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The orbital angular momentum (OAM) of light and matter waves is a parameter that has been getting
increasingly more attention over the past couple of years. Beams with a well-defined OAM, the so-called vortex
beams, are applied already in, e.g., telecommunication, astrophysics, nanomanipulation, and chiral measurements
in optics and electron microscopy. Also, the OAM of a wave induced by the interaction with a sample has attracted
a lot of interest. In all these experiments it is crucial to measure the exact (local) OAM content of the wave,
whether it is an incoming vortex beam or an exit wave after interacting with a sample. In this work we investigate
the use of spiral phase plates (SPPs) as an alternative to the programmable phase plates used in optics to measure
OAM. We derive analytically how these can be used to study the local OAM components of any wave function.
By means of numerical simulations we illustrate how the OAM of a pure vortex beam can be measured. We also
look at a sum of misaligned vortex beams and show how, by using SPPs, the position and the OAM of each
individual beam can be detected. Finally, we look at the OAM induced by a magnetic dipole on a free-electron
wave and show how the SPP can be used to localize the magnetic poles and measure their “magnetic charge.”
Although our findings can be applied to study the OAM of any wave function, our findings are of particular
interest for electron microscopy where versatile programmable phase plates do not yet exist.
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I. INTRODUCTION

Over the past 20 years orbital angular momentum (OAM)
eigenstates in light and electron waves has been subject to
intensive research. These eigenstates are characterized by a
wave function � in cylindrical coordinates of the form

�(r,φ,z) = ψ(r,z)eimφ, (1)

where the integer number m is called the topological charge
(TC). Being eigenstates of the OAM operator they posses
a well defined OAM of m� per particle. Preceded by the
early theoretical work of Nye and Berry [1] and Allen
et al. [2], numerous ways of creating OAM eigenstates have
been designed in optics [3,4] and electron microscopy [5–9],
acoustics [10,11], and neutronics [12] In optics, these so-called
vortex beams have found their way into a vast number of appli-
cations ranging from optical tweezers and nanomanipulation
[13–16] and astrophysics [17–19] to telecommunication
[20,21]. Also, in electron microscopy, theoretical research
and early experiments look very promising for vortex beams
as a tool to manipulate nanocrystals [22] and investigate
chiral crystals [23]. One of the most attractive among these
applications is without a doubt magnetic mapping on the
atomic scale using the energy loss magnetic chiral dichroism
signal from inelastic vortex scattering [24].

For most of these applications, it is important to control
the TC of the vortex beam and to create a beam that is a
pure OAM eigenstate instead of a mixture of several OAM
eigenstates. In order to look for the best setup to create high-
quality vortex beams, one has to be able to measure the TC
with high accuracy. With this purpose a variety of methods
has been developed for optical beams [25–27], some from
which an equivalent setup in electron microscopy was derived
[28]. In optics, besides the total OAM of a beam, the local
OAM density and OAM modes can also be measured by modal
decomposition [29,30] using computer generated holograms.

This approach, however, is not applicable to electron vortex
beams, since it requires versatile phase plates that do not yet
exist in electron optics.

An interesting type of phase plate is the so-called spiral
phase plate (SPP). Adding only a phase eimφ and a TC m to
the wave in diffraction space, such phase plates can be created
even for electron waves [8,9], where they have shown their use
as an efficient way to create electron vortex beams. In this paper
we investigate the use of SPPs as an alternative to detect local
OAM components in an electron wave. We analytically derive
the action of a SPP and verify this with numerical simulations
on Bessel beams. We explore the potential of this technique
on examples of pure and superpositions of noncentered vortex
beams. Finally, we investigate how a magnetic dipole can be
studied by using SPPs in an electron microscope.

II. OAM DECOMPOSITION IN REAL
AND RECIPROCAL SPACE

Consider a two-dimensional scalar wave function in polar
coordinates, �(r,φ). Taking the multipole series we write the
function as a sum of OAM eigenstates of the form eimφ :

�(r,φ) = 1√
2π

∑
m

am(r)eimφ. (2)

The coefficients am(r) are complex functions of the radial
coordinate r and are given by

am(r) = 1√
2π

∫ 2π

0
dφ�(r,φ)e−imφ, (3)

which can easily be verified by inserting Eq. (3) into Eq. (2).
We can write the Fourier transform in polar coordinates as

[31]

�̃(k,ϕ) = 1√
2π

∫ ∞

0
drr

∫ 2π

0
dφ�(r,φ)eikr cos (φ−ϕ). (4)
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By using the Jacobi–Anger identity

eikr cos (φ−ϕ) =
∑
m

imJm(kr)eim(φ−ϕ), (5)

we can rewrite �̃(k,ϕ) as a sum of OAM eigenstates:

�̃(k,ϕ) = 1√
2π

∫ ∞

0
drr

∫ 2π

0
dφ�(r,φ)

×
∑
m

imJm(kr)eim(φ−ϕ)

= 1√
2π

∫ ∞

0
drr

∫ 2π

0
dφ�(r,φ)

×
∑
m

i−mJ−m(kr)eim(ϕ−φ)

=
∑
m

ãm(k)eimϕ. (6)

The coefficients ãm(k) and am(k) are linked via the mth-order
Hankel transform

ãm(k) = im√
2π

∫ ∞

0
drr

∫ 2π

0
dφ�(r,φ)Jm(kr)e−imφ

= im
∫ ∞

0
drrJm(kr)am(r), (7)

am(r) = i−m

∫ ∞

0
dkkJm(kr)ãm(k). (8)

In Eqs. (2) and (6) we decomposed the function �(r,φ) and its
Fourier transform �̃(k,ϕ) in a basis of OAM eigenstates. It is
important to note that the coefficients am(r) and ãm(k) depend
on the choice of origin around which the decomposition is
made. Changing the origin will change the OAM components.
We therefore introduce the notation aR

m (r ′), with r ′ = r − R,
to denote the OAM components for the decomposition
around the point R. Let us illustrate this by investigating
the OAM decomposition of a Bessel beam with wave
function

�(r,φ) = Jm′(kr)eim′φ, (9)

where k is a parameter determining the width of the wave
function. It is clear that the OAM coefficients of the beam are
given by

am(r) = Jm′ (kr)δm′,m, (10)

when the decomposition is made with respect to the center
of the beam. When shifting the beam over a distance R in
the x direction, however, the wave is given by the following
expression:

� ′(r,φ) = �(r + Rex) =
∞∑

m′=−∞
J1−m′ (kR)Jm′ (kr)eim′φ.

(11)

Now the OAM components become

aR
m(r) = J1−m(kR)Jm(kr), (12)

FIG. 1. Sketch of the experimental setup to measure local OAM
components of a wave function. In the back focal plane, a SPP is
inserted adding a TC �m to the wave in Fourier space after which an
image is taken.

which shows that, indeed, the OAM components depend on
the point R around which one makes the decomposition.

III. LOCAL DETECTION OF OAM COMPONENTS
BY USING A SPIRAL PHASE PLATE

Measuring the OAM components of an optical or elec-
tron wave is not straightforward because these depend on
both the amplitude and phase of the wave. Whereas the
amplitude can be easily obtained from an image, the phase
has to be retrieved by holographic reconstruction. For some
applications one is more interested in the OAM spectrum
rather then the amplitude and phase of the entire wave and
it would be more convenient to detect the OAM components
directly.

With this goal in mind, let us study the effect of inserting
a spiral phase plate (SPP) in the far-field plane of the wave
of interest. These give the wave an extra angular-dependent
phase factor ei�mφ to the wave in reciprocal space and adds a
TC of �m to the wave, as illustrated in Fig. 1.

The wave thus is multiplied in Fourier space with a phase
factor ei�mϕ , and the multipole expression in Eq. (6) now
becomes

�̃�m(k,ϕ) =
∑
m

ãm(k)eimϕei�mϕ

=
∑
m

ãm−�m(k)eimϕ. (13)
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Going back to real space by taking the Fourier transform, we
get

��m(r,φ) = F
[
�̃�m

]
(r,φ)

=
∫ ∞

0
dkk

∫ 2π

0
dϕ�̃�m(k⊥,ϕ)eik⊥r cos (φ−ϕ)

=
∫ ∞

0
dkk

∫ 2π

0
dϕ

∑
m,m′

ãm−�m(k)eimϕ

× im
′
Jm′(kr)eim′(φ−ϕ)

= 2πim
∫ ∞

0
dkk

∑
m

ãm−�m(k)Jm(kr)eimφ. (14)

In general we cannot simplify any further. However, looking
at the point r = 0 we get, using J0(0) = 1 and Jm(0) = 0 for
m �= 0,

��m(0) = 2π

∫ ∞

0
dkkã−�m(k). (15)

Filling in the expression for ãm(k) in Eq. (7) gives

��m(0) = 2πi−�m

∫ ∞

0
drra−�m(r)

∫ ∞

0
dkkJ−�m(kr). (16)

The integral over k does not converge when integrating over the
entire reciprocal space. However, in reality the upper boundary
of the integral will be finite and determined by the maximum
k vector kmax, transmitted by the SPP, such that the expression
becomes

��m(0) = 2πi−�m

∫ ∞

0
drra−�m(r)

∫ kmax

0
dkkJ−�m(kr)

=
∫ ∞

0
drra−�m(r)T kmax

−�m(r), (17)

with

T
kmax
−�m(r) = 2πi−�m

∫ kmax

0
dkkJ−�m(kr) (18)

= 2πi−�mk2
max

∫ 1

0
dkkJ−�m

(
kr

kmax

)
. (19)

Equation (19) is simply the radial part of the Fourier transform
of a circular SPP with radius kmax and TC �m. Although at
r = 0 its value for �m �= 0 goes to zero, with increasing kmax

the function becomes more and more condensed around r = 0;
see Fig. 2. For kmax → ∞ the radius of the Fourier transform
of the SPP will go to zero and when it is small enough such
that a−�m(r) is approximately constant over this distance, we
can approximate the wavefunction at the origin, Eq. (17):

��m(0) =
∫ ∞

0
drra−�m(r)T kmax

−�m(r)

= (
lim
r→0

a−�m(r)
)∫ ∞

0
drrT

kmax
−�m(r)

= K�m lim
r→0

a−�m(r), (20)

with K being a normalization constant. Here, care must be
taken in taking the limit because am(r) in Eq. (3) is not defined
for r = 0.

r/kmax

m=1

m=2

m=3

m=4

105 15 20

FIG. 2. T kmax
m (r) in arbitrary units, r in units of k−1

max.

The center of the recorded image with a �m SPP finally is
given by the modulus squared of Eq. (20):

I�m(0) = |��m(0)|2 = ∣∣K�m lim
r→0

a−�m(r)
∣∣2

. (21)

Equation (21) shows that the central point in the image (i.e.,
the point on the optical axis) only depends on the −�mth
component a−�m(r), when the decomposition is made around
the point on the optical axis.

Up to this point, we only looked at the center of the image.
When we shift the wave of interest in real space, we put a
different point on the optical axis of the microscope and the
intensity in the center of the new image then is only determined
by the −�mth component of the decomposition around this
new point. However, the only effect of a shift of the wave in
real space is a shift of the image. Therefore every point in
the image is determined only by the −�mth component of the
expansion at the corresponding point of the wave in real space,
limr→0 aR

−�m(r):

I�m(R) = ∣∣K�m lim
r→0

aR
−�m(r)

∣∣2

= ∣∣K�maR
−�m

∣∣, (22)

where we call

aR
−�m = lim

r→0
aR

−�m(r) (23)

the local OAM components of the wave. This is illustrated in
Fig. 3, where we compare aR

−�m in two points of the wave
function of a Bessel beam, Eq. (9), with the intensity in the
corresponding point in the SPP images with different �m.

These results explain nicely the observations made by
Fürhapter et al. [32], where they use SPP images to enhance
the contrast at the edges of phase objects. For regions in the
exit wave where the amplitude and phase are constant, the
only nonzero OAM component is the aR

0 (r) component, and
inserting a SPP will only show regions where the phase or
amplitude of the wave is changing, such as at the edge of
phase objects.
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FIG. 3. Illustration of how the intensity in each point of a SPP
image is linked to the local OAM component of the wave function.
The upper image shows the amplitude and phase of a Bessel beam
with TC m = 1; see Eq. (9). In the center of the beam, the only
nonzero OAM component is a1 and the intensity in the center will
be zero in each but the �m = −1 SPP image. In any other point of
the wave, all components can be present and the intensity in the SPP
images varies as such.

IV. APPLICATION: MEASURING OAM
OF VORTEX BEAMS

An obvious application of the SPP is the determination
of the TC of pure vortex beams. Since their wave function
is defined as in Eq. (1), the OAM decomposition around the

FIG. 4. Sum of two Bessel beams with TC m = −1 positioned at
the green X and m = 1 positioned at the red X. (a) Phase-amplitude
plot. (b) Intensity plot of panel (a). (c) Image obtained with SPP with
TC �m = −1 showing the position of the m = 1 Bessel beam. (d)
Image obtained with SPP with TC �m = 1 indicating the position of
the m = −1 Bessel beam.

center of the beam only has one component, am(r), with m

being the TC of the beam. The TC can be determined from
images using SPPs with different TC �m, where the center
of the beam will be dark in every image but the one with SPP
�m = −m. In Fig. 3 this is simulated for a Bessel beam with
TC m = 1. In Fourier space the phase in the central pixel is
not defined and we therefore put it equal to zero. In optics,
a wide range of methods are developed to measure the OAM
of pure vortex beams by using programmable phase plates. In
electron microscopy on the other hand, such programmable
phase plates are missing and make those methods impractical.
A SPP with arbitrary �m, however, can be made by using
magnetized needles [8], making the method described here of
great future potential.

Knowing every point to be determined by the local OAM
components, let us now look at a slightly more complicated
situation of a superposition of two Bessel beams with opposite
TC and misaligned vortex cores, e.g., the sum of two shifted
Bessel beams with TC m = ±1 of which the intensity looks
like Fig. 4(b). A SPP with �m = −1 enables us to localize
the center of the vortex beam with TC m = 1; see Fig. 4(c).
Because the m = 1-component will be highest around the
center of this vortex beam, it will light up in the �m = −1
SPP image. The opposite SPP localizes the other vortex core;
Fig. 4(d).

Despite the maximum intensity in the images being slightly
shifted with respect to the location of the vortex cores because
of interference with the other Bessel beam, the modal OAM
decomposition allows us to clearly identify the two opposite
vortex cores in a convenient way.
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FIG. 5. (a) Aharonov–Bohm-induced phase map of a plane wave
passing a magnetic dipole. (b) Image obtained without SPP, only
blocking central pixel. (c) and (d) Images obtained with �m = 1
and �m = −1 phase plate, respectively, from which the “magnetic
charge” of the poles can be deduced.

V. APPLICATION: IMAGING A MAGNETIC DIPOLE

First noted in Ref. [33], the Aharonov–Bohm phase caused
by a magnetic monopole transforms a passing plane electron
wave into a vortex electron wave. In fact, it is this effect that
Béché et al. [8] used to generate electron vortex beams near
the tip of a single-domain magnetized needle.

Following this principle, a magnetic dipole creates two
phase singularities in the plane-wave electron at the position of
its two poles with two opposite TC’s depending on the strength
of the magnetic flux inside the needle; see Fig. 5(a). Here, two
vortices with TC m ± 1 are created at the magnetic poles.

Because the magnetic field only causes a phase shift in
the plane-wave electron, we cannot determine the “magnetic
charge” of the poles by looking at the intensity of the
electron wave in real space. However, if we apply the OAM
decomposition proposed in this paper, Figs. 5(c) and 5(d)
clearly reveal the position of both ends separately.

Note that, although the magnetic dipole only causes a phase
shift, we do observe intensity in the �m = 0 image. This
effect is due to the way we choose to show the simulations.
For the �m �= 0 SPP images, the phase of the phase plate
in the center of reciprocal space is ill defined. Therefore,
we put the central pixel equal to zero. For comparison with
the m �= 0 SPP images, in the �m = 0 image we also put
the central pixel in Fourier space equal to zero. This is
equivalent with a dark-field image which causes the phase
shift to become visible. However, the polarity of both poles
remains undetectable without a SPP and the contrast is low.

VI. DISCUSSION

Inserting a �m SPP in the back focal plane of a microscope
allows us to look at the local OAM component aR

−�m defined in
Eq. (23). As can be seen in Fig. 3, this can be used to determine
the OAM of a pure vortex beam, where the intensity at the
center of the beam is zero except for the −m SPP image. The
local character of the OAM measurement with SPPs allows
us to localize the center of individual vortex beams when
looking at a sum of misaligned vortex beams with different
OAM; see Fig. 4. We can extend this to look at the signature
of certain magnetic fields imposed on a free-electron wave.
Looking with a SPP at an electron wave after interaction with
a magnetic dipole, for instance, clearly localizes the position
of the individual poles as well as their “magnetic charge.”

All setups looked at in this work require multiple SPPs
that add different amounts of TC to the electron wave in
diffraction space. This is done preferentially by one single
SPP where the TC can be chosen freely. Although this has not
been achieved yet, which is why no experiments are included
in this paper, significant progress has been made recently in
this field. Béché et al. [8] showed that the tip of a magnetized
needle centered on a circular aperture generates a SPP with
OAM determined by the magnetic flux inside the needle. In
Ref. [34] the same authors demonstrated a SPP where the
magnetization of the needle is changed by the external field of
a macroscopic solenoid around it, thus changing the sign of the
TC in microsecond intervals. By replacing the magnetic needle
with a microscopic solenoid, a fully dynamical SPP could be
created where the TC can take on any value by controlling
the current running through the coil. Note that we do not
consider this a fully programmable phase plate, because this
would require full control of the phase in any point of the
wave separately. Another possibility is to insert a so-called
fork aperture [6] into the back focal plane of the microscope,
which should also give a series of �m images spaced apart.

VII. CONCLUSION

We investigated the use of spiral phase plates (SPPs) as a
tool to measure the local orbital angular momentum (OAM)
components of photons, electrons, or any other wave function.
We found that inserting a SPP that adds a phase factor ei�mϕ

to the wave in the back focal plane gives a real-space image
in I (R) that is proportional to aR

−�m, the �mth local OAM
component around the point R; see Eq. (22).

Not only does this explain the observations made by
Fürhapter et al. [32], where a SPP visualizes the edges of
phase objects in electron microscopy, it also enables us to
study OAM components on the local level in a similar way
to the OAM-mode decomposition using computer-generated
holograms as described by Dudley et al. [29] and Schulze et al.
[30]. The main advantage of the SPP method, however, is that
it can also be applied to systems for which programmable
phase plates are not available as in, e.g., electron microscopes.

We demonstrated by means of numerical simulations how
this setup can be used to determine the OAM of pure electron
vortex beams where the intensity in the center of a beam with
topological charge (TC) m is only nonzero by using a −m SPP.
Also for beams that are a sum of misaligned vortex beams with
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different TCs, the center of each vortex and its corresponding
TC can be determined from a series of images with different
SPPs. In a last example we showed a hint of the potential use
of SPPs in electron microscopes to study magnetic materials
by simulating the SPP images for a plane wave passing a
magnetic dipole that adds local OAM to the electron. By
using our method, the position of the magnetic poles as
well as their “magnetic charge” can be determined. Although
fully controllable phase plates do not yet exist in electron
microscopy, the method described in this paper only requires
the use of SPPs. These phase plates already are made by using
magnetic “monopole-like” fields at the tip of a magnetized

needle [8] of which the sign of the topological charge can be
changed in only a few microseconds [34]. Full control of the
TC could be achieved by replacing the magnetic needle by a
microscopic solenoid or a so-called fork aperture [6].
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