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Low-temperature specific heat of nanotube systems
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The low-temperature specific heat of single-walled carbon nanotubes~isolated and bundled! and multiwalled
carbon nanotubes is calculated within force-constant dynamical models. It is shown that, due to the quadratic
dependence of the frequencyv of the transverse-acoustic phonons on the wave numberq, the phonon density
of states has a singularity of the type 1/Av and the very low-temperature specific heat varies asAT with the
temperatureT. With the increase of the diameter of the system, the contributions of the longitudinal- and
torsional-acoustic phonons to the specific heat begin to prevail and the latter becomes linear inT. These results
are confirmed by the recent experimental data.
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The first observation of multiwalled nanotube
~MWNT’s! was reported in 1991.1 Soon after that, single
walled nanotubes~SWNT’s! were produced in large
amounts.2 Later, bundles of hundreds of tubes with nea
uniform diameters of'1.38 nm were synthesized in hig
yields.3 Finite nanotube bundles have unique physical pr
erties due to their quasi-one-dimensionality.4 In particular,
these systems have four vibrational acoustic branches w
only three such branches exist in three-dimensional~3D! sys-
tems. As a consequence, the phonon contribution to the
temperature specific heat of nanotube systems is expect
change with the temperatureT asTn with n<3.5

The low-temperature specific heat has been the goa
several experimental studies in the last few years. The
cific heat of MWNT’s measured by Yiet al.6 from 10 to 300
K was found to have linear temperature dependence ove
entire temperature interval. This was attributed to a cons
acoustic-phonon density of states of the MWNT’s whi
could originate from the acoustic branches of the lay
alone. It was concluded that the coupling between the lay
was much weaker than in graphite. The turbostratic stack
of the adjacent layers and the larger interlayer separat
than in graphite were found responsible for the weak in
layer coupling. In Ref. 7, the results of the measurement
the specific heat of MWNT’s and bundles of SWNT’s wi
average tube diameter of 1.3 nm in the temperature rang
,T,200 K were presented. The MWNT sample data h
graphite-like behavior, while the bundle sample data had
prisingly strong temperature dependence at low temp
tures. In order to explain the bundle data, a bundle was m
eled by a hexagonal array of interacting linear chains
rings, each chain having four linear acoustic branches.
results of this simple model significantly underestimated
experimental data. It was concluded that the steepT depen-
dence of the specific heat of bundles could be due to
presence of impurities in the sample. In Ref. 8, the spec
heat of bundles of SWNT’s with the average tube diame
of 1.25 nm, measured from 300 K down to 2 K, was r
ported. The experimental data were found to lie close to
theoretical curve for SWNT’s above 4 K, and to differ r
markably from the curves for graphene and graphite up
about 100 K. Based on an anisotropic two-band Deb
model with linear acoustic dispersion, it was argued that
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intertube interactions in a bundle should be very weak p
sibly due to the different types of the neighboring tube
Recently, the specific heat of SWNT bundles was measu
down to 0.1 K.9 The corrected data were fitted with the com
bination of power laws 0.043T0.6210.035T3, where the first
term could not be explained neither with electronic, nor w
disorder contributions to the specific heat. The models c
sidered in Refs. 7 and 8, in view of the approximatio
made, cannot provide an exact description of the tempera
dependence of the specific heat and, consequently, there
obvious necessity for its systematic theoretical study.

Here, the low-temperature~LT! specific heat of SWNT’s
~isolated and bundled! and of MWNT’s is studied within
force-constant dynamical models that take into account
atomic structure of the nanotubes. These models have
ready been used to calculate the low-frequency dynamic
bundles of SWNT’s~Ref. 10! and MWNT’s.11 A bundle of
SWNT’s is modeled by several identicaltubesarranged in a
close-packed structure, and a MWNT is modeled by sev
coaxiallayers. In both cases, a tube or a layer can be view
as obtained by rolling of an infinite strip of a graphite she
into a seamless cylinder and can uniquely be specified b
pair of integers (n,m), n>m>O. The dynamical models
use the one-dimensional periodicity of the tubes/layers
can handle only bundles/MWNT’s with tubes/layers of co
mensurate unit-cell lengths. The intratube/intralayer carb
carbon interactions are described by force constants of
valence force field~VFF! type.10,11 The use of fixed force
constants instead of pair potentials rules out the possib
for structural optimization of the tubes/layers. For this re
son, all carbon-carbon bond lengths are assumed equ
1.42 Å as in graphite and close to the average value m
sured in nanotubes, and all bond angles are assumed equ
each other. The intertube/interlayer carbon-carbon inte
tions are modeled by a potential of the Lennard-Jones~LJ!
type. The interaction energy for a given bundle of SWNT
or a MWNT is obtained by summing over all pairs of atom
belonging to different tubes/layers. This energy is then m
mized with respect to the intertube/interlayer separations,
relative angles of rotation of the tubes/layers around th
axes and the relative translations of the tubes/layers along
same axes. In the case of MWNT’s, it is implied that t
adjacent layers must be of type for which the initial ra
©2002 The American Physical Society08-1
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difference is close to the optimized interlayer separation
that the change of the bond lengths is small. For the o
mized structure, the dynamical matrix is calculated by
use of the VFF parameters and the LJ potential. The vib
tional modes of the system are then derived as solution
the dynamical eigenvalue problem. More details can
found in Refs. 10 and 11. Finally, the specific heat is o
tained by approximating the integral over the Brillouin zo
~see below! with a sum over 200 points in one-half of the 1
Brillouin zone for SWNT’s, MWNT’s, and bundles o
SWNT’s and over 1600 points in the irreducible wedge
the hexagonal Brilloiun zone for infinite bundles of SWNT
The calculations of the specific heat were carried out with
entire phonon dispersion for temperatures from 0 to 4000
Since the measured specific-heat curves for various nano
systems differ significantly only below 100 K,8 the calcu-
lated curves are given below only for 0,T,100 K. We
note, that in view of the restrictions on the type of the tub
layers which can be handled within the models used here
stacking of the tubes/layers will be close to that in graph
and the intertube/interlayer interactions will be stron
Therefore, the results of these models will correspond to
so-calledstrong-coupling regime.

The main contribution to the specific heat of nanotu
systems is the vibrational one because the electronic on
negligible even at a few Kelvin.5 In this study, the electronic
specific heat will be ignored and, therefore, the depende
of the specific heat of nanotube systems at constant vol
Cv on the temperatureT is given by

Cv~T!5kBE ~\v/kBT!2exp~\v/kBT!

@exp~\v/kBT!21#2
D~v!dv,

where D(v) is the phonon density of states~PDOS!. The
high-temperature~or classical! limit of this expression does
not depend on the particular structure of the carbon sys
and is equal to 3kB /m'2078 mJ/gK with m being the
atomic mass of carbon. The LT behavior ofCv is closely
connected to the dimensionality of the system. For l
enough temperatures, when the population of the lowest
tical branches can be ignored, the specific heat is determ
by the acoustic branches alone. Ifvo is the frequency of the
lowest-energy optical phonon, then the optical phonons
give negligible contribution to the specific heat for tempe
tures less thanTo'\vo/6kB for which the factor multiplying
D(v) becomes smaller than 0.1.7 In the interval 0,T
,To , Cv(T) can readily be obtained from the expressi
above once the acoustic-phonon dispersion is known. Fo
3D system of graphite, for any of the three acoustic branc
v}q, therefore,D(v)}v2 andCv}T3. For the 2D system
of graphene, for the in-plane longitudinal-acoustic~LA ! and
transverse-acoustic~TA! phononsv}q, so thatD(v)}v
and Cv}T2; for the out-of-plane acoustic~ZA! phononsv
}q2, D(v)5const andCv}T ~see Table I!.

In the case of isolated SWNT’s, two force-consta
models12,13 yielded four acoustic branches with linearq de-
pendence ofv. Similar dispersion was obtained within
tight-binding14 and an ab initio15 approaches. It is now
15340
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widely accepted that the frequency of all four acous
branches has linearq dependence.16 In a systematic study o
the elastic properties of isolated SWNT’s~Ref. 17!, it was
argued that the frequency of the transverse-acoustic mo
must be quadratic inq. This frequency dependence has cr
cial consequencies for the LT specific heat. Indeed, while
the LA and torsional-acoustic~TW! phononsv}q, D(v)
5const and Cv}T, for the TA phononsv}k2, D(v)
}v21/2 andCv}T1/2 ~see Table I!. The temperature interva
of applicability of these power laws for the specific heat
again determined by the lowest-frequency optical phon
For example, for a SWNT (10,10),vo'20 cm21'29 K
and, therefore,To'5 K. The calculated PDOS of isolate
SWNT’s ~see Fig. 1! has a characteristic singularity of th
type 1/Av at v50, while graphene has finite PDOS an
graphite has zero PDOS at this frequency.

The finite bundles of SWNT’s are 1D systems and
them apply the theoretical results for isolated SWNT’s~see
Table I!. In order to obtain quantitative results for bundle
the behavior ofCv(T) is studied for bundles with differen

FIG. 1. Calculated phonon density of states of an isola
SWNT (10,10) , graphene, and graphite. Notice the spike atv50
due to the TA phonons of the nanotube.

TABLE I. Low-temperature specific-heat behavior of the 3
2D, and 1D systems of graphite, graphene, and SWNT, respecti
For finite bundles of SWNT’s and MWNT’s, the specific heat w
have the same behavior as for isolated SWNT’s.

System
Acoustic
branch

Phonon
dispersion Phonon DOS Specific hea

Graphite LA, TA v}q D(v)}v2 Cv}T3

Graphene LA, TA v}q D(v)}v Cv}T2

ZA v}q2 D(v)5const Cv}T
SWNT LA, TW v}q D(v)5const Cv}T

TA v}q2 D(v)}1/Av Cv}AT
8-2
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numbern of SWNT’s ~9,9! (n51,2, . . . ,7)within the model
described above. The calculatedCv(T) is compared to the
available experimental data in Fig. 2. First, it is seen that
specific heat of an isolated SWNT~9,9! exhibits three differ-
ent regimes forT,100 K. For very low temperatures, onl
TA phonons are excited so thatCv}T1/2 ~slope 1/2 on the
log-log plot in Fig. 2!. With the increase ofT, the contribu-
tion of LA and TW phonons toCv becomes larger than tha
of the TA phonons in favor ofCv}T ~slope 1!. Finally, above
T'5 K, the optical phonons begin to contribute to the sp
cific heat and itsT dependence is modified again. We no
that similar temperature dependence may be expected fo
thermal conductivity that is predominantly phononic and in
certain approximation is proportional to the specific he
Second, theAT part of Cv(T) ~slope 1/2! diminishes when
tubes are added to the bundle. The reason for this is tha
slope of the TA branches~i.e., the group velocity! is propor-
tional to the bundle radius@Eq. ~2.22! in Ref. 17!#. There-
fore, with the increase of the bundle size, the relative con
bution to Cv of the TA branches at a given temperatu
decreases. ForN57, theAT part is not observable and th
LT specific heat is linear withT because of the dominan
contributions of LA and TW phonons. With the increase
the bundle size, the specific heat is expected to tend to th
infinite bundles. The LT part of the specific heat of infini
bundles and graphite vary asT3, but the former excedes th
latter because of the weaker interactions between the tub
comparison with the interaction between the graphite she
It is seen in Fig. 2 that with the increase of the number
tubes in the bundle from 1 to 7, the calculatedCv(T) for

FIG. 2. Calculated specific heat for finite bundles of 1 to
SWNT’s ~9,9!, infinite bundles of such nanotubes, and graphite a
graphite are shown in comparison with the available experime
data on bundles of nanotubes. The figure in the right corner de
the construction of the bundle. On adding tubes to the bundle,
temperature dependence of the specific-heat changes to linear.
that for graphene,Cv}T in the entire displayed interval, while fo
graphiteCv}T3 below '11 K. For infinite bundles,Cv}T3 only
below '3 K.
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finite bundles of SWNT’s tends to the experimental points
Ref. 8 as an indication for good stacking of the tubes in
sample. The calculational results, however, underestimate
data of Ref. 7. Our predictions agree qualitatively well w
recent specific-heat data on bundles measured down to 0
and fitted with 0.043T0.6210.035T3.9 The power of the first
term, being less than unity, cannot be explained with
assumption of linear acoustic phonon dispersion only.
view of the theoretical results above, we argue that the fi
term is due to contributions from all acoustic branches~LA
and TW with linear dispersion and TA with quadratic dispe
sion!.

The specific heat of MWNT’s, being 1D systems, mu
behave like that of isolated SWNT’s~see Table I!. It may be
expected that with the increase of the number of layers,
TA branches will harden and the dominant contribution
LA and TW phonons will result in linear specific heat. T
check this suggestion, the specific heat of a five-walled na
tube (5,5)@(10,10)@,. . . ,(25,25) was calculated. It ca
be seen in Fig. 3 that starting from a single layer (5,5) a
adding more layers to it, theAT part diminishes and disap
pears and is replaced by a linearT dependence. For man
layers, the specific heat is expected to tend to that of gra
ite. The calculated curves for MWNT’s differ significantl
from the experimental data6,7 possibly due to the reduce
vibronic coupling in the measured MWNT’s.

The case of very large-size bundles of SWNT’s a
MWNT’s cannot be treated within the atomistic approa
due to computational limitations. However, the behavior
Cv(T) can be deduced from general arguments. Indeed,
small diameter-length ratio, a bundle can be considered
thin rod which has linear dispersion of the longitudinal a
torsional elastic waves, whereas the dispersion of the tra

d
al
ts
e
ote

FIG. 3. Calculated specific heat for MWNT’s (5,5)
(5,5)@(10,10),. . . ,(5,5)@. . . @(25,25) in comparison with
available experimental data on MWNT’s. With the increase of
number of layers, the temperature dependence of the specific
changes to linear. The specific heat of a MWNT in the limit of lar
number of layers tends to that of graphite.
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verse elastic waves is quadratic. Since practically the m
sured bundles can be modeled by thin rods, the observe
specific heat will be linear withT. The temperature interva
for this behavior will decrease with the increase of the nu
ber of tubes in the bundle and the number of layers in
MWNT due to the contribution of very low-energy optic
phonons toCv .

In summary, calculations of the specific heat of SWNT
~isolated and bundled! and MWNT’s were performed within
an approach that accounts for the atomic structure of th
systems. For finite bundles of SWNT’s and for MWNT’s, th
quadraticq dependence of the frequency of the TA phono
leads to a 1/Av singularity of the phonon density of state
which gives rise to aAT dependence of the very LT specifi
heat. The adding of tubes to a bundle or layers to a MW

*Permanent address: Faculty of Physics, University of Sofia, B
1164 Sofia, Bulgaria.
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