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On the contractivity of implicit–explicit linear multistep methods✩

K.J. in ’t Hout

Mathematical Institute, Leiden University, Niels Bohrweg 1, 2333 CA Leiden, The Netherlands

Abstract

This paper is concerned with the class of implicit–explicit linear multistep methods for the numerical solution of
initial value problems for ordinary differential equations which are composed of stiff and nonstiff parts. We study
the contractivity of such methods, with regard to linear autonomous systems of ordinary differential equations and
a (scaled) Euclidean norm. In addition, we derive a strong stability result based on the stability regions of these
methods. 2001 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

1.1. Implicit–explicit linear multistep methods

We shall deal with the numerical solution of initial value problems for systems of ordinary differential
equations given in decomposed form,

U ′(t) = F1
(
t,U(t)

) +F2
(
t,U(t)

)
(t � 0), U(0)= u0. (1.1)

HereF1 andF2 denote given vector-valued functions,u0 denotes a given vector, andU(t) (for t > 0) is
unknown. We assume that theF1-part of (1.1) is nonstiff or mildly stiff, whereas theF2-part is stiff. By
this we mean that in the case of theF1-part explicit numerical methods could be applied, while for the
F2-part implicit methods are desirable.

Initial value problems of the above type frequently arise for example, after semi-discretization of
initial-boundary value problems for time-dependent partial differential equations (cf. the references
below).
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For the numerical solution of (1.1), we deal in this paper with the class ofimplicit–explicit (IMEX)
linear multistep methods. This class of numerical methods has (recently) been considered by various
authors in the literature, see, e.g., [1–3,5,16,17].

Let αj ,βj (for j = 0,1, . . . , k) and γj (for j = 0,1, . . . , k − 1) be given, fixed real numbers with
αk �= 0, βk �= 0, |α0| + |β0| + |γ0| > 0. The numbersαj ,βj , γj define an IMEX linear multistep method,
which we denote by(α,β, γ ). Let h > 0 be a given stepsize, lettn = nh (n = 0,1,2, . . .) be the
corresponding gridpoints, and suppose initial approximationsuj ≈ U(tj ) (for j = 1,2, . . . , k − 1) to
the exact solutionU of (1.1) are known. Then approximationsun+k to U(tn+k) for n = 0,1,2, . . . are
recursively defined by

k∑
j=0

αjun+j = h

k−1∑
j=0

γjF1(tn+j , un+j )+ h

k∑
j=0

βjF2(tn+j , un+j ). (1.2)

It is clearly seen that, in the process (1.2), the implicitness is present only via the functionF2, and
not viaF1. For several interesting examples of IMEX linear multistep methods we refer to, e.g., [2,5],
cf. also Section 2.3 below. We (briefly) mention that a general approach to construct specific IMEX
processes (1.2) is to consider first application of a given known implicit linear multistep method to the
whole problem (1.1), and then to replace the implicit term which occurs in the case ofF1 by a suitable
extrapolation formula, cf., e.g., [5].

1.2. Stability analysis

In this paper we are interested in the stability properties of IMEX linear multistep processes (1.2).
In order to investigate the stability of (1.2), we shall deal with the following, linear autonomoustest
problem,

U ′(t) =LU(t)+MU(t) (t � 0), U(0)= u0. (1.3)

HereL, M denote given complex square matrices. The termLU(t) in (1.3) represents the nonstiff
(or mildly stiff) part, whereas the termMU(t) represents the stiff part. We subsequently consider the
following condition concerningL, M ,

L= L0 ⊗ I (m), M = I (l) ⊗M0. (1.4)

HereL0 andM0 are arbitrary complex square matrices, of respective ordersl, m (say). Further,⊗ stands
for the Kronecker product of two matrices (see, e.g., [7,10]) andI (d) denotes the identity matrix of order
d (d = 1,2,3, . . .). In the following we shall also writeI instead ofI (d) (whenever the order is clear from
the context).

By a basic property of the Kronecker product, it holds that matricesL, M which satisfy the condition
(1.4) are commuting. However, we do not require in this paper thatL,M are both normal. In other words,
L,M are not assumed to be simultaneously unitarily diagonalizable. In view of this, assessing the stability
behaviour of processes (1.2) in the case of test problem (1.3) under condition (1.4) is of much interest.
We note, furthermore, that problems (1.3) with matricesL, M of the kind (1.4) have practical relevance,
as they naturally arise after semi-discretization of initial-boundary value problems for partial differential
equations whenever the spatial dimension is greater than one (such as the prototype two-dimensional
convection–diffusion equationut + aux = buyy ). IMEX linear multistep methods have recently been
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considered in the literature in connection with the numerical solution of initial value problems (1.1)
obtained in this way, cf. [5,17].

PutX = hL, Y = hM , and let the vectorUn = (uT
n+k−1, u

T
n+k−2, . . . , u

T
n)

T. For j = 0,1, . . . , k − 1,
define a rational functioncj of two complex variablesx, y by

cj (x, y) = −αj + γjx + βjy

αk − βky
.

Next, consider thek × k matrix-valued rational functionC of (x, y) ∈ C
2 given by

C(x, y) =



ck−1(x, y) . . . c1(x, y) c0(x, y)

1

. . .

1 0


 . (1.5)

Then application of the IMEX linear multistep process (1.2) in the case of test problem (1.3) under
the condition (1.4) gives rise to the following linear recurrence relation for the vectorsUn (whenever
(αkI − βkY ) is regular):

Un+1 = C(X,Y )Un for n= 0,1,2, . . . . (1.6)

Note that the definition ofC(X,Y ) is unambiguous, since the matricesX, Y commute. In this paper,
we are concerned withcontractivityof the process (1.6), i.e.,∥∥C(X,Y )∥∥ � 1,

where‖ · ‖ denotes a matrix norm subordinate to some given vector norm onC
klm. In addition, we shall

also deal withstrong stability,∥∥C(X,Y )n∥∥ �K for n= 1,2,3, . . . .

Here K denotes a positive real constant that is uniformly valid in an interesting (infinite) class of
matricesX, Y .

1.3. Review of results from the literature

Varah [16] and Ascher et al. [2] derived stability results for IMEX processes (1.2) which are relevant
to specific, scalar cases of the test problem (1.3).

Frank et al. [5] considered the stability behaviour of (1.2) in the general scalar case of test problem
(1.3). In [5], results were obtained on the stability regions of several (interesting) IMEX linear multistep
methods, cf. also Section 2.4 below. We call thestability regionof an IMEX method(α,β, γ ) the set
S consisting of all pairs(x, y) ∈ C

2 such that the companion matrixC(x, y), given by (1.5), satisfies
the following familiareigenvalue condition: if ζ is an eigenvalue ofC(x, y), then|ζ | � 1, and|ζ | < 1
wheneverζ has an algebraic multiplicity greater than one. For a given matrixC(x, y), this eigenvalue
condition is equivalent to the requirement of power boundedness.

Crouzeix [3] (see also Akrivis et al. [1]) established stability and convergence results for (1.2) for
initial value problems more general than (1.3), where the nonstiff part is allowed to be nonautonomous
(and in [1], nonlinear). Specializing to the situation at hand, the results from [3] concern systems
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(1.3) with real matricesL, M that are not assumed to commute, but whereM is symmetric and
negative definite. Under the conditions onL, M pertinent to [3], strong stability for processes (1.2)
in the case of (1.3) was shown, with respect to a scaled Euclidean vector norm depending onh

andM .
Finally we note that in the special case of theIMEX θ -method, defined byk = 1, α0 = −1, α1 = 1,

β0 = 1 − θ , β1 = θ , γ0 = 1 with real parameterθ , various further stability results can be obtained from
the literature, cf. [8,9,13,14].

1.4. Purpose of this paper

As already mentioned in Section 1.2, we deal in this paper with contractivity and strong stability of the
process (1.6), given by application of the general IMEX linear multistep process (1.2) in the case of test
problem (1.3) under condition (1.4). In this paper, we consider matrix norms that correspond with scaled
Euclidean vector norms. Here, our scaling is fixed, i.e., it is completely determined by a given fixedk× k

matrix. An outline of our paper is as follows.
In Section 2.1 we present a general theorem concerning contractivity. This theorem can be regarded

as a matrix-valued version of a theorem of von Neumann for two variables.
In Section 2.2 we give the proof of the above theorem.
In Section 2.3 we then apply the general theorem from Section 2.1 in the case of process (1.6), leading

to a useful contractivity result. Subsequently, we introduce and analyze contractivity regions for IMEX
linear multistep methods.

Finally, in Section 2.4 we study the situation where, in the conditions pertinent to the contractivity
result obtained in Section 2.3, the contractivity region is replaced by the (larger) stability region. We
show that under this replacement, and an additional relaxation involving the classical numerical range,
still strong stability for (1.6) can be concluded.

2. Stability results

2.1. A general contractivity theorem

LetR = (rij )
k
i,j=1 be any givenk × k matrix-valued function with entriesrij that are complex rational

functions onC2. Next, let matricesX, Y be given with

X =X0 ⊗ I (m), Y = I (l) ⊗ Y0, (2.1)

whereX0, Y0 are arbitrary complex square matrices, of respective ordersl, m, say. In this section we
consider the matrixR(X,Y ) of orderklm given by

R(X,Y )= (
rij (X,Y )

)k
i,j=1.

We shall formulate a general theorem concerning the contractivity of this matrix.
On any complex vector spaceCd , with positive integerd, let 〈·, ·〉 and| · | denote the Euclidean inner

product and Euclidean vector norm, respectively. We denote the matrix norm subordinate to| · | by ‖ · ‖.
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For any complexd × d matrixA and any given numberρ ∈ [0,∞), we say thatA satisfies thecondition
D(ρ) if

‖A+ ρI‖ � ρ.

Furthermore, we say thatA satisfies theconditionD(∞) if

Re〈Av,v〉 � 0 for all v ∈ C
d.

Corresponding to the conditionD(ρ), we define a setD[ρ] in C by

D[ρ] = {
z: z ∈ C, |z+ ρ| � ρ

}
(whenever 0� ρ <∞),

and

D[∞] = {
z: z ∈ C, Re(z)� 0

}
.

Next, letG denote any givenk × k matrix which is Hermitian and positive definite. Then on any space
C
kd with positive integerd we define an inner product〈· , ·〉G through

〈v,w〉G = 〈
G̃v,w

〉
for all v,w ∈ C

kd,

whereG̃= G⊗ I (d). The vector norm induced by this inner product is denoted by| · |G, and the matrix
norm subordinate to| · |G by ‖ · ‖G.

The following theorem constitutes the main result of this section. It provides a sufficient condition for
contractivity of the matrixR(X,Y ).

Theorem 2.1. Letρ1, ρ2 ∈ [0,∞] be given. Assume that‖R(x, y)‖G � 1 for all (x, y) ∈D[ρ1] ×D[ρ2].
Then‖R(X,Y )‖G � 1 whenever(2.1)holds,X satisfiesD(ρ1) andY satisfiesD(ρ2).

Theorem 2.1 can be viewed as a matrix-valued version of a (well-known) theorem due to von
Neumann [11] for two variables. The above theorem is related in a natural way with two generalizations
to von Neumann’s theorem already obtained in the literature. The first generalization can be found in
Sz.-Nagy [15, p. 29], and concerns a scalar (k = 1) version of von Neumann’s theorem for two variables,
cf. also Jorge and Lisbona [9]. The second generalization was derived by Nevanlinna [12], and deals with
a matrix-valued version of the theorem of von Neumann for one variable, see also Hairer and Wanner [6,
Section V.7]. We mention that the results from [12,15] are both given in a general Hilbert space setting.
Clearly, none of the results from loc. cit. includes the above theorem.

We will prove Theorem 2.1 in the subsequent Section 2.2. We conclude this section with some remarks.
Let σ [A] denote the spectrum of any matrixA.

Remark 2.2. If X or Y is normal, then the assertion of Theorem 2.1 can be sharpened, analogously to the
case of one variable. For example, we have:Letρ ∈ [0,∞]. Assume thatX is normal and‖R(x, y)‖G � 1
for all (x, y) ∈ σ [X] ×D[ρ]. Then‖R(X,Y )‖G � 1 whenever(2.1)holds andY satisfiesD(ρ).

Remark 2.3. Theorem 2.1 generalizes in a straightforward way to an arbitrary, finite number of variables.
If, for instance,R is a matrix-valued rational function of three complex variables(x, y, z), then one
considers matricesX, Y , Z with X = X0 ⊗ I (m) ⊗ I (n), Y = I (l) ⊗ Y0 ⊗ I (n), Z = I (l) ⊗ I (m) ⊗ Z0,
whereX0, Y0, Z0 denote complex square matrices of respective ordersl, m, n. The proof of this
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generalization follows from a direct modification of the proof given in Section 2.2. We leave the details
of this generalization, and its proof, to the reader.

Remark 2.4. The natural question arises as to whether Theorem 2.1 and its generalization of Remark 2.3
remain valid if the condition (2.1) and the corresponding condition in Remark 2.3 are replaced by the
weaker requirement that the (relevant) matricesX,Y,Z, . . . are commuting. Some results concerning this
question can be obtained from [15], fork = 1. If two variables are considered, andk = 1, then it easily
follows from [15, p. 29] that our result, i.e., the scalar version of Theorem 2.1, is indeed still valid under
the above replacement, cf. also [9]. On the other hand, if the (finite) number of variables is three or more,
then it is not clear whether our corresponding result (see Remark 2.3) remains valid under the mentioned
replacement. In fact, in this case, counterexamples are known in the literature at least whenX,Y,Z, . . .

are allowed to be operators in a general (infinite-dimensional) Hilbert space, cf. [9,15].

2.2. Proof of Theorem2.1

Before formulating the actual proof of Theorem 2.1 we derive two lemmas. For anyi, j write
rij = pij /qij with polynomialspij , qij that have no common (nonconstant) divisor. First we have

Lemma 2.5. R(X,Y ) is well-defined if and only ifqij (x, y) �= 0 for all (x, y) ∈ σ [X0] × σ [Y0] and
1 � i, j � k.

Proof. R(X,Y ) is well-defined if and only ifqij (X,Y ) is nonsingular for all 1� i, j � k. It is easily
verified that eachqij (X,Y ) is a finite linear combination (overC) of terms(X0)

s ⊗ (Y0)
t with integers

s, t � 0. Therefore, according to a well-known property of the Kronecker product (see, e.g., [7,10]), the
eigenvalues ofqij (X,Y ) are given byqij (x, y) with x ∈ σ [X0], y ∈ σ [Y0]. From this observation, the
lemma immediately follows. ✷

Next, consider fory ∈ C the matrixRX0(y) of orderkl given by

RX0(y)= (
rij (X0, y)

)k
i,j=1.

It is easily seen that each entry ofRX0(y) is a rational expression iny. ThusRX0 is a matrix-valued
rational function of one complex variable,y. The subsequent lemma forms the key to our proof of
Theorem 2.1.

Lemma 2.6. AssumeR(X,Y ) is well-defined. ThenRX0(Y0) is well-defined, andRX0(Y0)=R(X,Y ).

Proof. Suppose firstk = 1. For convenience, writer11 = r , p11 = p, q11 = q, so thatR = r and
RX0(y) = r(X0, y) = p(X0, y)q(X0, y)

−1. The entries ofRX0(y) are all rational iny and they have
a common denominatord(y) given by d(y) = det[q(X0, y)], where det[ · ] denotes the determinant
function. Hence,RX0(Y0) is well-defined wheneverd(Y0) is nonsingular. It is readily seen thatd(Y0) is
nonsingular if and only ifq(x, y) �= 0 for all (x, y) ∈ σ [X0] × σ [Y0]. By Lemma 2.5, the latter condition
is fulfilled, and thusRX0(Y0) is well-defined.

PutPX0(y) = p(X0, y), QX0(y) = q(X0, y). Then it obviously holds that

RX0(y)= PX0(y)QX0(y)
−1 for all y ∈ C, d(y) �= 0. (∗)
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Next, r(X,Y )= p(X,Y )q(X,Y )−1. Write the polynomialp as

p(x, y) =
∑
s,t�0

cstx
syt whenever(x, y) ∈ C

2,

with certain complex coefficientscst . Then

p(X,Y )=
∑
s,t�0

cstX
sY t =

∑
s,t�0

cst (X0)
s ⊗ (Y0)

t = PX0(Y0).

Similarly, q(X,Y )=QX0(Y0), and hence, we obtain

r(X,Y )= PX0(Y0)QX0(Y0)
−1. (∗∗)

From (∗), (∗∗) it follows thatr(X,Y )=RX0(Y0), which concludes the proof for the casek = 1.
Suppose subsequently thatk > 1. Define(Rij )X0(y) = rij (X0, y) for all i, j , so that

RX0(y)= (
(Rij )X0(y)

)k
i,j=1.

Analogously as above, we obtain that(Rij )X0(Y0) = rij (X,Y ) (whenever 1� i, j � k). As a
consequence,

RX0(Y0)= (
(Rij )X0(Y0)

)k
i,j=1 = (

rij (X,Y )
)k
i,j=1 =R(X,Y ). ✷

Actual proof of Theorem2.1

The assumptions of Theorem 2.1 imply thatqij (x, y) �= 0 for all (x, y) ∈ σ [X0]×σ [Y0] and 1� i, j �
k. Thus, in view of Lemma 2.5,R(X,Y ) is well-defined.

The contractivity ofR(X,Y ) follows from a combination of Lemma 2.6 and the matrix-valued version
of the theorem of von Neumann for one variable:

Let y ∈ D[ρ2]. Consider the matrix-valued rational functionRy of one complex variable,x, defined
by Ry(x) = R(x, y). We have‖Ry(x)‖G � 1 for all x ∈ D[ρ1]. Further, it is easily seen that the matrix
X0 satisfies the conditionD(ρ1). By virtue of [12, Corollary 3] it therefore holds that‖Ry(X0)‖G � 1.
ClearlyRy(X0)=RX0(y), and thus we obtain∥∥RX0(y)

∥∥
G

� 1 whenevery ∈ D[ρ2].
Next, RX0 is a matrix-valued rational function of one complex variable, and the matrixY0 fulfills the
conditionD(ρ2). Hence, we can apply [12, Corollary 3] a second time. This yields‖RX0(Y0)‖G � 1.
Upon invoking Lemma 2.6, the proof of Theorem 2.1 is completed.

2.3. Contractivity regions of IMEX linear multistep methods

We have (cf. (1.5)):

Definition 2.7. Thecontractivity regionof an IMEX linear multistep method(α,β, γ ) with respect to the
norm‖ · ‖G is the setS‖·‖G consisting of all pairs(x, y) ∈ C

2 such that‖C(x, y)‖G � 1.

The above definition forms a natural extension of the corresponding definition in the case of linear
multistep methods (cf., e.g., [6, Section V.7]). Clearly, for any norm‖ · ‖G there holdsS‖·‖G ⊂ S, where
S is the stability region of the method (cf. Section 1.3).
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From Theorem 2.1 we immediately arrive at the following useful contractivity result for process (1.6).

Theorem 2.8. Letρ ∈ [0,∞) be given such thatD[ρ]×D[∞] ⊂ S‖·‖G . Then‖C(X,Y )‖G � 1 whenever
(2.1)holds,X satisfiesD(ρ) andY satisfiesD(∞).

In this section we shall consider contractivity regions for the following two IMEX linear multistep
methods,

un+2 = 4

3
un+1 − 1

3
un + 4

3
hF1,n+1 − 2

3
hF1,n + 2

3
hF2,n+2 (2.2)

and

un+2 = un+1 + 3

2
hF1,n+1 − 1

2
hF1,n + β2hF2,n+2 + β1hF2,n+1 + β0hF2,n (2.3)

with β2 = (1+ δ)/2, β1 = (1− 2δ)/2, β0 = δ/2, whereδ ∈ (0,1] denotes a parameter. Further we have
(shortly) writtenFj,n = Fj(tn, un) (for all j, n).

Method (2.2) was considered, e.g., in [1–3,5,16,17]. Method (2.3) was studied in [2,5]. Both methods
(2.2), (2.3) are of second order, and possess underlying implicit linear multistep methods that are
A-stable (whenever 0< δ � 1). Observe that the implicit linear multistep method which underlies (2.2)
is the familiar two-step backward differentiation formula.

In order to obtain suitable (real) symmetric, positive definite matricesG for the above IMEX methods,
we have considered application of a procedure contained in [6, Section V.6] in the case of their underlying
implicit methods, which led us to

G1 = 1

4

(
5 −2

−2 1

)
, G2 = 1

2

(
2+ δ −δ

−δ δ

)
.

The following proposition gives a characterization for contractivity regions of the IMEX methods (2.2),
(2.3).

Proposition 2.9. Let δ ∈ (0,1] andκ = 1+ (δ + δ−1)/2. Then

(a) Method(2.2)hasS‖·‖G1
= {(x, y): x ∈ C, y ∈ C, |1+ 2x|2 + 4Re(y) � 1}.

(b) Method(2.3)hasS‖·‖G2
= {(x, y): x ∈ C, y ∈ C, |1+ κx|2 + 2κ Re(y) � 1}.

Proof. We will show here only part (a); part (b) goes in a similar manner. For method (2.2) we have

C(x, y) =
(
d(y)(4+ 4x) −d(y)(1+ 2x)

1 0

)
,

whered(y) = (3− 2y)−1. Next,G1 = T ∗T with matrixT given by

T = 1

2

(
2 −1
1 0

)
.

Now defineC̃(x, y) = T C(x, y)T −1. Then‖C(x, y)‖G1 = ‖C̃(x, y)‖ (recall that‖·‖ denotes the spectral
norm), and a simple computation yields

C̃(x, y) = d(y)

(
2+ 4x 1+ 2y
1+ 2x 2

)
.
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Subsequently, it can be verified that for any complex 2× 2 matrixA,

A=
(
a11 a12

a21 a22

)
,

there holds:‖A‖ � 1 if and only if∣∣det[A]∣∣ � 1 and |a11|2 + |a12|2 + |a21|2 + |a22|2 � 1+ ∣∣det[A]∣∣2
.

Applying this criterion in the case of̃C(x, y) yields that‖C̃(x, y)‖ � 1 if and only if∣∣d(y)(1+ 2x)
∣∣ � 1 and

∣∣d(y)∣∣2{
4|1+ 2x|2 + |1+ 2y|2 + 4

}
� 1.

By noticing that in the latter condition the second inequality implies the first, it easily follows (by
computation) that∥∥C̃(x, y)∥∥ � 1 ⇐⇒ |1+ 2x|2 � 1− 4Re(y). ✷

As an interesting corollary to Proposition 2.9 we obtain that for each of the IMEX methods (2.2),
(2.3) the contractivity region contains as a (strict) subset the Cartesian product of the corresponding
contractivity regions of the underlying explicit and implicit linear multistep methods, respectively
(obtained upon settingy = 0 andx = 0, respectively). We note that this positive result does not hold
in general. For instance, it can be readily verified that the (one-step) IMEXθ -method (see Section 1.3)
forms a counterexample wheneverθ �= 1, cf. also [8]. We note furthermore that the above conclusion for
methods (2.2), (2.3) is different from the corresponding conclusion that was obtained in [5] with regard
to the stability regions of these methods.

In view of Theorem 2.8, the radiusρc is of interest defined by

ρc = sup
{
ρ: ρ � 0, D[ρ] ×D[∞] ⊂ S‖·‖G

}
.

Note thatρc depends on the norm‖ · ‖G, which we have surpressed however in the notation. From
Proposition 2.9 we immediately see for method (2.2) thatρc = 1/2 and for method (2.3) thatρc = 1/κ .
Obviously, for both methods the supremum is a maximum. In the case of method (2.3), the radiusρc
is strictly increasing as a function of the parameterδ ∈ (0,1]. For the interesting valuesδ = 1/8 and
δ = 1/2 (cf., e.g., [5]) the respective values forρc are 16/81 (≈ 0.20) and 4/9 (≈ 0.44). If δ = 1 we
obtainρc = 1/2, i.e., the same value as for method (2.2). In fact, ifδ = 1, then the contractivity region
S‖·‖G2

of method (2.3) is identical to the contractivity regionS‖·‖G1
of method (2.2).

We mention finally that for method (2.3) withδ = 0, there holdsρc = 0, for any norm‖ · ‖G. This
follows directly from a result on this method in [5].

2.4. Strong stability

The question arises which stability conclusions can be derived for process (1.6) when in the conditions
pertinent to Theorem 2.8 the contractivity regionS‖·‖G is replaced by the stability regionS of the IMEX
method. In this section we shall present a result relevant to this question. Here we simultaneously consider
a weaker condition than the conditionD(ρ) (for ρ < ∞). Throughout this section, we deal with the
spectral matrix norm‖ · ‖.
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We call the IMEX linear multistep method(α,β, γ ) stable at infinityif the matrix

β ′
k−1 . . . β ′

1 β ′
0

1

. . .

1 0


 ,

with β ′
j = −βj/βk (for 0 � j � k − 1), satisfies the eigenvalue condition from Section 1.3. Observe that

the above matrix is obtained fromC(x, y) by lettingy → ∞ for x bounded. The IMEX methods (2.2),
(2.3) which were considered in Section 2.3 are both stable at infinity (whenever 0< δ � 1).

The next lemma concerns the uniform power boundedness ofC(x, y).

Lemma 2.10. Let ρ ∈ [0,∞). Assume thatD[ρ] × D[∞] ⊂ S and that the IMEX linear multistep
method is stable at infinity. Then there exists a real constantK > 0 such that‖C(x, y)n‖ � K for all
(x, y) ∈D[ρ] ×D[∞] andn= 1,2,3, . . . .

Lemma 2.10 forms a variant to a well-known result for linear multistep methods, cf. [6, Section V.7] and
the references given therein. As the above lemma can be obtained in a completely analogous way to loc.
cit., we shall omit its proof here.

Denote byτ [A] the classical numerical range (field of values) of any complexd × d matrixA,

τ [A] = {
z: z= 〈Av,v〉 with v ∈ C

d, 〈v, v〉 = 1
}
.

Then for any givenρ ∈ [0,∞) we say thatA satisfies theconditionD̃(ρ) if

τ [A] ⊂D[ρ].
It is easily seen that the conditionD(ρ) implies D̃(ρ), but that the converse implication is not true
(whenever 0� ρ <∞). Thus,D̃(ρ) is a weaker condition on a matrixA thanD(ρ).

Let R be any givenk × k matrix-valued rational function of one complex variable. The following
lemma is a direct consequence of a result by van Dorsselaer and Hundsdorfer [4].

Lemma 2.11. Let ρ ∈ [0,∞) and assume that‖R(z)‖ � 1 for all z ∈ D[ρ]. Then it holds that
‖R(A)‖ � 3k for all complex square matricesA satisfyingD̃(ρ).

Proof. WriteR = (rij )
k
i,j=1. Eachrij is a complex rational function with|rij (z)| � 1 wheneverz ∈D[ρ].

By virtue of [4, Theorem 2.4] we then have that‖rij (A)‖ � 3 for all i, j . The bound of the lemma is
obtained from‖R(A)‖ � k · maxi,j ‖rij (A)‖. ✷

We now arrive at the main result of this section.

Theorem 2.12. Let ρ ∈ [0,∞). Assume thatD[ρ] × D[∞] ⊂ S and that the IMEX linear multistep
method is stable at infinity. Then there exists a real constantK > 0 such that: ‖C(X,Y )n‖ �K whenever
(2.1)holds,X satisfiesD̃(ρ), Y satisfiesD(∞) andn= 1,2,3, . . . .

Proof. By Lemma 2.10, there is a real constant̂K > 0 such that‖C(x, y)n‖ � K̂ for all (x, y) ∈
D[ρ] × D[∞] andn = 1,2,3, . . . . Let integern � 1 be fixed but arbitrary. Define the matrix-valued



K.J. in ’t Hout / Applied Numerical Mathematics 42 (2002) 201–212 211

rational functionR of (x, y) ∈ C
2 by R(x, y) = C(x, y)n. Similarly to the actual proof of Theorem 2.1

(Section 2.2), lety ∈ D[∞], and consider the matrix-valued functionRy of one complex variablex given
by Ry(x) = R(x, y). Then‖Ry(x)‖ � K̂ wheneverx ∈ D[ρ]. Further,X0 satisfies the conditioñD(ρ),
sinceτ [X] = τ [X0]. Hence, by Lemma 2.11, we have that‖Ry(X0)‖ � K , with constantK = 3kK̂ .
Subsequently, we immediately obtain forRX0 defined in Section 2.2,∥∥RX0(y)

∥∥ �K whenevery ∈D[∞].
Identically to Section 2.2, it now follows (by successive application of [12, Corollary 3] and Lemma 2.6)
that‖R(X,Y )‖ = ‖C(X,Y )n‖ �K . ✷

We remark that the above theorem is related to [4, Theorem 2.6], which deals with the case of linear
multistep methods.

In view of Theorem 2.12 the radiusρs is of interest defined by

ρs = sup
{
ρ: ρ � 0, D[ρ] ×D[∞] ⊂ S

}
.

Clearly, it always holds thatρs � ρc with ρc defined in Section 2.3. We consider here the value ofρs for
the IMEX methods (2.2), (2.3). For each of these methods a useful characterization was derived in Frank
et al. [5] for the set{

x: x ∈ C such that|ζ | � 1 wheneverζ ∈ σ
[
C(x, y)

]
andy ∈D[∞]}.

Using this characterization, it can be shown for method (2.2) thatρs = 2/3 and for method (2.3) that
ρs � 1/2. Together with a result forρc obtained in Section 2.3, we directly obtain for method (2.3) with
δ = 1 thatρs = 1/2. Next, combining the characterization from [5] with numerical computations, we
further find thatρs = 0.50 (for 0.12� δ � 1) andρs < 0.50 (for 0< δ � 0.11). A comparison with the
values forρc obtained in Section 2.3 shows thatρs is strictly larger thanρc for method (2.2) and (very
likely) for method (2.3) whenever 0< δ < 1.
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