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We examine the origin of recently observed variations with internuclear distance (R) of the fully
differential cross sections for double ionization of aligned H2 by absorption of a single photon. Using the
results of fully converged numerical solutions of the Schrödinger equation, we show that these variations
arise primarily from pronounced differences in the R dependence of the parallel and perpendicular
components of the ionization amplitude. We also predict that R dependences should be readily observable
in the asymmetry parameter for photodouble ionization, even in experimental measurements that are not
differential in the energy sharings between ejected photoelectrons.
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Double ionization that results from absorption of a
single photon by an atom or molecule is exquisitely sensi-
tive to electron correlation in both the initial and final
states. Indeed, in the independent electron model, the
double ionization probability is zero, which is the conse-
quence of both the exact orthogonality of the atomic or
molecular orbitals and the one-body character of the dipole
operator. For the case of H2, the simplest molecular target,
double photoionization (DPI) is accompanied by a
Coulomb explosion of the nuclei, and recent momentum
imaging experiments [1–4] in which all four charged
particles are measured in coincidence have shown that
the correlated motion of the ejected electrons is sensitive
to the kinetic energy release (KER) of the dissociat-
ing nuclei. The KER, as we verify below, is directly re-
lated to the internuclear separation of the target at the mo-
ment of photon absorption via the relation KER � 1=R.
Interpretation of such experiments requires precise solu-
tions of the Schrödinger equation to unambiguously deter-
mine the origin of the observed effects and to guide
experimenters in determining which observations are
most sensitive to changes in electron correlation with
bond distance. We have shown [5] that such precise calcu-
lations are possible, with no appeal to models other than
the assumed validity of the Born-Oppenheimer approxi-
mation in solving the fixed-nuclei Schrödinger equation,
and we recently reported the details of fully converged
calculations of photodouble ionization of aligned H2 at
its equilibrium bond distance [6].

Our purpose in writing this Letter is threefold: (i) to
demonstrate that precise calculations can reproduce the
strong and surprising variations in the differential cross
sections with respect to nuclear KER recently reported by
Weber et al. [1,2], (ii) to explain the origin of the observed
effects in the fully differential cross sections, and (iii) to
use the calculations as a predictive tool to find other
geometries and energy sharings where the R dependence

of the fully differential cross sections (FDCS) would be
more prominently revealed than in current experiments,
even after averaging over the finite ranges of ejection
angles, molecular orientations, energy sharings, and nu-
clear kinetic energies that characterize the experimental
observations.

To accomplish our first goal of performing precise cal-
culations of the variation of the cross sections with kinetic
energy release, our earlier calculations [6] have to be
extended to cover the full range of internuclear distance
sampled by the molecule in its ground vibrational state.
When the photon energy is well above the threshold for
double ionization, we can safely employ the Born-
Oppenheimer approximation to separate electronic and
nuclear motion. If the rotational temperature of the target
gas is low, we can also assume that, following photoab-
sorption, the nuclei fly apart along a vector that remains
stationary (i.e., does not rotate) in the laboratory frame.
Under these conditions, we can write the DPI amplitude as

 F��k̂1; k̂2; �̂� �
Z 1

0
dR���R�f�k1;k2; �̂;R��0�R�; (1)

where f�k1;k2; �̂;R� is the amplitude for a photon with
polarization �̂ to be absorbed by a fixed-in-space molecule
with internuclear separation R and produce photoelectrons
with momenta k1 and k2. The functions �0�R� and ���R�
are the initial (bound) and final (energy-normalized con-
tinuum) vibrational wave functions, respectively. Energy
conservation (in atomic units):

 E0 � h� � k2
1=2� k2

2=2� �2=2� (2)

relates the target energy E0, photon energy h�, photo
electron energies k2

1=2 and k2
2=2, and kinetic energy release

�2=2�, where � is the reduced mass of the nuclei. In the
present case, ���R� is simply the repulsive Coulomb func-
tion corresponding to two bare protons.
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The fixed-nuclei amplitudes f�k1;k2; �̂;R�, whose
evaluation is the key difficulty in DPI calculations, were
obtained by formulating the problem using ‘‘exterior com-
plex scaling.’’ The details of that formulation have been
thoroughly discussed in Refs. [6,7] and will not be repeated
here. We have used finite elements and the discrete variable
representation in carrying out these calculations, and the
computational details such as grid size, number of basis
functions used, and number of partial waves retained, are
identical to those used in [6].

The spatial extent of �0�R� effectively limits the inte-
gration in Eq. (1) to a finite range of R values (Franck-
Condon interval) slightly larger than Rinner � R � Router,
which in turn limits the range of observable values of the
KER. Since the principal contribution to the integral in
Eq. (1) comes from R values near the classical turning
point, Rtp, on the final ion potential curve, the integral will
be small unless Rtp � 1=KER lies in the range where
�0�R� is appreciably nonzero. When the photon energy is
well above the Franck-Condon threshold, as it is in the
cases we report here, the calculations can be simplified by
using the method of stationary phase to approximate the
integral in Eq. (1). The result [6], called the classical
reflection approximation, is equivalent to replacing the
nuclear continuum wave function ���R� in Eq. (1) by a �
function at the classical turning point and thus, in this limit,
there is a one-to-one mapping between internuclear dis-
tance and KER. With this approximation, the FDCS for
DPI, which is differential in the KEREN , the photoelectron
energy E1, and the photoelectron directions �1 and �2, is
given by
 

d6�
dE1dENd�1d�2

�
4�2

!c
k1k2jF��k̂1; k̂2; �̂�j2

�
4�2

!c
k1k2�Rtp�0�Rtp�

� jf�k1;k2; �̂;Rtp�j	
2: (3)

The reflection approximation was tested by LeRouzo [8] in
calculations of the total DPI cross section for H2 and found
to be quite accurate. We have verified that the reflection
approximation is justified in the present study of the FDCS
by using it to compute differential cross sections for three
different values of KER and several molecular orientations
and energy sharings and comparing with results in which
the integral in Eq. (1) was explicitly performed numeri-
cally. Differences were typically on the order of a few
percent, and in no way affect the conclusions of this study.
In order to compare with experiment, the cross sections
must be integrated over a finite range of KER and angles,
and since the evaluation of the fixed-nuclei amplitude
f�k1;k2; �̂;R� is computationally intensive this approxi-
mation simplifies those calculations considerably. More
importantly, our verification of the accuracy of the reflec-
tion approximation validates its use by Weber et al. in the
original interpretation of their experiments.

We have found that it is essential in comparing with the
present generation of DPI experiments on molecules to in-
tegrate the theoretical results over the experimental angular
and energetic resolutions. For the comparisons shown in
Fig. 1, which shows data for a photon energy of 75 eV and
equal energy sharing for the two ejected electrons, we av-
eraged the calculated FDCS over the finite ranges of mo-
lecular orientation (
24�), photoelectron direction [
35�

and 
26� (fixed electron)], energy sharing (
10%) and
KER (�2:5 eV) described in Ref. [1], and in the corrected
experimental results published by those authors in a later
erratum [2].

This comparison verifies a key result of the experiments,
namely, an apparent rotation in the emission pattern of
ejected electrons as the bond distance varies. The effect
is most apparent in the full 3D plots of the FDCS. As
Weber et al. [2] point out, in the analogous atomic case
of helium the light field apparently drives electrons to-

 

FIG. 1 (color online). FDCS for a case with equal energy
sharing between the two electrons. The fixed electron (single
arrow) is perpendicular to the plane formed by the molecule and
the polarization (vertical double arrow). The molecule is aligned
at 55� to the polarization. The results (top to bottom) are for
KER of 0.50–0.60, 0.65–0.75, and 0.75–0.85 hartrees, respec-
tively. On the left we compare with the relative experimental
FDCS (points) of [1,2], in which the panels are internormalized
and, for visual clarity, divided by the factor

RR2
R1
�R�0�R�	

2dR,
where R1 and R2 are the internuclear distances corresponding to
the specified ranges of KER. The theoretical results (solid lines)
were integrated over the finite ranges of electron ejection angles,
energy sharings, and molecular orientations of the experiment.
Right: corresponding full 3D FDCS for KER of 0.55, 0.70, and
0.80 hartrees, not integrated over any experimental acceptance
ranges.
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wards a dipole pattern keyed to the axis of polarization,
whereas in the geometry of the experiment shown in Fig. 1
the molecule emits the in-plane electron strongly perpen-
dicular to its axis. As the molecule is stretched that effect
becomes more pronounced.

As a way to exhibit the origin of this effect we also
plotted the FDCS in 3D in Fig. 1. The experiment measures
(within its angular resolution) a cut of that 3D figure for
each range of KER (internuclear distances) reported. We
see the apparent rotation of the FDCS is even more pro-
nounced in the entire 3D representation of the cross section
because the experiment is sampling only a thin slice of the
front of a distribution that is pushed behind the plane by the
repulsion of the measured electron by the fixed electron
being ejected out of the plane. The experiments have
detected this important effect, but the cuts displayed on
the left side of Fig. 1 do not show the majority of the large
lobes of the FDCS that are evident in the full 3D panels.
The apparent structure in the lower left panel of Fig. 1 is
not verified by the calculations, and we speculate it is due
to the experimental statistics, but some similar structure
appears in both the theory and experiment in the top panel.
However, these are minor features of the electron
distribution.

The principle question is the following: Why does the
FDCS rotate with changing internuclear distance? The
FDCS is a coherent sum of contributions to the DPI am-
plitude from the components of the polarization parallel
(�u) and perpendicular (�u) to the molecular axis [6]. The
differing magnitudes of those components was observed to
cause a strong dependence of the FDCS on molecular
orientation [9], as explained in our previous work [5,6]
as well as in earlier model calculations [10,11], but it is not
immediately obvious how these differences can give rise to
an R dependence in the FDCS for a fixed molecular ori-
entation. We can see the relative magnitudes of the �u and
�u components at a glance by integrating the FDCS in
Eq. (3) over the directions of the ejected electrons to define
the molecular analogy, d�=dE1dEN , of the singly differ-
ential cross section (SDCS) in the atomic case. (The SDCS
is easily obtained by summing the squared moduli of the
‘‘reduced’’ DPI amplitudes [6].) Because of the applica-
bility of the reflection principle, we can plot this quantity
as a function of the internuclear distance Rwith the units of
an atomic single differential cross section, leaving out the
factor of �Rtp�0�Rtp�	

2 from Eq. (3). We do so in the top
panel of Fig. 2, and we see a shallow well in the variation of
the singly differential cross section as a function of the
energy of one electron E1 [6] at each value of R. However,
this plot also shows a surprising result. The contribution of
the parallel (�) component has a minimum in the range of
internuclear distances being sampled by the experiment,
while the perpendicular (�) component decreases mono-
tonically as R increases.

The angular distribution of the ions (protons) in terms of
their ejection angle 	mol relative to the polarization vector

is given by the well-known formula [12] d2�
dE1dEN

�	mol� �
d2�

dE1dEN
�1� 
ion�E1; EN�P2�cos	mol�=4�	. The parameter


ion�E1; EN� is given by a simple formula that depends
on the �u and �u contributions to d�

dE1dEN
,

 
ion�E1; EN� �
2� d

2����
dE1dEN

 d2����
dE1dEN

�

� d
2����

dE1dEN
� 2 d2����

dE1dEN
�
: (4)

The 
ion parameter displays a pronounced dependence on
EN , while showing very little dependence on E1. It is
therefore plotted in the lower panel of Fig. 2 as a function
of only EN , where it is defined in terms of cross sections
obtained by integrating the EN-dependent SDCS over E1.
The variation in those quantities with EN and, via the
reflection approximation, with R is responsible for the
rotation of the cross section with changing R in Fig. 1.

We predict here that the dependence of 
ion on KER is
an observable signature of this effect in an integrated
quantity that is easier to measure. The quantity 
ion, for
equal energy sharing but averaged over KER, has been
measured by Gisselbrecht et al. [4] who report 
ion �
0:75
 0:1, while earlier measurements by Kossmann
et al. [13] report a value for 
ion, averaged over both
KER and energy sharings, of0:68
 0:045. Both experi-
mental setups are, in principle, able to resolve the KER and
measure 
 as a function of EN . Our calculations give a
value of 0:721 for 
ion, averaged over KER and energy
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FIG. 2 (color online). Top panel: � (upper surface) and �
(lower surface) contributions to d�=dE1dEn, divided by
�Rtp�0�Rtp�	

2, in units of kb=eV (see text), plotted as functions
of internuclear distance R in Bohr radii and the ratio E1=E,
where E � E1 � E2; bottom panel: 
ion�EN�.
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sharing. The FDCS is of course sensitive not only to the
relative magnitudes of the parallel and perpendicular com-
ponents of the DPI amplitude, but to their phases as well.
Nonetheless, a measurement of only the quantity plotted in
the bottom panel of Fig. 2, that is, the KER-dependent

 parameter from cross sections integrated over all elec-
tron energy sharings, will display the central cause of the
effect observed by Weber et al. in the FDCS.

Having understood the essential physics of that effect,
we can use our accurate calculations of the FDCS to find
other geometries where these effects are even more promi-
nent. The present generation of experimental measure-
ments observes a cut of the FDCS in the plane of the
‘‘measured electron’’ with the other electron fixed in
both direction and energy. The measurements of [1,2]
were performed at equal energy sharing. For unequal en-
ergy sharing, final state correlation effects are relatively
less important and the FDCS should be more sensitive to
initial state correlation, which has a strong R dependence.
Indeed, we have found that with unequal energy sharing
between the two outgoing electrons the R dependence is

more evident and that a plane for the measured electron can
be found that exhibits that effect quite prominently. Such a
geometry is shown in Fig. 3, in which we show (with no
averaging) the results of calculations of the FDCS in which
the fixed electron has 90% of the available energy. This is a
‘‘coplanar’’ geometry in which the vectors of the polariza-
tion, fixed electron, and observed electron all lie in the
same plane. The FDCS in the left column is shown both in
the reflection approximation and with the full integration in
Eq. (1), thereby verifying the accuracy of the reflection
approximation. The right column of that figure shows the
three dimensional representation of the FDCS magnified in
the top and bottom panels so that the radical change with
varying internuclear distance is most visible. We predict
that a measurement of the FDCS in this geometry, even
integrated over ranges of KER that correspond to the
experimental resolution, will show the striking effects of
varying internuclear distance more clearly than do the
currently published measurements.

In summary, our calculations have allowed us to identify
the underlying cause of the pronounced effect on the FDCS
of varying internuclear distance observed by Weber et al.,
propose a more easily observable signature of this phe-
nomenon, and predict geometries in which this essentially
molecular effect in DPI is more prominently visible.
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x 2

FIG. 3 (color online). FDCS for the case of the molecule
aligned at 20� to the polarization (vertical) and the fixed electron
(horizontal arrow pointing left), with 90% of the available
energy, perpendicular to the polarization. The FDCS (top to
bottom) is plotted for KER of 0.55, 0.70, and 0.85 hartrees.
Right column shows 3D representation, and left column shows a
cut in the plane of the molecule, fixed electron, and polarization
vectors, where the radius of the circle is 0:16 b=eV2=str2. Solid
lines are with the reflection approximation; dashed lines are from
full integration of Eq. (1).
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