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Lattice dynamics of single-walled boron nitride nanotubes

Valentin N. Popov*
Physics Department, University of Antwerp (RUCA), 2020 Antwerp, Belgium
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The phonon dispersion of single-walled boron nitride nanotubes is calculated within a valence shell model
of the lattice dynamics. The model parameters are derived from fittings to the measured phonon dispersion of
hexagonal boron nitride and available optical data. The calculated phonon dispersion curves for the tubes
(10,10), (17,0), and (15,4) are presented. An analysis of the vibrational patterns of the zone-center phonons is
given. The results for the phonon dispersion, zone-center phonons, and nonresonant Raman intensity can be
used for the needs of characterization of boron nitride nanotube samples by Raman scattering and infrared
spectroscopies.
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I. INTRODUCTION

Boron nitride nanotubes~BNNTs! were theoretically pre-
dicted to be stable structures with an electronic band g
independent of their radius and chirality.1 Extensive first-
principles calculations showed that they are wide-gap se
conductors with an energy gap of;5.5 eV , and that their
stability is related to the buckling effect.2 The possibilities
for technological applications of BNNTs motivated the d
velopment of various methods for their production: a
discharge,3–6 laser ablation,7,8 and chemical vapor
deposition.9 The structural study of the samples perform
by high-resolution transmission electron microscopy10–12 re-
vealed that synthesized BNNTs had a hexagonal~h-! BN
stacking of zigzag type layers,10 ABAB hexagonal stacking
of zigzag and armchair layers,11 rhombohedral~r-! BN stack-
ing (ABCABC. . . ) and anear zigzag arrangement.12 By an
x-ray diffraction analysis of catalytically grown BNNTs,
stacking of h-BN layers with two-layer repeat units and r-B
layers with three-layer repeat units was measured.13 Re-
cently, it was possible to produce by laser-ablation BNN
samples which were composed mostly of single-wal
BNNTs of predominantly zigzag type with diameter of 1
nm and well-crystallized bundles of about ten tubes w
tube diameter of 1.4 nm.14

The characterization of the synthesized BNNTs can
accomplished by means of Raman scattering and infra
spectroscopies as faster, cheaper, and nondestructive m
ods. The observed features in the Raman and infrared sp
of BNNT samples can be assigned to definite tube vib
tional modes by using theoretical predictions for these mo
within a lattice-dynamical model. As far as it is known to th
author, no calculations of the phonons of BNNTs have so
been reported, the theoretical efforts being directed mainl
electronic band structure calculations1,2 and study of the me-
chanical properties of the BNNTs.15–18The dynamical prob-
lem for BNNTs can be solved by the zone-folding method
by direct simulations for a particular tube. Since the form
approach has certain drawbacks,19 it is preferrable to use the
latter one.

Here a valence shell model for the lattice dynamics
single-walled BNNTs~hereafter, simply BNNTs! with pa-
rameters obtained from fitting to experimental phonon d
0163-1829/2003/67~8!/085408~6!/$20.00 67 0854
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persion and measured optical modes frequencies of h-B
proposed~Sec. II!. This model is symmetry adapted, and
based on a unit cell of two atoms only. In Sec. III, the resu
of the calculations of the phonon dispersion for three BNN
are presented. Analysis of the zone-center phonons is gi
The derived radius dependence of the frequency of som
the optical phonons for all tubes with radii between 5 and
Å is also given. Finally, the nonresonant Raman spectra
the considered three tubes is calculated within a bo
polarizability model. The paper ends with conclusio
~Sec. IV!.

II. DYNAMICAL MODEL

First of all, a simple structural model of a BNNT can b
considered in quite the same way as it was done for sin
walled carbon nanotubes~CNTs!.20 In this model, a rectan-
gular strip is cut out from an infinite BN honeycomb she
perpendicular the line connecting two given lattice poin
The strip is then rolled up into a seamless cylinder so that
two points coincide. Such a tube can uniquely be speci
by the pair of integers (n,m) that define the lattice transla
tion vector between the two points. Such an ideal tube
also be characterized by its radiusR and chiral angleu,
which is the angle between the tube circumference and
nearest zigzag of B-N bonds. The tubes are called achira
u50 ~zigzag type! and u5p/6 ~armchair type!, and chiral
for 0,u,p/6. The ideal tube is a periodic structure alon
its axis with a primitive translation vectorT and hasNc
boron-nitrogen atomic pairs in the translational unit cell. T
quantitiesR, u, T, and Nc are given by the relations:R

5A3(n21nm1m2)a/2p, u5tan21@A3m/(m12n)#, T
52A3pR/d, and Nc52(n21nm1m2)/d where a is the
nearest-neighbor B-N distance andd is the greatest common
divisor of 2n1m and 2m1n.

Along with its translational periodicity, the ideal nanotub
has a specific screw symmetry. As a consequence of the
ter, a boron-nitrogen~B-N! atomic pair can be mapped ont
the entire tube by use of two different screw operators21

similar to the way in which the BN sheet is generated fro
such a pair by use of two primitive translation vectors. T
lattice-dynamical model for a BNNT based on a two-ato
unit cell can then be constructed in the same way as fo
©2003 The American Physical Society08-1



he
th

o-
e
d
s
o
u

f
s

m

t

-

of
N
lo

pe
o

n

c
ro
o

tiv
s

ta
o-

b-

av

ion
e-

rac-
the
r

del
t be
sity
ac-
rical

dif-

ur-
ube

a
N
is

ns
as
ven

o
ce.
of
be
t is
was
del

ck-
er-

tice
il-
. In

pa-
are
ne,
s
ng
of
ss

ach
nly
s

ble
dis-
a-

VALENTIN N. POPOV PHYSICAL REVIEW B67, 085408 ~2003!
three-dimensional periodic structure.22,23 For small displace-
ments of the atoms from their equilibrium positions, t
Hamiltonian of the nanotube can be written as the sum of
kinetic energy and the potential energy~in the harmonic ap-
proximations!. Using this Hamiltonian, the equations of m
tion are readily derived. After Fourier transforming th
atomic displacements and the force-constant matrix, the
namical problem is reduced to the solution of a system of
homogeneous linear equations. The requirement for n
trivial solutions of these equations leads to the secular eq
tion and, eventually, to the eigenvaluesv(ql j ). Finally, the
eigenvectorse(kuql j ) (k51,2) are obtained as solutions o
the equations of motion. Here the two quantum numberq
and l label the modes with a given wave numberq in the
one-dimensional Brillouin zone of the tube (2p<q<p)
and with 2l nodes of the eigenvector around the tube circu
ference (l 50,1, . . . ,Nc/2). The index j ( j 51,2, . . . ,6)
enumerates the modes with givenq and l. There is an exac
correspondence between the modes with givenq and l and
the modes with givenk and m obtained within the zone
folding method~see Eq. 14 in Ref. 19! only in the limit of
very large tube radii. In that case, the phonon dispersion
tube can be ‘‘unfolded’’ into the phonon dispersion of the B
sheet along the direction of the tube circumference by p
ting it as a function ofl ( l 50,1, . . . ,Nc/2 andq50).

The values of the quantum numberl correspond to the
irreducible representations describing the symmetry pro
ties of the phonons with respect to the symmetry groups
the tubes.24 Thus theq50 phonons withl 50,1, . . . ,Nc/2
transform according to the irreducible representatio
Ax ,E1x ,E2x , . . . ,Bx (x5g or u), Ax ,E1 ,E2 , . . . ,Bx (x
51 or 2), andA, E1 , E2, . . . , B of the rod groupsC2nh ,
C2nv , andCN , in armchair, zigzag, and chiral tubes, respe
tively. The group-theoretical analysis based on these
groups reveals that the Raman- and infrared-active phon
transform according to

GR
arm53Ag% 2E1g% 4E2g , G ir

arm5Au% 3E1u , ~2.1!

GR
zig53A1% 5E1% 6E2 , G ir

zig53A1% 5E1 , ~2.2!

GR
ch54A% 5E1% 6E2 , G ir

ch54A% 5E1 . ~2.3!

Note that there are only eight, eight, and 14 Raman-ac
phonons and three, three, and six infrared-active phonon
armchair, zigzag, and chiral CNTs, respectively.25

It is important to point out that the necessary compu
tional time for solving the eigenvalue problem for the tw
atom unit cell is linear inNc while that for the 2Nc-atom
translational unit cell increases asNc

3 . Thus this problem
will be practically unsolvable for certain experimentally o
servable chiral nanotubes with largeNc ~note that among the
404 BN tubes with radii between 5 and 15 Å, 142 tubes h
Nc.1000 and 61 tubes haveNc.2000).
08540
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Here a valence shell model~VSM! based on a two-atom
unit cell is used for the calculation of the phonon dispers
of BNNTs. In this model, the long-range interactions are d
scribed by Coulomb potentials and the short-range inte
tions are described by valence force field parameters of
types nearest-neighbor stretcha1, next-to-nearest-neighbo
stretcha2, in-plane bendg1, and out-of-plane bendg2.26

The out-of-plane bend interaction is necessary for the mo
because it stabilizes the out-of-plane dynamics that canno
done alone by the Coulomb potentials. The electron den
deformations of the boron and nitrogen ions are also
counted for representing each ion by a massless sphe
shell with chargeY coupled with a spring with constantk to
a point core with massm and chargeX (Z5X1Y is the
ionic charge!. The ionic polarizability is thena5Y2/k. The
strong anisotropy of the BN sheets suggests to use two
ferent values of the polarizabilitya i and a' for directions
which are locally parallel and perpendicular to the tube s
face, respectively. The existing experimental data on the t
structure is rather scarce.Ab initio structural studies of
BNNTs have predicted buckling of the B-N bonds with
formation of a concentric inner B cylinder and an outer
cylinder.2 Since the separation between the two cylinders
;0.1 a.u., the effect of the bond buckling on the phono
will be negligible. Therefore, a simple structural model w
considered here, in which it was assumed that for a gi
tube all bonds are straight and of equal lengths of 1.44 Å~as
it is in the sheets of bulk h-BN!, all bond angles are equal t
each other, and all atoms lie on a single cylindrical surfa

Due to the large electronic band gap of the BNNTs
;5.5 eV, the Raman scattering of light is expected to
nonresonant. Therefore, a bond-polarizability model tha
suitable to describe the nonresonant Raman intensity
used to calculate the Raman spectra of BNNTs. This mo
was applied here for three different tube types for ba
scattering geometry and parallel light polarization with av
aging over all tube orientations in space.27

III. RESULTS AND DISCUSSION

The model parameters of any phenomenological lat
dynamical model are usually determined via fitting to ava
able experimental data on the same or similar structures
the case of BNNTs it is appropriate to derive the model
rameters from data for graphite-like BN crystals. There
two such polymorphic structures. The most common o
h-BN, hasAA8 layer stacking with all hexagons in all layer
coinciding but with boron and nitrogen atoms alternati
from layer to layer at the same position. The unit cell
h-BN contains two boron and two nitrogen atoms. The le
common one, r-BN, has anABC layer stacking with the
hexagons no longer coinciding but translated parallel to e
other from one layer to the other. This structure is stable o
at pressures.10 GPa. A structure with layer stacking AB a
in graphite does not exist for bulk BN.28 For this reason, the
VSM parameters were derived here by fitting to availa
experimental data on h-BN, namely, the surface phonon
persion curves of epitaxial monolayer films of h-BN me
sured by high-resolution energy-loss spectroscopy,29 Raman
8-2
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LATTICE DYNAMICS OF SINGLE-WALLED BORON . . . PHYSICAL REVIEW B67, 085408 ~2003!
scattering and infrared absorption data on bulk h-BN.30 The
best-fit VSM parameters are given in Table I. The in-pla
polarizabilitiesa i were found to be vanishingly small, whil
finite values were necessary for the out-of-plane onesa' in
order to reach agreement with the experimental data.
fitting procedure yielded for each of the quantitiesa i anda'

nearly the same values for B and N. The out-of-plane be
ing parameters for B and N were assumed equal bec
different values of these parameters do not improve much
disagreement with experiment for the out-of-plane phon
branches.

The calculated phonon dispersion curves are shown
comparison to the experimental points in Fig. 1. The in-pla
acoustic and optical phonon curves, denoted by LA, TAi ,
LO, and TOi , could be reproduced quite well while there
a clear disagreement for the out-of-plane phonon curves'

and TO' . The reason for this can be found in the high a
isotropy of bulk h-BN along and perpendicular to the B
sheets. Due to the layered structure of h-BN, the sepa
layers must have out-of-plane phonons with a nearly q
dratic wave-vector dependence of their frequency. Howe
such dependence cannot be reproduced by use of two-
interaction force constants but requires the introduction
many-body ones. In the case of a graphite sheet, the
dratic dependence could only be described by the introd
tion of out-of-plane bending and bond-twisting valence fo
field parameters.31 This set of parameters allowed one to pr
dict a quadratic wave-vector dependence for the transv
acoustic branches of carbon nanotubes.22 In the case of a BN
sheet, one has to account for the long-range interaction
use of Coulomb potentials which rules out the possibility

TABLE I. VSM parameters fitted to the measured phonon d
persion in Ref. 29.

Parametera and unit Symbol Value

Ionic charge~e! ZB 1.29
ZN 21.29

Shell charge~e! YB 1.90
YN 21.90

Ionic polarizabilityb (Å3)
~for B andN)

a i 0.01

a' 0.61
Nearest-neighbor stretch~N/m! a1(B2N) 610.8
Next-to-nearest neighbor
stretch~N/m!

a2(B2B) 23.6

a2(N2N) 2.5
In-plane bend (10220 Nm) g1(B2N2B) 29.5

g1(N2B2N) 210.0
Out-of-plane bend (10220 Nm)
~for B andN)

g2 14.8

aThe repulsion between B and N atoms of neighboring sheet
described by a Born-Mayer potentialV(r )5a exp(2br) with a
5638 eV andb53.18 Å21.

bAnisotropic ionic polarizability was assumed for both B and
The symbolsi and' denote directions which are parallel an
perpendicular to the sheets, respectively.
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a derivation of a quadratic dependence, and the resul
dependence will only be linear in the wave vector. It is wo
mentioning that such problems do not arise inab initio dy-
namical calculations of h-BN, possibly due to the many-bo
character of the long-range interactions there.32 The men-
tioned drawback of our model is not expected to influen
the results for the high-intensity Raman-active phonons o
BN tube much because they are in-plane stretching phon
(G-band phonons! or are determined by bond-stretching i
teractions@the radial breathing mode~RBM!#. For these rea-
sons, only the experimental points for the in-plane phon
together with the two optical out-of-plane phonon freque
cies were accounted for in the fitting procedure. In Table
the calculated frequencies and vibrational patterns of
zone-center optical phonons of bulk h-BN are given toget
with the observed ones.30

The derived model parameters can be used to calcu
the phonon dispersion of various BNNTs. The phonon d
persion of tubes (10,10), (17,0), and~15,4!, with Nc520,
34, and 602, respectively, and nearly the same radius
'6.8 Å, are presented in Fig. 2. The branches withl
50,1,2 are drawn by solid lines and those withl
53,4, . . . ,Nc/2 are drawn by dotted lines or are omitted
in the case of tube (15,4). The symmetry of the Raman-
infrared-active phonons is shown as well. The zone-cen
phonons of the tubes (10,10) and (17,0) are given in a
folded graph in Fig. 3. For armchair and zigzag tubes w
very large radii, the unfolded curves will coincide with th
corresponding curves for the BN sheet along the directi
GM andGK, respectively. In the case of armchair and zigz
tubes with finite radii there will still be a similarity betwee
the unfolded curves and the sheet dispersion alongGM and
GK. Thus theG-point phonons of the sheet are displac
ments identical for all boron-nitrogen pairs, while those f
qÞ0 are standing waves alongq. Similarly, the zone-cente
tube phonons withl 50 are displacements identical for a
BN pairs with respect to the tube surface and those witl
Þ0 are standing waves with 2l nodes around the

-

is

FIG. 1. Phonon dispersion curves of bulk h-BN along seve
high-symmetry directions calculated within a valence shell mo
with parameters fitted to the experimental data from Refs. 29
30. The type of the phonon branches alongGK direction and the
symmetry of the optical phonons are given as well.
8-3
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TABLE II. Calculated and measured fequencies of the zone-center optical phonons of bulk h-BN.

Optical phonona Symmetry Obs.30 Calc.

antisymmetric counterphase in-plane E1u(TO/LO) 1367/1610 1367/1612
symmetric counterphase in-plane E2g 1366 1366
antisymmetric counterphase out-of-plane A2u(TO/LO) 783/828 758/819
symmetric counterphase out-of-plane B1g - 819
symmetric in-phase out-of-plane B1g - 100
symmetric in-phase in-plane E2g 52 43

aThe descriptions ‘‘in-phase’’ and ‘‘counter-phase’’ refer to the dispacements of B and N on the sam
sheet, and ‘‘symmetric’’ and ‘‘antisymmetric’’ characterize the atomic displacements with respect t
center of symmetry of h-BN.
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circumference.22 For q50 and l 50, there are two acousti
phonons with equal displacements of all atoms along
tube axis and along the circumference~the two zero-
frequency transverse acoustic phonons havel 51) and four
optical phonons: one with uniform in-phase radial displa
ments of all atoms~the RBM!, another with counterphas
radial displacements of all atoms, and two with counterph
in-plane phonons. The phonons of the ‘‘acoustic’’ and ‘‘o
tical’’ branches in Fig. 3 are in-phase and counterphase
tions of the unit cell pair in the form of sinosuidal standin
waves with 2l nodes around the tube circumference.

The zone-center Raman- and infrared-active phonons
important for the structural characterization of the BNN
samples. In the case of CNTs, the RBM and the in-pla
stretching modes forming the so-calledG band have the
highest Raman intensity. These modes are expected to
rise to high-intensity Raman peaks for BNNTs as well. He
the dependence of the RBM frequency~in cm21) on the
radiusR ~in Å! ~see Fig. 4! was fitted with a simple powe
law:

FIG. 2. Calculated phonon dispersion curves for the tu
(10,10), (17,0), and (15,4) of armchair, zigzag, and chiral typ
respectively. The branches withl 50,1,2 are drawn with continuou
lines and those forl 53,4, . . . ,Nc/2 are drawn with dotted lines o
are omitted. The symmetry of the Raman- and infrared-ac
phonons is given as well.
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In the case of CNTs, the force-constant approach yields
ues for the RBM frequency which are lower by a few perce
than the experimental ones@cf., e.g., 1148/R ~Ref. 22! to
1240/R ~Ref. 33!#. Therefore, it is expected that this formu
will underestimate the actual RBM frequency. The rad
dependence of the frequencies of theG-band modes for all
1189 tubes with radii from 5 to 25 Å is shown in Fig. 5. Wit
the increase of the radius, all curves tend asymptotically
the frequency of the BN sheet stretching mode
1367 cm21. The curves were fitted with simple power law
~with respect to the frequency 1367 cm21): 2115/R2.11 and
2199/R1.96 (A modes!, 272/R0.85 and 2155/R1.94 (E1

modes!, and 382/R0.75, and 2364/R1.95 (E2 modes!. The
softening/hardening of the frequencies of theG-band modes
is entirely a curvature effect in the current dynamical sim
lations. Electronic band structure effects, which are sign

s
s,

e

FIG. 3. Unfolded phonon dispersion for the zone-cen
phonons of the tubes (10,10) and (17,0). The Raman-ac
~infrared-active! modes withl 50,1,2 are given by solid~empty!
circles, squares and triangles. The semisolid symbols denote m
which are both Raman and infrared active. The symmetry of th
phonons is provided in the legends.
8-4
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LATTICE DYNAMICS OF SINGLE-WALLED BORON . . . PHYSICAL REVIEW B67, 085408 ~2003!
cant in CNTs,34 can be ruled out for BNNTs due to the larg
electronic band gaps.

The assignment of the peaks in the observed Raman s
tra can essentially be facilitated if the Raman intensity can
predicted as well. Due to the large electronic band gaps
BNNTs, the resonant Raman scattering effects are relati
weak. For this reason, the calculation of the Raman inten
is carried out here within a nonresonant model, namely
bond-polarizability model. Since there are no available
larizabilities and their derivatives for the B-N bonds, the c
culation was done with parameters for the C-C bonds.27 The
Raman intensity of theG-band modes was found to be in

FIG. 4. Calculated radius dependence of the frequency of
radial breathing mode for all 1189 tubes~chiral and achiral! with
radii between 5 and 25 Å. The curve was fitted with a simple pow
law ~see the text for details!.

FIG. 5. Calculated radius dependence of the frequency of the
in-plane stretching optical modes withl 50,1,2 for all 1189 tubes
with radii between 5 and 25 Å. The three symmetry species at e
of the curves refer to tubes of armchair, zigzag, and chiral typ
respectively. The dashes mean that for the corresponding tube
the modes are neither Raman active nor infrared active@see Eqs.
~2.1!–~2.3!#.
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sensitive to large variations of the bond polarizability para
eters, while the intensity of the RBM changed by seve
orders of magnitude for the same parameters variations.
justifies the presentation of theG-band region of the Raman
spectra mainly for illustration that certain Raman-acti
modes give rise to significant intensity and other Ram
active modes have vanishingly small intensity. The hig
frequency regions of the calculated spectra containing
lines of the G-band modes for the three tubes (10,10
(17,0), and (15,4) are shown in Fig. 6. It is seen that
modes withA andE1 symmetry give rise to higher peaks th
the E2 modes. Several peaks are closely situated at ab
1370 cm21 and they could be seen as a single peak. Ho
ever, the observation of theE1 peak at 1419 cm21 or theE2
peak at 1457 cm21 will be a signature for the presence o
tubes (10,10) or (17,0), respectively. In the case of a BN
sample with a certain distribution of the tube radii, the a
signment of the Raman lines can be done by use of Fig
and the calculated Raman intensity. The latter data are
given here because the Raman intensity of theG modes as a
function of the tube radius and chirality cannot be fitted w
smooth curves. In the case of the RBM, however, the prod
of the intensity and the volume per boron-nitrogen pair
approximately a constant which is independent of the tu
radius and chirality. The RBM intensity itself will depend o
the choice of the unit cell volume~for a discussion,
see Ref. 22!.

IV. CONCLUSIONS

In conclusion, the lattice dynamics of single-walled bor
nitride nanotubes is calculated within a valence shell mod
The results for the phonon dispersion for three differe
tubes are presented. Special attention is given to the stud

e
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ix

ch
s,
es

FIG. 6. Calculated Raman spectra for the three tubes (10,
(17,0), and (15,4). Full width at half maximum of 1 cm21 was
assumed for all lines. The symmetry and position of the Ram
active lines is shown as well.
8-5
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VALENTIN N. POPOV PHYSICAL REVIEW B67, 085408 ~2003!
the zone-center phonons. The nonresonant Raman inte
for an armchair, a zigzag and a chiral tube is calcula
within a bond-polarizability model. The obtained frequenc
of the radial breathing mode and the in-plane stretching
tical phonons of theG band as a function of the tube radiu
can be used for the assignment of the Raman and infr
spectra of BNNT samples.

*Permanent address: Faculty of Physics, University of Sofia, B
1164 Sofia, Bulgaria.
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