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In the context of quantum information, both Shannon entropy and the different Jaynes entropy for a two-
electron “entangled artificial” atom proposed by Moshinsky are studied here. The Jaynes entropy in this model
is shown to be intimately related to the correlation kinetic energy. A generalization of the customary Shannon
entropy based on the electron density is then proposed in terms of the electron pair correlation function. Both
definitions behave in a similar way to the Jaynes entropy when considered as a function of the strength of the
model electron-electron interaction.
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Current interest in quantum information has led us to
study both Shannon and Jaynes entropies. This has been
done in the context of analytical solutions for a simple ex-
ample of a two-electron “entangled artificial” atom going
back to Moshinsky[1]. In this model system both confining
and interacting forces are of the harmonic type. The coupling
constant, here calledK, is the spring constant of the interpar-
ticle forces once the spring constant of confining forces has
been set to one. It turns out that we can calculate in fact two
types of entropy for this model which, following earlier us-
age in atomic theory, we shall term Jaynes and Shannon
information entropy.

An information entropy is usually defined by the relation

S= − o
i

pi ln pi s1d

for a discrete set of probabilitiessoi pi =1d or by the integral

S= −E dx psxdln psxd s2d

for a probability distribution depending on a given setx of
continuous variablesfedx psxd=1g. In quantum information
theory, two definitions are commonly referred to, namely
Jaynes and Shannon entropies. According to Eq.s1d, for an
electron system one can write

pi =
ni

N
, s3d

whereni is the occupation number of theith natural orbital
sNONd and N the number of electrons. The NONs corre-
spond to the eigenvalues of the one-particle density matrix
s1DMd. For the Moshinsky model atom considered in this
work, the 1DM is given by

gsr ;r 8d = 2E dr 2 Csr ,r 2dC*sr 8,r 2d, s4d

whereCsr 1,r 2d is the spin-compensated ground-state wave
function. By the spectral decompositiongsr ; r 8d
=oi nifisr dfi

*sr 8d, where thefs are the natural orbitals, the
Jaynes entropy can be defined as

SJ = − o
i

ni

N
ln

ni

N
. s5d

It is important to recall that for the particular case of a two-
electron systemSJ above is 0 in both the Hartree-FocksHFd
and the noninteracting limitsno interparticle interactionsd,
Csr 1,r 2d being a simple product of orbitals in these particu-
lar situations.

In order to diagonalize the 1DM to get the Jaynes entropy
(5) we start from[2,3]

gsr 1,r 2d = N2 expf− Asr1
2 + r2

2d − Br12
2 g, s6d

where

N = Î2S2a − 1

pa
D3/4

, A =
2a − 1

2a
, B =

sa − 1d2

4a
, s7d

in which a=s1/2df1+Î1+2Kg. The above 1DM can only
be diagonalized by numerical procedures but some pre-
liminary analytical work is helpful to define a good basis
set for the calculation of natural orbitals. Developingr12

2

in s6d and by power expanding the exponential factor con-
taining the scalar productrW1·rW2, one gets

gsr 1,r 2d = o
i jk

s2Bdi+j+k

i ! j ! k!
3 hNx1

i y1
j z1

k expf− sA + Bdr1
2gj

3hNx2
i y2

j z2
k expf− sA + Bdr2

2gj, s8d

which suggests that one expand the natural orbitals in terms
of the basis functions

*Electronic address: amovilli@dcci.unipi.it
†Also at Oxford University, Oxford, England.

PHYSICAL REVIEW A 69, 054302(2004)

1050-2947/2004/69(5)/054302(4)/$22.50 ©2004 The American Physical Society69 054302-1



wi jk = xiyjzk expf− sA + Bdr2g. s9d

As one can see from Eq.s8d, although this equation cannot
be seen as a spectral decomposition because of the nonor-
thogonality of the functionswi jk above, the constantB plays
an important role in the definition of the spectrum of occu-
pation numbers. We remark here thatB is 1/6 of the differ-
ence between the exact kinetic energy and the von
Weizsäcker term, an important fraction of the correlation ki-
netic energy. Following the Löwdin definition, the correla-
tion kinetic energy is given by

Tcorr = Tex− THF, s10d

whereTex andTHF are, respectively, the exact and HF total
kinetic energies. Recalling the Weizsäcker definition of ki-

netic energy, namelyTW= u¹W ru2/8r, one can decompose the
above correlation kinetic energy into the following contribu-
tions:

Tcorr =
u¹W ru2

8r
−

u¹W rHFu2

8rHF
+ 6B = TW

corr + 6B. s11d

A plot of the two termsTW
corr and 6B, against the spring

constant of the interparticle interaction forces, is shown in
Fig. 1. The exact kinetic energy is, in this model from the
virial theorem, one-half of the exactsin principle observ-
able: say in a quantum dot if it could also be manufactured
for two Fermions interacting with harmonic interparticle
forced ground-state total energy.

Next we turn to the second type of entropy considered in
this work. Although the Shannon information entropy is
commonly defined in terms of the densityrsr d of a many

particle system, here we prefer to extend such definition also
to the two-particle density functionr2sr 1,r 2d. In particular,
according to(2) we define the following two types of Shan-
non entropies:

SS1 = −E dr p1sr dln p1sr d s12d

and

SS2 = −E dr 1dr 2 p2sr 1,r 2dln p2sr 1,r 2d, s13d

where

p2sr 1,r 2d = uCsr 1,r 2du2 s14d

and

p1sr d =E dr 2 p2sr ,r 2d. s15d

p1 and p2 are, respectively, proportional torsr d and
r2sr 1,r 2d. In the textbooks of information theory, the entro-
pies defined in terms of a joint probability density function,
like that of Eq. s13d, are called joint differential entropies
ssee, for example,f4gd. In this case, bothSS1 andSS2 do not
go to zero at the noninteracting limit, so, for comparison
purposes with the Jaynes entropy, it is preferable to compute
the correlation Shannon entropies by writing

DSSj
scorrd = SSj − SSj

sHFd, s16d

where the SSj
sHFd are calculated by usingCHFsr 1,r 2d

=fHFsr 1dfHFsr 2d. For the two-electron Moshinsky model
atom, the analytical forms of the exact and HF wave func-
tions are knownf1,5g and allow the analytical derivation of
both the correlation entropies of Eq.s16d. After simple cal-
culation, one readily gets

DSS1
scorrd = −

3

2
lnF 2

s1 +Î1 + 2Kd
Î1 + 2K

1 + K
G s17d

and

DSS2
scorrd = −

3

2
lnFÎ1 + 2K

1 + K
G . s18d

Here we give the “unpaired” Shannon entropy from the
Hartree-Fock theory, namelySS1

sHFd, for comparison with the
“excess entanglement” given by Eq.(17). The role of the
excess entanglement in quantum information theory has been
discussed in a recent paper by Shi[6]. SS1

sHFd is recorded
below in Eq.(19) and is plotted also in Fig. 2,

SS1
sHFd =

3

2
s1 + ln pd −

3

4
lns1 + Kd. s19d

DSS2
scorrd contains most of the informations about the en-

tanglement of the two electrons, being more directly related
to the exact wave function. It is very interesting to notice that
DSS1

scorrd andDSS2
scorrd are simply related by the difference

FIG. 1. Correlation kinetic energy contributionsTW
scorrd (lower

curve) and 6B (upper curve) of Eq. (11) against the interparticle
spring constantK. Data are in atomic units.
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DSS1
scorrd − DSS2

scorrd = −
3

2
lnF 2Î1 + K

1 +Î1 + 2K
G , s20d

which is constant in the strongly correlated limitsK→`d.
Finally in Fig. 3 we show how Jaynes and Shannon correla-

tion entropies vary with the interparticle interaction strength
K. Figure 3 shows clearly that also the Jaynes entropy is
intimately related toDSS2

scorrd and, consequently, that the de-
viation from the idempotency ofg /2 is a result of the
entanglement.

Finally, a simple analysis of Figs. 1 and 3 leads to the
conclusion that the correlation kinetic energy and the two
contributions of Eq.(11) contain the information entropy in
either Jaynes or Shannon definitions given in the present
work. By way of example, a plot of the correlation kinetic
energy against the Jaynes information entropy is shown in
Fig. 4. For this model system, the correlation kinetic energy
from the virial theorem is 1/2 of the correlation energy.

In conclusion, we should note that by numerical proce-
dures, Esquivelet al. [7] have argued that the Jaynes entropy
is correlated withEcorr, the correlation energy, and we have
shown that correlation here specifically for the correlation
kinetic energy of the Moshinsky atom. Turning to the Shan-
non entropy, we have proposed in Eq.(13) an alternative
definition in terms of the electronic pair correlation function.
Figure 3 shows that for the “entangled artificial” atom con-
sidered throughout this Brief Report, this definition has simi-
larity of shape, as a function of electron-electron interaction
strength, with the customary definition(12). Neither Shan-
non form differs qualitatively from the Jaynes entropy in the
present model.
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Trieste. It is a pleasure to thank Professor V. E. Kravtsov for
the stimulating atmosphere provided and for generous hospi-
tality.

FIG. 3. Plot of Jaynes entropysJd and of correlation Shannon
entropies(S1 andS2) defined in Eq.(16) against the interparticle
spring constantK. Data are in atomic units.

FIG. 4. Plot of the correlation kinetic energy against Jaynes
entropy. Data are in atomic units.

FIG. 2. Plot of Shannon entropy defined in Eq.(12) got from
Hartree-Fock density against the interparticle spring constantK.
Data are in atomic units.
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