersect the axis of
the unit cell coordinate system at

[
h1
m ,

h2
m ,

h2
m

]
. A plane with this particular intersection

condition is called a lattice plane and a set of equidistant lattice planes can be identified
by the Miller indices (hkl) that are the coordinates of the corresponding reciprocal
lattice vector h = h1, k = h2 and l = h3. Two examples are shown in Figure 2.16.
The orthogonal distance between two neighboring lattice planes, also know as the
d-spacing, is given by

‖~dH‖ = |m2 −m1|
‖~nH‖

= 1
‖~nH‖

= 1√
~nH · ~nH

= 1√
HT ·M−1 ·H

(2.12)

where ~nH has coordinates H = [h1, h2, h3]T with respect to the reciprocal basis with
metric tensorM−1, which is the inverse of the metric tensor of the unit cell basis [B.9.2].

The relation between reciprocal lattice vectors and lattice planes allows for the
formulation of the Laue conditions for diffraction in direct space as depicted in Fig-
ure 2.15(b), retaining the naming conventions of Figure 2.10. As the Laue conditions
state that the scattering vector ~Q should be proportional to a reciprocal lattice vector,
we now know that it should be perpendicular to a set of parallel lattice planes and have
a norm that is inversely proportional to their d-spacing. Using the geometry as shown
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2. Scattering theory in xrdua

Figure 2.16: The (111) and (110) lattice plane families of a triclinic crystal.

in Figure 2.15(b) we can derive the following from the Laue diffraction conditions:

‖ ~Q‖ = 2π‖~nH‖

⇐⇒ 2‖~k‖ sin θ = 2π‖~nH‖

⇐⇒ 4π
λ

sin θ = 2π
‖~dH‖

⇐⇒ λ = 2‖~dH‖ sin θ

(2.13)

The last equation is known as the Bragg condition for diffraction or Bragg’s law, which
states the interference of atomic scattering in a crystal is only constructive when the
incoming and diffracted X-rays make an angle θ with a parallel set of lattice planes
with d-spacing ‖~dH‖.

Laue interference function under basis transformation

We saw that the squared modulus of the Laue interference function could be written
as a sum of three-dimensional Gaussians with variable (κ1 κ2 κ3). From the previous
considerations we note that (κ1 κ2 κ3) are the coordinates of the vector ~Q/2 with
respect to the reciprocal basis of the unit cell. As the diffracted intensity is expressed
in spherical coordinates with respect to the standard Euclidean basis, we will also
write the Laue interference function with respect this basis. First the expression for
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2.2. Elastic scattering

the squared modulus of the Laue interference function can be reformulated as follows:

G2( ~Q) =
∑
h1

∑
h2

∑
h3

Ab∗√
(2π)3det(Σb∗)

e−
1
2 (Xb∗−µb∗)T ·Σ−1

b∗ ·(Xb∗−µb∗)

def=
∑
H

ΩΣb∗ [Xb∗ − µb∗]

Xb∗ =


κ1
π
κ2
π
κ3
π

 =


1

2π
~Q · ~a1

1
2π
~Q · ~a2

1
2π
~Q · ~a3

 µb∗ =

h1
h2
h3



Σb∗ =


1

2πN2
1

0 0
0 1

2πN2
2

0
0 0 1

2πN2
3

 Ab∗ = N1N2N3 =
Vcryst

U

Here Xb∗ are the coordinates of the vector ~Q/2π and µb∗ the coordinates of ~nH , both
with respect to the reciprocal basis. The coordinates of these vectors with respect to
the standard basis of Euclidean space are given by X = Cb∗ ·Xb∗ and µ = Cb∗ · µb∗
where the columns of Cb∗ are the coordinates of the reciprocal basis vectors with
respect to the standard basis of Euclidean space [B.4.2]. Substituting Xb∗ and µb∗ in
the expression for the three-dimensional Gaussian yields [B.6, B.7.2]:

ΩΣb∗ [Xb∗ − µb∗] = Ab∗√
(2π)3det(Σb∗)

e−
1
2 (X−µ)T ·C−T

b∗ ·Σ
−1·C−1

b∗ ·(X−µ)

= A√
(2π)3det(Σ)

e−
1
2 (X−µ)T ·Σ−1·(X−µ)

= ΩΣ[X − µ]

with Σ = Cb∗ · Σb∗ · CTb∗

and = Ab∗

√
det(M−1) = Ab∗

U
=
Vcryst

U2

which allows to express the Laue interference function with respect to the standard
basis of Euclidean space as

G2( ~Q) =
∑
H

ΩΣ[X − µ] =
∑
H

ΩΣ[ ~Q/2π − ~nH ]

Structure factor

We saw that the squared modulus of the Laue interference function is approximately
zero, except when the Laue conditions are fulfilled. However, the polarization factor
and the squared modulus of the structure factor give rise to slower varying polar
profiles. In Figure 2.17 the polar profiles at zero azimuth of |G|, |F | andP are compared
for a small sodium chloride crystal (rock salt) oriented in such a way to an unpolarized
Cu-Kα beam so that the (022) planes give rise to constructive interference of elastic

47



2. Scattering theory in xrdua

Figure 2.17: Comparison of Laue interference function, structure factor and polariza-
tion factor for a 10 nm−3 NaCl crystal, irradiated with unpolarized Cu-Kα radiation
and oriented in such a way that the (022) planes give rise to constructive interference.

scattering at a polar angle related to the interplanar distance by Bragg’s law. As a
result, the structure and polarization factor will be considered approximately constant
within thewidth of a single diffractionmaximum. This allows us to write the diffracted
intensity from a single crystal (Equation 2.9) as

Idiff(R,φ, 2θ) = Iin
r2
e

R2P (φ, 2θ)
(
G2( ~Q)F 2( ~Q, ω) +KTDS

)
= Iin

r2
e

R2P (φ, 2θ)
[∑
H

F 2
HΩΣ[ ~Q/2π − ~nH ] +KTDS

] (2.14)

where FH is the complex conjugate of the structure factor3 evaluated at the diffraction
maximum for which the polar angle 2θH satisfies Bragg’s law. In crystallography, FH
itself is commonly referred to as the structure factor and it is explicitly given by

FH
def= F (2π~nH , ω) =

NUC∑
j=1

E
[
f j(2π~nH , ω)

]
e−

MjH
2 e2πi(h1xj+h2yj+h3zj) (2.15)

3The complex conjugate is chosen for FH in correspondence to common literature.
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2.2. Elastic scattering

where
(
xj yj zj

)
are the fractional coordinates of the jth atom in the unit cell. The

complex conjugate of the atomic scattering factor is given by

f j(2π~nH , ω) =
Z∑
j=1

Aje
i
(
2π~nH · ~∆xqj−ϕj

)
=

Z∑
j=1

ω2

ω2 − ω2
0j − iωdj

e2πi~nH · ~∆xqj

with Aj = ω2√(
ω2 − ω2

0j

)
2 + ω2d2

j

and ϕj = − arctan
(

ωdj

ω2 − ω2
0j

)

It can be shown that the expected value of the atomic scattering factor at each diffraction
maximum can be written as the sum of the following three terms [10]:

E
[
f j(2π~nH , ω)

]
= f0(dH) + f ′(ω) + if ′′(ω)

where f ′ and f ′′ are the so-called dispersion correction. All three terms can be experi-
mentally determined or calculated (see Section 3.4.1).

Debye-Waller factor and thermal diffuse scattering

The two factors in the diffracted intensity equation that are dependent on the thermal
motion of the atoms areMjH andKTDS. The first term can be written explicitly as:

Mj = E
[(
~Q · ~δxj

)
2
]

= QT · Uj ·Q

⇐⇒ MjH = 4π2 E
[(
~nH · ~δxj

)
2
]

= 4π2(Cb∗ ·H)T · Uj · Cb∗ ·H

where Uj the covariance matrix of the Gaussian distributed thermal motion of the jth
atom and HT = [h1 h2 h3]. The part of the structure factor that depends on thermal
motion is known as the Debye-Waller factor. This factor is given for general anisotropic
and isotropic thermal motion by

Anisotropic: e−
MjH

2 = e−2π2(Cb∗·H)T ·Uj ·Cb∗·H = e−
1
4 (Cb∗·H)T ·Bj ·Cb∗·H

Isotropic: e−
MjH

2 = e−
1
2U

ISO
j

~Q2
H = e

−8π2U ISO
j

sin2 θH
λ2 = e

−BISO
j

sin2 θH
λ2

(2.16)

As for the factor KTDS in Equation 2.14 that depends on the thermal motion of
atoms, knowledge on the correlation between the thermal motion of different atoms
E [ ~Q · ~δxl ~Q · ~δxj ] is required. For this the thermal vibrations of the whole lattice,
known as phonons, must be considered. It can be shown that the resulting diffracted
intensity equation has the same form as derived here by using the Gaussian motion ap-
proximation and that the term includingKTDS varies slowly with respect to azimuthal
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2. Scattering theory in xrdua

and polar angle and is consequently called the thermal diffuse scattering term [11]. As
we will not concern ourselves with the information included in this term, we will write
the diffracted intensity equation as follows:

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) + Iin
r2
e

R2
∑
H

F 2
HP (φ, 2θ)ΩΣ[ ~Q/2π − ~nH ]

2.2.7 Diffraction by powders

We will now generalize the intensity equation for diffraction by a single crystal to
diffraction by many crystals with the same crystal structure. The total diffracted
intensity can be written as the sum of the diffracted intensities from the individual
crystals

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) + Iin
r2
e

R2
∑
H

F 2
HP (φ, 2θ)

∑
i

ΩΣ[ ~Q/2π − ~niH ]

where ~niH is a reciprocal lattice vector of crystal i. At first we consider polycrystalline
material with randomly oriented crystals of which the dimensions are at least two or
three orders of magnitude smaller than the size of the incoming X-ray beam. Poly-
crystalline material for which these restrictions hold will be referred to as a powder
and the study of the X-ray diffraction patterns from this type of materials is known
as X-ray powder diffraction (XRPD). The restriction on crystal size assures that enough
crystals are present in the path of the X-ray beam so that together with the assumption
of randomness, the sum of three-dimensional Gaussians in the diffracted intensity
equation can be written as an integral over azimuthal and polar angle:

∑
i

ΩΣ[ ~Q/2π − ~niH ] ≈
Ncryst

4πρ2

¨
sphere

ΩΣ[X − µ] dxdy

=
Ncryst

4π

ˆ 2π

0

ˆ π

0
ΩΣ[X − µ] sin 2θ d2θdφ

with X =

ρ sin 2θ cosφ
ρ sin 2θ sinφ
ρ cos 2θ


As the mean µ of the three-dimensional Gaussian to be integrated can be any of the
vectors ~niH , we can choose one so that

µ = L · Σb∗ ·

h1
h2
h3

 =

 0
0
ρµ
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where L represents a rotation and ρµ = 1
‖~nH‖ . The three-dimensional Gaussian will

be written for the purpose of solving the azimuthal and polar integral as

ΩΣ[X − µ] =
Vcryst/U2√
(2π)3det(Σ)

exp(H)

with H = (X − µ)T · S · (X − µ)

and S = −1
2

(
L · Σ · LT

)
−1 = −1

2

(
L · Cb∗ · Σb∗ · CTb∗ · LT

)
−1

=

a
d
2

e
2

d
2 b f

2
e
2

f
2 c


When we assume that the three-dimensional Gaussian is isotropic, the covariance
matrix is a scalar matrix so that Σ = σ2I , a = b = c = − 1

2σ2 and d = e = f = 0. The
factor H in the exponent can be written as a function of z = cos 2θ

H(z) = (A−B)z2 + (Cz +D)
√

1− z2 + Ez +B + F

with

A = cρ2

B = ρ2
(
a cos2 φ+ b sin2 φ+ d sinφ cosφ

)
C = ρ2(e cosφ+ f sinφ)
D = −ρρµ(e cosφ+ f sinφ)
E = −2cρρµ
F = cρ2

µ

In the isotropic case we can find an analytical solution to the spherical integral as
follows

∑
i

ΩΣ[ ~Q/2π − ~niH ] =
Ncryst

4π

Vcryst/U2√
(2π)3det(Σ)

ˆ 2π

0

ˆ 1

−1
exp(Ez +B + F ) dzdφ

= V

8π2U2√2πσ3 exp

−
(
ρ2 + ρ2

µ

)
2σ2

ˆ 2π

0

ˆ 1

−1
exp

(ρρµ
σ2 z

)
dzdφ

= V

8π2U2
√

2πσ3 exp

−
(
ρ2 + ρ2

µ

)
2σ2

2πσ2

ρρµ

(
exp

(ρρµ
σ2

)
− exp

(
−
ρρµ
σ2

))

= V

4πU2ρρµ
√

2πσ
exp

(
−

(ρ− ρµ)2

2σ2

)(
1− exp

(
−

2ρρµ
σ2

))
where V the total volume of irradiated crystalline material. The covariance matrix is
approximately scalar (and hence the three-dimensional Gaussian is approximately
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isotropic) for cubic crystal structures with a relatively large number of unit cells in all
directions and N1 = N2 = N3. The solution to the spherical integral can be simplified
by expressing the parameters σ and ρµ as a function of the cubic unit cell parameter
and the number of unit cells in a crystal


σcubic ≈

1√
2πN1‖~a1‖

ρµ = 1
‖~nH‖

= 1√
HT ·M−1 ·H

= ‖~a1‖√
h2

1 + h2
2 + h2

3
⇐⇒ ρµ � σ

⇐⇒
∑
i

ΩΣ[ ~Q/2π − ~niH ] ≈ V

4πU2ρρµ
√

2πσ
exp

(
−

(ρ− ρµ)2

2σ2

)

Numerical evaluation for the general case where Σ is not a scalar matrix shows that the
radial profile can bemodeled by the same function. The relation between σ and the unit
cell parameters is not straightforward, however larger crystals still result in smaller σ
values. Evaluating the obtained spherical distribution along the Ewald sphere, which
is not centered at the origin but intersects with it as illustrated in Figure 2.15(a), results
in the following expression:


ρ = ‖

~Q‖
2π = 2

λ
sin θ

ρµ = ‖~nH‖ = 2
λ

sin θH

⇐⇒
∑
i

ΩΣ[ ~Q/2π − ~niH ] = V λ3

32πU2 sin θ sin θH
√

2πσ
e
− (sin θ−sin θH)2

2σ2

with σcubic ≈
λ

2
√

2πN1‖~a1‖

The exponential part can be approximated by a Gaussian with respect to scattering
angle 2θ so that

∑
i

ΩΣ[ ~Q/2π − ~niH ] ≈ A

sin θ
√

2πσ
e
− (2θ−2θH)2

2σ2 def= A

sin θ Ω̂σ2 [2θ − 2θH ]

with A = V λ3

8πU2 sin 2θH

and σcubic = λ√
2πN1‖~a1‖ cos θH

(2.17)

where Ω̂σ2 [2θ − 2θH ] is a normalized Gaussian with variance σ2, mean 2θH and
integrated area A. When substituting this result in the diffracted intensity equation
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for a powder with a single crystalline phase we get

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) + Iin
r2
eλ

3V

8πR2U2
∑
H

F 2
HLPH(φ, 2θ)Ω̂σ2 [2θ − 2θH ]

with LPH(φ, 2θ) = P (φ, 2θ)
sin θ sin 2θH

where LPH is referred to as the Lorentz-polarization factor. For a multi-phase powder
we can add the contributions from each phase to obtain

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) +
∑
j

Sj
R2
∑
H

F 2
jHLPjH(φ, 2θ)Ω̂σ2

j
[2θ − 2θjH ]

with Sj = Iin
r2
eλ

3V νj
8πU2

j

where V denotes the total volume of irradiated crystalline material, νj the volume
fraction of phase j and Sj a phase dependent intensity scaling factor.

Note that in deriving the diffracted intensity equation for a powder we assumed
that all crystallites have the same dimensions and that they are co-localized. The
former and obviously the latter assumption is not valid in reality. As a result Ω̂ will not
be a Gaussian as one must consider the summation of three-dimensional Gaussians
ΩΣ[ ~Q/2π−~niH ] with different ‖~niH‖ because the crystallites cannot be co-localized and
different Σ because the crystallites have different dimensions. However the diffracted
intensity equation has the same form as the integrated intensity stays the same:

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) +
∑
j

Sj
R2
∑
H

F 2
jHLPjH(φ, 2θ)Ω̂[2θ − 2θjH ] (2.18)

keeping in mind that Ω̂[2θ − 2θjH ] is a normalized peak profile function. In practice
several empirical peak profile functions are used, as will be described later on. The
diffracted intensity equation can be interpreted as the sum of several diffraction cones
with opening angle 4θjH , one for each phase and each set of parallel lattice planes.
When exposing an X-ray sensitive area detector to this diffracted field, the diffraction
cones are visible as conic sections. When the area detector is positioned behind
the diffracting powder and perpendicular to the incoming X-ray beam, the conic
sections appear as circles known as Debye rings on the detector. In Figure 2.13 several
diffraction patterns are shown and Debye rings appear in patterns A till D. The first
pattern represents the diffraction pattern of a powder with enough crystallites in the
X-ray beam so that virtually all orientations are present. In the subsequent patterns,
a decreasing amount of crystallites is present, which results in incomplete (spotty)
Debye rings until no ringlike structure is visible anymore.

2.2.8 Attenuation correction

Under the kinematic approximation we assumed that the incident intensity Iin is
constant within the volume of a crystal. Although this might be a valid approximation
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for small crystals, within the volume of a powder the attenuation of the incident
intensity Iin cannot be neglected. Furthermore the attenuation of the diffracted in-
tensity Idiff must be taken into account as well. The attenuation of X-rays by matter
can be described by Lambert-Beer’s law. Its differential formulation states that the
attenuated fraction dI of the radiation intensity I over an infinitesimal path length ds
is proportional to the radiation intensity

dI = −µL(s)Ids

⇐⇒ I(s) = I(0) exp
(
−
ˆ s

0
µL(s) ds

)
with µL = ρ µ =

∑
iwiµi∑
i
wi
ρi

The factor of proportionality µL is called the linear attenuation coefficient, which
depends on the density and nature of the attenuating material and on the energy
of the incoming radiation. The density independent part µ is known as the mass
attenuation coefficient. The density ρ and mass attenuation coefficient µ of a mixture
can be written as a function of the densities ρi and mass attenuation coefficients µi of
the individual phases with weight fractions wi.

To apply Lambert-Beer’s law, the shape of the powder sample needs to be specified.
The attenuation of the intensity along the beam path in a flat sample with thickness
D and homogeneous in planes parallel to the surface is schematically represented in
Figure 2.18. The angle between incoming wave vector ~k and surface normal ~nsurf is

Figure 2.18: Attenuation of a beam by a flat powder sample.

denoted as α while the angle between scattered wave vector ~kscat and surface normal
~nsurf is denoted as β. The ranges of both angles are α ∈

[
0, π2

]
and β ∈ [−π, π]. Based
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on the latter, two diffraction geometries are defined:

|β| < π

2 ⇒ Transmission geometry

|β| > π

2 ⇒ Reflection geometry

To include attenuation effects in Equation 2.18 the following substitution can be carried
out:

IinV 7→
ˆ
V
I(V ) dV =

ˆ D

0
I(x)Sbeamcosα dx

I(x) = I(0) exp
(
− 1

cosα

ˆ x

0
µL
(
x′
)
dx′
)

exp
(
− 1

cosβ

ˆ xe

x
µL
(
x′
)
dx′
)

where x denotes the depth in the powder sample, V denotes the total volume of
scattering crystallitesmarked in gray in Figure 2.18, Sbeam represents the cross-sectional
area of the incoming X-ray beam and I(0) = Iin. In transmission geometry xe = D

while in reflection geometry xe = 0. For a homogeneous powder the integral can be
solved as follows:
ˆ D

0
I(x)Sbeamcosα dx = Iin

Sbeam
cosα exp

(
− µL

cosβxe
) ˆ D

0
exp(−χx) dx

=
{
Iin

Sbeam
χ cosα exp

(
− µL

cosβxe
)

(1− exp(−χD)) (cosα 6= cosβ)
Iin

SbeamD
cosα exp

(
− µL

cosαxe
)

(cosα = cosβ)

with χ = µL

( 1
cosα −

1
cosβ

)
Retaining the coordinate system from Figure 2.10, a particular orientation of the
sample surface with respect to the incoming X-ray beam is shown in Figure 2.19. The
orientation of the sample surface (marked in blue) is completely determined by the
surface normal ~nsurf which has a polar angle 2θsurf = α by definition and an azimuthal
angle φsurf = π by choice. It can be seen that all scattered wave vectors ~kscat with
the same scattering angle 2θ describe a cone. The scattered wave vectors for which
reflection geometry applies lie on the part of the cone above the blue plane (marked in
orange) while the scattered wave vectors for which transmission geometry applies lie
on the part of the cone below the blue plane (marked in yellow). From the coordinates
of ~nsurf and ~kscat in this coordinate system we can derive the angle β as a function of
angles α and 2θ

n̂surf =

cosφsurf sinα
sinφsurf sinα

cosα

 k̂scat =

cosφ sin 2θ
sinφ sin 2θ

cos 2θ


⇐⇒ cosβ = n̂surf · k̂scat = cos(φ− φsurf) sinα sin 2θ + cosα cos 2θ

Substitution of the attenuation corrected IinV in Equation 2.18 yields the following
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2. Scattering theory in xrdua

Figure 2.19: Scattering directions~kscat with the same scattering angle 2θ in transmission
geometry (yellow) and reflection geometry (orange).

diffracted intensity equation:

Idiff(R,φ, 2θ) = Ibkg(R,φ, 2θ) +
∑
j

Sj
R2
∑
H

F 2
jHLPjH(φ, 2θ)A(φ, 2θ)Ω̂[2θ − 2θjH ]

Sj = Iin
r2
eλ

3Sbeam
8πU2

j

νj
µL

LPjH(φ, 2θ) = P (φ, 2θ)
sin θ sin 2θjH

A(φ, 2θ) =


cosβ

cosβ−cosα exp
(
− µL

cosβxe
)

(1− exp(−χD)) (cosα 6= cosβ)
µLD
cosα exp

(
− µL

cosβxe
)

(cosα = cosβ)

Ibkg(R,φ, 2θ) = Iin
r2
e

R2KTDSP (φ, 2θ)A(φ, 2θ)
(2.19)

The best known expression for the attenuation correction is that for the Bragg-Brentano
geometry used in many powder diffractometers which is a reflection geometry that
has following properties [12]


α = π

2 − θ ⇐⇒ cosα = sin θ

β = π

2 + θ ⇐⇒ cosβ = − sin θ

φ = φsurf + π

⇐⇒ A(φ, 2θ) = 1
2

(
1− exp

(
−2µLD

sin θ

))

Very often one assumes that µLD → ∞ so that the attenuation correction becomes
A(φ, 2θ) ≈ 1/2. The transmission geometry for which the attenuation correction is
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independent of the azimuth is the perpendicular beam geometry for which{
α = 0 ⇐⇒ cosα = 1
β = 2θ ⇐⇒ cosβ = cos 2θ

⇐⇒ A(φ, 2θ) =


cos 2θ

cos 2θ−1

[
exp

(
− µLD

cos 2θ

)
− exp(−µLD)

]
(2θ 6= 0)

µLD exp(−µLD) (2θ = 0)

To conclude it should be mentioned that when knowing the shape and size distri-
butions of the crystallites, it is also possible to take into account attenuation within
each crystal. This is often referred to as micro-absorption [13]. Other non-kinematic
effects such as extinction and multiple scattering can usually be ignored [12].
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Chapter

3

Data treatment in xrdua

In the previous chapter an expression was derived for the diffracted intensity of
monochromatic radiation by a multi-phase powder in spherical coordinates. This
expression was based on classical electrodynamics under the kinematic approxima-
tion. In this chapter we discuss how this expression relates to experimental diffraction
patterns and how xrdua exploits this relation to extract information on the structure
and composition of polycrystalline material. This is essentially achieved by the calibra-
tion, correction, azimuthal integration and modeling of the experimental diffraction
patterns. Calibration allows the assignment of d-spacing values to any position in a
diffraction pattern. Correction of diffraction patterns is often necessary to eliminate
distortions and artifacts introduced by the detector system. Azimuthal integration is
the operation which converts a diffraction pattern in a form that can be conveniently
described in terms of crystalline structure parameters such that these parameters can
be adapted to match the measured information in the final modeling step.

3.1 Detector calibration
The first step in this process requires the re-expression of Equation 2.19 in the coordi-
nate system of an X-ray sensitive area detector. The detector can have any position and
orientation with respect to the coordinate system of the sample in which Equation 2.19
is formulated. Retaining the sample coordinate system from Figure 2.19, the affine
transformation [B.5.3] from the sample reference frame to the detector reference frame
is given by an origin shift over a vector~t followed by rotations around theX-, Y - andZ-
axis with angles α, β and γ respectively. The corresponding coordinate transformation
matrix is given by L = Rotz(−γ) · Roty(−β) · Rotx(−α) · Trn(−~t ) which is a combina-
tion of several change of frame matrices. (The negative signs arise from the fact that
a coordinate transformation matrix is the inverse of the associated change of frame
matrix [B.5.1]). The physical meaning of the parameters of the affine transformation
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3. Data treatment in xrdua

becomes apparent in Figure 3.1. The detector surface is defined by the XY -plane

Figure 3.1: Transformation from sample to detector reference frame: α, β and γ

represent the angles with which the axis of the reference frame are rotated and ~s the
vector with which the origin.

marked in blue in the detector reference frame. The affine transformation from sample
to detector reference frame can be described in terms of the transformation of the
XY -plane in the sample reference frame (marked in gray) to the detector surface. A
positive rotation in the right-handed basis of the sample reference frame appears as a
clockwise rotation of the detector plane when looking along the axis of rotation in the
negative direction [B.4.3, C.1.2]. The origin shift by a vector ~t before rotation appears
as an origin shift after rotation by the vector ~s = Rotz(−γ) · Roty(−β) · Rotx(−α) · ~t.
Thus, a point with spherical coordinates (R,φ, 2θ) in the sample reference frame has
the following coordinates in the detector reference frame:

xd
yd
zd
1

 = L ·


R sin 2θ cosφ
R sin 2θ sinφ
R cos 2θ

1

 (3.1)

where L can be written explicitly as:
cos γ cosβ − sin γ cosα+ cos γ sin β sinα sin γ sinα+ cos γ sin β cosα −sx
sin γ cosβ cos γ cosα+ sin γ sin β sinα − cos γ sinα+ sin γ sin β cosα −sy
− sin β cosβ sinα cosβ cosα −sz

0 0 0 1


Therefore in order to relate an acquired diffraction pattern given in coordinates
(xd, yd, 0) with the diffracted intensity equation given in coordinates (R,φ, 2θ), the
affine transformation parameters α, β, γ and ~t need to be determined. This can be
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3.1. Detector calibration

achieved by recording the diffraction pattern of a single-phase powder with a known
crystal structure. As discussed in the previous chapter, the diffraction pattern of a
powder consists of a series of conic sections. The parametric equation of a conic section
in the detector plane zd = 0 can be written as:

R = sz
sin 2θ(− cosφ sin β + sinφ cosβ sinα) + cos 2θ cosβ cosα

xd = R sin 2θ(cosφ cos γ cosβ − sinφ sin γ cosα+ sinφ cos γ sin β sinα)
+R cos 2θ(sin γ sinα+ cos γ sin β cosα)− sx

yd = R sin 2θ(cosφ sin γ cosβ + sinφ cos γ cosα+ sinφ sin γ sin β sinα)
+R cos 2θ(− cos γ sinα+ sin γ sin β cosα)− sy

(3.2)

where φ is the azimuth in the sample reference frame, R the distance from the origin
of the sample reference frame to the detector plane and 4θ the opening angle of a
diffraction cone, known through Bragg’s law. From the experimentally determined
loci (xd, yd) of the conic sections it is however not possible to retrieve all transformation
parameters. Conic sections resulting fromphysical detector transformation parameters
(α, β, γ,~t) can always be described by conic sections with parameters (α′, 0, γ′,~t) given
by:

cosα′ = cosα cosβ

tan γ′ = tan γ tanα+ sin β
tanα− tan γ sin β

φ′ = φ+ δ

sin δ = − sin β
sinα′

(3.3)

This is possible since adding a constant to the azimuth φ changes the loci (xd, yd) but
does not influence the appearance of the conic sections. Therefore the azimuth of
each point (xd, yd) with respect to the sample frame cannot be determined from an
experimental diffraction pattern. Hence to derive the transformation parameters from
a series of experimentally determined loci (xd, yd), a relation between parameters
and loci must be derived that does not include the azimuthal angle. The general
transformation can now be defined as L = Rotz(−γ′) · Rotx(−α′) · Trn(−~t ) where α′
will be referred to as the detector tilt (see Figure 3.2) and γ′ as the detector rotation (see
Figure 3.3). The detector translation, rotation and tilt are related to the experimentally
determined loci (xd, yd) through Equation 3.2 by substitution of α = α′, γ = γ′ and
β = 0. However, as was just argued, the azimuthal angles need to be eliminated from
this relation. To achieve this, the coordinate transformation from Equation 3.1 will
first be considered for an orthogonal detector for which α′ = 0 and γ′ = 0:

Xc = Trn(−~t ) ·X ⇐⇒


xc = R sin 2θ cosφ− tx
yc = R sin 2θ sinφ− ty
zc = R cos 2θ − tz

(3.4)
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3. Data treatment in xrdua

Figure 3.2: Detector orientation: translated and tilted reference frame.

Figure 3.3: Detector orientation: translated, tilted and rotated reference frame.

where X denotes the coordinates of a point in the sample reference frame and Xc
the corresponding coordinates in the reference frame of the orthogonal detector. The
implicit equation of a conic section for this orthogonal detector can be derived from
these equations as follows:

x2
c + y2

c = (zc + tz)2 tan2 2θ − (zc + tz)(tx sinφ+ ty cosφ) tan 2θ + txty (3.5)

As the detector surface is defined to be the XY -plane, the implicit equation of a conic
section is obtained by substitution of zc = 0. To eliminate the azimuthal dependency
from Equation 3.5, the detector translation should be constrained by tx = 0 and ty = 0.
Therefore the transformation parameter ~t = (0, 0, tz) can be derived from conic section
loci (xc, yc) with known 2θ through Equation 3.5. For a detector of which the tilt and
rotation angles are not zero, the relation between conic section loci (xd, yd) in the
detector reference frame and their coordinates (xc, yc, zc) in the reference frame of an
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3.1. Detector calibration

orthogonal detector (see Equation 3.4), is given by:

Xc = Rotx
(
α′
)
· Rotz

(
γ′
)
·Xd with zd = 0

⇐⇒


xc = xd cos γ′ + yd sin γ′

yc =
(
−xd sin γ′ + yd cos γ′

)
cosα′

zc = −
(
−xd sin γ′ + yd cos γ′

)
sinα′

(3.6)

Substitution in Equation 3.5 with tx = 0 and ty = 0, yields the φ-independent calibra-
tion equation for a flat area detector:

tan2 2θ = (xd cos γ′ + yd sin γ′)2 + (−xd sin γ′ + yd cos γ′)2 cos2 α′

(tz − (−xd sin γ′ + yd cos γ′) sinα′)2

xd = px(xpix − xcen)
yd = py(ypix − ycen)

2θ = 2 arcsin λ

2dH
(Bragg’s law)

(3.7)

where dH is the lattice d-spacing in Å, λ the wavelength of the incoming radiation in
Å, tz the sample-detector distance in m, (xpix, ypix) the conic section loci in pixel coor-
dinates, (xcen, ycen) the coordinates of intersection between primary X-ray beam and
detector in pixel coordinates and px and py the pixel size in m/pixel in the horizontal
and vertical direction.

For a known reference material the d-spacings dH are known. The constants
px and py are given for each area detector and the coordinates (xpix, ypix) can be
determined from the experimental diffraction pattern. This leaves six unknownswhich
can be determined by nonlinear least-squares optimization: the tilt angle α′, rotation
angle γ′, sample-detector distance tz , beam position (xcen, ycen) and wavelength λ. A
Moré-Hebden implementation of the Levenberg-Marquardt nonlinear least-squares
optimization algorithm (NLLS) is used in xrdua [1]. The different steps involved in a
typical calibration sequence in xrdua will be discussed below.

3.1.1 Initialization of the calibration parameters

As for any NLLS refinement, an initial value must be given for each refinable param-
eter in Equation 3.7. The wavelength of the incoming radiation is usually known
beforehand, often precise enough to keep it fixed during the refinement. The other
calibration parameters can be estimated by non-iterative least squares fitting of at least
one conic section, based on solving a generalized eigenvalue problem [2]. The fitting
algorithm determines the coefficients of Equation 3.7 written in the standard form for
the implicit equation of a conic section

Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0 (3.8)
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3. Data treatment in xrdua

with x = pxxpix, y = pyypix and

A = ga, B = gb, C = gc

D = g(d− 2au− bv), E = g(e− 2cv − bu)

F = g
(
au2 + buv + cv − du− ev + f

)
with u = pxxcen, v = pyycen and

a = cos2 γ′ + sin2 γ′ cos2 α′ − sin2 γ′ sin2 α′ tan2 2θ
b = sin 2γ′ sin2 α′ cos−2 2θ
c = sin2 γ′ + cos2 γ′ cos2 α′ − cos2 γ′ sin2 α′ tan2 2θ
d = −2t2z tan2 2θ sinα′ sin γ′

e = 2t2z tan2 2θ sinα′ cos γ′

f = −t2z tan2 2θ

The algorithm ensures that the implicit equation of an ellipse is found (B2− 4AC < 0).
When the actual conic section is an hyperbola, the elliptical approximation is sufficient
to obtain a first estimation for the calibration parameters. Note that the coefficients
determined by the algorithm are multiplied by an arbitrary, unknown constant g.

Detector rotation

The rotation angle γ′ can be determined from the first three coefficients:

γ′ = 1
2 arctan

(
B

A− C

)
∈
[
−π4 ,

π

4

]
(3.9)

After rotation over −γ′ the implicit equation of the ellipse is reduced to an ellipse of
which the axes are parallel with the axes of the coordinate system:

X ′ = Rotz
(
−γ′

)
·X ⇐⇒

{
x = x′ cos γ′ − y′ sin γ′

y = x′ sin γ′ + y′ cos γ′

⇐⇒ A′x′2 + C ′y′2 +D′x′ + E′y′ + F ′ = 0
(3.10)

with 

A′ = A cos2 γ′ +B sin γ′ cos γ′ + C sin2 γ′

C ′ = A sin2 γ′ −B sin γ′ cos γ′ + C cos2 γ′

D′ = D cos γ′ + E sin γ′

E′ = −D sin γ′ + E cos γ′

F ′ = F

The center (x′0, y′0) of this rotated ellipse in the coordinate system of X ′ and the semi-
axes lengths Hx and Hy along the X ′- and Y ′-axis can be derived from these coeffi-
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3.1. Detector calibration

cients: (
x′0, y

′
0
)

=
[
− D′

2A′ ,−
E′

2C ′

]
H2
x =

∣∣∣∣∣A′x′20 + C ′y′20 − F ′

A′

∣∣∣∣∣
H2
y =

∣∣∣∣∣A′x′20 + C ′y′20 − F ′

C ′

∣∣∣∣∣
(3.11)

According to the definition, the major axis of this ellipse is expected to be parallel with
the Y ′-axis so that Hy > Hx (see Figure 3.2). However, due to the mapping of γ′ to
the interval

[
−π4 ,

π
4
]
, it is possible that the major axis is parallel with the X ′-axis. This

issue can be resolved by mapping the rotation angle to the interval
[
−π2 ,

π
2
]
as follows:

Hy < Hx :
{
γ′ < 0: γ′ 7→ γ′ + π

2
γ′ > 0: γ′ 7→ γ′ − π

2

Hy ≥ Hx : no change.

Reevaluation of coefficients {A′, . . . , F ′} with the adapted angle γ′ ensures that Hy ≥
Hx.

Detector tilt

The detector tilt α′ can be derived from the semi-major and semi-minor axes lengths of
the ellipse. For simplicity, the tilted coordinate system of Figure 3.2 will be considered
so that the implicit equation of the conic section is given by Equation 3.8 with u = v =
γ′ = 0:

Atx
2
t + Cty

2
t + Etyt + Ft = 0 (3.12)

with 

At = g

Ct = g
(

1− sin2 α′ cos−2 2θ
)

Et = 2gt2z tan2 2θ sinα′

Ft = −gt2z tan2 2θ

Although these coefficients are not known, as we would already need to know xcen
and ycen to obtain them, the implicit equation has the same form as Equation 3.10
which allows for the derivation of the following relation from Equation 3.11:

H2
x

H2
y

=
∣∣∣∣CtAt

∣∣∣∣ =
∣∣∣∣∣1− sin2 α′

cos2 2θ

∣∣∣∣∣
⇐⇒

∣∣α′∣∣ = arcsin
(

cos(2θ)
√

1− H2
x

H2
y

)
∈
[
−π2 ,

π

2

] (3.13)
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where we used the fact that the conic section discriminant is negative for ellipses so
that:

B2
t − 4AtCt < 0 ⇐⇒ 4g2

(
sin2 α′ cos−2 2θ − 1

)
< 0

⇐⇒ sin2 α′ < cos2 2θ

Beam position and sample-detector distance

The beam position (xpix, ypix) can be derived from the center of the ellipse as deter-
mined by the least squares algorithm. According to Equation 3.8 and Equation 3.11
the center of the ellipse (x0, y0) in the coordinate system of X is given by:

x0 = x′0 cos γ′ − y′0 sin γ′

y0 = x′0 sin γ′ + y′0 cos γ′

The beam position in the same coordinate system is given by (u, v) = (pxxcen, pyycen).
As the difference between (x0, y0) and (u, v) does not depend on the choice of origin,
we will work in the detector coordinate system of Figure 3.3 where the beam position
is located at the origin. From Figure 3.4 it can be seen that the beam position is given
by:

u = x0 − sign
(
α′tz

)
|c| sin γ′

v = y0 + sign
(
α′tz

)
|c| cos γ′

sign
(
α′tz

)
|c| = Hy − y+

t,0 = −Hy − y−t,0

where c is the distance between the beam position and the elliptical center and y+
t,0

and y−t,0 are the positive and negative solutions of Equation 3.12 for xt = 0. These
solutions are given by

Cty
2
t,0 + Etyt,0 + Ft = 0 ⇐⇒ yt,0 =

−Et ±
√
E2
t − 4CtFt

2Ct

= tz tan 2θ
sinα′ tan 2θ ± cosα′

The sample-detector distance tz can be estimated first from the following relation
between the semi-major axis length Hy and the solutions y+

t,0 and y−t,0

Hy =
y+
t,0 − y

−
t,0

2 =
∣∣∣∣ tz cosα′ tan 2θ
cos2 α′ − sin2 α′ tan2 2θ

∣∣∣∣
⇐⇒ tz = Hy

∣∣cos2 α′ − sin2 α′ tan2 2θ
∣∣

cosα′ tan 2θ

In the last step we used the observation that the conic section of a diffraction cone
with 2θ < π

2 can only be an ellipse when tz > 0. For a diffraction cone with 2θ > π
2 ,

66



3.1. Detector calibration

Figure 3.4: Offset between ellipse and beam position.

the conic section can only be an ellipse when tz > 0. These two conditions hold if
and only if sign(tz) = sign(tan 2θ). The beam position (xcen, ycen) in pixels can then
be derived from the sample-detector distance as follows:

yt,0 = tz tan 2θ
sinα′ tan 2θ + cosα′

sign
(
α′
)
|c| =

{
Hy − yt,0 if yt,0 > 0
−Hy − yt,0 if yt,0 < 0

xcen = x0 − sign(α′)|c| sin γ′

px

ycen = y0 + sign(α′)|c| cos γ′

py

Note that only the absolute value |α′| of the the tilt angle is known from Equation 3.13
and therefore the sign must be chosen. When more than one ellipse is used for
the initial estimation of the calibration parameters, the standard deviation in beam
positions derived from each conic section can be used to select the right sign, as
illustrated in Figure 3.5. In this case, the detector was positioned in transmission
with a positive tilt angle. Estimation of calibration parameters based solely on the
Debye ring with Miller index (111) (left-top of Figure 3.5) or on the Debye ring with
Miller index (311) (right-top) while choosing a negative tilt angle, clearly results in
a different beam position (xcen, ycen). When choosing a positive tilt angle (bottom of
Figure 3.5) the estimated beam position is nearly identical. In practice xrdua localizes
the experimental Debye rings (visible in black) by identifying a discrete number of loci
(marked by red crosses). Finally for each Debye ring two sets of calibration parameters
are being calculated, one for a positive tilt angle and one for a negative tilt angle. Then
the sign of the tilt angle is determined by comparing the beampositions calculated from
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3. Data treatment in xrdua

each Debye ring. Note that the Debye rings calculated from the initialized calibration
parameters (marked in green in Figure 3.5) do not coincide with the experimental
Debye rings, except for the Debye ring used to estimate the calibration parameters.
This illustrates that the sign of the detector tilt angle cannot be determined based on
one Debye ring only.

Figure 3.5: Three different estimations of the calibration patterns, based on two reflec-
tions from a simulated diffraction pattern of Si.
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3.2. Azimuthal integration

3.1.2 Calibration parameter refinement

After initialization, least-squares refinement of the calibration parameters based on
Equation 3.7 can be performed. The initial parameter estimation is not only necessary to
start the nonlinear least-squares refinement but also to facilitate automatic Debye ring
detection, as illustrated in Figure 3.6. The diffraction pattern of a silicon powder (NIST
SRM640c) measured in transmission is used to illustrate a typical xrdua calibration
process. A X-ray micro-beam of approximately 28keV was employed. In a first step,
several tie points are selected (marked in red) on one Debye ring and a d-spacing
value is assigned to them. As discussed previously, two or more Debye rings must
be selected in order to determine the sign of the tilt angle. In this instance, the (311)
and (422) reflections of silicon are used (Figure 3.6 A). The subsequent calibration
parameter initialization performed by xrdua already yields a good estimation for
the calibration parameters as the theoretical Debye rings approximately coincide
with the experimental rings (Figure 3.6 B). This situation is exploited in xrdua to
automatically localize all experimental Debye rings, which allows for a better least-
squares refinement. Upon supplying an azimuthal range, an inner and outer border is
drawn around each theoretical Debye ring with a customizable ∆2θ range (Figure 3.6
C). The area between each border is azimuthally integrated (see Section 3.2). The
resulting radial profiles, one for each azimuthal step, are approximated by Gaussians
of which the fitted positions determine the positions of the tie points that represent
the experimental Debye rings (Figure 3.6 D). Using the tie point positions (xpix, ypix) in
Equation 3.7 allows for the least-squares refinement of the calibration parameters. The
result of the refinement can be represented by plotting the experimental and calculated
radius of each Debye ring as a function of the azimuth, as illustrated for the (531)
reflection in Figure 3.6(D). Furthermore, the least squares refinementwill be performed
more than once in case some tie points (xpix, ypix) have a d-spacing (calculated from the
refined calibration parameters) which differs more than k times the standard deviation
from the average d-spacing of the tie points in the same Debye ring (Figure 3.6 D),
where k is a value typically between 2 and 4. These so-called outliers are removed,
after which the least squares refinement of the calibration parameters is repeated.

3.2 Azimuthal integration
An X-ray sensitive area detector measures the flux [C.2.5] of the diffracted radiation
from a crystalline sample that passes through small, rectangular areas in a particular
period of time. These rectangular areas are assumed to be arranged regularly at the face
of a flat area detector. Corrections for irregularities will be discussed later. The time
integrated flux values are stored in the pixels of an image which will be referred to as a
diffraction image. The rectangular areas through which the flux is being measured will
also be called pixels. The flux through a pixel can be described by the surface integral
of the ensemble averaged Poynting vector associated with the diffracted radiation,
subsequently integrated over time. For convenience, we will omit the integration over
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Figure 3.6: xrdua calibration workflow.
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time and discuss the instantaneous flux through a detector pixel, as it can bemultiplied
with the acquisition time to yield the actual pixel value. The norm of the Poynting
vector is the diffracted intensity Idiff derived in the previous chapter (Equation 2.19
for a multi-phase powder) and its direction is radial in the sample reference frame.
The instantaneous pixel value Idet(xd, yd) for a detector pixel with center (xd, yd) in
the detector reference frame can therefore be expressed as:

Idet(xd, yd) =
¨

pixel
Igain(xd, yd)〈P (t, ~x)〉e · ~dS

=
¨

pixel
Igain(xd, yd)Idiff(xd, yd)êr · n̂(S) dA

where Idiff is the diffracted intensity in Jm−2 s−1 and Igain a gain factor in DU/J which
relates incident energy in J to detector units DU. The unit normal n̂(S) to the detector
plane is given in the detector reference frame by the basis vector êzd . The coordinates
of this vector with respect to the sample reference frame can be derived as follows:

n̂(S) = G−1 · êzd =

 − sin β
sinα cosβ
cosα cosβ


where G−1 is the rotational part of the transformation from the detector reference
frame to the sample reference frame

G−1 = Rotx(α) · Roty(β) · Rotz(γ)

=

 cosβ cos γ cosβ sin γ − sin β
sinα sin β cos γ − cosα sin γ sinα sin β sin γ + cosα cos γ sinα cosβ
cosα sin β cos γ + sinα sin γ cosα sin β sin γ − sinα cos γ cosα cosβ


It follows that the cosine of the angle Ψ between Poynting vector and detector surface
normal can be written as:

cos Ψ = êr · n̂(S)
= sinα cosβ sin 2θ sinφ− sin β sin 2θ cosφ+ cosα cosβ cos 2θ
= sinα′ sin 2θ sinφ′ + cosα′ cos 2θ

(3.14)

where we used Equation 3.3 which relates physical parameters (α, β, γ, tz) to calibra-
tion parameters (α′, 0, γ′, tz).

3.2.1 Flat-field correction

The detector gain could be measured experimentally by employing an X-ray source
at the position of the sample, which produces an isotropic, spherical X-ray field. The
pixel values of the measured flood field image are given by:

Iff(xd, yd) =
¨

pixel

Pff cos Ψ
4πR2 Igain(xd, yd) dA
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whereR denotes the distance between (xd, yd, 0) and the origin of the sample reference
frame and Pff the irradiated power of the flood field in J s−1. From Equation 3.2 and
Equation 3.14 the distance R can be written as:

R = tz cosα′

cos Ψ
If the pixel size is small relative to the distance R, the detector gain at each pixel center
is given by:

Igain(xd, yd) ≈ Iff(xd, yd)
4πt2z cos2 α′

Pffpxpy cos3 Ψ
Under the same approximation the diffracted intensity is related to the measured
diffraction image by:

Idiff(xd, yd) ≈
Idet(xd, yd)

Igain(xd, yd)pxpy cos Ψ

≈ Pff cos2 Ψ
4πt2z cos2 α′

Idet(xd, yd)
Iff(xd, yd)

where Idet and Iff are given in DU/s and Pff in J s−1. If the dependency of the detector
gain on the angle of incidence with the detector plane can be neglected, a uniform
plane field is used to measure the detector gain so that:

Iff(xd, yd) =
¨

pixel
PffIgain(xd, yd) dxddyd

⇐⇒ Igain(xd, yd) ≈
Iff(xd, yd)
Pffpxpy

⇐⇒ Idiff(xd, yd) ≈
Pff

cos Ψ
Idet(xd, yd)
Iff(xd, yd)

where Pff is in Jm−2 s−1. Dividing the diffraction image Idet by the flood field image
Iff is commonly referred to as flat-field correction. Additionally, area detectors will yield
a low level response when no radiation is impinging on the detector surface. This
response is know as dark current and a dark current image, measured without any
exposure to X-rays, can be subtracted from Idet and Iff before division. Therefore the
relation between the diffracted intensity at pixel center (xd, yd) is calculated from the
measured diffraction image as follows

Idiff(xd, yd) = Icor(xpix, ypix)J(φ, 2θ)

Icor(xd, yd) = Idet − Idark
Iff − Idark

spherical : J(φ, 2θ) = Pff cos2 Ψ
4πt2z cos2 α′

(Jm−2 s−1)

plane : J(φ, 2θ) = Pff
cos Ψ (Jm−2 s−1)

none : J(φ, 2θ) = Pff
pxpy cos Ψ (J/DU/m2/s)

(3.15)
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where the correction factor J(φ, 2θ) depends on the type of flood field used and
(xpix, ypix) are the coordinates in the diffraction image corresponding to coordinates
(xd, yd) in the detector reference frame. The diffracted intensity is given in Jm−2 s−1,
which means that in the absence of a flat-field correction, the factor Pff is a conversion
factor in J/DU.

3.2.2 Diffraction pattern transformations

To relate the diffracted intensity Idiff(xd, yd) at position (xd, yd, 0) in the detector refer-
ence frame and the diffracted intensity Idiff(R,φ, 2θ) derived in the previous chapter
at position (R,φ, 2θ) in the sample reference frame, the radial dependency will first be
eliminated, as it does not contain any information on the structure of the diffracting
material. This can be achieved by converting the diffracted intensity from power per
unit area (in Jm−2 s−1) to power per unit solid angle (in J sr−1 s−1). From the definition
of the flux ΦS(P ) of a vector field P through a surface S and the definition of solid
angle Ω [C.2.5], we can write for a spherical surface:

Φsphere(P ) =
¨

sphere
〈P diff(t, ~x)〉e · ~dS

=
¨

sphere
Idiff(R,φ, 2θ) dA

=
¨

sphere
Idiff(R,φ, 2θ)R2 dΩ

⇐⇒ Idiff(R,φ, 2θ) = dΦ
dA (Jm−2 s−1)

⇐⇒ Jdiff(φ, 2θ) = dΦ
dΩ = Idiff(R,φ, 2θ)R2 (J sr−1 s−1)

Therefore Idiff(R,φ, 2θ) can be interpreted as the diffracted power through an infinites-
imal spherical patch at a distance R and is referred to as the diffracted irradiance [3].
The related quantity Jdiff(φ, 2θ) can be interpreted as the diffracted power irradiated
within an infinitesimal solid angle and is referred to as the diffracted radiant intensity
[3]. The theoretical radiant intensity can be derived from the irradiance given by
Equation 2.19 as follows:

Jdiff(φ, 2θ) = Idiff(R,φ, 2θ)R2

= P (φ, 2θ)A(φ, 2θ)Jap(φ, 2θ)

Jap(φ, 2θ) = Ibkg(φ, 2θ) +
∑
j

Sj
∑
H

F 2
jHLjH(2θ)Ω̂[2θ − 2θjH ]

LjH(2θ) = 1
sin θ sin 2θjH

Ibkg(φ, 2θ) = Iinr
2
eKTDS(φ, 2θ)

(3.16)
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where Jap is the radiant intensity corrected for attenuation and polarization. The
equivalent transformation of the measured irradiance given by Equation 3.15 yields

Jdiff(xd, yd) = Icor(xpix, ypix)J(φ, 2θ)R2 = Icor(xpix, ypix)Jcor(φ, 2θ)

spherical : Jcor(φ, 2θ) = Pff
4π (J s−1)

plane : Jcor(φ, 2θ) = Pfft
2
z cos2 α′

cos3 Ψ (J s−1)

none : Jcor(φ, 2θ) = Pfft
2
z cos2 α′

pxpy cos3 Ψ (J/DU/s)

(3.17)

Thus the diffracted radiant intensity in a particular direction (φ, 2θ) can be obtained
from an experimental diffraction image Idet by evaluating Equation 3.17 for (xd, yd).
The transformation from (xd, yd) to (φ, 2θ) and back will be discussed in several steps.

Detector reference frame

The first transformation involves conversion between pixel coordinates (xpix, ypix) in
the diffraction image reference frame to polar coordinates (Rd, φd) in the detector
reference frame. The forward coordinate transformation is given by

Rd =
√
x2
d + y2

d xd = px(xpix − xcen)

φd = arctan
(
yd
xd

)
yd = py(ypix − ycen)

(3.18)

The backward coordinate transformation is given by

xpix = Rd
px

cosφd + xcen

ypix = Rd
py

sinφd + ycen

(3.19)

Sometimes it is useful to work with polar coordinates
(
Rpix, φpix

)
in the reference

frame of the diffraction image for which

Rpix =
√(

xpix − xcen
)2 +

(
ypix − ycen

)2
φpix = arctan

(
ypix − ycen
xpix − xcen

)

Transformation from (Rd, φd) to (Rpix, φpix) is given by

Rpix = m(φd)Rd

φpix = arctan
(
px
py

tanφd
) (3.20)
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with

m(φd) =
√

cos2 φd
p2
x

+ sin2 φd
p2
y

while the backward transformation is given by

Rd = m(φpix)Rpix

φd = arctan
(
py
px

tanφpix
) (3.21)

with

m(φpix) =
√
p2
x cos2 φpix + p2

y sin2 φpix

Virtual orthogonal detector

In the next step, points with coordinates (xd, yd, 0) with respect to the detector refer-
ence frame will be projected onto the plane of a virtual, orthogonal detector while
preserving the azimuth and polar angle in the sample reference frame as illustrated
in Figure 3.7. The projected coordinates are denoted as (xp, yp, 0) with respect to the

Figure 3.7: Projection on a virtual, orthogonal detector.

reference frame of the virtual, orthogonal detector. To find the relation between the
original and the projected coordinates, we will revisit Equation 3.6 which derived
the coordinates (xc, yc, zc) of (xd, yd, 0) with respect to the virtual, orthogonal detec-
tor. The transformation from (xd, yd, 0) to (xc, yc, zc) can be subdivided in a rotation
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around the Zd-axis

Xt = Rotz
(
γ′
)
·Xd with zd = 0

⇐⇒


xt = xd cos γ′ + yd sin γ′

yt = −xd sin γ′ + yd cos γ′

zt = 0

⇐⇒ φt = φd − γ′

and a rotation around the Zt-axis

Xc = Rotx
(
α′
)
·Xt

⇐⇒


xc = R sin 2θ cosφ′ = xt

yc = R sin 2θ sinφ′ = yt cosα′

zc = R cos 2θ − tz = −yt sinα′

⇐⇒ tanφ′ = tanφt cosα′

From the geometry in Figure 3.7, the radius Rort and azimuth φ of the projected point
in the reference frame of the virtual, orthogonal detector are related to the scattering
angle 2θ and the azimuth φ′ as follows

Rort =
√
x2
p + y2

p = tz tan 2θ

φ = arctan
(
yp
xp

)
= φ′ − δ

(3.22)

where δ is the azimuthal shift given by Equation 3.3. The relation between tan 2θ
and (xd, yd) is given by Equation 3.7 so that the projected radius can be written as a
function of polar coordinates (Rd, φd)

Rort =
tz

√
x2
t + y2

t cos2 α′

tz − yt sinα′ =
√
x2
c + y2

c

1− yt
tz

sinα′

with

yt = Rt sinφt = Rd sinφt = Rd sin
(
φd − γ′

)
and √

x2
c + y2

c = xc
cosφc

= Rd
cosφt
cosφ′

= Rd cos
(
φd − γ′

)√
1 + cos2 α′ tan2(φd − γ′)

Therefore the coordinate transformation frompolar coordinates (Rd, φd) in the detector
reference frame to projected polar coordinates (Rort, φ) in the reference frame of the
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virtual, orthogonal detector is given by

Rort = K1
1
Rd

+ K2
tz

φ = arctan
(
tan
(
φd − γ′

)
cosα′

)
− δ

(3.23)

with

K1 = cos
(
φd − γ′

)√
1 + cos2 α′ tan2(φd − γ′)

K2 = − sin
(
φd − γ′

)
sinα′

The backward coordinate transformation is achieved by:

Rd = 1
K1
Rort
− K2

tz

φd = arctan
(

tan(φ+ δ) cos−1 α′
)

+ γ′
(3.24)

The azimuthal shift δ is not determined by the calibration process and therefore
external information should be supplied to derive it. For this a particular azimuth
φpix,i in the diffraction image must be selected for which the azimuth φi in the sample
reference frame is known, which defines the azimuthal shift δ as follows:

δ = arctan(tan(arctan
(
py
px

tanφpix,i
)
− γ′) cosα′)− φi (3.25)

Diffracted radiant intensity

The final transformation to the polar and azimuthal angle in the sample reference
frame is given by (see Equation 3.22):

2θ = arctan
(
Rort
tz

)
and φ is left unchanged (3.26)

while the backward transformation is given by:

Rort = tz tan 2θ and φ is left unchanged (3.27)

The complete transformation from the pixel coordinates in the diffraction image to
polar and azimuthal angle in the sample reference frame can be summarized by:

(xpix, ypix)
Equation 3.18
�

Equation 3.19
(Rd, φd)

Equation 3.23
�

Equation 3.24
(Rort, φ)

Equation 3.26
�

Equation 3.27
(φ, 2θ)

Both (Rd, φd) and (Rort, φ) can also be described in pixels by using Equation 3.20. The
forward coordinate transformations will be used for diffraction pattern simulations
for which a diffraction image Icor is calculated from a known radiant intensity Jdiff

Icor(xpix, ypix) = Jdiff(φ, 2θ)J−1
cor (φ, 2θ) (3.28)
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The backward coordinate transformations will be used to derive experimental values
of the radiant intensity Jdiff, which is theoretically described for a multi-phase powder
by Equation 3.16, from a flat-field corrected diffraction pattern Icor as follows:

Jdiff(φ, 2θ) = Icor(xpix, ypix)Jcor(φ, 2θ) (experimental)
= P (φ, 2θ)A(φ, 2θ)Jap(φ, 2θ) (theoretical)

(3.29)

In practice, the experimental radiant intensity will be calculated from Icor for particular
polar and azimuthal angles

(
φj , 2θi

)
. The corresponding positions (xpix, ypix) in the

diffraction image Icor will in general not be integers, while Icor is only known for
positive integers, namely the indices of the pixels in the diffraction image. Therefore
Icor will be interpolated by bilinear or bicubic interpolation to obtain the radiant
intensity for any

(
φj , 2θi

)
.

3.2.3 Diffractograms

To facilitate the extraction of structural information from themeasured radiant intensity
Jdiff(φ, 2θ) through Equation 3.29, the azimuthal dependency will be eliminated by
integrating Jdiff over the azimuth. This process is commonly referred to as azimuthal
integration of a diffraction pattern and the resulting one-dimensional profile is called a
diffractogram:

Jdiff(2θ) =
ˆ 2π

0
Jdiff(φ, 2θ) dφ.

However the radiant intensity is often measured for a limited azimuthal range, there-
fore making it impossible to determine Jdiff(2θ) experimentally. This problem can be
solved by using the radiant intensity corrected for attenuation and polarization (see
Equation 3.16):

Jap(φ, 2θ) = Icor(xpix, ypix)Jcor(φ, 2θ)P−1(φ, 2θ)A−1(φ, 2θ) (experimental)

= Ibkg(φ, 2θ) +
∑
j

Sj
∑
H

F 2
jHLjH(2θ)Ω̂[2θ − 2θjH ] (theoretical)

(3.30)
Apart from the background, the radiant intensity corrected for attenuation and polar-
ization is independent of the azimuth. This means that azimuthal integration of the
corrected radiant intensity, divided by the range of integration, is independent on the
azimuthal range itself (when not taking the background into account). Applying this
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azimuthal averaging to the experimental and theoretical radiant intensity yields:

Experimental :

IRiet(2θi) = 1
φn − φ1

n∑
j=1

Jap
(
φj , 2θi

)
∆φ

= 1
n

n∑
j=1

Jap
(
φj , 2θi

)
Theoretical :

IRiet(2θ) = 1
2π

ˆ 2π

0
Jap(φ, 2θ) dφ

= Ibkg(2θ) +
∑
j

Sj
∑
H

F 2
jHLjH(2θ)Ω̂[2θ − 2θjH ]

(3.31)

where the index i runs over the azimuthal angles with stepwidth ∆φ chosen to interpo-
late diffraction image Icor. From the diffractogram IRiet(2θ) as defined in Equation 3.31,
which represents the azimuthally averaged radiant intensity corrected for polarization
and attenuation, structural and quantitative information on the diffracting material
will be derived using a least-squares optimization process known as Rietveld refinement.

Diffractogram transformations

The diffractogram IRiet(2θ) is often represented in other units than the scattering angle
2θ. Two commonly used physical quantities can be derived from the scattering angle
through Bragg’s law (see Equation 2.13): the scattering vector length Q and the d-
spacing d:

Q = 40π sin θ
λ

(nm−1)

d = λ

2 sin θ (Å)

Conversion from 2θ in rad to any other quantity X (2θ in degrees, Rd in mm or pixels,
Rort in mm or pixels, Q in nm−1 or d in Å) is performed in xrdua by preserving the
integrated intensity. As a result, a coordinate transformation affects the diffractogram
as follows [C.2.2]: ˆ

IRiet(2θ) d2θ =
ˆ
IRiet(2θ(X))d2θ

dX dX

=
ˆ
IRiet(X) dX

⇐⇒ IRiet(X) = IRiet(2θ)
dX
d2θ

(3.32)

Traditionally, diffractograms for Rietveld refinement are expressed as a function of 2θ
in degrees, which does not affect the theoretical expression in Equation 3.31 as the
intensity correction is canceled out by expressing Ω̂[2θ − 2θjH ] in degrees.
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3.3 Diffraction pattern corrections
In Section 3.2 the pixel values of a diffraction image were assumed to be proportional
to the flux going through a grid of rectangular areas at the detector surface. However
most area detector designs introduce distortions in the diffraction image which causes
a pixel value to be proportional to the flux going through small, irregularly arranged
areas at the detector surface [4–6]. To model this so-called spatial distortion, a Tantalum
mask with a regular grid of holes is placed in front of the detector [7, 8] before being
irradiated with a flood field [3.2.1]. The holes in the fiducial plate must have a regular
spacing in horizontal and vertical direction. The acquired image contains a series
of spots called fiducial markers, which correspond to the grid holes. As illustrated
in Figure 3.8 these fiducial markers are in general not regularly spaced. In xrdua

Figure 3.8: Distortion measurement for an area detector.

a reverse mapping strategy is employed to map the fiducial markers to a regular
grid, while mapping all intermediate pixels in accordance with the assumption that
the spatial distortion is smooth. This image warping process called spatial distortion
correction is primary designed to correct for distortions caused by imperfections in
image plate scanning systems [5] and distortions in the fiber-optic taper of CCD
camera’s [8]. Also the parallax effect introduced by the finite thickness of the sensor
or fluorescent screen of an area detector is a smooth distortion that can be corrected
by the image warping process [6]. However to correct for parallax, a spherical flood
field needs to be employed to irradiate the fiducial plate as the parallax depends
on the angle of incidence of the X-rays with the detector surface. As opposed to a
plane flood field, the spatial distortion correction based on a spherical flood field
will only be valid for a particular sample-detector distance. Discrete distortions in
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modular detectors introduced by individual module rotations and translations must
be removed analytically prior to spatial distortion correction [6].

The procedure for spatial distortion correction as implemented in xrdua will be
discussed in what follows. First, the positions of the fiducial markers are determined
in the reference frame of the image by segmentation, blob coloring and fitting of
two-dimensional Gaussians. The resulting coordinates

(
xin,i, yin,j

)
are referred to

as tie points. These tie points will be mapped to a regular grid known as the tie
point destination grid. This grid is defined in Figure 3.9 with grid node coordinates(
xout,i, yout,j

)
in the image reference frame given by(
xout,i
yout,j

)
=
(
qx cosαg −qy sinαg
qx sinαg qy cosαg

)
·
(
idx + xoff
jdy + yoff

)
+
(
x0
y0

)

with

dx = sx
mx − 1 , sx = nx − 1− 2xoff

dy = sy
my − 1 , sy = ny − 1− 2yoff

and

• mx ×my the number of grid nodes

• (i, j) node indices for which i = [0, . . . ,mx − 1] and j = [0, . . . ,my − 1]

• sx × sy the size of the grid in pixels

• gx × gy the grid spacing in meter

• dx × dy the grid spacing in pixels

• nx × ny the image size in pixels

• (xoff, yoff) the grid border offset with respect to the image size

• αg a tilt of the grid with respect to the image reference frame

• (x0, y0) an origin shift of the grid with respect to the image reference frame

The q-factors are introduced to force the tie point destination grid to be regular in case
the grid tilt αg is not zero:

αg 6= 0:


qx = kx

〈k〉
qy = ky

〈k〉
〈k〉 = kx + ky

2

kx = gx
dx

ky = gy
dy

αg = 0: qx = qy = 1

Instead ofmapping tie points
(
xin,i, yin,j

)
to their destination coordinates

(
xout,i, yout,j

)
,

xrdua uses reverse mapping in which the coordinates of the undistorted image
(xout, yout) are mapped to the coordinates (xin, yin) of the distorted image. In this way,
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Figure 3.9: Tie point destination grid in the image reference frame.

the pixel intensities Icor(xout, yout) of the undistorted image can be retrieved from
the pixel intensities Icor(xin, yin) of the distorted image through bicubic interpolation,
as distorted image coordinates (xin, yin) are not necessarily integers. To reconstruct
the undistorted image as illustrated in Figure 3.10, the distorted image coordinates
(xin, yin) must be known for undistorted pixel coordinates (xout, yout) for which xout =
[0, . . . , nx − 1] and yout = [0, . . . , ny − 1]. However we only know (xin, yin) for the

Figure 3.10: Image warping using a reverse mapping strategy.
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grid node coordinates
(
xout,i, yout,j

)
. To find the distorted image coordinates for any

(xout, yout), two thin plate spline interpolations are performed as illustrated in Figure 3.11,
one for the distorted image coordinate xin as a function of (xout, yout) and one for the
distorted image coordinate yin as a function of (xout, yout). The thin plate splines are
represented by surfaces which go through the tie point coordinates xin (the left of
Figure 3.11) and yin (the right of Figure 3.11) respectively. A thin plate spline is chosen
because it results in a smooth [C.2.1] surface with minimal bending energy [9]. This
corresponds well with the assumption that spatial distortion correction is smooth
and clearly defines an interpolation criterion, namely minimizing the magnitude of
distortion, in contrast with traditional polynomial or spline interpolation for which an
arbitrarily polynomial degree must be chosen.

Figure 3.11: Thin plate spline (TPS) interpolation of the tie point distortion.

To concluded, the correction of smooth image distortions is achieved in xrdua
by reverse image warping based on thin plate spline interpolation of the distortion
measured by employing a fiducial plate. The image warping may cause pixels in
the undistorted image to have no corresponding pixels in the measured image as
visualized in Figure 3.10 by the red area at the edge of the undistorted image. The
pixel values cannot be set to zero as thiswould affect the azimuthal averaging discussed
in the previous section. Instead these pixels are marked as bad pixels which means
that they will be discarded in azimuthal integration process, thus not affecting the
resulting diffractogram. Finally it should be noted that the pixel size (px, py) of the
undistorted image is defined by the properties of the tie point destination grid as
follows

α 6= 0: px = py = 〈k〉

α = 0: px = gx
dx

py = gy
dy

83



3. Data treatment in xrdua

3.3.1 Saturation and zinger removal

Next to the “bad pixels” introduced by spatial distortion correction, there are several
other situations in which pixel values should be discarded. The most straightforward
case is that of the presence of defective pixels in the diffraction image or pixels that
are shielded from the diffracted radiation by for example a beam stop mounting arm,
as illustrated in Figure 3.12. As these features are static (they are present in each
diffraction image), simple thresholding and manual pixel selection is sufficient to
define the pixels that will be discarded in azimuthal integration. Other features are

Figure 3.12: Masking off unwanted scattering and defective pixels.

dynamic in nature and xrdua allows for the removal of two types in particular. The
first are the streaking artifacts caused by saturation of the electron wells in an CCD chip
due to over-exposure; this causes the excess charge to flow to the adjacent pixels [10].
Although these overexposed pixels should in general be avoided by shortening the
exposure time, this phenomenon may occur unexpectedly during automated scanning
experiments due to the presence of for example large grains which give rise the highly
intense diffraction spots. In Figure 3.13 the average of many diffraction images is
shown, collected by automated scanning of an X-ray microbeam over a NIST SRM640c
silicon powder contained in a glass capillary. The intensity of several diffraction spots
was higher than the dynamic range of the CCD detector and streaking artifacts occur
above and below these spots. In xrdua, streaking pixels can be added to the list of
bad pixels by employing an intensity threshold, followed by blob coloring to identify
non-connecting regions. Subsequently an area and aspect ratio threshold is used to
retain only those areas that actually contain the saturation streaks. The result is shown
on the right side in Figure 3.13. The second type of features that can be identified in
xrdua are referred to as zingers. They occur in diffraction image as high intense spikes
at random positions and are caused by radioactive decay events within the materials
of the detector and by cosmic radiation [8]. Zingers can be identified in xrdua by
applying a custom smoothing filter to the diffraction image and defining a threshold
on the ratio between original and smoothed image. In Figure 3.14 part of a fiducial
plate image for spatial distortion correction is shown where several high intense pixels
are visible. The ratio between original and smoothed image is the highest for these
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Figure 3.13: Streaking artifacts due to CCD saturation.

pixels and choosing an appropriate threshold allows for the selection of the zingers as
shown on the right in Figure 3.14.

Figure 3.14: Random spikes caused by radioactive decay or cosmic radiation. The red
pixels on the right image indicate the spikes detected by xrdua.

3.3.2 Background subtraction

Next to the diffracted radiation from the material under investigation, the area detector
also records the fluorescence and inelastically scattered radiation from the sample.
The intensity of this type of radiation does not have such a strong angular dependency
as is the case for the diffraction signals. Therefore it will contribute to the background
of the diffraction pattern. Moreover, scattering and fluorescence from other parts of
the experimental setup, most commonly the sample substrate (glass capillary, foil,
tape, . . . ), also adds to the background. In Figure 3.15 part of the NIST SRM640c silicon
powder diffraction pattern used above is shown. Next to the Debye ring, a broader
ring is visible that originates from the glass capillary in which the silicon powder was
contained. An algorithm is included in xrdua which employs a two-dimensional
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equivalent to the peak stripping algorithm that is employed to model the background
of PIXE and XRF spectra [11]. Two-dimensional peak stripping involves convolution
of the diffraction pattern by a filter which causes a pixel value to be replaced by the
average of all surrounding pixel values at an adjustable distance.

In Figure 3.15, the result of convolution with a filter with a distance of 5 pixels and
repeated 20 times is shown. Sharp features are iteratively removed from the diffraction
pattern, after which only the background is retained. After subtraction, the broad
amorphous band is removed from the image. Increasing the filter width and the
number of iterations allows for more slowly varying features to be retained if needed.
Apart from the background removal by stripping, subtraction of a background image

Figure 3.15: 2D peak stripping for the removal of smooth backgrounds from diffraction
patterns.

can be employed instead when the background features to be removed are not related
to the sample under investigation. Finally it should be noted that somedetector systems
allow for the selection of an energy threshold below which radiation is discarded [12].
This strategy lowers the contribution of fluorescence and inelastic scattering to the
background, as their energy is lower than that of the diffracted radiation.
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3.4 Diffractogram modeling
After calibration, correction and azimuthal integration of a diffraction pattern Idet(xpix, ypix)
as discussed in the previous section, a diffractogram IRiet(2θ) as a function of scattering
angle 2θ is obtained, which is theoretically known for a given multi-phase powder
through Equation 3.31. An example of the minimal and most commonly occurring
correction and azimuthal integration sequence is represented in Figure 3.16. A diffrac-
tion image was acquired from a 300 µm× 300 µm area of a painting, which contained
cinnabar (HgS), zinc white (ZnO) and calcite (CaCO3). An incident beam energy of
E = 87keV (λ ≈ 0.1425Å) was selected from the radiation continuum generated
by the ID15 beamline at the European Synchrotron radiation Facility (ESRF) by em-
ploying a bent Laue-crystal monochromator. A Pixium area detector with pixel size
px = py = 154 µm was positioned in transmission at a distance tz ≈ 1.2m from the
painting [13]. The required correction and azimuthal integration steps are represented
in Figure 3.16:

• Diffraction pattern corrections (A): the malfunctioning camera pixels marked
in red, are masked off manually. No flat-field correction or spatial distortion
correction was required for the area detector employed.

• Interpolation on a φ− 2θ grid (B): an azimuthal integration region is selected
for which the pixel intensities Idet(xpix, ypix) are interpolated to yield the corre-
sponding intensities Idet(2θ, φ) as a function of the scattering angle and azimuth.
The areas marked in red in (B) do not only represent the defective pixels from
(A), but also the portion of the φ− 2θ range which falls outside the detector.

• Frompixel intensity to radiant intensity (C): the image Idet(2θ, φ) (B) ismultiplied
by the correction factor Jcor(φ, 2θ) to yield the radiant intensity Jdiff(φ, 2θ) (see
Equation 3.17) for which Pff = 1× 10−4 a.u./DUwhere a.u. denotes an arbitrary
unit of energy as the relation between detector units and absorbed energy by
the detector is not known.

• Polarization correction (D): the polarization factor P (φ, 2θ) is removed from
Jdiff(φ, 2θ) to yield Jap(φ, 2θ) (see Equation 3.30). Because of the high incident
beam energy, the attenuation by the sample can be neglected. The polarization
factor (see Equation 2.10) is calculated for synchrotron radiation with a linear
degree of polarization P = 0.9 and for a horizontal focusing bent Laue-crystal
with 2θc = 3.9059°, which corresponds to the (511) silicon reflection.

• Azimuthal integration (E): the polarization corrected radiant intensity Jap(φ, 2θ)
is averaged over the azimuthal range by averaging the pixels in image Jap along
the vertical direction, not taking into account the “bad pixels” marked in red.
The obtained diffractogram IRiet(2θ) is shown in black while the theoretical
diffractogram as calculated through Equation 3.31 from the crystal structures
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Figure 3.16: Minimal diffraction pattern correction and azimuthal integration se-
quence.
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of HgS (AMCSD 80408), ZnO (AMCSD 11555) and CaCO3 (AMCSD 00098)1 is
shown in red.

As stated before, only the background of Jap(φ, 2θ) depends on the azimuth (see
Equation 3.30) and therefore Jap can be averaged over an azimuthal range of choice.
For transmission experiments this range is often 360 degrees while it is only a fraction
of that in reflection experiments. The reason for integration over the largest available
azimuthal range is to average out spotty Debye rings from powders with a grain size
that is not several orders of magnitude smaller than the beam size (see Figure 2.13).
For this reason, xrdua also provides the option to use the azimuthal median or any
other percentile instead of the azimuthal average. This is especially useful to discard
spots from larger grains on the smooth Debye rings of finely powdered material. In
this example, the beam size 100 µm×100 µm is relatively large compared to the typical
size of the crystallites in pigments of 0.1 µm to 1 µm [14].

Through Equation 3.31 it was shown that a diffractogram is the sum of a back-
ground term Ibkg and several peak profiles Ω̂[2θ − 2θjH ] which will be referred to as
Bragg peaks:

IRiet(2θ) = Ibkg(2θ) +
∑
j

Sj
∑
H

F 2
jHLjH(2θ)Ω̂[2θ − 2θjH ] (3.33)

The intensity of each Bragg peak is the product of the phase scaling factor Sj , the
Lorentz factor LjH and the structure factor FjH . The scaling factor contains informa-
tion on the amount of diffracting material in the X-ray beam and the structure factor
contains information on the crystal structure of this material. It is this equation that
is used as the basis for Rietveld refinement [3.2.3]. In what follows, the parametriza-
tion of Equation 3.33 as implemented in xrdua will be discussed, starting with the
structure factor.

3.4.1 Structure factor

The structure factor defined in Equation 2.15 can be written as:

FH =
nasu∑
j=1

fj

nsym,j∑
m=1

e2πi(h1xjm+h2yjm+h3zjm)

fj
def=
nsub,j∑
k=1

SOFjkDWjk

(
fjk,0(dH) + f ′jk(λ) + if ′′jk(λ)

)
DWjk

def= e−
MjkH

2

(3.34)

As many atoms in the unit cell [2.1] are symmetrically related, the summation in
Equation 2.15 over all atoms in the unit cell has been decomposed in a summation over

1The American Mineralogist Crystal Structure Database (AMCSD) is an open access database for
crystal structures.
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all non-equivalent atoms (the atoms in the asymmetric unit [2.1]) and for each non-
equivalent atom a summation over the atoms generated by space group symmetry (see
Equation 2.3). This decomposition is necessary in terms of parametrization because
an orbit [2.1] of equivalent atomic positions has (at most) three degrees of freedom,
namely the coordinates of the orbit reference position

(
xj , yj , zj

)
from which all orbit

positions are generated by Equation 2.3. Therefore the atomic positions introduce (at
most) 3nasu independent parameters in Equation 3.33.

Furthermore instead of one atom decorating an orbit, xrdua allows for atomic
substitution where two or more atoms occupy the same orbit. For example in the
mineral olivine (MgFe)2SiO4 one of the orbits is occupied by both Fe2+ and Mg2+ ions.
The occupation percentage of orbit j by element k is known as the site occupation
factor denoted as SOFjk. The sum of the site occupation factors of one orbit is at
most 1, meaning that a percentage of the orbit positions is allowed to be vacant. The
wavelength-independent part of the atomic scattering factor f0 for neutral atoms and
ions are obtained by interpolation of the tabulated scattering factors in International
Tables for Crystallography [15] according to Waasmaier et al. (1995) which is valid for
dH > 1

12 Å [16, 17]. For the wavelength-dependent part of the atomic scattering factor
f ′ + if ′′, three different sources are included: the Henke tables [18], the Sasaki tables
[19] and the NIST FFAST database [20]. The FFAST database tabulates quantities f1
and f2 for which:

f ′ = f1 − Z + frel

f ′′ = f2

where frel an energy independent relativistic correction2 given by the ratio between
the total binding energy of the atomic electrons and the electron rest mass energy [18]:

frel = −|Etot|
mec2

.

This factor is referred to in the FFAST database as frel(3/5CL) which refers to the fact
that it is 3/5th of the values tabulated by Cromer et al. (1970). The Sasaki tables report
f ′ directly, but the relativistic correction tabulated by Cromer et al. (1970) was used
[19]. The Henke tables report f1 and f2 with a relativistic correction frel = −(Z/82.5)2.37

already included in f1 which is a fit to the relativistic correction fromKissel et al. (1990).
In xrdua the relativistic correction from the FFAST database is adopted so that the
atomic scattering factor is calculated as follows:

f = f0(dH) + f ′(λ) + fnt + if ′′(λ)
f ′(λ) = f1(Henke)− Z + (Z/82.5)2.37 + frel

= f ′(Sasaki)− 2
3frel

= f1(FFAST)− Z + frel

f ′′(λ) = f2(Henke) = f ′′(Sasaki) = f2(FFAST)
2None of the three tables include the obsolete Stibius-Jensen term [21].
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where fnt represents an additional nuclear Thomson term supplied by the FFAST
database [20]. The Sasaki tables are used when the wavelength of the incoming
radiation is close to an absorption edge of the element as a dense sampling is available
for the range λedge ± 0.014Å around the edge wavelength with steps of 0.0001Å [19].
For other wavelengths the Henke tables are employed unless the required wavelength
falls outside the available range (maximum available energy in the Henke tables is
30keV), in which case the less dense sampled FFAST database is used.

3.4.2 Space groups

To generate the atomic positions
(
xjm, yjm, zjm

)
in the unit cell from an atomic position(

xj , yj , zj
)
in the asymmetric unit for the purpose of calculating the structure factor,

the nsym symmetry operations as described by the space group of the crystal structure
must be known. In xrdua, space groups are implemented on the basis of their
matrix representation, as given in Equation 2.4. The 530 different space group settings
from the International Tables for Crystallography [24] have been hard coded and the
space group symbols have been adopted from the Clipper C++ libraries for X-ray
crystallography [17, 25]. In xrdua a space group can be selected as illustrated in
Figure 3.17 by using one of the space group symbols (Hall, Hermann-Mauguin or
Schönflies notation) or by browsing the space group classification tree based on crystal
system, point group type (one of the 32 Q-classes), space group type (one of the 230
crystallographic space group types) and space group setting (one of the 530 choices of
reference frame).

Figure 3.17: Space group selection in xrdua.

Internally, space groups are identified by a CRC-32 checksum of their symmetry
operation codes. From Equation 2.4 we know that the symmetry operations are 4× 4
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matrices and for the 530 space group settings we find that they can be written as
q1 q2 q3 tq1
q4 q5 q6 tq2
q7 q8 q9 tq3
0 0 0 1


qi ∈ {−1, 0, 1}
tqj ∈ {1/2, 1/3, 2/3, 1/4, 3/4, 1/6, 2/6}

A symmetry operation can be represented by a single 32-bit integer where the low-
order word represents the non-primitive translation tq and the high-order word3 the
orthogonal transformation q. The linear components qi can be be mapped to integers
zqi ∈ [0, 2] by adding one and the translational components to integers ztj ∈ [0, 23]
by taking the numerator with denominator 24. The obtained integers zqi and ztj will
then be regarded as the digits in a positional numeral system with base 3 and 24
respectively. The integers Iq and It that are represented by these two numeral systems
are calculated as follows

I =
n−1∑
k=0

zkb
k

where b = 3 and n = 9 for the linear code Iq and b = 24 and n = 3 for the translational
code It. The maximum values of these two codes are given as a partial sum of a
geometric sequence

Imax =
n−1∑
k=0

(b− 1)bk = bn − 1 = 2nbit − 1

⇐⇒ nbit =
⌈
n

ln b
ln 2

⌉ (3.35)

We find that the minimal number of bits needed to express the linear and translational
code is nbitq = 15 and nbitt = 14, which means that both codes can be represented
by a 16 bit integer. Appending these two 16-bit words, results in a 32-bit symmetry
operation code, which uniquely determines a symmetry operation; this means that we
can always retrieve the matrix that represents the operation from its code. Finally, we
can identify a space group by the CRC-32 checksum of all symmetry operation codes,

3The low-order word contains the first 16 bit and the high-order word the next 16 bit of a 32-bit
integer.
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as illustrated for space group “C 2y”(5):

Symmetry operations Code
{x, y, z} → 0x00000000
{x+ 1/2, y + 1/2, z} → 0x0000012C
{−x, y,−z} → 0x4D440000
{−x+ 1/2, y + 1/2,−z} → 0x4D44012C
Space group “C 2y” = 0xDEB5173B

Orthogonal transformations
{x, y, z} → 0x00000000
{−x, y,−z} → 0x4D440000
Point group “P 2y” = 0x902CF668

Orthogonal transformations
{x, y, z} → 0x00000000
{−x,−y,−z} → 0x4C1A0000
{−x, y,−z} → 0x4D440000
{x,−y, z} → 0x7FA60000
Laue class “-P 2y” = 0x068DFEB3

where the codes and checksums are given as hexadecimal numbers. The corresponding
point group and Laue class can be represented in a similar way. The symbols used
above for space group, point group and Laue class are Hall symbols [26].

3.4.3 Converting space group settings

When importing crystal structure information from an external database through a
crystallographic information file (CIF), a CRC-32 checksum of all symmetry operations
is calculated in order to identify the space group setting employed. If the checksum
does not correspond to the checksum of any of the 530 available space group settings,
the given setting must be converted to one of the available settings by changing the
frame of reference [B.5.1]. The 530 space group settings available in xrdua will be
referred to as conventional while any other setting will be referred to as unconventional.

WhenW denotes a symmetry operation of a space group in one setting andW ′ a
symmetry operation in another setting, then they are related by conjugacy with the
change of frame matrix Ch that relates the reference frames of the two settings [B.5.2]:

W =
(
q v

0 1

)
W ′ =

(
q′ v′

0 1

)
Ch =

(
C Ct
0 1

)
⇐⇒ W ′ = C−1

h ·W · Ch

⇐⇒
{
q′ = C−1 · q · C
v′ = C−1 · (v + q · Ct − Ct)

(3.36)
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where C represents the change of basis matrix and Ct the origin shift. Note that for
each linear component q in a conventional setting there are an infinite number of
translational components v given by the set tq + Tc + Z3 where4

• tq ∈ Q3 ∩ [0, 1[3 is the non-primitive translation corresponding to the linear
component q,

• Tc ⊂ Q3 ∩ [0, 1[3 is a finite set of centering vectors which contains at least the
zero vector,

• Z3 is the set of all vectors with integer coefficients.

It will be assumed that this also applies to the translational components in an un-
conventional setting. This allows us to write the relation between the translational
components v and v′ given in Equation 3.36 as follows:

v′ = C−1 · (v + q · Ct − Ct)

⇐⇒ t′q + T ′c + Z3 = C−1 · (tq + q · Ct − Ct) + C−1 ·
(
Tc + Z3

)
⇐⇒

T ′c + Z3 = C−1 ·
(
Tc + Z3

)
t′q + z′ = C−1 · (tq + z + q · Ct − Ct) z, z′ ∈ Z3

(3.37)

where Tc and T ′c do not necessarily have the same order. The splitting of this relation in
a relation between lattice translations and a relation between non-primitive translations
follows from the fact that the identity operation (tq, q) = (0, E) must be mapped to
the identity in the other setting (t′q, q′) = (0, E). From Equation 3.37 it follows that
C ∈ GL(3,Q) and Ct ∈ Q3. Additionally, the determinant of C should be positive as
two settings can only be crystallographically equivalent [B.8.9] when the change of
basis preserves the orientation. Finally, the change of basis should also allow the lattice
translations to be written under the form T ′c+Z3. We say that the change of basis must
preserve conventional lattice representation. The restrictions on C imposed by this
requirement can be derived by using Smith decomposition of an integer matrix. For
each matrix A with integer entries, there exist two matrices P,Q ∈ GL(3,Z) for which
D = P−1 ·A ·Q−1 is a diagonal integer matrix known as the Smith normal form of A
[27]. Therefore we can write an integer matrix as A = P ·D ·Q, which is referred to as
Smith decomposition of A. If A is a rational matrix, then we can multiply it with its least
common denominator before decomposing. Ifm is the least common denominator of

4The result of tq + Tc + Z3 is the set which contains the summation of all possible combinations of
vectors from tq (only one vector), Tc (finite) and Z3 (infinite).
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all entries in C−1 then we can write:

T ′c + Z3 = C−1 ·
(
Tc + Z3

)
= 1
m
A ·
(
Tc + Z3

)
= 1
m
P−1 ·D ·Q−1 ·

(
Tc + Z3

)
= P−1 ·

( 1
m
D ·Q−1 · Tc + 1

m
D · Z3

)
def= P−1 ·

(
Vc + 1

m
D · Z3

)
(3.38)

where we used the identity Q−1 · Z3 = Z3 since Q ∈ GL(3,Z). Therefore to preserve
the conventional lattice representation, the following condition must be fulfilled:

Vc + 1
m
D · Z3 = V ′c + Z3

⇐⇒


v1 + D11

m z1
v2 + D22

m z2
v3 + D33

m z3

 ,

w1 + D11
m z1

w2 + D22
m z2

w3 + D33
m z3

 , . . . : ∀z1, z2, z3 ∈ Z

 = V ′c + Z3
(3.39)

To verify whether this condition holds and to calculate V ′c when it does, wewill express
the coordinates of the vectors on the left hand side as follows:

vci + Dii
m

Z def= a

b
+ d

m
Z

with d
def= |Dii|

= d

(
Z + {0, 1, . . . ,m− 1}

m
+ x

y

)
with x

y

def= a

bd
(mod Z)

= dZ + d

m
{0, 1, . . . ,m− 1}+ xd

y
def= dZ + d V (m,x, y)

Three situations can be distinguished depending on the value of d:

1. d = 0: this will not occur as A is invertible

2. d = 1: coordinates can be written as

vci + Dii
m

Z = Z + V (m,xi, yi)

3. d > 1: Equation 3.39 can only be fulfilled if we can partition the set of vectors
in subsets of equal size so that within each subset

∀j 6= i : vj = wj = . . .
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where i the dimension for which d > 1. Furthermore the following condition
must be fulfilled within each subset{

vci + Dii
m

Z, wci + Dii
m

Z, . . .
}

= dZ + {0, 1, . . . , d− 1}+
{
v′ci, w

′
ci, . . .

}
= Z +

{
v′ci, w

′
ci, . . .

}
If d = 1 for the three dimensions or d > 1 with the addition requirements described
above, then the change of basis preserves conventional lattice representation as Equa-
tion 3.39 becomes

Vc + 1
m
D · Z3 =

V (m,x1, y1) + z1
V (m,x2, y2) + z2
V (m,x3, y3) + z3

 ,

W (m,x1, y1) + z1
W (m,x2, y2) + z2
W (m,x3, y3) + z3

 , . . . : ∀z1, z2, z3 ∈ Z

 =


V (m,x1, y1)
V (m,x2, y2)
V (m,x3, y3)

 ,

W (m,x1, y1)
W (m,x2, y2)
W (m,x3, y3)

 , . . .

+ Z3 = V ′c + Z3

Note that all possible combinations of V (m,xi, yi) must be considered to compile the
set of vectors V ′c . The same goes forW and any additional sets. The number of sets
to be considered is at most the number of centering vectors in Tc but it can be less if
|Dii| > 1 for at least one i. The set of centering vectors T ′c after a change of basis is
given by (see Equation 3.38):

T ′c + Z3 = P−1 ·
(
Vc + 1

m
D · Z3

)
= P−1 ·

(
V ′c + Z3

)
⇐⇒ T ′c = P−1 · V ′c

where we used the identity P−1 · Z3 = Z3 since P ∈ GL(3,Z). To illustrate the
process of finding a set of centering vectors under a change of basis, a coordinate
transformation of the face-centered cubic lattice will be discussed. The set of centering
vectors is given with respect to the conventional basis as

Tc =


0

0
0

 ,

1/2
1/2

0

 ,

1/2

0
1/2

 ,

 0
1/2
1/2




A change of basis will be considered for which one of the centering vectors is chosen
to be the third basis vector as illustrated in Figure 3.18:

C =

1 0 1/2

0 1 0
0 0 1/2
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Figure 3.18: A face-centered cubic lattice given with respect to its conventional refer-
ence frame (blue) and an unconventional reference frame (red).

The Smith normal form of C−1 is given by

D =

1 0 0
0 1 0
0 0 2


while the set Vc is given by

Vc =


0

0
0

 ,

−1/2
1/2

1

 ,

0
0
1

 ,

1/2
1/2

0




Hence Equation 3.39 can be written as (m = 1)

Vc + 1
m
D · Z3 =


 z1
z2
2z3

 ,

z1 + 1/2

z2 + 1/2

2z3 + 1

 ,

 z1
z2

2z3 + 1

 ,

z1 + 1/2

z2 + 1/2

2z3

 : ∀z1, z2, z3 ∈ Z


For the first two dimensions d = 1 and for the last dimension d = 2. As a result we
have vectors of which the third coordinates are even (2z3) or odd (2z3 +1). However for
each vector with an even third coordinate there is a vector with an odd third coordinate
of which the first two coordinates are the same so that we can write

Vc + 1
m
D · Z3 =


0

0
0

 ,

1/2
1/2

0


+ Z3

and as P is the identity in this example, the centering vectors in the new reference
frame are T ′c = Vc. This result can be verified by examining the centering vectors in
the unit cell for the new reference frame, marked in red in Figure 3.18.

If a space group G is represented in an unconventional setting by matrices W ,
then its point group Q is represented by the group of linear components q. To find a
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conventional setting that corresponds to such an unconventional setting, we first need
to find an conventional point group Q′ that conjugates with the unconventional point
group Q while the conjugacy matrix C represents conventional lattice representation.
When the unconventional setting and a conventional setting are transformed to a
primitive basis [B.7] so thatQ,Q′ ∈ GL(3,Z), conjugacy can be verified by an algorithm
proposed by Opgenorth (2001). However the conjugacy matrix C found in this way is
not unique. Indeed we could multiply C from the left by matrices from the normalizer
[B.2.4] of Q in GL(3,Z) or from the right by matrices from the normalizer of Q′ in
GL(3,Z) and obtain a valid change of basis. Therefore in xrdua a change of basis
matrix C, which columns represent the coordinates of the conventional basis vectors
with respect to the unconventional basis, must be given in order to find a conventional
setting which is crystallographically equivalent to a given unconventional setting.

From this change of basis matrix, the point group Q′ and set of centering vectors
T ′c in an conventional setting can be derived from the point group Q and centering
vectors Tc in unconventional setting by Equation 3.36 and Equation 3.37

Q′ = C−1 ·Q · C

T ′c + Z3 = C ·
(
Tc + Z3

)

For all conventional space group settings with point group Q′ and centering vectors
T ′c, an origin shift is determined by solving Equation 3.37

t′q + z′ = C−1 · (tq + z + q · Ct − Ct) with z, z′ ∈ Z3

⇐⇒ (q − E) · Ct = C · t′q − tq + C · z′ − z

where z and z′ two integer vectors and t′q the non-primitive translation related to
q′ = C−1 ·q ·C. As there are k = |Q| orthogonal transformations q, where |Q| the order
of point group Q, the origin shift is determined by solving a system of 3k equations
with 3 unknowns. If the 3k × 3 matrix associated with this system of equations
is denoted as A then we can solve this system by Smith decomposition of A (after
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multiplication with its least common denominator)


q1 − E

...
qk − E

 · Ct =


C · t′q1 − tq1

...
C · t′qk − tqk

+


C · · · 0
... . . . ...
0 · · · C

 · Z ′ − Z
with Z,Z ′ ∈ Z3k

⇐⇒ A · Ct = B +H · Z ′ − Z

⇐⇒ 1
m
A′ · Ct = B +H · Z ′ − Z

with m = LCD(A), A′ = mA

⇐⇒ D · x = B′ +H ′ · Z ′ − P · Z
with D = P ·A′ ·Q, B′ = P ·B

H ′ = P ·H, x = 1
m
Q−1 · Ct

⇐⇒ D · x = B′ +H ′ · Z ′ (mod Z)

(3.40)

If yL = D.x and yR = B′ +H ′ · Z ′ then for all j for which yLj = 0 it must follow that
yRj = 0(mod Z). Therefore we are looking for an integer solution Z ′ to the following
system of equations

H ′′ · Z ′ = −B′′ (mod Z) (3.41)

where H ′′ and B′′ contain all rows j of H ′ and B′ respectively for which yLj = 0. If
such a solution does not exist then Equation 3.40 does not have a solution and the
space group settings are not equivalent. This means that the settings have the same
point group and set of centering vectors, but not the same system of non-primitive
translations [B.8.2]. In that case, xrdua proceeds by comparing other conventional
settingswith the given unconventional setting until a solution is found to Equation 3.40.
If such a solution exists then the space group settings are equivalent and the origin
shift can be found as follows

D · x = B′ +H ′ · Z ′ (mod Z)
⇐⇒ D · x = G (mod Z)

⇐⇒


∀i ∈ {1, 2, 3} :

xi = Q if Dii = 0

xi = Gi+Z
Dii

if Dii 6= 0

⇐⇒ Ct = mQ · x

(3.42)

To conclude, an integer solution to Equation 3.41 can be found analog to Equation 3.40
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by using Smith decomposition

H ′′ · Z ′ = −B′′ (mod Z)

⇐⇒ 1
m
A · Z ′ = −B′′ (mod Z)

with m = LCD
(
H ′′
)
, A = mH ′′

⇐⇒ D · x = M (mod Z)

with D = P ·A′ ·Q, M = −P ·B′′, x = 1
m
Q−1 · Z ′

⇐⇒



xi = Z
m if Dii = 0 andMi = 0(mod Z)

xi = undefined if Dii = 0 andMi 6= 0(mod Z)

xi = Mi+Z
Dii

if Dii 6= 0 and (mmod biDii) = 0 (Mi = ai
bi

)

xi = undefined otherwise
(3.43)

where we used the restriction Z ′ ∈ Z3k and therefore Q−1 · Z ′ = mx ∈ Z3k as
Q ∈ GL(3k, Z). For Dii 6= 0 it follows that

mxi ∈ Z ⇐⇒ m
Mi + Z
Dii

⊆ Z

⇐⇒ m(ai + biZ)
biDii

⊆ Z

⇐⇒ mmod biDii = 0

Note that as for the change of basis, the origin shift cannot be uniquely determined
from the group of symmetry operations in two settings. A family of solutions defined
by Equation 3.42 and Equation 3.43 exists for the origin shift Ct. Therefore xrdua
allows for the selection of an appropriate solution from this family.

Transformation of unit cell and atomic positions

The unit cell parameters and atomic positions of an unconventional setting can be
transformed to their values in the conventional setting by employing the change of
basisC and origin shiftCt. The following notations will be used for an unconventional
setting

unit cell basis: B = (~b1,~b2,~b3)
unit cell parameters: (a, b, c, α, β, γ)
atomic position with respect to B: Xb

and for the corresponding conventional setting

unit cell basis: B′ = (~b′1,~b′2,~b′3)
unit cell parameters: (a′, b′, c′, α′, β′, γ′)
atomic position with respect to B’: X ′b
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The atomic positions in the conventional setting can be derived directly from the
atomic positions in the unconventional setting as follows [B.5.1]:(

X ′b
1

)
= C−1

h ·
(
Xb
1

)
(3.44)

where Ch the change of frame matrix defined in Equation 3.36. To transform the unit
cell parameters, the coordinates basis vectors of the unconventional setting will first
be described with respect to the standard Euclidean basis (~e1, ~e2, ~e3):

~b1 =

a0
0

 ~b2 =

b cos γ
b sin γ

0

 ~b3 =

ucvc
wc


where we choose~b1 along ~e1 and~b2 in the plane spanned by (~e1, ~e2). The coordinates
u, v and w can be written as a function of the unit cell parameters. The first coordinate
u can be written as a function of β:

u =
~b1 ·~b3
‖~b1‖‖~b3‖

= cosβ (3.45)

The second coordinate v can be written as a function of α, β and γ

~b2 ·~b3
‖~b2‖‖~b3‖

= cosα = u cos γ + v sin γ

⇐⇒ v = cosα− cosβ cos γ
sin γ

(3.46)

The third coordinates can be derived from the previous two:

‖~b3‖ = c ⇐⇒ u2 + v2 + w2 = 1

⇐⇒ w =
√

1− cos2 α− cos2 β − cos2 γ + 2 cosα cosβ cos γ
sin γ

= U

abc sin γ

(3.47)

where U is the unit cell volume. The change of basis from the standard Euclidean basis
to the basis B of unconventional setting is then defined by a change of basis matrix Ce

Ce =

a b cos γ uc

0 b sin γ vc

0 0 wc

 (3.48)

The atomic positions with respect to the standard Euclidean basis are given by

Xe = Ce ·Xb
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Using Equation 3.44, this can be written as:(
Xe
1

)
=
(
Ce 0
0 1

)
·
(
C Ct
0 1

)
·
(
X ′b
1

)

=
(
Ce · C Ce · Ct

0 1

)
·
(
X ′b
1

)

After shifting the origin of the standard Euclidean basis to the origin of the conventional
setting we can write:

X ′e = Ce · C ·X ′b = C ′e ·X ′b

If C ′e is of the same form as Equation 3.48 then we can extract unit cell parameters
(a′, b′, c′, α′, β′, γ′) by inverting Equation 3.45, Equation 3.46 and Equation 3.47. How-
ever C ′e does not necessarily have this form. In this case we can use QR-decomposition
of C ′e. Every matrix A with real entries can be written as A = Q ·R with Q an orthog-
onal matrix and R an upper triangular matrix. This decomposition is unique for an
invertible matrix A if we require that the diagonal elements of R are positive [29]. In
this case Q is orientation preserving and represents a pure rotation. If we rotate the
standard Euclidean basis by this rotation then we find the atomic positions X ′′e with
respect to the standard Euclidean basis after rotation as follows{

X ′e = Q ·R ·X ′b
X ′′e = Q−1 ·X ′e

⇐⇒ X ′′e = R ·X ′b

SinceR has the same formasCe in Equation 3.48, the unit cell parameters (a′, b′, c′, α′, β′, γ′)
in the conventional setting can derived from it.

3.4.4 Wyckoff positions

In Section 3.4.1 it was stated that an orbit of equivalent atomic positions has at most
three degrees of freedom. Recall that the orbit [B.2.9] of a point p in Euclidean point
space E3

p under the action [B.2.9] of space group G is given by:

OrbG(p) = {g · p : g ∈ G}

where the symmetry operations g = (t+ tq, q) are isometries with q an orthogonal
transformation (rotations, reflections, etc.), tq the corresponding non-primitive trans-
lation and t a lattice translation. The set of lattice translations T ≤ G is given by
T =

{
(t, 1) : t ∈ Tc + Z3}where Tc is the set of centering vectors for which Tc = {0}

in case of a primitive basis. In general the orbit OrbG(p) contains as many elements
as there are symmetry operations in G. However the orbit can be smaller for points
that lie on one of more symmetry elements (rotation axes, mirror planes, etc.). The
symmetry operations arising from those symmetry elements do not generate new
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positions for those points. We say that these symmetry operations leave those points
invariant and the group of all symmetry operations that leave a point invariant is
referred to as the stabilizer [B.2.9] or site-symmetry group of this point. When parameter-
izing Equation 3.34 to be used in Rietveld refinement (the modeling of a diffractogram
through Equation 3.33), the site-symmetry of atomic positions needs to be preserved
as this symmetry is related to the chemical bonding with neighboring atoms. Site-
symmetry restrictions reduce the degrees of freedom for an atomic orbit. In some
cases (for example in the case of rock salt) the degree of freedom of the atomic orbits
can be reduced to zero. In this section, it will be shown how the special positions with
a degree of freedom lower than three are determined for the 530 conventional space
group settings in xrdua and parameterized for use in Equation 3.34. The algorithm
for computing Wyckoff positions is essentially the implementation of the method
suggested by Eick et al. (2006).

We will first define an equivalence relation [B.1.2] between points in Euclidean
point space E3

p as follows: p and r are equivalent points (denoted below as p ∼ r) if
their stabilizers under the action of space group G conjugate

∃k ∈ G : StabG(r) = k · StabG(p) · k−1 ⇒ p ∼ r
StabG(p) = {g ∈ G : g · p = p}
StabG(r) = {h ∈ G : h · r = r}

in which the stabilizer of a point is the subgroup of space group G that leaves this
point invariant. Note that “·” is used for the group operation of G and for the action
of G on E3

p . The equivalence classes [B.1.2] of this equivalence relation are known as
theWyckoff positions of space group G. A Wyckoff position is therefore defined as

Wyck(p) =
{
r ∈ E3

p : StabG(r) ∈ [StabG(p)]
}

where [StabG(p)] represents the conjugacy class [B.2.3] of the stabilizer of p in G

[StabG(p)] =
{
k · StabG(p) · k−1 : k ∈ G

}
It can be shown that StabG(p) is finite and that there are a finite number of conju-
gacy classes of finite subgroup in a space group [30]. Hence there are only a finite
number of Wyckoff positions for a space group, one for each conjugacy class [H] of
finite subgroups. This allows for an equivalent definition of a Wyckoff position as an
equivalence class of points whose stabilizers belong to the same conjugacy class of
finite subgroups in G

Wyck(H) =
{
p ∈ E3

p : StabG(p) ∈ [H]
}

In crystallography however,Wyckoff positions are represented differently. For example
space group “C 2y”(5) has three Wyckoff positions which are given in the conventional
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setting by

4c : [x, y, z]
[x+ 1/2, y + 1/2, z]
[−x, y,−z]
[−x+ 1/2, y + 1/2,−z]

2b : [0, x, 1/2]
[1/2, x+ 1/2, 1/2]

2a : [0, x, 0]
[1/2, x+ 1/2, 0]

with x, y, z ∈ R. Each Wyckoff position is characterized by a set of parameterized
coordinates and labeled with a letter and a multiplicity. Space group “C 2y”(5) can be
represented in its conventional setting by the following group of symmetry operations

G =
{(

Z3 + Tc, q1
)
,
(
Z3 + Tc, q2

)}
with q1 =

1 0 0
0 1 0
0 0 1

 q2 =

−1 0 0
0 1 0
0 0 −1

 Tc =


0

0
0

 ,

1/2
1/2

0




The stabilizer of each point in the general position 4c is the identity. The positions
generated from [x, y, z] by the action of G can be represented by four unique positions
modulo Z. The number of unique positions modulo Z is referred to as the multiplicity
of the Wyckoff position. For special parameter values (for example x = 0 and z = 1/2)
we find only two unique positions (modulo Z) which means that the stabilizer of
atoms in this position is larger than the identity. Note however that positions 2b and
2a are also contained in 4c. Therefore in crystallography a Wyckoff position is the set
of all points that stay invariant under the action of the same finite subgroup of the
space group (up to conjugacy) while in the definition only those points for which this
subgroup is also their stabilizer (up to conjugacy) are considered.

To accommodate this difference, a Wyckoff position will be represented by the
following union of sets [30]

Wyck(H) =
{
p ∈ E3

p : StabG(p) ∈ [H]
}

=
⋃
g∈G

S
(
g ·H · g−1

)
S(H) =

{
p ∈ E3

p : StabG(p) = H
}

where S(H) denotes the set of all points with (finite) stabilizer H . Since two points in
the same orbit under the action of space group G have conjugate stabilizers it follows
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that [B.2.9]:

g · S(H) =
{
g · p ∈ E3

p : StabG(p) = H
}

=
{
r ∈ E3

p : StabG
(
g−1 · r

)
= H

}
=
{
r ∈ E3

p : g−1 · StabG(r) · g = H
}

=
{
r ∈ E3

p : StabG(r) = g ·H · g−1
}

= S
(
g ·H · g−1

)
This allows a Wyckoff position to be described by the union of the orbit of the set of
points S(H) with stabilizer H

Wyck(H) =
⋃
g∈G

g · S(H)

and according to the orbit-stabilizer theorem [B.2.9]

∀p ∈ S(H) : |OrbG(p)| = [G : H]

where [G : H] denotes the index of H in G [B.2.6]. Note that

Wyck(H) = Wyck
(
g ·H · g−1

)
.

Hence the definition of Wyckoff positions as the set of points with conjugate stabilizer.
In the crystallographic interpretation Wyck(H) can also contain points with a larger
stabilizer (and smaller orbit). Therefore the set of points S(H) with stabilizer H is
replaced by themore general set of pointsW(H) invariant under the action ofH [B.2.9]

W(H) =
{
p ∈ E3

p | ∀h ∈ H : h · p = p
}

∀p ∈W(H) : |OrbG(p)| ≤ [G : H]

which is a subspace of Euclidean point space E3
p [30]. The elements of W(H) are

referred to as the fixpoints of H . This set contains all points with stabilizer H and
might also contain points with larger stabilizers. The Wyckoff positions are then given
in crystallography as

Wyck(H) =
⋃
g∈G

W
(
g ·H · g−1

)
Analog to S(H) we can write for W(H)

g ·W(H) =
{
g · p ∈ E3

p | ∀h ∈ H : h · g · p = g · p
}

=
{
r ∈ E3

p | ∀h ∈ H : h · g−1 · r = g−1 · r
}

= W
(
g ·H · g−1

)
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so that a Wyckoff position is the union of the orbit of the fixpoints of a finite H

Wyck(H) =
⋃
g∈G

g ·W(H) (3.49)

In this altered definition Wyck(H) = Wyck
(
g ·H · g−1) still holds. Therefore in order

to find all Wyckoff positions of a space group, one must find a representative H of
each conjugacy class of finite subgroups in G, find its fixpoints W(H) and calculate
the orbit in G to obtain Wyck(H). This process can be simplified by considering the
lattice-equal subgroups of a space group.

Lattice-equal subgroups

When T ≤ U ≤ G then U is called a lattice-equal subgroup of space group G. From
the second isomorphism theorem [B.2.7] it follows that T is a normal subgroup of U
and ϕ(U) = U/T ≤ G/T where ϕ represents the quotient map [B.2.7] from G to G/T .
Conversely, ifK ≤ G/T then ϕ−1(K) = U ≤ G is a lattice-equal subgroup with T EU
and U/T = K. Since G/T is isomorphic to point group Q [B.8.1] it follows that the
lattice-equal subgroups of G can be found by considering U = ϕ−1(K) for allK ≤ Q.
As there are only finite number of subgroup in a finite group it follows that there are
only finitely many lattice-equal subgroups.

If only representatives of conjugacy classes of lattice-equal subgroups are needed,
it is sufficient to consider the representatives of the conjugacy classes of point group
subgroups. For each g ∈ G and u ∈ U ≤ Gwe can write

ϕ
(
g · u · g−1

)
= qg · qu · q−1

g

where g = (tg, qg)
and u = (tu, qu)

From this it follows that

ϕ
(
g · U · g−1

)
= qg · ϕ(U) · q−1

g

⇐⇒ ϕ([U ]) = [ϕ(U)]

Conversely, we find that

ϕ−1
(
qg ·K · q−1

g

)
=
{
g · ϕ−1(K) · g−1 | g ∈ G : ϕ(g) = qg

}
⇐⇒ ϕ−1([K]) =

[
ϕ−1(K)

]
Hence the preimages of the representatives of the conjugacy classes of point group
subgroups are the representatives of the conjugacy classes of lattice-equal subgroups
of the space group. Additionally, the following properties of lattice-equal subgroups
will be used below
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• A lattice-equal subgroup U can be written as a union of cosets of T

U =
⋃

q∈ϕ(U)
T · (tq, q)

• The index of a lattice-equal subgroup U = ϕ−1(K) in space group G is given by

[G : U ] = [G : T ]
[U : T ] = |Q|

|K|

Fixpoints modulo T

The subset WT (U) ⊆ E3
p that stays invariant modulo T (the set of lattice translations)

under the action of a subgroup U of G is given by

WT (U) =
{
p ∈ E3

p | ∀u ∈ U,∃tu ∈ T : u · p = tu · p
}

The elements ofWT (U) are referred to as the fixpointsmoduloT ofU . As the difference
vector [B.5] between two points in an affine space is unique, it follows that tu is unique
for each u ∈ U . In what follows it will be shown how W(H) for all representatives H
of the conjugacy classes of finite subgroups in G, can be derived fromWT (U) for all
representatives U of conjugacy classes of lattice-equal subgroups of G:

1. For every finite subgroupH ≤ G the group U = TH is a lattice-equal subgroup
of G: it is a group since T is normal and it is lattice-equal as it contains T .
Furthermore the fixpoints of H are fixed by U modulo T

∀u ∈ U : u = t · hwith t ∈ T, h ∈ H
⇐⇒ ∀p ∈W (H) : u · p = t · h · p = t · p
⇐⇒ W (H) ⊆WT (U)

Hence the fixpoints of a finite groupH ≤ G are contained by the set of fixpoints
modulo T of lattice-equal subgroup U = TH .

2. If U ≤ G is a lattice-equal subgroup and WT (U) its fixpoints modulo T then we
can define the following subset of G

H =
{
t−1
u · u | u ∈ U and tu ∈ T : u · p = tu · p ∀p ∈WT (U)

}
In the construction of H , all the elements of coset T · (tq, q) are mapped to one
and the same element in H

ui ∈ T · (tq, q)

ui = (tq + ti, q) ti ∈ Z3, t0
def= ~0

q · p+ tq + ti = p+ tui tui ∈ Z3

⇐⇒ tui = tu0 + ti

⇐⇒ t−1
ui · ui = (tq − tu0, q)

def= (tq + zq, q)
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From this it can be seen that H is a group of which the order is equal to the
order of ϕ(U)

H = {(tq + zq, q) : q ∈ ϕ(U)}

and U = TH . The symmetry operations in H fix all points fromWT (U)

∀h ∈ H, p ∈WT (U) : h · p = t−1
u · u · p = t−1

u · tu · p = p

so thatH ≤ StabG(p) and thereforeH is finite with WT (U) ⊆W (H). Moreover
as U = TH it follows from above that W (H) = WT (U). Hence the fixpoints
modulo T of a lattice-equal subgroup represent the fixpoints of a finite subgroup
of G.

3. For a conjugate subgroup H ′ = g ·H · g−1 to H in Gwe can write

TH ′ = T · g ·H · g−1 = g · TH · g−1

where T · g = g · T since T is normal. Hence if finite subgroups H and H ′

conjugate then TH and TH ′ conjugate by the same conjugator. This defines a
bijection between [H] and [TH].

It follows that the fixpoints of the conjugacy class representatives of finite subgroups
of G are described exactly by the fixpoints modulo T of the conjugacy class rep-
resentatives of lattice-equal subgroups of G. Hence in order to find W (H) for the
representatives H of the conjugacy classes of finite subgroups in G, we consider the
representativesK of the conjugacy classes inQ, determine their preimageU = ϕ−1(K)
and calculate WT (U). From Equation 3.49 it follows that if WT (U) 6= ∅ then at least
one Wyckoff position can be derived from WT (U) by taking the orbit in G. As will be
shown in Section 3.4.4, the fixpoints modulo T of a lattice-equal subgroup U can be
written as

WT (U) =
⋃
p∈ST

(Vp + T · p)

where ST ⊂ E3
p a finite set of points and Vp ⊆ E3

v a subspace of Euclidean vector space.
The set WT (U) can be partitioned in as many Wyckoff positions as there are points in
ST that do not belong to the same orbit. For the Wyckoff positions Wyck(H) obtained
fromWT (U) it can be shown that

∀p ∈Wyck(H) : |OrbG(p) mod T | ≤ [G : U ]

The order of the orbit modulo T is the multiplicity of the Wyckoff position. When the
multiplicity is strictly less than the index of U in G, this Wyckoff position has a larger
stabilizer than contained in U and it will be derived again from a different lattice-equal
subgroup U ′ so that the order of the orbit of at least one point is equal to [G : U ′].
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Algorithm to find fixpoints modulo T

The affine space WT (U) with U = ϕ−1(K) for K ≤ Q can be found by solving the
following system of equations for each u ∈ U

∀p ∈WT (U) : u · p = tu · p
⇐⇒ (tq + t, q) · p =

(
t′, 1

)
· p tq ∈ Q3 and t, t′ ∈ Z3

⇐⇒ q · p+ tq + t = p+ t′

⇐⇒ (1− q) · p = tq (mod Z)

Elements in the same coset of T in U give rise to an identical system of equations.
Hence only the systems that arise from coset representatives ui with i ∈ {1, . . . , |K|}
need to be considered. If xp are the coordinates of pwith respect to the primitive basis
then x = C · xp are the coordinates with respect to the original setting basis where
C denotes the change of basis matrix which columns represent the coordinates of
the primitive basis with respect to the non-primitive basis. To find the coordinates of
the fixpoints modulo T of U with respect to the setting basis, we can combine these
equations and solve the resulting system by Smith decomposition

1− q1
...

1− q|K|

 · C−1 · x =


tq1
...

tq|K|

 (mod Z)

⇐⇒ A · x = B (mod Z)

⇐⇒ 1
m
A′ · x = B (mod Z)

with m = LCD(A), A′ = mA

⇐⇒ D · x′ = B′ (mod Z)
with D = P ·A′ ·Q, B′ = P ·B,

x′ = 1
m
Q−1 · x

⇐⇒


∀j ∈ {1, 2, 3} :

x′j = R if Djj = 0

x′j = B′j+Z
Djj

if Djj 6= 0

⇐⇒ x = mQ · x′

where LCD(A) denotes the least common denominator of A. Note that if B′j 6=
0(mod Z) for j > 3 then WT (U) = ∅. Otherwise the set of solutions is given by

WT (U) =
⋃
x∈S

(Vx + x)

where S ⊂ E3
p represents a subset of Euclidean point space obtained by choosing

xj = 0 forDjj = 0 and Vx ⊆ E3
v a subspace of Euclidean vector space which generates
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WT (U) from S. Since x ∈WT (U) implies that OrbT (x) ⊆WT (U) the setWT (U) ⊆ E3
p

is partitioned by orbits under the action of the translational subgroup T . Hence we
can write

x = mQ · x′
∀j ∈ {1, 2, 3} :

x′j = R if Djj = 0

x′j = B′j+Z
Djj

(mod Z) if Djj 6= 0

⇐⇒ WT (U) =
⋃
x∈ST

(Vx + T · x)

where ST ⊂ S a set of orbit representatives under the action of translational subgroup
T . As there can only be a finite number of solutions x′j between 0 and 1 whenDjj 6= 0
it follows that ST is finite. Hence WT (U) is a union of affine subspaces of Euclidean
point space.

As an example we will consider the following lattice-equal subgroup of space
group “-P 2yb”(11):

U = T · {(tq1, q1), (tq2, q2)}

with q1 =

1 0 0
0 1 0
0 0 1

 q2 =

1 0 0
0 −1 0
0 0 1

 tq1 =

0
0
0

 tq2 =

 0
1/2

0


with C the identity as this space group setting already has a primitive basis and
[G : U ] = 2. The coordinates of the affine subspace fixed modulo T by U is given by

x1 = R

x2 =
1/2 + Z

2 (mod Z)

x3 = R

Hence we find

ST = {a, b} =


 0

1/4

0

 ,

 0
3/4

0




and Va = Vb =


x1

0
x3

 : x1, x3 ∈ R


(3.50)

Algorithm to find all Wyckoff positions

Based on Equation 3.49, the Wyckoff positions of the 530 space group settings in
xrdua are calculated as follows:
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1. Convert the basis of the space group setting to a primitive basis by selecting
an appropriate basis from the set {~b1,~b2,~b3, Tc} so that qij ∈ {−1, 0, 1} and
Tc = {0}. The symmetry operations (tq, q) in the primitive setting are derived
from

(
t′q + t′c, q

′
)
in the non-primitive setting as follows

 q = C−1 · q′ · C

tq = C−1 ·
(
t′q + t′c

)
(mod Z)

where C denotes the change of basis matrix which columns represent the coor-
dinates of the primitive basis with respect to the non-primitive basis.

2. Compile the set SQ of all subgroups of point group Q:

a) Create the multiplication tableMQ of Q for whichMQ[i, j] = qi · qj
b) Consider all sets K =

{
1, q, q−1} for each q ∈ Q and remove duplicate

elements. For each set we can extract a subset of the multiplication table
MQ[K,K] ⊂ Q which only considers the combinations of the elements
in K (in this case 1, q and q−1). Each set K is replace byMQ[K,K] until
the order of MQ(K) is equal to the order of K. In this case K ≤ Q is a
subgroup of Q and the unique subgroups are added to SQ.

c) All possible unions sab = sa ∪ sb of two groups sa, sb ∈ SQ are considered.
Each set sab is replaced byMQ[sab, sab] until sab is a group which is added
to SQ. This process is repeated until no new groups can be found.

3. Compile the set CQ of all conjugacy classes of subgroups of point group Q:

a) Create the conjugacy tableMQ of Q for whichMQ[i, j] = qi · qj · q−1
i

b) For each K ∈ SQ the conjugacy class [K] =
{
MQ[K, q] ≤ Q : q ∈ Q

}
is

added to CQ (up to uniqueness).

4. For each [K] ∈ CQ :

a) the set WT (U) is calculated as described in Section 3.4.4 for U = ϕ−1(K) ⊂
GwithK a representative of [K].

b) WT (U) is a union of subspaces Vp + T · p. When the order of the orbit
modulo T of this subspace is equal to [G : U ] then it is added to the list of
Wyckoff positions (up to uniqueness).

c) For a non-primitive space group setting, each subspace Vp + T · p is split
up in as many subspaces as there are centering vectors and the Wyckoff
multiplicity is multiplied by the number of centering vectors.

5. Wyckoff positions are ordered according to multiplicity and degrees of freedom.

The fixpoints modulo T of the lattice-equal subgroup of space group “-P 2yb”(11)
discussed in the previous section, were given by Equation 3.50. The orbit modulo T of
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each subspace is given by

Wyck(Ha) = OrbG(Va + T · a) mod T =


x1

1/4

x3

 ,

−x1
3/4

−x3




Wyck(Hb) = OrbG(Vb + T · b) mod T =


x1

3/4

x3

 ,

−x1
1/4

−x3




Note that these orbits are identical and have an order of 2. As [G : U ] = 2 this gives
rise to one Wyckoff position, labeled 2e in the International Tables for Crystallography.

The Wyckoff positions obtained by the algorithm outlined above, have been tested
numerically by evaluating their orbits. Additionally, the Wyckoff positions of the 230
standard space group settings are identical to those given in the International Tables for
Crystallography, which can be generated by employing the Cryst package in computer
algebra system Gap [30].

As xrdua only works with 530 fixed space group settings, their Wyckoff positions
are tabulated and included in the source code. A Wyckoff position is represented
similar to the representation of a space group as discussed in Section 3.4.2. In the
example above, Wyckoff position Wyck(Ha) is represented by

x1
1/4

x3

 7→


1 0 0 0
0 0 0 1/4

0 1 0 0
0 0 0 1


−x1

3/4

−x3

 7→

−1 0 0 0
0 0 0 3/4

0 −1 0 0
0 0 0 1


The upper-left 3× 3 submatrix is the analog to the linear part of a symmetry operation
while the upper-right 3 × 1 submatrix is the analog to the translational part of a
symmetry operation. For coding, the elements in the linear part are assumed to be
rational numbers in [−2, 2] with denominator 24 while the elements of the translational
part are assumed to be rational numbers in [0, 1[with denominator 24. The translational
elements are mapped to integers in [0, 23] by making the denominator 24. Hence the
translational code takes up 14 bits (see Equation 3.35 for n = 3 and b = 24). The linear
components are mapped to integers in [0, 95] by making the denominator 24. Hence
the linear code takes up 60 bits (see Equation 3.35 for n = 9 and b = 96). Additionally
the extremes−2 and 2 of the linear components are different while for the translational
components the extremes 0 and 1 are considered to be identical (modulo Z). Hence
an additional code of 9 bits is needed to distinguish −2 from 2 (see Equation 3.35 for
n = 9 and b = 2). For convenience the three codes are joined in one 128 bit number so
that each Wyckoff position is determined by a list of 128 bit codes.

3.4.5 Bragg peak reduction

The number of structure factors included in Equation 3.33 for the modeling of a
diffractogram is limited by the experiment and by the space group symmetry. As
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3.4. Diffractogram modeling

illustrated in Figure 3.19 the area detector only detects Debye rings within a certain
angular range. Through Bragg’s law and the relation ‖~nH‖ = d−1

H between reciprocal
lattice vector ~nH and d-spacing dH we can deduce the following restrictions on the
Miller indices H = [h1, h2, h3]T of equidistant lattice planes from which diffraction
can be observed [2.2.6]

Restriction in terms of d-spacing :

dmin = λ

2 sin θmax

dmax = λ

2 sin θmin

dmin ≤ dH ≤ dmax

Restriction in terms of reciprocal lattice vectors :
1

dmax
≤ ‖~nH‖ ≤

1
dmin

Restriction in terms of Miller indices :
1

d2
max
≤ HT ·M−1 ·H ≤ 1

d2
min

Restriction in terms of Miller indices (relaxed) :
1

dmax‖~ai‖
≤ |hi| ≤

1
dmin‖~ai‖

(3.51)

Since the scattering angle 2θ must be within the range [0°, 180°] regardless of the 2θ-
range covered by the detector, it follows that dmin ≥ λ

2 while there is in principle
no limit to dmax. Together with the relaxed restrictions on Miller indices it follows
that only a finite number of equidistant lattice planes can possibly contribute to the
diffraction pattern. Hence there are finitely many Bragg peaks in a diffraction pattern.
In Figure 3.19 a diffractogram of MgAl2O4 is shown for a 2θ-range of [4°, 32°] at an
X-ray energy of 28keV. The crystal structure is cubic with unit cell parameter ‖~a‖ =
8.08435Å. From the scattering angle range it follows that there are 4330 possible Bragg
peaks of which only a fraction is visible in the measured diffractogram. This is the
result of symmetrical equivalence of lattice planes and systematic absences.

Systematic absences

To show that the structure factor can be zero for certain Miller indices, regardless of
the atoms that decorate the crystal pattern, we will reformulate the expression for the
structure factor given in Equation 3.34 as

FH =
nasu∑
j=1

nsym,j∑
m=1

fj exp
(
2πi
(
h1xjm + h2yjm + h3zjm

))
=

nasu∑
j=1

nwyck,j∑
m=1

fj exp
(

2πiHT ·Xjm
)
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Figure 3.19: Diffractogram of MgAl2O4 with a reduced number of Bragg peaks due to
2θ restrictions and crystal symmetry.

whereXjm are the atomic positions in the unit cell generated by space group symmetry
from Xj . In other words the set Xjm represents the orbit modulo Z of Xj and nsym,j
is equal to the multiplicitymwyck,j of the Wyckoff position of Xj . If the multiplicity of
the general Wyckoff position is denoted as nwyck then we can make the summation
over indexm independent from the summation over index j as follows

FH =
nasu∑
j=1

nwyck∑
m=1

f ′j exp
(

2πiHT ·Xjm
)

with f ′j = fj
nwyck,j

nwyck

Furthermore the atomic positions can be written asXjm = gm ·Xj for each symmetry
operation gm ∈ G which can be written as gm = (tc + tq, q). Substitution in the
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structure factor yields the following expression

FH =
nasu∑
j=1

|Q|∑
s=1

Fcenf
′
j exp

(
2πi
(
ATs ·Xj + as

))

with Fcen =
|Tc|∑
c=1

exp
(

2πiHT · tc
)

As = qTs ·H

as = HT · tqs

(3.52)

The orthogonal transformations qTs are elements of reciprocal point group Q∗ and
qTs ·H defines an action of Q∗ on reciprocal space [B.9.2]. When qT1 , qT2 ∈ StabQ∗(H)
then it follows directly that A1 = A2. Furthermore the orbit-stabilizer theorem [B.2.9]
states that: ∣∣OrbQ∗(H)

∣∣ =
[
Q∗ : StabQ∗(H)

]
= |Q|∣∣StabQ∗(H)

∣∣
This allows us to decompose the summation over index s as follows

FH =
nr∑
r=1

Fr

nk∑
k=1

Fcen exp(2πiark)

with nr =
∣∣OrbQ∗(H)

∣∣
nk =

∣∣StabQ∗(H)
∣∣

Fr =
∑
j

f ′j exp
(

2πi
(
ATr ·Xj

))
(3.53)

in which we used the identity Ar = Ark. The modulus of the summation over index k
can have two possible solutions5∣∣∣∣∣

nk∑
k=1

Fcen exp(2πiark)
∣∣∣∣∣ =

∣∣∣∣∣∣
nk∑
k=1

|Tc|∑
c=1

exp(2πibrkc)

∣∣∣∣∣∣
with brkc = ark +HT · tc = HT ·

(
tqrk + tc

)
=

 0 if ∃b1kc 6= 0

nk.|Tc| otherwise

Hence if we can find a symmetry operation (tq + tc, q) so that qT ·H = H and HT ·
(tq + tc) 6= 0 then |FH | = 0 and the reflection H is called extinct.

From the 4330 reflections of MgAl2O4 with a scattering angle in the range [4°, 32°],
there are 3378 extinct due to the symmetry of space group “F d -3 m”(227). Hence we
would expect 952 reflections to be visible in the diffractogram. However in Figure 3.19
there appear to be much less reflections present. This additional Bragg peak reduction
is caused by the symmetrical equivalence of lattice planes.

5It could not be determined whether this is true in general, but it has been tested numerically for all
530 space group settings.
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Symmetrical equivalence of lattice planes

In the previous section OrbQ∗(H) denoted the orbit ofH under reciprocal point group
symmetry. As qT ∈ Q∗ are orthogonal transformations, the norm of the reciprocal
lattice vector ‖~nH‖ stays invariant under the action of Q∗ and therefore also the d-
spacing of the associated set of equidistant lattice planes. Such sets of lattice planes are
called symmetrically equivalent and their corresponding Bragg peaks coincide. Moreover
the Bragg peak intensities of symmetrically equivalent lattice planes are identical. If
H ′ belongs to the orbit of H and H ′ = qTH · H then its structure factor is given by
Equation 3.53 with:{

A′r = q′Tr ·H ′ = q′Tr · qTH ·H =
(
qH · q′r

)T ·H
a′rk = HT · qH · t′qrk

(3.54)

while for the structure factor of H :{
Ar = qTr ·H

ark = HT · tqrk
(3.55)

If we define the coset of T in G given by
(
tqrk, qr

)
· T as the composition of cosets(

tqH , qH
)
· T and (t′qrk, q′r) · T then we find the following relations for the linear and

translational part:(
tqrk + Tc + Z3, qr

)
def=
(
tqH + Tc + Z3, qH

)
·
(
t′qrk + Tc + Z3, q′r

)
where qH ·

(
Tc + Z3

)
= Tc + Z3

=
(
qH · t′qrk + tqH + Tc + Z3, qH · q′r

)
⇐⇒

{
qr = qH · q′r

qH · t′qrk = tqrk − tqH

whereweused the fact that qH is a lattice automorphism. Combinedwith Equation 3.54
and Equation 3.55 we find the following relations:{

A′r = qTr ·H = Ar

a′rk = HT ·
(
tqrk − tqH

)
= ark −HT · tqH

Hence the structure factor of H ′ as expressed in Equation 3.53 becomes:

FH′ =
nr∑
r=1

F ′r

nk∑
k=1

F ′cen exp
(
2πia′rk

)
=

nr∑
r=1

Fr

nk∑
k=1

F ′cen exp
(

2πi
(
ark −HT · tqH

))
= exp

(
−2πiHT · tqH

) nr∑
r=1

Fr

nk∑
k=1

F ′cen exp(2πiark)

116



3.4. Diffractogram modeling

Since Fcen = F ′cen the structure factors of two reflections in the same orbit are related
as follows:

FH′ = FH exp
(
−2πiHT · tqH

)
As the Bragg peak intensity is proportional to the squared amplitude of the structure
factor, we conclude that symmetrically equivalent reflections give rise to identical
Bragg peaks in a diffractogram. Hence Equation 3.33 used for Rietveld refinement can
be rewritten in the form:

IRiet(2θ) = Ibkg(2θ) +
∑
j

Sj
∑
H

mHF
2
jHLjH(2θ)Ω̂[2θ − 2θjH ] (3.56)

where mH =
∣∣OrbQ∗(H)

∣∣ is the number of reflections equivalent to H . The Miller
indices included in this summation are the orbit representatives of the indices that
satisfy the scattering angle restrictions and that are not extinct. In the MgAl2O4
example above, the 952 non-extinct reflections that satisfy scattering angle restrictions
can be grouped in 39 orbits under the action of reciprocal point space. Hence only 39
structure factors need to be calculated in order to model the diffractogram of MgAl2O4
in the scattering angle range of [4°, 32°] at 28keV.

When anomalous scattering is small, atomic scattering factors are approximately
real (fj ≈ Re

[
fj
]
). In this case it follows from Equation 3.52 that FH ≈ F−H (they

are complex conjugates). This is commonly known as Friedel’s law. When Friedel’s
law applies, it follows that |FH | ≈ |F−H | and since dH = d−H that H and −H are
equivalent reflections. For centrosymmetric space groups [2.1.3], H and −H are
already equivalent as inversion is part of the point group symmetry. However for
non-centrosymmetric space groups, the additional equivalence halves the number of
non-equivalent Miller indices H that need to be considered in Equation 3.56 while all
multiplicitiesmH are doubled.

The algorithm used in xrdua to determine the non-equivalent and non-extinct
Miller indices needed to model a diffractogram by Equation 3.56, can be described as
follows:

1. Use the scattering angle restrictions from Equation 3.51 to determine the set of
indices H ∈ Z3 which Bragg peaks lay within the scattering angle range. In the
MgAl2O4 example there are 4330 indices for which Equation 3.51 is satisfied.

2. Retain only those indices that are part of the reciprocal asymmetric unit, i.e. the
part of reciprocal space from which the entire reciprocal space can be generated
by the action of the reciprocal point group. In theMgAl2O4 example this reduces
the number indices to 145.

3. Retain only those indices which are not extinct. In the MgAl2O4 example this
leaves 39 indices.

If a reflection is extinct, all reflections in its orbit are also extinct. Therefore restriction
to orbit representatives can be done before checking for extinction. The asymmetric
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units of each reciprocal point groupQ∗ corresponding to the 530 space group settings,
are adopted from the Clipper C++ libraries for X-ray crystallography [17, 25]. The
asymmetric unit used in the MgAl2O4 example is defined by: “h1 ≥ 0 and h2 ≥ h3
and h3 ≥ h1”. The Miller indices that do not satisfy these conditions are equivalent to
the indices that do satisfy them.

3.4.6 Bragg peak positions

From Equation 2.13 and Equation 2.12 it follows that the peak position of a Bragg peak
with Miller index H is given by

2θH = 2 arcsin
(
λ

2
√
HT ·M−1 ·H

)
whereM−1 the metric tensor in reciprocal space, a function of the unit cell parameters.
This is discussed in detail in Appendix A. However another contribution to the Bragg
peak position must be taken into consideration. The distance between the sample
and the detector along the primary beam can be slightly different than the distance
determined by calibration (see Section 3.1).

The relation between the polar coordinates (Rd, φd) of a point on the detector
(see Equation 3.18) and its scattering angle 2θ can be derived from Equation 3.22 and
Equation 3.23 as follows

tan 2θ = K1(φd)
tz
Rd

+K2(φd)

Hence the relation between the scattering angles 2θ and 2θ′, which are calculated for
the calibrated sample-detector distance tz and the actual sample-detector distance
t′z = tz + δz , is given by

tan 2θ
tan 2θ′ =

t′z
Rd

+K2(φd)
tz
Rd

+K2(φd)
= 1 + δz

tz +RdK2(φd)

From this it follows that points along a Debye ring with theoretical scattering angle
2θ′ have different scattering angles 2θ calculated from the calibrated sample-detector
distance. However in transmission geometry with a small detector tilt, it follows from
Equation 3.23 thatK2 ≈ 0. Therefore the Bragg peak positions 2θexpH in a diffractogram
based on a calibrated sample-detector distance tz , are given by

2θexpH = arctan
((

1 + δz
tz

)
tan 2θH

)
2θH = 2 arcsin

(
λ

2
√
HT ·M−1 ·H

) (3.57)

where the difference δz between the real and calibrated sample-detector distance is a
parameter that can be refined during the least-squares refinement of a diffractogram.
This parameter will be referred to as the zero-shift.

118



3.4. Diffractogram modeling

The unit cell parameters do not only affect the Bragg peak position but also the
integrated intensity. First of all the factor LjH is dependent on 2θH (see Equation 3.16)
and hence also on the unit cell parameters. Furthermore recall that the Debye-Waller
factor DWjk in Equation 3.34 is given by Equation 2.16 which can be written in the
isotropic case6 as

DWjk = exp
(
−BISO

jk
sin2 θH
λ2

)
(3.58)

for the kth atom that occupies atomic position j in the asymmetric unit. The refinable
parameter BISO

jk is related to the variance Ujk of the Gaussian thermal motion as
BISO
jk = 8π2U ISO

jk (see Equation 2.16).

3.4.7 Rietveld refinement

The most general model used by xrdua to describe a diffractogram is given by Equa-
tion 3.56. The background term is described by a linear combination of orthogonal
polynomials or by peak stripping, as discussed more in detail in Appendix A. In the
first case, the coefficients of the linear combination are parameters that can be refined.
In the second case, no background parameters are included in the fitting model. The
parametrization of the Bragg peak positions and their integrated intensities as dis-
cussed in the previous sections, is summarized in Table 3.1 and Table 3.2. Additionally,
peak shape parameters are introduced in the model by choosing one of the empirical
peak profile functions described in Appendix A.1. The available functions are:

1. Gaussian

2. Lorentzian (in three modifications)

3. pseudo-Voigt: a linear combination of a Gaussian and a Lorentzian

4. split pseudo-Voigt: a pseudo-Voigt with peak asymmetry

5. Thompson-Cox-Hastings pseudo-Voigt: a numerical approximation to the Voigt
function (a convolution of a Gaussian and a Lorentzian)

6. Pearson VII: another approximation to the Voigt function

From the approximation of the Laue interference function, the Bragg peak profile can
be described by a Gaussian, its width related to the crystallite size (see Equation 2.17).
However several factors related to the instrument (finite spectral linewidth, divergence
of the primary X-ray beam, point spread function of the area detector, etc.) and
several factors related to the sample (non-uniform lattice strain, extended defects,
etc.) contribute to additional peak broadening and can alter the shape of the Bragg
peak profile. The different shape parameters and their parametrization is discussed
in Appendix A.1. Furthermore multiple X-ray source emission lines causes Bragg
peaks to be replicated. A small adaptation to Equation 3.56 is used in xrdua to take

6Currently only isotropic thermal motion is treated by xrdua.
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multiple source emission lines into account, as explained in detail in Appendix A.3.
After refinement, xrdua calculates several statistical factors to evaluate the quality
of the fit, as discussed in Appendix A.5. Furthermore several secondary physical
parameters (densities, mass attenuation coefficients, weight fractions, etc.) are derived
from the fit parameters as discussed in Appendix A.7. Finally the uncertainty of all
primary and secondary parameters are derived from the uncertainties estimated by the
least-squares algorithm. This estimation is based on the assumption that the measured
pixel intensity by an area detector is sampled from a Poisson distribution with mean
and variance approximately equal to the pixel value (see Appendix A.6).

Table 3.1: Bragg peak intensity parametrization

Parameter Description Refinable Reference

Atomic position in
the ASU

Coordinates with respect to
the unit cell basis

Yes Xj
Equation 3.52

Atomic position
content

Element/ion
(Fe2+,SO2–

4 ,H2O,. . . )
No fjk,0,f ′jk,f ′′jk

Equation 3.34
Site occupation
factor

Fractional occupation of a site
by an element/ion

Yes SOFjk
Equation 3.34

Temperature factor Describes thermal motion Yes BISO
jk

Equation 3.58
Miller index Identifies the Bragg peak No H

Equation 3.34
Miller multiplicity Number of symmetrically

equivalent Miller indices
No mH

Equation 3.56
Unit cell
parameters

Lengths of and angles
between the unit cell basis
vectors

Yes M−1

Equation 3.57

Rietveld scaling
factor

Factor proportional to the
abundance of a crystalline
phase

Yes Sj
Equation 3.56

Structure refinement of PbSO4

To compare Rietveld refinement in xrdua with other software packages, data from
two round robins organized by the International Union of Crystallography (IUCr)
Commission on Powder Diffraction (CPD) has been analyzed. The first round robin
involved the structure refinement of lead sulfate (PbSO4) based on a diffractogram
collected by the IUCr (see Figure 3.20). A Bragg-Brentano geometry, a Cu-tube and
curved-graphite diffracted-beam monochromator were employed to collect this data.
Results obtained by the participants published by Hill (1992) are compared by results

120



3.4. Diffractogram modeling

Table 3.2: Bragg peak position parametrization

Parameter Description Refinable Reference

Miller index Identifies Bragg peak No H

Equation 3.57
Unit cell
parameters

Lengths of and angles
between the unit cell basis
vectors

Yes M−1

Equation 3.57

Zero-shift Sample shift with respect to
calibration

Yes δz
Equation 3.57

obtained by xrdua in Table 3.3. Along with the unit cell and atomic parameters,
several agreement factors are reported, which are a measure for the quality of the
refinement. The factor χ2

red is the quantity minimized by the least-squares algorithm
and is theoretically equal to 1 for an ideal fit. Another factor that assesses the quality of
a fit is the Rp-factor and its weighted variant Rwp. For an ideal fit, Rwp is theoretically
equal to Re. A more detailed description of these agreement factors can be found in
Appendix A.5. Finally, while the χ2

red and the R-factors describe the overall fit quality,
the factor RB describes the fit quality of only that part of the diffractogram that can be
attributed to diffraction from one particular crystalline phase. Its relevance becomes
apparent in the next section, where more than one crystalline phase is included in the
refinement model.

Apart from site-occupation factors, all atomic parameters are refined. The source
emission profile for the Cu-tube is defined by[A.3]:

λKα1 = 1.540598Å λKα2 = 1.544426Å
IKα2
IKα1

= 0.514 WKα2
WKα1

= 1

where IKα2/IKα1 is the relative intensity of the two lines andWKα2/WKα1 the relative peak
broadening. The Lorentz-polarization factor for geometry, tube and monochromator
is defined by (see Equation A.4): P = 0 (unpolarized beam),m = 2 (mosaic crystal)
and dc = 3.348Å (d-spacing of the (002) graphite reflection). The background was
modeled with a linear combination of 9 orthogonal polynomials. A split pseudo-Voigt
peak profile was chosen as Bragg peaks possess significant asymmetry. The Bragg
peak width, Lorentzian fraction and asymmetry are parameterized as a function of
scattering angle as discussed in Appendix A.2.

From Table 3.3 it can be seen that the parameter values obtained by xrdua are
situated within the range obtained by the round robin participants. The mean of
the atomic parameters is reported by Hill (1992), weighted according to the standard
deviations on refined parameters given by the participants. When comparing the
range and the standard deviation (denoted σext by Hill (1992)) it can be seen that the
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Table 3.3: Rietveld refinement of PbSO4: comparison of results obtained by xrdua
and results obtained by the participants of the IUCr round robin (range, mean and
standard deviation)

Agreement factors xrdua IUCr range

Rp(%) 6.5 [7.3, 16.6]
Rwp(%) 8.7 [8.2, 20.0]
Re(%) 4.9 [1.5, 7.0]
RB(%) 4.6 [8.2, 20.0]
χ2
red 3.1 [1.3, 7.4]

Parameters xrdua IUCr range Mean ± σext

a(Å) 8.47994(1) [8.4764, 8.4859] 8.4804(4)

b(Å) 5.39824(1) [5.3962, 5.4024] 5.3989(3)

c(Å) 6.95975(1) [6.9568, 6.9650] 6.9605(4)
x Pb 0.18776(4) [0.1875, 0.1883] 0.18783(4)
z Pb 0.16731(6) [0.1669, 0.1683] 0.16752(9)
x S 0.0638(2) [0.0621, 0.0673] 0.0642(2)
z S 0.6840(3) [0.6799, 0.6860] 0.6838(4)
x O1 0.9069(5) [0.902, 0.924] 0.9083(13)
z O1 0.5923(6) [0.585, 0.601] 0.5945(7)
x O2 0.1876(6) [0.177, 0.200] 0.1850(11)
z O2 0.5348(8) [0.523, 0.548] 0.5398(13)
x O3 0.0771(3) [0.071, 0.080] 0.0778(5)
y O3 0.0222(5) [0.018, 0.041] 0.0262(13)
z O3 0.8155(5) [0.806, 0.819] 0.8139(7)

BISO (Å2) Pb 1.62(1) [0.90, 2.39] 1.42(11)

BISO (Å2) S 1.06(4) [0.29, 1.37] 0.98(8)

BISO (Å2) O1 1.3(1) [0.50, 4.2] 1.24(10)

BISO (Å2) O2 2.2(1) [0.1, 5.8] 1.31(13)

BISO (Å2) O3 1.43(8) [0.8, 4.6] 1.27(11)
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accuracy is far worse than the precision. Hence we will consider the interval defined
by 3σext. All parameters obtained by xrdua are situated within the 3σext range, except
for “y O3” and “BISO O2”. As mentioned by Hill (1992), the accuracy of the oxygen
parameters is much lower than for the other atoms because oxygen is a weak scatterer.
However, as the values of “y O3” and “BISO O2” are well within the range obtained
by the round robin participants, we can conclude that the refinement of PbSO4 in
xrdua does not show a major discrepancy with the reported results. The agreement
factors of the xrdua refinement are also situated within the range reported by the
round robin participants. The χ2

red value of 3.1 indicates a slight mismatch between
the diffractogram and the model, caused by residual asymmetry of Bragg peaks below
24° as shown in Figure 3.20.

Quantitative analysis of corundum-fluorite-zincite mixtures

The results from the second round robin, which involved the quantitative phase analy-
sis of different mixtures of corundum (α−Al2O3), fluorite (CaF2) and zincite (ZnO), are
published byMadsen et al. (2001). Eight different compositions labeled “a” to “h” were
prepared by the IUCr Commission on Powder Diffraction and measured under the
same experimental conditions as the previous round robin (Bragg-Brentano geometry,
Cu-tube and curved-graphite diffracted-beam monochromator). The structures of
α−Al2O3, CaF2 and ZnO were first determined with xrdua by Rietveld refinement of
the diffractograms of the pure phases. The background was modeled with a linear
combination of 7 orthogonal polynomials. The split pseudo-Voigt was chosen as peak
profile function. For the quantitative analysis of the mixtures, the atomic and unit cell
parameters obtained from the pure phases were fixed and only the scaling factors, the
zero-shift and the peak shape parameters were refined. Moreover the diffractograms
from the mixtures were fitted in batch starting from the same initial values for the
Rietveld model. The initial values of the scaling factors were chosen so that the weight
fraction of each phase was 1/3. As discussed in Appendix A.7, the weight fraction of
a phase j is related to scaling factor Sj , unit cell volume Uj and molar mass Mj as
follows

wj =
SjUjMj∑
j
SjUjMj

with Mj =
nasu∑
i=1

nwyck,i

nsub,i∑
k=1

SOFikM(Zik)

in which the molar mass is the sum of the molar masses M(Zik) of the atoms in the
unit cell. The parameters Sj and SOFik can be refined directly in Rietveld refinement
while the unit cell volume Uj can be refined indirectly through the unit cell parameters.
The estimated standard deviations on the fitted parameters are propagated through
the formula above to estimate uncertainties on weight fractions.

The weight fractions obtained by xrdua after refinement are compared with the
results obtained by the round robin participants (RR) and results obtained by the IUCr
Commission on Powder Diffraction (SR5 and KoalaRiet) in Figures 3.21 to 3.23. The
relative difference between the calculated and true weight fractions is used as a figure
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3. Data treatment in xrdua

Figure 3.20: Rietveld refinement of PbSO4 with duplicated Bragg peaks due to the Cu-
Kα1 and Cu-Kα2 emission lines of the X-ray tube (B) and a slight residual asymmetry
in the low-2θ region (A).

124



3.4. Diffractogram modeling

of merit. This so-called relative bias and its estimated standard deviation (e.s.d.) are
calculated as follows

Relative bias (%) = 100w%− w%(true)
w%(true)

E.s.d. Relative bias (%) = 100e.s.d. w%
w%(true)

where w% denotes the weight fraction obtained by Rietveld analysis and w%(true)
denotes the weight fraction known from the preparation of the mixtures. The values
of w% and e.s.d. w% are determined by

• RR: the mean and standard deviation of the values obtained by the round robin
participants

• SR5, KoalaRiet: the mean and standard deviation of three separate determina-
tions

• xrdua: weight fractions are calculated from the fit parameters as explained
in Appendix A.7 and their estimated standard deviations are determined by
error propagation of the uncertainties of the fit parameters as given by the least-
squares algorithm.

In Figure 3.21 the relative bias of the weight fraction of α−Al2O3 as determined by the
different methods is shown for each mixture. The true weight fraction of α−Al2O3
is displayed on the X-axis and the xrdua fit agreement factors are also shown. The
same is represented in Figure 3.22 for CaF2 and in Figure 3.23 for ZnO.

The Bragg RB-factors of the refinement of the pure phases were: RB(α−Al2O3) =
8.5%, RB(CaF2) = 7.2% and RB(ZnO) = 8.75%. If we compare these values with the
RB-factors in Figures 3.21 to 3.23, it can be seen that the significantly largerRB-factors
correspond with the largest relative biases. For example the RB-factors in Figure 3.22
for CaF2 are all situated around the value of the pure phase, except for mixture “c”,
that also shows a larger relative bias than the other mixtures. A similar trend is visible
for mixtures “a” and “c” in Figure 3.21 and mixtures “a” and “b” in Figure 3.23. Hence
we can conclude that the RB-factor is a better indicator for the relative accuracy of the
obtained weight fraction than χ2

red which is an indicator for the overall fit quality. For
example mixture “f” has a χ2

red that is relatively high compared to the other mixtures,
but the bias is relatively low for the three phases. As expected the higher relative
biases correspond to the weight fractions which are low in absolute value.

The relative bias of the weight fractions obtained by xrdua is lower than 5%,
except for the weight fractions of the low abundant α−Al2O3 and CaF2 in mixture
“c”. Mixtures with a comparable low abundance of ZnO show a smaller relative bias
than for α−Al2O3 and CaF2. This can be explained by the fact that zincite is a better
scatterer than corundum and fluorite: the coherent scattering coefficients calculated by
xrdua are [A.7]: µcoh(α−Al2O3) = 0.542(1) cm2 g−1, µcoh(CaF2) = 0.771(1) cm2 g−1

and µcoh(ZnO) = 1.668(1) cm2 g−1.
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Figure 3.21: Comparison of the relative bias on refined weight fractions of α−Al2O3
obtained by xrdua, round robin participants (RR) and IUCr analysis (KoalaRiet and
SR5).

Figure 3.22: Comparison of the relative bias on refined weight fractions of CaF2
obtained by xrdua, round robin participants (RR) and IUCr analysis (KoalaRiet and
SR5).
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Figure 3.23: Comparison of the relative bias on refined weight fractions of ZnO ob-
tained by xrdua, round robin participants (RR) and IUCr analysis (KoalaRiet and
SR5).

The absolute values of the weight fractions of all components are reported in
Table 3.4. Next to the quantitative analysis by powder diffraction (SR5/KoalaRiet),
the IUCr Commission on Powder Diffraction also performed quantitative analysis by
means of X-ray fluorescence (XRF). These are comparable to the results from xrdua,
except for the low abundant α−Al2O3 (5.04%) and CaF2 (1.36%) in mixture “c”. The
phase abundance of the three phases in the different mixtures is situated between 1w%
and 95w% and the maximum difference between true weight fractions and weight
fractions determined by xrdua is 0.8% for α−Al2O3, 0.63% for CaF2 and 0.65% for
ZnO. Thus the accuracy achieved by xrdua was better than 1w% in absolute terms.

To conclude we can compare the relative bias of the xrdua refinement with the
round robin results and the IUCr results shown in Figures 3.21 to 3.23. It can be seen
that although the Rietveld refinement in xrdua was done automatically (starting
from the same initial parameters) the relative bias is better than the average bias
obtained by the round robin participants. Moreover the relative bias is comparable
or better than the results obtained by the IUCr Commission on Powder Diffraction,
with the exception of the KoalaRiet determination of sample “c”. Finally we note
that the uncertainties estimated by xrdua are of the same order of magnitude as the
standard deviations on the IUCr determinations, hence giving a good indication for
the precision of the quantitative results.
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Table 3.4: Weight fractions for mixtures “a” to “h” obtained by different methods.

Method Corundum Fluorite Zincite
a Weighed 1.15(1) 94.81(1) 4.04(1)

RR 1.36(37) 94.9(5) 3.8(4)
XRDUA 1.190(59) 94.80(24) 4.011(37)
XRF 1.22(1) 94.11(23) 4.12(1)
SR5 1.41(4) 94.74(6) 3.86(3)
KoalaRiet 1.28(4) 94.87(5) 3.85(2)

b Weighed 94.31(1) 4.33(1) 1.36(1)
RR 94.41(48) 4.25(37) 1.33(17)
XRDUA 94.31(19) 4.294(29) 1.391(17)
XRF 94.73(8) 4.32(2) 1.38(1)
SR5 94.31(4) 4.35(2) 1.34(3)
KoalaRiet 94.26(4) 4.37(2) 1.37(2)

c Weighed 5.04(1) 1.36(1) 93.59(1)
RR 6.0(19) 1.6(4) 92(2)
XRDUA 4.57(8) 1.19(3) 94.24(15)
XRF 5.12(5) 1.33(1) 93.15(16)
SR5 4.63(1) 1.35(8) 94.02(6)
KoalaRiet 5.17(3) 1.37(6) 93.47(9)

d Weighed 13.53(1) 53.58(1) 32.89(1)
RR 14.3(16) 54.2(25) 31.6(26)
XRDUA 14.09(11) 52.95(15) 32.97(9)
XRF 13.80(4) 52.99(15) 32.98(7)
SR5 14.17(5) 52.94(5) 32.89(2)
KoalaRiet 14.16(4) 53.27(4) 32.57(2)

e Weighed 55.12(1) 29.62(1) 15.25(1)
RR 56.3(22) 29.6(18) 14.2(13)
XRDUA 55.92(17) 29.12(9) 14.96(5)
XRF 55.79(9) 29.39(4) 15.34(5)
SR5 55.97(29) 29.05(13) 14.99(16)
KoalaRiet 55.86(29) 29.24(15) 14.90(14)

f Weighed 27.06(1) 17.72(1) 55.22(1)
RR 28.3(28) 18.5(17) 53.2(35)
XRDUA 27.35(12) 17.56(7) 55.09(11)
XRF 27.32(18) 17.44(4) 54.88(23)
SR5 27.49(12) 17.52(4) 55.00(8)
KoalaRiet 27.69(7) 17.62(3) 54.69(5)

g Weighed 31.37(1) 34.42(1) 34.21(1)
RR 31.6(45) 36(6) 33(5)
XRDUA 31.78(14) 34.0(1) 34.26(9)
XRF 31.70(9) 33.9(1) 34.0(1)
SR5 32.35(7) 33.78(6) 33.88(4)
KoalaRiet 32.33(5) 34.03(5) 33.64(2)

h Weighed 35.12(1) 34.69(1) 30.19(1)
RR 36.0(27) 35.2(24) 28.9(25)
XRDUA 35.40(14) 34.5(1) 30.14(8)
XRF 35.35(13) 34.26(5) 30.03(4)
SR5 36.5(4) 33.61(26) 29.92(14)
KoalaRiet 35.96(13) 34.42(1) 29.62(12)
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Depth information in a single diffraction pattern

Next to the relative phase abundance of the sample components, it is also possible to
determine their relative position along the beam path on the basis of a single diffraction
pattern. This can be achieved by refining the zero-shift [3.4.6] for each component
separately. As a result, the distance of the center of mass of each component to the
detector can be calculated and therefore their relative position in the sample can
be derived. To illustrate the zero-shift refinement, different multifoil samples were
measured with a 28keV X-ray beam as shown in Figure 3.24. Each foil consisted of a

Figure 3.24: Foil arrangement measured in a transmission µ-XRPD setup.

polycarbonate matrix in which the following crystalline phases were embedded

• yellow foil: crocoite (PbCrO4)

• beige foil: rutile (TiO2) and calcite (CaCO3)

• white foil: anatase (TiO2)

Comparing the diffractogram of the three-foil combination in Figure 3.24 with the
diffractogram of PbSO4 in Figure 3.20, we see that peaks are significantly broader
for the foil arrangement than for PbSO4. This difference can be explained by several
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differences between the transmissionµ-XRPD instrumentation and the Bragg-Brentano
diffractometer employed in these two cases. In the first case, a Ni/C multilayer was
employed to monochromatize the X-ray beam while in the second case, a curved-
crystal monochromator was employed. The energy bandwidth of an X-ray beam
that passes through a multilayer is larger than for a crystal monochromator [33]. Via
Bragg’s law this is also the case for the width of a resulting Bragg peak. Furthermore
to obtain a micrometer sized X-ray beam in a transmission µ-XRPD setup, focusing
optics is used (in this case a single-bounce capillary) that introduces a slight divergence
in the diffracted beam (in this case between 2 and 2.5mrad) and hence also a Bragg
peak broadening. The Bragg-Brentano geometry on the other hand is a parafocusing
geometry in which the diffracted beam is focused on the detector slits. More details
on the scattering angle resolution of transmission µ-XRPD setups can be found in
Section 5.6.

Several combinations of foils and thicknesses were measured in order to verify
whether the order of the foils could be determined by refining the sample-detector
distance from µ-XRPD diffractograms. The foil thickness ranged approximately from
100 µm (marked “a”) to 4mm (marked “h”). Each combination of foils was scanned
800 µm through the X-ray beam in the vertical direction and a diffraction pattern was
recorded every 20 µm. The zero-shift is refined automatically for the 41 diffraction
patterns and the weighted mean and the weighted sample variance of the zero-shift is
calculated as follows

〈δz〉 =

N∑
i=1

wiδzi

N∑
i=1

wi

σ2
z =

N∑
i=1

wi(
N∑
i=1

wi

)
2 −

N∑
i=1

w2
i

N∑
i=1

wi(δzi − 〈δz〉)2

wi = 1
σ2
i

where δzi is the zero-shift of diffraction pattern iwith estimated standard deviation σi
on the fitted value and N = 41.

The results are shown in Table 3.5 for combinations of two or three foils. The
crystalline phases included in the Rietveld model are labeled Y: crocoite, B(R): rutile,
B(C): calcite and W: anatase. The thickness and order of the foils in each arrangement
are given in the first four columns, followed by the refined zero-shift parameter δz
for each phase. In the last column, the order of the crystalline phases is given, based
on the δz values. The first label indicates the phase with the largest δz value (closest
to the X-ray source). It can be seen that the order found through refining the zero-
shift is identical to the known order of the foil arrangements. However Table 3.5
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also shows that the zero-shift parameter refined for calcite is not reliable. It often
differs significantly with the zero-shift parameter of rutile, although both phases are
dispersed in the same foil. As a result the position of the beige foil based on calcite is
not always correct. The source of this problem lies in the peak broadening caused by
the instrument and in the size of the calcite crystallites. In Figure 3.24 a small portion
of the two-dimensional diffraction pattern of the beige foil is shown. The smooth rings
correspond with the reflections of rutile while the spots lay on the Debye rings of
calcite. As discussed before, the presence of these spots indicate that the crystallites of
calcite are not several orders of magnitude smaller than the microbeam, as required to
obtain smooth Debye rings. Due to the multilayer resolution and beam divergence,
the scattering angle of the centroids of the calcite spots may differ significantly from
the theoretical calcite scattering angle. This will influence the refinement of the zero-
shift parameter as it is dependent on Bragg peak shifts.

Table 3.5: Zero-shift refinement for different foil arrangements. The first three columns
identify the foils used (B: beige, W: white, Y: yellow). The forth column describes the order
of the foils (first foil closest to the X-ray source). The refined zero-shift parameter δz(mm)
for each compound is given in columns five to eight (B(R): rutile, B(C): calcite, W: anatase, Y:
crocoite). The foil arrangement as derived by the zero-shift parameters is given in the last
column.

B W Y Order B(R) B(C) W Y Order (calc.)

a h c YWB −2.491(16) −0.22(9) −1.0369(26) 0.09(1) Y B(C) W B(R)
a h c BWY −0.966(35) −0.29(6) −1.55(1) −3.62(3) B(C) B(R) W Y

h c WY −0.381(9) −2.266(17) WY
h c YW −1.066(46) 0.25(2) YW

a h BW −0.258(27) 1.056(39) −0.541(14) B(C) B(R) W
a h WB −1.636(23) 0.19(8) −0.403(15) B(C) W B(R)
a c c YWB −2.01(2) −2.02(12) −0.326(23) 0.163(14) YW B(R) B(C)
a c c BWY 0.074(23) 0.0(1) −1.43(2) −2.11(2) B(R) B(C) W Y

c c WY 0.14(1) −0.54(1) WY
c c YW −0.624(38) 0.24(6) YW

a c WB −0.35(2) −0.26(6) 0.1010(69) W B(C) B(R)
a c BW −0.11(9) 0.03(9) −0.266(37) B(C) B(R) W
c c c YWB −2.276(9) −2.266(37) −1.79(2) 0.221(25) YW B(C) B(R)
c c c BWY −0.083(7) −0.148(29) −0.294(16) −2.731(17) B(R) B(C) W Y
c c BW −0.144(34) −0.168(58) −0.42(7) B(R) B(C) W
c c WB −0.2982(59) −0.332(27) 0.335(36) W B(R) B(C)
c b c YWB −2.229(8) −2.242(33) −1.720(17) 0.270(19) YW B(R) B(C)
c b c BWY −0.028(22) −0.07(4) −0.154(29) −2.596(24) B(R) B(C) W Y

b c WY 0.14(4) −2.369(9) WY
b c YW −2.007(16) 0.220(18) YW

c b BW −0.0600(78) −0.123(34) −1.86(3) B(R) B(C) W
c b WB −1.565(9) −1.60(3) 0.394(19) W B(R) B(C)
a b BW 0.168(9) −0.33(7) −3.701(15) B(R) B(C) W
a b WB −3.404(9) −3.24(7) 0.217(11) W B(C) B(R)
a b c YWB −3.533(13) −3.80(16) −0.692(13) 0.143(12) YW B(R) B(C)
a b c BWY 0.091(33) −0.36(12) −3.256(24) −4.296(13) B(R) B(C) W Y
c a c YWB −2.610(9) −2.69(4) −0.330(44) 0.209(35) YW B(R) B(C)
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Chapter

4

Scanning X-ray powder
diffraction and tomography

The data calibration, correction and modeling procedures discussed in Chapter 3 and
implemented in xrdua can be used to automate the processing of extensive series
of diffraction patterns obtained by X-ray powder diffraction scanning experiments.
We will distinguish two types of scanning experiments: projective scanning and
tomographic scanning. In both cases, the area detector is positioned in transmission
geometry.

In projective scanning experiments, the object under investigation is translated in
one or two dimensions (most often perpendicular to the primary X-ray beam) while
acquiring diffraction patterns. The objective is to visualize the distribution of the
crystalline phases along these dimensions, projected on the plane of movement.

In tomographic scanning, the object under investigation is translated in one di-
mension perpendicular to the primary X-ray beam and rotated around a rotation axis.
The objective of tomographic scanning is to visualize the distribution of the crystalline
phases in a virtual cross-section of the sample that is perpendicular to the lateral
movement and to the rotation axis.

In Chapter 5, several case studies will be presented in which xrdua was success-
fully employed to gain information on the spatial distribution of crystalline phases in
different types of samples (catalysts, paintings, mineralogical samples, etc.). In this
chapter, we will discuss a projective scan of a mockup painting and a tomographic
scan of a paint fragment from P.P. Rubens’ “Holy Family with Parrot”. On the basis of
these example, the data processing strategies for which xrdua was designed, will be
described in detail.

4.1 Projective X-ray Powder Diffraction
The setup of a typical projective X-ray Powder Diffraction (p-XRPD) scanning ex-
periment is illustrated in Figure 4.1. In this particular example, an approximately
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5 cm×7 cm sized mockup painting was scanned at ESRF beamline ID15 with an X-ray
beam of 87keV and a beam size of 0.8mm×0.8mm. The pictorial layer was applied
on top of a zinc white grounding, while a medium-density fiberboard (MDF) served
as support. In reality, the surface of the painting was facing the diffraction camera.
This is typically done in order to eliminate most of the 2θ-dependent attenuation of
the diffraction originating from the pictorial layer by the support and ground layer(s).

A p-XRPD scan was performed by continuously scanning the mockup through
the X-ray beam with a scan time of 2min/cm2 (1h10m in total), ∼35% of which was
measurement overhead. The frame buffer of the Pixium detector (see Section 3.4
for details) was saved each 0.8mm so that in total 63 × 87 diffraction patterns were
collected with an exposure time of approximately 0.5 s per pattern. We will now
represent a data processing sequence which allows the identification and visualization
of the different pigments in the mockup. The compounds expected to be present on
the basis of the pigments used, are listed in Table 4.1.

Figure 4.1: Projective XRPD scanning of a mockup painting to identify pigments and
visualize their distribution.
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Table 4.1: Expected mockup painting compounds based on the pigments utilized.

Shape/layer Color Pigment Expected
compound

strawberries red cinnabar HgS
red branches and
strawberry markup

reddish brown red ocher Fe2O3

background brown-yellow brown ocher FeO(OH)
strawberry leaves blue-green viridian Cr2O3

∗

dark blue dots and
circular shape

dark blue Prussian blue Fe4[Fe(CN)6]3∗

grounding (white shade
of strawberries)

white zinc white ZnO

∗ Possibility hydrated

4.1.1 Setup, calibration and corrections

Prior to the projective scanning experiment, a diffraction standard was measured
to calibrate the parameters of the transmission XRPD setup (see Figure 4.2). In this
case a lanthanum hexaboride (LaB6) powder was employed. With a pixel size of
154 µm×154 µm, the area detector was positioned at approximately 119 cm from the
sample in order to cover a d-spacing range of 0.7Å to 21Å at a primary beam energy
of 87keV. The diffraction patterns acquired by the Pixium detector did not require any
spatial distortion correction. After calibration, parts of the diffraction pattern were
masked off as they were either blocked by the beam stop or contained non-responsive
pixels. This masking is necessary to assure correct peak intensities for the Debye
rings that intersect these areas. One-dimensional diffraction patterns are obtained by
azimuthal averaging of the Debye rings.

Finally, the azimuth of the plane of the synchrotron storage ring in the image was
identified so that through Equation 3.25, the azimuthal shift (due to the two angle
calibration) could be determined by xrdua. This is necessary for a proper polarization
correction of the diffraction intensities. A linear degree of horizontal polarization
P = 0.9 was assumed, where “horizontal” refers to the plane of the storage ring (see
for example Figure 2.11).

4.1.2 Explorative data processing: ROI intensity mapping

In order to model the diffraction patterns from the projective scan of the mockup
painting with a Rietveld model, the crystalline phases present in the mockup need
to be identified first. This is achieved by what is referred to in xrdua as explorative
processing. This type of batch processing of a series of diffraction patterns requires
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4. Scanning X-ray powder diffraction and tomography

Figure 4.2: Preparation of p-XRPD data processing: calibrated LaB6 diffraction pattern
with digital maskoff.

the calibration and image correction steps discussed above to be completed. The only
additional information that is required is a scattering angle (or d-spacing or Q-space)
range in which the Debye rings of interest are located. The entire scattering angle
range available can be used in case no a priori information on the crystalline phases
exists. In this case a Q-space range of 3nm−1 to 90nm−1 was chosen, corresponding
to a d-spacing range of 0.70Å to 20.94Å.

Based on this information, xrdua can transform the raw diffraction patterns
in fully corrected and calibrated diffractograms as illustrated in Figure 4.3. From
the resulting array of diffractograms, intensity maps of different Bragg peaks can be
constructed by selecting regions of interest (ROI) in the average diffractogram. In the
individual diffractograms, the background is assumed to be linear in the limited range
of one ROI and can be subtracted if necessary. Based on the result of the explorative
batch processing, xrdua allows fast scanning of a ROI through the scattering angle
range, simultaneously showing the background subtracted ROI intensity map. In
this case, 7 different distribution maps can be found through this explorative and
manual process (see Figure 4.3 A-G). Note that at first sight, map “C” appears to be
a more noisy version of map “G”. This normally indicates that both ROI’s contain
a Bragg peak of the same crystalline phase, peak “C” being less intense than peak
“G”. However in reality the opposite is true and therefore both distributions will be
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considered.

Figure 4.3: Explorative data processing and ROI intensity mapping.

The next step is to investigate single diffraction patterns that originate from pixels
that have a high intensity in one ROI intensity map, but not in the others. As these
diffraction patterns only contain one predominant phase, a powder diffraction database
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search most likely will allow the identification of this phase. The powder diffraction
databases used in this work are the ICDD PDF-2 database (International Centre for
Diffraction Data, Newtown Square, PA, USA) and the COD (Crystallographic Open
Database) and AMCSD (American Mineralogist Crystal Structure Database) which
are shipped with phase identification software Match (Crystal Impact, Bonn, Germany).

To start, we will identify the crystalline phase(s) that give rise to the predominant
Bragg peaks in the average diffractogram. The ROI intensity maps that corresponds to
these peaks all show the same distribution as map “E” in Figure 4.3. As indicated in
Figure 4.4, a powder diffraction database search on the diffractogram from the top-
left corner of the scan reveals the presence of zincite (ZnO). This material is present in
the zinc white grounding of the mockup painting. A Rietveld model was constructed
on the basis of the crystal structure of AMSCD entry 0011555. This model essentially
contains atomic positions and isotropic temperature factors, unit cell parameters and a
list of space group symmetry operations. By fitting the diffractogram in Figure 4.4 with
this model it can be seen that there are several small peaks that cannot be attributed to
zincite (see Figure 4.4). Although we do not know which phase(s), these peaks belong
to at this point of the analysis, xrdua allows them to be fitted by adding generic peak
profiles to the fitting model. The position, intensity and shape parameters of these
peaks can be refined independently. Hence they are not expressed as a function of
structural parameters. After modeling the diffractogram with the zincite Rietveld
model and a group of generic peaks, the positions and intensities of these peaks can
be employed in a database search. Database search software either accepts lists of
peak positions and intensities (e.g. Pcsiwin shipped with the ICDD PDF-2 database) or
accepts diffractograms (e.g. Match). For the latter case, xrdua allows the fitted group
of unidentified peaks to be exported as a diffractogram. It should be noted that phase
identification software can in principle identify multiphase mixtures. However, in
practice, the approach presented here in which the crystalline phases are identified
and subsequently eliminated one by one, proves to be more robust.

A database search on the unidentified peaks in Figure 4.4 allows them to be
attributed to calcite (CaCO3). As will be discussed later when refining the zero-shift
of both crystalline phases, it can be observed that the zincite grounding is situated
closer to the detector than the calcite containing layer. Since we know that the only
layer that is farther away from the detector than the grounding is the MDF support on
which it is applied, calcite must be present in the MDF. This was also confirmed by
recording XRPD data from the uncovered MDF.

The state of the analysis at this point is summarized in Figure 4.5. Note that
map “C”, corresponding to the calcite (104) reflection, contains traces of the dark-red
branches and sidemarkings in the painting. Therefore either the calcite (104) reflection
overlaps with a reflection from the dark-red pigment or this pigment contains calcite.
Phase abundance mapping by diffractogram modeling will allow to distinguish one
or the other.

The next component that will be identified is the blue pigment that corresponds
to map “A” in Figure 4.3. A diffraction pattern from a hot spot in map “A” on the
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Figure 4.4: Identification of grounding component ZnO corresponding to map “E”
and MDF component CaCO3 corresponding to map “C”.
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Figure 4.5: Identification of grounding component ZnO and MDF component CaCO3.
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top-left (see Figure 4.6) was fitted with a Rietveld model based on zincite and cal-
cite. A database search matched the remaining peaks with the diffraction pattern of
ICDD entry 73-0687 with chemical formula Fe4[Fe(CN)6]3 (Prussian blue). The crystal
structure of Prussian blue can incorporate water molecules to various degrees. In the
second graph of Figure 4.6, two structural models reported by Herren et al. (1980) are
compared. The first form is the dehydrated Fe4[Fe(CN)6]3 which corresponds to the
ICDD database entry. The second form is the hydrated Fe4[Fe(CN)6]3 · 14H2O form.
The refinement has been performed for both phases separately, including the zincite
and calcite structural models. Due to the underestimation of the strongest reflection
(020) by the dehydrated model, the hydrated model will be used later on in the phase
abundance mapping.

Figure 4.6: Identification of Prussian blue as the blue pigment.

Analog to the identification of Prussian blue, the pigments goethite (FeO(OH)),
cinnabar (HgS) and hematite (Fe2O3) can be identified (see Figures 4.7 to 4.9). As
zincite and calcite are present in the grounding and support, their diffraction signals
appear in every diffractogram.

The only ROI intensity map from Figure 4.3 that has not been treated yet is map
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“F”. Its distribution appears to correspond to the green strawberry leaves. The green
pigment used here was viridian, but no Cr2O3 · 2H2O or any other (chromium contain-
ing) phases could be found that correspond to the two unidentified peaks at around
2θ = 3.49° and 4.18° after fitting a diffractogram from a strawberry leave with zincite
and calcite (see Figure 4.10). The unidentified Bragg peaks might originated from a
minor secondary component of the viridian while the Cr-compound (presumably crys-
talline initially) has reacted with the binding medium of the paint to form amorphous
secondary compounds.

Hence for imaging of the green pigment we will use the generic peak profile model
of the above-mentioned two unidentified peaks instead of a Rietveld model.

Figure 4.7: Identification of goethite as the brown/yellow pigment.

Figure 4.8: Identification of cinnabar as the red pigment in the strawberry areas.
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Figure 4.9: Identification of hematite as the red pigment in the branches and side
markings.

Figure 4.10: Bragg peaks from a unidentified compound present in the green pigment
of the strawberry leaves.
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4.1.3 Degenerated fitting models

On the basis of the explorative data processing it is possible to construct a fittingmodel
that can describe any diffractogram from the p-XRPD scan. This model contains 6
crystalline structures (zincite, calcite, Prussian blue, goethite, cinnabar and hematite)
and one group of generic peak profiles (related to viridian). However, it is very unlikely
that the crystalline structures of these components change within the painting as no
chemical changes are expected and as the crystallites are not expected to undergo any
stress. For this commonly occurring situation, the concepts of a Rietveld model, Pawley
model and Pattern Decomposition (PD) model are introduced.

A Rietveld model refers to a group of Bragg peaks that are parameterized by
crystal structure parameters, as described for Rietveld refinement of diffractograms.
A Pawley model is a Rietveld model in which abstraction has been made of all atomic
parameters. Considering that the Rietveld model of a phase j in a mixture is given by
(see Equation 3.56):

IRiet,j(2θ) = Sj
∑
H

mHF
2
jHLjHΩ̂[2θ − 2θjH ]

where the factors denoted in red are refined directly, the factors denoted in green are
refined indirectly as a function of structure parameters and the factors denoted in blue
are constants. Using the same color coding, the Pawley model of the same phase is
given by:

Independent intensities:

IPawley,j(2θ) =
∑
H

mHF
2
jHLjHΩ̂[2θ − 2θjH ]

Dependent intensities:

IPawley,j(2θ) = Sj
∑
H

mHF
2
jHLjHΩ̂[2θ − 2θjH ]

In the first case the squared structure factor F 2
jH for each peakH is a refined parameter.

In the second case, the squared structure factor F 2
jH for each peak H is a constant,

causing the relative peak intensities to be constant while the scaling factor Sj is re-
fined. In either case, the model is independent of any atomic parameters but it is still
dependent on the unit cell parameters through peak positions 2θjH .

The Pawley model is named after G. Stuart Pawley who developed what was
later called the Pawley method for unit cell refinement from diffractograms [2]. It is
straightforward to convert a Rietveld model to a Pawley model. The conversion from a
Pawley model to a Rietveld model, commonly referred to in crystallography as solving
the structure, is much harder due to the phase problem. Solving the structure refers to
the decoration of a crystal structure with atoms, based on the determination of the
structure factors FjH through fitting with a Pawley model. However, only the moduli
of the structure factors

∣∣FjH ∣∣ are determined and not the phases (structure factors
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are complex numbers). Many techniques exist that attempt to overcome this phase
problem [3].

A Pawley model is not only used to make abstraction of the atomic parameters
in a Rietveld model if they are assumed to remain constant. For the identification
of crystalline phases, a powder diffraction database usually includes only enough
information to construct a Pawleymodel (space group, unit cell parameters and relative
peak intensities) but is missing the atomic information to construct a Rietveld model.
When importing relative peak intensities from a database, xrdua assumes that the
multiplicity factormH is included in the peak intensity and it gives you the option to
remove the Lorentz-Polarization of a standard Bragg-Brentano geometry for a given
wavelength. As this process is error prone, it is advised to start from the complete
structural description whenever possible.

In the mockup example, we will not only consider the atomic parameters to be
constant but also the unit cell parameters. For this the PDmodel will be used, in which
PD stands for Pattern Decomposition. In fact, we already used this model when fitting
generic peak profiles. Using the same color coding as above, the Pawley model of a
phase j in a mixture is given by:

Independent intensities and positions:

IPD,j(2θ) =
∑
H

IjHLjHΩ̂[2θ − 2θjH ]

Dependent intensities and positions:

IPD,j(2θ) = Sj
∑
H

IjHLjHΩ̂[2θ − 2θjH ]

Analog to the Pawley model, the intensities of the Bragg peaks can either be refined
independently or their ratio’s can be preserved. The difference with a Pawley model
is that the Bragg peak positions are also independently refined parameters. However,
it is also possible to write them as a function of a zero-shift and an isotropic unit cell
deformation factor, described in detail in Appendix A.2. A PD model is completely
independent of any structural parameters, even though with the deformation factor,
we can still refine a structural property. Hence a PD model is nothing more than a
group of generic peak profiles, although the peak parameters can be described as a
function of secondary parameters such as the scaling factor, the zero-shift and the
deformation factor. It is straightforward to convert a Rietveld or Pawley model to a
PD model by setting IjH = mHF

2
jH . The conversion from a PD model to a Pawley

model is commonly referred to in crystallography as indexing. The aim of indexing
is to assign Miller indices to Bragg peaks, determine the unit cell parameters and
identify the crystal symmetry (i.e. the space group). In short, indexing tries to solve
Equation 2.12 for all observed Bragg peak d-spacings dH :

h2a∗ + k2b∗ + l2c∗ + 2klb∗c∗ cosα∗ + 2hla∗c∗ cosβ∗ + 2hka∗b∗ cos γ∗ = 1
d2
H
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where (a∗, b∗, c∗, α∗, β∗, γ∗) denote the reciprocal unit cell parameters. Afterwards the
space group is assigned, based on the extinction of Bragg peaks with certain Miller
indices due to the crystal symmetry (see Section 3.4.5). Many different algorithms
have been developed to achieve this [4–6]. The result of this process is often a list
of possible solutions for unit cell and space group, arranged according to a certain
likeliness figure.

Upscaling from a PD model to a Pawley model (indexing) and from a Pawley to
a Rietveld model (solving the structure) requires a high quality diffractogram and
cannot be done automatically. Thus, it was not included in xrdua, which focuses on
automatic data processing of non-ideal diffractograms. Successful phase identification
by comparison with a diffraction database often renders upscaling unnecessary. An
overview of the parametrization in the three different models is given in Figure 4.11.
To conclude we note that different model types can be used for the different phases in
one single fit. This is very useful in the phase identification process as discussed above.
Furthermore it should be noted that quantitative analysis on the basis of degenerated
models (i.e. PD or Pawley models derived from a Rietveld model) is made possible in
xrdua by retaining the mass and volume of the unit cell during model downscaling.

4.1.4 Diffractogram modeling: phase abundance mapping

After downgrading all Rietveld models from the identification process to PD models,
the fitting model described in Table 4.2 was obtained for the final phase abundance
mapping of the mockup. Some additional decisions have been made concerning
the profile shapes to be employed and the refinement of the profile parameters. A
detailed description can be found in Appendix A. The profile functions included here
were the Gaussian, the pseudo-Voigt and the Pearson VII. By default, xrdua uses
Gaussians in newly added models. When a Gaussian does not adequately describe
the Bragg peaks of a crystalline phase, other profile functions are chosen by trial and
error. This was necessary for zincite, calcite, cinnabar and goethite. The peak positions
of each phase (apart from viridian) were parameterized by a zero-shift tz with an
isotropic unit cell deformation fixed to 1 (i.e. no deformation, see Appendix A.2). A
constraint of ±3mm relative to the initial zero-shift, determined separately for each
phase by fitting a diffractogram close to the middle of the painting, was applied. Since
the viridian PD model was not derived from a Rietveld model, the zero-shift free
scattering angles were not known and the peak positions were independently refined
with a constraint of ±0.01°. Constraints on positional parameters are often necessary
for phases that are not present in all diffractograms that belong to a p-XRPD scan.
When a diffractogram is fitted with more phase models than actually present, the
intensity of the absent models will be close to zero. In this case, the peak positions (or
the zero-shift) could take any value. Not constraining them would allow the Bragg
peaks to drift to unrealistic positions. Subsequently the iterative fitting routine might
increase the intensities of the Bragg peaks again in order to model other features in the
diffractogram. As can be seen in Table 4.2, no constraints have been used for zincite,
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Figure 4.11: Identical fit model with different degrees of parametrization.
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as it is abundantly present in the entire scan.
The relative intensities of the Bragg peaks are preserved for all models that are

derived from a Rietveld model. This leaves only the scaling factor to be refined. For the
viridian model, the peak intensities of the Bragg peaks are refined independently. The
shape parameters mostly are not refined independently, but are a function of several
global shape parameters (see Appendix A.2). The viridianmodel is again the exception,
as the full-width-at-half-maximum (W) of each peak is refined independently. Also the
decay factors R of the zincite Bragg peaks were refined separately as it was important
to describe the shape of these peaks as precise as possible. This is because zincite was
far more abundant than the other phases (>90 wt%). Hence when Bragg peaks of
other phases overlap with those of zincite, this might cause the fit of these phases to
be distorted when the zincite peak shapes are not described well. To conclude it could
be seen that the peak shapes did not change in the course of the scan. Only the global
full-width-at-half-maximum parameters U andW of zincite were released as the fit
quality of the other phases is sensitive to the exact description of the zincite diffraction
signals.

Table 4.2: Complete model for phase abundance mapping of the mockup. A descrip-
tion of the symbols can be found in Appendix A.

Phase Model Profile Position Intensity FWHM Mixing Decay

zincite PD[1] Pearson VII tz Szincite U ,W - R[2,3]

calcite PD[1] pseudo-
Voigt

t
[4]
z Scalcite U [2],W [2] n

[2]
0 -

cinnabar PD[1] Pearson VII t
[4]
z Scinnabar U [2],W [2] - r

[2]
1

hematite PD[1] Gaussian t
[4]
z Shematite W [2] - -

goethite PD[1] pseudo-
Voigt

t
[4]
z Sgoethite W [2] n

[2]
0 -

prussian
blue

PD[1] Gaussian t
[4]
z Sprussian W [2] - -

viridian PD Gaussian 2θ[3,5] I [3] W [3] - -
[1] Downscaled Rietveld model
[2] Fixed during batch processing
[3] For each peak independently
[4] Constrained by ±3mmwith respect to the initial value
[5] Constrained by ±0.01° with respect to the initial value

The fitted scaling factors in the model described in Table 4.2 represent the phase
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abundance maps of the different pigments in the painting. The result is shown in
Figure 4.12. The map of viridian is not a scaling factor distribution but the intensity
map of the most intense peak. Note that the branches of the strawberries are also
visible in the scaling factor map of calcite, just as this is the case for the ROI map (see
Figure 4.5). Hence we can conclude that the dark red pigment contains calcite next to
hematite.

From the abundance maps of the different pigments, xrdua allows to construct
a color reconstruction of the painting. It should be noted however that the relation
between visible color and amount of pigment used, is not straightforward as the
reflection and transmission of visible light must be taken into consideration. The
rudimentary approach implemented in xrdua allows the overlapping of different
scaling factor maps with a certain transparency. The color of each map can be specified
by assigning a color to the lowest pixel intensity and a color to the highest pixel
intensity. Intermediate colors are calculated by linear interpolation of the RGB values.
Transparency is treated in a similar way. Both color and transparency interpolations
can be modified by a gamma correction. The colored reconstruction of the mockup
on the basis of the XPRD distribution of 5 pigments is shown in Figure 4.13. It can be
seen that this approach provides enough flexibility to construct a good impression on
how the real painting looks like.

Next to the scaling factor maps, all other parameters describing the fit model are
also mapped in the same batch fitting process. In this case, the zero-shift maps of
zincite and calcite can be used to identify in which layer calcite is present (apart from
its presence in the hematite-containing pigment). It can be seen in Figure 4.14 that the
zero-shift maps show a gradient that is caused by the fact that the painting surface is
not scanned exactly perpendicular to the X-ray beam. Subtracting the zero-shift of
calcite from the zero-shift of zincite yields a flat image with no gradient, which is to
be expected as this is a layered structure. The average difference is −0.4mm, which
indicates that the zincite grounding is closer to the detector than the calcite containing
fiberboard.

With this we conclude the analysis of the p-XRPD scan of the mockup painting.
Results of several other p-XRPD experiments are presented in Chapter 5. It should
be noted that the example shown above did not suffer from any additional problems
caused by graininess in the diffraction patterns. With the term graininesswe refer to
the presence of non-continuous Debye rings showing individual diffraction spots at
some azimuthal angles. In the next example, we will encounter these problems in case
a primary beam size of 15 µm is used instead of 800 µm. Moreover the scanning will
not be projective but tomographic, in which graininess issues are more problematic.
First we will discuss the additional step required to allow phase abundance mapping
after batch processing with a fitting model: tomographic reconstruction.
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4. Scanning X-ray powder diffraction and tomography

Figure 4.12: Scaling factor maps of the mockup components.
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4.1. Projective X-ray Powder Diffraction

Figure 4.13: Colored reconstruction of paintings by projective XRPD.
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4. Scanning X-ray powder diffraction and tomography

Figure 4.14: Subtracting the zero-shift of calcite from the zero-shift of zincite yields
on average a negative value of −0.4mm and therefore calcite is contained in the
fiberboard.

4.2 X-ray Powder Diffraction Tomography
X-ray Powder Diffraction Tomography (XRPDT) allows the visualization of crystalline
phase distributions in a virtual cross-section of an object. This can be achieved by
positioning the object between an area detector and an X-ray source. The primary X-ray
beam is assumed to be parallel and the beam size is several orders ofmagnitude smaller
than the object. A tomographic experiment involves the stepwise, perpendicular
translation of the object through theX-ray beam,while recording a diffraction pattern at
each step. This process is repeated for different rotational positions of the object around
an axis perpendicular to the translation axis and the X-ray beam (see Figure 4.15).
The plane spanned by the X-ray beam and the translation axis is referred to as the
tomographic plane. Each diffraction pattern acquired in this experiment contains the
diffracted intensity of all material along a beam path in the tomographic plane. We
will see that from these projected intensities, the diffracted intensity that arises from
individual, small volumes in the tomographic plane can be calculated. These volumes
are referred to as voxels and the dimension of each voxel is determined by the size of
the primary beam.
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4.2. X-ray Powder Diffraction Tomography

Figure 4.15: X-ray Powder Diffraction Tomography geometry. The (measured) projec-
tive detector response of the object is denoted as P (x′, ω) for translation x′ and rotation
ω. The (theoretical) detector response in the tomographic plane is denotes as I(~x).

4.2.1 Radon transform

In Figure 4.15 the stepwise translation of the object is visualized in the tomographic
plane by fixing the cross-sectional reference frame XY of the sample and translating
the beam path (marked in red) along the X’-axis of the rotated reference frame X’Y’.
When neglecting absorption, the diffracted intensity (Bragg peak intensity or Rietveld
scaling factor) measured at translation x′ and object rotation ω is given by the integral
of the diffracted intensity along the path of the X-ray beam:

P
(
x′, ω

)
=
ˆ ∞
−∞

I(~x)δ
(
~x · n̂− x′

)
d~x def= RT[I(~x)]

with n̂
def= [cosω, sinω]

(4.1)

where I(~x) def= I(x, y) represents the diffracted intensity from position (x, y) in the
tomographic plane. The transformation of I(~x) to P (x′, ω) is also known as the Radon
transform and P (x′, ω) is called a ray sum. Expressed in the reference frame XY of the
sample, the Radon transform can be written as (see Appendix C.2.2):

RT[I(~x)] = P
(
x′, ω

)
=
ˆ ∞
−∞

I(~x)δ
(
~x · n̂− x′

)
|det(Jac(~x′))| d~x′

x′ = x cosω + y sinω
y′ = −x sinω + y cosω

=
ˆ ∞
−∞

I
(
x′ cosω − y′ sinω, x′ sinω + y′ cosω

)
dy′

(4.2)

where the Jacobian determinant of the rotation is 1 and the identity ~x · n̂ = x′ is
substituted.
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4. Scanning X-ray powder diffraction and tomography

Fourier slice theorem

The collection of ray sums P (x′, ω) of I(~x) for a single angle ω will be referred to as a
projection, denoted as Pω(x′). The one-dimensional Fourier transform of a projection
is given by [C.2.8]:

P̃ω(ν) =
ˆ ∞
−∞

Pω
(
x′
)

exp
(
−2πiνx′

)
dx′

=
¨ ∞

−∞
I
(
x′ cosω − y′ sinω, x′ sinω + y′ cosω

)
exp

(
−2πiνx′

)
dx′dy′

=
ˆ ∞
−∞

I(~x) exp
(
−2πiνx′

)
d~x

which follows directly from Equation 4.2. On the other hand, the two-dimensional
Fourier transform of I(~x) is given by:

Ĩ(~u) =
ˆ ∞
−∞

I(~x) exp(−2πi~u · ~x) d~x

When ~u = (ν cosω, ν sinω) it follows that ~u · ~x = νn̂ · ~x = νx′. Hence to Fourier trans-
formation of the projection Pω(x′) is equal to the radial slice of the two-dimensional
Fourier transform of I(~x) with angle ω. This is know as the Fourier slice theorem and
can be written in short as:

P̃ω(ν) = Ĩ(ν, ω)

4.2.2 Tomographic sampling

From the Fourier slice theorem it follows that recording the diffracted intensity of an
object while it is translated through the X-ray beam, is equivalent to sampling a radial
slice of the two-dimensional Fourier transform of the diffracted intensity in a virtual
cross-section of the object under investigation. In this section we will show that the
number of translation steps chosen affects the number of rotation steps that should be
considered.

Nyquist-Shannon sampling theorem

In Figure 4.16 a signal f(x) in one-dimensional real space domain x with only one
frequency component νsignal is shown. The Fourier transform f̃(ν) of this signal is an
impulse response pair

[
−νsignal, νsignal

]
with an intensity equal to half the signal ampli-

tude. Sampling the signal can be represented as a multiplication (or a convolution in
Fourier space) with the Dirac comb. When the distance between two adjacent sampling
points is T , the Dirac comb is represented by T -spaced spikes or δ-functions. In Fourier
space, the Dirac comb is still made up of δ-functions but 1/T -spaced. Convolution will
replicate the impulse response as shown in Figure 4.16. We see that all information on
the sampled signal in Fourier space is present in the frequency interval

[
− 1

2T ,
1

2T
]
. In
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4.2. X-ray Powder Diffraction Tomography

Figure 4.16: Sampling in real and Fourier space.

other words, the Fourier transform of the sampled signal can be generated from the
frequency interval ν ∈

[
− 1

2T ,
1

2T
]
by shifting by z

T with z ∈ Z.
Furthermore it follows from Figure 4.16 that when 1

T < 2νsignal, two adjacent
impulse response pairs overlap, causing higher frequencies to be mapped into lower
frequencies, which results in so-called aliasing fringes in real space. Hence theminimal
sampling rate to sample f(x) in order to recover all frequencies in f̃(ν) must be twice
the maximum frequency component νmax of the signal:

νsample ≥ 2νmax
def= νNyquist (4.3)

where νNyquist is referred to as the Nyquist rate and νsample = 1
T the sampling rate. This

is commonly known as the Nyquist-Shannon sampling theorem and the maximal
frequency νmax is referred to as the Nyquist frequency.

Frequency resolution

While the maximal frequency component of a signal determines the necessary sam-
pling rate, the minimal frequency difference between two frequency components
determines the necessary number of data points so that the Fourier transform of the
sampled signal represents this signal exactly. Consider sampling a signal with N data
points that are T -spaced. It can be shown that any frequency component sampled
at these N data points can be described by a linear combination of the orthogonal
Fourier basis functions with frequencies 1

NT ,
2
NT , . . . ,

N/2
NT sampled at these N data

points. Note that the last frequency is the Nyquist frequency. Hence the frequency
resolution for a T -spaced signal with N data points is ∆ν = 1

NT . Signal components

157



4. Scanning X-ray powder diffraction and tomography

of which the frequencies are not a multiple of ∆ν are mapped to multiples of ∆ν in
Fourier space according to the coefficients of their linear combination. Together with
the Nyquist-Shannon sampling theorem, this leads to the conclusion that the Fourier
transform of a set of N data points which are T -spaced only represents the signal
exactly when it only has components of which the frequencies are lower or equal to
1

2T and multiples of 1
NT .

Rotational steps and range

Consider a tomography experiment for which the object is translated through the
X-ray beam with N steps of size T . Then all information about projection Pω(x′) is
contained by P̃ω(ν) with ν ∈

[
− 1

2T ,
1

2T
]
. The sampling of Fourier space by measuring

such projections at several angles can be interpreted as shown in Figure 4.17. The one-
dimensional Fourier transforms of two projections, one measured at angle ωi and one
at angle ωi+1 are displayed as radial slices of two-dimensional Fourier space according
to the Fourier slice theorem. However due to the Nyquist-Shannon sampling theorem,
we see that the measured information is restricted to a circle with radius 1

2T . We will
refer to this circle as the Nyquist circle. Hence the size of the object and the frequency
components of I(~x) determine the number of translation steps N and the step size T .

From the geometry of Figure 4.17 it immediately follows that to sample Fourier
space within the Nyquist circle, projections need to be measured for an angular range
of 180 degrees. As discussed in the previous section, the radial sampling resolution
is equal to ∆ν = 1

NT . For a fixed angular step size ∆ω, the azimuthal resolution in
sampling Fourier space is different for each concentric circle. However if we require
the azimuthal resolution to be always better than or equal to the radial resolution,
then it follows that:

∆L = ∆ν ⇐⇒ ∆ω
2T = 1

NT

⇐⇒ ∆ω = 2
N

where ∆L is the arc length of the Nyquist circle for a rotation step ∆ω. Hence the
number of rotationsM in a tomographic scan should be:

M = π

∆ω = π

2N

in order to obtain the maximal resolution that can be achieved with N translations. In
practice however, the number of rotations is usually not higher than the number of
translations [7].

4.2.3 Analytical reconstruction technique

The collection of ray sums P (x′, ω) for discrete values of x′ and ω is referred to as a
sinogram. The diffracted intensity distribution I(~x) for discrete values of ~x is referred
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4.2. X-ray Powder Diffraction Tomography

Figure 4.17: Tomographic sampling in two-dimensional Fourier space.

to as a tomogram. The aim of a tomographic reconstruction algorithm is to convert a
recorded sinogram into a tomographic slice. From Equation 4.2 it follows that this can
be achieved by applying the inverse Radon transform on the sinogram. The analytical
expression for the inverse Radon transform can be found by applying the Fourier
slice theorem. The diffracted intensity distribution I(~x) can be written as the inverse
Fourier transform of Ĩ(~u) in polar coordinates ~u = (ν cosω, ν sinω) as follows:

I(~x) =
ˆ ∞
−∞

Ĩ(~u) exp(2πi~u · ~x) d~u

=
ˆ π

0

ˆ ∞
−∞
|ν|Ĩ(ν, ω) exp

(
2πiνx′

)
dνdω

Using the Fourier slice theorem this can be written as:

I(~x) =
ˆ π

0

ˆ ∞
−∞
|ν|P̃ω(ν) exp

(
2πiνx′

)
dνdω

=
ˆ π

0
FT−1

[
|ν|P̃ω(ν)

]
dω

=
ˆ π

0
FT−1[|ν|FT[Pω(x′)]] dω

=
ˆ π

0
h⊗ Pω

(
x′
)
dω with h = FT−1[|ν|]

= RT−1[P (x′, ω)]

(4.4)

where FT denotes the Fourier transform, RT the Radon transform and h the ramp filter
with which the projections Pω(x′) in the sinogram are convoluted. The discrete ap-
proximation to the Radon transform and its inverse are implemented in idl following
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4. Scanning X-ray powder diffraction and tomography

Toft (1996). The reconstruction algorithm that uses the analytical expression of the
inverse Radon transform is commonly known as filtered backprojection (FBP).

Note that for N translations andM rotations, the sinogram P (x′, ω) is an N + 1×
M + 1 matrix. The size of the tomogram I(~x) on the other hand can be arbitrarily
chosen. The tomogram pixel size is determined by the size of the X-ray beam and the
translation step size.

4.2.4 Non-analytical reconstruction techniques

Sinograms obtained fromXRPDT experiments on themicroscale often show significant
graininess due to the presence of large grains in the sample which only give rise to
diffraction at certain orientations. Applying filtered backprojection on such a sinogram
results in artifacts in the tomogram. For this reason, many reconstruction techniques
have been developed that are based on the formulation of the discrete, inverse Radon
transform of a sinogram as a linear system of equations. If the tomogram I(~x) has
N pixels and the sinogram P (x′, ω) hasM pixels, then the following linear system of
equations can be constructed:

w11 . . . w1N
... . . . ...

wM1 . . . wMN

 ·

I1
...
IN

 =


P1
...

PM

 (4.5)

where the tomogram pixels Ij are the unknowns and wij is the contribution of to-
mogram pixel Ij to ray sum Pi. The weight wij is given by the intersection between
beam path i and pixel j. Either the length of the beam path through this pixel is used
or the pixel area covered by the beam path, which is assumed to have a width of 1
pixel. If we consider each equation in this linear system as a hyperplane in an N-
dimensional real vector space (referred to as solution space), then there is a unique
solution if all planes intersect in a single point. In reality this linear system of equations
does not have a solution and instead of intersecting in a single point, intersections of
different combinations of three hyperplanes will be located close to this point. Many
different techniques have been developed to define and obtain a solution of this linear
system of equations [7]. In xrdua the Algebraic Reconstruction Technique (ART) and
Maximum-likelihood expectation maximization (MLEM) are implemented.

Algebraic Reconstruction Technique

A solution to Equation 4.5 can be found in an iterative manner by Kaczmarz’s method,
starting from an initial guess of the tomogram pixel values Ij . If the vector ~I(0)

represents this initial guess in solution space, then we can project this vector onto the
first hyperplane which is defined by ~w1 · ~I = P1 where ~w1

def= (w11 . . . w1N ) and thereby
obtaining a new approximation ~I(1). When this perpendicular projection is repeated
for all hyperplanes ~wi · ~I = Pi, the approximation ~I(i) will approach the intersection of
the hyperplanes. The geometry of the perpendicular projection of vector ~I(i−1) onto
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4.2. X-ray Powder Diffraction Tomography

hyperplane ~wi · ~I = Pi is shown in Figure 4.18. From this geometry it follows that the
projected vector ~I(i) can be derived from ~I(i−1), the hyperplane coefficient vector ~wi
and ray sum Pi:

~I(i) = ~I(i−1) + ~δ(i)

= ~I(i−1) + ~I
(i)
w − ~I(i−1)

w

= ~I(i−1) + ~wi · ~I(i)

~wi · ~wi
~wi −

~wi · ~I(i−1)

~wi · ~wi
~wi

= ~I(i−1) + Pi − ~wi · ~I(i−1)

‖~wi‖2
~wi

This process can be repeated several times, starting from ~I(M) obtained by the previous
cycle. In the first cycle, this vector is chosen to be the zero vector.

Figure 4.18: Algebraic Reconstruction Technique: perpendicular projection of tomo-
gram guess ~I(i−1) on hyperplane ~wi · ~I = Pi.

Two variations on ART are also available in xrdua: the Simultaneous Iterative
Reconstructive Technique (SIRT) and the Simultaneous Algebraic Reconstruction Technique
(SART). In SIRT the tomogram pixel values ~I(i) are not updated after every hyperplane
projection. Instead the (weighted) average of all the hyperplane projections is applied
to each tomogram pixel at the end of one cycle:

~I(k) = ~I(k−1) + 1
M∑
i=1

~wi

M∑
i=1

Pi − ~wi · ~I(k−1)

‖~wi‖2
~wi

where k loops over the cycles and i over the ray sums/hyperplane projections. Instead
of using the squared Euclidean norm ‖~wi‖2, the L1-norm ‖~wi‖1

def=
∑
j

∣∣wij∣∣ of ~wi is
often used [7]. The resulting algorithm can also be expressed in terms of the Radon
transform RT and the inverse Radon transform RT−1

u (without the ramp filter):

I(k)(~x) = I(k−1)(~x) +
RT−1

u

[
P (x′, ω)− RT

[
I(k−1)(~x)

]]
RT−1

u [RT[I(~x) = 1]]
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4. Scanning X-ray powder diffraction and tomography

SART is a hybrid of ART and SIRT in that the tomogram pixel values are updated
more than once in every cycle, but as opposed to ART, it is updated by the average
hyperplane projection of a set of ray sums taken at one sample rotation instead of
being updated by applying single hyperplane projections:

~I(k) = ~I(k−1) + 1
(k+1)m∑
i=km+1

~wi

(k+1)m∑
i=km+1

Pi − ~wi · ~I(k−1)

‖~wi‖2
~wi

where k loops over the tomographic projections and the summation over i is a sum-
mation over them ray sums in a projection.

Maximum-likelihood expectation maximization

Thismethodwas first proposed by Shepp et al. (1982) for the reconstruction of emission
tomography sinograms. It is an iterative method that estimates the parameters of a
statistical model by maximizing a likelihood function that represents the probability of
observing the experimentallymeasured sinogram as a function of the parameter values.
In emission tomography, the parameter values are the means of Poisson variables I(k)

integrated over each tomogram pixel. The maximization of the likelihood function is
achieved by iteratively adjusting an initial tomogram approximation ~I(0) as follows:

~I(k) =
~I(k−1)

M∑
i=1

~wi

M∑
i=1

Pi

~wi · ~I(k−1)
~wi

which differs from SIRT by applying an multiplicative tomogram adjustment instead
of an additive adjustment. Therefore the initial tomogram pixels have a value of
one instead of zero. Analog to SIRT, the MLEM adjustment of the tomogram can be
expressed in terms of the Radon transform:

I(k)(~x) = I(k−1)(~x)
RT−1

u [P (x′, ω) = 1]
RT−1

u

[
P (x′, ω)

RT
[
I(k−1)(~x)

]]
Avariation onMLEM isOrdered subset expectationmaximization (OSEM)which is related
to MLEM as SART is related to SIRT:

~I(k) =
~I(k−1)

(k+1)m∑
i=km+1

~wi

(k+1)m∑
i=km+1

Pi

~wi · ~I(k−1)
~wi

The difference with SART is that instead of considering one tomographic projection
for the adjustment of the tomogram, several projections are used. This subset of the
sinogram is chosen so that the projections are equally spread over the angular range.
Hence k loops over the subsets and the summation over i is a summation over them
ray sums in a subset.
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Convergence criteria

An arbitrarily number of iterations can be chosen for the iterative reconstruction
methods discussed above. Alternatively the total tomogram pixel value adjustment
δI(k) can be evaluated and compared with the previous adjustment after each iteration.
If their relative difference is less than a certain threshold, convergence is considered to
be reached:

δI(k) − δI(k−1)

δI(k−1) < δthreshold with δI(k) =
∑
j

∣∣∣I(k)
j − I(k−1)

j

∣∣∣ (4.6)

To conclude the description of the iterative reconstruction algorithms employed by
xrdua, it should be noted that in ART and SART the order of the tomographic
projections is randomized in each iteration. In the case of OSEM, the sinogram subsets
are randomized.

4.2.5 Comparison of tomographic reconstruction methods

The implemented algorithms have been intercompared on the widely used Shepp-
Logan phantom [10] shown in Figure 4.19. A sinogram was calculated from the 250×
250 phantom by employing idl’s Radon transformwith 181 projections betweenω = 0°
and ω = 180°. These are considerably less projections than the theoretical number
of projections based on the Nyquist-Shannon sampling theorem. Yet, this number
corresponds better to the experimental reality. The tomographic reconstruction is
achieved by FBP with a Ram-Lak filter (the implementation of the theoretical ramp
filter for the discrete, finite case). Other filters are available in xrdua to smooth out
noise introduced by the discrete, inverse Radon transform: the Shepp-Logan, low-pass
cosine and generalized Hamming filter [10]. These filters however tend to smooth out
sharp features as shown in Figure 4.19.

The phantom reconstruction convergence is evaluated for all iterative reconstruc-
tion algorithms in Figure 4.20. The total tomogram adjustment δI(k) is plotted as a
function of the iteration number k. Additionally, as we know the theoretical phantom
pixel values, the k-th relative difference ∆I(k) between calculated and theoretical
phantom is plotted as a function of k. The relative difference is defined as

∆I(k) = 100

∑
j

∣∣∣I(k)
j − I(theory)

j

∣∣∣∑
j
I

(theory)
j

An identical comparison between the different iterative reconstruction algorithms
is made in Figure 4.21. However this time, the tomogram is constrained after each
adjustment to assure that its pixel values stay positive.

By comparing Figure 4.20 with Figure 4.21 we note that applying positive con-
straints on tomogram pixel values affects the convergence of the additive adjustment
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4. Scanning X-ray powder diffraction and tomography

Figure 4.19: Filtered backprojection (FBP) of the Shepp-Logan phantom sinogram.
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4.2. X-ray Powder Diffraction Tomography

Figure 4.20: Convergence of iterative reconstruction algorithms in xrdua.
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Figure 4.21: Convergence of iterative reconstruction algorithms with positive con-
straints in xrdua.
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algorithms (ART, SART and SIRT) but not the convergence of the multiplicative adjust-
ment algorithms (MLEM and OSEM). The reason for this is that areas in the tomogram
that do not contribute to a tomographic projection tend to have streaking artifacts
in additive adjustment algorithms. This is illustrated in Figure 4.22 where the tomo-
graphic reconstruction of SART and OSEM after 1, 20, 200 and 300 iterations is shown.
Intensity scaling has been adjusted for each image (cutoff at 70% of the maximum) to
visualize the negative streaking. Note that already after the first iteration, the recon-
struction by SART shows streaking artifacts which are intensified after 200 iterations.
This also explains why the convergence measures δI(k) and ∆I(k) increase again for
SART without positive constraints, after having reached the convergence level (see
Figure 4.20).

Figure 4.22: Streaking artifacts in non-contributing pixels are visible in SART (which
uses additive tomogram adjustment) but not in OSEM (which uses multiplicative
tomogram adjustment).

When considering reconstruction with positive constraints, the minimum in ∆I(k)

for ART, SART and OSEM in Figure 4.21 is situated around 20 iterations. Increasing
the number of iterations after this point will gradually increase the value of ∆I(k),
hence increasing the difference with the theoretical phantom. This is the result of
increasing noise levels as illustrated for an OSEM tomogram section in Figure 4.23.
However as the noise increases in the areas with a relatively constant intensity, the
sharp features in the tomogram become more distinct. Hence there exists a trade-off
between noise levels and visualization of sharp features. As mentioned before, the
same trade-off exists for FBP, influenced by the filter employed.

From Figure 4.21 it follows that the multiplicative adjustment algorithm MLEM
converges faster than the additive adjustment algorithm SIRT. The opposite is observed
for their counterparts OSEM and SART respectively. This is numerically verified in
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4. Scanning X-ray powder diffraction and tomography

Figure 4.23: Sharp features in a tomogram can be visualized more precisely by in-
creasing the number of OSEM iterations (10 subsets) at the cost of increasing noise
levels.

Table 4.3 by comparing three measures of convergence:

1. the number of iterations needed to reach the convergence criterion described in
Equation 4.6 with δthreshold = 1%

2. the number of iterations needed so that the relative difference between recon-
structed and theoretical tomogram is less than 5%

3. the number of iterations ≤ 500 for which ∆I(k) is minimal

However, when comparing the effective convergence speed (see Table 4.4), we see
that the MLEM and SIRT algorithms employing the Radon transformation are sig-
nificantly faster than the traditional implementations. The Shepp-Logan phantoms
reconstructed by the different methods after reaching convergence with δthreshold = 1%,
are shown in Figure 4.24. It can be seen that ART, SART, OSEM and FBP (with a Ram-
Lak filter) give the sharpest images. However, this is at the expense of increasing
noise, as becomes clear when investigating the one-dimensional tomogram section
in Figure 4.25. Hence we can conclude that the choice of reconstruction technique,
number of iterations and filter (in case of FBP) depends on the contrast level required to
sufficiently visualize sharp features and the noise level that is judged to be acceptable.
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4.2. X-ray Powder Diffraction Tomography

Figure 4.24: Tomographic reconstruction after convergence is reached with δthreshold =
1%.
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Table 4.3: Comparison of convergence speeds in terms of iterations, based on three
measures: convergence criterion with δthreshold = 1% (column 1), ∆I(k) ≤ 5 (column
2) and minimal ∆I(k) (column 3). In each column the iteration k is given with the
corresponding ∆I(k) between parentheses.

Method Convergence ∆I(k) ≤ 5% Minimal ∆I(k)

ART 10 (3.39%) 2 (4.17%) 16 (3.25%)
SART 11 (3.43%) 2 (4.10%) 29 (3.20%)
OSEM (10 subsets) 47 (3.43%) 6 (4.68%) 24 (3.24%)
MLEM 128 (3.51%) 54 (4.97%) 242 (3.24%)
MLEM (Radon) 135 (3.35%) 54 (4.95%) 500 (2.84%)
SIRT 158 (4.77%) 145 (5.00%) 500 (3.83%)
SIRT (Radon) 168 (5.13%) 176 (5.00%) 500 (3.88%)

Table 4.4: Effective convergence speed of the Shepp-Logan phantom reconstruction.

Method Iterations Time per
iteration (sec)

Total (sec)

ART 10 1.00 10.00
SART 11 1.25 13.75
MLEM (Radon) 135 0.21 28.35
SIRT (Radon) 168 0.21 35.28
OSEM (10 subsets) 47 1.71 80.37
MLEM 128 1.17 149.76
SIRT 158 1.08 170.64

Figure 4.25: MLEM and SIRT yield smoother, less noisy reconstructions than in the
case of ART, SART and OSEM at the cost of losing contrast at sharp features.
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4.2.6 Weighted tomographic reconstruction

The reconstruction algorithms discussed above can be applied to sinograms of a
quantity that is additive along the beam path through the sample. The intensity of
a single Bragg peak or the intensity scaling factor for an entire crystalline phase are
examples of such quantity. All other parameters in the fitting model of a diffractogram
are not additive (zero-shift, unit cell parameters, weight fractions, etc.). Analog to
Equation 4.1, the value P (x′, ω) of such a quantity derived from the diffractogram
acquired at translation position x′ and sample angle ω is given by:

P
(
x′, ω

)
=

´∞
−∞ w(~x)I(~x)δ(~x · n̂− x′) d~x´∞
−∞ w(~x)δ(~x · n̂− x′) d~x

= RT[w(~x)I(~x)]
RT[w(~x)]

where I(~x) is the value of this quantity at position ~x in the tomographic plane and
w(~x) an appropriate weight function (not to be confused with the weight function of
the iterative reconstruction algorithms) which describes the contribution of I(~x) to a
certain projection. The tomogram values can then be calculated as follows:

I(~x) = RT−1[P (x′, ω)RT[w(~x)]]
w(~x)

where RT−1 achieved by one of the available reconstruction algorithms (FBP, MLEM,
ART). At present theweight function can be defined in xrdua by selecting a tomogram,
reconstructed from a sinogram of an additive ray sum quantity (a Bragg peak intensity
or phase scaling factor).

4.3 Paint layer reconstructions with XRPDT
The use of XRPDT and the data processing strategies in xrdua that can be employed
to handle the artifacts that are inherent to this imaging technique will be illustrated by
investigating the diffraction patterns acquired during a µ-XRPD tomographic scan of a
paint fragment from P.P. Rubens’ painting “Holy Family with Parrot” (see Figure 4.26).
The original painting (early 17th century, oil on wood) depicted the Virgin Mary with
Infant Jesus and was extended later by adding the figure of Joseph of Nazareth on the
right and the parrot with rural scenery on the left.

In order to better understand Rubens’ painting technique, it was interesting to
identify the paint layer composition of the light-blue sky in the rural scene. The most
common approach to this problem is to sample a small fragment from the painting and
embed it in a resin block. Afterwards the resin is polished down until a cross-section
of the fragment is exposed. This can then be analyzed by various techniques (SEM,
RAMAN, IR, etc.) which are able to analyze only the surface without interference
from the composition below. This is often not the case for X-ray based techniques.
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Figure 4.26: Composition imaging of paint fragments: tomography versus embedding.
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One solution is to take advantage of the penetrating power of X-rays and perform
tomography in which the analyzed cross-section of the fragment is not physically
exposed. In Figure 4.26 the geometrical difference between the tomographic approach
and the physical cross-sectioning approach is illustrated. Note that in a µ-XRPDT
setup it is possible to add one or more energy dispersive detectors in order to acquire
X-ray fluorescence spectra in parallel with the X-ray diffraction pattern acquisition.
As the X-ray fluorescence signal is (to some extent) also additive along the beam path
through the sample, the tomographic reconstruction techniques discussed above can
also be applied to emission line intensities of the different chemical elements in the
sample [11].

The translation range of the tomography experiment was 750 µm in order to retain
the paint fragment in the field of view under all rotations. A step size was chosen
equal to the 15 µm spot size of the X-ray beam. Together with a rotational step size
of 3°, this results in a sinogram size of 51× 61 pixels. The energy of the X-ray beam
was 28keV, realized by means of a Ni/C multilayer. The experimental setup and data
processing sequence, starting from the raw data to the final cross-sectional pigment
distribution maps, will be discussed below.

4.3.1 Setup, calibration and corrections

Prior to the tomographic scan, a diffraction standard was measured to calibrate the
parameters of the transmission XRPD setup. In this case a NIST SRM640c Si powder
packed in a quartz glass capillary with 100 µm diameter was used. The diffraction pat-
terns acquired by the 2k×2k CCD 165 area detector (165 mm diameter, MARResearch,
CA, US) did not require any spatial distortion correction. With a pixel size of 80 µm,
the area detector was positioned at approximately 19 cm from the sample in order to
cover a d-spacing range of 1Å to 10Å at a primary beam energy of 28keV.

Due to the mounting of the single-bounce capillary that focuses the primary X-ray
beam (see Figure 3.24), stray radiation was not shielded in a wedge of approximately
70°. In xrdua, the area on the detector that receives the stray radiationwasmasked off,
together with the non-active area at the edges (see Figure 4.27). Finally, the azimuth
of the synchrotron storage ring plane was identified so that the azimuthal shift (due
to the two angle calibration) could be determined by xrdua, which is necessary for a
proper polarization correction before azimuthal integration. As in the previous case,
for the polarization correction, a linear degree of horizontal polarization P = 0.9 was
assumed, where “horizontal” refers to the plane of the storage ring; in this case this
is the vertical direction in the diffraction images of Figure 4.27. The different actions
that were undertaken before processing the diffraction patterns of the sample under
investigation are summarized in Figure 4.27.
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Figure 4.27: A raw diffraction pattern of Si NIST SRM640c (left) versus the cali-
brated/corrected pattern (right).

4.3.2 Explorative data processing: ROI sinograms

Before modeling the diffraction patterns from the tomographic scan of the paint frag-
ment with a Rietveld model, the crystalline phases need to be identified. This will be
achieved in an identical manner as discussed for the p-XRPD scan of the mockup paint-
ing in Section 4.1.2. A scattering angle (2θ) range of 3° to 21.5° was chosen for the batch
processing, which corresponded to a d-spacing range of 1.15Å to 8.23Å. Together
with the calibration and correction information from above, xrdua will transform the
raw diffraction patterns to an array of fully corrected and calibrated diffractograms as
illustrated in Figure 4.28. As opposed to the p-XRPD scan of the mockup painting,
we will consider two types of azimuthal integration. Either the azimuthal average or
the azimuthal median1 is calculated for each 2θ-bin (see Section 3.4). The reason for
doing so, as will become apparent in what follows, is the presence of more coarsely
grained material (with respect to the beam size) in the sample.

From the resulting array of one-dimensional diffraction patterns, sinograms of
different Bragg peaks can be reconstructed by selecting several regions of interest on
the average diffractogram as illustrated in Figure 4.28. The background is assumed
to be linear in the limited range of one region of interest and it can be subtracted if
necessary. When comparing ROI sinograms from the azimuthal average integration
with those from the azimuthal median integration, one could arrive at the conclusion
that median integration is the appropriate choice as the ROI sinograms derived from
it are much smoother (bottom row of Figure 4.28) than the ones obtained by azimuthal
averaging. As discussed in Section 3.4, median integration is used to eliminate most
of the single diffraction spots in the two-dimensional diffraction patterns and to retain

1Any other percentile can be used as well (the median is the 50th percentile).
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Figure 4.28: Explorative data processing with azimuthal average or median.

175



4. Scanning X-ray powder diffraction and tomography

only the smooth Debye rings. As smooth Debye rings originate from fine grained
material (with respect to the beam size) and single diffraction spots from coarse-
grained material, it comes as no surprise that smoother sinograms are obtained by
employing the median: while the intensity and position of the Debye rings do not
change when rotating the sample, single spots will appear and disappear depending
on which and how many crystallites fulfill the diffraction conditions under certain
orientations. Howeverwhen discarding single diffraction spots, important information
will be lost in this example, as the pigment that gives the sky in the rural landscape of
Figure 4.26 its blue color, is coarsely grained.

We recognize three different sinogram shapes in Figure 4.28, one of which (the
first one) is looking very different from the others. Analog to Section 4.1.2, two phases
could be identified by employing a powder diffraction database: calcite (CaCO3) and
hydrocerussite (2 PbCO3 · Pb(OH)2). The first is a common grounding component and
the second is a known component of lead white, a commonly used white pigment in
oil paintings from before the 19th century [12].

Fitting the diffraction pattern in Figure 4.29 with a Rietveld model of calcite based
on AMCSD entry 0000984 indicates that several peaks within the 3° to 6° scattering
angle range are unidentified. The corresponding Debye rings in the two-dimensional
diffraction pattern have the typical appearance of a fiber diffraction pattern. The first
fiber diffraction peak is situated within the 6.30(31)Å region of the first sinogram in
Figure 4.28. A diffractogram is shown in Figure 4.30 which originates from a pixel in
this sinogram that does not contain any significant intensity in the other ROI sinograms.
Based on this diffractogram, a PD model can be constructed that will be used in the
final phase abundance mapping to image the distribution of this unknown component.
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Figure 4.29: Identification and modeling of calcite (CaCO3) with fiber diffraction
visible at low scattering angles.

Figure 4.30: PD model of the fiber diffraction pattern.
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A closer investigation of other diffractograms in which calcite is the predominant
species reveals the presence of another unidentified reflection around 2θ = 2.5° as
shown in Figure 4.31. The corresponding sinogram only shows a significant intensity
in a few pixels, including the highest intensity area of the ROI sinograms shown in
Figure 4.28. Within the 2θ = 2.5(3)° region in the two-dimensional diffractogram
(marked in green), only a few spots are visible. Due to their high d-spacing of approxi-
mately 7.66Å and due to the fact that the corresponding XRF spectrum only contained
calcium and strontium fluorescence lines, it was possible to identify this peak as the
(020) reflection of gypsum (CaSO4 · 2H2O). A Rietveld model of gypsum based on
AMCSD entry 0011093 underestimates the intensity of this peak due to the absence of
some other reflections (see bottom graph of Figure 4.31), as is expectedwhen only a few
diffraction spots are visible. Note that the fiber PD model from Figure 4.30 was used
in this fit with fixed peak shapes and relative intensities. From an investigation of the
diffraction patterns that correspond to the few intense pixels of the ROI sinogram of
the (020) reflection of gypsum, it can be seen that no other diffraction signals interfere
with this. Therefore gypsum was added to the fitting model for phase abundance
mapping as a PD model with a single peak.

The phase that corresponds to the second and fourth sinogram in Figure 4.28 was
identified as hydrocerussite (2 PbCO3 · Pb(OH)2). The Rietveldmodel fromMartinetto
et al. (2002) was adopted. Next to the Debye rings of hydrocerussite in the two-
dimensional diffraction pattern, several single spots can be found, highlighted in green
in Figure 4.32. Recall that the relative intensities of the Bragg peaks that originate from
single spots have no relation to the relative intensities of the ideal powder. Furthermore,
many spots overlap with the Debye rings from hydrocerussite. Therefore a database
search allowed the identification of hydrocerussite but the single spots could not be
assigned to any compound. The technique discussed in Section 4.1.2 however, in which
the diffractogram is fitted with a hydrocerussite Rietveld model together with a PD
model which describes the unknown overlapping peaks, allowed the identification of
azurite (Cu3(CO3)2(OH)2) by importing the PD model in the database search software.
This was supported by the presence of copper in the XRF spectrum.

It has been observed that next to basic lead carbonate 2 PbCO3 · Pb(OH)2, lead
white can also contain neutral lead carbonate PbCO3 that occurs in nature as the min-
eral cerussite [12, 14]. However most cerussite peaks overlap with hydrocerussite. As
illustrated in Figure 4.33, (002) is the only non-overlapping cerussite reflection. Unfor-
tunately, this reflection coincides with the strongest calcite reflection (104). However,
in the two dimensional diffraction pattern there are spots visible that may not belong
to the calcite (104) reflection. Unfortunately, due to the poor energy resolution, the
presence or absence of cerussite could not be proven with sufficient certainty. Other
indications for the presence of cerussite are the shoulder on the hydrocerussite (104)
reflection that may be attributed to cerussite (021) and the underestimation of the peak
at 2θ = 10° by the combination of hydrocerussite (113) and calcite (110). Therefore
we added a cerussite Rietveld model based on AMSCD entry 0006259.
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Figure 4.31: Identification of gypsum (CaSO4 · 2H2O). The diffractogram is back-
ground subtracted and calculated by azimuthal averaging.
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Figure 4.32: Identification of hydrocerussite (2 PbCO3 · Pb(OH)2) and azurite
(Cu3(CO3)2(OH)2). The hydrocerussite appears in the two-dimensional diffraction
pattern as rings while the single spots are attributed to azurite. The diffractogram is
background subtracted and calculated by azimuthal averaging.

4.3.3 Diffractogram modeling: phase abundance mapping

The complete model that was used for phase abundance mapping is described in
Table 4.5. The predominant factor in peak broadening was the low energy resolution
of the X-ray beam and its divergence and therefore a Gaussian profile proved to be
sufficient to describe the peaks shapes of all phases. For the same reason as discussed
in Section 4.1.4, the peak positions were constrained. They cannot be fixed as rotating
the sample in general will modify the distance between sample and detector.

This model was employed to fit the azimuthally averaged diffractograms as well
as the median integrated diffractograms. Furthermore, the background was described
in three different ways; i.e. by

1. adding a linear combination of 9 orthogonal polynomials to the fitting model
2. adding the stripped background as a constant to the fitting model
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Figure 4.33: Indications of the presence of cerussite.

Table 4.5: Complete model for phase abundance mapping of the paint fragment. A
description of the symbols can be found in Appendix A.

Phase Model Profile Position Intensity FWHM

calcite PD[1] Gaussian t
[2]
z Scalcite U [2],W [2]

hydrocerussite PD[1] Gaussian t
[2]
z Shydrocerussite U [2],W [2]

cerussite PD[1] Gaussian t
[2]
z Scerussite U [4],W [4]

azurite PD[1] Gaussian t
[2]
z Sazurite W [4]

gypsum PD Gaussian 2θ[2,3] I [3] W [3,4]

fiber PD Gaussian t
[2]
z Sfiber W [2,3]

[1] Downscaled Rietveld model
[2] Fitted with absolute box constraints
[3] For each peak independently
[4] Fixed during batch processing

181



4. Scanning X-ray powder diffraction and tomography

3. subtracting the stripped background before fitting

Constraints were defined for the peak width parameters (see Table 4.5) to prevent
peaks from becoming very broad in case the crystalline phase they describe is absent
and thereby contributes to the background. This is especially necessary when using
orthogonal polynomials. Combined with the two types of azimuthal integration,
this leads to 6 batch processes and 6 different phase abundance sinograms for each
component (see Figure 4.34). We will compare the resulting sinograms for each of the
phases in the model.

When comparing the calcite sinograms in Figure 4.34, we note that those derived
from median integrated diffractograms (bottom) are smoother than those derived
from the azimuthally averaged diffractograms (top). This can be explained by the
removal of occasional spots during median integration; this is visible in Figure 4.34
by comparing the median-integrated and azimuthally-averaged diffractogram of the
same series of two-dimensional diffraction patterns. The choice of background model
does not seem to have any effect on the result. It should be noted that the sinograms
displayed here are corrected by the decreasing synchrotron current as illustrated in
Figure 4.35. Furthermore, missing pixels are observed in the sinogram. They occur
during the injection period in which new electrons are injected in the storage ring or
due to a malfunction of the area detector readout. These missing pixels were “filled
in” by copying the intensity values from the row above.
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Figure 4.34: Calcite sinograms.

Figure 4.35: Sinogram correction by filling in missing pixels and dividing by the
synchrotron current (lower panel).
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The sinograms of lead white are shown in Figure 4.36 and Figure 4.37 by using the
scaling factors of hydrocerussite and cerussite. Comparison between the azimuthal
integration and background compensationmethods for hydrocerussite (see Figure 4.36)
yields the same conclusion as for calcite. For cerussite however (see Figure 4.37), we
can observe significant differences between the sinograms obtained in various ways.
The sinogram derived from the median integrated diffractograms shows three distinct
sine waves while the sinogram derived from the azimuthally averaged diffractograms
showsmany spots that do not form smooth sinewaves. These spots are caused by single
crystals that are oriented in Bragg orientation at specific tomographic rotations. Again
we can observe that background stripping or modeling by orthogonal polynomials
does not affect the resulting sinogram. When comparing to background subtraction
however, we do observe a notable difference. The cause of this difference becomes
apparent in Figure 4.38 where an azimuthally averaged diffractogram is fitted with
the stripped background as a constant in the fitting model (top) and with the stripped
background subtracted before fitting (bottom). It can be seen that the second method
causes the completemodel to be situated below the experimental pattern, while the first
method allows some peaks to be overestimated (arrows mark overestimated cerussite
peaks in Figure 4.38). This is caused by the least-squares weighting adjustment due to
background subtraction. The weighting factors wi in the expression of the chi-square
(see Appendix A.5) are given by the inverse diffractogram values yi:

χ2 =
Npts∑
i=1

wi
(
yi − ycalci

)
2

wi = 1
yi

A priori subtracting the background causes yi to be lower and wi to be higher. The
weight of regions of the diffractogram which do not contain any peaks are therefore
enhanced significantly, as subtracting the background yields very small numerical
values yi. As relative peak intensities are fixed, the refined scaling factor of crystalline
phase models that contain peaks in these regions will therefore be lower than the
value obtained without background subtraction, thereby compensating possible single
crystal intensity enhancement of other peaks. Hence background subtracting is another
way of eliminating single crystal effects in powder diffraction, similar to the use of
median integration. The elimination is less strict however, as can be seen in Figure 4.38
by comparing the sinogram of the averaged and background subtracted method with
the sinograms from the median integration methods. The three distinct sine waves
are visible but significant distortion by single crystals is still present. Note that the
idea is not to select one “correct” sinogram. The different sinograms simply represent
different levels of granularity, not all of which will lead to a successful reconstruction
as will be discussed in the next section.
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Figure 4.36: Hydrocerussite sinograms.

Figure 4.37: Cerussite sinograms.
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Figure 4.38: Fitting with background subtraction causes overestimation of peaks due
to a fixed relation between peak intensities to be reduced.

The presence of large crystallites also affects the sinograms of the fiber component
shown in Figure 4.39. The spots in the sinograms derived from the azimuthally aver-
aged diffractogramswithout background subtraction are caused by overlapwith peaks
from azurite. The sinograms of the coarsely grained (with respect to the beam size)
azurite are shown in Figure 4.40. A median integration combined with background
subtraction does not show any azurite scaling factor above the noise level. Hence we
can conclude that little to none finely grained azurite was present. When comparing
the sinograms on the bottom row of Figure 4.39, it can be seen that while the azurite
scaling factor barely exceeds the noise when employing background stripping, it is
distinctly visible when employing orthogonal polynomials. On the down side, features
appear that correspond to the fiber component (see Figure 4.39). This effect is also
visible in Figure 4.41 for gypsum, where not only features from the fiber component
are visible, but also features of azurite. The reason for this is the flexibility of the
orthogonal polynomial background as it adds several degrees of freedom to the back-
ground modeling, as opposed to the stripping method. This flexibility causes scaling
factor sinograms of low abundant phases to have a better signal to noise ratio, but it is
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prone to unrealistic background modeling in case peaks cannot be fitted by the phase
models included. A diffractogram is shown in Figure 4.41 which has been selected
from one of the azurite features. In an attempt to minimize the chi-square, the fitting
routine tries to model the enhanced reflection around 2θ = 5° with the azurite and the
fiber model, as these models include peaks in this region. Increasing the scaling factor
of these models will allow for a better approximation of the enhanced reflection and
a reduction in the chi-square value. However this will cause all other peaks of these
models to be overestimated, which increases the chi-square again. When using orthog-
onal polynomials, overestimation will be compensated by lowering the background.
This causes the (020) reflection of gypsum to be present in fitted diffractogram, while
it is obviously not present in the experimental diffractogram as shown in Figure 4.41.
A similar effect was observed in the diffractograms from the fiber features. The results
obtained by employing orthogonal polynomials in the case of gypsum and the fiber
component were discarded.
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Figure 4.39: Fiber component sinograms: aberrations due to azurite single crystals.
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Figure 4.40: Azurite sinograms.
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Figure 4.41: Gypsum sinograms: aberrations due to azurite single crystals.
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4.3.4 Tomographic paint layer reconstruction

In this section, the reconstruction of phase distributions in a virtual cross-section of
the paint fragment by means of MLEM (using the Radon transform) will be discussed.
This method was not only chosen to reduce processing time. It also proved to be more
robust in the presence of noise and elevated background in the sinogram. This is
illustrated in Figure 4.42 where a cerussite sinogram was chosen (median integration,
background stripping) which signal-to-background ratio was relatively low compared
to the other sinograms. The tomograms calculated by the different reconstruction
methods are shown after reaching convergence with δthreshold = 1% (see Section 4.2.4).
It can be seen that all but theMLEM andOSEMmethods cause artifacts to appear close

Figure 4.42: Reconstruction of the cerussite distribution from the sinogram derived
from the median integrated diffraction patterns with background stripping. After
convergence is reached with δthreshold = 1%, the MLEM reconstruction has the least
artifacts; these are caused by the high level of noise in the sinogram.

the actual cerussite layer. Applied on different sinograms, the MLEM reconstruction
converged within 50 iterations. The reconstruction of all phase distributions with 50
MLEM iterations are shown in Figure 4.43. The tomograms that need to be discarded on
the basis of their sinograms, as discussed above, are marked in gray. Going from left to
rightwe note that there are two different distributions obtained for the fiber component:
a smooth, broad layer and a more coarsely grained, thin layer. As illustrated in
Figure 4.44, the sinogram of the fiber component shows a more pronounced difference
between the scaling factor in the wedge and the arc when derived from azimuthally
averaged diffractograms. This effect causes the arc to be enhanced, resulting in the
enhancement of the top side of the layer.
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Figure 4.43: Tomographic reconstruction of the paint fragment layers (MLEM, 50
iterations). The gray tomograms were discarded on the basis of their sinogram.
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Figure 4.44: The sinogram of the fiber component shows a less pronounced difference
between the scaling factor in the wedge and the arc when derived from the median
integrated diffractograms.

Before discussing the other tomograms, we should address two issues of the
tomographic reconstruction that have not been mentioned yet, namely the position of
the rotation axis in the sinogram and the size of the reconstructed tomogram. The first
can be determined by comparing two projections of the sample at two rotation angles
that differ 180° as illustrated in Figure 4.45. If the rotation axis would be exactly in
the middle of the translation range, both projections would overlap. However, a shift
can be observed between the two projections, from which the actual position of the
rotation axis can be determined by adding half the projection shift to the middle of
the translation range. The position of the rotation axis in the tomogram can be chosen

Figure 4.45: Position of the rotation axis in the translation range determined by com-
paring two sample projections, one at 0° and the other at 180°.
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freely. This is also true for the size of the tomogram. The horizontal and vertical size
of the tomogram (in pixels) is by default equal to the number of translation steps,
which assures that the tomogram encapsulates the area in the virtual cross-section of
the sample which stays within the field of view of the tomographic scan. This means
that each voxel in this area (which is a disk in the tomographic plane) contributes to
all tomographic projections. When performing tomography, one makes sure that the
sample stayswithin the field of view under all orientations in order to avoid incomplete
sampling. When part of the sample happens to fall outside the field of view under
certain orientations, the size of the tomogram to be reconstructed must be enlarged.
As the area outside the field of view is not sampled completely, it will contain artifacts
as illustrated in Figure 4.46. From the sinogram of the fiber component of the paint
fragment it can be observed that the volume of the sample that contains this component
extends beyond the field of view. When enlarging the default tomogram size from
51×51 to 510×510 pixels, it can be seen that the distribution of the fiber component is
much larger than the paint fragment. The reason is that the paint fragment was glued
to a bent piece of adhesive tape in order to mount it on the translation and rotation
stage; the fiber diffraction pattern originates from this material, not from the sample
itself.

Figure 4.46: Only a small part of the support tape was contained within the field of
view under all orientations (marked as 100% FOV).
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Enlarging the size of the tomogram is not only done to reconstruct parts of the
sample that are not inside the field of view under all orientations. Figure 4.47 shows
the reconstruction of two sinograms of gypsum, one derived from the azimuthally
averaged and one from the median integrated diffractograms, to a 51× 51 pixel grid
and to a 510× 510 pixel grid by the MLEM method. From the corresponding MLEM
estimated sinograms, it can be seen that the sinogram estimated by employing the
enlarged grid is a better approximation to the original sinogram than the sinogram
estimated by employing the default grid size. This is caused by the relatively high
background in these sinograms. When restricted to 51× 51 pixel, the reconstruction
algorithm assumes this background intensity originates from diffraction within the
51× 51 pixel area. This mainly causes the ring artifact and might additionally intro-
duce streaking as visible in the tomogram originating from the azimuthally averaged
diffractograms. For this reason, all tomograms in Figure 4.43 were reconstructed on a
510× 510 pixel grid and afterwards clipped to 51× 51 pixels.

Figure 4.47: Effect of tomogram size on the reconstruction of sinograms with a low
signal to background ratio.
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To continue with the comparison of the tomograms in Figure 4.43, we observe that
the calcite reconstruction does not depend much on the choice of integration method
and background modeling, apart from a slightly smoother distribution obtained by
median integration compared to azimuthal averaging caused by discarding single
crystals. In Figure 4.48 the two integration methods are compared (combined with
background stripping) by overlapping calcite, gypsum and the support tape. Clearly
azimuthal averaging is the best choice for visualizing the gypsum distribution due to
a better signal to background ratio in the sinogram. As for the tape support, median
integration allows the visualization of the tape layer as a whole, while azimuthal
averaging only causes the non-adherent backside to be visualized.

Figure 4.48: Effect of the azimuthal integration method on the reconstruction of
gypsum (low intensities clipped at 20%) and the support.

To assess the reconstruction of hydrocerussite, cerussite and azurite, we will
compare them to the results of the XRF part of the tomography experiment, shown in
Figure 4.49. The sinograms were constructed by fitting the XRF spectra with AXIL
[15] after which reconstruction was performed in xrdua with the same settings as
employed for the XRPD reconstruction (MLEM, 50 iterations, 510 × 510 pixel grid
clipped to 51× 51 pixels, identical position of the rotation axis). The main difference
between XRF sinograms and XRPD sinograms is that the former are typically smoother
because of the lack of grain orientation issues, but they suffer from attenuation of the
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Figure 4.49: Elemental sinograms and tomograms derived from XRF spectra. Self
absorption is visible at orientations in which the path of the fluorescent radiation
through the sample before reaching the detector is the longest.

fluorescence radiation that passes through the sample before reaching the detector.
In Figure 4.50, the reconstruction of azurite on the base of XRPD signals (average,
stripping) is compared with the reconstruction of copper on the base of XRF signals.
Although the sinogram of azurite is severely distorted by the granularity of this
compound, the MLEM algorithm which finds the phase distribution that statistically
is most likely to lead to the observed sinogram, does produce an azurite distribution
which corresponds remarkably well to the copper distribution. The only difference
that can be observed is the area on the bottom-right corner, which is visible by XRF
but not by XRPD. This may be caused by the local presence of too few crystals so that
statistically, an insufficient number of crystals obey the Bragg conditions for diffraction
to contribute significantly to the sinogram. Also in other areas of the azurite layer with
a relatively low copper content, we observe the absence of diffraction. The correlation
plot of azurite and copper is shown in Figure 4.50 with the corresponding Pearson
and Spearman correlation coefficients and a robust linear regression [16]. The lack
of distinct linear correlation might be attributed to the granularity issues in XRPD,
as we will find a much clearer linear dependency between lead white and lead (see

197



4. Scanning X-ray powder diffraction and tomography

Figure 4.52).
From Figure 4.43 we will choose the lead white tomograms (hydrocerussite and

cerussite) derived from median integrated diffractograms with orthogonal polyno-
mials, as they correspond best to the lead distribution obtained by XRF. However, a
detailed comparison in Figure 4.51 does not allow us to formulate a definite answer
to the question whether next to hydrocerussite, cerussite is present or not in the lead
white pigment. We see that the three sine waves that mark the cerussite hot spots in
the sinogram are also visible in the Pb-Lα sinogram. This means that there is more
lead present in the hot spots than around them. If the Pb-Lα sinogram would not
have shown these three sine waves, that would have been another indication for the
presence of cerussite in the lead white layer. In this case, as there is more lead in the
cerussite hot spot, we cannot reject nor confirm the presence of cerussite. To conclude
we can observe that the intensity ratio in the bottom-right corner is higher for lead
white (XRPD) than for lead (XRF). However from the correlation plots in Figure 4.52,
the overall linear dependency between lead white and lead becomes apparent.

An overview of the final reconstruction of the paint fragment based on XRPD
and XRF tomography is shown in Figure 4.53. We identified a calcium containing
ground layer that is composed of calcite and gypsum, two compounds typically used
in ground layers (chalk and gesso). The light-blue pigment used for the sky in the
rural scenery of P.P. Rubens’ “Holy Family with Parrot” was identified as a mixture of
lead white and azurite. The paint fragment support, the calcite ground and the lead
white layer are visualized in Figure 4.53 by tomographic reconstruction of sinograms
based on median integrated diffractograms with background stripping for calcite and
the support and orthogonal polynomials for hydrocerussite. Gypsum and azurite
reconstruction is based on azimuthally averaged diffractograms with background
stripping for gypsum and orthogonal polynomials for azurite.

This concludes the overview of the scanning XRPD data treatment capabilities of
xrdua. In the next chapter, several other studies in which xrdua was employed will
be highlighted; here, the focus will be not so strong on data treatment but more on the
results obtained by the XRPD measurements.
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Figure 4.50: Comparison of the reconstructed distribution of azurite (XRPD) and
copper (XRF). The arrows indicate an area that is visible by XRF but not by XRPD.
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Figure 4.51: Comparison of the reconstructed distribution of lead white (XRPD) and
lead (XRF). Similar to azurite, the right-bottom corner is less clearly visible with XRPD
than with XRF.
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4.3. Paint layer reconstructions with XRPDT

Figure 4.52: Correlation between lead white (XRPD) and lead (XRF).

Figure 4.53: Paint fragment reconstruction overview based on combined XRPD and
XRF tomography.
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Chapter

5

Use of xrdua: case studies

Several projective and tomographic XRPD experiments were carried out in the fields
of catalysis, cultural heritage and environmental science. A comprehensive list of
publications is given at the end of this chapter. From this list, six studies are chosen as
representative for the different types of scanning XRPD experiments for which xrdua
was designed.

5.1 Imaging of (hidden) paintings

De Nolf, W., J. Dik, G. Vandersnickt, A. Wallert, and K. Janssens.
“High energy X-ray powder diffraction for the imaging of (hidden)
paintings.” In: J. Anal. At. Spectrom. 26 (2011), pp. 910–916. doi:
10.1039/c0ja00255k

This experiment, performed at high energy beamline ID15 at the ESRF, is a feasi-
bility study of scanning XRPD as a complementary tool to the scanning XRF imaging
technique developed in recent years to visualize (hidden) paintings [1–6]. The ad-
vantage of XRPD over XRF is that the former is compound specific while the latter
is element specific. Hence pigments with identical elements can be distinguished
(copper: azurite and malachite, iron: hematite and goethite, lead: massicot, minium
and lead white). The disadvantage is the lower detection limit caused by the lower
interaction probability for elastic scattering of the incoming photons compared to
absorption. Furthermore, attention is drawn to the interference of different pigments
with diffraction from lead white layers. The ability of xrdua to use degenerated
fitting models is used to resolve peak overlapping in cases where the amount of lead
white greatly exceeds the amount of the pigment of interest. Finally, it is shown how
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two overlapping paint layers with the same composition can be resolved by employing
the peak shifts caused by a change in sample-detector distance.
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5.2. Case study II

5.2 Analysis of paint fragments

De Nolf, W. and K. Janssens. “Micro X-ray diffraction and fluores-
cence tomography for the study of multilayered automotive paints.”
In: Surf. Interface Anal. 42 (2010), pp. 411–418. doi: 10.1002/sia.3
125

This experiment is the tomographic counterpart of the previous study, with the dif-
ference that only paint fragments can be analyzed as opposed to entire paintings. More-
over, an automotive paint chip was investigated, which contains more modern compo-
nents and components not visible by XRF (in air) such as talc (Mg3Si4O10(OH)2).
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5.3. Case study III

5.3 Cinnabar degradation study

Radepont, M., W. De Nolf, K. Janssens, G. Van der Snickt, Y. Co-
quinot, L. Klaassen, and M. Cotte. “The use of microscopic X-
ray diffraction for the study of HgS and its degradation prod-
ucts corderoite (α-Hg3S2Cl2), kenhsuite (γ-Hg3S2Cl2) and calomel
(Hg2Cl2) in historical paintings.” In: J. Anal. At. Spectrom. 26 (2011),
pp. 959–968. doi: 10.1039/c0ja00260g

In cultural heritage studies on painted works of art, XRPD imaging cannot only be
used to visualize paintings or underpaintings, but also to identify and map pigment
degradation products. Blackening of cinnabar (α−HgS), commonly attributed to the
presence of metacinnabar (β−HgS), was investigated by projective XRPD mapping
of paint fragments from P.P. Rubens’ painting “The Adoration of the Magi”, a wall
painting in the Monastery of Pedralbes (Barcelona) and artificially aged α−HgS pellets.
Metacinnabar was not found however in any of the fragments analyzed. Instead,
XRPD mapping revealed the presence of chlorine containing cinnabar degradation
products: calomel (Hg2Cl2), corderoite (α−Hg3S2Cl2), kenhsuite (γ−Hg3S2Cl2) and
β−Hg3S2Cl2). Although none of these components are inherently black, these findings
are an important step in the reconstruct the cinnabar degradation process, which is
subject to ongoing research.
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5.4. Case study IV

5.4 Characterization of nickel catalysts for hydro-
gen production

Basile, F., P. Benito, S. Bugani, W. De Nolf, G. Fornasari, K. Janssens,
L. Morselli, E. Scavetta, D. Tonelli, and A. Vaccari. “Combined Use
of Synchrotron-Radiation-Based Imaging Techniques for the Charac-
terization of Structured Catalysts.” In: Adv. Funct. Mater. 20 (2010),
pp. 4117–4126. doi: 10.1002/adfm.201001004

An electrochemical deposition method has been developed to coat metallic foams
with catalytic material; these catalysts are used in steam reforming reactors for the
production of hydrogen from natural gas. Metallic foams are proposed to replace the
traditional pellets to meet the high temperature, high pressure and high throughput
requirements of steam reforming. In this study, the catalysts produced by electrochem-
ical deposition are analyzed in different stages of production in order to verify the
characteristics aimed for at each stage. Furthermore, the result of the electrochemical
deposition method is compared to the results of a more traditional wash coating
procedure. Tomographic XRPD was employed as the primary tool to investigate the
layered composition of the metallic foam coating.
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5.5. Case study V

5.5 Speciation of depleted uranium particles

Lind, O. C., B. Salbu, L. Skipperud, K. Janssens, J. Jaroszewicz, and
W. De Nolf. “Solid state speciation and potential bioavailability of
depleted uranium particles from Kosovo and Kuwait.” In: J. Environ.
Radioact. 100 (2009), pp. 301–307. doi: 10.1016/j.jenvrad.2008
.12.018

Depleted uranium (DU), a waste product of uranium enrichment, is used in armor-
penetrating ammunition for its high density, hardness and pyrophoric properties. DU
particles originating from corrosion of unspent or impacted DU ammunition and
particles originating from an ammunition storage facility fire, have been analyzed to
assess the mobility in the environment of the uranium species they contain. Leaching
experiments in combination with XRPD and XANES speciation revealed the relation
between mobility and chemical composition. Particles originating from the storage
facility fire contained higher oxidized and higher soluble U6+ species such as schoepite,
compared to particles originating from impacted or corroded ammunition, in which
U4+ species such as UO2 were identified. This shows that the release scenario is an
important factor in determining the danger of potential bio-availability of depleted
uranium.
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5.6. Case study VI

5.6 Pink X-ray beams for scanning XRPD

De Nolf, W., J. Jaroszewicz, R. Terzano, O. C. Lind, B. Salbu, B. Veke-
mans, K. Janssens, and G. Falkenberg. “Possibilities and limitations
of synchrotron X-ray powder diffraction with double crystal and dou-
ble multilayer monochromators for microscopic speciation studies.”
In: Spectrochim. Acta, Part B 64B (2009), pp. 775–781. doi: 10.1016
/j.sab.2009.06.003

Double crystal monochromators (DCM) used at synchrotron beamlines can be
replaced by double multilayer monochromators (DMM) in order to limit the loss in
photons during monochromatization. The drawback is the broadening of the energy
bandwidth of the X-ray beam, which is referred to as a “pink” beam. Different XRPD
setups with DMMs are comparedwith twoDCM setups, bymeasuring the same Si and
LaB6 diffraction standard. From this comparison it follows that the peak broadening
caused by employing a pink beam and the broadening due to the use of the different
area detectors, are roughly of the same order of magnitude. Hence in experiments
where peak overlap issues arise, the choice of detector is as important as the choice
of monochromator. This is illustrated by two speciation studies for which a pink
beam is employed: the speciation of metal in polluted soil and uranium in depleted
uranium particles. In the first study, the metal species in the soil could be identified by
employing a pink beam. In the second study however, a mixture of two cubic uranium
oxide species with slightly different unit cell dimensions could be resolved in a DCM
setup but not in a DMM setup.
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5.7. List of publications

5.7 List of publications
The author’s academic bibliography, separating A1 journal articles from H3 book
chapters, is listed below. Additionally, articles in which xrdua has been used in
research conducted dependently and independently from the author are listed (this
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Appendix

A

Diffractogram modeling in
xrdua

Diffractograms derived from two-dimensional diffraction patterns in xrdua can be
theoretically described by (see Equation 3.56)

IRiet(x) = Ibkg(x) +
∑
j

Sj
∑
H

mHF
2
jHCjHΩ̂[x− xjH ] (A.1)

where IRiet denotes the azimuthally averaged, diffracted radiant intensity Jdiff corrected
for polarization and attenuation (see Section 3.2.3). If an appropriate scaling factorPff is
used in deriving Jdiff from the experimental diffraction pattern through Equation 3.17,
then IRiet is given in joule. In practice however, Pff is often chosen arbitrarily so that
IRiet is expressed in a.u. (arbitrarily units) which can be interpreted however as a unit
of energy. The other quantities and indices in Equation A.1 are:

• index j runs over the crystalline phases included in the model

• index H runs over all non-equivalent, non-extinct Miller indices of phase j

• x: scattering angle in degrees

• xjH : Bragg peak position in degrees

• Ω̂: peak profile function with unit integrated intensity

• mH : number of reflections symmetrically equivalent to H

• FjH : structure factor

• CjH : related to the Lorentz factor (discussed below)

• Sj : scaling factor

• Ibkg: thermal diffuse scattering, fluorescence, incoherent scattering, amorphous
scattering, etc.

The variable x and parameter xjH are equal to 2θ and 2θjH respectively when sample-
detector distance is equal to the calibrated distance, otherwise their relations are
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A. Diffractogram modeling in xrdua

determined by the zero-shift [3.4.6]. The background term Ibkg(x) is determined by
peak stripping [1] or by employing orthogonal polynomials [2]. The first method is
the one-dimensional equivalent of the two-dimensional stripping method discussed
in Section 3.3.2. The background determined by stripping will not change during
least-squares optimization of the parameters in Equation A.1. This is not true when
employing orthogonal polynomials. In this case the background is modeled as follows
[2]

Ibkg(x) =
n∑
i=0

ciPi(x) (A.2)

where Pi(x) a polynomial of degree i, the set of these polynomials is orthogonal. Dur-
ing initialization, polynomials Pi(x) and coefficients ci are determined by least squares
refinement of the diffractogram through Equation A.2 while iteratively adjusting the
weights so that only the continuous background is fitted. The coefficients ci can then
be refinement together with all other parameters in Equation A.1. The maximal degree
n can be determined automatically [2] or given manually.

The factor CjH is equal to the Lorentz factor LjH defined in Equation 3.16 as

LjH(2θ) = 1
sin θ sin 2θjH

However when the background term Ibkg is determined by peak stripping, it would
already contain part of the Lorentz factor. Therefore the part of the Lorentz factor that
is dependent on the scattering angle is removed from the diffracted radiant intensity
Jdiff when removing the polarization and attenuation correction in Equation 3.30

Jap(φ, 2θ) = Jdiff(φ, 2θ)P−1(φ, 2θ)A−1(φ, 2θ) sin θ

so that the factor CjH in Equation A.1 is given by

CjH = 1
sin 2θjH

(A.3)

To allow xrdua to handle also diffractograms acquired by diffractometers, this factor
can also be given as

CjH =
1−K + cK cos2 2θjH

sin θjH sin 2θjH
(A.4)

When a post-diffraction monochromator is used, the K-factor is defined in Equa-
tion 2.11 and c = cosm 2θcwith 2θc the scattering angle of the (mosaic) monochromator
crystal. For a pre-diffraction monochromator, theK-factor is defined in Equation 2.10
and c = 1. Note that for a diffractometer, the azimuth φ in Equation 2.10 is a constant,
most commonly 0° or 90°. Note that the Lorentz-polarization for diffractometers is a
function of 2θjH instead of 2θ.

The Bragg peaks of each phase can be parameterized at different levels of complex-
ity. The most elaborate model is the Rietveld model [4.1.3] which describes diffraction
as a function of crystal symmetry and atomic distributions in the crystal. A Pawley
model [4.1.3] makes abstraction of the atoms that decorate the crystal pattern and a
PD model [4.1.3] makes additional abstraction of the crystal symmetry.
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A.1. Peak profile functions

A.1 Peak profile functions
When making abstraction of the different factors in the integrated intensity of a Bragg
peak, Equation A.1 can be written as the sum of a background term and several peak
profile functions Ω:

IRiet(x) = Ibkg(x) +
∑
j

∑
H

Ω[x− xjH ]

Ω[x− xjH ] = IjHΩ̂[x− xjH ]
IjH = SjmHF

2
jHCjH

(A.5)

where IjH denotes the integrated intensity of profile Ω. Several empirical profile
functions are used in xrdua, each introducing different peak form parameters in the
fitting model. Their analytical expression and the partial derivative to any parameter
p used in non-linear least squares refinement of a diffractogram, is given below. The
split pseudo-Voigt function is discussed by Izumi (2000) while all others are listed by
Young (1995).

A.1.1 Gaussian

Definition

G(x) = I√
2πσ

e
−(x−µ)2

2σ2

Parameters

1. µ: position

2. I : integrated intensity

3. σ: standard deviation related to the full-width-at-half-maximum (W) as follows

σ = W

2
√

2 ln 2

Derivatives

∂G(x)
∂p

=
[
I(x− µ)

σ2
∂µ

∂p
+ ∂I

∂p
+ I

(
(x− µ)2

σ3 − 1
σ

)
∂σ

∂p

]
e
−(x−µ)2

2σ2
√

2πσ

with
∂σ

∂p
= 1

2
√

2 ln 2
∂W

∂p
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A.1.2 Lorentzian

Definition

L(x) = dI

W

(
1 + c(x− µ)2

W 2

)
n

Parameters

1. µ: position

2. I : integrated intensity

3. W : full-width-at-half-maximum

Constants n, c and d are defined as

• Normal: n = −1, c = 4 and d = 2
π

• Mod 1: n = −2,c = 4
(√

2− 1
)
and d = 4

√√
2−1
π

• Mod 2: n = −3
2 , c = 4

(
2

2
3 − 1

)
and d =

√
2

2
3 − 1

Derivatives

∂L(x)
∂p

= A(x− µ)Bn−1 ∂µ

∂p
+ dBn

W

∂I

∂p
+
(
A(x− µ)2Bn−1

W
− dIBn

W 2

)
∂σ

∂p

with

A = −2cndI
W 3

B = 1 + c(x− µ)2

W 2

A.1.3 Pseudo-Voigt

Definition

PV(x) = (1− n)G(x) + nL(x)

Parameters

1. µ: position

2. I : integrated intensity

3. W : full-width-at-half-maximum

4. n: mixing factor (Lorentzian fraction)
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Derivatives
∂PV(x)
∂p

= (1− n)∂G(x)
∂p

+ n
∂L(x)
∂p

+ (L(x)−G(x))∂n
∂p

A.1.4 Split pseudo-Voigt

Definition

x ≥ µ : SPV(x) = K PV(x)
PV (x) = (1− nR)G(x) + nRL(x)

K = 2f(nL)
f(nL) +Af(nR)

f(n) = n+ (1− c)n

c =
√
π ln 2

For the left part of the split function x < µ, replace subscripts R and Lwith each other
and Awith 1/A. The Lorentzian component is given by

L(x) = IL̂(x)

L̂(x) = 2
πW1

B−1

B = 1 + 4(x− µ)2

W 2
1

W1 = 2H1
1 +A

The Gaussian component is given by

G(x) = IĜ(x)

Ĝ(x) = 2
W2

√
ln 2
π
e

−4 ln 2(x−µ)2

W2
2

W2 = 2H2
1 +A

Parameters

1. µ: position

2. I : integrated intensity

3. H1: Lorentzian full-width-at-half-maximum

4. H2: Gaussian full-width-at-half-maximum

5. nR: right mixing factor (Lorentzian fraction)

6. nL: left mixing factor (Lorentzian fraction)
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7. A: asymmetric factor

By defaultH1 = H2 just a for the normal pseudo-Voigt, but in a modified version they
can be refined separately.

Derivatives
∂SPV(x)

∂p
= PV(x)∂K

∂p
+K

∂PV(x)
∂p

∂PV(x)
∂p

= (1− nR)∂G(x)
∂p

+ nR
∂L(x)
∂p

+ (L(x)−G(x))∂nR
∂p

∂K

∂p
= (2−K)(1− c)
f(nL) +Af(nR)

∂nL
∂p
− KA(1− c)
f(nL) +Af(nR)

∂nR
∂p
− Kf(nR)
f(nL) +Af(nR)

∂A

∂p

∂L(x)
∂p

=
[
I(x− µ)8B−1

W 2
1

∂µ

∂p
+ ∂I

∂p
+ I

W1

(
(x− µ)28B−1

W 2
1

− 1
)
∂W1
∂p

]
L̂(x)

∂W1
∂p

= 2
1 +A

∂H1
∂p
− 2H1

(1 +A)2
∂A

∂p

∂G(x)
∂p

=
[
I(x− µ)8 ln 2

W 2
2

∂µ

∂p
+ ∂I

∂p
+ I

W2

(
(x− µ)28 ln 2

W 2
2

− 1
)
∂W2
∂p

]
Ĝ(x)

∂W2
∂p

= 2
1 +A

∂H2
∂p
− 2H2

(1 +A)2
∂A

∂p

A.1.5 Thompson-Cox-Hastings pseudo-Voigt

Definition

TCH(x) = (1− n)G(x,WG) + nL(x,WL)

The mixing factor and total peak width are function of the Gaussian and Lorentzian
width:

n = c5q + c6q
2 + c7q

3

q = WL

W

A = W 5
G + c1W

4
GWL + c2W

3
GW

2
L + c3W

2
GW

3
L + c4WGW

4
L +W 5

L

W = A0.2

with constants

c1 = 2.69269 c2 = 2.42843 c3 = 4.47163 c4 = 0.07842
c5 = 1.36603 c6 = −0.47719 c7 = 0.1116
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A.1. Peak profile functions

Parameters

1. µ: position
2. I : integrated intensity
3. WL: Lorentzian full-width-at-half-maximum
4. WG: Gaussian full-width-at-half-maximum

Derivatives

∂TCH(x)
∂p

= (1− n)∂G(x)
∂p

+ n
∂L(x)
∂p

+ [L(x)−G(x)]
[
c5 + 2c6q + 3c7q2

]
·[[

5TW 4
L + 4Tc4WGW

3
L + 3Tc3W 2

GW
2
L + 2Tc2W 3

GWL + Tc1W
4
G +A−0.2

]∂WL

∂p
+[

5TW 4
G + 4Tc1WLW

3
G + 3Tc2W 2

LW
2
G + 2Tc3W 3

LWG + Tc4W
4
L

]∂WG

∂p

]
with

T = −0.2WLA
−1.2

A.1.6 Pearson VII

Definition

PVII(x) = AI

W

[
1 + 4

(
2

1
R − 1

)(x− µ)2

W 2

]
−R

with

A =
2Γ(R)

(
2

1
R − 1

) 1
2

Γ(R− 0.5)π
1
2

where Γ is the gamma function (an extension of the factorial function to real numbers).

Derivatives

1. µ: position
2. I : integrated intensity
3. W : full-width-at-half-maximum
4. R: decay factor

The decay factor R can have special values

• R = 1→ Lorentzian
• R = 1.5→ (Mod 2) Lorentzian
• R = 2→ (Mod 1) Lorentzian
• R =∞→ Gaussian
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A. Diffractogram modeling in xrdua

Derivatives

∂PVII(x)
∂p

=AB−R

W

∂I

∂p
+ AI

W 3 8RB(−R−1)
(

2
1
R − 1

)
(x− µ)∂µ

∂p
+[

AI

W 4 8RB(−R−1)
(

2
1
R − 1

)
(x− µ)2 − AIB−R

W 2

]
∂W

∂p
+[

AIB−R

W

(
Ψ(R)−Ψ(R− 0.5)− lnB + 42

1
R ln 2(x− µ)2

RW 2B

)
+

−Γ(R)IB−R2
1
R ln 2(

2
1
R − 1

) 1
2 Γ(R− 0.5)π

1
2WR2

∂R
∂p

with
B = 1 + 4

(
2

1
R − 1

)(x− µ)2

W 2

A.2 Profile parametrization
The position xjH , intensity IjH and shape parameters of each individual peak profile
can be refined directly or described as a function of what will be called “global param-
eters”. These parameters can be direct physically meaningful parameters (unit cell
dimensions, atomic positions, etc.) or they can be parameters of an empirical relation
between individual peak parameters.

A.2.1 Peak position

The peak positions xjH can be parameterized by Equation 3.57 which can be written
as

xjH = 1
2κ arctan

[(
1 + δz

tz · 103

)
tan
(
2κ2θjH

)]
where tz(m) is the calibrated sample-detector distance, δz(mm) is the zero-shift and
the constant κ = π

360(rad/deg). The partial derivative to a parameter p is given by

∂xjH
∂p

=
tan

(
2κ2θjH

)
Ntz · 103

∂δz
∂p

+
2κ
(

1 + δz
tz ·103

)
N cos2(2κ2θjH

) ∂2θjH
∂p

with N = 2κ
(

1 +
[(

1 + δz
tz · 103

)
tan

(
2κ2θjH

)]2
)

For a diffractometer, the peak position xjH can be parameterized as

xjH = 2θjH + δz

∂xjH
∂p

=
∂2θjH
∂p

+ ∂δz
∂p
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A.2. Profile parametrization

where δz(°) is the diffractometer zero-shift. The scattering angle 2θjH can be a function
of the unit cell parameters (Pawley and Rietveld model) or it can be parameterized by
the isotropic unit cell deformation (PD model).

Unit cell parameters (Pawley and Rietveld)

The scattering angle 2θjH of Bragg peak H of phase j can be written as a function of
the unit cell parameters (see Equation 3.57)

2θjH = 1
κ

arcsin
(
λ
√
S1

2

)
(A.6)

where S1 = HT ·M−1 · H and M−1 the reciprocal metric tensor. If (a, b, c, α, β, γ)
are the unit cell parameters in direct space and (a∗, b∗, c∗, α∗, β∗, γ∗) the unit cell
parameters in reciprocal space, then this can be written explicitly as

S1 = X2 + Y 2 + Z2 + 2Y Z cosα∗ + 2XZ cosβ∗ + 2XY cos γ∗

X = ha∗ = h sinα
a
√
S2

Y = kb∗ = k sin β
b
√
S2

Z = lc∗ = l sin γ
c
√
S2

S2 = 1 + 2 cosα cosβ cos γ − cos2 α− cos2 β − cos2 γ

cosα∗ = cosβ cos γ − cosα
sin β sin γ

cosβ∗ = cosα cos γ − cosβ
sinα sin γ

cos γ∗ = cosβ cosα− cos γ
sin β sinα

with H = [h k l]T . The partial derivative to a parameter p is given by

∂2θjH
∂p

= −M1X

a

∂a

∂p
+ −M2Y

b

∂b

∂p
+ −M3Z

c

∂c

∂p
+

hcM1 cosα
a
√
S2

∂α

∂p
+ kcM2 cosβ

b
√
S2

∂β

∂p
+ lcM3 cos γ

c
√
S2

∂γ

∂p
+

c(M1X +M2Y +M3Z)
S2

[
(sinα cosβ cos γ − cosα sinα)∂α

∂p
+

(cosα sin β cos γ − cosβ sin β)∂β
∂p

+ (cosα cosβ sin γ − cos γ sin γ)∂γ
∂p

]
− cM4

∂ cosα∗

∂p
− cM5

∂ cosβ∗

∂p
− cM6

∂ cos γ∗

∂p
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A. Diffractogram modeling in xrdua

with

M1 = K(X + Z cosβ∗ + Y cos γ∗)
M2 = K(Y + Z cosα∗ +X cos γ∗)
M3 = K(Z + Y cosα∗ +X cosβ∗)
M4 = KY Z

M5 = KXZ

M6 = KXY

and
K = 180λ

π

√
S1 −

λ2S2
1

4

As the reciprocal unit cell angles are not directly refined, we express their partial
derivatives as

∂ cosα∗

∂p
= −

( sinα
sin β sin γ

)
∂α

∂p
+
(cos γ

sin γ + (cosβ cos γ − cosα) cosβ
sin2 β sin γ

)
∂β

∂p

+
(cosβ

sin β + (cos γ cosβ − cosα) cos γ
sin2 γ sin β

)
∂γ

∂p

∂ cosβ∗

∂p
=
(cos γ

sin γ + (cosα cos γ − cosβ) cosα
sin2 α sin γ

)
∂α

∂p
−
( sin β

sinα sin γ

)
∂β

∂p

+
(cosα

sinα + (cos γ cosα− cosβ) cos γ
sin2 γ sinα

)
∂γ

∂p

∂ cos γ∗

∂p
=
(cosβ

sin β + (cosα cosβ − cos γ) cosα
sin2 α sin β

)
∂α

∂p

+
(cosα

sinα + (cosβ cosα− cos γ) cosβ
sin2 β sinα

)
∂β

∂p
−
( sin γ

sinα sin β

)
∂γ

∂p

Isotropic unit cell deformation (PD)

Pattern decomposition makes abstraction of the crystal symmetry so that the unit cell
parameters cannot be used to parametrize the scattering angles 2θjH . In this case, each
2θjH is a refinable parameter in the least-squares refinement. When the PD model is
constructed from a Pawley or Rietveld model or from d-spacings reported in a powder
diffraction database, it is however possible to allow isotropic unit cell deformation to
be refined. If g is the deformation multiplier with which unit cell parameters a, b and
c are multiplied, then it follows from the previous section and Bragg’s law that

2θjH = 1
κ

arcsin

sin
(
κ2̃θjH

)
g

 (A.7)
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A.2. Profile parametrization

where 2̃θjH denotes the known scattering angle (calculated or from a database) for an
undeformed unit cell. The partial derivative to a parameter p is given by

∂2θjH
∂p

=
− sin

(
κ2̃θjH

)
κg2

√
1−

(
sin
(
κ2̃θjH

)
g

)
2

∂g

∂p

A.2.2 Peak intensity

The peak intensity IjH of Bragg peakH of phase j can be written as (see Equation A.5)

IjH = Sj ĨjHCjH

where ĨjH is parameterized according to the model used for phase j:

1. PD model: ĨjH are constants
2. Pawley model: ĨjH = mHF

2
jH with F 2

jH constants

3. Rietveld model: ĨjH = mHF
2
jH with F 2

jH parameterized

In the first two cases, the constant intensities can be derived from a Rietveld model, a
powder diffraction database (which reports relative Bragg peak intensities) or a refine-
ment of the individual peak intensities ĨjH based on a representative diffractogram.

The partial derivative to a parameter p is given by

∂I

∂p
= ĨjHCjH

∂Sj
∂p

+ SjCjH
∂ĨjH
∂p

+ Sj ĨjH
∂CjH
∂p

When factor CjH is given by Equation A.3

CjH = 1
sin
(
2κ2θjH

)
then the partial derivative of CjH is given by

∂CjH
∂p

= −2κ
cos
(
2κ2θjH

)
sin2(2κ2θjH

) ∂2θjH
∂p

When factor CjH is given by Equation A.4

CjH =
PjH

sin
(
κ2θjH

)
sin
(
2κ2θjH

) with PjH = 1−K + cK cos2(2κ2θjH
)

then the partial derivative of CjH is given by

∂CjH
∂p

= −2κ
[

2cK
cos
(
2κ2θjH

)
sin
(
κ2θjH

) +
PjH cos

(
2κ2θjH

)
sin2(2κ2θjH

)
sin
(
κ2θjH

)+

PjH cos
(
κ2θjH

)
sin2(κ2θjH

)
sin
(
κ2θjH

)]

235



A. Diffractogram modeling in xrdua

Asymmetric unit (Rietveld)

The structure factor can be parameterized by parameters associated with the atoms in
the asymmetric unit. From Equation 3.34 and Equation 3.58 it follows that

FH =
nasu∑
j=1

nsub,j∑
k=1

nwyck,j∑
m=1

SOFjkDWjk

(
fjk,0 + f ′jk + if ′′jk

)
eiTjm

Tjm = 2π
(
hxjm + kyjm + lzjm

)
DWjk = exp

(
−BISO

jk

sin2 κ2θjH
λ2

)
In order to calculate the partial derivatives, we will rewrite the structure factor as

FH = AH + iBH

AH =
nasu∑
j=1

nsub,j∑
k=1

nwyck,j∑
m=1

Aj,m,k,H

BH =
nasu∑
j=1

nsub,j∑
k=1

nwyck,j∑
m=1

Bj,m,k,H

Aj,m,k,H = SOFjkDWjk

((
fjk,0 + f ′jk

)
cosTjm − f ′′jk sinTjm

)
Bj,m,k,H = SOFjkDWjk

((
fjk,0 + f ′jk

)
sinTjm + f ′′jk cosTjm

)
The partial derivative of ĨjH to a parameter p can then be written as

∂ĨjH
∂p

= 2mH

nasu∑
j=1

nsub,j∑
k=1

nwyck,j∑
m=1

[
AH

∂Aj,m,k,H
∂p

+BH
∂Bj,m,k,H

∂p

]

∂Aj,m,k,H
∂p

= DWjk

((
fjk,0 + f ′jk

)
cosTjm − f ′′jk sinTjm

)∂SOFjk
∂p

−Aj,m,k,H
sin2(κ2θjH

)
λ2

∂BISO
jk

∂p
−Aj,m,k,H

κBISO
jk sin

(
2κ2θjH

)
λ2

∂2θjH
∂p

−Bj,m,k,H
∂Tjm
∂p

∂Bj,m,k,H
∂p

= DWjk

((
fjk,0 + f ′jk

)
sinTjm + f ′′jk cosTjm

)∂SOFjk
∂p

−Bj,m,k,H
sin2(κ2θjH

)
λ2

∂BISO
jk

∂p
−Bj,m,k,H

κBISO
jk sin

(
2κ2θjH

)
λ2

∂2θjH
∂p

+Aj,m,k,H
∂Tjm
∂p

∂Tjm
∂p

=2πh
∂xjm
∂p

+ 2πk
∂yjm
∂p

+ 2πl
∂zjm
∂p
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A.2. Profile parametrization

If uj = [xj yj zj ]T is a position in the asymmetric unit, then the position in the unit
cell ujm = [xjm yjm zjm]T generated from uj by space group symmetry is given by
uj,m = Rm · uj + Tm with R an 3 × 3 matrix and T an 3 × 1 matrix which together
represent a symmetry operation. As xjm, yjm and zjm are function of xj , yj and zj it
follows that their partial derivatives used above, can be written as

∂xj,m
∂p

= Rm[0, 0]
∂xj
∂p

+Rm[0, 1]
∂yj
∂p

+Rm[0, 2]
∂zj
∂p

∂yj,m
∂p

= Rm[1, 0]
∂xj
∂p

+Rm[1, 1]
∂yj
∂p

+Rm[1, 2]
∂zj
∂p

∂zj,m
∂p

= Rm[2, 0]
∂xj
∂p

+Rm[2, 1]
∂yj
∂p

+Rm[2, 2]
∂zj
∂p

A.2.3 Peak full-width-at-half-maximum

The scattering angle dependency of the full-width-at-half-maximum of the Bragg
peaks of a single phase is empirically determined by

FWHM =
√
U tan2(κ2θjH

)
+ V tan

(
κ2θjH

)
+W + IG

cos2(κ2θjH
)

This relation was originally derived by Caglioti et al. (1958) for neutron diffraction
with IG = 0. The factor IG was added later to take crystallite size broadening into
account (see Equation 2.17). The partial derivative to a parameter p is given by

∂FWHM
∂p

=
tan2(κ2θjH

)
2FWHM

∂U

∂p
+

tan
(
κ2θjH

)
2FWHM

∂V

∂p
+ 1

2FWHM
∂W

∂p
+

1
2FWHM cos2(κ2θjH

) ∂IG
∂p

+

κ

2FWHM

[
2U tan

(
κ2θjH

)
cos2(κ2θjH

) + V

cos2(κ2θjH
) +

2IG sin
(
κ2θjH

)
cos3(κ2θjH

) ]
∂2θjH
∂p

For a split pseudo-Voigt with independent H1 and H2, the parameter IG is common
for the Gaussian and Lorentzian width [3]

H1 =
√
U1 tan2(κ2θjH

)
+ V1 tan

(
κ2θjH

)
+W1 + IG

cos2(κ2θjH
)

H2 =
√
U2 tan2(κ2θjH

)
+ V2 tan

(
κ2θjH

)
+W2 + IG

cos2(κ2θjH
)

For a Thompson-Cox-Hastings pseudo-Voigt, the Gaussian and Lorentzian width are
described differently [6]

WG =
√
U tan2(κ2θjH

)
+ V tan

(
κ2θjH

)
+W + IG

cos2(κ2θjH
)

WL = X tan
(
κ2θjH

)
+ Y

cos
(
κ2θjH

)
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A. Diffractogram modeling in xrdua

for which the partial derivative of the Lorentzian width to a parameter p is given by

∂WL

∂p
= tan

(
κ2θjH

)∂X
∂p

+ 1
cos
(
κ2θjH

) ∂Y
∂p

+
κ
[
X + Y sin

(
κ2θjH

)]
cos2(κ2θjH

) ∂2θjH
∂p

A.2.4 Peak mixing parameter

For a Pseudo-Voigt, the scattering angle dependency of the mixing parameter is
empirically determined by [4]

n = n0 + 2κn12θjH

The partial derivative to a parameter p is given by

∂n

∂p
= ∂n0

∂p
+ 2κ2θjH

∂n1
∂p

+ 2κn1
∂2θjH
∂p

A.2.5 Peak decay factor

For a Pearson VII, the scattering angle dependency of the decay factor is empirically
determined by [4]

R = r1 + r2
2κ2θjH

+ r3(
2κ2θjH

)2
The partial derivative to a parameter p is given by

∂R

∂p
= ∂r1

∂p
+ 1

2κ2θjH
∂r2
∂p

+ 1(
2κ2θjH

)2 ∂r3
∂p
−
[

r2
2κ2θ2

jH

+ 2r3
4κ22θ3

jH

]
∂2θjH
∂p

A.2.6 Peak asymmetry

For a split pseudo-Voigt, the scattering angle dependency of the asymmetry parameter
is empirically determined by [3]

A = A0 +A1

(√
2− 1

sin 2κ2θjH

)
+A2

(
√

2− 1
sin2 2κ2θjH

)

The partial derivative to a parameter p is given by

∂A

∂p
=∂A0
∂p

+
(√

2− 1
sin 2κ2θjH

)
∂A1
∂p

+
(
√

2− 1
sin2 2κ2θjH

)
∂A2
∂p

+

2κ cos 2κ2θjH
sin2 2κ2θjH

(
A1 + 2A2

sin 2κ2θjH

)
∂2θjH
∂p
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A.3. Multiple source emission lines

A.3 Multiple source emission lines
X-ray tubes produce photons with different wavelengths, depending on the emission
lines of the anodematerial employed. It is possible in xrdua to specify different source
emission lines with wavelength λi, relative intensity Ii and relative peak broadening
Wi. In modeling a diffractogram, each Bragg peak is replicated as many times as there
are source emission lines. For multiple emission lines, Equation A.5 can be written as

IRiet(x) = Ibkg(x) +
∑
i

∑
j

∑
H

Ω[x− xjH ]

Ω[x− xjH ] = IijHΩ̂[x− xjH ]

IijH = SjmHF
2
jHCjH

Ii
I0

for emission line i, crystalline phase j and reflection H . Analog to the peak intensity,
the full-width-at-half-maximum of a Bragg peak is given by

FWHMijH = Wi

W0
FWHM0jH

where FWHM0jH is either refined or described as a function of global peak width
parameters. When the Bragg peak positions are refined independently in a PD model,
then Bragg peak positions are given by

xijH = 1
κ

arcsin
(
λi
λ0

sin
(
κx0jH

))
∂xijH
∂p

=
λi
λ0

cos
(
κx0jH

)√
1− λ2

i

λ2
0

sin2(κx0jH
) ∂x0jH
∂dp

which follows from Bragg’s law. Note that although the number of Bragg peaks is
multiplied by the number of source emission lines, the number of refined parameters
stays invariant. When using global peak position parameters in a PD model (i.e. zero-
shift and isotropic unit cell deformation), then Equation A.7 can be written as

2θijH = 1
κ

arcsin

λi sin
(
κ2̃θ0jH

)
gλ0


∂2θijH
∂p

=
−λi sin

(
κ2̃θ0jH

)
κλ0g2

√
1−

(
λi sin

(
κ2̃θ0jH

)
gλ0

)
2

∂g

∂p

When parameterized as function of the unit cell parameters in a Pawley or Rietveld
model, Equation A.6 can be modified for multiple source emission lines as follows

2θijH = 1
κ

arcsin
(
λi
√
S1

2

)

239



A. Diffractogram modeling in xrdua

A.4 Constraints
The parameters of a model can be constraint by box constraints, either defined relative
to the initial value or in absolute values, or fixed completely. A constraint condition
can also be equipped with a phase removal trigger. This causes the diffractogram to
be refitted while fixing the peak intensities or intensity scaling factor of the triggered
phase to zero.

A.5 Agreement factors
Different factors are used in X-ray powder diffraction to measure the agreement
between diffractogram y and the fitted model ycalc. The first agreement factor is the
Chi-square value which is minimized by the least-squares fitting algorithm and is
defined by

χ2 =
Npts∑
i=1

wi
(
yi − ycalci

)
2

where Npts denotes the number of data points and wi = 1
σ2
i
are the weights with σ2

i

the variance of yi. More useful is the reduced Chi-square value

χ2
red = χ2

Npts −Nparam

where Nparam denotes the number of refined parameters in the model. The better
the fit, the more χ2

red approaches 1. The profile R-factors are more commonly used
agreement factors in X-ray powder diffraction [7]:

Rp =

√√√√√√√√√
Npts∑
i=1

(
yi − ycalci

)2
Npts∑
i=1

y2
i

Rwp =

√√√√√√√√√
Npts∑
i=1

wi
(
yi − ycalci

)2
Npts∑
i=1

wiy
2
i

Re =

√√√√√√
Npts −Nparam

Npts∑
i=1

wiy
2
i

≈ 1√
〈y〉

whereRwp is the weighted R-factor andRe the expected value ofRwp asR2
wp = R2

eχ
2
red.

The Re-factor is related to the average count rate but is not related to the quality of
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A.6. Diffractogram errors

the fit. The three R-factors calculated for background subtracted y and ycalc values
are denoted cRp, cRwp and cRe in xrdua. Furthermore, for each Pawley and Rietveld
model, the Bragg RB-factor and the conventional RF -factor are defined as

RBj =

∑
H

∣∣∣IobsjH − IjH
∣∣∣∑

H
IobsjH

RFj =

∑
H

∣∣∣∣∣∣F obs
jH

∣∣∣− ∣∣FjH ∣∣∣∣∣∑
H

∣∣∣F obs
jH

∣∣∣
The observed peak intensity IobsjH and the observed modulus of the structure factor
|F obs
jH | can be derived from the calculate peak intensity IjH as follows (see EquationA.5)

IobsjH ≈ IjH
Npts∑
i=1

yi − ybkgi

ycalci − ybkgi

Ω̂[xi − xjH ]∆xi

∣∣∣F obs
jH

∣∣∣ ≈
√√√√ IobsjH

SjmHCjH

where ∆xi is the bin width of diffractogram bin i in degrees.

A.6 Diffractogram errors
When Poisson counting statistics is assumed, the standard deviation on the value
of diffractogram bin i is given by σi = √yi. Although this is a valid assumption for
diffractometers with point detectors, the situation for area detectors is different as the
bin values are calculated by azimuthal integration. A simplification of Equation 3.31
and Equation 3.32 allows use to express the azimuthal integration as

yi = ai
ni

ni∑
j=1

bijIij

where Iij denotes an interpolated pixel intensity, ai denotes the diffractogram trans-
formation correction from Equation 3.32 and bi denotes the pixel intensity correction
from Equation 3.30 (including polarization and absorption correction when applied).
Note that the number of pixels ni can differ for each bin because of bad pixels [3.3]
and incomplete Debye rings. Error propagation allows us to find

σi = |ai|
ni

√√√√ ni∑
j=1

b2ijIij

where it is assumed that pixel intensities Iij are independent, Poisson distributed
random variables.
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A.7 Secondary physical parameter
From the refined structure parameters, xrdua deduces several physical parame-
ters. The uncertainties on these parameters is estimated by error propagation of the
uncertainties of the refined parameters as estimated by the least-squares algorithm.
This estimation is based on the assumption that the uncertainty on the experimental
diffractogram as described above.

A.7.1 Density

The density of a crystalline compound can be calculated from the unit cell volume
and relative atomic masses adopted from Coursey et al. (2013). We will denote m(X)
as the mass of an elementary unit X and mX as the mass of substance X . The relative
atomic mass of an element is defined as the ratio of the weighted average of the isotope
masses to 1/12 of the mass of a 12C atom in its ground state. This can be expressed as

Ar(Z) def= 〈m(Z)〉
1
12m(12C)

Recall that 1mol of a substance is defined as the number of elementary units of this
substance divided by the number of atoms in 12g of 12C (Avogadro constant):

n def= N
NA

From this the molar mass of an element Z is defined as (unit: gmol−1):

M(Z) def= mZ

nZ
= NA

mZ

NZ
= NA〈m(Z)〉 = 1

12NAAr(Z)m
(

12C
)

= Ar(Z)

The molar mass of a compound C with elementary unit (a1Z1 . . . anZn) or a mixture
of compoundsM can then be calculated as follows (unit: gmol−1):

M(C) =
∑
i

aiM(Zi)

M(M) =
∑
i

wiM(Ci)

where wi denotes the weight fraction of compound Ci. For a crystal structure the
elementary unit is the unit cell so that the molar mass can be calculated as (unit:
gmol−1):

M(UC) =
nasu∑
j=1

nwyck,j

nsub,j∑
k=1

SOFjkM
(
Zjk

)
As the mass of a unit cell is given by (unit: g)

m(UC) = M(UC)NUC
NA

= M(UC)
NA
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it follows that the density of a crystalline compound is

ρ(C) = m(UC)
U

= M(UC)
NAU

(A.8)

where U denotes the unit cell volume (see Section 2.2.6) which is the square root of
the absolute value of the determinant of the metric tensor in direct space (see Ap-
pendix B.7.2). The uncertainties on the refined structure parameters can be propagated
to estimate the uncertainties on the secondary physical parameters. The estimated
variance σ2

U can be calculated as follows:

U = abc
√
S2 S2 = 1 + 2 cosα cosβ cos γ − cos2 α− cos2 β − cos2 γ

σ2
U =

(
∂U

∂a

)2
σ2
a +

(
∂U

∂b

)2
σ2
b +

(
∂U

∂c

)2
σ2
c+(

∂U

∂α

)2
σ2
α +

(
∂U

∂β

)2
σ2
β +

(
∂U

∂γ

)2
σ2
γ

with

∂U

∂a
= bc

√
S2

∂U

∂b
= ac

√
S2

∂U

∂c
= ab

√
S2

∂U

∂α
= abc√

S2
sinα(cosα− cosβ cos γ)

∂U

∂β
= abc√

S2
sin β(cosβ − cosα cos γ)

∂U

∂γ
= abc√

S2
sin γ(cos γ − cosα cosβ)

where (a, b, c, α, β, γ) the unit cell parameters. The estimated variance on the molar
mass is given by

σ2
M(UC) =

∑
j,k

(
nwyck,jM

(
Zjk

))2
σ2
SOFjk

and the estimated variance on the density of crystalline compound C is given by

σ2
ρ(C) =

σ2
M(UC)
N2
AU

2 +
(M(UC))2σ2

U

N2
AU

4

A.7.2 Mass attenuation coefficient

The linear attenuation coefficient µL(Z) of an element is defined as the atom-photon
interaction probability along a unit path length. The interaction probability depends
on photon energy and on the type of atom and is proportional to the density ρ(Z).
The density independent mass attenuation coefficient µ(Z) is defined as

µ(Z) def= µL(Z)
ρ(Z)
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Most often µL(Z) is given in cm−1 and µ(Z) in cm2 g−1. For a compound C with
elementary unit (a1Z1 . . . anZn) the interaction probability of the different elements
approximately additive so that the linear attenuation coefficient of a compound is
given by

µL(C) =

∑
i
aim(Zi)µ(Zi)

U

where U denotes the volume of the elementary unit. The mass attenuation coefficient
of a compound is then given by

µ(C) =

∑
i
aim(Zi)µ(Zi)

m(C)

where m(C) denotes the mass of the elementary unit. The linear and mass attenuation
coefficients of a mixtureM of compounds can be written as

µL(M) =

∑
i
µ(Ci)mCi

Vm

µ(M) =

∑
i
µ(Ci)mCi∑
i
mCi

=
∑
i

wiµ(Ci)

where Vm denotes the total interaction volume, mCi the mass of compound Ci in Vm
and wi the weight fraction of compound Ci. The mass attenuation coefficient of a
crystalline compound can be calculated as follows

µ(C) = 1
M(UC)

nasu∑
j=1

nwyck,j

nsub,j∑
k=1

SOFjkM
(
Zjk

)
µ
(
Zjk

)
and its variance is calculated by

σ2
C =

∑
j,k

(
nwyck,jM

(
Zjk

)
µ
(
Zjk

)
M(UC)

)2

σ2
SOFjk +

(
µ(UC)
M(UC)

)2
σ2
M(UC)

The mass attenuation coefficient can be decomposed in a coherent, incoherent and
photoelectric absorption component

µ(Z) = µcoh(Z) + µincoh(Z) + µfe(Z)

Hence the individual components can be calculated analog to the mass attenuation
coefficient.
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A.7.3 Relative phase abundance

Volume fractions, weight fractions and mole fractions can be derived from the Rietveld
scaling factor. The scaling factor Sj of phase j can be expressed as (see Equation 2.19)

Sj = Iin
r2
eλ

3Sbeam
8πU2

j

νj
µL

(A.9)

where νj denotes the volume fraction of phase j in the interaction volume, µL the
linear attenuation coefficient of the material in the interaction volume, Sbeam the area
of the primary beam footprint on the sample, λ the wavelength and Iin the intensity of
the primary beam (in the same units as the diffractogram intensities). If all constants
are grouped together in a factorK then we can write

νj = SjU
2
jK =

SjU
2
j∑

j
SjU

2
j

(
∑
j

νj = 1)

When written as

νj =
Tj
N

with Tj = SjU
2
j and N =

∑
j

Tj

the estimated variance on the volume fraction is calculated by following error propa-
gation

σ2
νj = 1

N2σ
2
Tj +

T 2
j

N4σ
2
N

σ2
Tj = U4

j σ
2
Sj + 4S2

jU
2
j σ

2
Uj

σ2
N =

∑
j

σ2
Tj

Equation A.9 can be also written as a function of weight fractions wj :

νj
µL

=
Vj
V µL

=
mj

ρ
(
Cj
)
V µL

=
wj

ρ
(
Cj
)
V
M µL

=
wj

ρ
(
Cj
)µL
ρ

=
wj

ρ
(
Cj
)
µ

=
wjNAUj
Mjµ

⇐⇒ Sj = Iin
r2
eλ

3SbeamNA
8πUj

wj
Mjµ

whereM , V and ρ are the total mass, total volume and density of the irradiated crys-
talline material, ρ

(
Cj
)
the density of phase j andMj its molar mass (see Equation A.8).

Analog to the volume fraction, the weight fraction wj of phase j can be calculated
with estimated standard deviation as follows

wj =
Tj
N

with Tj = SjUjMj and N =
∑
j

Tj
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and

σ2
wj = 1

N2σ
2
Tj +

T 2
j

N4σ
2
N

σ2
Tj = U2

jM2
jσ

2
Sj + S2

jM2
jσ

2
Uj + S2

jU
2
j σ

2
Mj

σ2
N =

∑
j

σ2
Tj

The mole fraction of a phase j can be written as a function of weight fractions wj :

xj =
nj∑
j
nj

=
mj

Mj
∑
j

mj
Mj

=
wj

Mj
∑
j

wj
Mj

wheremj is the mass of phase j in the interaction volume and nj the number of unit
cells in mole. As the weight fraction wj can be written as

wj =
SjUjMj∑
j
SjUjMj

it follows that the mole fraction can be derived from the Rietveld scaling factor as
follows

xj =
SjUj∑
j
SjUj

with estimated standard deviation

σ2
xj = 1

N2σ
2
Tj +

T 2
j

N4σ
2
N

σ2
Tj = U2

j σ
2
Sj + S2

j σ
2
Uj

σ2
N =

∑
j

σ2
Tj

where analog to the volume and weight fraction

xj =
Tj
N

with Tj = SjUj and N =
∑
j

Tj
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Appendix

B

Group theory and linear
algebra in crystallography

In Appendix B.1 and Appendix B.2 the basic concepts from group theory and linear
algebra used in the course of this appendix are summarized. Groups with additional
properties are considered in the subsequent sections: fields in Appendix B.3, vector
spaces in Appendix B.4 and affine spaces in Appendix B.5. A particular affine space in
which the symmetry of crystals is described, namely a Euclidean space, is discussed
in Appendix B.6.

In Appendix B.7 lattices are introduced and characterized through their automor-
phisms. This will lead to the definition and categorization of point groups and space
groups in Appendix B.8. Finally the structures of lattices, point groups and space
groups as inherited by the dual space of a Euclidean vector space, are described in
Appendix B.9.

B.1 Sets
B.1.1 Sets and their operations

The statement ‘x is an element of the set A’ or ‘the set A contains x (as an element)’ is
fundamental in set theory. It is denoted as

x ∈ A.

This statement is not further defined. The negation, x is not an element of the set A, is
usually denoted

x /∈ A.

If we want to designate the set of all elements satisfying a certain property P , we write

{x | P (x)},
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B. Group theory and linear algebra in crystallography

i.e. the set of all x for which P (x) (is true). This notation is to be treated with some care
because of the so-called paradox of Russell [1]. To make sure that no contradiction
arises from the notation, we will always work in a bigger set X , and only speak of the
set of all elements of X satisfying the property P . The notation for this is

{x ∈ X | P (x)}.

We say that two sets A and B are equal if they contain exactly the same elements, i.e.

A = B if and only if ∀x ∈ X : x ∈ A ⇐⇒ x ∈ B.

If A = {x ∈ X | S(x)} and B = {x ∈ X | T (x)}, then

A = B ⇐⇒ ∀x ∈ X : S(x) ⇐⇒ T (x).

Subsets

We say that A is a subset of B, denoted as A ⊆ B, if

∀x ∈ X : x ∈ A =⇒ x ∈ B.

The notation A ⊂ B means that A is a subset of B which is different from B, i.e.

A ⊂ B ⇐⇒ A ⊆ B and A 6= B.

In this case we say that A is a proper subset of B.

Powerset

The powerset of a set X is the set of all subsets of X (including X itself and the empty
set ∅). It is denoted

P(X) = {A | A ⊆ X}.

WhenX is a finite set (with n elements), we denote the powerset as 2X (which reflects
the fact that it has 2n elements).

Union and intersection

The union of two sets A and B is the set of all elements that are in A or in B. This set is
denoted

A ∪B = {x ∈ X | a ∈ A or x ∈ B}.

The intersection of two sets A and B is the set of all elements that are in A and in B.
This set is denoted

A ∩B = {x ∈ X | x ∈ A and x ∈ B}.

Two sets are called disjoint if
A ∩B = ∅.
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B.1. Sets

B.1.2 Relations and functions

An ordered pairwith first element a and second element b is denoted as (a, b) to make
the distinction with the set {a, b}. Note that when a 6= b, we have {a, b} = {b, a} but
(a, b) 6= (b, a). Furthermore {a, a} = {a}, which does not apply to an ordered pair. In
a similar way ordered triples (a, b, c), ordered quadruples (a, b, c, d) and in general
ordered n-tuples (a1, a2, . . . , an) can be considered.

Cartesian products

Let X and Y be non-empty sets, then one defines their cartesian product as the set

X × Y = {(x, y) | x ∈ X, y ∈ Y }.

The cartesian product of n non-empty sets X1, . . . , Xn is the set

n∏
i=1

Xi = X1 ×X2 × · · · ×Xn = {(x1, . . . , xn) | ∀i ∈ {1, . . . , n} : xi ∈ Xi}.

If there is a set X such that ∀i ∈ {1, . . . , n} : Xi = X , then the product is simply
denoted Xn.

Relations

Let X and Y be non-empty sets. A relation from X to Y is a subset

R ⊆ X × Y.

If R is a relation from X to Y , and (a, b) ∈ R, then this is also denoted aRb. For
example, S = {(n,m) ∈ N× N | n is smaller thanm} is a relation from N to N, which
we usually denote ≤ instead of S. Instead of writing (n,m) ∈ S or (n,m) ∈ ≤, we
prefer to write n ≤ m.

A relation from a set X to itself is a subset of X2. In this special case we speak
of a relation in X . For example, the relation ≤ in N or, in any set X , the relation
{(x, x) | x ∈ X}. This relation is called the identity in X . It is denoted

idX = {(x, x) | x ∈ X}.

For a relation R ⊆ X × Y from X to Y , the relation R−1 from Y to X given by

R−1 = {(b, a) | (a, b) ∈ R},

is called the inverse relation of R. Hence for all a ∈ X and b ∈ Y , we have aRb if and
only if bR−1a.

The following definitions involve relations in a given set X . A relation R is called
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• reflexive if
∀a ∈ X : (a, a) ∈ R,

i.e. if idX ⊆ R,

• symmetric if
∀a, b ∈ X : (a, b) ∈ R =⇒ (b, a) ∈ R,

• transitive if

∀a, b, c ∈ X : (a, b) ∈ R and (b, c) ∈ R =⇒ (a, c) ∈ R.

A relation which is reflexive, symmetric and transitive is called an equivalence relation.
For example, letX be a non-empty set, thenA = B is an equivalence relation on P(X).
Under an equivalence relation we will often write a ∼ b instead of (a, b) ∈ R.

An equivalence class is a complete subset of G were all elements have an equivalence
relation with each other, implying that there are no elements outside the class which
are equivalent with elements inside the class. Equivalence classes are disjoint and
therefore equivalence classes partition a set and can be represented by a single element.
The equivalence class of an element a, denoted as [a], is defined as the set

[a] = {x ∈ X | x ∼ a}.

Functions

A function or map from a setX to a set Y is a relation f fromX to Y for which for each
x ∈ X there exists exactly one y ∈ Y such that (x, y) ∈ f . In fact, this condition can be
split into the following two conditions:

• ∀x ∈ X,∃y ∈ Y : (x, y) ∈ f ,

• for a given element x ∈ X , the element y ∈ Y is unique with this property, i.e. if
(x, y) ∈ f and (x, y′) ∈ f , then y = y′.

The two conditions together can be written as

∀x ∈ X,∃! y ∈ Y : (x, y) ∈ f,

where the exclamation mark is used to indicate unicity. This is often expressed by
writing y = f(x). We say that y is the image of x by the function f . For a function f
from X to Y , we call the set X the domain of f and Y the codomain of f . The set of all
functions fromX to Y is denoted by Y X . Instead of writing f ∈ Y X , we usually write
f : X → Y or X f−→ Y . In general, to define a function, we write

f : X → Y : x 7→ f(x).

For example, f : R → R : x 7→ sin(x). Also note that the identity relation idX =
{(x, x) | x ∈ X} is in fact a function fromX to itself, now called the identity function or
identity map:

idX : X → X : x 7→ x.
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Composition of functions

Let X , Y and Z be sets and let f : X → Y and g : Y → Z be functions. Then for
each element x ∈ X , the element g(f(x)) is uniquely determined in Z. This defines a
function

h : X → Z : x 7→ g(f(x)).

This function is called the composition or composed function of f and g. It is denoted

h = g ◦ f.

Sometimes we say that h is the function f followed by g. Obviously the order of the
functions f and g is important.

Restriction of functions

If f : X → Y is a function and A ⊆ X , then

f |A : A→ Y : x 7→ f(x)

is a function from A to Y , called the restriction of f to A. We also say that f is an
extension of f |A to X .

Image and inverse image

Let f : X → Y , A ⊆ X and B ⊆ Y , then we define

f(A) = {y ∈ Y | ∃x ∈ A : f(x) = y} = {f(x) ∈ Y | x ∈ A}

which is called the image of A (by f ) and

f−1(B) = {x ∈ X | f(x) ∈ B},

called the inverse image or preimage of B (by f ). It is obvious from the definition of a
function that always f−1(Y ) = X . But it is not necessarily true that f(X) = Y . The set
f(X) is called the image of f . Note that the use of the notation f−1(B) for the inverse
image of B ⊆ Y does not automatically make f−1 a function. In general f−1 is merely
the inverse relation of f .

Injections and surjections

A function f : X → Y is called injective (or an injection) if

∀x, y ∈ X : x 6= y =⇒ f(x) 6= f(y),

or equivalently (through contraposition)

∀x, y ∈ X : f(x) = f(y) =⇒ x = y.
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A function f : X → Y is called surjective (or a surjection) if

∀y ∈ Y,∃x ∈ X : f(x) = y,

or equivalently
f(X) = Y.

Bijections

A function f : X → Y is called bijective (or a bijection) if it is both injective and surjective.
In this case, there exists for each element y ∈ Y exactly one element x ∈ X such that
(x, y) ∈ f , or equivalently, so that (y, x) ∈ f−1. This means that the inverse relation
f−1 of f is also a function. As a function it is again denoted f−1 and is referred to as
the inverse of f . Only in case the function f is bijective, it is true that f−1 is a function.
Moreover, in this situation f−1 is also bijective. If there exists a bijection from X to Y ,
it is said that the sets X and Y are equipotent.

A bijection from a set X to itself is called a permutation of X . For any set X , the
identity map idX is a permutation. A left inverse of f : X → Y is a function g : Y → X

such that
g ◦ f = idX .

A right inverse of f : X → Y is a function h : Y → X such that

f ◦ h = idY .

If f : X → Y is a bijection, it is clear that f−1 ◦ f = idX and f ◦ f−1 = idY . Note that
we could also take these last two conditions to define what it means to be bijective: a
function f : X → Y is bijective if and only if there exists a function g : Y → X which is
both a left and a right inverse of f . Such a function is unique and is called the inverse
of f , denoted as f−1.

B.2 Groups
A group G is an algebraic structure that consists of a non-empty set with an operation
“·” that satisfies the following axioms:

• closure: ∀g, h ∈ G : g · h ∈ G,

• associativity: ∀g, h, k ∈ G : g · (h · k) = (g · h) · k,

• existence of an identity element: ∃e ∈ G,∀g ∈ G : e · g = g = g · e,

• every element has an inverse: ∀g ∈ G,∃h ∈ G : g · h = e = h · g,
we denote this (unique) inverse element of g by g−1.
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If the operation is also commutative, i.e. ∀g, h ∈ G : g · h = h · g, the group G is called
abelian or commutative. If the number of elements in a group G is finite, it is called the
order of the group and is denoted as |G|. The order of an element g ∈ G is defined as the
smallest positive integer r for which gr = e (if such an integer exists). We denote this
number by ord(g). If G is a finite group, the order of any element g ∈ G divides the
order of G.

B.2.1 Subgroups

Let G be a group. A subsetH ⊆ G is a subgroup of G, which is denoted as H ≤ G, iff1

• e ∈ H ,

• ∀x, y ∈ H : x · y ∈ H ,

• ∀x ∈ H : x−1 ∈ H .

H is called a maximal subgroup if it is a proper subgroup ofG (i.e. notG itself) and there
is no other proper subgroup of G that contains H .

Product of group subsets

If H andK are subsets of a group G, then the product of H andK

HK = {h · k | h ∈ H, k ∈ K}

is again a subset of G. If H and K are subgroups, then HK is also a subgroup iff
HK = KH .

B.2.2 Homomorphisms

One of the most useful ideas in group theory is the concept of a homomorphism
(or structure-preserving function). Connections between two different groups are
usually described by homomorphisms. By means of such functions one can deduce
information on the structure of one group from known information on the structure
of another group.

Let (G, ·) and (G′, ∗) be two groups. A functionφ : G→ G′ is called a homomorphism
iff

∀x, y ∈ G : φ(x · y) = φ(x) ∗ φ(y).

If φ is bijective, it is called an isomorphism. Isomorphism is an equivalence relation and
the corresponding equivalence classes are called isomorphism classes.

Let φ : G→ G′ be a homomorphism. The set

ker(φ) =
{
x ∈ G | φ(x) = e′

}
1if and only if
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is called the kernel of φ. The set

im(φ) =
{
y ∈ G′ | ∃x ∈ G : φ(x) = y

}
is called the image of φ. For a homomorphism φ : G → G′ we have φ(e) = e′ and
φ
(
x−1) = φ(x)−1 for all x ∈ G.
If φ : G→ G′ and ψ : G′ → G′′ are homomorphisms, then ψ ◦ φ : G→ G′′ is again

a homomorphism. If φ : G→ G′ is an isomorphism, then φ−1 is also an isomorphism.
Let φ : G → G′ be a homomorphism, and let H ⊆ G and H ′ ⊆ G′ be subgroups.

Then φ(H) is a subgroup of G′ and φ−1(H ′) is a subgroup of G. It follows that
ker(φ) = φ−1(e′) is a subgroup of G, and that im(φ) = φ(G) is a subgroup of G′. A
homomorphism φ : G→ G′ is injective if and only if ker(φ) = {e}.

An isomorphism from a group G to itself is called an automorphism of G. The
set of all automorphisms of G is denoted Aut(G). This is actually a group for the
composition of functions.

B.2.3 Conjugacy

Another equivalence relation is conjugacy. Two elements g and h of a group G are
conjugated if

∃k ∈ G : h = k · g · k−1.

The equivalence classes under this equivalence relation are called conjugacy classes
which partition G. The conjugacy class which contains the element g can be written as

[g] =
{
k · g · k−1 | k ∈ G

}
.

For any k ∈ G the map φk : G→ G defined by φk(g) = k · g · k−1, is an automor-
phism of G. One says φk is an inner automorphism of G. The set Inn(G) of all inner
automorphisms of G is a subgroup of Aut(G). The map φ : G→ Inn(G) which maps
an element k ∈ G to its inner automorphisms φk, is a homomorphism.

Two subsets S and T of G are said to be conjugate iff

∃k ∈ G : S = k · T · k−1.

If S and T are subgroups it follows that they are isomorphic. For a finite group G, a
conjugacy class of subsets is a complete subset of 2G were all elements conjugate with
each other. The conjugacy class which contains the element T is given by

[T ] =
{
k · T · k−1 | k ∈ G

}
.

B.2.4 Centralizers and normalizers

Consider a subsetH of a group (G, ·) then the centralizer ofH in G is a subgroup of G
which contains all elements in Gwhich commute with all elements in H

CG(H) = {g ∈ G | ∀h ∈ H : g · h = h · g}

=
{
g ∈ G | ∀h ∈ H : g · h · g−1 = h

}
.
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The normalizer of H in G is a subgroup of Gwhich contains all elements in Gwhich
leave H invariant under conjugation

NG(H) =
{
g ∈ G | g ·H · g−1 = H

}
.

Note that the centralizer is a subgroup of the normalizer. To emphasize the difference
it is said that the centralizer leaves H element-wise invariant, while the normalizer
leaves H invariant as a set or in short CG(H) fixes H and NG(H) leaves H invariant.

B.2.5 Normal subgroups

A subgroup N of G is called a normal subgroup, which is denoted as N /G, when it is
left invariant under conjugation by all elements in G

∀g ∈ G : g ·N · g−1 = N.

In other words a subgroup is normal iff its normalizer is the entire group. It can be
shown that the kernel of any group homomorphism f : (G, ·) → (G′, ∗) is a normal
subgroup of G.

B.2.6 Cosets

If H is a subgroup of G and g is an element of G, then left and right cosets of H are
defined as the following subset products [B.2.1]

gH = {gh | h ∈ H}
Hg = {hg | h ∈ H}

Left and right coset are identical when H is a normal subgroup and/or when G is
abelian. As an example, consider the integers G = (Z,+) and the subgroup H = 3Z
which contains all threefolds. These are all the left cosets (and also the right cosets
since G is abelian) of H

H0 = 0 + 3Z
H1 = 1 + 3Z
H2 = 2 + 3Z

The set of all cosets (left or right) partition G. In fact it can be shown that the cosets
of H form equivalence classes under equivalence relation: g ∼ h iff g−1 · h ∈ H (for
the left cosets) or g ∼ h iff h · g−1 ∈ H (for the right cosets) . Similar to equivalence
classes, the set of left or right coset representatives is isomorphic with the set of all left
or right cosets. In the example given, the isomorphism between set of cosets and set
of representatives is written as

{H0, H1, H2} ∼= {0, 1, 2}.
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All left and right cosets have the same order, namely the order of H . The number
of left cosets is equal to the number of right cosets and is called the index of H in G,
written as [G : H]. Lagrange’s theorem states that for a finite group G

[G : H] = |G|
|H|

,

which implies that the order of a subgroup of a finite group divides the order of this
finite group.

B.2.7 Quotient groups

The set of all cosets of a normal subgroup N of G is a group called a factor group or
quotient groupQ and is written asQ = G/N , pronounced “Gmodulo N”. The order of
the quotient group G/N is the index [G : N ] when G is finite. The group operation is
the product of subsets: (g1N)(g2N) = (g1 · g2)N . Some relevant properties of quotient
groups are summarized:

• Since the kernel of any group homomorphism f : (G, ·) → (G′, ∗) is a normal
subgroup of G, the quotient group G/ ker(f) can be considered, which is also
referred to as the coimage of the group homomorphism. Furthermore the image
im(f) of a homomorphism is a subgroup of G′ which is isomorphic with the
coimage:

G/ ker(f) ∼= im(f).

This is known as the first isomorphism theorem.

• For every normal subgroupN/G there exists a group homomorphism, called the
quotient map ϕ : G→ G/N where every element g is mapped to coset gN . This
quotient map is surjective with N as kernel. Consider the following sequence of
homomorphisms

N ↪→ G� G/N,

where the first homomorphism is the natural injection and the second homo-
morphism the quotient map. This sequence is called exact because the image of
the first homomorphism is the kernel of the next. The special arrows indicate
that the first homomorphism is injective and the second surjective. This special
sequence is called a short exact sequence, which can also be written as an exact
sequence with the trivial group at beginning and end:

1→ N → G→ G/N → 1.

This implies that the second homomorphism is injective and the third surjective.
There is no need to specify the first and fourth homomorphism, since there
is only one possible homomorphism from and to the trivial group. All short
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exact sequences can be related to this particular short exact sequence, called the
canonical short exact sequence. Consider the general short exact sequence

1→ H
α−→ G

β−→ K → 1,

where G is said to be a group extension ofK byH . Since α is an injective homo-
morphism and since this is an exact sequence, it follows that

H ∼= im(α) = ker(β).

From the first isomorphism theorem and from the fact that β is a surjective
homomorphism, it follows that

K = im(β) ∼= G/ ker(β).

This allows for any short exact sequence to be written as

1→ ker(β)→ G→ G/ ker(β)→ 1.

• Consider a group G with subgroup H and normal subgroup N , then the inter-
section of subgroup and normal subgroup is a normal subgroup in H :

H ⊆ G and N / G =⇒ (H ∩N) / H.

Since N is a normal subgroup it follows that HN = NH and thus the product
HN is a subgroup of Gwith normal subgroup N . Additional it can be shown
that H/H ∩N ∼= HN/N . These statements combined are known as the second
isomorphism theorem.

B.2.8 Symmetric groups

A set of permutations which is a group for the composition of functions is called
a permutation group (PX , ◦). The group of all permutations of a set X is called the
symmetric group (SX , ◦). The automorphism group Aut(X) is the subgroup of SX
which leaves X invariant.

B.2.9 Group actions

A (left) group action of a group (G, ·) on a set X can be defined as a function

f∗ : G×X → X : (g, x) 7→ g ∗ x

which obeys the following axioms

∀g, h ∈ G,∀x ∈ X : g ∗ (h ∗ x) = (g · h) ∗ x,
∀x ∈ X : e ∗ x = x.
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Based on the group action as defined above, a function can be defined for each g in G:

fg : X → X : x 7→ g ∗ x

with the following property

fg−1(fg(x)) = g−1 ∗ (g ∗ x) = (g−1 · g) ∗ x = e ∗ x = x.

In other words fg−1 is the left inverse of fg and since it can be shown in the same
way that it is also the right inverse, fg−1 is the inverse function of fg, i.e. fg−1 = f−1

g .
This implies that for all g in G, fg is a permutation of X , and thus an element of
the symmetric group (SX , ◦). If we consider the function that maps each g to its
corresponding fg

f : (G, ·)→ (SX , ◦) : g 7→ fg,

where we denote fg instead of f(g), it follows that this is a homomorphism since for
each x ∈ X :

fg·h(x) = (g · h) ∗ x
= g ∗ (h ∗ x)
= fg(fh(x))
= (fg ◦ fh)(x).

We can also define the action of a group (G, ·) on a set X as a homomorphism

φ : (G, ·)→ (SX , ◦) : g 7→ φg.

This homomorphism can be employed to define the function

φ∗ : G×X → X : (g, x) 7→ φg(x).

This function is a (left) group action according to the first definition of a group action,
which follows directly from two properties of the homomorphism φ:

φg·h(x) = φg(φh(x)) and φe(x) = x.

To summarize, two equivalent definitions of a group action on a set can be formu-
lated:

1. a homomorphism from the group to the symmetric group of this set,

2. a function from G×X to X with two additional properties given above.

Some examples of group actions are

• the conjugacy action of a group (G, ·) on itself

F : (G, ·)→ (SG, ◦) : g 7→ cg

cg : G→ G : h 7→ g · h · g−1

• the natural action of the automorphism group Aut(G) on group G.
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Orbits

If a group (G, ·) acts on a set X then the orbit of element x under the group action of
G on X is the subset of X for which

OrbG(x) = {g ∗ x | g ∈ G}.

Note that being in the same orbit is an equivalence relation and orbits are equivalence
classes under this relation.

Invariant and fixed subsets

A subset S ⊆ X is called invariant or stable under the group action of G iff

∀g ∈ G : g ∗ S = S.

Note that the notion of invariance was already used when dealing with normalizers
(conjugacy action) and automorphism groups (action by automorphism). Any subset
S ⊆ X is fixed under the group action of G iff

∀g ∈ G, x ∈ S : g ∗ x = x.

Every fixed subset is also invariant but not vice versa. To emphasize the difference it
can be said that an invariant subset is invariant as a set, while a fixed subset is element-
wise invariant. For example the orbit of x ∈ X under the action ofG is invariant under
the action of G but not necessarily fixed. Also note the analogy with Appendix B.2.4.
The centralizer of a subset fixes this subset under conjugacy while the normalizer
leaves it invariant. To conclude, the maximal subset ofX which is fixed under a group
action is called the group’s set of fixpoints

XG = {x ∈ X | ∀g ∈ G : g ∗ x = x}.

Stabilizers

If a group (G, ·) acts on a set X , then the set of all elements in G that fix a particular
element x is called the stabilizer subgroup of x in G, i.e.

StabG(x) = {g ∈ G | g ∗ x = x}.

It can be shown that when two elements x and y belong to the same orbit, their
stabilizer subgroups are conjugated, more precisely:

y = g ∗ x =⇒ StabG(y) = g · StabG(x) · g−1,

or equivalently
g · StabG(x) · g−1 = StabG(g · x).
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Furthermore according to the orbit-stabilizer theorem for finite X and G, the index of
the stabilizer of x in G is equal to the order of the orbit of x under the action of G:

|OrbG(x)| = [G : StabG(x)].

The stabilizer of a subset S ⊆ X is defined as the subgroup ofG that leaves it invariant:

StabG(S) = {g ∈ G | g ∗ S = S}.

S is stable under the action of G iff StabG(S) = G and fixed iff ∀x ∈ S : StabG(x) = G.
Note that for the conjugacy action of a group on itself (X = G and S ≤ G), the concepts
of normalizer and centralizer are related to the stabilizer as follows: StabG(S) = NG(S)
and StabG(x) = CG(x).

B.2.10 Direct product of groups

The direct product of two groups (N, ·) and (H, ∗), denoted N ×H , is defined as the
cartesian product of the underlying sets

N ×H = {(n, h) : n ∈ N,h ∈ H}

with a multiplication ? defined on it

? : (N ×H)× (N ×H)→ N ×H :
(
(n, h),

(
n′, h′

))
7→ (n, h) ?

(
n′, h′

)
which satisfies

(n, h) ?
(
n′, h′

)
=
(
n · n′, h ∗ h′

)
.

The direct product is again a group (N ×H, ?), with normal subgroups

N = {(n, eH) | n ∈ N} ∼= N

and
H = {(eN , h) | h ∈ H} ∼= H.

Consider the quotient group
Q = (N ×H)/N

with the cosets
(
ni, hj

)
?N as elements, where ni ∈ N and hj ∈ H . SinceN is normal,

each coset of N can be written as(
ni, hj

)
? N =

(
ni, hj

)
? {(n, eH) | n ∈ N}

=
{(
ni · n, hj

)
| n ∈ N

}
=
(
eN , hj

)
? N.

This implies that a coset
{(
n, hj

)
| n ∈ N

}
with representative

(
eN , hj

)
exists for every

hj ∈ H . ThusH is a set of coset representatives and is therefore isomorphic with the
quotient group:

(N ×H)/N ∼= H.
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It follows that the direct product N ×H is a group extension of H by N

1→ N
α−→ N ×H β−→ H → 1,

where the second homomorphism is the natural injection

α : N → N ×H : n 7→ (n, eH)

and the third homomorphism is the projection

β : N ×H → H : (n, h) 7→ h.

B.2.11 Semidirect product of groups

The semidirect product of two groups (N, ·) and (H, ∗), denoted N oϕ H , is defined as
the cartesian product of the underlying sets

N ×H = {(n, h) | n ∈ N,h ∈ H}

with a multiplication ? defined on it

? : (N ×H)× (N ×H)→ N ×H :
(
(n, h),

(
n′, h′

))
7→ (n, h) ?

(
n′, h′

)
which satisfies

(n, h) ?
(
n′, h′

)
=
(
n · ϕh

(
n′
)
, h ∗ h′

)
,

where ϕ is a group homomorphism from H to the automorphism group of N :

ϕ : H → Aut(N) : h 7→ ϕh

Since ϕ is a homomorphism and ϕh an automorphism, we can write that

ϕh1·h2 = ϕh1 ◦ ϕh2 ,

ϕh(n1 · n2) = ϕh(n1) · ϕh(n2).

Note thatϕ is a particular group action ofH onN , namely the action by automorphism.
The semidirect product is again a group (N oϕ H, ?), with normal subgroup

N = {(n, eH) | n ∈ N} ∼= N

and subgroup
H = {(eN , h) | h ∈ H} ∼= H.

Consider the quotient group

Q = (N oϕ H)/N
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with the cosets
(
ni, hj

)
? N as elements, where ni ∈ N and hj ∈ H . Since ϕh is an

automorphism (and therefore also a permutation), each coset can be written as(
ni, hj

)
? N =

(
ni, hj

)
? {(n, eH) | n ∈ N}

=
{(
ni · ϕhj (n), hj

)
| n ∈ N

}
=
(
eN , hj

)
? N.

This implies that a coset
{(
n, hj

)
| n ∈ N

}
with representative

(
eN , hj

)
exists for every

hj ∈ H . ThusH is a set of coset representatives and is therefore isomorphic with the
quotient group:

(N oϕ H)/N ∼= H.

It follows that the semidirect product N oϕ H is a group extension of H by N

1→ N
α−→ N oϕ H

β−→ H → 1,

with natural injection α and projection β

α : N → N oϕ H : n 7→ (n, eH),
β : N oϕ H → H : (n, h) 7→ h.

B.2.12 Splitting of short exact sequences

Consider the group extension G of Q by T :

1→ T
α−→ G

β−→ Q→ 1

1. If there exists a homomorphism α′ : G→ T which is a left inverse of α (so that
α′◦α = idG), then there exists an isomorphism betweenG and the direct product
of T and Q

f : G→ T ×Q : g 7→
(
α′(g), β(g)

)
and vice versa.

2. If there exists a homomorphism β′ : Q→ Gwhich is a right inverse of β (so that
β ◦ β′ = idQ), then there exists an isomorphism between G and the semidirect
product of T and Q

f : T oϕ Q→ G : (t, q) 7→ α(t) · β′(q)

and vice versa.

Both conditions are equivalent if G is abelian. A short exact sequence splits when the
second condition holds, namely when there exists a homomorphism ϕ : Q→ Aut(T )
so that G ∼= T oϕ Q.
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B.3 Fields
A field is an algebraic structure that consists of a setK with two functions, the addition
fa and multiplication fm

fa : K ×K → K : (a, b) 7→ a+ b

fm : K ×K → K : (a, b) 7→ a · b

which satisfy the following axioms

1. Additive closure:
∀a, b ∈ K : a+ b ∈ K

2. Additive associativity:
∀a, b, c ∈ K : a+ (b+ c) = (a+ b) + d

3. Addition is commutative:
∀a, b ∈ K : a+ b = b+ a

4. Existence of an additive identity element:
∀a ∈ K,∃0 ∈ K : a+ 0 = 0 + a = a

5. Every element has an additive inverse:
∀a ∈ K,∃ − a ∈ K : a+ (−a) = (−a) + a = 0

6. Distributivity of multiplication with respect to addition:
∀a, b, c ∈ K : a · (b+ c) = a · b+ a · c and (a+ b) · c = a · c+ b · c

7. Multiplicative closure:
∀a, b ∈ K : a · b ∈ K

8. Multiplicative associativity:
∀a, b, c ∈ K : a · (b · c) = (a · b) · d

9. Multiplication is commutative:
∀a, b ∈ K : a · b = b · a

10. Existence of an multiplicative identity element:
∃1 ∈ K, ∀a ∈ K : 1 · a = a · 1 = a

11. Every element has a multiplicative inverse:
∀a ∈ K,∃a−1 ∈ K : a · a−1 = a−1 · a = 1

Usually the scalar multiplication symbol “·” is just omitted, so that ab denotes a · b.
Examples of fields are Q,R and C. An algebraic structure for which axioms 9, 10 and
11 do not hold is called a ring. A ring with axiom 9 is a commutative ring and a ring
with axiom 10 is a unit ring. The integers Z form a commutative unit ring.
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B.3.1 General linear groups

The general linear group GL(n,K) of degree n is the group of n × n invertible matri-
ces with coefficients in field or ring K and with the matrix multiplication as group
operation. The general linear group has following subgroups

• the special linear group SL(n,K) = {M ∈ GL(n,K) | det(M) = 1},

• the orthogonal group O(n,K) =
{
M ∈ GL(n,K) |MTM = MMT = I

}
.

The orthogonal group is a subgroup of the general linear group and all matrices in it
have determinant ±1. Note however that not all matrices with determinant ±1 belong
to the orthogonal group. The subgroup of the orthogonal group for which thematrices
have determinant +1 is normal and is called the special orthogonal group SOn(K).

When K = Z the general linear group GL(n,Z) contains all invertible integer
matrices which inverses are also integer matrices. These matrices are called unimodular
and are characterized by a determinant 1 or−1. The orthogonal groupO(n,Z) contains
the so-called signed permutation matrices 2.

B.4 Vector spaces
A vector space is a abelian group (V,+) with a field (K,+, ·) and a scalar multiplication
f which is a function

f : K × V → V : (k,~v) 7→ k ? ~v

that satisfies following axioms

• Distributivity of scalar multiplication with respect to vector addition:

∀~v, ~w ∈ V,∀a ∈ K : a ? (~v + ~w) = a ? ~v + a ? ~w

• Distributivity of scalar multiplication with respect to field addition:

∀~v ∈ V,∀a, b ∈ K : (a+ b) ? ~v = a ? ~v + a ? ~v

• Compatibility of scalar multiplication with field multiplication:

∀~v ∈ V,∀a, b ∈ K : a ? (b ? ~v) = (a · b) ? ~v

• 1 ∈ K is the identity element for the scalar multiplication:

∀~v ∈ V : 1 ? ~v = ~v

Usually the scalar multiplication symbol “?” is just omitted, so that a~v denotes a ? ~v.
The elements of V are called vectors. Note that the fieldK has all necessary properties
for being a vector space over itself. When K is only a ring instead of a field, the
structure defined above is called a left K-module.

2Matrices with elements in {0,−1, 1} and exactly one non-zero element in each row and column.
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B.4.1 Subspaces

A subspace of a vector space V is a subset of V which is closed under addition and
scalar multiplication, implying that it is a vector space in its own right. The sum of
two subspaces U andW of V is defined as

U +W
def= {~u+ ~w | ~u ∈ U, ~w ∈W}.

When U ∩W = {~0}, we will refer to this sum as the direct sum of U andW , denoted as
U ⊕W . Two subspaces U andW are called complementary iff V = U ⊕W , i.e. their
intersection is the zero vector and each vector in V can be written as the sum of a
vector in U and a vector inW .

Quotient spaces

Consider the equivalence relation ~v ∼ ~w iff ~v − ~w ∈ N , where ~v, ~w ∈ V and N ⊂ V

a subspace. The quotient space V/N is the set of all equivalence classes. It is a vector
space in its own right when vector addition and scalar multiplication are defined as

[~v] + [~w] = [~v + ~w]
a[~v] = [a~v]

IfW is a subspace of V complementary to N , then V/N ∼= W and V/W ∼= N .

Direct product of vector spaces

If U andW are arbitrary vector spaces over a fieldK, then the cartesian product U×W
is again a vector space overK with vector addition and scalar multiplication defined
as

(~u1, ~w1) + (~u2, ~w2) = (~u1 + ~u2, ~w1 + ~w2)
a(~u, ~w) = (a~u, a~w)

This vector space is called the direct product of U andW . Every vector in U ×W can
be written as ~v = (~u, ~w) = (~u,~0w) + (~0u, ~w). Furthermore U = {(~u,~0w)} ∼= U and
W = {(~0u, ~w)} ∼= W are complementary subspaces of the direct product.

B.4.2 Basis

A span of a vector space is defined as an ordered set of vectors B = (~b1,~b2, . . . ,~bn) so
that each vector in V can be written as a linear combination of these vectors, i.e.

∀~v ∈ V : ~v =
n∑
i=1

ai~bi =
(
~b1 · · · ~bn

)
·


a1
...
an
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Note that this is just a notation, although the resemblance tomatriceswill be convenient.
A basis of a vector space is a minimal span, which implies that no~bi can be written as a
linear combination of the others, in which case they are called linear independent. The
number of vectors in a basis is called the dimension of the vector space. The coefficients
in a linear combination of basis vectors are called the coordinates of the resulting vector
with respect to the chosen basis. With these n-tuples a new vector space can be defined,
called the coordinate spaceKn, where the vector addition and scalar multiplication are
defined componentwise in terms of addition and multiplication in the fieldK, i.e.

a~v + b~w = (av1 + bw1, . . . , avn + bwn).

The n-tuples (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) corresponding to the basis vectors~b1, . . . ,~bn
form the canonical basis of coordinate space.

For a finite-dimensional vector space V overK with a fixed basis B, the following
function can be considered

CB : V → Kn : ~v = a1~b1 + · · ·+ an~bn 7→


a1
...
an

 .

It can be shown that for a finite-dimensional vector space this is an isomorphism of
vector spaces, i.e. V ∼= Kn dependent on the choice of basis. Note that changing the
basis of a vector space does not affect the standard basis in coordinate space, it merely
changes the nature of the isomorphism. As a consequence, all finite dimensional
vector spaces of a particular dimension over a fieldK are isomorphic.

For aK-module, a basis does not necessarily exist. Modules that have a basis are
called free modules, in which case they are isomorphic to their associated coordinate
spaces (also freeK-modules).

Change of basis

Consider the coordinates of a vector ~v with respect to two bases of the same finite-
dimensional vector space V :

~v =
(
~b1 · · · ~bn

)
·


a1
...
an

 =
(
~b′1 · · · ~b′n

)
·


a′1
...
a′n


Each basis vector of the second basis can be written as a linear combination of the first
basis:

~b′i =
(
~b1 · · · ~bn

)
·


c1,i
...
cn,i



268



B.4. Vector spaces

so that an invertible matrix C exists (invertible because (~b′1, . . . ,~b′n) must be a basis)
such that

~v =
(
~b1 · · · ~bn

)
·


a1
...
an



=
(
~b1 · · · ~bn

)
·


c1,0 · · · c1,i · · · c1,n
... . . . ... . . . ...

cn,0 · · · cn,i · · · cn,n

 ·

a′1
...
a′n


Therefore the coordinates of a vector ~vwith respect to the new basisB′ can be obtained
from the coordinates with respect to the old basis B by multiplication with the inverse
of the change of basis matrix, i.e. the matrix C which columns are the coordinates of the
new basis vectors with respect to the old ones, i.e.

A = C ·A′ ⇐⇒ A′ = C−1 ·A

It can be seen that the columns of C−1 are the coordinates of the old basis vectors with
respect to the new ones.

B.4.3 Linear maps

A homomorphism FL : V → V ′ between two vector spaces V and V ′ over the same
fieldK is called a linear map. The structure that is to be preserved consists of the vector
addition and scalar multiplication. In other words, a linear map preserves all linear
combinations, i.e.

FL(a~v + b~w) = aFL(~v) + bFL(~w)

where a, b ∈ K and ~v, ~w ∈ V .

Linear extensions

Consider a basis (~b1, . . . ,~bn) of V , then a linear map FL is completely determined by
the images of the basis vectors since the image of every vector ~v ∈ V can be written as

FL(~v) = FL

(
n∑
i=1

ai~bi

)
=

n∑
i=1

aiFL(~bi).

This notion can be formalized as follows. Consider two vector spaces V and V ′ over
the same field and B ⊂ V a basis of V , then for each function f : B → V ′ there exists
a unique linear map FL : V → V ′ for which FL(~b) = f(~b) for all~b ∈ B [2]. This linear
map is called the linear extension of f and is given by

FL(~v) =
n∑
i=1

aif(~bi) where ~v =
n∑
i=1

ai~bi
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When a basis is chosen in both vector spaces, (~b1, . . . ,~bn) in V and (~b′1, . . . ,~b′m) in V ′,
the image of any vector ~v =

∑n
i=1 ai

~bi in V under a linear map FL : V → V ′ can be
written as

FL(~v) =
n∑
i=1

aiFL(~bi)

⇐⇒
(
~b′1 · · · ~b′m

)
·


a′1
...
a′m

 =
(
FL(~b1) · · · FL(~bn)

)
·


a1
...
an



=
(
~b′1 · · · ~b′m

)
·


l1,0 · · · l1,n
... . . . ...

lm,0 · · · lm,n

 ·

a1
...
an


⇐⇒ A′ = Lm×n ·A

Therefore a linear map between two vector spaces is resolved in coordinate space by a
matrix multiplication with anm×nmatrix L, referred to as a coordinate transformation
matrix. Note that a change of basis has the same effect on the coordinates of a vector
as a bijective linear map FL : V → V with Ln×n = C−1.

Kernel and image

The image of a linear map FL : V → V ′ is a subspace of V ′ and the image of the
basis vectors of V form a basis for this subspace. In coordinate space, this subspace is
called the column space of the transformation matrix, namely the space spanned by the
column vectors of the transformation matrix. The kernel of a linear map is a subspace
of V . In coordinate space this subspace is called the null space of the transformation
matrix, namely the coefficients of all linear combinations of the column vectors of the
transformation matrix that give rise to the zero vector. The dimension of the null space
is called the nullity of the transformation matrix and the dimension of the column
space is called the rank of the transformation matrix. According to the rank-nullity
theorem, the sum of nullity and rank must be the dimension of V .

Eigenspaces

Consider a linear map FL : V → V . A subspaceW is called invariant under this linear
map iff FL(W ) ⊆W . An example of an invariant subspace is given by

Wλ = {~v ∈ V | FL(~v) = λ~v}

for a λ ∈ K. If this particular subspace is non-trivial (i.e. more than {~0}), it is called an
eigenspace of the linear map, corresponding to eigenvalue λ. Vectors of an eigenspace
are called eigenvectors. When the eigenvalue is zero, the corresponding eigenspace is
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the kernel of the linear map. To find all eigenvalues and eigenvectors in coordinate
space for a particular linear map, the following system of equations must be solved

(λ− L) ·X = 0

where X are the eigenvectors, λ the eigenvalues and (λ− L) short for (λI − L) with
I the identity matrix. So finding eigenvectors for a particular eigenvalue λ can be
achieved by finding the null space of (λ− L). Since this null space must be non-trivial,
the rank of the matrix (λ− L) must be less than the dimension of V according to the
rank-nullity theorem. This is the case iff some columns are linearly dependent (i.e.
the matrix is not invertible). Such a matrix is called singular. A matrix is singular
iff the determinant is zero. Hence the following condition must be fulfilled for any
eigenvalue λ:

det(λ− L) = 0
⇐⇒ λn + a1λ

n−1 + · · ·+ an = pL(λ) = 0

The roots3 λi of this monic polynomial pL(λ), called the characteristic polynomial of
the linear map, are all eigenvalues with non-trivial eigenspaces. The characteristic
polynomial has n roots whenworking inC, so the sum of all root multiplicitiesmimust
be equal to the dimension of the vector space. The eigenspace for each eigenvalue λ is
then given by the null space of (λ− L). This null space can be found by singular value
decompositionwhich decomposes amatrixA(m× n) = U(m× n)·D(n× n)·V T (n× n),
U and V are unitary matrices, V T is the conjugate transpose of V and D diagonal.
The diagonal elements ofD are called the singular values of A. It can be shown that the
columns of V corresponding to a singular value equal to zero (V [., i] → D[i, i] = 0)
span the null space of A. The columns of U corresponding to non-zero singular values
(U [., i]→ D[i, i] 6= 0) span the column space of A. So singular value decomposition of
(λ− L) yields the eigenspace for a particular eigenvalue λ. Note that the dimension of
an eigenspace is less than or equal to the multiplicity of the corresponding eigenvalue.

Orientation

Consider a change of basis and the associated matrix C. The bases before and after
change are said to have the same orientationwhen the determinant of C is positive, and
opposite orientationwhen it is negative. Hence there are only two possible orientations
in a vector space, depending on the choice of basis. One orientation is often defined as
positive and the other as negative. Since a change of basis can also be seen as a linear
map and vice versa, orientation preserving and orientation reversing linear maps can
be defined in the same manner.

3The roots xi of a polynomial p(x) are all elements of the field for which p(xi) = 0.
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Change of basis

The matrix associated with a linear map FL : V → V ′ depends on the choice of basis in
domain and codomain. Consider change of basis C and C ′ in domain and codomain
respectively, coordinates A1 and A2 of a vector ~v ∈ V with respect to the bases of V
and coordinates A′1 and A′2 of the vector FL(~v) ∈ V ′ with respect to the bases of V ′.
The coordinates before and after a change of basis are related as follows:

A1 = C ·A2 and A′1 = C ′ ·A′2.

When L1 denotes the matrix associated with FL before the change of basis in domain
and codomain, and L2 denotes the matrix associated with FL after the change of bases
such that

A′1 = L1 ·A1 and A′2 = L2 ·A2,

it follows that L1 and L2 are related by

L2 = C ′−1 · L1 · C.

Projections

A linear map pr: V → V is called a projection iff pr ◦pr = pr. It can be seen that ker(pr)
and im(pr) are complementary subspaces of V , hence V ∼= ker(pr)⊕ im(pr).

B.4.4 Bilinear maps

If V ,W and U are vector spaces over the same fieldK, then a map BL : V ×W → U

is called bilinear if it is linear in both arguments, i.e.

BL(a~v1 + b~v2, ~w) = aBL(~v1, ~w) + bBL(~v2, ~w)
BL(~v, a~w1 + b~w2) = aBL(~v, ~w1) + bBL(~v, ~w2)

Note that this is not the same as a linear map from direct product V ×W to U .

Bilinear extensions

Consider a basis (~b1, . . . ,~bn) of V and a basis (~e1, . . . , ~em) ofW . The bilinear map BL
is completely determined by the images of the basis vectors since the image of every
pair (~v, ~w) ∈ V ×W can be written as

BL(~v, ~w) = BL

 n∑
i=1

vi~bi,
m∑
j=1

wj~ej

 =
n∑
i=1

m∑
j=1

viwjBL(~bi, ~ej)

Analog to linear maps, this can be formalized as follows. Consider B ⊂ V a basis of V
and E ⊂W a basis ofW , then for each function f : B ×E → U there exists a unique
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bilinear map BL : V ×W → U for which BL(~b× ~e) = f(~b× ~e) for all (~b,~e) ∈ B × E.
This bilinear map is called the bilinear extension of f , and is given by

BL(~v, ~w) =
n,m∑
i,j=1

viwjf(~bi, ~ej)

with ~v =
n∑
i=1

vi~bi,

and ~w =
m∑
j=1

wj~ej .

When a basis is chosen in all three vector spaces, say (~b1, . . . ,~bn) in V , (~e1, . . . , ~em) in
W and (~f1, . . . , ~fp) in U , the image of any pair (~v, ~w) under the bilinear map BL can
be written as

BL(~v, ~w) =
n∑
i=1

m∑
j=1

viwjBL(~bi, ~ej)

⇐⇒
(
~f1 · · · ~fp

)
·


u1
...
up

 =
(
BL(~b1, ~e1) · · · BL(~bn, ~em)

)
·


v1w1
...

vnwm



=
(
~f1 · · · ~fp

)
·


l1,1 · · · l1,nm
... . . . ...
lp,1 · · · lp,nm

 ·

v1w1
...

vnwm


Therefore a bilinear map is resolved in coordinate space by a matrix multiplication
with a p× nmmatrix Lp×nm. However a new nm-dimensional vector space T must
be introduced with a map

⊗ : V ×W → T : (~v, ~w) 7→
n,m∑
i,j=1

viwj~gi,j

where (~g1,1, . . . , ~gn,m) is a basis of T . This map is bilinear and the original bilinear
map BL : V × W → U is given by FB ◦ ⊗, where FB : T → U is the linear map
associated with matrix Lp×nm. The linearization of bilinear maps can be formalized
by introducing tensor products.

Tensor products

A tensor product of two vector spaces V andW overK is defined as a pair (T,⊗) where
T is a vector space overK and ⊗ : V ×W → T is a bilinear map with either of these
equivalent properties:

1. for any bilinear map BL : V ×W → U with U a vector space overK, there exists
a unique linear map FB : T → U so that BL = FB ◦ ⊗ [2],
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2. if (~bi) ⊂ V is a basis of V and (~ej) ⊂ W is a basis ofW , then (~bi ⊗ ~ej) ⊂ T is a
basis of T , where the notation ⊗(~bi, ~ej)

def= ~bi ⊗ ~ej is used [3].

It can be shown that a tensor product of two vector spaces always exists. Furthermore,
if (T,⊗) and (T ′,⊗′) are two tensor products of V andW , then there exists a unique
isomorphism F : T → T ′ such that ⊗′ = F ◦ ⊗. Therefore a tensor product of two
vector spaces is unique up to isomorphism and the pair (T,⊗) is referred to as the
tensor product of the two vector spaces. The underlying vector space T is often also
referred to as the tensor product in which case it is denoted as V ⊗W .

B.4.5 Dual spaces

A linear form φ is a linear map from a vector space V to its fieldK, i.e. φ : V → K for
which

φ(a~v + b~w) = aφ(~v) + bφ(~w).

The set of all linear forms is again a vector space overK, denoted as V ∗ and is referred
to as the dual space of V , with addition and scalar multiplication defined as

(φ+ ψ)(~v) = φ(~v) + ψ(~v),
(aφ)(~v) = aφ(~v).

Linear forms are also referred to as covectors in the context of dual spaces. They will
be denoted as ~v∗ def= φ so that ~v∗(~w) def= φ(~w). Note that the zero vector of V ∗ is given by
the linear form ~0∗ : V → K : ~v 7→ 0.

Dual basis

When a vector space V is finite-dimensional and has basis B = (~b1,~b2, . . . ,~bn), it can
be shown that the n-tuple of vectors B∗ = (~b1,~b2, . . . ,~bn) in the dual space for which

~bi(~v) = vi ⇐⇒ ~bi

 n∑
j=1

vj~bj

 = vi

⇐⇒ ~bi(~bj) = δij

is a basis of V ∗, referred to as the dual basis. Coordinates of vectors in V and V ∗ will
be distinguished by using super- and subscripts in the following manner:

~v =
n∑
i=1

vi~bi
def= vi~bi,

~v∗ =
n∑
i=1

vi~b
i def= vi~b

i,

where the Einstein summation convention was introduced, i.e. when the same index
appears as a subscript and a superscript, a summation over this index is assumed.
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Choosing a basis for a finite dimensional vector space induces an isomorphism with
its dual, namely the unique linear map which maps the basis of V to its dual basis.

The evaluation of the linear form ~v∗ in coordinate space can be written as

~v∗(~w) = wj~v∗(~bj) = wjvi~b
i(~bj) = wivi = v∗T · w

where w the coordinates of ~w in V with respect to B and v∗ the coordinates of ~v∗ in
dual space with respect to the dual basis B∗.

Linear maps in dual spaces

If FL : V →W is a linear map, it is clear that the function F ∗L : W ∗ → V ∗ defined by

F ∗L(φ) = φ ◦ FL,∀φ ∈W ∗

is also a linear map. Moreover if L is the matrix associated with FL (with respect to
basis B), then LT is the matrix associated with F ∗L (with respect to the dual basis B∗).
The linear map F ∗L is referred to as the transpose of FL.

Bilinear forms

A bilinear form on a vector space V over fieldK is a bilinear map

〈·, ·〉 : V × V → K : (~v, ~w) 7→ 〈~v, ~w〉

so that {
〈a~v1 + b~v2, ~w〉 = a〈~v1, ~w〉+ b〈~v2, ~w〉
〈~v, a~w1 + b~w2〉 = a〈~v, ~w1〉+ b〈~v, ~w2〉

This bilinear form can be evaluated in coordinate spaceKn of V as follows:

〈~v, ~w〉 = viwj
〈
~bi,~bj

〉
= viwjMi,j = vT ·M · w,

where v, w ∈ Kn and M ∈ Kn×n with i its column index and j its row index. So
the bilinear form in coordinate space is characterized by a matrix which contains the
evaluations of the bilinear form in the basis vector combinations (~bi,~bj). A change of
basis has the following effect on the bilinear form:{

v = C · v′

w = C · w′

so that vT ·M · w = v′T · CT ·M · C · w′

and hence M ′ = CT ·M · C,

where the columns of C are the coordinates of the new basis vectors with respect to
the old ones.
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Non-degenerate bilinear forms

A bilinear form 〈·, ·〉 induces a linear map F〈·,·〉 from the vector space to its dual space
as follows:

F〈·,·〉 : V → V ∗ : ~v 7→ ~v∗

with ~v∗ : V → K : ~w 7→ 〈~v, ~w〉.

When this linear map is an isomorphism, the bilinear form is called non-degenerate. A
bilinear form on a finite-dimensional vector spaces is non-degenerate iff

∀~w ∈ V : 〈~v, ~w〉 = 0 =⇒ ~v = ~0.

Equivalently, a bilinear form is non-degenerate iff its associated matrix is invertible.
Note that the isomorphism between a vector space and its dual space, induced by a
non-degenerate bilinear form, does not depend on the choice of basis anymore. As
a result of the linear map F〈·,·〉, a relation can be found between the coordinates of
vectors and covectors (with respect to basis and dual basis):

~v∗(~w) = 〈~v, ~w〉

⇐⇒ v∗T · w = vT ·M · w

⇐⇒ v∗ = MT · v

Bilinear forms in dual spaces

A non-degenerate bilinear form 〈·, ·〉 defined on a vector space V induces the following
non-degenerate bilinear form on the dual space

〈·, ·〉∗ : V ∗ × V ∗ → K : (~v∗, ~w∗) 7→
〈
F−1
〈·,·〉(~v

∗), F−1
〈·,·〉(~w

∗)
〉

= 〈~v, ~w〉.

This bilinear form can be evaluated in coordinate spaceKn of V ∗ as follows

〈~v∗, ~w∗〉∗ = viwj
〈
~bi,~bj

〉
∗ = viwjM

i,j = v∗T ·M∗ · w∗

Consequently the relation between the matrices associated to the non-degenerate
bilinear forms on V and V ∗ is given by

〈~v∗, ~w∗〉∗ = 〈~v, ~w〉

⇐⇒ v∗T ·M∗ · w∗ = vT ·M · w

⇐⇒ vT ·M ·M∗ ·MT · w = vT ·M · w

⇐⇒ M∗ = M−T
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Double dual

Since the dual space of a vector space is a vector space in its own right, it has again
a dual space. Consider all linear functions from a dual space V ∗ to its field K, i.e.
ϕ : V ∗ → K for which

ϕ(aφ+ bψ) = aϕ(φ) + bϕ(ψ).

All these linear forms form a vector space V ∗∗, referred to as the double dual of V . For
every ~v ∈ V we can define the map

ev~v : V ∗ → K : ~w∗ 7→ ~w∗(~v).

These evaluation maps are linear forms and therefore elements of V ∗∗. An injective
linear map from the vector space V to its double dual can now be constructed as
follows:

ev : V → V ∗∗ : ~v 7→ ev~v .

This proves to be an isomorphism iff V is a finite-dimensional vector space. Because
of this isomorphism, we also write ~v(~w∗) instead of ev~v(~w∗).

When a non-degenerate bilinear form 〈·, ·〉 is defined on a vector space V , the
following isomorphism can be constructed naturally from the isomorphism F〈·,·〉
between V and V ∗:

F ∗〈·,·〉 : V → V ∗∗ : ~v 7→ ev~v
with ev~v : V ∗ → K : ~w∗ 7→ 〈~w,~v〉

Alternative notations

The following notations are often used in crystallography:

〈~v∗, ~w〉 def= ~v∗(~w)

〈~v∗, ~w∗〉 def= 〈~v∗, ~w∗〉∗

〈~v, ~w∗〉 def= ~v(~w∗)

Note that the first two are equal to 〈~v, ~w〉while the latter is equal to 〈~w,~v〉.

B.4.6 General linear groups of vector spaces

The automorphism group of a vector space V is called the general linear group of V ,
denoted as GL(V ). This group contains all bijective linear maps from V to itself, called
linear transformations. It can be seen that for an n-dimensional vector space V overK
with a fixed basis there exists an isomorphism from GL(V ) to GL(n,K), where each
linear transformation FL : V → V is mapped to an n× n invertible matrix L [B.3.1].
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B.4.7 Metric spaces

A metric space is a set X with a function d, called metric or distance,

d : X ×X → R : (x, y) 7→ d(x, y)

for which the following properties hold:

1. separates elements: ∀x, y ∈ X : d(x, y) = 0 ⇐⇒ x = y,

2. symmetric: ∀x, y ∈ X : d(x, y) = d(y, x),

3. triangular inequality: ∀x, y, z ∈ X : d(x, z) ≤ d(x, y) + d(y, z).

Combining these three properties yields a commonly used fourth property:

4. positive: d(x, y) ≥ 0.

B.4.8 Normed spaces

A normed space is a vector space (V,+) over a fieldK (which can be R or C) on which
the function ‖.‖, called the norm, is defined

‖.‖ : V → R : ~v 7→ ‖~v‖

for which the following properties hold:

1. separates elements: ∀~v ∈ V : ‖~v‖ = 0 ⇐⇒ ~v = ~0,

2. positive homogeneous: ∀~v ∈ V,∀a ∈ K : ‖a~v‖ = |a|‖~v‖,

3. subadditive: ∀~v, ~w ∈ V : ‖~v + ~w‖ ≤ ‖~v‖+ ‖~w‖.

Combining these three properties yields a commonly used fourth property:

4. positive: ‖~v‖ ≥ 0.

A norm ‖.‖ induces a metric as follows:

d‖.‖ : V × V → R : (~v, ~w) 7→ d‖.‖(~v, ~w) = ‖~v − ~w‖

and therefore a normed space is also a metric space.

B.4.9 Inner product spaces

An inner product space is a vector space (V,+) over a fieldK (which can be R or C) with
an additional vector multiplication 〈., .〉, called the inner product,

〈., .〉 : V × V → K : (~v, ~w) 7→ 〈~v, ~w〉

for which following properties hold:
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1. positive-definite: ∀~v ∈ V : 〈~v,~v〉 ≥ 0 and
(
〈~v,~v〉 = 0 ⇐⇒ ~v = ~0

)
,

2. conjugate-symmetric: ∀~v, ~w ∈ V : 〈~v, ~w〉 = 〈~w,~v〉,

3. linear in the first argument: ∀~u,~v, ~w ∈ V,∀a, b ∈ K : 〈a~v + b~w, ~u〉 = a〈~v, ~u〉 +
b〈~w, ~u〉.

An inner product 〈., .〉 induces a norm as follows:

‖.‖ : V → K : ~v 7→ ‖~v‖ =
√
〈~v,~v〉

and therefore an inner product space is also a normed space. WhenK = R, “conjugate-
symmetric” becomes “symmetric” and “linear in the first argument” becomes “linear
in both arguments”, which makes the inner product on real vector spaces a positive-
definite symmetric bilinear form. Also note that positive-definiteness implies that the
bilinear form is non-degenerate. To conclude, the angle between two vectors in a real
inner product space is defined as

∠ : V × V → R : (~v, ~w) 7→ arccos
(
〈~v, ~w〉
‖~v‖‖~w‖

)
which is well defined as a result of the Cauchy-Schwarz inequality:

|〈~v, ~w〉| ≤ ‖~v‖‖~w‖.

Orthogonality

Two vectors ~v, ~w ∈ V are said to be orthogonal iff 〈~v, ~w〉 = 0. A basis (~b1, . . . ,~bn) of an
inner product space is called orthogonal iff 〈~bi,~bj〉 = 0 for all i 6= j. An orthonormal
basis has the additional property that 〈~bi,~bi〉 = 1 for all i = 1, . . . , n. The orthogonal
complementW⊥ of a subspaceW ⊂ V is the set of all vectors in V which are orthogonal
to all vectors inW , i.e.

W⊥ = {~v ∈ V | ~w ∈W : 〈~v, ~w〉 = 0}.

Note thatW⊥ is a subspace, complementary withW .

B.4.10 Orthogonal groups

Consider an inner product space V and its general linear group GL(V ). A linear
transformation FO : V → V is called orthogonal if it preserves the inner product (in
addition to preserving vector addition and scalar multiplication), i.e. for all ~v, ~w ∈ V :

〈FO(~v), FO(~w)〉 = 〈~v, ~w〉.

It can be seen that the group of all orthogonal linear transformations, or simply
orthogonal transformations, forms a subgroup of the general linear group. This subgroup
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is the automorphism group of an inner product space, and is called the orthogonal
group of this space.

Fixing a basis for a finite-dimensional vector space V induces an isomorphism
GL(V ) ∼= GL(n,K) [B.4.6]. It can be seen that fixing an orthonormal basis for a finite-
dimensional inner product space V induces an isomorphism O(V ) ∼= O(n,K), where
O(n,K) contains all orthogonal n× nmatrices, i.e. with LT · L = I = L · LT [B.3.1].

B.5 Affine spaces

“ An affine space is a vector space that has for-
gotten its origin.

An affine space A is a set P with a vector space (V,+) and a sharply transitive group
action of V on P , i.e. a homomorphism of groups

F : (V,+)→ (SP , ◦) : ~v 7→ f~v

with

f~v : P → P : p 7→ ~v + p

such that

∀p, q ∈ P,∃!~v ∈ V : q = ~v + p.

P is called the point space of the affine space, the elements of P are called points and the
symbol “+” is used to represent the group action. The group action defines a mixed
addition of points and vectors:

+: V × P → P : (~v, p) 7→ ~v + p.

Because the group action is sharply transitive, there is only one vector ~v for which
q = ~v + p. This vector is referred to as the difference vector between p and q, denoted as
~pq. This notation is used in the definition of the subtraction of points, induced by the
group action:

− : P × P → V : (p, q) 7→ q − p = ~pq.

Difference vectors have the following property

~pq + ~qr = ~pr.

The term ‘affine space’ is often used for the underlying point space itself. In this
respect, an affine subspace is a subset of P which difference vectors form a subspace of
V .
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B.5.1 Reference frames

When choosing a fixed point o ∈ P , which will be called the origin of the affine space,
addition of points and multiplication with scalars can be defined as follows:

p+ q = ( ~op+ ~oq) + o,

ap = a ~op+ o.

It can be shown that P is a vector space overK with these two operations. There also
exists a natural isomorphism from P to V which maps each point to its difference
vector with the origin

fo : P → V : p 7→ ~op.

The difference vector ~op is often referred to as the position vector of a point p with
respect to the origin o. Because of the natural isomorphism between point space P
and vector space V (for a choice of origin in P ), it is also said that an affine space is a
vector space which “has forgotten its origin”.

An affine reference frame is defined as an origin in point space together with a basis
in the associated vector space. Through the isomorphism fo : P → V for a fixed origin
o, we obtain an isomorphism between point space P and coordinate spaceKn:

CB,o : P → Kn : p = a1~b1 + · · ·+ an~bn + o 7→


a1
...
an

 .

Homogeneous coordinates

Consider the coordinates (a1, . . . , an) of a point p in an affine space with fixed frame
(o,~b1, . . . ,~bn) so that the position vector of this point can be written as

~op = a1~b1 + · · ·+ an~bn.

The homogeneous coordinates of a point p are defined as the (n+1)-tuple (h1, . . . , hn, hn+1)
for which

a1 = h1
hn+1

, . . . , an = hn
hn+1

where we assume hn+1 6= 0. Homogeneous coordinates are not unique to each point,
since hn+1 can be chosen, but they are very useful in handling changes of reference
frames and affine maps.

Change of frame

Consider the coordinates of a point pwith respect to two different reference frames:

p =
(
~b1 · · · ~bn

)
·


a1
...
an

+ o =
(
~b′1 · · · ~b′n

)
·


a′1
...
a′n

+ o′.
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Each basis vector of the second basis can be written as a linear combination of the first
basis, thus defining an invertible matrix C so that

p =
(
~b1 · · · ~bn

)
·A+ o =

(
~b1 · · · ~bn

)
· C ·A′ + ~oo′ + o.

The vector ~oo′ is the unique vector which translates the origin o to the new origin o′,
i.e. ~oo′ + o = o′. When the coordinates of this so-called origin shift ~oo′ with respect to
the basis (~b1, . . . ,~bn) are given by Ct = (c0, . . . , cn)T , it follows that

p =
(
~b1 · · · ~bn

)
·A+ o =

(
~b1 · · · ~bn

)
· C ·A′ +

(
~b1 · · · ~bn

)
· Ct + o.

Therefore the coordinates of a point with respect to a new reference frame can be
obtained by subtracting the coordinates of the origin shift from the old coordinates
and multiplying with the inverse of the change of basis matrix:

A = C ·A′ + Ct ⇐⇒ A′ = C−1 · (A− Ct).

This can be written in homogeneous coordinates as follows

H = Ch ·H ′

⇐⇒
(
A

1

)
=
(
C Ct
0 1

)
·
(
A′

1

)

⇐⇒
(
A′

1

)
=
(
C−1 −C−1 · Ct

0 1

)
·
(
A

1

)
⇐⇒ H ′ = C−1

h ·H

where Ch is referred to as the change of frame matrix.

B.5.2 Affine maps

A homomorphism FA : A→ A′ between two affine spaces A and A′ is called an affine
map. It is determined by a map

FP : P → P ′ : p 7→ p?

such that for all p1, p2, q1, q2 ∈ P : ~p1q1 = ~p2q2 ⇒ ~p?1q
?
1 = ~p?2q

?
2 and the map FL : V →

V ′ : ~pq 7→ ~p?q? is linear. The practical implications of an affine map are demonstrated
by the following. Consider two affine spaces A and A′ with frames (o,~bi) and (o′,~b′i),
then the position vector ~o′p? of p? (with respect to the frame of A′) can be written
as the sum of ~o′o? and the position vector ~o?p?, i.e. the same point p? but now with
respect to the reference frame (o?,~b′i) of A′:

~o′p? = ~o′o? + ~o?p? = ~o′o? + FL( ~op).
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This implies that an affine map FA : A→ A′ is determined by the following function

FP : P → P ′ : p 7→ p? = ~o′o? + FL( ~op) + o′.

In other words, an affine map between two affine spaces with fixed frames, is char-
acterized by the pair (~t, FL) where ~t = ~o′o? ∈ V ′ a vector and FL : V → V ′ a linear
map.

Coordinate space

After fixing a frame, the image of a point under an affine map can be written as

FP (p) = ~o′o? + FL( ~op) + o′

⇐⇒
(
~b′1 · · · ~b′m

)
·


a′1
...
a′m

+ o′ =
(
~b′1 · · · ~b′m

)
·


t1
...
tm

+

(
~b′1 · · · ~b′m

)
· Lm×n ·A+ o′

⇐⇒ A′ = Tm×1 + Lm×n ·A.

This can be expressed in homogeneous coordinates as

H ′ = S ·H(
A′

1

)
=
(
Ln×m Tm×1
01×n 1

)
·
(
A

1

)

where S is referred to as the augmented matrix. Note that a change of frame has the
same effect on the coordinates of a point as a bijective affine map with L = C−1 and
T = −C−1 · Ct, or in homogeneous coordinates, with S = C−1

h .

Change of frame

The two matrices T and L associated with an affine map FA : A→ A′ depend on the
choice of frame in domain and codomain. Consider a change of frame (C,Ct) and
(C ′, C ′t) in domain and codomain respectively, coordinates A1 and A2 of a point p ∈ P
with respect to the frames of A and coordinates A′1 and A′2 of FP (p) ∈ P ′ with respect
to the frames of A′. The coordinates before and after a change of basis are related as
follows:

A1 = C ·A2 + Ct and A′1 = C ′ ·A′2 + C ′t.

When L1 and T1 denote the matrices associated with FA before a change of frame in
domain and codomain, andL2 and T2 after a change of frame in domain and codomain
such that

A′1 = T1 + L1 ·A1 and A′2 = T2 + L2 ·A2,

283



B. Group theory and linear algebra in crystallography

then it follows that

C ′ ·A′2 + C ′t = L1 · C ·A2 + L1 · Ct + T1.

This results into an expression for the associated matrices of the affine map after a
change of basis in domain and codomain:

L2 = C ′−1 · L1 · C,
T2 = C ′−1 ·

(
L1 · Ct + T1 − C ′t

)
.

In terms of homogeneous coordinates, this can be written as

S2 = C ′−1
h · S1 · Ch.

B.5.3 Affine groups

“ An affine group is the automorphism group
of an affine space.

The automorphism group of an affine space A is called the affine group of A, denoted
as GL(A). This group consists of all bijective affine maps of A to itself, called affine
transformations. An affine transformation is characterized by a pair (~t, FL) with ~t ∈ V
and FL ∈ GL(V ), which is dependent on a choice of frame . Equivalently, the affine
group can be defined as the semidirect product of the associated vector space of the
affine space, with the general linear group of this vector space:

GL(A) def= V oϕ GL(V ),

where GL(V ) acts in a natural way on V :

F : GL(V )→ (SV , ◦) : FL 7→ ϕFL

ϕFL : V → V : ~t 7→ FL(~t)

The affine group could also be defined as the split extension of GL(V ) by V , implying
that it is a group extension for which the following short exact sequence splits:

1→ V → GL(A)→ GL(V )→ 1.

When fixing a basis for V , vectors can be written in terms of their coordinates (V ∼= Kn)
and linear transformations can be written in terms of matrices (GL(V ) ∼= GL(n,K)).
So the affine group is isomorphic to the semidirect product of coordinate spaceKn

with GL(n,K):
GL(A) ∼= Kn oϕ GL(n,K),

where each affine transformation is mapped to an n× n invertible matrix L and an n-
tuple T , or equivalently to an (n+ 1)× (n+ 1) augmented matrix S that can be used
to transform homogeneous coordinates.
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Composition of affine transformations

The composition of two affine transformations corresponds to the group operation of
the semidirect product:

(~t1, FL,1) ? (~t2, FL,2) = (~t1 · ϕFL,1(~t2), FL,1 ∗ FL,2)

where GL(V ) acts naturally on V , so that

(~t1, FL,1) ◦ (~t2, FL,2) = (~t1 + FL,1(~t2), FL,1 ◦ FL,2).

Here the operator symbol “?” for the group operation in the semidirect product is
replaced by “◦” to emphasize that through the isomorphismGL(A) ∼= KnoϕGL(n,K)
which identifies affine transformations (~t, FL) with matrix transformations (T, L), the
composition of two affine transformations is given by the multiplication of matrices:

(T1, L1) ◦ (T2, L2) = (T1 + L1 · T2, L1 · L2),

or in homogeneous coordinates

S1 ◦ S2 = S1 · S2.

B.6 Euclidean spaces

“ A Euclidean space is a real affine space en-
dowed with an inner product.

A Euclidean space En is an affine space where a finite-dimensional inner product space
Env over R acts on a set of points Enp . Any inner product on a real vector space can be
evaluated in coordinate space Rn as (see [B.4.9])

〈~v, ~w〉 = V Te ·Me ·We,

whereMe a positive definite4 symmetric5 matrix and Ve andWe the coordinates of ~v
and ~w with respect to basis Be. When Vb andWb are the coordinates with respect to
another basis Bb = (~b1, . . . ,~bn), the inner product can be evaluated as (see [B.4.5])

〈~v, ~w〉 = V Tb ·Mb ·Wb with Mb = CT ·Me · C.

4Matrix A over field R is positive definite iff ∀x ∈ Rn : x 6= 0 =⇒ xT ·A · x > 0.
5Matrix A over field R is symmetric iff A = AT .
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The matrixMb ∈ Rn×nsym+ is referred to as the metric tensor or Gram matrix of basis Bb.
Note that the following two statements hold:

M ∈ Rn×nsym+ =⇒ ∃C ∈ GL(n,R) : M = CT · C

C ∈ GL(n,R) =⇒ CT · C ∈ Rn×nsym+

Therefore, if we define an inner product by specifying a metric tensor for a particular
basis Bb, then we can always find a basis Be for whichMe = id and allMb ∈ Rn×nsym+
can be reached by transforming basis Be so that Mb = CT · C. Note that since
Mi,j =

〈
~ei, ~ej

〉
we see that Be is an orthonormal basis for this inner product by

definition. All other orthonormal bases can be found by considering all non-zero,
symmetric basis transformations. For an orthonormal basis, the inner product reduces
to the commonly used dot product

〈~v, ~w〉 = V Te ·We.

A real, finite-dimensional inner product space Env is referred to as a Euclidean vector
space, while Rn endowed with an inner product is referred to as a Euclidean coordinate
space. By convention, the canonical basis of Rn is chosen to be an orthonormal basis.

As a result of the inner product on Env , the set of points Enp can be regarded as a
metric space with distance function

d : Enp × Enp → R : (p, q) 7→ d(p, q) = ‖ ~pq‖ =
√
〈 ~pq, ~pq〉

which defines a distance between two points, also known as the Euclidean distance,
induced by the norm in Euclidean vector space. Point space Enp endowed with the
Euclidean distance is referred to as a Euclidean point space. For a choice of origin
however, Euclidean point space becomes an inner product space since Enp ∼= Env .

Content

The content6 of the parallelotope7 spanned by the basis vector of Euclidean vector space
is given by the square root of the absolute value of determinant of the metric tensor of
this basis. A change of basis C preserves the content iff det(C) = ±1.

Cross product

A product of vectors can be defined in three-dimensional Euclidean vector space,
commonly known referred as the cross product and written as ~v × ~w. The result is a
vector ~u which is orthogonal to ~v and ~w and which has a norm ‖u‖ = ‖v‖‖w‖ sin θ
where θ ∈ [0°, 180°] is the angle between ~v and ~w. As there are two such vectors, one
being the negative of the other, the cross product is defined to be the one obtained by

6n-dimensional generalization of area (n=2) and volume (n=3).
7n-dimensional generalization of parallelogram (n=2) and parallelepiped (n=3).
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the right-hand rule in a positively oriented basis and the one obtained by the left-hand
rule in a negatively oriented basis. The canonical basis of Rn is chosen to be positively
oriented.

One of the applications of the cross product is calculating the (signed) volume of
a parallelepiped spanned by three vectors given with respect to the canonical basis,
which is equal to the dot product of one vector with the cross product of the other
two, for example ~a · (~b× ~c). This construction is referred to as the scalar triple product.

Orthogonal transformations

Consider a linear transformation of Euclidean vector space with associated transfor-
mation matrix Lb given with respect to basis Bb = (~b1, . . . ,~bn) with metric tensorMb.
The coordinate transformation of vectors ~v and ~w and their inner product are resolved
in coordinate space by

V ′b = Lb · Vb,
W ′b = Lb ·Wb,〈

~v′, ~w′
〉

= V ′Tb ·Mb ·W ′b = V Tb · L
T
b ·Mb · Lb ·Wb.

A linear transformation that preserves the inner product is called an orthogonal
transformation [B.4.10]. In other words, an orthogonal transformation of Euclidean
vector space is a linear transformation that preserves the metric tensor:

〈~v, ~w〉 =
〈
~v′, ~w′

〉
⇐⇒ Mb = LTb ·Mb · Lb.

A commonly overlooked complication is that the transformation matrix Lb is not
necessarily orthogonal although it represents an orthogonal transformation. From the
preservation of the metric tensor however, it follows that

Mb = LTb ·Mb · Lb
⇐⇒ CT · C = LTb · C

T · C · Lb
⇐⇒ C−T · LTb · C

T · C · Lb · C−1 = I

⇐⇒ LTe · Le = I

whereLb = C−1 ·Le ·C andC the change of basis fromBe toBb in Euclidean coordinate
space. So we find that the orthogonal transformation Le given with respect to the
canonical basis is an orthogonal matrix. As the product of two orthogonal matrices is
orthogonal it follows that an orthogonal transformation of Euclidean vector space is
only represented by an orthogonal matrix when an orthogonal basis is chosen.
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B.6.1 Euclidean groups

“ A Euclidean group is the automorphism
group of a Euclidean space.

The automorphism group of a Euclidean space is called a Euclidean group, denoted as
GL(n,E). Analog to the affine group of a general affine space, this is the group of all
affine transformations but nowwith an additional structure to preserve: the Euclidean
distance in point space and the inner product in the Euclidean vector space. These
affine transformations are referred to as isometries for which

FP : Enp → Enp : d(FP (p), FP (p)) = d(p, q)
FO : Env → Env : 〈FO(~v), FO(~w)〉 = 〈~v, ~w〉

where d the Euclidean distance. The orthogonal group which contains all orthogonal
transformations FO of Euclidean vector space will be written as O(n,Env ). A Euclidean
group can also be defined analog to the automorphism group of any affine space as

GL(n,E) = Env oϕ O(n,Env )

where O(n,Env ) acts in a natural way on Env . Alternatively it can be defined by the
split extension of O(n,Env ) by Env :

1→ Env → GL(n,E)→ O(n,Env )→ 1.

Analog to an affine map [B.5.2], the image of a point under an isometry is given by

FP (p) = ~oo? + FO( ~op) + o = ~t+ FO( ~op) + o

so that every isometry is identified by a pair (~t, FO) of a vector~t ∈ Env and an orthogonal
transformation FO ∈ O(n,Env ). Since the Euclidean group is a semidirect product, it
contains a normal subgroup T (En), which is referred to as the translational subgroup,
given by

T (En) = {(~t, id)} ∼= Env .

Furthermore the quotient group for the translational subgroup is isomorphic with the
orthogonal group of Euclidean vector space:

GL(n,E)/T (En) ∼= {(~0, FO)} ∼= O(n,Env ).

When fixing an orthogonal basis for Env , vectors can be written in terms of their
coordinates (Env ∼= Rn) and orthogonal transformations can be written in terms of
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orthogonal matrices (O(n,Env ) ∼= O(n,R)) so the Euclidean group is isomorphic with
the semidirect product of coordinate space with O(n,R):

GL(n,E) ∼= Rn oϕ O(n,R).

In other words, for an orthogonal basis choice, the isometries in the Euclidean group
have a linear part that corresponds to an n× n orthogonal matrix over field R with
determinant +1 (direct isometry) or -1 (indirect isometry). The direct isometries preserve
orientation in Env and the indirect reverse it. In three dimensions, the direct isometries
are the identity, translations, rotations and screw rotations. The indirect isometries
are reflections, inversions, glide reflections and rotoinversions (can also be described
as rotoreflections). The linear parts of direct isometries are called proper rotations,
those of the indirect isometries are called improper rotations. In three dimensions, a
proper rotation can be geometrically described as a rotation around an axis, while an
improper rotation combines this with a reflection in a plane perpendicular to this axis.

B.7 Lattices
A subset of the Euclidean vector space Env is called a lattice8, denoted Ln, if there exists
a basis of the Euclidean vector space so that Ln is the set of all Z-linear combinations
of the basis vectors:

Ln =
{
~t ∈ Env | ~t =

n∑
i=1

zi~bi, zi ∈ Z
}
.

It can be shown that this subset is a free Z-module on which a positive-definite,
symmetric bilinear form is defined. This bilinear form is induced by the inner product
in Euclidean vector space. A basis of Env is called a primitive basis of a lattice if each
vector of that lattice can be described as a Z-linear combination of the basis vectors.
Any other primitive basis of the same lattice can be derived by a change of basis in
GL(n,Z).

B.7.1 Non-primitive basis

A lattice is often described with respect to a non-primitive basis which basis vectors
are a Z-linear combination of primitive basis vectors that span a different content,
as illustrated in Figure B.1. The corresponding change of basis matrix is an integer
matrix which has a determinant with absolute value greater than one. This matrix is
an element of GL(n,Q). All vectors of a lattice can be written asQ-linear combinations
of the non-primitive basis vectors. The vectors of the lattice presented in Figure B.1(b)
can be written as

~t =
(
z1 −

z2
2

)
~b1 + z2

2
~b2 with z1, z2 ∈ Z.

8The mathematical definition is much broader, but we will restrict ourselves to the lattices used in
crystallography.
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(a) Primitive basis (b) Non-primitive basis

Figure B.1: A lattice in Euclidean vector space E2
v described by two basis.

In general a lattice basis refers to a primitive or non-primitive lattice basis as opposed
to any other basis of Euclidean vector space Env which could be chosen to describe the
lattice.

B.7.2 Unit cell

If Ln is a lattice with lattice basis B = (~b1, . . . ,~bn) then a unit cell is defined as the
following subset of Euclidean vector space Env

UC =
{
~u ∈ Env | ~u =

n∑
i=1

ai~bi, ai ∈ R and 0 ≤ ai < 1
}

which is the parallelotope spanned by the basis vectors. Hence a unit cell is completely
determined by the lattice basis and therefore by the metric tensor of this basis. In three
dimensions, the elements of the metric tensorMi,j = ~bi ·~bj can be written explicitly as

Mb =

 a2 ab cos γ ac cosβ
ab cos γ b2 bc cosα
ac cosβ bc cosα c2


with

a
def= ‖~b1‖ b

def= ‖~b2‖ c
def= ‖~b3‖

cosα def=
~b2 ·~b3
bc

cosβ def=
~b1 ·~b3
ac

cos γ def=
~b1 ·~b2
ab

The content of a unit cell is equal to the square root of the absolute value of the
determinant of the metric tensor. In three dimensions, this is equal to the scalar triple
product~b1 · (~b2 ×~b3).
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B.7.3 Centering vectors

Consider a lattice Ln with non-primitive basis B = (~b1, . . . ,~bn) so that every vector is
a Q-linear combination of the basis vectors. The subset of this lattice which contains
all Z-linear combination is a lattice Lnp . Every lattice Ln can then be partitioned as
follows

Ln =
⋃
i

(
Lnp + ~vci

)
where the vectors ~vci are referred to as centering vectors with coefficients in Q and
with ~vc0

def= ~0. Centering vectors are situated in the unit cell and there can only be
finitely many centering vectors for a particular lattice Lnp . The non-primitive lattice in
Figure B.1(b) has one centering vector.

B.7.4 The automorphism group of a lattice

“ There are only a finite number of lattice au-
tomorphism groups.

The automorphism group Aut(Ln) of a lattice in Euclidean vector space contains all
invertible homomorphisms from a lattice to itself, which preserve the structure of theZ-
module (addition and the multiplication by scalars) and the bilinear form (determined
by the metric tensor of the lattice basis). Consequently Aut(Ln) is a subgroup of the
orthogonal group O(n,Env ) of Euclidean vector space.

When considering a primitive lattice basis, a lattice automorphism must be eval-
uated in coordinate space Zn by an integer matrix which is invertible, since an auto-
morphism is bijective. Therefore Aut(Ln) is isomorphic with a subgroup of GL(n,Z).
Furthermore it must be a finite subgroup, since a vector with coordinates in Zn can
only be mapped to a finite number of other vectors with coordinates in Zn of the same
length.

To summarize, the automorphism group Aut(Ln) of a lattice in Env is isomorphic
with a finite subgroup of GL(n,Z) and the isomorphism is determined by the choice
of primitive basis. For example in Figure B.1(a) the order of the lattice automorphism
group is 12. It can be proven that there are only finitelymany conjugacy classes of finite
subgroups in GL(n,Z) [4, 5]. Since conjugacy in GL(n,Z) corresponds to a change
of primitive basis, there are only finitely many lattice automorphism groups up to a
primitive basis choice.

When changing to any other basis in Euclidean vector space, the lattice automor-
phism group becomes isomorphic with a finite subgroup of GL(n,R) after conjugacy
with a change of basis matrix fromGL(n,R). Therefore one simply states that there are
only finitely many lattice automorphism groups up to a choice of basis in Euclidean
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vector space. For example there are 73 conjugacy classes in GL(3,Z), hence only 73
three-dimensional lattice automorphism groups (up to a basis choice).

B.7.5 Crystallographic restrictions

The restrictions on the number of lattice automorphism groups can be expressed in
terms of a restriction on the order of the orthogonal transformations FO in Aut(Ln).
As the order of an element in a finite group is finite, the order of FO in Aut(Ln) is
finite. Hence there are only a finite number of possible orders of FO in Aut(Ln) as
there are only finitely many Aut(Ln). For two and three dimensions, the set of all
possible orders is given by [6]

Ord2 = Ord3 = {1, 2, 3, 4, 6}.

An orthogonal transformation is the linear part of an isometry, which is a proper
or improper rotation. Therefore, in two- and three-dimensional Euclidean vector
space, only 2-fold, 3-fold, 4-fold and 6-fold rotation axis give rise to orthogonal lattice
transformations.

B.8 Space groups

“ Apoint group is a group of orthogonal trans-
formations that leave a vector lattice invariant. A
space group is a group of isometries that leave a
crystal pattern invariant.

Consider a subgroupG of the Euclidean group GL(n,E), then from the second isomor-
phism theorem it follows that the intersection of this subgroup with the translational
subgroup of the Euclidean group T = G ∩ T (En) is a normal subgroup of G, referred
to as the translational subgroup of G. A space group is defined as a subgroup of the
Euclidean group with a translational subgroup T that can be identified with a lat-
tice of Euclidean vector space Env . This implies that there is a group isomorphism
between the translational subgroup and a lattice in Euclidean vector space. Indeed,
the following function is bijective and preserves the group operation:

f : T → Ln : (~t, id) 7→ ~t.

Note that Ln is identified with Zn for a primitive basis, but for a non-primitive basis it
is identified with

⋃
i(Zn + ~vci) where ~vci a finite number of centering vectors.
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B.8.1 Point groups

The group operation in a space group is given by [B.5.3]

(~tFO,1 , FO,1) ◦ (~tFO,2 , FO,2) = (~tFO,1 + FO,1(~tFO,2), FO,1 ◦ FO,2)

with ~t ∈ Env and FO ∈ O(n,Env ). Since the translation subgroup T is normal in G, is
follows that

∀(~v, FO) ∈ G : T = (~v, FO) ◦ T ◦ (~v, FO)−1

=
{

(~v, FO) ◦ (~t, id) ◦ (−F−1
O (~v), F−1

O ) | t ∈ Ln
}

=
{

(~v, FO) ◦ (~t− F−1
O (~v), F−1

O ) | t ∈ Ln
}

=
{

(FO(~t), id) | t ∈ Ln
}

⇐⇒ Ln = FO(Ln)

This implies that all orthogonal transformations FO are permutations of Ln and there-
fore orthogonal transformations of Ln. Therefore the linear parts of the isometries of
a space group form a subgroup Q(Ln) of the automorphism group of the lattice:

FO ∈ Q(Ln) ≤ Aut(Ln) < O(n,Env ).

This subgroupQ(Ln) is referred to as the point group of a space groupwith translational
subgroup T ∼= Ln. A point group acts by automorphism on the lattice since there
exists a homomorphism ϕ : Q(Ln)→ Aut(Ln), namely the natural injection. As there
are only finitely many lattice automorphism groups, there are only finitely many point
groups (up to a basis choice). Hence there are only 73 possible point groups in three
dimensions.

It can be shown that a point group Q(Ln) is isomorphic to quotient group G/T . A
coset of normal subgroup T in G can be written as

(~tFO,i , FO,i)T =
{

(~tFO,i , FO,i) ◦ (~t, id) | ~t ∈ Ln
}

=
{

(~tFO,i + FO,i(~t), FO,i) | ~t ∈ Ln
}

=
{

(~tFO,i + ~t′, FO,i) | ~t′ ∈ Ln
}

from which it follows that all elements in a coset of T have an identical linear part
and an identical translational part modulo Ln. Moreover, as the cosets partition space
group G, one coset exists for every orthogonal transformations FO. This defines an
bijection between Q(Ln) and the set of cosets G/T . As the group operation in Q(Ln)
and G/T is preserved by this bijection, it follows that they are isomorphic.

By fixing a primitive basis, the lattice automorphism group Aut(Ln) is isomorphic
to a finite subgroup of GL(n,Z) [B.7.4], which will be denoted asQ(n,Z). This implies
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that a point group is isomorphic to a finite subgroup ofGL(n,Z), whichwill be denoted
as Q(Zn). To summarize:

q ∈ Q(Zn) ≤ Q(n,Z) < GL(n,Z)

where q is the matrix associated with orthogonal transformation FO.

Equivalence classes

Two equivalence relations between point groups will be considered: conjugacy in
GL(n,Z) and conjugacy in the larger group GL(n,Q). The corresponding equivalency
classes are referred to as arithmetic crystal classes and geometric crystal classes respectively,
or in short Z-classes and Q-classes. The Q-classes are also known as point group types
and every Q-class can be divided in a number of Z-classes. The 73 Z-classes in three
dimensions can be grouped in 32 Q-classes.

B.8.2 Vector systems

The isomorphism Q(Ln) ∼= G/T induces a function that maps the linear parts of the
isometries in a space group to the translational parts modulo T of the coset of T they
belong to:

τ : Q(Ln)→ Env : FO 7→ ~tFO .

This map is called a vector system and the image im(τ) in Euclidean vector space is
called a system of non-primitive translations [7], not to be confused with a set of centering
vectors. Note that the image of the identity must be the zero vector (τ(id) = ~0).
Furthermore a vector system has the following property:

{
(~tFO,1 , FO,1) ◦ (~tFO,2 , FO,2) = (~tFO,1 + FO,1(~tFO,2), FO,1 ◦ FO,2)

(~tFO,1 + FO,1(~tFO,2), FO,1 ◦ FO,2) ∈ (~tFO,1◦FO,2 , FO,1 ◦ FO,2)T

⇐⇒ ∃~t ∈ Ln : ~tFO,1◦FO,2 + ~t = ~tFO,1 + FO,1(~tFO,2)

⇐⇒ τ(FO,1 ◦ FO,2) = τ(FO,1) + FO,1(τ(FO,2)) mod Ln

This can be expressed in coordinates space for a primitive basis as

τ : Q(Zn)→ Rn : q 7→ tq

tq1·q2 = tq1 + q1 · tq2 mod Zn

where Q(Zn) the finite subgroup of GL(n,Z) which is isomorphic to point group
Q(Ln). This implies that the non-primitive translations are situated within the unit
cell since 0 ≤ tq < 1.
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B.8.3 Rational vector systems

The possible non-primitive translations can be restricted even further. The isomor-
phism between Q(Ln) and Q(Zn) was characterized by a primitive basis choice in
Euclidean vector space. However the origin in Euclidean space has not yet been fixed.
An isometry (x, q) change under a change of frame (v, c) as follows [B.5.2]:(

x′, q′
)

= (v, c)−1(x, q)(v, c)

=
(
c−1 · (x+ q · v − v), c−1 · q · c

)
Since the basis is already fixed to represent orthogonal transformations as matrices
q ∈ Q(Zn), only an origin shift (v, id) can be applied freely, so that(

x′, q′
)

= (x+ (q − 1) · v, q).

We will now show that a particular origin can be chosen so that the translational
parts of the isometries become rational. From the congruence relation between the
translational components of the coset representatives of T , it follows that

∀i, j ∈ {1, · · · , |Q|} : tqi·qj = tqi + qi · tqj mod Zn

⇐⇒ ∀i ∈ {1, · · · , |Q|} :
∑
j

tqi·qj = |Q|tqi + qi ·
∑
j

tqj mod Zn

⇐⇒ ∀i ∈ {1, · · · , |Q|} :
∑
j

tqj = |Q|tqi + qi ·
∑
j

tqj mod Zn

⇐⇒ ∀i ∈ {1, · · · , |Q|} : |Q|tqi + (qi − 1) ·
∑
j

tqj ∈ Zn

⇐⇒ ∀q ∈ Q(Zn) : tq + (q − 1) ·
∑
j tqj
|Q|

∈ 1
|Q|

Zn

In Appendix B.8.2 it was shown that the translational part x of every isometry (x, q) can
be expressed in coordinate space as a sum x = t+tq where t ∈ Zn and 0 ≤ tq ∈ Rn < 1.
When the origin is chosen to be the average of the translational components of the
coset representatives of T , the translational components can be written after this origin
shift as (

x′, q′
)

= (x+ (q − 1) · v, q)

⇐⇒
(
t′ + t′q, q

′
)

=
(
t+ tq + (q − 1) ·

∑
j tqj
|Q|

, q

)

⇐⇒ t′q = t− t′ + tq + (q − 1) ·
∑
j tqj
|Q|

∈ 1
|Q|

Zn

This implies that an origin can be chosen so that the translational components of the
coset representatives of T have rational coefficients between 0 and 1 with a maximal
denominator equal to the order of the point group.
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To summarize, the point group of a space group can be represented by a finite
subgroup of GL(n,Z) by choosing an appropriate basis, while the image of the vector
system of a space group becomes rational by choosing an appropriate origin:

τ : Q(Zn)→ Qn : q 7→ tq.

B.8.4 The structure of a space group

Combining the properties of lattices, point groups and vector systems, a space group
is determined by

1. a lattice specified by the metric tensor of one of its primitive bases in Euclidean
vector space,

2. a point group specified by a finite subgroup of GL(n,Z) which preserves the
metric tensor of the primitive basis,

3. a system of non-primitive translations with rational coordinates in [0, 1[ and the
order of the point group as maximal denominator.

Together with a vector system, a space group can be described as the following set of
isometries:

G =
{(
~t+ ~tFO , FO

)
| ~t ∈ Ln,~tFO ∈ E

n
v , FO ∈ Q(Ln)

}
where each isometry acts on Euclidean point space:

FP : Enp → Enp : p 7→ ~t+ ~tFO + FO( ~op) + o.

For a primitive basis and an origin that rationalizes the vector system, a space group
and its action can be written in coordinate space as

G ∼= {(t+ tq, q) | t ∈ Zn, tq ∈ Qn, q ∈ GL(n,Z)}
FP : Rn → Rn : x 7→ t+ tq + q · x

or in homogeneous coordinates

G ∼=
{(

q t+ tq
0 1

)
| t ∈ Zn, tq ∈ Qn, q ∈ GL(n,Z)

}

F : Rn+1 → Rn+1 :
(
x

1

)
7→
(
q t+ tq
0 1

)
·
(
x

1

)
The matrices that represent space group isometries are often called symmetry operations
in the context of crystallography. A space group is by convention only represented
with respect to a non-primitive basis when the lattice translations can be written as

t = tz + tc with tz ∈ Zn and tc ∈ Qn

where tc finitely many centering vectors. We often describe a space group by a (finite)
set of symmetry operations, in which the integer translations9 are omitted.

9These are the lattice translations for a primitive basis. For a non-primitive basis, these are the lattice
translations of the primitive sub-lattice.
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B.8.5 Crystal patterns

Consider a set of points in Euclidean point space and all translations that leave this set
invariant (as a set). If these translations form a lattice in Euclidean vector space, then the
set is called a crystal pattern and the set of points within the unit cell is called amotif. The
crystal pattern can be generated from themotif by the lattice translations. This lattice is
also referred to as the translational lattice of the crystal pattern. In Appendix B.8.1 it was
shown that a point group is a group of orthogonal transformations that acts on a lattice
by automorphism, thus leaving the lattice invariant. As a space group is a subgroup
of the Euclidean group it follows that a space group is a group of isometries that acts
on a crystal pattern by automorphism, thus leaving the crystal pattern invariant.

B.8.6 Asymmetric unit

An asymmetric unit or fundamental domain is the smallest subset of Euclidean point
space which orbit under that action of a space group fills entire point space. In other
words, an asymmetric unit for the action of a particular space group is the set of orbit
representative of this action. Therefore an asymmetric unit is a subset of the unit cell
determined by space group symmetry.

B.8.7 Symmorphic space groups

Although a space group is a subgroup of the Euclidean group, it is not necessarily
a semidirect product. From the isomorphism T ∼= Ln and G/T ∼= Q(Ln), both
determined by fixing a basis, it follows that a space group can be regarded as the
group extension of a point group by a lattice on which it acts

1→ T → G→ G/T → 1
⇐⇒ 1→ Ln → G→ Q(Ln)→ 1

This sequence splits iffG = LnoϕQ(Ln), where homomorphismϕ : Q(Ln)→ Aut(Ln)
the action by automorphism of the point group on the lattice. Space groups with this
property are called symmorphic. Symmorphic space groups have following properties:

• their point group is isomorphic to a subgroup of G

Q(Ln) ∼=
{(
~0, FO

)
: FO ∈ Q(Ln)

}
≤ G

which follows directly from the fact that the exact sequence splits,

• im(τ) = ~0 implying that they do not possess non-primitive translations, which
follows directly from the previous property.
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B.8.8 Affine space group types

From the restrictions on point groups and vector systems, it can be shown that there
are only finitely many space groups up to a choice of reference frame.

A point group Q(Ln) of a space group G is isomorphic to a subgroup of a lattice
automorphism group Aut(Ln). Furthermore a lattice automorphism group is isomor-
phic to a finite subgroup of GL(n,Z), which implies that up to conjugacy, there are
only a finite number of them. Hence there are only finitely many point groups up to a
primitive basis choice or any other basis choice after conjugacy in GL(n,R).

To understand howmany space groups can be constructed from these point groups,
one must ask how many vector systems exist for each point group. For each point
group one could choose the trivial vector system im(τ) = ~0, which results in the
symmorphic space groups. Since exactly one symmorphic space group can be derived
from each point group, there are as many symmorphic space groups as there are
conjugacy classes of finite subgroups in GL(n,Z). For example in three dimensions
there are 73 symmorphic space groups.

The number of non-trivial vector systems that can be chosen for a point group
is also limited since an origin can be chosen so that the non-primitive translations
are rational vectors between 0 and 1 with the order of the point group as maximal
denominator. This does not imply that all possible combinations of those rational
vectors can be chosen as a vector system, because they must satisfy the congruence
relation fromAppendix B.8.2. However it does imply that only finitelymany non-trivial
vector systems can be chosen for each point group. For example in three dimensions,
there are 146 non-trivial vector systems for the 73 Z-classes of point groups. This leads
to the conclusion that there are only finitely many space groups up to conjugacy in
the affine group (not only the Euclidean group as the linear part does not need to be
orthogonal). In other words, there are only finitely many space groups up to a choice
of reference frame. For example in three dimensions there are 219 space groups up to
conjugacy with an affine transformation.

B.8.9 Equivalence classes

Conjugacy in the affine group is an equivalence relation and the equivalence classes
are called the affine space group types. Two space groups of the same affine space group
type are called affine equivalent. Space groups are called arithmetically equivalent or Z-
equivalent if their point groups belong to the same Z-class. Space groups are called
geometrically equivalent or Q-equivalent if their point groups belong to the same Q-
class. In three dimensions there are 219 affine space group types, 73 arithmetic space
group classes and 32 geometric space group classes. The terms Z-class, Q-class, arithmetic
class and geometric class will refer to equivalence classes of point groups and space
groups as one follows from the other.
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Enantiomorphism

In crystallography, another equivalence relation between space groups must be con-
sidered. Space groups will be called crystallographically equivalent iff they conjugate by
an orientation preserving affine transformation, which implies that the determinant
of the linear part of the transformation must be positive. These equivalence classes
will be referred to as crystallographic space group types. Two space groups that are affine
equivalent but not crystallographically, are called enantiomorphic pairs and both space
groups are called enantiomorphic. Crystallographic equivalence will split some of the
affine space group types into two new classes, also referred to as enantiomorphic pairs.
To illustrate why this is the case, consider a group of linear or affine transformations
H and a transformation k which does not preserve the orientation. It follows that the
group H can be written as the following union [8]

H = H+ ∪ k.H+

where H+ a normal subgroup of H which contains all the orientation preserving
transformations inH . Furthermore consider the orbit of a groupGunder the conjugacy
action of H+:

OrbH+(G) =
{
h.G.h−1 | h ∈ H+

}
.

If another groupG′ is defined asG′ = k.G.k−1, then groupG is called enantiomorphic
iff G′ /∈ OrbH+(G). If G is enantiomorphic then G′ is also enantiomorphic and G and
G′ are enantiomorphic pairs. Therefore if there exists at least one orientation preserv-
ing transformation l ∈ H+ so thatG′ = l.G.l−1, thenG andG′ are not enantiomorphic.
Furthermore it can be shown that in a conjugacy class, either all groups are enan-
tiomorphic or none are [8]. When all groups in a conjugacy class are enantiomorphic,
the class splits into two new equivalence classes. Enantiomorphism can be considered
in the following point or space group classes:

• WhenH = GL(n,Z),H+ = SL(n,Z),Q a point group and the conjugacy action
ofH onQ, then enantiomorphism of arithmetic crystal classes can be considered.
In three dimensions however, there are no enantiomorphic Z-classes.

• When H = GL(n,Q), H+ = {h ∈ GL(n,Q) | det(h) > 0}, Q a point group and
the conjugacy action of H on Q, then enantiomorphism of geometric crystal
classes can be considered. In three dimensions however, there are no enan-
tiomorphic Q-classes.

• When H is the affine group which acts by conjugacy on a space group G, enan-
tiomorphism of affine space group types can be considered. In three dimen-
sions, it can be shown that 11 (non-symmorphic) affine space group types are
enantiomorphic. As a result, 230 crystallographic space group types can be
distinguished in three dimensions.
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Bravais groups and flocks

Space groups were defined as groups of isometries with a translational subgroup
isomorphic to a lattice and with linear components that preserve the metric tensor of
this lattice. Through the classification of lattice symmetries in terms of equivalence
relations, lattices themselves can also be classified.

The Bravais group of a setM⊆ Rn×nsym+ ofmetric tensors is defined as all orthogonal
transformations in GL(n,Z) that preserve these metric tensors [7]:

B(M) =
{
q ∈ GL(n,Z) | qT .M.q = M,∀M ∈M

}
.

Each q ∈ GL(n,Z) which preserves a metric tensorM , represents a lattice automor-
phism in coordinate space of the lattice that corresponds to this metric tensor [B.7.4].
Therefore B(M) must be a finite subgroup of GL(n,Z) and represents a point group
in coordinate space.

The space of invariant tensors or Bravais manifold of a given subgroup Q(n,Z) of
GL(n,Z), is given by all metric tensors that are preserved by the orthogonal transfor-
mations from Q(n,Z):

M(Q(n,Z)) =
{
M ∈ Rn×nsym+ | q

T .M.q = M,∀q ∈ Q(n,Z)
}
.

This real vector space can be constructed by solving the linear system of equations
qT .M.q −M = 0. The Bravais group of a subgroup Q(n,Z) of GL(n,Z) is defined as
the Bravais group of its Bravais manifold: B(M(Q(n,Z))). This group at least contains
Q(n,Z) and might also be bigger.

The group Q(n,Z) is called a Bravais group if it coincides with the Bravais group of
its Bravais manifold: B(M(Q(n,Z))) = Q(n,Z). Note that this represents a point
group in coordinate space which is equal to a full lattice automorphism group:
Q(Ln) = Aut(Ln).

The conjugacy class in GL(n,Z) of a Bravais group is called a Bravais class. Note
that a Bravais class is an arithmetic crystal class, but not all arithmetic crystal classes
are Bravais classes. Lattices which have an automorphism group in the same Bravais
class are equivalent and the equivalence classes are called Bravais types or lattice types.

The conjugacy classes in GL(n,Z) of all the subgroups of a Bravais group that have
the same space of invariant tensors, form a set of Z-classes which is called a Bravais
flock. The subgroups which Z-classes do not belong to the Bravais flock, have a space of
invariant tensors which has a higher dimension than the space of invariant tensors of
the Bravais group. The automorphism groups (Bravais groups) of the corresponding
lattices will have a smaller order than the Bravais group. The point groups that belong
to a Bravais flock are all the point groups that act on a particular lattice type, but not
on a more general lattice types.

Hence Bravais flocks group together several arithmetic crystal classes: the Bravais
class of the Bravais group and the arithmetic classes of some of its subgroups. In
three dimensions, there are 14 Bravais classes and hence also 14 lattice types. As a
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consequence, the 73 arithmetic crystal classes can be grouped in 14 Bravais flocks. The
corresponding lattice types on which they act are called: triclinic, simple monoclinic,
base-centered monoclinic, simple orthorhombic, base-centered orthorhombic, body-
centered orthorhombic, face-centered orthorhombic, hexagonal, rhombohedral, simple
tetragonal, body-centered tetragonal, simple cubic, body-centered cubic and face-
centered cubic.

To find the Bravais flock to which a point group Q(Ln) belongs, its arithmetic
crystal class with representative P (Ln) needs to be identified first. Then all Bravais
groups B (representatives of the Bravais classes) need to be identified which have
P (Ln) as subgroup up to conjugacy in GL(n,Z). The Bravais group of the smallest
order is selected and the corresponding Bravais flock is the Bravais flock of point group
Q(Ln).

Analog to arithmetic and geometric classes, Bravais classes and Bravais flocks of
space groups can be defined, where two space groups are in the same class or flock if
their point groups are. As a point group acts on a lattice of a certain Bravais type, so
does a space group.

Crystal families and systems

Another space group equivalence relation can be constructed by grouping Bravais
flocks which contain arithmetic classes that belong to the same geometric classes.
The obtained equivalence classes of space groups are referred to as crystal families. A
geometric space group class contains several arithmetic space group class. Each of
these arithmetic classes belong to a Bravais flock and these Bravais flocks belong to
the same crystal family.

Therefore two geometric space group classes belong to the same crystal family if
at least one pair of arithmetic space group classes can be found, one in each geometric
class, that belongs to the same Bravais flock. However this condition can bemademore
stringent by only grouping two geometric space group classes together if they have
exactly the same set of Bravais flocks to which their arithmetic classes belong. This
divides space groups in equivalence classes which are referred to as crystal systems.

In three dimensions there are 6 crystal families: triclinic, monoclinic, orthorhombic,
tetragonal, hexagonal and cubic. Five of these crystal families are also crystal systems,
except for the hexagonal crystal family, which splits into a trigonal and a hexagonal
crystal system, resulting in 7 crystal systems.

Lattice systems

The last equivalence relation that will be discussed, groups together Bravais flocks
which Bravais classes belong to the same geometric space group class. These equiva-
lence classes are referred to as lattice systems. The name already indicates that this will
also lead to an equivalence relation between lattices. Two lattices belong to the same
lattice system if their Bravais groups belong to the same geometric crystal class. Note
that this equivalence relation groups together several Bravais types.
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In three dimensions, the 14 Bravais lattices can be grouped in 7 lattice systems:
triclinic, monoclinic, orthorhombic, tetragonal, rhombohedral, hexagonal and cubic.
Note the difference with the crystal systems. Rhombohedral space groups are also
trigonal but not the other way around: some trigonal space groups belong to the
hexagonal lattice system [9].

Example 1: the hexagonal crystal family

To illustrate the different equivalence relations discussed above, the hexagonal crystal
family in three dimensions is represented in Figure B.2 as adopted from Souvig-
nier (2007). The diagram in Figure B.2 can be interpreted as follows:

• the boxes are arithmetic classes,

• the thick boxes are Bravais classes,

• the Hermann-Mauguin symbols of the arithmetic classes and the ITA numbers
of the corresponding symmorphic space groups are given inside the boxes,

• a line between two boxes implies that a space group in the lower box is amaximal
subgroup of a space group in the higher box (up to conjugacy in GL(n,Z)),

• boxes grouped together in a gray field, belong to the same geometric class which
Hermann-Mauguin symbols are given above.

From the 21 arithmetic classes given, two Bravais classes can be distinguish and hence
also two Bravais flocks. The arithmetic classes connected with black lines (boxes with
“P” in their name) belong to the Bravais flock with Bravais class “6/mmmP”. The space
groups of this class act on the hexagonal lattice type. The arithmetic classes connected
with red lines (boxes with “R” in their name) belong to the Bravais flock with Bravais
class “3mR”. The space groups of this class act on the rhombohedral lattice type. Note
that the arithmetic classes have more maximal subgroups than shown in the diagram.
However only the subgroups of the two Bravais groups which are not also subgroups
of smaller Bravais groups are members of the two Bravais flocks.

The two Bravais flocks have arithmetic classes that lie within the same geometric
class (gray boxes). For example “3P” and “3R” are two arithmetic classes that belong
to the same geometric class but different flocks. Furthermore, no other Bravais flock
contains arithmetic classes from the geometric classes of the 21 arithmetic classes.
Therefore the two flocks form one family, namely the hexagonal crystal family.

This family splits into two different crystal system: the hexagonal and the trigonal
crystal system. This can be achieved by grouping together geometric classes which
arithmetic classes belong to the same set of Bravais flocks. The geometric classes
with red and white boxes form the trigonal crystal system. Each geometric class con-
tains arithmetic classes which belong to the Bravais flock corresponding to “6/mmmP”
(white) and arithmetic classes which belong to the Bravais flock corresponding to
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Figure B.2: The hexagonal crystal family

“3mR” (red). The geometric classes with only green boxes form the hexagonal crystal
system. Each geometric class contains only arithmetic classes which belong to the
Bravais flock corresponding to “6/mmmP”.

The hexagonal lattice is the lattice type on which the Bravais flock of “6/mmmP”
acts. The rhombohedral lattice is the rhombohedral lattice type on which the Bravais
flock of “3mR” acts. Bravais flocks which have Bravais classes from the same geometric
class can be grouped together to obtain lattice systems. Since both “6/mmmP” and
“3mR” belong to a geometric class with only one Bravais class, space groups from
one lattice system act on one lattice type. Note that this is not the case for the crystal
systems: space groups in the hexagonal crystal system act on the hexagonal lattice
and space groups in the trigonal crystal system act on the rhombohedral lattice or on
the hexagonal lattice.

Example 2: the monoclinic crystal family

In the monoclinic crystal family, the relation between lattice system and lattice type
is not one-to-one. From the diagram in Figure B.3 it can be seen that the classes that
act on the simple monoclinic and base-centered monoclinic lattice types are grouped
together in the monoclinic lattice system, since Bravais classes “2/mP” and “2/mC” lie
in the same geometric class. On the other hand, the space groups in the monoclinic
crystal system act on the monoclinic lattice type, as opposed to the more complex
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situation for the trigonal crystal system.

Figure B.3: The monoclinic crystal family

B.9 Direct and reciprocal space
The inner product in Euclidean vector space Env induces an isomorphism with its dual
space En∗v [B.4.5], which maps a vector ~v to a covector or reciprocal vector ~v∗ which is a
linear form

~v∗ : V → K : ~w 7→ 〈~v, ~w〉

or in short ~v∗(~w) def= 〈~v, ~w〉. In crystallography, dual space En∗v is often referred to as
reciprocal space and Euclidean vector space is also referred to as direct space.

B.9.1 Reciprocal basis

The dual basis of reciprocal space Bb∗ = (~b1, . . . ,~bn) will be referred to as the reciprocal
basis for which the relation with the basis in direct space Bb = (~b1, . . . ,~bn) is given by
[B.4.5] 〈

~bi,~bj
〉

= δij .

In three dimensional Euclidean vector space, the preimages of the dual basis under
the isomorphism between direct and reciprocal space, can be written explicitly as

~b1 =
~b2 ×~b3
V

~b2 =
~b3 ×~b1
V

~b3 =
~b1 ×~b2
V

where V = ~b1 · (~b2 ×~b3) the volume spanned by the basis vectors of Euclidean vector
space given with respect to the canonical basis [B.6].
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B.9.2 Relations between direct and reciprocal space

The Euclidean inner product is a non-degenerate, positive-definite, symmetric bilinear
form and therefore based on the results obtained for a non-degenerate bilinear form
[B.4.5], the following relations between coordinates of vectors in direct and reciprocal
space hold

Vb∗ = Mb · Vb
Vb = Mb∗ · Vb∗

Mb∗ = M−1
b

where Mb is symmetric and therefore equal to its transpose. Consider now an or-
thonormal basis Be in direct space. The metric tensor of this basis is the identity:
Me = id. Hence the metric tensor of the dual basis Be∗ is also the identity: Me∗ = id.
Therefore the metric tensor of any basis in direct and reciprocal space is given by

Mb = CTb ·Me · Cb = CTb · Cb
Mb∗ = CTb∗ ·Me∗ · Cb∗ = CTb∗ · Cb∗

where Cb the change of basis matrix from Be to Bb and Cb∗ the change of basis matrix
fromBe∗ toBb∗. Coordinates of vectors in direct and reciprocal space transform under
a change of basis as follows [B.4.2]:

Vb = C−1
b · Ve

Vb∗ = C−1
b∗ · Ve∗

From this it follows that a change of basis in direct space induces a change of basis
in reciprocal space with an associated matrix given by the inverse transpose of the
change of basis matrix in direct space:

Vb = Mb∗ · Vb∗
⇐⇒ C−1

b · Ve = Mb∗ · C−1
b∗ · Ve∗

⇐⇒ C−1
b = CTb∗ · Cb∗ · C

−1
b∗

⇐⇒ Cb∗ = C−Tb

A linear map in direct space with associated matrix Lb induces a linear transformation
in reciprocal space with associated matrix Lb∗ given by Lb∗ = L−Tb which follows
directly from Appendix B.4.5. Moreover we can write

V ′b∗ = Lb∗ · Vb∗
⇐⇒ Mb · V ′b = Lb∗ ·Mb · Vb
⇐⇒ Mb · Lb · Vb = Lb∗ ·Mb · Vb
⇐⇒ Lb∗ = Mb · Lb ·M−1

b
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For a particular space groupG, the symmetry in direct space is given by the point group
Q ∼= G/T . By conjugacy with the metric tensor, a group of orthogonal transformations
of reciprocal space can be derived

Q∗ = Mb ·Q ·M−1
b .

Hence the point group symmetry in direct space is preserved in reciprocal space as
Q ∼= Q∗. Since Lb∗ = L−Tb for a linear map, we can represent the reciprocal point group
as

Q∗ =
{
q−T | q ∈ Q

}
=
{
qT | q ∈ Q

}
.

As Q is a group of orthogonal transformations, Q∗ is also a group of orthogonal
transformations. Furthermore recall that for a primitive basis choice, q is an orthogonal
matrix. Hence for a primitive basis q = q−T and Q = Q∗.

B.9.3 Reciprocal lattice

Let B be a primitive basis for lattice Ln in direct space, then the reciprocal lattice is
given by

Ln∗ =
{
~v∗ ∈ En∗v | ~v∗ · ~t ∈ Z,∀~t ∈ Ln

}
=
{
~v∗ ∈ En∗v | ~v∗ ·~bi ∈ Z,∀~bi ∈ B

}
where the vectors are given with respect to the canonical basis. This subset of En∗v
forms a lattice in reciprocal space, with the reciprocal basis B∗ as primitive basis. The
reciprocal unit cell is defined analog to the unit cell in direct space. Since the content of
a unit cell is given by the square root of the absolute value of the determinant of the
metric tensor, it follows that the volume of the reciprocal unit cell is the inverse of the
volume of the direct unit cell.
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Appendix

C

Calculus of the
electromagnetic interaction

There are different mathematical descriptions of space and time: Galilean, Maxwellian,
Minkowskian, Einsteinian, etc. The nature of space-time is defined by empirically
determined physical laws and the principle of relativity that states that these laws
must have the same form in different frames of reference. For example the laws of
classical mechanics lead to the Galilean description of time and space while classical
electrodynamics defines Minkowskian space-time [1]. Although this chapter deals
with electrodynamics, we will first discuss Galilean space-time in which the basic
concepts of calculus, frequent used in the manuscript, will be summarized. After that,
only a slight change in geometry (but with far reaching consequences) is needed to
describe the electromagnetic interaction in its appropriate space-time.

C.1 Galilean space-time
Galilean space-time G4 is an affine space where a four-dimensional vector space G4

v

over field R acts on a set of events G4
p [2]. Additionally, G4

v has a three-dimensional
subspace G3

v which is isomorphic to three-dimensional Euclidean vector space E3
v . As

a consequence, G3
v is endowed with an inner product. By convention, we will choose

a basis in G4
v so that G3

v is spanned by the last three basis vectors. In this chapter, an
orthonormal basis was be assumed, unless otherwise noted. As for any vector space, a
choice of basis induces an isomorphism between Galilean vector space and coordinate
space R4, given by

CB : G4
v → R4 : ~v = t~et + x~ex + y~ey + z~ez 7→


t

x

y

z

 def= (t, ~x)
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C. Calculus of the electromagnetic interaction

so that CB
(
G3
v

)
=
{

(0, ~x) | ~x ∈ R3} ∼= R3. Note that R3 is endowed with an inner
product, but R4 is not. As for any affine space, the additional choice of an origin
induces an isomorphism between Galilean point and coordinate space

CB,o : G4
p → R4 : p = t~et + x~ex + y~ey + z~ez + o 7→ (t, ~x).

C.1.1 Simultaneity and time difference

Through the structure of Galilean vector space, we will see that Galilean point space
acquires properties that correspond with our intuitive interpretation of space and
time. For a choice of basis in Galilean vector space, the one-dimensional subspace G1

v

for which CB
(
G1
v

)
= {t~et | t ∈ R} ∼= R, is complementary to G3

v . We can consider the
following projection [B.4.3]

τ : G4
v → G4

v : t~et + x~ex + y~ey + z~ez 7→ t~et

for which Ker(τ) = G3
v and Im(τ) = G1

v. This map will be called the absolute time
difference map and it allows us to define the time difference between two events as

dt : G4
p ×G4

p → G1
v : (p, q) 7→ τ(q − p).

When the time difference is zero, the events are called simultaneous and being simulta-
neous is an equivalence relation in Galilean point space. Consider the equivalence
class of an event p ∈ G4

p under this relation, also referred to as an instant in Galilean
point space:

[p]sim =
{
q ∈ G4

p | dt(p, q) = 0
}

The difference vectors of [p]sim are given by Ker(τ). Therefore every instant is isomor-
phic with Euclidean vector space E3

v . The set of instants in Galilean point space will
be noted as Gsim and we can consider the following sharply transitive group action of
G1
v on this set [B.5]

f~t : Gsim → Gsim : [p]sim 7→ ~t+ [p]sim = [q]sim

with ~t ∈ G1
v and ~t = dt(p, q). Thus the set of instants becomes an affine space Gsim. By

convention we will choose [o]sim to be the origin.

C.1.2 Galilean transformation

An affine map between two Galilean spacesGA : G4 → G4′ is a function that preserves

• the affine structure [B.5.2]

GP : G4
p → G4

p′ : p 7→ p∗

GL : G4
v → G4

v′ : ~v 7→ ~v′

so that GL(q − p) = GP (q)−GP (p)

where GP preserves difference vectors and GL is a linear map,
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• the Euclidean structure [B.6.1]

GL

(
G3
v

)
= G3

v′

∀~v, ~w ∈ G3
v,∀~v′, ~w′ ∈ G3

v′ : 〈~v, ~w〉 =
〈
~v′, ~w′

〉
∀p1, p2 ∈ [p]sim,∀p∗1, p∗2 ∈ [p∗]sim : de(p1, p2) = de(p∗1, p∗2)

where 〈·, ·〉 the inner product between vectors and de the induced metric,
• the time difference between events

τ(~v) = τ ′
(
~v′
)

⇐⇒ τ(q − p) = τ ′(q∗ − p∗)
⇐⇒ dt(p, q) = dt′(p∗, q∗)

The group of all automorphisms of Galilean space-time is referred to as the Galilean
group. It contains all bijective affine maps that preserve the structure of Galilean
space-time. These maps will be referred to as Galilean transformations. Analog to
Appendix B.5.2, we can write for a Galilean transformation that

GP (p?) = ~oo? +GL( ~op) + o = ~t+GL( ~op) + o

where GL a linear transformation which is orthogonal for subspace Ker(τ). Since we
chose the basis so that this subspace is spanned by the last three basis vectors, we can
represent a Galilean transformation in coordinate space as follows [B.5.1]

t

x

y

z

1

 =


1 0 0 0 tt
ux R11 R12 R13 tx
uy R21 R22 R23 ty
uz R31 R32 R33 tz
0 0 0 0 1

 ·

t′

x′

y′

z′

1


where R ∈ GL(3,R) an orthogonal transformation (but not necessarily an orthogonal
matrix), ~u ∈ R3 a so-called Galilean boost and ~t ∈ R4 a translation in time and space.
Note that the equation above is actually the associated change of reference frame.
In short we can write this as (t, ~x) = G−1 · (t′, ~x′) where G the Galilean transforma-
tion. For an orthonormal basis, the orthogonal transformations R can be written as a
combination of these transformations

I =

−1 0 0
0 −1 0
0 0 −1

 Rotx(α) =

1 0 0
0 cosα sinα
0 − sinα cosα


Roty(β) =

cosβ 0 − sin β
0 1 0

sin β 0 cosβ

 Rotz(γ) =

 cos γ sin γ 0
− sin γ cos γ 0

0 0 1


where I the inversion while the others are counter-clockwise rotations for a right-
handed basis.
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C. Calculus of the electromagnetic interaction

C.2 Vector fields
A scalar field and a vector field are defined as the following functions

f : Rn → R : ~x 7→ f(~x)
F : Rn → Rm : ~x 7→ F (~x)

where domain and codomain are often normed vector spaces [B.4.8] for which the
norm is derived from the Euclidean inner product. In this section we will endow Rn

with the Euclidean structure to define differentiability amongst other concepts, but it
is not necessary to do so. There are more general spaces (e.g. manifolds) for which the
concept of differentiability can be defined. Without going into detail, we will assume
that the spaces used in this manuscript have all necessary structure apart from the
structure given in their definition, to allow for the definition of differentiability.

C.2.1 Jacobian

The vector field F : Rn → Rm is called differentiable at a point ~x0 iff there exists a linear
map dF (~x0) : Rn → Rm, called the differential of F in ~x0, for which the following holds

lim
~h→~0

F (~x0 + ~h)− F (~x0)− dF (~x0)
(
~h
)

∥∥∥~h∥∥∥ = ~0

If we write ~h = λ~n with ‖~n‖ = 1 then by using the linearity of the differential we find

dF (~x0)(λ~n) = λdF (~x0)(~n)

⇐⇒ dF (~x0)(~n) = lim
λ→0

F (~x0 + λ~n)− F (~x0)
λ

with dFi(~x0)(~n) = lim
λ→0

Fi(~x0 + λ~n)− Fi(~x0)
λ

where i ∈ {1, . . . ,m}, Fi = pri ◦ F and pri the projection of a vector on its i-th
component. Since the components Fi : Rn → R are also linear maps, we can write that

dFi(~x0)(~h) =
n∑
j=0

hjdFi(~x0)
(
~ej
)

=
n∑
j=0

hj lim
λ→0

Fi
(
~x0 + λ~ej

)
− Fi(~x0)

λ

def=
n∑
j=0

hj
∂Fi
∂xj

(~x0)

where
{
~ej
}
the canonical basis in Euclidean coordinate space and ∂Fi

∂xj
(~x0) the partial

derivative of scalar field Fi to variable xj at ~x0. This leads to the expression of the
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C.2. Vector fields

differential of a vector field as a matrix multiplication

dF (~x0) : Rn → Rm : ~h 7→ JacF (~x0) · ~h

with (JacF (~x0))ij
def= ∂Fi
∂xj

(~x0)

where JacF (~x0) the Jacobian matrix of vector field F at point ~x0. When the vector field
is differentiable on the entire domain, the derivative of a vector field is defined as the
function

dF

d~x : Rn → Rm×n : ~y 7→ JacF (~y)

Note that for a univariate scalar field n = m = 1 andwe commonlywrite the derivative
in Leibniz notation as df

dx (y), in Lagrange notation as f ′(y) or in Newton notation as
ḟ(y).

When the derivative of a function is continuous, we call the function continuously
differentiable. When the derivative of a function is differentiable, we call the function
twice differentiable. When all higher derivatives of a function exist and are continuous,
we call the function smooth.

C.2.2 Change of variables

Consider a continuously differentiable scalar field f and a bijective, continuously
differentiable map H which is referred to as a change of variables:

f : Rn → R : ~x→ f(~x)
H : Rn → Rn : ~x→ ~y

The (Riemann) integral of the vector field after a change of variables can be written as
ˆ

H(S)
f(~y) d~y =

ˆ
S
f(H(~x))|det(JacH(~x))| d~x

where d~x def= dx1 . . . dxn and d~y def= dy1 . . . dyn. Equivalently we can also write
ˆ
S
f(~x) d~x =

ˆ
H(S)

f
(

H−1(~y)
)∣∣det(JacH−1(~y)

)∣∣ d~y
C.2.3 Gradient and Hessian

The derivative of a differentiable scalar field f : Rn → R is called the gradient of the
scalar field and is given by the following map:

∇f : Rn → Rn : ~x 7→ Jacf (~x)

with
(
Jacf (~x)

)
i

= ∂f

∂xi
(~x)
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C. Calculus of the electromagnetic interaction

If the gradient is differentiable, we can consider its derivative given by the Jacobian
matrix

∇∇f : Rn → Rn×n : ~x 7→ Jac∇f (~x)

with
(
Jac∇f (~x)

)
ij

= ∂2f

∂xi∂xj
(~x)

The Jacobian matrix of a gradient field is also known as the Hessian of the underlying
scalar field, which is in fact its second derivative.

C.2.4 Curves

A curve is a subset of Rn with n > 1 for which a continuous map, called the curve’s
parametrization, exists:

r : I ⊂ R→ C ⊂ Rn : t 7→ r(t)

where I is a real interval (i.e. a non-empty, connected subset of R). The map itself
is also commonly referred to as a curve, while its image may be called a path. If a
curve is differentiable, then we call the first derivative its velocity and the norm of the
velocity its speed. If a curve is twice differentiable, then we call the second derivative
its acceleration.

Under a change of variables

f : I ⊂ R→ J ⊂ R : t 7→ s

a different parametrization can be defined as follows:

r̃ : J ⊂ R→ Rn : s 7→ r
(
f−1(s)

)
Themost commonly encountered parametrization of a curve is the arc-length parametriza-
tion. The arc-length of a curve is defined by

τ : I ⊂ R→ J ⊂ R : t 7→
ˆ t

t0

∥∥r′(s)∥∥ ds
so that the arc-length parametrization is given by r̃(s) = r

(
τ−1(s)

)
. The velocity of

this parametrization is given after application of the chain rule for the derivative of
the composition of two functions:

dr̃

ds (s) = dr

dt (t)dtds(s) = dr

dt (t)dτ
−1

ds (s) = dr

dt (t) 1
dτ
dt (t)

Using the first fundamental theorem of calculus we find that

dτ
dt (t) =

∥∥r′(t)∥∥ ⇐⇒ dr̃

ds (s) = r′(t)
‖r′(t)‖
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C.2. Vector fields

Therefore the parametrization based on the arc-length is also called the unit speed
parametrization of a curve since ‖r̃′(s)‖ = 1. Moreover it can be shown that the arc-
length of a curve is independent of its parametrization and therefore the unit speed
parametrization is unique (up to a choice of t0).

The line integral of a vector field F : Rn → Rn along a smooth curve in its domain
is defined as ˆ b

a
F (r(t)) · dr

dt (t) dt def=
ˆ
C

F (r) · ~dr

where “·” the dot product. According to the Gradient Theorem, the line integral of a
gradient field over a smooth curve in Euclidean space can be written as a function of
the scalar field at begin and end point:

ˆ
C

∇f(r) · ~dr = f(r(b))− f(r(a))

Note that this line integral is path independent and only depends of the endpoints of
the curve. A vector field which line integral is path independent is called conservative.
This can only be the case when the vector field is the gradient of a scalar field, called
the scalar potential of the vector field. For example in classical mechanics, we consider
the force (of whatever nature) as a vector field F (~x) which is the gradient field of a
scalar field know as the potential energy field F (~x) = −∇Epot(~x). The line integral of
a force field over a smooth curve is then given by

ˆ
C

F (r) · ~dr = −
ˆ
C

∇Epot(r) · ~dr = Epot(r(a))− Epot(r(b)) = −∆Epot = W

and is known as the work done by the force field. To conclude, we define power P the
rate at which work is done by a force field:

W (t) =
ˆ t

t0

F (r(t)) · dr

dt (t) dt ⇐⇒ dW
dt (t) = F (r(t)) · dr

dt (t) = P (t)

where we used the first fundamental theorem of calculus.

C.2.5 Surfaces

A surface is a subset S ⊂ Rn with n > 2 for which a continuous map, called the
surface’s parametrization, exists:

S : U ⊂ R2 → Rn : (u, v) 7→ S(u, v) = (x(u, v), y(u, v), . . .)

where U is a non-empty, connected subset of R2. Analog to the arc-length of a curve,
the area of a smooth surface is given by

A =
¨
S
‖T u × T v‖ dudv
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C. Calculus of the electromagnetic interaction

where T u and T v are the linear independent tangent vectors

T u = ∂S

∂u
(u, v)

T v = ∂S

∂v
(u, v)

Analog to the line integral of a curve, the surface integral of a vector field F : R3 →
R3 over a smooth surface in its domain is defined as¨

U
F (S(u, v)) · (T u × T v) dudv

def=
¨
S

F (S) · ~dS def= ΦS(F )

Physically, this surface integral can be interpreted as the fluxΦ of vector fieldF through
surface S. The surface integral is often written as a function of the unit surface normal
n̂(S):

n̂(S) = T u × T v

‖T u × T v‖

⇐⇒
¨
S

F (S) · ~dS =
¨
U

F (S) · n̂(S)‖T u × T v‖ dudv

=
¨
S

F (S) · n̂(S) dA

Solid angle

The area A of a surface S, parameterized in spherical coordinates with radial distance
ρ ∈ [0,∞[, azimuthal angle φ ∈ [0, 2π[ and polar angle θ ∈ [0, π[, is given by

S(φ, θ) = ρ(φ, θ) sin θ cosφ x̂+ ρ(φ, θ) sin θ sinφ ŷ + ρ(φ, θ) cos θ ẑ

A =
¨
S
ρ

√(
ρ2 +

(
∂ρ

∂θ

)
2
)

sin2 θ +
(
∂ρ

∂φ

)
2 dφdθ

For a sphere with radius R, the area of a spherical patch is given by

Asphere =
¨
S
R2 sin θ dφdθ

The solid angle Ω of a surface is defined as the projected area of the surface on the unit
sphere and is therefore given by

Ω def=
¨
Sproj

sin θ dφdθ

This is commonly used to rewrite the surface integral of a vector field over a spherical
patch as

¨
S

F (S) · ~dS =
¨
S

F (S) · n̂(S)R2 sin θ dφdθ =
¨
S

F (S) · n̂(S)R2 dΩ
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C.2.6 Divergence

The divergence of a differentiable vector field F : Rn → Rm is a scalar field that asso-
ciates a flux density to each point

∇ · F : Rn → R : ~x 7→
m∑
i=1

∂Fi
∂xi

(~x)

where the notation ∇· is used because of the resemblance with the dot product. The
term ‘flux density’ comes from the Divergence Theoremwhich states that the volume
integral of the divergence of a vector field F : R3 → R3 over a volume V ⊂ R3 with
closed boundary S, is equal to the flux of this vector field through this boundary:

˚
V

∇ · F (~x) d~x =
"
S

F (S) · ~dS = ΦS

The divergence of a gradient field of a twice differentiable scalar field f : Rn → R is
given by

∇ ·∇f : Rn → R : ~x 7→
m∑
i=1

∂2fi
∂x2

i

(~x)

which is called the scalar Laplacian and is written as ∇ ·∇f
def= ∇2f .

C.2.7 Curl

The rotor or curl of a differentiable vector field F : R3 → R3 is a vector field that
associates an angular moment vector to each point

∇× F : R3 → R3 : ~x 7→=


∂F3
∂x2
− ∂F2

∂x3
∂F1
∂x3
− ∂F3

∂x1
∂F2
∂x1
− ∂F1

∂x2


where the notation ∇× is used because of the resemblance with the cross product.
According to the Curl Theorem, the line integral of the curl of a vector field over a closed
boundary C of a surface S ⊂ R3 is equal to the flux of this vector field through this
surface: ˛

C
∇× F (r) · ~dr =

¨
S

F (S) · ~dS = ΦS .

A vector field which curl is the zero vector, is called irrotational. Note that every
conservative field is irrotational because

∇× F (~r) = ∇×∇f(~r) = ~0.

If every closed curve in the domain of the vector field encloses only points from
this domain, then this domain is called simply connected. It can be shown that every
irrotational vector field on a simply connected domain is also conservative and can be
written as the gradient of a scalar field.
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A vector field which divergence is zero, is called a solenoidal vector field. It can be
shown that a vector field is solenoidal iff it can be written as the curl of a vector field
which is called the vector potential of this vector field. According to the fundamental
theorem of vector calculus, any twice continuously differentiable vector field on R3

can be written as the sum of an irrotational and a solenoidal vector field so that

F (~r) = −∇U(~r) + ∇×A(~r).

To conclude, the vector Laplacian of a twice differentiable vector field F : R3 → R3,
is defined as ∇2F = ∇(∇ · F )−∇× (∇× F ). In cartesian coordinates (as opposed
to spherical, cylindrical, etc.), this can be written as ∇2F = [∇2F1,∇2F2,∇2F3].

C.2.8 Fourier transform

The Fourier series of a periodic function g : R → R : g(y + nT ) = g(y) with period
T = 2π and n ∈ N, is defined as the following series, which converges to this function
when the Dirichlet conditions are satisfied [3] and wherever it is continuous:

g(y) = a0
2π +

∞∑
n=1

[
an
π

cos(ny) + bn
π

sin(ny)
]

with an =
ˆ π

−π
g(y) cos(ny) dy (n ≥ 0)

and bn =
ˆ π

−π
g(y) sin(ny) dy (n ≥ 1)

Using Euler’s formula, this can be written in complex form

g(y) =
∞∑

n=−∞

cn
2πe

iny

with cn =
ˆ π

−π
g(y)e−iny dy (n ∈ Z)

For a function f(x) with period T , we can write this after a change of variable y = 2πx
T

as

f(x) =
∞∑

n=−∞

cn
T
e2πiνnx

with cn =
ˆ T

2

−T2
f(x)e−2πiνnx dx (n ∈ Z)

with νn = n
T . For aperiodic functions, T → ∞ and ∆νn = νn+1 − νn = 1

T becomes
infinitely small. The discrete variable νn becomes a continuous variable ν in this
case and the sum over this variable becomes an integral. Furthermore the discrete

318



C.3. Galilean principle of relativity

coefficients cn become a continuous function f̃(ν). Mathematically formalized, this
can be written as

f(x) =
ˆ ∞
−∞

f̃(ν)e2πiνx dν

f̃(ν) =
ˆ ∞
−∞

f(x)e−2πiνx dx

where f̃ is called the Fourier transform of f . For a function F : Rn → Rm where Rn is
endowed with a real, symmetric, non-degenerate bilinear form 〈·, ·〉, we find a similar
decomposition:

F (~x) =
ˆ ∞
−∞

F̃ (~ν)e2πi〈~ν,~x〉 d~ν

F̃ (~ν) =
ˆ ∞
−∞

F (~x)e−2πi〈~ν,~x〉 d~x

C.3 Galilean principle of relativity
Frames which are related by a Galilean transformation are called inertial frames of
reference. The coordinates (ct, ~x) and (ct′, ~x′) in two inertial frames are related as
follows [B.5.1]: {

t = t′ + tt

~x = t′~u+R · ~x′ + ~t~x
(C.1)

Galilean transformations preserve the structure of Galilean space-time and therefore
all physical laws that are described in this space must have the same form in all
inertial frames. This is known as the Galilean principle of relativity and is inherent to
the structure of Galilean space-time.

C.3.1 World lines

A world line in Galilean space-time is defined as (the image of) the following curve

w : I ⊂ Gsim → G4
p : [p]sim 7→ q ∈ [p]sim

Physically, a world line is the unique path which describes an object in space and time.
Note that this makes sense since a world line cannot contain simultaneous events by
definition. When choosing a frame in Galilean space-time and origin [o]sim in the set
of instants, then we can write a world line as

w : I ⊂ Gsim → G4
p : t 7→ w(t) = wv(t) + o

wv : I ⊂ Gsim → G4
v : t 7→ (t,x(t))

x : I ⊂ Gsim → G3
v : t 7→ ~x
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where x(t) a curve in Euclidean space known as a trajectory. If a world line is twice
differentiable, we can consider its velocity v(t) and acceleration a(t). The velocity of a
curve is defined as

dw

dt (t) = lim
h→0

(wv(t+ h) + o)− (wv(t) + o)
h

= dwv

dt (t) def= v(t)

When choosing a frame in Galilean space-time we can evaluate velocity and accelera-
tion as follows

v : R→ R4 : t 7→dw

dt (t) =
(

1, dx

dt (t)
)

def= (1, ṽ(t))

a : R→ R4 : t 7→d2w

dt2 (t) =
(

0, d
2x

dt2 (t)
)

def= (0, ã(t))

The derivatives ṽ(t) and ã(t) of the corresponding trajectory are the classical velocity
and acceleration of an object. We can use Equation C.1 to find the relation between
velocity and acceleration in frames related by a Galilean transformation:

v(t) = dw

dt = dw

dt′
dt′
dt =

(
1, R · dx′

dt′ + ~u

)
=
(
1, R · ṽ′

(
t′
)

+ ~u
)

a(t) = dv

dt = dv

dt′
dt′
dt =

(
0, R · ã′

(
t′
))

Note that the velocity transforms according to the linear part of the Galilean trans-
formation, which is expected as it lives in vector space G4

v and not in affine space G4
p.

Furthermore, the acceleration transforms with the orthogonal part of the Galilean
transformation, which is expected as it lives in subspace G3

v. We see that a Galilean
boost can be physically interpreted as the uniform velocity of the new inertial frame
with respect to the original. We can now interpret inertial frames as frames that have
a fixed orientation (in space) and a uniform velocity with respect to each other.

C.3.2 Vector fields

A vector field in Galilean space-time is a map F : G4
p → G3

v while a scalar field is a
map f : G4

p → R. Newton’s second law of motion for example, which gives the relation
between the acceleration of an object with massm and the applied external force (of
whatever nature), can be expressed in Galilean space-time as

F : G4
p → G3

v : w(t) 7→ mã(t)

After a change of inertial frame we can write{
F (w(t)) = mã(t) = mR · ã′

(
t′
)

F (w(t)) = R · F ′
(
w′
(
t′
))

⇐⇒ F ′
(
w′
(
t′
))

= mã′
(
t′
)

Here we used the fact that F ∈ G3
v and therefore transforms with R under a change of

inertial frame. So if Newton’s second law of motion hold in one inertial frame, it holds
in all inertial frames and is therefore called Galilean invariant.
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Energy

The line integral of the force field along a world line of an object with massm is given
by

ˆ
C

F (w) · ~dw = m

ˆ b

a

dṽ

dt (t) · ṽ(t) dt = m
n∑
i=1

ˆ b

a

dṽi
dt (t)ṽi(t) dt

= m
n∑
i=1

ˆ ṽi(b)

vi(a)
ṽi(t) dṽi(t)

= m‖ṽ(b)‖2

2 − m‖ṽ(a)‖2

2

We know that for a conservative force field we can write that
´
C F (w) · ~dw = Epot(a)−

Epot(b). If we define the the energy of an object in a conservative force field as

Etot(t) = m‖ṽ(t)‖2

2 + Epot(t)
def= Ekin(t) + Epot(t)

where Ekin(t) the kinetic energy of the object, then we find that the total energy of the
object in a conservative force field does not change.

C.4 Minkowskian space-time
Galilean space-time corresponds to our intuitive interpretation of space and time and
the laws of classical mechanics obey the Galilean principle of relativity. However, the
classical laws that describe the electromagnetic interaction do not. For example, the
speed of light in vacuum as predicted by the laws of classical electrodynamics, is the
same in all inertial reference frames. Einstein’s theory of special relativity solves the
problem by abandoning Galilean space-time for Minkowskian space-time. It does
assume however the absence of gravitational effects, which are treated by Einstein’s
theory of general relativity.

Minkowskian space-timeM4 is an affine space where a four-dimensional vector space
M4
v over field R acts on a set of eventsM4

p . Additionally, a non-degenerate, symmetric
bilinear form η : M4

v ×M4
v is defined on the vector space[B.4.5], for which there exists

a basis Be = (~et, ~ex, ~ey, ~ez) so that the bilinear form in coordinate space is given by [4]

η : R4 × R4 → R : (~v, ~w) 7→ η(~v, ~w) = V Te ·Me ·We

with Me =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


where Ve andWe the coordinates of ~v and ~w. This bilinear form will be referred to
as theMinkowskian inner productwhich has all the properties of an inner product on
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a real vector space[B.4.9], except for positive-definiteness, which is replaced by the
weaker condition of non-degeneracy. Orthogonality of vectors can be defined analog
to orthogonality in an inner product space, as defined in Appendix B.4.9.

A vector for which η(~v,~v) < 0 is called timelike, η(~v,~v) > 0 spacelike, η(~v,~v) = 0
lightlike and η(~v,~v) ≤ 0 causal. The subspaces spanned by these vectors are also called
timelike, spacelike, lightlike and causal.

We can decompose any vector in Minkowskian vector space as ~v = a~u+ ~w such
that ~u 6= ~0 and ~w ∈ ~u⊥ is an element of the orthogonal complement ~u⊥ of the subspace
spanned by ~u. The orthogonal complement is three-dimensional and if we choose ~u to
be timelike, then ~u⊥ is spacelike and ~w is spacelike or the zero vector. If we choose a
timelike ~u to decompose ~v, then the spacelike component is given by

~w = ~v − a~u with a = η(~u,~v)
η(~u, ~u)

A timelike vector can only be orthogonal to a spacelike vector. Therefore, a lightlike
vector can only be orthogonal to a spacelike or another lightlike vector. Additionally,
lightlike vectors are orthogonal iff they are proportional. Spacelike vectors can be
orthogonal to any other vector type.

We will also consider an equivalence relation on the set of causal vectors, which
will be called co-orientation. Two causal vectors ~v and ~w are said to have the same
temporal orientation when η(~v, ~w) < 0 or ~v = a~wwith a > 0, where the later condition
defines co-orientation of lightlike vectors. There are two equivalence classes under co-
orientation which divide the causal vectors in future and past oriented vectors.

TheMinkowskian norm induced by the inner product is defined as ‖~v‖ =
√
|η(~v,~v)|

which is in fact not a norm [B.4.8] because it is not subadditive and there are non-zero
vectors which norms are zero (lightlike vectors). Furthermore, the norm induces a
function in Minkowskian point space which will be called theMinkowskian distance
dM (p, q) = ‖q − p‖which is not a metric [B.4.7] since it is not subadditive and different
events can have a distance which is zero.

The coordinates of a vector are often written as
(
x1, x2, x3, x4) def= (ct, x, y, z) def=

(ct, ~x) where c ∈ R. This constant is introduced to assign a physical unit to the
Minkowskian distance dM (p, q) =

√
|∆x2 + ∆y2 + ∆z2 − c2∆t2|. For the standard

basis, ~et is timelike and the other basis vectors are spacelike. In coordinate space,
we will call the corresponding components timelike and spacelike. If the spacelike
components are measured in one unit and the timelike component in another unit,
then the constant c converts time units to space units and the Minkowskian distance is
given in space units. Note that we could have chosen to express everything in time
units.

C.4.1 Minkowskian geometry

For two spacelike vectors it can be shown that, just as in the Euclidean case,

|η(~u,~v)| ≤ ‖~u‖‖~v‖
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which is known as the Cauchy-Schwarz inequality. Therefore we can define an angle
between spacelike vectors so that

cosα = η(~u,~v)
‖~u‖‖~v‖

which is well posed because the right side gives a number between−1 and 1 because of
the Cauchy-Schwarz inequality. For two causal vectors however, we find the opposite
to be true

|η(~u,~v)| ≥ ‖~u‖‖~v‖

As a result, we can only define an angular measure between timelike vectors with the
same temporal orientation

cosh α̃ = −η(~u,~v)
‖~u‖‖~v‖

which is well posed because the right side is a number between 1 and infinity, just
as the hyperbolic cosine. The hyperbolic angle is often written as α̃(p, o, q), which
indicates that α̃ is the angular measure between timelike, co-oriented vectors ~op and
~oq. Analog to Euclidean trigonometry, one can consider Minkowskian trigonometry
for timelike, co-oriented vectors:

• if ~op, ~oq and ~or are co-planar vectors, then

α̃(p, o, q) + α̃(q, o, r) = α̃(p, o, r)

• consider ~op and ~oq so that ~op ⊥ ~pq (note that ~pq is spacelike) and α̃(p, o, q) then

‖ ~oq‖2 = ‖ ~op‖2 − ‖ ~pq‖2

‖ ~op‖ = ‖ ~oq‖ cosh α̃
‖ ~pq‖ = ‖ ~oq‖ sinh α̃

C.4.2 Simultaneity

Events inherit the space-time classification of vectors through their difference vectors.
For example an event is timelike related to another event when the difference vector
is timelike. Two events p and q are said to be simultaneously related with respect to a
timelike vector ~u if their difference vector is perpendicular to ~u. Being simultaneous
with respect to a timelike vector is an equivalence relation in Minkowskian point space
and the difference vectors of each class form a three-dimensional, spacelike subspace
~u⊥ of Minkowskian vector space.

C.4.3 Lorentz transformation

An affine map between two Minkowskian spacesMA : M4 → M′4 is a function that
preserves
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• the affine structure [B.5.2]:

MP : M4
p →M4

p′ : p 7→ p∗

ML : M4
v →M4

v′ : ~v 7→ ~v′

so thatML(q − p) = GP (q)−GP (p)

whereMP preserves difference vectors andML is a linear map,

• theMinkowskian inner product in the associated vector space and theMinkowskian
distance in point space:

η(~v, ~w) = η
(
~v′, ~w′

)
dM (p, q) = dM (p∗, q∗)

The group of all automorphisms of Minkowskian space-time to itself is referred to
as the Poincaré group. It contains all bijective affine maps that preserve the structure
of Minkowskian space-time. These maps will be referred to as Poincaré transforma-
tions and their underlying linear transformations as Lorentz transformations. For an
orthonormal basis, the Lorentz transformations can be written as a combination of
these transformations:

Lsp =


1 0 0 0
0 R11 R12 R13
0 R21 R22 R23
0 R31 R32 R33



Boostx(α̃) =


cosh α̃ sinh α̃ 0 0
sinh α̃ cosh α̃ 0 0

0 0 1 0
0 0 0 1

 Boosty(β̃) =


cosh β̃ 0 sinh β̃ 0

0 1 0 0
sinh β̃ 0 cosh β̃ 0

0 0 0 1



Boostz(γ̃) =


cosh γ̃ 0 0 sinh γ̃

0 1 0 0
0 0 1 0

sinh γ̃ 0 0 cosh γ̃

 Ĩ =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


where Lsp represents three spatial rotations and a space inversion as defined in Ap-
pendix C.1.2. The transformation Ĩ is called a time reversal and the three hyperbolic
rotations which will be called Lorentz boosts. As for Galilean transformations, the given
matrices are actually the associated change of basis matrices. A Poincaré transforma-
tions is formed by combining a Lorentz transformations with a translation.

C.5 Special principle of relativity
Analog to Galilean space-time, frames which are related by a Poincaré transformation
are called inertial frames of reference. The coordinates (ct, ~x) and (ct′, ~x′) in two inertial
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frames are related as follows [B.5.1]:(
ct′, ~x′

)
= P · (ct, ~x)

Poincaré transformations preserve the structure of Minkowskian space-time and there-
fore all physical laws that are described in this space must have the same form in all
inertial frames. This is known as the Special principle of relativity and is inherent to the
structure of Minkowskian space-time.

C.5.1 World lines

Smooth curves in Minkowskian space-time inherit the space-time classification of
vectors. A smooth curve in Minkowskian space-time is the (image) of the function

w : I ⊂ R→M4
p : t 7→ w(t) = wv(t) + o

wv : I ⊂ R→M4
v : t 7→ wv(t)

The velocity of a curve is defined as

dw

dt (t) = lim
h→0

(wv(t+ h) + o)− (wv(t) + o)
h

= dwv

dt (t) def= v(t)

A curve is timelike, spacelike, lightlike or causal if the velocity v(t) is. The arc-length
of a future-oriented, timelike curve that connects two timelike related events, is known
as the elapsed proper time between the two events along the curve:

τ : I ⊂ R→ R : t 7→ 1
c

ˆ t

t0

‖v(s)‖ ds

Note that this is actually the arc-length divided by c, because we want proper time to
have time units. The proper distance between two spacelike related events is defined as
the Minkowskian distance between them, which reduces to the Euclidean distance.

Relative velocity

Physically, a timelike curve is the unique path that an object follows in space and time.
Analog to Galilean space-time, we will call them world lines. Objects that move with a
constant velocity describe timelike lines, while photons traveling in vacuum describe
lightlike lines. The relative speed between two timelike lines can be derived from
Minkowskian geometry as illustrated in Figure C.1(a). For convenience, we will choose
two world lines that intersect in the origin and that represent objects which move in
the x-direction. Consider an event p along line L, then the proper elapsed time along
L is given by τ(tp) = ‖ ~op‖/c. There is only one event q on the second timelike line L′ for
which ~pq ⊥ ~op. Since ~op is timelike, ~pq will be spacelike and p and q are simultaneous
with respect to L. Therefore, the proper distance the object with world line L′ traveled
with respect to an observer with world line L, is given by ‖ ~pq‖. Dividing proper
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distance by proper time along the world line of the observer, gives the speed of the
object with respect to the observer (and vice versa)

‖ṽ‖ = ‖ ~pq‖
‖ ~op‖/c

= c
‖ ~oq‖ sinh α̃
‖ ~oq‖ cosh α̃ = c tanh α̃

where α̃ the hyperbolic angle between the two world lines. Since tanh α̃ ∈ [0, 1[, we see
that the speed of an object can never reach c for any observer. If L′ is a lightlike line, it
can be shown that ‖ ~pq‖ = ‖ ~op‖ and therefore ‖ṽ‖ = c. This leads to the famous notion
that the speed of light (in vacuum) is the same for all constantly moving observers.

(a) Time dilation (b) Length contraction

Figure C.1: The effect of Minkowskian geometry on observed length and time.

Length contraction and time dilation

Using the property cosh2 α̃ − sinh2 α̃ = 1, we can express the hyperbolic sine and
cosine between two straight world lines as a function of their relative velocity:

cosh α̃ = γ

sinh α̃ = βγ

with β = ‖ṽ‖
c

and γ = 1√
1− β2

where ‖ṽ‖ the constant, relative speed between the world lines, as perceived by either
world line. The factor γ is referred to as the Lorentz factor and has a value between 1
and infinity.

The elapsed proper time between events o and q, according to an observer with
world line L′ as shown in Figure C.1(a), is τ ′(tq) = ‖ ~oq‖/c. For the observer with world
line L however, the elapsed proper time between o and q is τ(tq) = ‖ ~op‖/c for which p
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and q are simultaneous according this observer. Using Minkowskian geometry we
find that

τ(tq) = ‖ ~op‖
c

= ‖ ~oq‖ cosh α̃
c

= γτ ′(tq)

We find the same expression when we switch the roles of the observers. So both
observers notice that the time they measure is longer than the time measured by the
other. This phenomenon is commonly known as time dilation.

A similar observation can be made for two observers that measure the length of a
rod. Consider the situation as represented in Figure C.1(b). The world line of the rod is
given by the gray area (strictly speaking we should consider a world volume, but that
is irrelevant in this thought experiment). The length of the rod measured by L at event
p is given by ‖ ~qr‖ where q and r are simultaneous to p so that ~qr ⊥ ~op. The length
measured by L′ at event q is given by ‖ ~qr′‖ where q and r are simultaneous so that
~oq ⊥ ~qr′. Using the addition rule for co-planar vectors, we find that if α̃ is the angle
between ~op and ~oq, then it is also the angle between ~qr and ~qr′. Using trigonometry,
we find that the length of a rod measured by an observer is shorter than the length
measured by another observer in relative uniform motion

‖ ~qr‖ = ‖ ~qr′‖
cosh α̃ = ‖

~qr′‖
γ

This phenomenon is commonly known as length contraction.
Note that the basic aspect ofMinkowskian space-time that causes lengths and times

to be measured differently by observers in relative uniform motion, is the relativity of
simultaneity, implying that events which are simultaneous according to one observer,
are not simultaneous to another observer.

Four-velocity

Consider a world line with parametrization wv(t) = (ct,x(t)). An observer which
described a world line w0(t) = (ct,0) with respect to an inertial frame of reference,
is called the frame observer of this inertial frame. The elapsed proper time along the
world line of the frame observer is given by τ0(t) = t. Therefore wv(t) is said to be
parameterized by the proper time of the frame observer.

As for any curve, we can consider the velocity of a world line v(t) = dw
dt = (c, ṽ(t)).

The spatial component ṽ(t) gives the proper distance traveled over the elapsed proper
time according to the frame observer and therefore corresponds to the classical velocity.
It will also prove to be useful to consider the velocity of a world line w(τ) when
parameterized by its proper time. The resulting vector will be called the four-velocity.
To find an expression of the four-velocity in terms of the classical velocity, we first
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consider the time-derivative of proper time:

τ(t) = 1
c

ˆ t

t0

‖v(s)‖ ds

⇐⇒ dτ
dt (t) = ‖v(t)‖

c
= 1
c

√∣∣∣ṽ2(t)− c2
∣∣∣

⇐⇒ =
√

1−
(∥∥ṽ(t)

∥∥/c)2 = 1
γ

wherewe used the first fundamental theorem of calculus and the fact that for a timelike
curve ṽ2(t) < c2 where ṽ2(t) = ṽ(t) · ṽ(t) = ‖ṽ(t)‖2 the Euclidean inner product and
norm. Making use of this result, we find the following expression for the four-velocity:

v(τ) = dw

dτ (τ) = dw

dt (t) dtdτ (τ) = γ(c, ṽ(t))

Note that the four-velocity is a timelike vector. Analog to classical mechanics, we
define the four-momentum of a particle with massm as

p(τ) def= mv(τ) = (mγc,mγṽ(t)) = (mγc, γp̃(t))

where p̃ the classical momentum and γp̃ is commonly referred to as the relativistic
momentum.

Four-acceleration

The acceleration of a world line, parameterized by the proper time of the frame ob-
server, is expressed as a(t) = dv

dt = (0, ã(t)) where ã(t) corresponds to the classical
acceleration. The acceleration of a world line parameterized by its own proper time, is
called the four-acceleration and is given by

a(τ) = dv

dτ (τ) =
(
cγ

dγ
dt , γ

dγṽ

dt

)
with dγṽ

dt = dγ
dt ṽ(t) + γã(t)

and dγ
dt = γ3

c2
ṽ(t) · ã(t)

It can be seen that η(v,a) = 0 and therefore the four-acceleration is spacelike and
orthogonal to the four-velocity.

Lorentz boost

Consider theworld lineL of the frame observer and theworld lineL′ of an object which
moves away from the observer along the x-axis with speed ‖ṽ‖, as shown in Figure C.2.
Using trigonometry, we find that the unit vector along L′ is given by ~et′ = (γ, βγ, 0, 0).
The spacelike unit vector perpendicular to ~et′ is given by ~ex′ = (βγ, γ, 0, 0). If we

328



C.5. Special principle of relativity

consider the reference frame (~et′, ~ex′, ~ey, ~ez), which is the rest frame of the moving
object, then the coordinates of events transform as follows:

ct

x

y

z

 =


γ βγ 0 0
βγ γ 0 0
0 0 1 0
0 0 0 1

 ·

ct′

x′

y′

z′


We see that the change of basis matrix is Boostx(α̃). Therefore, just as in Galilean space,
a Lorentz boost can be interpreted as a relative uniform motion and inertial frames of
reference have the same physical interpretation as they have in Galilean space.

Figure C.2: Lorentz boost and uniform motion

The four-velocity of the frame observer of (~et′, ~ex′, ~ey, ~ez) is given by v′(τ) = (c,~0),
which becomes v(τ) = (cγ, cγβ) in reference frame (~et, ~ex, ~ey, ~ez). So we see that the
four-velocity of an object is a timelike vector that is situated on the time-axis of the
rest frame of the object.

C.5.2 Vector fields

Analog to vector fields in Galilean space-time, a vector field in Minkowskian space-
time is a map F : M4

p → M4
v while a scalar field is a map f : M4

p → R. For example,
the vector field known as the four-force describes the four-momentum change of an
object with respect to its proper time, caused by an external force:

F : M4
p →M4

v : w(t) 7→ dp

dτ =
(
cγm

dγ
dt , γ

dγp̃

dt

)

Note that F = dp
dτ = ma is the relativistic equivalent of Newton’s second law of motion.

Since both the force and the acceleration transform with a Lorentz transformation
under a change of inertial frame, this law has the same form in all inertial frames and
is called Lorentz invariant.

329



C. Calculus of the electromagnetic interaction

C.6 Electrodynamics
The electromagnetic interaction is described in classical electrodynamics by consider-
ing several vector and scalar fields in Galilean space-time. We will see that the laws of
electrodynamics must be described in an affine space with a different metric, but since
all expressions will have the same form, we will stick to Galilean space-time for the
time being. We start by considering a scalar field ρ, known as the charge density, which
assigns charge to matter. The total electric charge in a closed volume V as a function of
time is given by

qV (t) =
˚

V
ρ(t, ~x) d~x

Electric charge is a conserved quantity, which implies that it cannot be created nor
destroyed. As a result, the charge that flows through the closed surface S of a volume
V must be equal to the total change in charge density in V over time:

IS = −dqV
dt = −

˚
V

∂ρ

∂t
d~x

where IS is called the electric current. The electric current is the flux of a vector field J

which is called the current density:

IS =
"
S

J(t, ~x) · ~dS

With the help of the divergence theorem we can find the following relation between
charge density and current density:

∇̃ · J(t, ~x) = −∂ρ(t, ~x)
∂t

where ∇̃ def=
(
∂
∂x ,

∂
∂y ,

∂
∂z

)
.

C.6.1 Microscopic Maxwell equations

For describing the electromagnetic force that acts on matter as a result of its electric
charge, two new vector fields will be introduced: the electric field E and the magnetic
field B. These fields are related to charge and current density as follows

∇̃ ·E(t, ~x) = ρ(t, ~x)
ε0

Gauss’s law (electric)

∇̃×E(t, ~x) = −∂B(t, ~x)
∂t

Faraday’s law

∇̃ ·B(t, ~x) = 0 Gauss’s law (magnetic)

∇̃×B(t, ~x) = µ0J(t, ~x) + ε0µ0
∂E(t, ~x)

∂t
Ampère-Maxwell law

These equations are better know as the microscopic Maxwell equations. The different
fields and constants are given in SI-units: the charge density ρ in Cm−3, the current
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densityJ in Am−2, the electric fieldE inNC−1, themagnetic fieldB in T, the vacuum
permittivity ε0 in Fm−1 and vacuum permeability µ0 in Hm−1.

Gauss’s law describes how the electric field emanates from a charge distribution,
pointing from positive to negative charges, while the magnetic field does not emanate
from a charge distribution. The Ampère-Maxwell law states that a magnetic field
can be generated by an electric current or by a time varying electric field “circulating”
around the electric current or field. Faraday’s law describes how a time varying
magnetic field induces again an electric field, which “circulates” around the magnetic
field.

The introduction of the electric and magnetic field allows a simple expression to
be formulated for the force exerted on a point charge by a current and charge density:

F̃ (t, ~x) = q[E(t, ~x) + [ṽ(t)×B(t, ~x)]]

This force is commonly referred to as the Lorentz force.

C.6.2 Electrodynamics in Minkowski space-time

Using the Galilean invariance of Newton’s second law of motion F̃ = dp̃
dt for the

Lorentz force, we can derive how electric and magnetic field change under a Galilean
transformation. From this it can be shown that Maxwell’s equations do not have
the same form in different inertial frames of reference [5]. When we now postulate
Minkowski space-time and say that for the Lorentz force F̃ = dγp̃

dt , which states that
it is the rate at which the relativistic momentum of the charge changes and not the
classical momentum, Maxwell’s equations can be shown to be Lorentz invariant [6].
The four-force that corresponds to the Lorentz force can then be written as

F (ct, ~x) =
(
cγm

dγ
dt , γF̃ (ct, ~x)

)
To express the work done by the Lorentz force we first use the fact that η(F ,v) = 0
from which we derive that

F̃ · ṽ = mc2
dγ
dt ⇐⇒ W (t) =

ˆ t

t0

F̃ · ṽ dt

= mc2
ˆ γ(t)

γ(t0)
dγ

= mγ(t)c2 −mγ(t0)c2

Therefore we can define the total energy of a charge in an electromagnetic field analog
to Appendix C.3.2 as

Etot(t) = mγ(t)c2 + Epot(t)
def= mc2 + Ekin(t) + Epot(t)

Note that when the velocity of the particle is zero (and therefore its kinetic energy is
zero) and in the absence of an external electromagnetic field (and therefore its potential
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energy is zero1), the termmc2 remains, which is called the rest energy of the charged
particle. The energy of the particle in the absence of an electromagnetic field is given
by Ep(t) = mγ(t)c2 which includes rest energy and kinetic energy.

C.6.3 Electromagnetic field energy

The force exerted per volume unit on a charge distribution by its own electromagnetic
field can be written as

dF̃ (t, ~x)
dV = ρ(t, ~x)[E(t, ~x) + [ṽ(t)×B(t, ~x)]]

The power delivered by this force field in volume V can then be written as [C.2.4]

P (t) =
˚

V
F̃ (t, ~x) · ṽ(t) d~x

=
˚

V
ρ(t, ~x)E(t, ~x) · ṽ(t) d~x

=
˚

V
E(t, ~x) · J(t, ~x) d~x

= − d

dt

˚
V

(
ε0
2 E2(t, ~x) + 1

2µ0
B2(t, ~x)

)
d~x

− 1
µ0

˚
V

∇̃ · (E(t, ~x)×B(t, ~x)) d~x

def= − d

dt

˚
V
uem d~x−

˚
V

∇̃ · P (t, ~x) d~x

= −dEem
dt
−
"
S

P (t, ~x) · ~dS

where we used the Ampère-Maxwell law, Faraday’s law and the divergence theorem
[7]. The first term can be interpreted as the decrease of potential energy stored in the
electromagnetic field. The second term represents the energy that flows out of volume
V through boundary surface S. We call uem the energy density of an electromagnetic
field,Eem the electromagnetic field energy andP the energy flux density ormore commonly
the Poynting vector. The later is a vector field that describes the energy flow of an
electromagnetic field per unit area and time.

C.6.4 Electromagnetic radiation

We can ask ourselves what form the electric and magnetic field can have in a part of
space-time which does not contain any charges or currents. When ρ(t, ~x) = 0 and

1Potential energy is only defined relatively, but by convention it is chosen to be zero in the absence
of external forces (masses and charges infinitely far away).
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J(t, ~x) = ~0, we can write, using Faraday’s law and the Ampère-Maxwell law, that

∇̃2
E(t, ~x)− ε0µ0

∂2E(t, ~x)
∂t2

= 0

∇̃2
B(t, ~x)− ε0µ0

∂2B(t, ~x)
∂t2

= 0

These partial differential equation have the form of the wave equation and one possible
solution for the electric field is

E(t, ~x) = E0 cos
(
~k · ~x− ωt

)
where E0 ⊥ ~k and ‖~k‖ = ω

c with constant c = 1√
ε0µ0

. We call ~k the wave vector, k def= ‖~k‖
the wavenumber, ω the angular frequency and ‖E0‖ the amplitude. The wavenumber is
related to the wavelength λ and frequency ν by k = ω

c = 2π
λ = 2πν

c .
Examining this solution, it can be seen that at a particular moment t, the electric

field is identical in all ~x for which ~k · ~x = cte. The later is the equation of a plane with
normal vector ~k. Therefore the electric field is identical in a plane perpendicular to ~k,
for which

~k · ~x− ωt = cte.

Moreover the electric field vectors lie within this plane, as they are orthogonal to
the wave vector. Such a plane is referred to as a wavefront and if we differentiate the
equation above with respect to time, we obtain

k̂ · d~xdt = c with k̂ =
~k

‖k‖

This states that the propagation speed of a wavefront in the direction of the wave vector
is given by the constant c. Furthermore, at a fixed position ~x, the electric field describes
a sinusoidal as a function of time with frequency ν = ω

2π where ν is given in Hz and
ω in rad s−1. Therefore the given solution of the wave equation is a monochromatic
plane wave with angular frequency ω that travels in the direction of the wave vector
with propagation speed c. Note that this speed does not change under a Lorentz
transformation and is therefore the same to all inertial observers. We observed the
same phenomenon for the speed of lightlike world lines and in fact the solutions
of Maxwell’s equations in the absence of source term, describe the electromagnetic
properties of light. Hence the term electromagnetic radiation when describing light.
Although we will not discuss it in detail, light has also properties which requires a
quantum mechanical treatment, involving particles called photons.

The solution of the magnetic wave equation is not independent of the solution for
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the electric wave equation. By employing Faraday’s law, we find that

∇̃×E(t, ~x) = −∂B(t, ~x)
∂t

⇐⇒ −
(
~k ×E0

)
sin
(
~k · ~x− ωt

)
= −∂B(t, ~x)

∂t

⇐⇒ B(t, ~x) =

(
~k ×E0

)
ω

cos
(
~k · ~x− ωt

)
⇐⇒ B(t, ~x) def= B0 cos

(
~k · ~x− ωt

)
which is obviously also a solution of the magnetic wave equation. Therefore the
magnetic field lies in the same plane as the electric field, while being perpendicular to
it and with amplitude ‖B0‖ = ‖E0‖

c . For convenience, we often write the electric and
magnetic field of a monochromatic plane wave in complex notation:

E(t, ~x) = E0e
i
(
~k·~x−ωt

)
B(t, ~x) = B0e

i
(
~k·~x−ωt

)
as any sinusoidal function is a solution of the wave equation. Note that these are the
basis functions of the Fourier transform [C.2.8] in Minkowski space, which phases can
be written as

~k · ~x− ωt = 2π
(ν
c
k̂ · ~x− νt

)
= 2πη

(
(ct, ~x), (ν

c
,
ν

c
k̂)
)

def= 2πη(~w, ~ν)

where ~ν the four-frequency. Since any sum of the Fourier basis functions is also a
solution of the wave equation, any electromagnetic field that can be decomposed in
monochromatic plane waves is a possible solution of the wave equation.

Energy and intensity

The energy density and energy flux density of a monochromatic plane wave are given
by

uem = ε0
2 (Re[E(t, ~x)])2 + 1

2µ0
(Re[B(t, ~x)])2

= ε0(Re[E(t, ~x)])2

= ε0E2
0 cos2

(
~k · ~x− ωt

)
P (t, ~x) = 1

µ0
Re[E(t, ~x)]×Re[B(t, ~x)]

= cε0(Re[E(t, ~x)])2k̂

= cuemk̂
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where uem is expressed in Jm−3 and ‖P ‖ in Jm−2 s−1. The intensity of this monochro-
matic plane wave is defined as the time-averaged magnitude of the Poynting vector:

I(~x) def= 〈‖P (t, ~x)‖〉t

= cε0 lim
T→∞

1
2T

ˆ T

−T
(Re[E(t, ~x)])2 dt

= cε0E2
0 lim
T→∞

1
T

ˆ T

0
cos2

(
~k · ~x− 2π

T
t

)
dt

= cε0
E2

0
2

where T is the period of the periodic function ‖P (t, ~x)‖. The intensity is expressed in
Jm−2 s−1.

Polarized thermal light

In practice, electromagnetic radiation must be described by the superposition of many
monochromatic plane waves which phases and amplitudes are random variables with
certain probability density functions. The instantaneous intensity of such light is defined
as the ensemble average of the norm of the Poynting vector at a particular moment in
time:

I(t, ~x) def= 〈‖P (t, ~x)‖〉e

The ensemble average is a property of a random process. A random process U(t) differs
from a random variable U in that the values of a random variable are real numbers
u while the values of a random process are real-valued functions u(t) called sample
functions [8]. For each particular time instant tk, Uk

def= U(tk) is a random variable and a
random process can be considered as the joint random variable the Uk. The ensemble
average of random process U(t) at a particular instant of time is then defined as the
expected value of random variable Uk, which is given by

E [Uk] =
ˆ ∞
−∞

uk pUk(uk) duk

where pUk its probability density function. When the ensemble average is independent
of time, all E [Uk] are identical. Such a process is called first-order stationary. When
additionally the ensemble average is identical to the time average of each function
u(t), the process is called first-order ergodic.

The electric field of monochromatic polarized thermal light can be expressed as the
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following random process [8]:

E(t, ~x) = u(t, ~x)Ê

u(t, ~x) = Ψei
(
~k·~x−ωt

)
Ψ =

n∑
j=1

Ψj Ψj = Aje
iδj

u(k) def= Ψke
i
(
~k·~x−ωt

)
uk

def= Ψei
(
~k·~x−ωtk

)

which is a superposition of monochromatic plane waves with random amplitudes Aj
and random phases δj . The random variable Ψ is a sum of so-called random phasors
Ψj , u(k) are the sample functions of the random process and uk are random variables.
All phasor amplitudes Aj and all phasor phases δj are independent random variables.
All random amplitudes Aj have the same probability density function and all random
phases δj are uniformly distributed in [−π, π]. The norm of the Poynting vector can
then be described by the following random process

‖P (t, ~x)‖ = cε0(Re[E(t, ~x)])2

= cε0(Re[u(t, ~x)])2

Ψr
def= Re[Ψ] =

∑
j

Aj cos δj

Ψi
def= Im[Ψ] =

∑
j

Aj sin δj

α = ~k · ~x− ωt

= cε0
(

Ψ2
r cos2 α+ Ψ2

i sin2 α− 2ΨrΨi cosα sinα
)

The instantaneous intensity of polarized thermal light is given by the ensemble average
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of the norm of the Poynting vector at a particular moment tk:

I(tk, ~x) = 〈‖P (tk, ~x)‖〉e = E [‖P (tk, ~x)‖]

= cε0
(

E
[
Ψ2
r

]
cos2 αk + E

[
Ψ2
i

]
sin2 αk − 2 E [ΨrΨi] cosαk sinαk

)
αk = ~k · ~x− ωtk

E
[
Ψ2
r

]
=

n∑
j=1

n∑
l=1

E
[
AjAl

]
E
[
cos δj cos δl

]
=
nE

[
A2]

2

E
[
Ψ2
i

]
=

n∑
j=1

n∑
l=1

E
[
AjAl

]
E
[
sin δj sin δl

]
=
nE

[
A2]

2

E [ΨrΨi] =
n∑
j=1

n∑
l=1

E
[
AjAl

]
E
[
cos δj sin δl

]
= 0

= cε0
nE

[
A2]

2
where we used the fact that phases and amplitudes are independent random variables.
The instantaneous intensity is time independent and therefore the normof the Poynting
vector is first-order stationary. The time average of the norm of the Poynting vector is
given by

〈‖P (t, ~x)‖〉t = cε0
Ψ2

2
which is a random variable with an expected value equal to the instantaneous intensity.
For a monochromatic plane wave, Ψ2 = E2

0 is a constant so that the time and ensemble
average of the norm of the Poynting vector are identical.

Partially polarized thermal light

The electric field of partially polarized thermal light can be described by the sum of two
perpendicular, polarized thermal components [8]:

E(t, ~x) = ux(t, ~x)êx + uy(t, ~x)êy
with êx ⊥ êy ⊥ ~k

ux(t, ~x) = Ψxe
i
(
~k·~x−ωt

)
uy(t, ~x) = Ψye

i
(
~k·~x−ωt

)
We will study the properties of this field by studying the joint stochastic properties
of components ux and uy at a particular moment in time. The covariance matrix of a
joint complex random variable Z of two complex random variables z1 and z2 can be
written as follows

C = E
[
(Z − E [Z]) · (Z − E [Z])T

]
=
(
C(rr) C(ri)

C(ir) C(ii)

)
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If we define z1 = a + bi, z2 = c + di and Z =
(
a c b d

)T
then we can write the

submatrices as

C(rr) =
(

E [a′a′] E [a′c′]
E [a′c′] E [c′c′]

)
C(ri) =

(
E [a′b′] E [a′d′]
E [b′c′] E [c′d′]

)

C(ir) =
(

E [a′b′] E [b′c′]
E [a′d′] E [c′d′]

)
C(ii) =

(
E [b′b′] E [b′d′]
E [b′d′] E [d′d′]

)

with a′ = a−E [a], b′ = b−E [b], c′ = c−E [c] and d′ = d−E [d]. Next to the covariance
matrix, another useful matrix, known as the coherency matrix, is defined:

J = E
[
V · V T

]
with V =

(
z1
z2

)

=
(

E [z1z1] E [z1z2]
E [z2z1] E [z2z2]

)

=
(

E [aa] + E [bb] E [ac] + E [bd] + i(E [bc]− E [ad])
E [ac] + E [bd]− i(E [bc]− E [ad]) E [cc] + E [dd]

)

The covariance matrix is a real, symmetric matrix with 10 degrees of freedomwhile the
coherency matrix is a complex, Hermitian matrix with 4 degrees of freedom and only
describes second order statistics completely when z1 and z2 are joint circular. A joint
complex random variable Z is circular (equivalently z1 and z2 are joint circular) when
E [Z] = 0, C(rr) = C(ii) and C(ri) = −C(ir) [8]. This implies that C = E

[
Z · ZT

]
with

a′ = a, b′ = b, c′ = c and d′ = d. Furthermore, the covariance matrix has 4 degrees of
freedom left since

E [aa] = E [bb] E [cc] = E [dd] E [ab] = 0
E [ac] = E [bd] E [ad] = −E [bc] E [cd] = 0

Using these relations, the coherency matrix becomes

J = 2
(

E [aa] E [ac] + iE [bc]
E [ac]− iE [bc] E [cc]

)

Note that circularity for a single complex random variable z = a + bi implies that
E [z] = 0, E [aa] = E [bb] and E [ab] = 0. Hence we see that circularity of two complex
random variables is a necessary condition for joint circularity, but it is not enough as
it does not imply E [ac] = E [bd] and E [ad] = −E [bc]. From the previous section it is

338



C.6. Electrodynamics

clear that a random phasor sum is circular:

E
[
Ψ2
r

]
= E

[
Ψ2
i

]
=
nE

[
A2]

2
E [ΨrΨi] = 0

E [Ψr] =
∑
j

E
[
Aj
]

E
[
cos δj

]
= 0

E [Ψi] =
∑
j

E
[
Aj
]

E
[
sin δj

]
= 0

The coherency matrix describes second order statistics completely when the random
phasor sums of the two components of partially polarized thermal light are joint
circular, which imposes the following additional constraints on the random phasor
sums:

E [ΨrxΨry] = E
[
ΨixΨiy

]
E
[
ΨrxΨiy

]
= −E [ΨixΨry]

The expected value of joint random variable U ′ of ux and uy is zero and its covariance
matrix is given by

U ′ =
(
a c b d

)T

with

ux = Ψxe
iα = a+ bi

a = Ψrx cosα−Ψix sinα
b = Ψrx sinα+ Ψix cosα

uy = Ψye
iα = c+ di

c = Ψry cosα−Ψiy sinα
d = Ψry sinα+ Ψiy cosα
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where α = ~k ·~x−ωt. From the circularity of random phasor sums Ψx and Ψy it follows
that

E
[
U ′
]

= ~0

E [aa] = E
[
Ψ2
rx

]
E [bb] = E [aa] E [ab] = 0

E [cc] = E
[
Ψ2
ry

]
E [dd] = E [cc] E [cd] = 0

E [ac] = E [ΨrxΨry] cos2 α+ E
[
ΨixΨiy

]
sin2 α

−
(
E [ΨixΨry] + E

[
ΨrxΨiy

])
sinα cosα

E [bd] = E
[
ΨixΨiy

]
cos2 α+ E [ΨrxΨry] sin2 α

+
(
E [ΨixΨry] + E

[
ΨrxΨiy

])
sinα cosα

E [ad] = E
[
ΨrxΨiy

]
cos2 α− E [ΨixΨry] sin2 α

+
(
E [ΨrxΨry]− E

[
ΨixΨiy

])
sinα cosα

E [bc] = E [ΨixΨry] cos2 α− E
[
ΨrxΨiy

]
sin2 α

+
(
E [ΨrxΨry]− E

[
ΨixΨiy

])
sinα cosα

Note that when random phasor sums Ψx and Ψy are joint circular, their covariance
matrix is identical to the covariance matrix of ux and uy .

The instantaneous intensity of partially polarized thermal light is given by the
sum of the instantaneous intensities of its two perpendicular, polarized components
and therefore proportional to the trace of the coherency matrix:

I(tk, ~x) = 〈‖P (tk, ~x)‖〉e = cε0 E
[
(Re[E(t, ~x)])2

]
= cε0 E

[
(Re[ux(t, ~x)]êx +Re[uy(t, ~x)]êy)2

]
= cε0 E

[
(Re[ux(t, ~x)])2

]
+ cε0 E

[
(Re[uy(t, ~x)])2

]
= Ix(tk, ~x) + Iy(tk, ~x)
= cε0(E [aa] + E [cc])

= cε0
trace(J)

2

This shows that the Poynting vector of partially polarized thermal light is first-order
stationary, just as for polarized thermal light. The most commonly used states of
polarization with joint circular random phasor sums are:

• Linear polarization for which the angle β between the electric field vector in the
XY -plane and the X-axis is a constant:

E(t, ~x) = u(t, ~x)Ê
= u(t, ~x) cosβêx + u(t, ~x) sin βêy

u(t, ~x) = Ψei
(
~k·~x−ωt

)
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so that intensity and coherency matrix are given by

I = cε0 E
[
Ψ2
r

]
J = 2 E

[
Ψ2
r

]( cos2 β sin β cosβ
sin β cosβ sin2 β

)

• Elliptical polarization for which the Y -component of a linear polarized electric
field vector is retarded by a constant phase δ:

E(t, ~x) = u(t, ~x) cosβêx + u(t, ~x) sin βeiδ êy

u(t, ~x) = Ψei
(
~k·~x−ωt

)
so that intensity and coherency matrix are given by

I = cε0 E
[
Ψ2
r

]
J = 2 E

[
Ψ2
r

]( cos2 β sin β cosβe−iδ
sin β cosβeiδ sin2 β

)

The angle χ between the major elliptical axis and the X-axis is given by tan 2χ =
tan 2β cos δ. A special case is circular polarization for which δ = ±π2 and β = ±π4 .

• Unpolarized thermal light for which the two polarized components are indepen-
dent and which phasor amplitudes have identical probability density functions:

E(t, ~x) = ux(t, ~x)êx + uy(t, ~x)êy

ux(t, ~x) = Ψxe
i
(
~k·~x−ωt

)
uy(t, ~x) = Ψye

i
(
~k·~x−ωt

)
so that intensity and coherency matrix are given by

I = 2cε0 E
[
Ψ2
r

]
J = 2 E

[
Ψ2
r

](1 0
0 1

)

Degree of linear polarization

The linear degree of polarization is defined as the ratio of the intensity difference in two
orthogonal planes and the total intensity. For partially polarized thermal light, the
linear degree of polarization in the Y-direction is given by

P def= Iy(tk, ~x)− Ix(tk, ~x)
Ix(tk, ~x) + Iy(tk, ~x) = J11 − J00

J00 + J11

For linear and elliptically polarized thermal light P = − cos 2β and for unpolarized
thermal light P = 0.
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Degree of polarization

Since the coherency matrix J is Hermitian, there exists a unitary matrix P for which
J = P · JD · PT where JD is a diagonal matrix with the positive, real eigenvalues
of the coherency matrix on the diagonal. The matrix JD can also be considered as a
coherency matrix:

J = P · JD · PT

⇐⇒ JD = PT · J · P

⇐⇒ JD = PT · E
[
U · UT

]
· P

⇐⇒ JD = E
[
PT · U ·

(
PT · U

)
T

]
⇐⇒ JD = E

[
UD · UTD

]
UD = PT · U

Therefore the electric field of partially polarized thermal light with coherency matrix
J can always be derived from the electric field of partially polarized thermal light
with a real, diagonal coherency matrix JD and with the same intensity since the trace
of J is equal to the sum of its eigenvalues. Although several unitary transformations
PT of the U -vector are possible, JD is unique. When λ1 ≥ λ2 are the real eigenvalues
of J , then we can write the coherency matrix JD as

JD =
(
λ1 0
0 λ2

)
=
(
λ2 0
0 λ2

)
+
(
λ1 − λ2 0

0 0

)
= Junpol + Jlin

where the first matrix is the coherency matrix of unpolarized light and the second
matrix the coherency matrix of linear polarized light. It follows that the electric field is
the sum of an unpolarized and linear polarized electric field which are independent:

UD = Uunpol + Ulin

JD = E
[(
Uunpol + Ulin

)
·
(
Uunpol + Ulin

)
T
]

= E
[(
Uunpol + Ulin

)
·
(
UTunpol + UTlin

)]
= E

[
Uunpol · UTunpol

]
+ E

[
Ulin · UTlin

]
Therefore the electric field of partially polarized thermal light can always be derived
from the sum two independent electric fields: one unpolarized and the other linear
polarized. The degree of polarization is then defined as the ratio of the intensity of the
polarized component and the total intensity:

Pdeg = Ilin(~x)
I(~x) = λ1 − λ2

λ1 + λ2
=

√
1− 4 det(J)

(trace(J))2

From this we can conclude that light is completely polarized if det(J) = 0 and com-
pletely unpolarized if det(J) = µ0

ε0
I2(~x).
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C.6.5 Potential formulation

To conclude this chapter, we will discuss briefly the potential formulation of an electro-
magnetic field in order to find a description of the electromagnetic field of a moving
point charge. This forms the basis for the classical description of the elastic scattering
of X-rays from matter.

From Gauss’s law for magnetism, we see that the magnetic field is solenoidal and
can therefore be written as the curl of the magnetic potential A:

B(t, ~x) = ∇̃×A(t, ~x)

Furthermore, we can define an irrotational vector field G so that

G(t, ~x) = E(t, ~x) + ∂A(t, ~x)
∂t

⇐⇒ ∇̃×G(t, ~x) = −∂B(t, ~x)
∂t

+ ∂∇̃×A(t, ~x)
∂t

⇐⇒ ∇̃×G(t, ~x) = 0

⇐⇒ G(t, ~x) = −∇̃V (t, ~x)

where we assumed a simply connected domain in the last step. The scalar potential V
is known as the electric potential and the electric field can be written as a function of
electric and magnetic potential:

E(t, ~x) = −∇̃V (t, ~x)− ∂A(t, ~x)
∂t

However, scalar and vector potential are not define uniquely by the corresponding
electromagnetic field. It can be shown that for a particular electromagnetic field, the
possible corresponding potential fields are related by a so called gauge transformation:

V (t, ~x) 7→ V (t, ~x)− ∂g(t, ~x)
∂t

A(t, ~x) 7→ A(t, ~x) + ∇̃g(t, ~x)

where g(t, ~x) any scalar function of space and time. It is possible to choose g so that
the following Lorenz gauge condition is satisfied

∇̃ ·A(t, ~x) = −ε0µ0
∂2V (t, ~x)
∂t2

This reduces Maxwell’s equations into the inhomogeneous wave equations for scalar and
vector potential:

∇̃2
V (t, ~x)− ε0µ0

∂2V (t, ~x)
∂t2

= −ρ(t, ~x)
ε0

∇̃2
A(t, ~x)− ε0µ0

∂2A(t, ~x)
∂t2

= −µ0J(t, ~x)
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C. Calculus of the electromagnetic interaction

The general solution to these partial differential equations is given by

V (t, ~x) = 1
4πε0

˚
V

ρ(t′, ~x′)
‖~x− ~x′‖

d~x′

A(t, ~x) = µ0
4π

˚
V

J(t′, ~x′)
‖~x− ~x′‖

d~x′

where t′ = t− ‖~x−~x
′‖

c is known as the retarded time and ~x′ the positions of the charge
distribution in volume V at time t′.

Electromagnetic field of a moving point charge

To calculate the electromagnetic field of a moving point charge, we can solve the
integrals in the solutions of the inhomogeneous wave equations with

ρ
(
t′, ~x′

)
= qδ

(
~x′ − ~xq

(
t′
))

J
(
t′, ~x′

)
= qṽq

(
t′
)
δ
(
~x′ − ~xq

(
t′
))

where ~xq the position and ṽq the velocity of the charge as a function of retarded time.
The result is given by

V (t, ~x) = 1
4πε0

q

~rq · ~uq

A(t, ~x) = ṽq
c2
V (t, ~x)

with

~rq(t′) = ~x− ~xq(t′) r̂q(t′) = ~rq/‖~rq‖ ‖~rq(t′)‖ = c(t− t′)
~uq(t′) = r̂q(t′)− ~β(t′) ~β(t′) = ṽq(t′)

c

where ~rq the vector from position ~xq of the charge at the retarded time t′ to position
~x at which the potential is calculated for time t. These potentials are known as the
Liénard-Wiechert potentials. The corresponding electromagnetic field is given by

E(t, ~x) = q

4πε0
‖~rq‖

(~rq · ~uq)3

[(
1− ~β2

)
~uq + 1

c2
~rq × (~uq × ãq)

]
B(t, ~x) = 1

c
r̂q ×E(t, ~x)

where ãq(t′) the acceleration of the charge. Note that all vectors with subscript q are a
function of the retarded time t′, which is implicitly given by ‖~x− ~xq(t′)‖ = c(t− t′).
Therefore, if we know the trajectory ~xq(t′) of the point charge, we can calculate its
electromagnetic field anywhere and at any time.
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