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Meta-analysis of Metaheuristics:
�antifying the E�ect of Adaptiveness in

Adaptive Large Neighborhood Search

Renata Turkeš Kenneth Sörensen Lars Magnus Hvattum
Eva Barrena Hayet Chentli Leandro Coelho

Iman Dayarian Axel Grimault Anders Gullhav
Çağatay Iris Merve Keskin Alexander Kiefer

Richard Lusby Geraldo Mauri Marcela Monroy-Licht
Sophie Parragh Juan-Pablo Riquelme-Rodríguez
Alberto Santini Vinicius Gandra Martins Santos

Charles Thomas

Research on metaheuristics has focused almost exclusively on (novel) algo-
rithmic development and on competitive testing, both of which have been
frequently argued to yield very little generalizable knowledge. The main goal
of this paper is to promote meta-analysis — a systematic statistical exami-
nation that combines the results of several independent studies —as a more
suitable way to obtain problem- and implementation-independent insights on
metaheuristics. Meta-analysis is widely used in several scienti�c domains,
most notably the medical sciences (e.g., to establish the e�cacy of a certain
treatment). To the best of our knowledge this is the �rst meta-analysis in the
�eld of metaheuristics.

To illustrate the approach, we carry out a meta-analysis to gain insights into
the importance of the adaptive layer in adaptive large neighborhood search
(ALNS). Although ALNS has been widely used to solve a broad range of prob-
lems, it has not yet been established whether or not adaptiveness actually
contributes to the performance of an ALNS algorithm.

A total of 134 studies were identi�ed through Google Scholar or personal e-
mail correspondence with researchers in the domain, 63 of which �t our eli-
gibility criteria. After sending requests for data to the authors of the eligible
studies, we obtained results for 25 di�erent implementations of ALNS, which
were analysed using a random-e�ects model.
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On average, the addition of an adaptive layer in an ALNS algorithm improves
the objective function value by 0.14% (95% con�dence interval 0.07 to 0.22%).
Although the adaptive layer can (and in a limited number of studies does) have
an added value, it also adds considerable complexity and can therefore only
be recommended in some very speci�c situations. These �ndings underline
the importance of evaluating the contribution of metaheuristic components,
and of knowledge over competitive testing.

1 Motivation for meta-analysis

Traditionally, research in the domain of metaheuristics has put great emphasis on compet-
itive testing (the so-called “horse race" [55]), the main goal of which is the development of
an algorithm that performs as well as possible (and preferably better than other algorithms)
on a set of benchmark problem instances. However, as has been frequently argued, this
type of studies generates very little understanding, since we only learn which algorithm
performs better, but not why. For example, if a study shows that a variable neighborhood
search with swap, insert and 2-opt moves, reactive tabu list and ejection chain pertur-
bation yields solutions that are, on average, closer to the best known solution for a set
of vehicle routing problem instances, than an evolutionary algorithm with hybrid intel-
ligent crossover, roulette wheel selection, and mutation using Or-opt, we are most often
left without any clari�cation which of the heuristic components is crucial for this good
performance.

What is more, we cannot even be con�dent about which of the two given heuristic frame-
works performs better for the given problem, as the comparison results might be signi�-
cantly in�uenced by, e.g., the coding skills of the authors (a use of clever data structures
and memory might signi�cantly reduce the computation time), or some other algorithmic
components that might not have even been mentioned in the articles. For the aforemen-
tioned example, for instance, we are not sure if the horse race winner would be the same if
the heuristics were reimplemented by another author, or if variable neighborhood search
with the same neighborhoods but with a di�erent acceptance criterion would still outper-
form the evolutionary algorithm.

A result of this almost exclusive focus on competition is that the metaheuristics litera-
ture, even after several decades, has not been able to answer simple questions such as
“Does a stochastic acceptance criterion outperform a deterministic one in local search al-
gorithms?”, “Is a tabu list of variable size better than a �xed one?”, or — the question we
will answer in this paper — “Does the adaptive layer of an adaptive large neigbhorhood
search (ALNS) algorithm improve its performance?”.

In order to learn something about a particular component, it needs to be studied in iso-
lation. For instance, a comparison of our imaginary variable neighborhood search with
and without the ejection chain perturbation could be a �rst step in learning if the ejection
chain perturbation improves the algorithmic performance for the problem under study.
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In this way, the focus is shifted from the horse race to gaining knowledge, but the litera-
ture is sparse with respect to such studies. One example is [108], which investigates the
acceptance criteria for adaptive large neighborhood search, by comparing a range of al-
ternatives. However, the comparisons are carried out on set of instances from only three
problems (capacitated vehicle routing problem, capacitated minimum spanning tree prob-
lem, quadratic assignment problem), and the authors themselves acknowledge that the
conclusions drawn from the experiments will not necessarily apply to all other implemen-
tations, or other unrelated problems; they also acknowledge that the relative merit of the
acceptance criteria may also change based on the number of iterations that can be run.
Some knowledge is therefore generated, but limited to one or a few problems, the particu-
lar implementation, and the conclusions could even be misleading if they miss important
interactions with some other factors (e.g., stopping criterion, or local search move). Obvi-
ously, the �ndings would be more trustworthy if they were independently con�rmed in a
number of articles by di�erent authors, and on a variety of problems.

Meta-analysis of the literature is one way to obtain such insights related to a clearly for-
mulated question, that do not depend on a particular problem, or on the particular imple-
mentation. Meta-analysis refers to a systematic review of the literature, combined with
the use of statistical techniques to integrate and summarize the results of several indepen-
dent studies [84]. The term “meta-analysis" was coined in 1976 by the statistician Gene
V. Glass, who stated “my major interest currently is in what we have come to call. . . the
meta-analysis of research. The term is a bit grand, but it is precise and apt. . .Meta-analysis
refers to the analysis of analyses" [32]. By combining information from all relevant studies,
meta-analyses can provide more precise insights than those derived from the individual
studies included within a review.

The historical roots of meta-analysis can be traced back to 17th century studies of astron-
omy [99], but it gained the greatest popularity in medicine. The increasingly overwhelm-
ing amount of information is making it very di�cult, if not impossible to stay current [128],
and therefore clinicians read meta-analyses to keep up to date with their �eld and they are
often used as a starting point for developing clinical practice guidelines [84]. A paper by
statistician Karl Pearson published in 1904 [118], which collated data from several studies
of typhoid inoculation, is seen as the �rst time a meta-analytic approach was used to aggre-
gate the outcomes of multiple clinical studies. Since then, many meta-analyses have been
carried out, e.g., on the e�ect of antibiotics on antimicrobial resistance [21], chemotherapy
in adult high-grade glioma [38], accuracy of neutrophil helatinase-associated lipocalin in
diagnosis and prognosis in acute kidney injury [43], ischemic stroke risk with oral contra-
ceptives [31]. Meta-analyses are very helpful as they synthesize research, and therefore
present a high level view on the evidence. Moreover, they are less subject to bias, and can
help to identify patterns among study results as well as potential reasons for discrepant
results.

The aim of this paper is to promote meta-analysis as a methodology that can help us an-
swer general questions related to metaheuristics. Despite its popularity in medicine, to the
best of our knowledge meta-analysis has not been applied in the domain of metaheuristics
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(or operations research in general, for that matter). We have only identi�ed two system-
atic reviews of metaheuristic techniques for generating software tests [3], and of genetic
programming for software engineering predictive modeling [2], but no meta-analysis was
performed. Meta-analysis has great potential in generating knowledge which is problem-
and implementation-independent, and less in�uenced by confounding factors (many of
which we would not necessarily even be aware of). For example, the comparison of two
algorithms can be severely in�uenced by the given computation time, but in case of a
meta-analysis we consider multiple studies with di�erent stopping criteria, so that the re-
sults become more reliable. To illustrate the approach, we carry out meta-analysis of the
adaptive layer in the adaptive large neighborhood search (ALNS).

The ALNS metaheuristic was introduced by Røpke and Pisinger [104], and is based on the
principle of large neighborhood search (LNS) [115], where the problem is iteratively re-
laxed and re-optimized, i.e., a part of the solution is “destroyed” and then “repaired”. LNS
is similar to the ruin and recreate paradigm presented in [114], or the ripup and reroute
paradigm applied in [24]. Røpke and Pisinger [104] proposed to alternate between a num-
ber of di�erent destroy and repair heuristics, arguing that the overall robustness of the
search can be increased. However, since it is unknown in advance which heuristics are
best suited for the instance under consideration, and since the performance of a heuristic
might vary during the search (e.g., some methods might be well suited in the �rst itera-
tions of the search while others lead to better results in later iterations [52]), the ALNS
metaheuristic selects the heuristics in a probabilistic and adaptive fashion, according to
their past performance [10].

Even though it seems reasonable to assume that the adaptive layer improves the perfor-
mance of an ALNS heuristic by selecting destroy and repair heuristics that perform well for
the problem instance, this behavior has not yet been established as a fact, let alone quan-
ti�ed. The goal of the meta-analysis in this paper is therefore to answer the following
research question:

How much does the ALNS adaptive layer help to improve heuristic perfor-
mance?

The remainder of the paper is organized as follows. In Section 2, we describe in detail the
ALNS, with a focus on the adaptive layer and our research question. Section 3 provides an
overview of the literature related to the topic of interest. We then proceed to describe how
we selected the studies included in the meta-analysis, and identify their main properties in
Section 4. Before carrying out a statistical analysis to summarize the results of the studies,
we �rst examine some sources of bias, both in individual and across studies in Section 5.
The meta-analysis is described in Section 6, and then discussed in detail in Section 7, in
order to identify the main factors that in�uence the importance of the ALNS adaptive
layer. A summary of �ndings, limitations and suggestions for future research are given in
Section 8.
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2 A in ALNS: the adaptive layer

Adaptive large neighborhood search (ALNS) has been applied to a broad range of routing
[6–8, 13, 18, 20, 25, 27, 29, 33, 39, 41, 48, 51, 56–58, 66, 69–71, 74, 90–93, 97, 101, 105, 106,
113, 125] and scheduling problems [4, 11, 15, 22, 46, 87, 97, 98, 100–102, 104, 119, 129],
but also to the location problem [17], lot sizing [89], assignment problem [53, 133], or a
combination of (the aforementioned) problems: inventory routing [5, 44, 86, 116, 117, 132],
production routing [1], location routing [62], or routing and scheduling [10].

In ALNS, a solution is iteratively destroyed and repaired through the application of several
heuristics ℎ ∈ . In order to select the heuristic to use, a weight is assigned to each destroy
heuristic ℎ ∈  and each repair heuristic ℎ ∈ . First, weights are set to some initial values,
which are usually equal. An adaptive weight adjustment procedure is proposed in order
to update these weights based on the performance of each heuristic. The entire search is
divided into a number of segments. The score �ℎ of each heuristic is set to zero at the start
of each segment, and is increased by:

� =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

�1, if the solution is a new global best
�2, if the solution is better than the current, and not accepted before
�3, if the solution is worse than current, accepted, and not accepted before.

(1)

In Røpke and Pisinger [104] where ALNS was �rst introduced, the authors suggested em-
ploying a simulated annealing Metropolis acceptance criterion, which accepts worse so-
lution with a certain probability. This criterion has indeed been widely used for ALNS,
but several other acceptance criteria have also been applied in the literature. Note from
Equation (1) that only previously unvisited solutions are rewarded, in order to encourage
heuristics that are able to explore new parts of the solution space. This means that such
an implementation of ALNS requires keeping track of visited solutions, and checking if a
solution has been visited before.

At the end of each segment, new weights are calculated using the aforementioned recorded
scores. The weight ws+1

ℎ of the heuristic ℎ in segment s + 1 is calculated as follows:

ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ
, (2)

where �ℎ is the number of times heuristic ℎwas used during the last segment (if �ℎ = 0, the
weight wℎ remains unchanged), and r is the reaction factor. The reaction factor r controls
how quickly the weight adjustment procedure reacts to changes in the e�ectiveness of the
heuristic: if r = 0, the weights remain unchanged, and if r = 1 the weights are determined
by the performance in the last segment [104]. The number of segments, the reaction factor
r and the scores �1, �2 and �3 are (meta)parameters of the adaptive layer of ALNS, which
need to be tuned. In each iteration, two roulette wheel selection principles are applied to
calculate the probabilities for choosing respectively a destroy and repair heuristic:

ws
ℎ

∑l∈ ws
l
,

ws
ℎ

∑l∈ ws
l
.
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Evidently, the adaptive layer adds considerable complexity to the heuristic, and requires
considerable additional implementation and computational e�ort. The question of whether
the adaptive layer actually improves the performance of an ALNS heuristic is therefore of
more than just theoretical interest. Should we be able to demonstrate that the adaptive
layer adds little or no performance, then keeping track of heuristic weights, visited solu-
tions, and tuning the parameters �1, �2, �3, r , and the number of segments, could all be
avoided.

In this research, we are interested in comparing ALNS with the tuned r and the non-
adaptive version with r = 0, with �xed heuristic weights. The non-adaptive version of
ALNS is sometimes referred to as LNS, but because LNS is more often interpreted as a
single pair of a destroy and repair heuristic, and in order to avoid any confusion, we refer
to it as (¬A)LNS.

To compare the adaptive and non-adaptive version of an ALNS heuristic, we calculate the
average improvement of the objective function caused by the adaptive layer A. Let us assume
that we are considering a maximization problem with the objective function f , and let
{I1, I2,… , IN } denote the set of available problem instances. Let x ∗r (I ) be the best solution
for instance I found by the ALNS (with some non-zero value of the reaction factor r ), and
let x ∗0(I ) be the best solution found by the non-adaptive (¬A)LNS with r = 0 for the same
problem instance. Since ALNS is not a deterministic algorithm, several runs with di�erent
outcomes can be performed on a single instance. For each instance, we therefore calculate
the average objective function values across a number of runs, f (x ∗r (I )) and f (x ∗0(I )). For
each instance, we then calculate the percentage improvement in the average objective
function value yielded with the adaptive layer:

f (x ∗r (I )) − f (x ∗0(I ))
f (x ∗0(I ))

.

We are interested in the average improvement with the adaptive layer, across the set of
available instances:

A =
1
N

∑
I∈{I1,I2,…,IN }

f (x ∗r (I )) − f (x ∗0(I ))
f (x ∗0(I ))

. (3)

If we are considering a minimization problem, the average improvement in the objective
function is calculated as

A = −
1
N

∑
I∈{I1,I2,…,IN }

f (x ∗r (I )) − f (x ∗0(I ))
f (x ∗0(I ))

. (4)

Our research question now translates to:

What is the percentage improvement A in the objective function obtained by
ALNS compared to the non-adaptive variant (¬A)LNS?

Each study included in our meta-analysis is summarized with A. In meta-analysis for med-
ical research, each study is described with its "e�ect size" of therapy: the mean di�erence
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of the outcome variable between treated and untreated subjects. In our case, the subjects
(i.e., patients) correspond to problem instances, the treatment corresponds to the ALNS,
no treatment corresponds to the non-adaptive alternative, the outcome variable is the ob-
jective function value, and the e�ect size is the average improvement A. The di�erence
is that in medicine there are two groups of patients, those who receive the treatment and
those who do not (control group), whereas we can evaluate both the non-adaptive and
adaptive algorithm on each instance.

We note that A > 0 means that the ALNS on average improves over the non-adaptive
alternative (¬A)LNS, which is not necessarily equivalent to saying that ALNS has a smaller
average gap from the best known solution than (¬A)LNS (Table 1). There is a number of
ways one could de�ne what it means for one algorithm to be better than another one,
but we chose to investigate if A > 0, as we believe this to be the most straightforward
translation of our research question.

Table 1: Algorithms I and II have respectively 4.54% and 5% average gaps from the best
known solution. On the other hand, algorithm II �nds a solution which is 10%
better for instance I1, but 10% worse for instance I2, so that the average improve-
ment of algorithm II relative to algorithm I is 0%. If algorithms I and II correspond
respectively to the (¬A)LNS and ALNS, A = 0% measures the average improve-
ment of ALNS over the non-adaptive variant, i.e., it represents the added value of
the adaptive layer.

maximization problem algorithm I algorithm II

instance I1 10 11
instance I2 100 90

Before proceeding to the next section, we also note that the implementations of ALNS in
the literature vary with respect to a number of algorithmic components. Besides the di�er-
ences in the problem-dependent destroy and repair heuristics, there are many di�erences
with respect to other problem-independent components, e.g., stopping or acceptance cri-
teria. A lot of articles do not employ the above weight adjustment formula (2), or assign
scores to the heuristics in a di�erent way. For example, Røpke and Pisinger proposed to
update the scores of a destroy and repair heuristic by the same amount using Equation (1),
since we cannot tell whether it was the destroy or the repair heuristic that was the reason
for the “success". However, rather than evaluating the heuristics independently (with two
separate roulette wheel mechanisms), one might rather weigh each heuristic pair sepa-
rately. Another example of a di�erence between ALNS implementations is the presence
or absence of noise. Since the repair heuristics are commonly greedy with respect to some
criteria (e.g., lowest increase in the objective function, greatest regret), they are quite my-
opic, which prompted Røpke and Pisinger to suggest randomizing the insertion heuristics
so that they do not always make the move that seems best locally. This can be achieved
by adding a noise term to the objective function. Noise is considered in some, but not
all of the studies which consider ALNS. Some of destroy heuristics are also greedy (e.g.,
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worst components are removed), so that noise can similarly be incorporated in the destroy
heuristics. We describe each of these important di�erences in greater detail in Section 4
(and further discuss their impact on the importance of adaptiveness in Section 7).

3 Justification for review

Insights regarding the importance of the adaptive layer in ALNS in the literature are few
and far between. As mentioned, the research goal underlying a large majority of the pa-
pers in the domain of metaheuristics (and therefore also ALNS papers) is to introduce an
algorithm which outperforms all others on a set of benchmark instances. The experimen-
tal results found in such papers therefore invariably focus on the comparison either with
other algorithms introduced in the literature, or with an exact solver, a lower or upper
bound, etc. Only a limited number of articles compare ALNS with the non-adaptive ver-
sion (¬A)LNS, in order to assess the added value of the adaptive layer.

In several papers, the adaptive layer was found to be unhelpful. For example, it was shown
not to have any added value in [127], and the authors therefore decided to refrain from
using it, and rather choose the heuristics randomly according to a uniform distribution.
Similarly, the adaptive layer was removed in [34, 68, 94, 123], since extensive tests showed
that no (signi�cant) advantage could be identi�ed when employing the adaptive mecha-
nism. A complete removal of the adaptive layer was shown to exhibit only a very slight
deterioration of results in [28]: with a careful o�ine heuristic selection, the adaptive mech-
anism did not need to be implemented to further guide the heuristic selection online. The
adaptive layer was shown to have only a negligible impact on the solutions in [88]. In
[63], the authors demonstrated that (¬A)LNS with equal weights performs on average
better than ALNS with the weights independently adjusted, but (sometimes) worse than
the ALNS with pairwise weights.

Several papers found the adaptive layer to behave in perhaps unexpected ways. The fre-
quency of using di�erent destroy and repair heuristics did not vary signi�cantly across
heuristics, but also not across sets of instances in [25, 62, 91]. The average selection prob-
abilities of the heuristics did not change much for di�erent values of the reaction factor in
[46, 51, 64]. This means that ALNS was shown to be robust with respect to changes in the
meta-parameter r .

In a few articles the adaptive layer was shown to be bene�cial. For example, ALNS was
shown to be considerably better than the non-adaptive versions in [15], with the weights
�xed in three di�erent ways. ALNS was also demonstrated to outperform (¬A)LNS (for
majority of instances) in [37, 79]. ALNS was somewhat better than equiprobable (¬A)LNS
in [60], although (¬A)LNS with prede�ned probabilities (tuned by using ALNS), as well as
(¬A)LNS with uniform probabilities and with four repair heuristics excluded, seemed to
perform better than ALNS, with or without the four aforementioned repair heuristics.
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There are many more papers which do not explicitly evaluate the importance of the adap-
tive layer, but which do investigate the performance of di�erent destroy and repair heuris-
tics. The �nal probabilities of choosing di�erent heuristics, averaged across instances,
were shown to be (more or less) di�erent in [14, 23, 27, 74, 76, 78]. According to the
authors, signi�cant variations between the min and max �nal selection probabilities in
the case of some heuristics in [23] suggest the importance of the adaptation layer. In
[1, 30, 46, 64, 109, 110], we can also see that di�erent heuristics are used with somewhat
di�erent frequencies across di�erent (groups of) instances. Intuitively, this is an indica-
tion that there is some bene�t to the adaptive layer, but we note immediately here that
this is not necessarily the case: although signi�cant di�erences between heuristic selec-
tion probabilities were shown in [109, 110], we will see later (Table 4) that ALNS does not
outperform (¬A)LNS for the algorithms introduced in these articles. In [42], the selection
probabilities can be seen to �uctuate throughout di�erent phases of the algorithm, for a
single instance, which the authors interpret as a bene�t of using the adaptive strategy.
ALNS is implemented in [124] to solve 10 di�erent combinatorial optimization problems,
and not surprisingly, the di�erence between the weights of the heuristics vary greatly,
since only a few heuristics are particularly useful for each of the problems. Moreover,
the authors even showed that the LNS with the best pair of one destroy and one repair
heuristic outperforms ALNS.

Furthermore, to tune the reaction factor r , a number of di�erent values are considered in
[111, 126], with signi�cant di�erences in the performance of ALNS. In [72], the average
frequencies of the heuristics change considerably for an instance, for di�erent values of
the reaction factor.

To summarize, there are some articles that explicitly show that the adaptive layer has no
added value, whereas others demonstrate that adaptiveness helps to improve the algo-
rithmic performance. In addition, many articles look into the selection probabilities of
di�erent heuristics, which give some indications (although not evidence) that the adap-
tiveness might be bene�cial in some cases. The discrepant results (without any insights
about the reasons behind the sources of disagreement) con�rm the relevance of our re-
search question.

4 Identification, selection and main properties of studies

A Google Scholar search of “adaptive large neighborhood search" (without the quotes)
returned 332 000 records, which is too many to process. In addition, most of the time
ALNS is only mentioned in the literature review of the articles. We therefore limited the
search only to the records that contain “adaptive large neighborhood search" in the title,
identifying 129 records in total. The search was performed on April 19, 2019. Out of those,
34 records were excluded, as they were either citations only, duplicates, could not be found,
were not in English, or did not actually contain ALNS in the title. The remaining 95 records
were accessed to assess their eligibility.
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We restricted our selection to the articles that:

• describe the weight adjustment mechanism used in su�cient detail,

• employ a weight adjustment formula which includes a parameter, whose value could
be set to a certain value so that the adaptive layer is switched o�, and

• employ a roulette wheel mechanism to choose between heuristics.

The following 25 articles were excluded because the weight adjustment mechanism was
not described in detail: [9, 10, 17, 20, 29, 36, 40, 41, 44, 45, 47, 57, 61, 65, 77, 86, 90, 106,
112, 116, 117, 119, 122, 130, 132]. An additional 5 articles [1, 22, 92, 98, 133] were excluded
because the adaptive layer cannot be removed by setting a parameter to a certain value, and
[58] was excluded as a roulette wheel principle is not employed (rather, a heuristic with
the highest weight is chosen). [82] was excluded because there is no ALNS introduced in
the paper (rather, solutions from a population are chosen in an adaptive fashion).

Out of the 63 eligible studies, only [79] included the comparisons between ALNS and the
non-adaptive (¬A)LNS. For the remaining 62, the main authors (Turkeš, Sörensen, Hvat-
tum) of this review e-mailed the request for data. We asked for the objective function
value per instance (for a number of runs) for ALNS with the value of the reaction factor r
which was used in the paper, and with r = 0 (so that the weights remain unchanged, see
Section 2), whereas the remaining parameters should have the same value as mentioned
in the paper, for both the adaptive and non-adaptive variant. It is precisely for this reason
(i.e., having to request data from earlier work), that we decided to consider the inclusion
criteria above, as they allowed us to describe in a straightforward manner the informa-
tion we were interested in. As obtaining the requested results is typically non-trivial and
may require making changes to existing code and rerunning experiments, the approached
researchers were invited as co-authors of this paper.

A few contacted authors suggested including results also for additional articles (not iden-
ti�ed with Google Scholar, or with no ALNS in the title: [59, 107, 108, 110, 123]), which we
decided to consider in order to have as many potential studies as possible. These studies
therefore did not need to satisfy our eligibility criteria, since the researchers were already
clear on precisely what type of information was needed. The �owchart in Figure 1 de-
scribes the process in greater detail, and is created according to the PRISMA guidelines
(Preferred Reporting Items for Systematic Reviews and Meta-Analyses, established by an
international group of experts) [84].

The included studies describe ALNS implementations for a variety of problems, and di�er
further on a number of study characteristics, that might have an in�uence on the impor-
tance of the adaptive layer:

• Article - Although ALNS might be used to study the same problem, and even if
the same values of other parameters were used, the results might depend on the
particular implementation, or some other confounding factors that have not been
identi�ed.
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K=5 additional records indenti-
�ed through e-mail correspon-
dance with reseachers

K=129 records with "adaptive
large neighborhood search"
in the title identi�ed through
Google Scholar

K=129 records screened

K=95 of full-text articles ac-
cessed for eligibility

K=63 �t eligibility criteria:

• K=1 data in the paper

• K=62 data requested
from authors

K=21 results available and in-
cluded in meta-analysis (25 dif-
ferent ALNS implementations)

K=34 records excluded:

• K=20 citations only

• K=4 duplicates

• K=4 could not �nd article

• K=4 not in English

• K=2 with no ALNS in the
title (only A, L, N and S)

K=32 of full-text articles ex-
cluded:

• K=25 weight adjust-
ment mechanism not
described in su�cient
detail

• K=5 no numerical pa-
rameter which can turn
o� the adaptive layer

• K=1 no roulette wheel

• K=1 no ALNS
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Figure 1: PRISMA �owchart describes the process of identi�cation and selection of studies
to be included in the meta-analysis.

• Problem - The importance of the adaptive layer might depend on the particular (type
of the) problem(s) under study.

• Objective function - The particular formulation of the objective function can have
an in�uence on the importance of adaptiveness. For example, in some of the studies
[23, 123] included in the analysis, the objective function includes some �xed costs,
which can be large. If the objective function corresponds to, e.g., total routing costs,

11



and two algorithms return solutions with with the cost of 100 and 90, the latter
algorithm improves over the former by 10%. If, however, the objective function
corresponds to the sum of a �xed vehicle cost of 1000 and the total routing costs, the
objective function of the two solutions would amount to 1100 and 1090, so that the
latter algorithm outperforms the former by only 0.9%. It is also important to know
if the goal is to maximize or minimize the objective function, in order to know if
formula (3) or (4) should be employed to assess the added value of adaptiveness.

• Number of destroy and repair heuristics - The greater the number of heuristics, the
greater we can expect the importance of the adaptive layer.

• Weight adjustment formula - There is a great di�erence in the weight adjustment
formula used for ALNS in the literature. The interpretation of scores � does not al-
ways correspond to the description given in (1), e.g., one does not necessarily keep
track of the visited solutions and rewards therefore any accepted solution, or di�er-
entiates between only two, or even four or more di�erent scores. In some articles, the
computation time of the heuristics is incorporated when recalculating the heuristic
weights, e.g., in [1, 16, 42, 124, 129, 131]. In a few papers, there are no constant scores
that are used to update the weights, but rather the score for a heuristic in a segment
is calculated as Δf

Δt , where Δf corresponds to the di�erence in the objective function,
and Δt is the computation time of the heuristic, e.g., in [124]. The latter is simpler
since no score-related parameters need to be tuned, and it di�erentiates between
heuristics which produce solutions which are almost as good as the current solution
and the ones that produce solutions which are much better (or worse). The former,
however, allows to not only reward improvements in the performance related to a
better objective function value, but also to reward diversi�cation, if it is shown by
parameter tuning to be more important. In [102], the weight adjustment formula
also incorporates a similarity index to reward very di�erent solutions.

• Heuristic evaluation - The weights of destroy and repair heuristics can be updated
independently or pairwise, and the choice of the approach could in�uence the im-
portance of the adaptive layer.

• Initial weights, and scores - It is not only the reaction factor r , but also the ratio
between the initial weights and the scores, which determines the importance of past
performance.

• Reaction factor - The value of the reaction factor determines the importance of past
performance.

• Number of segments - The number of times that the heuristic weights are updated
plays a role in the adaptive layer.

• Noise - If noise is added to the objective function, the diversi�cation (and hence,
possibly the adaptive layer as well) might become less crucial.
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• Acceptance criterion - We only mention the acceptance criterion used, but of course
there could be even further di�erences that a�ect the importance of the adaptive
layer (e.g., starting temperature and the cooling rate if the simulated annealing ac-
ceptance criterion is used).

• Stopping criterion - If a very large amount of computation time (or number of itera-
tions) is available, we expect the di�erences to be less, since even in the non-adaptive
version, the most successful heuristics would be chosen su�ciently many times. Re-
versely, the more limited the computation time, we expect greater importance of the
adaptive layer. In addition, the choice of the stopping criterion can be an important
source of bias, which we discuss in greater detail in the next section.

Table 2 gives an overview of the studies included in the meta-analysis, with respect to the
aforementioned study characteristics.

5 Bias

Before carrying out the analysis, it is important to acknowledge the potential sources of
bias, both in individual studies and across studies.

5.1 Bias in individual studies

The �rst source of bias is the stopping criterion: most of the articles that describe an ALNS
adopt the number of iterations as the termination criterion proposed in the original ALNS
paper [104]. Since the average computation times of di�erent destroy and repair heuristics
generally di�er, and since the heuristic selection probabilities in ALNS and (¬A)LNS also
vary, the computation time for the two variants of the algorithms might be signi�cantly
di�erent for a given iteration limit. It is rather di�cult to make any general claims about
which of the variants bene�ts from such a stopping criterion, but it is to be expected that
more sophisticated heuristics tend to produce better results at the cost of larger runtime,
and that these heuristics would be selected more often in ALNS. This means that, on av-
erage, an iteration of the non-adaptive variant is expected to be faster. If the stopping
criterion would be computation time, it would therefore be common for the non-adaptive
variant to run a greater number of iterations, and the additional iterations could help to
improve the quality of the best found solution. This bias is pronounced more strongly if
the weight adjustment mechanism does not incorporate heuristic runtimes, which is the
case for most of the studies included in our meta-analysis (Table 2).
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Table 2: Studies included in the meta-analysis di�er with respect to a number of characteristics.
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[11] Train timetabling problem
with dynamic demand

Minimizing av-
erage passenger
waiting time

3 3 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (10, 5, 2) 0.7 200 iterations in
a segment

7 Simulated
annealing
Metropolis
criterion

Temperature
of 0.01, with a
cooling rate as
a function of
maximum 70 000
iterations

[19]
Pro�table tour problem
with simultaneous pick-up
and delivery services

Maximizing dif-
ference between
collected pro�t
and routing cost

6 4

ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Partially
independent 1 (33, 9, 0) 0.2 9 000 3

Simulated
annealing
Metropolis
criterion

900 000
iterations

4 3
[23] Multi-period vehicle rout-

ing problem
Minimizing the
sum of �xed
vehicle costs
and routing
costs

9 3 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Pairwise 1 (2, 1, 1, 1) 0.25 The length
of a segment
is adjusted
dynamically.

7 Simulated
annealing
Metropolis
criterion

Temperature,
minimum 25 000
iterations

[37] Pick-up and delivery prob-
lem with resource syn-
chronization

Minimizing the
sum of travel
costs, costs of
service times
and vehicle
utilization costs

7 10 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (33, 20, 13) 0.1 100 iterations in
a segment

3 Simulated
annealing
Metropolis
criterion

600 seconds

[42] Multi-tier service deploy-
ment problem in clouds

Minimizing the
total cost of
placing replicas
in the public
cloud

6 3 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (42, 31, 22) 0.5 100 iterations in
a segment

7 Simulated
annealing
Metropolis
criterion

Instance-speci�c
number of
iterations

[54] Berth allocation and quay
crane assignment problem

Minimizing
overall costs

4 4 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (2, 5, 10) 0.8 270 3 Simulated
annealing
Metropolis
criterion

270 000
iterations
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Studies included in the meta-analysis di�er with respect to a number of characteristics (continued).
A

rti
cl

e

Pr
ob

le
m

O
bj

ec
tiv

e

N
um

be
ro

fd
es

tro
y

he
ur

ist
ic

s

N
um

be
ro

fr
ep

ai
rh

eu
ris

tic
s

W
ei

gh
ta

dj
us

tm
en

tf
or

m
ul

a

H
eu

ris
tic

ev
al

ua
tio

n

In
iti

al
w

ei
gh

ts

Sc
or

es

Re
ac

tio
n

fa
ct

or

N
um

be
ro

fs
eg

m
en

ts

N
oi

se

Ac
ce

pt
an

ce
cr

ite
rio

n

St
op

pi
ng

cr
ite

rio
n

[59] Electric vehicle rout-
ing problem with time
windows

Minimizing
number of
vehicles (and
next the to-
tal distance
traveled)

16 7 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (25, 20, 21) 0.25 125 or 4, depend-
ing on the cat-
egory of heuris-
tics

7 Simulated
annealing
Metropolis
criterion

25 000
iterations

[60] Curriculum-based course
timetabling problem

Minimization of
weighted sum of
integer penalties

10 8 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

ws+1
l = (1 − r)ws

l + r
�l
�l
(T0Tl )

ℎ ∈ , l ∈ ,
Tl average computation
time of heuristic l,
T0 average computation
time of an arbitrarily
chosen reference repair
heuristic

Independent 1 (30, 15, 18) 0.16 100 iterations in
a segment

3 Simulated
annealing
Metropolis
criterion

Instance-speci�c
number of
iterations

[63] Service technician routing
and scheduling problem

Minimizing sum
of total routing
and outsourcing
costs

5 6 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Pairwise 1 (33, 9, 13) 0.1 250 3 Simulated
annealing
Metropolis
criterion

25 000 iterations

[75] Dynamic patient admis-
sion scheduling problem

Minimizing sum
of penalties for
soft constraints
violations

3 2 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (25, 15, 5) 0.1 100 iterations in
a segment

3 Simulated
annealing
Metropolis
criterion

Temperature 0.5

[79] Multi-depot multi-period
vehicle routing problem
with a heterogeneous �eet

Minimization
of total delivery
cost

4 1 ws+1
ℎ = ws

ℎ − �
ws+1
l = ws

l +
�
||

ℎ failed to improve the cur-
rent best solution,
l ∈ ⧵{ℎ}

Independent
(= Pairwise)

1 0.01 0.5 1 iteration in a
segment, hence
at most 100 seg-
ments

7 Hill climb-
ing

100 iterations,
or 10 itera-
tions without
improvement

[81] Discrete and continuous
berth allocation problem

Minimizing the
sum of service
times and penal-
ties for deadline
violations

4 3 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (50, 10, 7) 0.05 50 iterations in a
segment

3 Simulated
annealing
Metropolis
criterion

120 seconds
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Studies included in the meta-analysis di�er with respect to a number of characteristics (continued).
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[85] Rural postman problem
with time windows

Minimizing cost 3 2 ws+1
ℎ = (1 − r)∑

s−1
t=1 wt

ℎ
s−1 + r �ℎ�ℎ Independent 1 (15, 8, 2) 0.7 100, with heuris-

tic weights
re-initialized
after every 10
segments

7 Simulated
annealing
Metropolis
criterion

25 000 iterations

[93] Truck and trailer routing
problem with time win-
dows

Minimizing total
routing cost

4 5 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Pairwise 1 (33, 9) 0.1 500 3 Simulated
annealing
Metropolis
criterion

50 000 iterations

Periodic capacitated arc
routing problem with
inventory constraints -
gfbj instances

(15, 10, 5) 0.8

[103]

Periodic capacitated arc
routing problem with
inventory constraints -
mine instances

Minimizing the
sum of penalty
cost of humidity
level di�erence,
and routing cost

8 8 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

There is a
single
repair
heuristic
corre-
sponding to
each
destroy
heuristic.

1/8

(25, 10, 5) 0.1

100 -

Simulated
annealing
Metropolis
criterion

25 000 iterations
or 7 200 seconds

Capacitated vehicle rout-
ing problem

Minimizing dis-
tance

3 1

Capacitated minimum
spanning tree problem

Minimizing sum
of edge costs

2 1[108]

Quadratic assignment
problem

Minimizing cost 1 3

ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ Independent 1 ((10, 4, 2) 0.01 150 000 7

Record-to-
record
travel

150 000 iterations

[107] Orienteering problem Maximize col-
lected prize

3 4 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (15.38, 5.34, 3.04) 0.57 1 iteration in a
segment

7 Record-
to-record
travel

5-minutes time-
out
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Studies included in the meta-analysis di�er with respect to a number of characteristics (continued).
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[109] Gate matrix layout prob-
lem

Minimizing
number of
tracks

5 4 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (15, 25, 5) 0.66 60 iterations in a
segment, hence
at most 13 seg-
ments

3 Simulated
annealing
Metropolis
criterion

Temperature
0.01, or objec-
tive function
value equal to
a trivial lower
bound, or 100
consecutive iter-
ations without
improvement
(but minimum
400 in total), or
800 iterations

[110] Cutwidth minimization
problem

Minimizing
maximum num-
ber of edges
crossing any
consecutive pair
of vertices

5 4 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (50, 15, 25) 0.85 200 iterations
in a segment,
hence at most 15
segments

3 Simulated
annealing
Metropolis
criterion

Temperature
0.01, or 3 000
iterations

[123] Fleet size and mix dial-a-
ride problem

Minimizing the
sum of �xed
vehicle costs
and times and
distance costs

5 4 ws+1
ℎ = (1 − r)ws

ℎ + r
�ℎ
�ℎ

Independent 1 (33, 20, 15) 0.1 100 iterations in
a segment

3 Record-
to-record
travel

Instance-
dependent
computation
time (16, 40 or
100 minutes)

[124] 10 di�erent combinatorial
optimization problems

Minimizing dif-
ferent objectives

30 36 wℎ = (1 − r) LT Tℎ + rLℎ
Lℎ, Tℎ local and total e�-
ciency of heuristic ℎ
L, T local and total e�ciency
of all heuristics

Independent 1 Δf
Δt 0.95 1 iteration in a

segment
7 Hill climb-

ing
240 seconds
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Regardless of the frequency of the heuristics in the adaptive and non-adaptive algorithm,
the iteration limit as the termination criterion could bias the comparison in favor of ALNS
in yet another way. Indeed, no information about the heuristic scores or weights needs
to be updated in (¬A)LNS, but more importantly there is no need to memorize visited
solutions, or check if a solution has been visited before, which is another reason why the
non-adaptive algorithm runs faster. This is another reason why, if both were limited by
the same amount of computation time, (¬A)LNS would be able to perform more iterations
and possibly �nd a better solution within the additional time gained. In other words, the
lack of the adaptivity could be compensated by the additional iterations gained, which is
not achieved if the algorithm is stopped with a given number of iterations. Note, however,
that the computational steps related to the adaptive layer are still carried out in the non-
adaptive variant considered in our meta-analysis: we chose to ask the authors to run the
comparison of ALNS with (¬A)LNS with r = 0, as this is more straightforward than asking
them to remove the code related to the adaptive layer, but these two non-adaptive variants
are not equivalent. The simpli�ed non-adaptive variant (¬A)LNS with r = 0 carries out
the algorithmic steps concerned with adaptiveness, although this has no in�uence on the
selection of heuristics. It is precisely this simpli�cation that is the second source of bias
in our meta-analysis, and it rather occurs when the stopping criterion is the computation
time. In this case, non-adaptive (¬A)LNS without A-code saves some time compared to
ALNS due to the lack of adaptivity, but (¬A)LNS with r = 0 achieves no such gains.

The most fair comparison would therefore be limited by computation time, and would
consider ALNS without the adaptiveness code as the appropriate (¬A)LNS. In Table 3, the
aforementioned arguments are supported with the ALNS introduced in [60]. We are not
particularly concerned with these sources of bias, but we �nd it important to note that in
most cases they can make the A de�ned in (3) an exaggerated estimate of the importance
of the adaptive layer.

We also note that we are comparing ALNS to the equiprobable (¬A)LNS, whereas there
might be much more successful non-adaptive variants. If the selection probabilities of the
included heuristics would be tuned (o�ine), it is to be expected that this non-adaptive
(¬A)LNS would have a better performance than the (¬A)LNS where the selection proba-
bilities are equal.

On the other hand, for some problems, there might be a bias in favor of the non-adaptive
alternative. Indeed, if many simple instances are considered, for which both ALNS and the
non-adaptive (¬)ALNS can �nd the optimal solution, the adaptive layer cannot improve
the performance. If the adaptive layer has an added value, it is to be expected that it will be
greater for large instances. A similar issue arises if the problem is very constrained so that
only a limited number of feasible solutions exist. For these instances, the non-adaptive
variant is as successful as ALNS. However, we decided to also include in the results the
percentage of instances for which ALNS is better or worse than (and hence also equal to)
(¬)ALNS. Together with standard deviation, the percentage of instances for which ALNS
and the non-adaptive variant return the same solution quality, gives an indication about
how much the average importance of adaptiveness in a study could at most be skewed
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Table 3: Two sources of bias in individual studies are illustrated with the results for the
ALNS introduced in [60] for the curriculum-based course timetabling (minimiza-
tion) problem, averaged across 21 instances and 5 runs. The �rst is the number
of iterations as the stopping criterion: if the stopping criterion would be time,
a smaller di�erence between ALNS and the non-adaptive alternative is expected.
The additional computation load of the adaptive layer is the second source of bias:
the (¬A)LNS with r = 0 is a conservative estimate of the non-adaptive version of
(¬A)LNS (with the code related to the adaptive layer removed), since savings in
computation time could improve the performance.

Stopping criterion Algorithm Number of
iterations

Computation
time (s)

Objective
function
value

Number of iterations
ALNS 425 714.29 160.26 75.42
(¬A)LNS with r=0 425 714.29 136.20 79.50
(¬A)LNS without A-code 425 714.29 126.92 79.29

Computation time
ALNS 478 846.76 192.00 75.12
(¬A)LNS with r=0 598 570.31 192.00 78.09
(¬A)LNS without A-code 686 910.50 192.00 78.21

(made smaller) because of the simple instances where ALNS could not ever outperform
the non-adaptive alternative.

5.2 Bias across studies

Next to the bias in individual studies, there are also three potential sources of bias across
studies: publication, search, and selection bias [128]. In the remainder of the section, we
de�ne each of these types of bias, and explain how they apply to the meta-analysis carried
out in this paper.

The �rst type of bias, the publication bias, is caused by the fact that positive studies are
more likely to be published. Medical research is often sponsored by pharmaceutical com-
panies, which obviously prefer results in favor of their developed treatments. For exam-
ple, trials of single alkylating agents versus multiple agent cytotoxic chemotherapy in the
treatment of ovarian cancer have been analyzed [83]. Published trials yielded signi�cant
results in favor of the multiple-agent therapy, but that �nding was not supported when the
results of all trials — both those published and those registered but not published — were
analyzed. Another study suggested that intervention e�ects reported in journals were 33%
greater than those reported in doctoral dissertations [83]. Similarly, meta-analyses limited
to published trials, compared with those that included both published and grey literature,
overestimated the treatment e�ect by an average of 12% [83]. A similar (if not worse) bias
exists in metaheuristic research: the focus lies in designing an algorithm that outperforms
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another, or at least on demonstrating the bene�ts of certain components, whereas nega-
tive results are di�cult to publish. Such selective publishing of studies with statistically
signi�cant or directionally positive results can lead to in�ated estimates of e�cacy in the
meta-analyses. This bias occurs in the identi�cation phase, and should be minimized with
an e�ort to identify unpublished studies. We minimized the publication bias by not restrict-
ing the review to studies published in journals: we also include conference proceedings,
bachelor, master and PhD theses, and working papers (some of which have in the mean-
time been published in a journal). We also do not make any restrictions with respect to the
number of citations. For practical purposes we did, however, consider only studies in En-
glish. Language-restricted meta-analyses, as compared with language-inclusive ones, have
shown to over-estimate the treatment e�ect by only 2% on average [83], and we expect
the impact of language or geographical region to be way less important for metaheuristic
compared to clinical research.

The second type of bias, the search bias, also occurs in the study identi�cation phase and is
related to missing relevant studies with a faulty search. Search bias is minimized with a set
of key words that is as complete as possible (and the search engine and key words should
explicitly be mentioned). We restricted the search to Google Scholar and the records with
ALNS in the title for practical purposes, which resulted in search bias, due to an incomplete
retrieval of ALNS-related research. Furthermore, if the ALNS has been compared to the
non-adaptive alternative in order to assess the added value of the adaptive layer, and if
it did not prove to have any bene�ts, the authors would most likely remove the adaptive
framework. Most often this would not even be mentioned in the paper (in order to publish,
the focus is unfortunately almost exclusively on positive results), but even if this is the case,
such articles would not have ALNS in the title and would therefore not be identi�ed with
our search. This has been con�rmed to us through personal correspondence. For example,
according to Fabien Lehéudé, the adaptive layer was evaluated and shown to be useful in
[33, 37] (ALNS is in the title), but was not signi�cantly helpful in [34, 35, 68, 123] (no ALNS
in the title), although this is not always explicitly shown or mentioned in the paper. Olivier
Péton also con�rmed that, although ALNS was shown to be slightly better than (¬A)LNS
in [80], on a number of other occasions there was no signi�cant di�erence between the
two algorithms and eventually the adaptive layer was removed (so that there would be
no ALNS in the title). We hope to have decreased this bias somewhat through personal
correspondence with the researchers, who directed us towards other papers relevant to
the topic under study.

Finally, selection bias, as the name suggests, can occur in the study selection phase due to
poorly de�ned eligibility criteria. We minimized the risk of bias with a clear de�nition of
inclusion criteria, given in Section 4.

A funnel plot is sometimes used for meta-analyses in clinical research to assess the iden-
ti�cation (publication and search) and selection bias. The funnel plot is a scatter plot of
the individual studies in a meta-analysis, with the treatment e�ect on the x-axis and some
measure of study precision, such as the sample size, the inverse variance, or the standard
error, on the y-axis [120]. In the absence of bias, the funnel plot is expected to show a
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symmetrical distribution about the mean e�ect size. However, asymmetry in a funnel plot
is not necessarily resulting from a bias, but could also be a consequence of, e.g., overesti-
mation of treatment e�ects in smaller studies of inadequate methodological quality [120].
Asymmetry of the funnel plot, either visually interpreted or statistically tested, was shown
not to accurately predict bias [67], and many authors have by now argued that visual inter-
pretation of funnel plots is too subjective to be useful [50]. For these reasons, we refrained
from using a funnel plot in this paper.

6 Statistical analysis

Most meta-analyses are based on one of two statistical models: �xed-e�ect or random-
e�ects model. The �xed-e�ect model assumes that there is one true e�ect size (hence the
term �xed-e�ect) which underlies all studies in the analysis, and that all di�erences in
observed e�ects are due to sampling error. The summary e�ect is then an estimate of this
common e�ect size. The random-e�ects model assumes that the true e�ect could vary from
study to study. For example, in clinical research, the e�ect size might be higher (or lower)
in studies where the participants are older, or more educated, or healthier than in others,
or when a more intensive variant of treatment is used. The e�ect sizes in the included
studies are assumed to represent a random sample of the e�ect sizes which could have
been observed (hence the term random-e�ects). The summary e�ect is then an estimate of
the mean (of the distribution) of these e�ects [12].

In our meta-analysis of the ALNS adaptive layer, we cannot assume that the importance
of the adaptive layer is the same for each study. Indeed, there are a number of study
characteristics which we identi�ed in Section 4 that could in�uence the importance of
adaptiveness. In other words, the studies we considered do not investigate the same popu-
lation, but rather di�erent populations of instances for di�erent problems. For this reason,
our primary statistical analysis is based on a random-e�ects model.

For both the �xed-e�ect and the random-e�ects model, the summary estimate is a weighted
average of the e�ect sizes in the individual studies. The individual study results are weighted
by some measure of their precision, most commonly with the inverse of their variance. In
statistics, inverse-variance weighting is a method of aggregating two or more random
variables to minimize the variance of the weighted average.

The only di�erence between the �xed-e�ect and random-e�ects model lies in the source(s)
of variance. Under the �xed-e�ect model there is one level of sampling - subjects are
sampled from a population, and therefore there is only one source of variance. By contrast,
under the random-e�ects model there are two levels of sampling and thus two sources of
variance. In our example of meta-analysis of meta-heuristics, we sample instances of a
problem under consideration in a study, but we also sample problems (or studies) from the
population of problems. The �rst source of variance is thus the di�erence between the
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observed e�ect of the study and the true e�ect of the study. This within-study variance is
commonly estimated with the squared standard error:

Vi =
�2i
Ni
,

(�i is the standard deviation, and Ni is the number of problem instances in study i). It
makes sense to weigh studies with the inverse variance: we assign more weight to the
studies which include a greater number of instances, and for which the dispersion of the
e�ect size across instances is small.

The second source of variance is the variance of the e�ect sizes across the population of
studies. This between-study variance is commonly estimated using the DerSimonian and
Laird method [26] in the following way:

T 2 =
Q − df
C

,

where statisticQ is a sum of squares of the e�ect size estimates about their mean, weighted
by the inverse of variance Vi , df = K − 1 and K is the number of studies included in the
meta-analysis, and C is simply a factor which puts the standardized variation between
studies Q − df back into the same metric that had been used to report the within-study
variance. For more details on these statistics, see [12]. Whereas the only variance in the
�xed-e�ect model is Vi , the total variance under the random e�ects model is Vi + T 2, so
that the weight of study i is calculated as:

Wi =
1

Vi + T 2
.

The relative weights assigned under a random-e�ects model are more balanced than those
assigned under �xed e�ect model, due to the addition of the between-study variance T 2.
This also makes sense: when assigning weights to the di�erent studies under the �xed-
e�ect model, we can largely ignore the information in the smaller studies since we have
better information about the common e�ect size in the larger studies. Under the random-
e�ects model, each study provides information about a di�erent e�ect size, and we want to
be sure that all these e�ect sizes are represented in the summary estimate. This means that
we cannot disregard a small study by giving it a very small weight. The estimate provided
by that study may be imprecise, but it is information about an e�ect that no other study
has estimated [12].
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Table 4: On average, the adaptive layer helps to improve the ALNS performance by A = 0.14%. The summary e�ect A, represented with
a diamond, is a weighted average of the added value of adaptiveness across a number of studies included in the meta-analysis.
The mean e�ect in each of the studies is represented with a square (with a 95% con�dence interval around it), where the size of
the square re�ects the weight of the study. The percentage of problem instances for which ALNS outperforms the non-adaptive
variant (¬A)LNS, or the other way around, provides additional information on the behaviour of the adaptive layer in each of
the included studies.

Article Mean A Standard N Weight Forest plot % better % worse
deviation

[11] 0.04 1.26 108 32.23 45.37 29.63
[19] ALNS(6,4) 1.53 1.43 117 29.64 87.18 4.27
[19] ALNS(4,3) 2.64 3.78 117 7.21 84.62 10.26
[23] 0.15 0.16 62 59.99 95.16 1.61
[37] -0.08 0.35 3 17.18 33.33 66.67
[42] 0.49 1.49 60 18.71 56.67 35.00
[54] 0.13 0.53 30 38.91 46.67 43.33
[59] 0.45 3.64 56 3.95 25.00 8.93
[60] 6.54 8.89 21 0.26 85.71 4.76
[63] 0.13 3.12 144 11.90 45.14 45.14
[75] 0.06 1.19 296 47.43 45.95 52.70
[79] 1.31 1.03 9 7.45 100.00 0.00
[81] 1.72 1.29 60 22.76 51.67 0.00
[85] 0.59 3.23 233 16.37 8.58 2.58

-20 -10 0 10 20 A (%)
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On average, the adaptive layer helps to improve the ALNS performance by A = 0.14%. The summary e�ect A, represented with a
diamond, is a weighted average of the added value of adaptiveness across a number of studies included in the meta-analysis. The mean
e�ect in each of the studies is represented with a square (with a 95% con�dence interval around it), where the size of the square re�ects
the weight of the study. The percentage of problem instances for which ALNS outperforms the non-adaptive variant (¬A)LNS, or the
other way around, provides additional information on the behaviour of the adaptive layer in each of the included studies.

Article Mean A Standard N Weight Forest plot % better % worse
deviation

[93] -0.32 0.47 18 35.33 5.56 83.33
[103] gfbj -9.52 21.69 22 0.05 4.61 96.80
[103] mine 0.42 2.02 10 2.37 40.00 60.00
[108] CVRP -0.00 0.17 159 60.80 49.06 42.14
[108] CMST 0.01 0.12 104 60.98 21.15 21.15
[108] QAP -0.02 0.36 99 56.86 23.23 20.20
[107] -0.40 1.31 324 46.38 25.93 63.27
[109] 0.00 0.38 1 455 61.11 10.93 10.45
[110] -0.03 1.99 11 705 60.23 15.67 15.90
[123] -0.50 0.64 14 22.04 21.43 78.57
[124] 15.46 26.41 20 0.03 75.00 10.00

Average 0.14

-20 -10 0 10 20 A (%)
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The results of our statistical analysis are summarized in the forest plot shown in Table 4.
To improve the clarity of this section and the results, we include a toy example of a step-
by-step meta-analysis in the Appendix (Table 5). For most of the studies included in the
meta-analysis, the average objective function value is calculated across 5 runs, but for some
10 or 20 runs were carried out for each instance. For more details, interested readers are
referred to the complete results per study and per instance, which are publicly available
on the corresponding author’s website.

The results suggest that adaptiveness helps to improve ALNS performance on average by
A = 0.14292% (with a standard error of 0.03738, and a 95% con�dence interval between
0.06819 and 0.21764). The null hypothesis being tested is that the mean e�ect is zero,
i.e., that the ALNS adaptive layer has no added value, with a p-value of 0.00018. In other
words, if the null hypothesis is true, the probability of �nding thatA ≥ 0.14292% is 0.00018.
This means that there is strong evidence (at level of signi�cance 0.001) against the null
hypothesis.

7 Discussion

We start this section by providing more information on the two important outliers in the
forest plot (Table 4), with Ai = 15.46% [124] and Ai = 6.45% [60] (subscript i denotes study
i). This helps us to further extend the discussion about the importance of adaptiveness in
ALNS.

In [124], ALNS is envisioned as a black box optimizer which can solve any (or, a very broad
range of) combinatorial problem(s). This ALNS includes 30 destroy and 36 repair heuris-
tics, and each of them is known to work well for one of the 10 di�erent problems which
were considered in the computational experiments. It is therefore not surprising that the
adaptive layer was able to improve the performance by 15.46%. Indeed, Stefan Røpke,
who introduced ALNS, and Alberto Santini, agree that the adaptive layer is expected to
be important if ALNS is going to be applied to di�erent problems (e.g., vast range of rout-
ing problems), or a diverse set of instances for one problem, where we expect that some
destroy or repair heuristics would perform very poorly or very good on some subsets of
instances (e.g., on symmetric vehicle routing problem). Røpke a�rmed that, if ALNS is
used to solve a particular problem and one does not plan to implement destroy or repair
heuristics that are targeted to a speci�c type of instances, the adaptive layer is expected
not to matter, or matter very little. In [124], the authors explicitly mention that di�erent
heuristics are targeting di�erent subsets of problem instances, e.g., for one of the destroy
heuristics, the authors state that it should be e�cient on problems where successive de-
cision variables are related to each other (such as lot sizing problems), whereas another
should be e�cient on problems where values represent resources shared between variables
(such as bin-packing problems).

We also note that a di�erent weight adjustment procedure is employed in [124]. We can
see in Table 2 that the weights of the heuristics are updated with the gradient Δf

Δt of the
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objective function over time (evaluated on the current best solution). However, we also
note that the authors do not employ the weight adjustment formula (2). The authors pro-
pose a variation in the weight-update mechanism, based on a so called sliding evaluation
window, which is especially useful when the di�erent heuristics exhibit unequal running
times. For this study, the ALNS with the standard weight adjustment formula (2) out-
performs the equiprobable (¬A)LNS by 10.69%. This means that, if there are less useful
heuristics which also take a lot of computation time, and the computation time is not
taken properly into account when updating the heuristic weights, the adaptive layer can
be expected to have a greater importance.

Furthermore, in [124], LNS with the single best performing pair of destroy and repair
heuristic outperforms any other (adaptive, or non-adaptive) variant. This means that nei-
ther of the two considered variants of the adaptive layer were intelligent enough, or fast
enough, to focus solely on the heuristics which are successful for a given problem instance
(by assigning them a probability of being selected close to one).

That the choice of heuristics seems to be crucial for ALNS performance is also indicated in
the second outlier. In [60], ALNS with 10 destroy and 8 repair heuristics is considered, and
it is shown that it improves over the non-adaptive (¬A)LNS by 6.54% (Table 4). However,
we see from an analysis in the article that the equiprobable non-adaptive variant with a
subset of only 10 destroy and 4 (most successful) repair heuristics even outperforms ALNS
with the same 10 destroy and 4 repair heuristics. The importance of the adaptive layer is
thus lower if the set of heuristics is already narrowed down to the successful ones. In the
latter comparison, the iteration limit is adjusted to re�ect the di�erences in the compu-
tational e�ort, and the more appropriate non-adaptive variant without the adaptiveness-
related code is considered, which also speaks to the importance of two sources of bias
discussed in Section 5.1. The author pointed out that the deviation from the other ALNS
studies might partially also be accredited to the problem characteristics. For the considered
timetabling problem, rather arti�cial integer penalties are used for soft constraint viola-
tions in the objective function, so that the percentage deviation in the objective function
value between two solutions with one additional penalty is quite high.

In any case, we note that results are robust with respect to the outliers: the summary
e�ect A remains 0.14 even when the three outliers [124], [60] and [103] (gfbj instances)
are excluded from meta-analysis (A changes from 0.14292 to 0.13707).

There are further indications that, if the set of heuristics is narrowed down, the adaptive
layer might not be so useful. In [103], the authors show that ALNS with all 8 heuristics
performs worse for almost any instance than some other strict subsets of heuristics, which
suggests that the adaptive mechanism is not able to adjust the weights in an optimal way
(i.e., focusing only on the subset of heuristics which perform well for the given instance).
In the literature review in Section 2, we mention that ALNS was shown to be better than the
three non-adaptive versions, with weights �xed in di�erent ways in [15]. However, we can
also see in that paper that the non-adaptive versions (with the set of smart heuristics) are
better than many versions of ALNS with a greater number of heuristics. In [28], the results
obtained by ALNS are clearly worse compared to the con�guration with an o�ine selection
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of heuristics by irace (a package for automatic con�gurations of algorithmic parameters
[73]). This suggests that adaptiveness cannot e�ectively compensate for a poor o�ine
selection of heuristics. The e�ectiveness of ALNS therefore primarily lies in the choice
of heuristics, which are usually based on proven performance methods for the problem at
hand [109]. It therefore comes as no surprise that for [110], where the choice of heuristics
is narrowed down with irace to 5 destroy and 4 repair heuristics (from respectively 10
and 5), the importance of adaptiveness is Ai = −0.03%. On a related note, [95] shows that
adapting Ant Colony Optimization parameters online is ine�ective as long as the values
of these parameters are carefully tuned o�ine (for the traveling salesman problem and
quadratic assignment problem, and a particular implementation).

In our literature review and meta-analysis, there is one example where the �ndings above
are not con�rmed. In [19], the �nal algorithm which is run for every instance is a ran-
dom choice between an ALNS with 6 destroy and 4 repair heuristics, and an ALNS with a
subset of only 4 destroy and 3 repair heuristics (as one is better with respect to solution
quality, and the other with respect to computation time). To have a proper evaluation
of the added value of the adaptive layer, we asked the authors to compare the adaptive
and non-adaptive algorithm for the two versions of ALNS separately (rather than ran-
domly choosing between them). We can see in Table 4 that Ai = 2.64% for ALNS(4,3), and
Ai = 1.53% for ALNS(6,4), which contradicts the conclusion above suggesting a lower im-
portance of the adaptive layer when the choice of heuristics is narrowed down. However,
the results we received also show that ALNS(6,4) �nds solutions which are, on average,
3.30% better than ALNS(4,3), implying that the choice of heuristics is not reduced well
(with respect to the solution quality) in this case.

Di�erent weight adjustment mechanisms have been used in the literature, and some might
be more successful than others (for certain types of problems, or other characteristics). In
[76], the selection probabilities look completely di�erent for two runs of the ALNS on
the same instance, and the authors therefore conclude that the current weight adjustment
formula is far from optimal. Additionally, the success percentages (the number of times
the new best, or a better solution was found) of the most frequently used heuristics are
not necessarily the highest [30, 76, 78]. This e�ect can be explained by the fact that some
heuristics tend to have success in the earlier iterations of the algorithm, thus increasing
the weight and the probability to be selected for further iterations in which they might be
far less successful. It is indeed easier to �nd better solutions in the earlier stages of the
algorithm, and one way to compensate for this is to include the current iteration number
in the score, to give more importance to the rewards at the end of the search [77]. Some
authors also argue that the assumption that past success implies future success might be
very wrong (e.g., diversi�cation might be more important in the early phase of the algo-
rithm) [76]. Other weight adjustment mechanisms have been proposed in the literature,
e.g., the selection of heuristics is guided in [49] by selection strategies for the multi armed
bandit problem. In [13], the authors discuss four di�erent scoring mechanisms, but also
two di�erent selection principles, with the goal of making the di�erences between heuris-
tic weights matter (gradually) more or less than in the common roulette wheel principle.
To the best of our knowledge, there exist no studies that investigate this particular topic,
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and we believe it is an interesting question for future research (possibly taking some in-
spiration from machine learning).

The studies included in our meta-analysis di�er further with respect to a number of char-
acteristics (Table 2), which could have an in�uence on the importance of the adaptive layer,
such as the problem type, objective function, acceptance and stopping criterion, and so on,
or any other confounding factor. The number of studies is too small to carry out additional
sensitivity or subgroup analyses which would investigate the relationship between these
factors and the added value of adaptiveness. For example, it was shown in [23] that there
is a 0.23 − 0.29% degradation if the weights of destroy and repair heuristics are considered
individually rather than in pairs, but next to [63, 93], this is the only study included in
our meta-analysis with pairwise rather than independent evaluation of heuristics, so this
question cannot be properly answered from our analysis.

However, both detailed results per study and per instance, and the summary results and
calculations for our meta-analysis, are made publicly available on:

http://antor.uantwerpen.be/members/renata-turkes/

so that the analysis can be replicated, and more importantly, so that the results of other
studies could be included. When more articles become available which evaluate the e�ect
of adaptiveness, this meta-analysis can easily be extended and further insights can be ob-
tained. For instance, further sensitivity analyses, sub-group analyses, or meta-regression
could then help to study the e�ect of di�erent study characteristics (problem type, number
of heuristics, reaction factor, scores or stopping criterion, noise) and their interactions on
the importance of adaptiveness in ALNS.

This article also highlights the importance of sharing code and instances. Most of the arti-
cles which introduce ALNS for a problem focus on the comparison of ALNS performance
compared to the best known solutions from the literature, but these computational exper-
iments cannot be replicated or veri�ed, and any other question the reader might have can
rarely be answered from the articles themselves.

8 Conclusions, limitations and future work

The goal of this paper is to promote meta-analysis as a good tool of obtaining knowledge
about metaheuristic frameworks. Meta-analysis is a systematic approach to identifying,
apraising, synthesizing, and combining the results of relevant studies to arrive at conclu-
sions about a body of research [121]. In addition, meta-analysis has the capacity to contrast
results from di�erent studies, identify patterns among study results, sources of disagree-
ment among those results, or other interesting relationships. Meta-analyses have gained
great popularity in clinical research, but we believe them to be a great tool of generating
new insights also in Operations Research. To illustrate the approach, we have carried out
a meta-analysis of the importance of ALNS adaptive layer.
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Our meta-analysis suggests that the bene�t of the adaptive layer is minimal: adaptive-
ness helps to improve ALNS performance only by 0.14%. This number is far lower what
one might expect when considering the popularity of this metaheuristic framework. This
has been con�rmed by a number of researchers in the domain through personal corre-
spondence, who a�rmed that the adaptive layer was not bene�cial even for the majority
of the articles they worked on (and was eventually removed, e.g., in [34, 35, 68, 123]). If
ALNS is developed, it is therefore important to properly evaluate if the adaptive layer is
bene�cial, rather than blindly copying the algorithmic structure from some other imple-
mentation. Without a doubt, the same is true for any other seemingly crucial algorithmic
components. Di�erent selection probabilities across heuristics do not imply that the adap-
tive layer is advantageous: the di�erences among heuristic weights were shown to be
statistically signi�cant in [109], but the e�ect of adaptiveness is Ai = 0.00%. We suggest
to also explicitly mention these outcomes (of evaluation of algorithmic components, ei-
ther positive or negative) and thereby contribute to our knowledge and understanding of
metaheuristics.

There is continued evidence that, if the mostly useless (and in particular useless and slow)
heuristics are removed, the adaptive layer does not have a major impact. Indeed, it has
already been shown in [28] that a priori heuristic selection is crucial and that the roulette
wheel mechanism cannot e�ectively compensate for the lack of it (for an ALNS focused
on a multi-trip vehicle routing problem). In other words, eliminating some of the destroy
and repair heuristics o�ine, before the online selection through the roulette wheel, is es-
sential. If we therefore aim to develop a good performing algorithm (e.g., win a horse
race) and we know how the instances can be expected to look like, whereas no specialized
heuristics are targeting a particular subset of instances (e.g., a subset corresponding to one
of the considered problems, one variant of the problem, or a particular type of instances
even of a single problem), the adaptive layer will probably not have a major impact. In
this case, the heuristic selection probabilities can be tuned, or even left equal. The �nal al-
gorithm can therefore be signi�cantly simpli�ed by removing both some of the heuristics
and the adaptive layer: keeping track of heuristic scores and weights, and visited solu-
tions, or checking if a solution has been visited before (thereby also reducing the heuristic
computational e�ort), and the parameters of the adaptive layer (scores, reaction factor and
number of segments) do not need to be tuned.

There are some reasons why one might want to include “useless” (and slow) heuristics
in the solution algorithm. One example is when such a heuristic is targeted to a special
case, to a particular subset of problem instances: although it performs poorly for many
instances, this heuristic can be very important for others. To a certain extent, the adaptive
layer can guide the selection of heuristics for a given instance, and in this extreme scenario
it can be su�cient to improve the algorithmic performance. In this scenario, however, it
would also be possible to assign a small (�xed) weight to the heuristic which targets the
particular special case, or to tune the heuristic weights o�ine. Another example is when
not enough test instances are available to know the properties of instances to be solved,
and the robustness of the algorithm is a priority.
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The choice of heuristics therefore has a crucial in�uence on the importance of the adaptive
layer. For example, in an extreme case where thousands of destroy and repair heuristics
would be included in ALNS, but with most of them being ine�ective for the given problem,
we can expect that ALNS would signi�cantly outperform (¬A)LNS. No matter the outcome
of our meta-analysis of this particular question, we cannot therefore ever conclude that
adaptiveness could never be bene�cial. The outcome does, however, suggest that, de-
pending on one’s main purpose for developing a solution algorithm which incorporates
a number of destroy and repair heuristics, and how well these heuristics are selected, the
adaptive layer can be redundant.

Although the choice of heuristics seems to be crucial for the importance of ALNS adaptive-
ness, the studies included in our meta-analysis di�er with respect to a number of charac-
teristics (Table 2), which could have an in�uence on the importance of the adaptive layer,
such as the problem type, objective function, weight adjustment mechanism, and so on,
or other confounding factors. Unfortunately, we only received the results from a limited
number of studies, which did not make it possible to carry out additional analyses of the
relationship between these factors and the added value of adaptiveness. If results from
other studies become available, this question could be revisited to gain further insights.

It would also be interesting to carry out more meta-analyses to answer other questions. An
example would be an analysis of the importance of having a variable length tabu list in re-
active tabu search (some answers are provided in [96] for the quadratic assignment and the
maximum clique problem). A better understanding of the acceptance criterion has been
indicated as the key to improving the ALNS performance [47], but only for three prob-
lems and a speci�c implementation with a �xed stopping criterion and other properties,
and it might therefore be interesting to investigate this further by considering multiple
studies. There is a number of limitations of meta-analyses (e.g., the di�erent sources of
bias discussed in Section 5, although we note that these are also present in any other lit-
erature review), but we have demonstrated in this paper that it can help us gain a better
understanding of metaheuristics.
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Appendix

Table 5: A toy example of a step-by-step meta-analysis with two included studies. The
information in the highlighted rectangle corresponds to the data collected from
the articles, or requested from authors: objective function value for ALNS and
the non-adaptive variant, for a number of problem instances and across a num-
ber of runs. This information is used to estimate the mean importance Ai of the
adaptive layer, i.e., the average percentage improvement of ALNS upon the non-
adaptive algorithm, for a study i. The summary e�ect A is a weighted average of
the e�ect across studies, with the weight calculated as the inverse variance. In a
random-e�ects model, the variance is calculated as the sum of within-study vari-
ance (square of standard error, which incorporates both the standard deviation
across problem instances within a study, and a number of instances) and across
study variance (estimated with poor precision when the number studies is very
small). The summary e�ect A in this example is weighted more strongly towards
A1 than A2, since the weight of the study S2 is very small: indeed, the adaptive
layer improves the algorithmic performance by 0.64% for one instance, 5.71% for
another instances, but by −0.33% for the last instance, and we are therefore less
con�dent about the true e�ect of adaptiveness in this study (i.e., the standard de-
viation is large, and hence the weight is small, indicating that the estimate A2 is
less precise).
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I11

1 856.0 863.0 855.00 866.50 1.35
0.50 2 0.13

0

7.93 0.972 854.0 870.0

I12
1 40.0 39.0 39.00 39.25 0.642 38.0 39.5

1.00 0.97

S2

I21
1 1200.0 1208.0 1200.00 1206.5 0.64

3.26 3 3.55 0.28 0.07

2 1200.0 1205.0

I22
1 10.0 10.5 10.5 11.1 5.712 11.0 11.7

I23
1 301.0 299.0 300.5 299.5 -0.332 300.0 300.0

1.97 0.03

A = 1.04
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Table 6: Important notation and acronyms.
Notation

 set of (destroy or repair) heuristics
 set of destroy heuristics
 set of repair heuristics
ℎ (destroy or repair) heuristic (can be referred also as l)
s segment, a number of consecutive iterations
� score added to a heuristic in each iteration it has been called
�ℎ total score of heuristic ℎ at the end of the current segment
�sℎ number of times heuristic ℎ has been called during the current segment
r reaction factor, which controls the importance of heuristic performance in the last segment
ws
ℎ weight of heuristic ℎ updated after segment s (calculated as (1 − r)ws−1

ℎ + r�ℎ/�ℎ)
f objective function
f (⋅) average objective function value across a number of runs
x∗r best solution found by ALNS, with tuned r
x∗0 best solution found by non-adaptive (¬A)LNS, with r = 0
K number of studies in the meta-analysis
Si study Si (an individual study in the meta-analysis)
Iij instance j in study Si
Ai improvement with the adaptive layer in study Si , averaged across instances and runs
Ni number of instances in study Si
�i standard deviation in study Si
Vi variance within study Si (calculated as �2/N )
T 2 variance across studies
Wi weight of study Si (calculated as inverse total variance 1/(Vi + T 2))
A improvement with the adaptive layer, weighted across studies

Acronyms

LNS large neighborhood search (single pair of destroy and repair heuristics)
ALNS adaptive large neighborhood search
(¬A)LNS ALNS without the adaptive layer
ALNS(||, ||) ALNS with || destroy and || repair heuristics
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